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In the present paper certain approximate methods concerning self- 
adjoint operators H of Hilbert spaces which can be expressed in the form 
H=T*T are developed. Some theorems are formulated with remarks 
and examples. They give a method of obtaining upper and lower 
bounds of the value of the solution, at each preassigned point, of a 
boundary value problem. As a numerical example we consider the follow- 
ing Poisson’s equation, —Aw=1 in D, w=0 on C, where D denotes the 
Square domain in the wy-plane with vertices at (1, —1), (1,1), (-1,)), 
(—1, —1) and C is the boundary of this square. Upper and lower bounds 
of the value of the solution w at the origin are calculated. The result 
of the second approximation is 0.2939<w(0, 0)<0.2953. 

In order to show that the results are applicable to many problems, 
several differential operators familiar in mathematical physics, for in- 
stance, Laplace’s differential operators with different boundary conditions 


are reduced to the form 7T*T. 


Introduction 


The present paper is intended to be a con- 
tribution to the theory of estimating the bounds 
of errors in certain approximate methods in 
boundary value problems. This method is 
based on the theory of self-adjoint operator 
HT of Hilbert spaces which can be expressed 
in the form H=T*T. An abstract theory of 
such operators has been developed by J.v. 
Neumann [11] and F. J. Murray [10], anda 
general theory of approximate solutions of 
linear equations and eigenvalue problems for 
such operators has been given by T. Kato 
[8], making use of the results of v. Neumann 
and Murray. 

The purpose of the present paper is mani- 
fold. First, in §1. we shall show by several 
examples how most of the linear operators 
of mathematical physics can be expressed in 
the form H=T*T. The considerations in 
this section are the preliminaries of the suc- 
ceeding sections as well as of other applica- 
tions which we shall deal with in future. § 2. 
is devoted to give a formula for the calcula- 
tion of upper and lower bounds of the value 
of a quadratic functional associated with a 
boundary value problem. §3. concerns with 
the pointwise approximation of the solution of 
a boundary value problem. There we shall 
give a simplified proof of the fundamental 


a' ye wv 
4; Q 
Pee WAS 


theorem regarding the solution of linear equa- 
tion T*Tu=f. In the paper of Kato this 
theorem has been proved by making use of 
the results of v. Neumann and Murray; so 
it would be worth while to present here an 
independent elementary proof. Next, we pro- 
ceed to consider in abstract manner how to 
improve the estimation and discuss the con- 
vergence of the approximation (§ 4.). 

A numerical example will be given in §5. 
The problem considered is the same as that 
of Greenberg [7], and the method is not es- 
sentially different, but use is made of dif- 
ferent trial functions. It is seen that the 
covergence is much improved and a satisfac- 
tory result is obtained by the second approxima- 
tion. In §6. we refer to the intimate relation 
between the hypercircle method and our 
method. Indeed, it will be seen that our 
method is not essentially different from those 
proposed by authors of the hypercircle method 
and others. (See references [1, 2, 3, 4, 5, 7, 
9, 12, 14, 15, 16, 18].) But it would seem 
that our method is mathematically convenient, 
in as much as there exist the fundamental 
theorems of v. Neumann and Murray. On 
the other hand, our method may be useful 
to determine the conditions imposed on trial 
functions. 

Also we hope that our method is more es- 
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sential in the eigenvalue problems, which are, 
however, not treated in this paper. We shall 
deal with the latter in a subsequent paper. 


$1. Decomposition of an Operator into the 
Form 7*T 


When J is a linear operator with its do- 
main D in a (real or complex) Hilbert space 
© and its range in a second Hilbert space 9’ 
(© and §’ may be identical), T*, the adjoint 
of T, is defined together with its domain D* 
in © by the condition that 

Tum H=6, Tv) Gin) 
holds for any w~€®D and any ve * [13], [17]. 
In (1.1), the left and the right side represent 
the inner product in §’ and respectively. 
In general, T7*T is a self-adjoint operator in 
§. In order to apply our method to a given 
operator H, it is necessary to reduce H to 
the form T*T. This section is devoted to 
illustrate this decomposition through several 
examples of differential operators. We begin 
with the following propositions. 

(1) A self-adjoint operator H can be re- 
duced to the form T*T if and only if it is 
positive definite. In fact, if H=T*7, then 
Wa w=T*Tuw=-du, Tw20, while fa 
is positive, then there exists VH, the posi- 
tive square root of H, and (VA)*=VA.- 

However, it must be remarked that even 
if H is of a familiar type, VH is usually so 
complicated that one can hardly deal with it 
in practice of the variational calculus. When 
HT is not positive but semi-bounded, it is 
enough for the purpose of some applications 
to replace H by +AH-+cI where J is the 
identity operator and double sign and real 
number c should be chosen suitably. 

(II) Let A be as follows. 

= Si A,=H,+ H2+--- ie 
le las D.=DCH; 
Dit COe (R=1) 2eien: 
Then T can be defined so that 
Tu=(Tyu, T2u,..:5 Int), we D, 
This means that the range of T and the domain 
of 7* are contained in $’=;' x D2’ x +--+ X Dy’ 
(cartesian product). We see that for v=(v1, v, 
sesy Un) (Ve € Dz*), the following relation holds. 
T*0=T "0, + To*va+ +++ + Tn* Un . 


(I) When T is a differential operator, 
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(1.1) is closely related to the so-called Green’s 
identity. As for a differential operator it 
should be noted that even if it is linear in 
the usual terminology, it is not linear 
as an operator in a Hilbert space unless its 
boundary condition is homogeneous. In case 
of inhomogeneous boundary conditions, a de- 
vice as shown in Example 6. is necessary. 
(IV) When A is the gradient of a quadra- 
tic functional in the sense that d/[u] =2(Hu, 
du), where J[u]=(Lu, Lu) and 6 denotes the 
first variation, it is natural to take T=Z. 


Examples. 


In the following examples, Hilbert spaces 
are assumed to be real for the sake of brevi- 
ty. We shall treat only differential operators 
in 2-dimensional Euclidean space, but analo- 
gous procedures are applicable to more gene- 
ral cases, e.g. m-dimensional differential 
operators. 

Several notations, which will occur also in 
succeeding sections, are introduced as follows. 

D is a bounded domain in xy-plane with a 
sufficiently regular contour C. Let 2 be the 
outer normal to C. 0/dn is the differentia- 
tion in the direction of , while wn», where v 
is a vector function defined on C, means the 
component of v in the direction of ». ds is 
the line element of C. 

All functions considered here belong to L? 
in its range of definition. Z*(D:p), where 0 
is a positive function, is the Hilbert space with 
the inner product which is the integral over 
D with the density function op. JLZ7(D) is 
identified with Z7(D:1). We use xto represent 
the cartesian product of Hilbert spaces. 

[*(C:6), where o is a positive function of 
L*(C), is defined similarly. 

M,(D) is the set of functions defined and 
continuous together with their derivatives of 
up to (Rk-1)-th order and provided with piece- 
wise continuous k-th order derivatives. The 
set of functions belonging to M;, and vanish- 
ing on C together with their derivatives 
along » of up to (k—1)-th order is denoted by 
Mx. When w belongs to My, we means the 
restriction of w to C. 

zw and v represent the general elements of 
® and D* respectively. 

Finally, we remark that from the strict 
point of view, T and T* given below must 
be replaced by their closed extension [13]. 
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Example 1. Let 9 and &% be Z°(D). If Tu 
=4u, u € Ms, where 4 means the Laplace’s 
differential operator, then T*v=4v, v € My, 
and T*Tu=/f implies that 


Dune Dy one 0 one 
On 
Example 2. 95=LD), 9’=L\(D)x LD). 


If Tu=gradu, ueM,, then T*v=—div v, 
ve M,x M, and T*Tu=/f implies that 


a= fein DD. w=09 on, GC: 
H= (D7). 
H! = LD: p,) x L2(D: p2) x L(D:q). 


Example 3. 


lf Tu= (om pe u). ee, Utne 
Ox * OY 
IEA VSI AOR bp, Ey) 
il 


says a ge or oO ) } 
= |—9,(be 1) By Ps») ais teil 


r 
ve MxM, xM,, 
and 7*Tu=/f implies that 


0 du\ O Ou ye 
Oa (r: Ox ) ~ Oy (. at pk aed 


mba, JOR 7X0) corn (Ce 


Example 4. Let and 8’ be as in Exam- 


ple 2. 
If Tu=grad u, we M,, then 


T*y= == Atv. v, VE M, ot M,, Un—0 
and T*Tu=f implies 


a, a ee 
On 
Example 5. 9 jee LAUD) Se IEG) 


[5h = ILA Dy IEZI DO) 
If Tu=gradw, u=(w, we), we M, then 
T*v=(—div v,un), ve Mx My. 


f=(%, ¢), implies that 


—dw=¢ in D, on) on C. 
On 
Example 6. 9=Z*(D)xL*(C), 


=D) x LA DyxXLKC). 


If Tu=T(w, we)=(gradw, ow), we M, 
then for v=(v1, v2, v3), ui€M, meM, 


v,€ LC), 
T*v=(—div(v1, v2), (U1, V2)n +403). 


Now, T*Tu= f, where u=(w, we) and f= 
(v, ), implies that 
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Ow 


—4dw=¢ in D, +oew=P on C. 
On 


§2. Bounds of Quadratic Functionals 


In this section we consider the problem of 
obtaining upper and lower bounds to the value 
of a quadratic functional /[w], where z is the 
solution of a boundary value problem. As for 
physical meanings of this problem, reference 
is made to Diaz [5]. 

Hilbert spaces are again assumed to be real, 
for it is almost immediate to modify the re- 
sults so that they hold in complex spaces. 


Lemma 1. If (v9, ¥1—V9)=(v2, Vi— Vp) = 0, 
then 

2(v2, V1) —||Y2ll?<|]Holl?< Ie |! (2.1) 
Proof. By virtue of (v9, v71—v9)=0, ||v1—vll2 


=0 yields |v ||?<\v,|?. On the other hand, 
(v2, Vi—Vp) =0 and |\z2.—v,||/2=>0 give the in- 
equality 2(v2,01)—||v2||?<lv9ll?. 


Theorem 1. Let u, be a vector determined 
by the equation T*Tu =f. For any u, v 
satisfying the conditions 


“CD, 1 v= Ff, (2.2) 
the following inequality holds : 
2(u, f)—||Tell?<||Tuo||?Slloll?. (2.3) 


Proof. JT*(v—Tu,))=0 ensures that 


(Tu, v—Tu,)=(Tu, v—=Tu,)=0 


and we can substitute Tm,, v, Tu for v9, v1, 
v, of Lemma 1 respectively. 

Remark. A large class of boundary value 
problems in mathematical physics can be re- 
duced to T*Tu= f as we have seen in §1, 
and quadratic functionals in question are 
often || Tz||*. 

To apply (2.3) it is necessary to find uw, v 
in accordance with (2.2), which is not difficult 
in cases of differential operators treated in 
§1if C and f are both sufficiently simple. 


Example 1. Let a, be determined by 


—Au,=f in D, uwg=0  oncC. 


(Poisson’s problem) 


Let T, T* be as in §1. Example 2. Now 
u is a continuous and piecewise smooth func- 
tion vanishing on C, and wv, 2-component 
vector function, is chosen so that —divv=/. 
Then (2.3) takes the following form; 
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2\ uf dedy—| |grad u|? dx dy 
D D 


s| |grad 29|? dudy <| |v]? da dy. 
D D 
Example 2. Let w) be determined by 
=H s0 fin Dye Ae ene: 
On 
(Neumann’s problem) 

The results of §1. Example 5 are applica- 
ble, where we take (0, #) as f and (wu, uc) 
as (Ww, Wc). wis any function belonging to 
M,, that is, a continuous and piecewise 
smooth function. 

In order to find a vector function v=(w, 
vz) such that T*v=(0, 2), the following con- 
sideration may be useful. 


Suppose vé M2, then putting 


_ (dv —2) 
v= (2, Ox)’ 

we observe that 
_0v 
Os” 


Hence, for the construction of v, it is suffici- 


div v=0, “vn 


ent to find v satisfying the conditions 


Ov_ onC, veM,. (2.4) 
Os 


Now (2.3) gives the following inequality: 
2\ ubds | |erad w|? dxdy 
C D 


<| |grad |? dedy<| lgrad v|? dxdy. 
D D 


§3. Bounds of the Value at a Point of the 
Solution of a Boundary Value Problem 
In the following consideration Hilbert spaces 
may be complex unless otherwise stated. We 
denote the real part of a complex number z 
by Re(z). 
Lemma 2. Let vo, v1, V2 be any vectors of a 
Hilbert space such that 


(1) 


Then for any vector h, the following in- 
equalities hold. 


(Vi— V9; V2—V_)=0. 


(e atts i) <Fllex—oall- Wal, (3.2) 


|(Yp—2, h)|S<||v1—v2| «|All, 
|(Y%—%, h)|<|lvi1—vall - |Z). 


By virtue of (3.1), we have 


(3.3) 


Proof. 
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l|o1 —%o||?-+ l|%2 —v9||2= lor — Vo! |? 
+ ||v2.—v9 |]? 2Re(v1—V9, V2a—V) 
= ||(v1— 09) E(U2— U9)? 
= ||v1 —v2||?= ||20>—(w1 + va) ||? 
and hence, 
| Mts 
Hers 9 


max (||v—all, [lvo—v2l!)<llv1— ell. 


1 
= lle — eel 


(3.4) 


Thus we obtain 


14 | oll 
(a Be ’ h) <| Vo a mm | 


.||al|= pllen—el -||nl 


Similarly, using the latter of (3.4), we de- 
duce (3.3). 

From Lemma 2, we arrive immediately at 
our main theorem, which is slightly different 
from its original form given by Kato [8]. 
Theorem 2. Let uy, be a vector determined 
by the equation T*Tu,=f. For a given vec- 
tor g belonging to the range of T* we set 
E=(u,, 9). Let u, u’, v, v be any vectors 
satisfying the conditions: 

uw, .u ED; v, v €D* and T*v=f,-T y=: 

(3:5) 

Then the following inequality holds. 


| 


1 1 
\E— ga + Bsoed, (3.6) 


where 
a=(u, g)t+(f, u)—(Tu, Tu’), B=(v, v’) 
e=||Tu—v|l, O=||Tu’—v’||. (3.7) 
Proof. (3.5) implies (Ta—Tuy, v—Tuy)=(u— 
uy, {—f)=0, therefore, we can adopt Tu, Tu, 
vy for v9, Vi, Ye in (3.2) respectively. Next, 
we substitute »v’—Tw’ for h in (3.2). 
Then (8.2) yields (3.6) because of the follow- 
ing relations. 
(Tuo, v' —Tu’)=(Tu, v’)—(Tuy, Tu’) 
=(u, N—-(f, w’), 
(Tu+v, v'—Tu’)=(Tu, v’)—(v, Tu’) 
—(Tu, Tu’)+, v =u, (Ff, wu’) 
—(Tu, Tu’)+(v, v’). 
Remark 1. 
obtain 


Making use of (3.3), we can 


|E-—al<eéd. (3.8) 
These inequalities also give estimations of 
— but are less sharp than (3.6). 


Remark 2. (3.6) can be derived directly 
without Lemma 2, 


[>—B| Sed. 
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For example, we introduce Uy (assuming 
its existence) and F(¥, #) such that IPI OS 


=g and FY, $)=||Te—¢|?, GED, peDd*. 
And we set 
A=F(uptuy, v+v’), 
B=Ftut+uw’, Tu+Tu,’), 
a=F(uy—u)’, v—v’), 
b=F(u—u’, Tu,—Tu;’). 


Since A, B, a, b are non-negative, 
|(a—b)—(A—B)| <a+b+A+B. 
while by an elementary calculation, we have 
a+b+A+B=2(e?+ 6%), 


(a—)—(A—B)=8%e( E oe + ap 


Consequently, 
: a+B 
| me( E 5 


Obviously we can replace wu), “, v respec- 
tively by those multiplied by k (R>0), and 
replace uw), uw’, vw’ respectively by those 
multiplied by e%/k (6; real). Thereby we 
obtain 


me(e-"(E Se) ria saat) (3.10) 


(3.10) reduces to (3.6) under the suitable choice 
of & and @. 

On the other hand, when the spaces are 
real, we can calculate upper and lower bounds 
of ||T(ote,’)\/2 and || T(z )—z’)\|2, according 
to Theorem 1, and consequently those of 
their difference 4(Tm, Tu’ )=4(uo, 7) =4E. The 
results thus achieved can be verified to be 
equivalent to (3.9). 

Remark 3. The estimation of & given by 
(3.6) is good when ¢ and 6 are small. This 
is one of the reasons why we prefer v’—Tw’ 
to v’ as h in (3.2), since in most applications 
it is often difficult to find v’ such that T*v’ 
=g and |\v’|| is small. 

Remark 4. In particular, if is a func- 
tion space, e.g. Z*(D) in §1, and 7 is dp, the 
Dirac’s delta function singular at a preas- 
signed point P, & will reduce to the value of 
ty GME IE 

Of course, this use of delta function re- 
quires a later justification, which can be carried 
out by certain routine of the limiting proce- 
dures. However, since in cases of differential 
operators the equation T*Tu,’=dp is formal- 
ly satisfied by the Green’s function (this fact 


V4 (2-182), (3.9) 
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is itself suggestive in finding v’), we can 
establish the validity of formal results rather 
easily by making use of Green’s theorem. 
Furthermore, if we put, for instance, 


03» 
Fea 
then & will reduce to 
ee 
Ox 
Examples. To apply (3.6) to a boundary 


value problem, where JT, J* are already 
known, it is only necessary to find trial vec- 
tors in accordance with (3.5). Among dif- 
ferential operators in §1, we take up only 
two of them to illustrate how to construct 
trial vectors, though the other ones in §1 can 
be dealt with quite similarly. Let P=(xp, yo) 
be the preassigned point in D and dp be as 
in Remark 4. The distance between (2, ¥) 
and P is denoted by 7. 
Example 1. Let uw) be determined by 
—Auj=f in D, 
T and T* are given in §1. Example 2. 
Ios Let og beep. “Then €=7,50P ye eicial 
vectors are chosen so that the following con- 
ditions hold. 


ueM,, veM,xM,, —divv=f, 


Tp) orn (C. 


atane ue off a7 cual 
uU =5,, 08 yg weM,, u’=0 | 
on C, (3.11) 
vy’ = grad fs log T+, 


v eM,xM, div v’=0. 
We observe that —divv’=g and d=||Tu’ 


—v’|| is finite. 
Then e=() ee 
Ox /p 


we 

this case we assume that Of/Ox is piecewise 
continuous and trial vectors must satisfy 
certain subsidiary conditions in addition to 
(3.5) as follows: 


2°, Let -g be OCs, 
Ox 


A OU Ov Ov, Ove 
WY bic, = (NV =(— 
LACIE MORE: Sot actoa aay 33 (ey an) 
eMxM,, —divv=/; 
rate O1OR Ty + “eM, TEAM oye (CP 
~ On Ox 


pes 1  Olog z a, 
vy’ = grad es On \te 


vy eM,xM,, div v=0, 
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Integrals appearing in a, 8 should be re- 
garded as their principal values. 


Example 2. Let wa) be determined by 


Au,=0 in _D, US on C 
On 
and 
Iu)=| u,as=0'. 
(6) 


We use 7, T* defined in $1. Example 5, 
restricting the domain of YT to the set of 
functions satisfying J7,=0. Setting g=(dp, 0), 
we have &=u,(P). Noting f=(0, /), we choose 
trial vectors so that the following conditions 


hold. (#, uc)€®D is identified with zw. 
ueM,, Ic(u)=0, 
veM,xM,, divv=0, m=¢ 
n= log Ltn, Ww eM,, Tolu’)=0 
27 x 
1 1 sy 
vy’ =erad{ — & Vv’, 
v =gra (,,, os 7) te 


veMixM, div v’=0, vn’=0. 
In constructing wv, v’ the device referred to 
in §2. Example 2 may be of use. 


§4. Improvement of Bounds 

When additional trial vectors satisfying 
certain conditions are available, we can improve 
the approximation given by (2.3) or (3.6). 
We will deal with (8.6) only, since similar 
and rather simpler discussions are possible 
concerning the latter. 

Let # and M* be the range of T and the 
Q-point set of T* (the set of v satisfying T*v 
=0) respectively. It is well known that # 
(the closure of ®t) and 3t* are mutually or- 
thogonal and their direct sum is §. In other 
words, 


RON*=H" . (4.1) 

Now, we consider some methods to make 

é in (3.6) small. 

Let {%:}, fo, {fi} be as follows. 
{Pi}={P1, Pr,---}, PLED, 
{Pis={hi, $2,---}, | 
PoED*, T*hy=f and Pex. | 

G=1525),5) || 
1°. Setting w= D121, GP, Vm=Pot Dar oe Le, 
we note that wn, Um satisfy (3.5). We deter- 


mine the value of a, bd; by minimizing ¢?= 
|| Tvn—Vml?. 


(4.2) 
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From the relation 
e= [lo — 2, eT Pit Dy ba rll 
we observe that, when optimum values of 
ai, be are used, e=e(un, Um) reduces to the 
norm of the projection of ¢% on the ortho- 
normal complement of the subspace spanned 
by 
{TG1,+++, Ten, f15--+, Pm}. 

Further we notice that by virtue of (4.1), 
{a;} and {b;} can be determined separately. 
In fact, if {T¥,}, {¢x%} are both orthonormal, 
ai, bx reduce to the ‘‘ Fourier coefficients ’’ of 
Wo, that iss a=(P, T?:) br= —Yo; Px). It 
is evident that, when {T¢;} and {¢x} span ® 
and M* respectively, ¢(z#n, Ym) tends to 0 for 
any % aS N00, mM—-oo, 
2°. The iterative method used by Green- 
berg [7] is generalized in the following form. 
Here we assume that spaces are real. 

Trial vectors un+1, Unsi at the (#+1)-th 
step are given in terms of wn, Un, Pn and dn. 


Un+i=Unt+GnPn, Unsi=Unt brn 


(Yp= Yo) 
where 
_ _ (Lunn, TPn) 
an (Ten | 

_(f, Pn)—(Tun, Tn) ¢ G3) 

| Tenll? | 

(Tun—Vn, Pn) | 

on Tal | 

__(@n, Pn) | 

PPnll® ” | 


Though at each step the value of ¢ decrea- 
ses, 1t can occur that e does not tend to 0 as 
n—-oco even if {T%;} and {¢:} span ’ toge- 
ther. For instance, suppose that {¢,, ¢,)=0, 
(bo, dx)=0 (R=3, 4,---). Then e? is not less 
than the square of the component of Ta.—v, 
in the plane spanned by #, and ¢.. The com- 
ponent mentioned above is, in general, not zero 
unless ¢; and ¢» are orthogonal. 

Analogous considerations concerning 6 are 
omitted here. 


$5. Numerical Example 


As a numerical example of our results, we 
apply (3.6) to the same problem treated by 
Greenberg [7], which is also the one con- 
sidered in §3. Example 1, where f=1 and 
D denotes the square domain in the xy-plane 
with vertices at (1, —1), (1,1), (<1,.1), (—1, 
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—1) and C is the boundary of this square. 

In other words, we treat the Poisson’s 
equation, 

aug ie ii) owe ONC, (al) 

Let the point P in §3. Example 1. be the 
origin. Then & reduces to (0, 0). Accord- 
ing to (3.11) and noting the statement in § 4. 
1°, we set 

Un= Di," UV, Vn= Pot dns bis, 
Un =P_y +>)", ay,’ 


Aaa Peet meee VAN ag 
Vn =Po + dr, Oi’ di 


where 
; 1 Le 
sas fais are 
Es snc a lle 
a grad(5" log )= 27 7 
1 
(ons log : (rsh) 
OS 7 
0 (r>1) 
9, =) =(2?—1)(y?—)), 


di=¢,' =grad (Re(z*)), 


de= qo’ =grad (Re(2*)). (z=a+72y) 


We use the optimum values of ai, bi, ai’ 
and 0b,’ stated in §4. 1°. In calculation of 
quantities in (3.7), it is convenient to use the 
elimination algorithm”. 

The results are shown below, where we 
introduce A, U, Z and Ep defined by the 
relations 


A=(a+)/2=the approximating value of 
u (0, 0), 
U=A+<¢6/2=the upper bound, 
L=A—e6/2=the lower bound, 
Ep=e0/2A=the relative error. 


n=0 = n=2 

ay 0.3125 0.2399 
Ae, 0.0529 
by 0.0486 0.0453 
be —0.0013 
ay! 0.0220 — 0.0388 
a2! 0.0443 
by! 0.0111 0.0117 
be! 0.0003 
& 0.667 0.00741 0.000338 
oO? 0.0175 0.00929 0.00475 
U 0.339 0.2961 0.2953 
A 0.284 0.2918 0.2946 
L 0.229 0.2876 0.2939 
ER 20% NYS 0.23% 
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§6. Concluding Remarks 


1. The fact that some differential operators 
in mathematical physics can be reduced to 
the form 7T*T, where T and T* are of fami- 
liar types, is much advantageous from the 
view point of applications of the general 
theory of Hilbert spaces. For instance, when 
T and T* are those in §1. Example 2, the 


relation (4.1), that is, R@R*=H’ corresponds 
to ‘‘Helmholtz’s theorem” of vector func- 
tions. In the subsequent papers we will 
apply our 7*T-method to different subjects. 


2. We have seen that some differential equa- 
tions with inhomogeneous boundary condi- 
tions can be reduced to the problems of 
linear operators in suitable Hilbert spaces 
($1. Example 5. 6.). 

When we must treat such a problem as 

4u,=0 in D, u4,=f on C, we can transform 
this problem to the one considered in §1. 
Example 2. by a well-known method. An 
alternative way is to define suitable Hilbert 
spaces and decompose directly the operator 
in question but these spaces are of a different 
type and hence we have not introduced them 
in this paper. 
3. In order to make clear the intimate rela- 
tion between the hypercircle method [15] and 
our T*T-method, it seems sufficient to indicate 
the correspondence between notions of the 
former method and those of ours. Notions 
and propositions in the hypercircle method 
are expressed with the terminology of the 
elastic theory, from which it had started and 
to which it was applied. 

Some of the correspondence mentioned above 
are as follows. 


Hypercircle method 


T*T-method 


vector v of 9’ 
Tuy (in §3.) 


S satisfies the condition] wv belongs to the range 
of the compatibility. Oe Oh. 


equation 7*v= f 


state vector S 
solution vector So 


stress equation 


4. Concerning the problem of §3, some 
authors’ results correspond to (3.8) rather 
than to (3.6). Furthermore, in their papers 
we observe a few different devices to avoid the 


oe See P. S: Dwyer: “Linear Computations, New 
York, (1951) p. 168. 


difficulty stated in §3. Remark 4. A related 
survey has been given by Maple [9]. 


In conclusion the author wishes to express 
his sincere thanks to Prof. T. Kato for his 
kind directions and advices in writing this 
paper as well as for his continual teaching in 
disciplines of mathematical physics. 
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Formation Energy of Superlattice in Ni3Fe (III). 
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The superlattice formation of Ni;Fe in steady temperature annealings 
(at 500°C, 480°C and 460°C) was studied by direct observation of the 
heat of evolution and by measurement of specific heat on heating after 
each treatment. The multiple-step character of formation process of this 
superlattice disappeared gradually by lowering the temperature of anneal. 
All results are plotted on the same internal energy-temperature plane. 
The diagram is well explained by our theoretical treatment of the process 
which divides the process into two steps, with and without the long range 
order. But there was found a process of the third type, which remains 
after the second process has been completed. This becomes more distinct 
when the annealing temperature is lowered. For instance, when the dis- 
ordered specimen was rapidly cooled to 460°C, and annealed at this 
temperature, it was observed that the development of order looks as 
though it reaches an apparent saturation after about 80 hours annealing. 
But, measurements of specific heat on heating of the corresponding 
specimen showed that the internal energy of the specimen is about 170 
cal/atom higher than that of true equilibrium state at 460°C. This type 
of process, which has a relaxation time of the order of a month, will 
presumably be related to the antiphase problem. The nucleation and 
antiphase problems in superlattice are also discussed. The specimen which 
was quenched from 700°C shows an anomalous generation of heats between 
230°C and 420°C on heating. This will be an important phenomenon for 


the formation process of this superlattice. 


§1. Introduction 


Since the suggestion of O. Dahl», many 
works has been done to prove the existence 
of superlattice Ni;Fe. A detailed study of 
this alloy was given by S. Kaya”. He observ- 
ed the time change of the electric resistivity 
at steady temperature annealings. The speci- 
men alloy was first heated at a temperature 
sufficiently above the critical temperature and 
was cooled rapidly to the temperature just 
ten degrees below. Then the time change of 
the electric resistivity was observed until it 
reached its equilibrium value at this tempera- 
ture. After that, the specimen was again 
cooled rapidly to the temperature ten degrees 
further below, and the time change of the 
electric resistivity was again observed. Start- 
ing from 550°C, the procedure was repeated 
to 440°C at every ten degrees. The results 
were as the followings; 

(1) Above 490°C, time change of electric 


resistivity is hardly observed. 

(2) At 490°C, the electric resistivity ex- 
hibits a drastic change and it continues for 
about 7 days at this temperature. 

(3) Below 490°C, the necessary duration of 
annealing at each temperature to obtain the 
equilibrium is several ten hours. 

The results show that the alloy has a typi- 
cal A;B type superlattice and the critical 
temperature is just above 490°C. However, 
about the relaxation characteristics of the 
variation of electric resistivity at 490°C, he 
found an unexpected phenomenon. Below 490°C 
the time change of electric resistivity at con- 
stant temperature was simple. It can be 
described by a single relaxation time constant. 
But, at 490°C, the variation seems to reach 
an apparent saturation after about 10 hours 
annealing. After that the rate of variation 
increases again gradually to reach its maxi- 
mum at about 40 hours annealing and then 
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gradually decreases to zero after about 7 days 
annealing. 

This phenomenon was studied by the pre- 
sent author in paper I? of this study, by us- 
ing calorimetric method. He measured the 
time change of internal energy of this alloy 
at 490°C annealing. It was shown that the 
variation of internal energy also exhibits the 
above mentioned anomalous multiple-step 
character. He also showed that the process 
can be divided into two processes. Then he 
assumed that the development of order consists 
of two steps, with and without long range 
order formation. He assumed further that 
the process A, development of order without 
long range order, has no critical temperature 
on cooling and will show a simple relaxation 
character during the annealing at a constant 
temperature. On the other hand the process 
B, the development of order with long range 
order, has a sharp critical temperature (just 
above 500°C)*, and comes into action only 
below the critical temperature. Further he 
concluded that the process A is of a coopera- 
tive nature. Namely, when a specimen was 
cooled slowly from high temperature to just 
below the critical temperature, the initial 
state of the specimen will be a state equal to 
an equilibrium state at just above the critical 
temperature which has no long range order. 
Though, by passing through the critical tem- 
perature, the equilibrium nature of this state 
without long range order is lost, it will still 
have some equilibrium property just like as 
super-cooled liquid. Therefore, the develop- 
ment of long range order must start with a 
small rate at the beginning. The rate in- 
creases gradually, reaches its maximum, and 
then decreases to zero. 

He assumed that the main process at the 
critical temperature of this alloy is the process 
B. The observed existence of the process A 
is only due to the preceding rapid cooling. 
(10 degrees in Kaya’s case, 100 degrees for 
the author’s case.) 

In the paper II® of this study, the process 
A was studied by measuring specific heat on 
cooling. It was shown that the development 
of local order without long range order begins 
already at 580°C on cooling, and havea rela- 
xation time of hours at 510°C. As predicted 
by the theory”, it has no critical temperature 
and shows a simple relaxation characteristic, 
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Now, below the critical temperature, the 
development of order will consist of two dif-) 
ferent types of processes A and B. In the: 
paper I we showed that, at 490°C, these two) 
types of processes could be separated clearly.) 
The first problem to be studied in this paper) 
is to answer the question how these two types! 


of processes appear by changing the tempera- 
ture of anneal. 


| 
$2. Development of Order Below the | 
Critical Temperature 
In the paper I, we made a number of | 
measurements of specific heat to observe the 
associated change of internal energy in the 
annealing at 490°C. At the same time, direct | 
measurements of heat of evolution of the. 
specimen in the annealing at 490°C were car- | 
ried out. The agreement of these two ex- 
periments was satisfactory. Therefore we 
use the latter method for the present study. 
The specimen alloy and the apparatus used |; 


here were the same as those in the previous 


two papers. (74.59% Ni, 24.37% Fe, 0.71% | 
Mn). Ordering behaviours were observed at 


500°C, 480°C, and 460°C. The specimen was 
first heated in vacuum to 850°C, and after 
keeping thirty minutes at this temperature it 
was cooled rapidly to the annealing tempera- 
tures. After about thirty minutes at each of 
the annealing temperatures, we could start 
to observe the temperature difference 47(¢) 
between the specimen and the surrounding 
copper wall. This temperature difference 4T, 
which is required to keep the temperature of 
the specimen constant, is proportional to the | 
rate of internal energy decrease —dU/dt, 
namely 


=a /at=hane 


where k is a proportionality constant. The 
observations were continued until the difference 
of temperatures 4T became zero within the 
experimental error. Then the specimen was 
cooled rapidly in a furnace to the room tem- — 
perature. After that the specimen was heated 
again and its specific heats on heating were 
observed from 100°C to 700°C. 

The proportionality constant k is determined 


* The specimen used in the present study con- 


tains 0.7% Mn. It gives somewhat different values 
for critical temperature (just above 500°C) and | 


relaxation times, compared with the results by S, 
Kaya, 


| 


| ous error. 
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by assuming that the total heat evolved at 
annealing is equal to the difference of areas 


| between the specific heat curve on heating 
| after each measurement and the specific heat 
)| Curve on cooling at each measurement. 
| Specific heat curves on cooling were obtained 
,| by using the results of Fig. 4 of the paper II 


The 


(there, the specific heats on cooling of the 
specimen with various rates of cooling were 
observed.). Fig. 1 shows the temperature- 
time histories of these measurements. Fig. 2 


fe} 30 60 time 


( minutes) 

Fig. 1. Temperature-time histories of the three 
experiments. The total times annealed at 500°C, 
480°C and 460°C are 52 hours, 50 hours, and 81 

hours respectively. 


AVheg atomn 
12:0 


500 600 700 
PG 

Fig. 2. Specific heats-temperature curves on cool- 

ing corresponding to the three experiments. 

The straight lines at 500°C, 480°C, and 460°C 

mean the specimen alloy was kept at these 

temperatures and there the heat of evolution 


was observed. 


400 


| shows the specific heat-temperature curves on 


cooling during these experimental processes. 


| As the total energy decrease at each annealing 
| is large enough, the incorrectness of the esti- 


|/ mation of each cooling curve causes no seri- 
It will be noticed that the alloy 
has a ferromagnetic transformation at 575°C, 
and the main part of the anomaly shown in 

Fig. 2 is due to this transformation. The 
| final results are shown in Fig. 3, Fig. 4, and 
Fig. 5. At 500°C, we could obtain almost 
perfect separation of the two types of process, 


| 
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Fig. 3. The rate of the internal energy decrease 
plotted against the time of anneal at 500°C. 
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Fig. 4. The rate of the internal energy decrease 
plotted against the time of anneal at 480°C. 


* The time interval of each neighbouring points 
in all specific heat curves on heating is always two 
minutes. In the measurements of specific heat, the 
specimen is heated with constantly supplied energy. 
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Fig. 5. The rate of the internal energy decrease 
plotted against the time of anneal at 460°C. 
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Fig. 6. Anomalous specific heat curves on heat- 


ing after the annealings at 500°C, 480°C and 
460°C, 


and a clear form of the process B was observ- 


ed. In Fig. 6 and Fig. 7, we show the specific 
heat curves on heating after the experiments.* 


Fig. 7. Specific heat curves on heating in a | 
normal temperature range after the annealings 
at 500°C, 480°C and 460°C. 


The differences between the internal energy 
at room temperature of the specimen after 
annealing treatment and that of the specimen 
quenched from 600°C, are 578, 561, and 557 
cal/atom for the annealing at 500°C, 480°C, 
and 460°C respectively. The values were} 
calculated from the anomalies of specific heat} 
on heating. Although the total amounts of! 
internal energy decreased during the treat- 
ments were almost same for the three cases, 
the internal states of order seems to be quite 
different. By lowering the temperature of 
anneal, the order-disorder transformation on 
heating started at lower temperature as can 
be’ seen in Fig: 6, and Fig: 7: 

More detailed information about the nature| 
of the superlattice formation is obtained if 
the rate of the internal energy decrease are 
plotted against the amounts of energy whic 
has been liberated by the time corresponding 
to that rate. These are shown in Fig. 8. Ini 
the figure, we can distinguish two types o 
formation process as shown by dotted lines 
in the figure. 

In Fig. 9, the results are plotted on AU—T 
diagram. In the figure, the ordinate 4U indi- 
cates a part of the internal energy decrease 
due to superlattice formation U(T)—U,(T), 
as in usual theoretical treatments. But in. 
this case, the ferromagnetic transformation. 
makes the definition of U,(T) (zero point of 
internal energy at each temperature) unclear. 
Therefore, we define U,(T) as the internal 
energy corresponding to the internal energy 
of perfectly disordered specimen at that tem- 
perature. The specific heat on cooling cor- 
responding to this perfectly disordered state 
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was already calculated in the paper II”, as 
a limit case of cooling experiments with vari- 
ous rates of cooling. The results of the paper 
II, especially specific heat on cooling cor- 
responding to various rates of cooling were 
fully used to construct the diagram. Straight 
lines corresponding to 500°C, 480°C, and 460°C 
indicate courses of the above three experiments. 
Upper circles show the internal energy of the 
initial states of the annealing and the lower 
circles that of the final states. The inter- 
mediate circles mean the states at which the 
process A just has completed. These are 
calculated from the results of Fig. 8. The 
circles at 510°C, showing the growth of local 


i order, are taken from the paper II, and the 
i circle at 490°C is the result of the paper I of 
' this study corresponding to the annealing for 


150 hours at 490°C. Other data used in this 
figure will be shown later. The curves shown 
by broad lines mean the internal energy-tem- 
perature relations for the equilibrium state of 
this alloy. They show a typical scheme of 
A3B type superlattice. Here, as noticed al- 


' ready, not only the part of energy of lattice 


vibration but also the part of energy associated 
with ferromagnetic transformation are elimi- 
nated in the figure. Actually, there are some 
complications due to their coupling with the 
atomic ordering. The problem will be dis- 
cussed later. The most significant results 
obtained from the diagram are a remarkable 


' discrepancies between the energies correspond- 


ing to the true equilibrium states at each of 
the annealing temperatures and the energies 


4h obtained apparently as equilibrium. However, 
_ the discussion about this problem will be given 


later after the following several experiments. 


| Here, only the observed variation character- 
' istics of the processes A and B shown in Fig. 


3, 4, and 5 are discussed. 
Now, two different effects (a) and (b) are 


Hl expected from the lowering of annealing tem- 


perature. The coefficient of atomic diffusion 


| will decrease by lowering the temperature. 


It results in a decrease of the reaction rate 


| and accordingly an increase of relaxation time. 


We call it the effect (a). Next, there will be 


a second effect originating from the tempera- 
'! ture variation of cooperative character of the 


disorder-order transformation. The effect of 


|| this kind, which we call the effect (b), will 
| be expected to be very different in the process- 
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Fig. 8. The rate of the internal energy decrease 
as functions of the amount of energy liberated. 


-300 1 a 
AU( Yaron) | 
Rg —————————— 
-500 
-600 oe 
-700 red 
(colo) 
-800— <— _ 988 
- 400 460 480 500 600 
EG, 
Fig. 9. Internal energy-temperature diagram of 


this Ni3;Fe superlattice. 


es A and B, so that the detailed total effects 
will be discussed respectively hereafter. 
(1) Process A, without long range order. 

The total amount of energy decrease in this 
process will increase if the annealing tem- 
perature is lowered. (see Fig. 9.) This will 
make the initial rate of reaction larger and 
will counterbalance the tendency due to the 
effect (a). Thus, as the net result, the initial 
rate remains unchanged and only the time of 
reaction increases. 

(2) Process B, with long range order. 

The process of this type at the critical 
temperature has been concluded as one of the 
cooperative rate process characterized by a 
bell shaped curve in (—dU/di—t diagram. 
U | 


= ~ thites,  ehael 
Hines hi 


For convenience we define 


, the time 


dt 
of annealing ¢ corresponding to this maximum 
value, and the total time of annealing. Then 
by the effect (a), da and ¢r will increase and 


tr as the maximum value of 


14 Shuichi ItpA 


|2U | 
dt | 
have a special influence on ¢y. Namely, the 
degree of instability of initial state having no 
long range order will increase more and more 


will decrease. But the effect (b) will 


0 ———to 


AU ( atom) 
-500 
-600) =< 
Fig. 10. The amounts of energy decrease are 


plotted against the times of anneal at 500°C, 
480°C, and 460°C. 
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Fig. 11. Internal energy-temperature history in 
the multiple-step heat treatment. 
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Fig. 12. The rate of the decrease in the internal 
energy plotted against the time of anneal at 
500°C in the multiple-step heat treatment. 


by lowering the annealing temperature. The 
tendency will accelerate the formation of long 
range order to result in smaller ¢,. These 
two effects will counterbalance, and the Zy 
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becomes invariant as shown in the figures. 
The actual curve of observation can be} 
regarded as superpositions of the above two) 
types of process A and B. When the tem-) 
perature of annealing is lowered, the separa- 
tion of two processes A and B becomes more | 
and more obscure as expected from the above, 
simple consideration. In Fig. 10, the total 
amount of energy decrease obtained by inte-| 
grating the results of Fig. 3, Fig. 4, and Fig. 
5 are plotted against the time of annealing. 
The cooperative formation of long range 
order in the above sense will be a general 
character of disorder-order transformation in) 
A,B type superlattices, though there will be- 
some differences about the nafure of coopera-. 
tion for various alloys.®»7)-5)»% 


$4, Development of Atomic Order in a 
Multiple-step Heat Treatment 


If the process A is a simple reaction of. 
jocal ordering without long range order, the 
total amount of this type of ordering will | 
decrease if the specimen has been annealed | 
just above the critical temperature. Then, 
after this preannealing, the development of 
atomic order at a temperature just below the 
critical temperature will have an ideal form 
of the process B. 

This was shown experimentally. Fig. 11 
shows the procedure of the experiment. The 
specimen was first slowly cooled down to 
510°C in vacuum, kept there for 5 hours 
which is sufficient to reduce the rate of in- 
ternal energy decrease to zero, and then 
cooled down to 505°C, keeping there for 3 | 
hours. After that the temperature of the 
specimen was lowered to 500°C and the 
evolution of heat was observed continually at 
this temperature by using the same method 
as before. The results are shown in Fig. 12. 

After obtaining an equilibrium at 500°C, the 
specimen was cooled rapidly to 460°C, and 
again the evolution of heat was observed at 
this temperature. The results are shown in 
Fig. 13. After that, the specimen was cooled 
rapidly in a furnace and then the specific 
heat-temperature curve on heating was ob- 
served as before. It is shown in Fig. 17. 

Now, in Fig. 12, we have a refined form of 
the process B. The process A is very much 
diminished in this experiment. But we note 
that the minimum rate of reaction which ap- 
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pears after about two hours anneal is rather 
‘; high compared with the corresponding value 
\) of the previous experiment at 500°C (Wehifers °33))- 
| The maximum rate appears at an earlier 
stage of annealing, compared with the latter. 
These effects are contradictory to the conclusion 
of simple mathematical treatments,» accord- 
ing to which the development of long range 
order in these conditions must start more 
‘| Slowly. The discrepancy may be attributed 
to a certain nucleation process. If we assume 
ti that the nucleation difficulty is diminished to 
i) some extent by the development of local order, 
i) then our results can be understood. 

The curve of Fig. 13 will be regarded asa 
‘| further development of order in a crystal lat- 
tice which has a certain long range ordering. 
It shows again a simple rate process, The 
data are plotted in Fig. 14, against the amounts 
of the internal energy decrease, and the 
‘i\amounts of the internal energy decrease as 
*} functions of times of annealing are plotted in 
aig. 15. 

4) Now, a most important result obtained is a 
\| large discrepancy of internal energy between 
‘| the state corresponding to the final state of 
‘/the above experiment at 460°C and the state 
\| corresponding to the apparent final state of 
the previous experiment at 460°C. This is 
-|already shown in Fig. 9. There, the equili- 
*!}brium curve below the critical temperature 
\iwas obtained from the data of the paper I, 
s}and data of an experiment of perfect annealing 
“| which will be described in section 6. From 
1/Fig. 8, it will be quite clear that the final 
‘istate of the previous experiment corresponds 
4}almost exactly to the final state of the process 
2/B. Therefore, the further development of 
thorder towards the equilibrium state must 
‘| proceed with a sufficiently slow rate of reac- 
)tion. Y. Sichijo! found that when the alloy 
1} was annealed at 450°C, the specific resistivity 
‘of this alloy could not reach to its final value 
‘even after a month’s anneal. This fact sup- 
‘ports our results. 

- The results can be explained by the nuclea- 
‘tion and antiphase theory. According to the 
nucleation theory of superlattice, the stability 

of a superlattice nucleus is a function of its 
| volume and temperature™. The probability 
| of generation of a nucleus is also a function 
lof its volume, temperature, and the degree 
|of order of the matrix. Just below the criti- 
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Fig. 14. The rate of the decrease in the internal 


energy as functions of the amounts of energy 
decrease at 500°C and 460°C respectively in the 
multiple-step heat treatment. 


t ( hours) 


- 600g - 


~800- areal 


Fig. 15. The amounts of the internal energy 
decrease are plotted against the times of anneal 
at 500°C and 460°C in the multiple-step heat 
treatment. 


cal temperature the critical size of the stable 
nucleus is large and the probability will be 
small. In the multiple-step heat treatment, 
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the specimen was first annealed at just below 
the critical temperature. At this temperature 
the probability of generation of stable nuclei 
will be small and therefore there will be less 
antiphases in the final state. Thus the further 
development of order at 460°C will be mainly 
due to the development of local order within 
the individual antiphases. Then, the develop- 
ment will be accomplished easier and there 
will be no complication about the antiphase 
problem. Boundary energy of the antiphase 
will have no serious contribution to the total 
energy. But, in the previous experiment of 
disorder-order transformation at 460°C, the 
starting state at 460°C was a nearly perfect 
disorder. Therefore, there will be a large 
probability of generation of nuclei. These 
nuclei will grow almost independently at first, 
then come to contact with each other and 
finally will become antiphase domains. The 
energy excess of about 180 cal/atom compared 
with the final equilibrium state will be left 
for the single phase reaction of these anti- 
phase domains. The process must have a 
long relaxation time and makes the last stage 
of the disorder-order transformation of this 
alloy, which we had reported already as the 
fourth stage of the transformation in the 
paper I. 


§5. Nucleation and Antiphase Problems 


As described already, the anomalous parts 
of the results obtained seem to be related 
closely to the nucleation and antiphase mecha- 
nism. The problem will be discussed here 
from a general standpoint of superlattice 
theory. 

We must first distinguish between the dis- 
order-order transformation as a non-equili- 
brium process, and the temperature variation 
of order corresponding to the equilibrium 
states. 

As to the equilibrium states, it will be pos- 
sible to define sharply its long range order. 
In an equilibrium state there is no long range 
order above the critical temperature. Below 
that there is a definite long range order. The 
whole lattice is divided into several sublattices 
which are occupied by each kind of atoms 
only. There will be no antiphase at least in 
an idealized condition. Actually, there may 
be antiphases, but they will have sufficient 
sizes and will be bounded clearly with one 
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another, just like a polycrystalline material. 
In the subboundaries and dislocations the 
situation will be complicated. But the volume 
of such parts will be sufficiently small. There 
is no ambiguity for the definition of long 
range order. | 

As to the non-equilibrium process, there are 
two different aspects to describe the trans- 
formation below the critical temperature. For 
simplicity, we consider only a case where the 
disordered alloy at a high temperature is 
rapidly cooled to some temperature below the 
critical temperature, and is annealed at this 
temperature. One is that there is uniform 
development of local order, but as the tem- 
perature is below the critical temperature, the 
arrangement gradually changes into an as- 
sembly of small antiphases and these anti 
phases gradually grow by the movement of 
antiphase boundary at expense of neighbour 
ing small antiphases until they grow to suf 
ficient sizes. The other is that there may b 
at first a uniform development of local ordey 
as before, but, if the temperature is lowe 
than the critical temperature, there is som 
probability to produce highly ordered nuclei i 
the matrix, and, if the stable nucleus once ap 
peared, they will grow and touch with on 
another. Here, we define a nucleus as a par 
of a crystal (1) which has a long range ordeg 
and (2) has a fairly large size, so large that 
thermal agitation can not alter the phase o 
this long range order. Namely the change of 
the phase can only occur by movement o 
boundary of other nuclei. 

The difference of the two aspects comes 
from the different view point for the pos 
sibility to distinguished the ordered nucleus 
from the surrounding disordered matrix. The 
what is the driving force to create a long 
range order? So long as we consider the 
nearest neighour energy E, only, the eee | 
Seems to be in favour to the former theory 
and I. G. Edmunds and R. M. Hinde! as. 
serted in their study of AuCu; superlattice 
that the formation of long range order is only 
a secondary effect of the development of shor’ 
range order affected by a cooperative = sn 


of the ordering configuration, and the growt 
of antiphases will be more accidental in thi 
alloy. But, there is a doubtless reason t 
indicate that other kinds of energy must pla 
a fairly important rédle in the formation o| 
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‘} superlattice. In fact, if we consider only 
‘| the nearest neighbour energy E;, we can not 
‘} have a superstructure with long range order 
‘tat all in A3B type superlattices which is a 
‘} face-centered cubic lattice as Ni,Fe.9)»!4) Since 
two of the nearest neighbours, of one atom 
‘scan be nearest neighbours, there are infinite 
‘| possibilities of configurations having no long 
if range order and having maximum nearest 
“neighbour energy. H. Sato emphasized the 
‘importance of the second nearest neighbour 
tkinteraction in his study of Fe-Al and Fe-Si 
iV alloys.15)-16) 

1} Following the usual quantum mechanical 
treatment, the energy of an atom in the lat- 
tice must be related to the whole configura- 
‘jtion of the neighbouring atoms. There is an 
Mievidence for such a kind of configurational 
iyenergy to exist even in the temperature range 
ttabove the critical temperature in CuPt super- 
ijlattice!). We call these kind of energy, con- 
ytaining second or third nearest neighbour 
energies, the configurational energy E,. The 
wprincipal rdle of the energy £, will be its 
mstrong tendency to develop long range order. 
Tin face centred-cubic lattices, the development 
wtof long range order will be mainly due to the 
wexistence of this configurational energy &. 

yi Moreover, we have a certain reason to ex- 
pect the existence of an other kind of energy 
\E;. According to a recent idea of Fermi 
energy of superlattice, there are some alloys 
in which the decrease of Fermi energy attain- 
Jed by a subdivision of the Brillouin zones 
will have a considerable contribution to their 
The energy 


) 


‘ last stage of Ni;Fe superlattice. The observed 
large difference of energy at 460°C, which 


these considerations. 

Next, the geometrical stability of antiphases 
‘n this alloy will be discussed. Even in an 
linitial stage of ordering, the whole atomic 
jconfiguration can be regarded as a large as- 
jsembly of many small antiphases. Therefore, 
the stability of antiphases must be in a close 
connection with the relaxation character of 
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ordering not only in the final stage but also 
in the whole stages. The Ni;Fe superlattice 
has four antiphases. We suppose the number 
four is necessary for this alloy to show a 
sufficient stability of antiphases. The reason 
is based upon topological consideration. In a 
map, four colours are necessary and sufficient 
to paint the lands separately, and three colours 
are almost sufficient. In three dimentions 
four colours will be almost sufficient. If 
there is only two antiphases as the case of 
8 brass, there is no possibility of antiphase 
grains to exist except an unstable case where 
the antiphase is an island surrounded com- 
pletely by the other phase. If it is an island, 
the need for the minimum in energy of 
boundary surface makes the antiphase shrink, 
and there would be no stable antiphase. More- 
over, it is possible in this alloy that many 
antiphases coexist without changing its near- 
est neighbour energy E,. This can be easily 
seen from the fact that there are close packed 
atomic planes of Ni only in the perfectly 
ordered arrangement, like as (100) plane. The 
atomic plane of this kind can be a stable 
boundary surface of antiphases in such a 
configuration. Such a boundary is much like 
a twin boundary and its surface energy will 
be so low that it will be necessary to consider 
a special mechanism for the boundary dis- 
placement. We believe that the long relaxa- 
tion time of superlattice formation in Ni;Fe 
is partly due to these geometrical reasons. 

Therefore, if we assume that the contribu- 
tion of configurational energy E, is somewhat 
smaller in Ni;Fe superlattice than in other 
superlattices, then the smaller £, will be direct- 
ly connected with the mentioned geometrical 
stability of antiphase, the driving force to de- 
velop long range order will be rather small in 
this alloy, and the observed cooperatiev for- 
mation of long range order will be explained. 
Moreover, the observed anomalous stability of 
antiphases at 460°C and the large energy re- 
mained for a single phase process will also be 
understood by this assumption. 

Finally we may mention the relationship 
between the lattice imperfection (impurities, 
defects, and dislocations) and the disorder- 
order transformation. Undoubtedly the im- 
perfections play a principle rdle on the atomic 
diffusion and the formation process of order, 
especially for the nucleation problem and the 
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Fig. 16. Temperature-time history of the perfect- 
ly annealed specimen. 
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Fig. 17. Anomalous specific heat curves on 


heating for the three different heat treatments 
of long anneal. The curve for 500°C is equal 
to the corresponding curve of Fig. 6, and the 
curve for 460°C corresponds to the multiple-step 
heat treatment. 
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Fig. 18. Specific heat curves on heating after the 
three annealings of long duration. 
Table I. 
NigFe | ~BF88- | Peieris 
e _ Williams | 
sk | | 
RTe/Ey | eff} | 2.19 Wes 
E,j/& | 0.152 0.00 0.46 
Q/ Eo 0.535 | 0.218 | 0.36 
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Fig. 19. Specific heat curves on heating for three 
different heat-treatments with an enlarged ordi- 
nate scale. The ideal curve corresponds to the 
infinite rate of cooling. | 


antiphase problem”). But the study of this 
field is not enough developed to allow us 4 
detailed discussion of the mechanism. Yet 
we shall later come back to this problem. 


§6. Specific Heat for the Perfectly 
Annealed Specimen 


The specimen alloy was annealed carefull 
for 47 days to obtain a perfectly ordered stat 
The temperature-time history of the treatme 
is shown in Fig. 16. The specific heat-te 
perature curve on heating thus obtained 
shown in Fig. 17 andFig. 18 with two curv 
obtained by the previous experiments (sectio 
2) 

The total decrease of internal energy refe 
ed to that in the disordered state was ca 
culated to 888 cal/atom. In Table I, the da 
are compared with thoretical peepee 
for a A;B type superlattice». Where EF, 
the total energy of the disorder-order trang 
formation per gram atom, £; is the energ} 
associated with the local order just above t 


critical temperature and Q represents t 
latent heat. The data are obtained fron 
Fig. 9. It must be noticed that Q/E, is fairl! 


large. We believe that it means that thi 
contribution of &, and £; cannot be neglecte 

In Fig. 19, the four curves of specific he 
are shown with an enlarged scale. The cur 
for slowly cooled specimen corresponds to t 
data of Fig. 4 in the paper II. Here we no 
an interesting feature of the curves. In t 
figure, specific heats for the perfectly anneal 
specimen are a little lower than that of t 
slowly cooled specimen in the temperatu 
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Table II. Amounts of energy supplied to the specimen to heat it up for each temperature 

range are tabulated for 12 measurements of specific heat on heating after various heat 

treatments. The corresponding curves of specific heat are; (1), (2)—Fig. 21, (3)—Fig. 

20, (8), (9), (10)—Fig. 7, (11), (12)—Fig. 18 of this paper and (4), (5), (6), (7)}—Fig. 2 of 

the paper I. (cal/atom). 
he | ih 7 epee lies, aun 
ah oe ie 300° oe Q at 2 a . i e 

(1) 700°C water quench | 709 | 731 | 750 | si2 | 904 | 932 | 
| (2) 600°C water quench 706 | 744 | 762 | g01 | 973 | 832 
(3) Rapidly cooled in air 708 746 790 | 803 | 990 834 
(4) 3.0 deg/min at 500°C 707 751 797 | 830 | 1023 832 
(5) 1.8 deg/min at 500°C 703 749 793 | 834 | 1034 | 831 
(6) 0.9 deg/min at 500°C 707 750 | 791 | 827 1062 | 834 
} (7) 0.4 deg/min at 500°C 706 749 | 793 832 — = 
Mean of (4), (5), (6), (7) | 706 749. | 703 832 = _ 
(8) 500°C anneal | 698 | 744 | 790 819 1517 833 
if (9) 480°C anneal | 690 741 778 815 1503 837 
(10) 460°C anneal | 695 | 731 774 | 815 | 1498 | 830 
(11) 500°C and 460°C anneal | 689 | 738 778 809 1671 833 
(12) Perfext anneal | 700 737 770 807 1834 832 
Mean of (8), (9), (10), (11), (12) | 695 | 738 776 Sls} | — — 
Defference of two means | ugh | 11 | iy 19. | sal — 


yrange below 500°C. It is quite generally ob- 
‘served that an alloy with long range order 


This phenomenon was studied theoretically by 
Y. Shibuya and others”: In an ordered state, 


.has the specific heat slightly smaller than 
that without long range order. This will be 
}seen in Table II. Here, the amounts of 
energy supplied to the specimen to heat it up 
|for each of the temperature ranges are tabu- 
‘lated for 12 measurements of specific heat on 
heating after various heat treatments. (4), 
(5), (6), and (7) correspond to the specimen 
“cooled in furnace with various rates which 
‘will not have any long range order, and (8), 
1(9), (10), (11), and (12) correspond to the 
lspecimen after various heat treatments of 
‘jong duration which will certainly have long 
(1), (2), and (3) will be discussed 
The above mentioned 


"The last line illustrate the mean difference of 
‘l energy between the specimen with and with- 
‘out longe range order. 

' The difference must be emphasized, because, 


annealed alloy has specific heats on heating 
| smaller than those of disordered specimen. 


jnisms. 
jlattice vibration and the atomic ordering. 


each atom will situate in an more close pack- 
ed position, so the freedom of its vibration 
will decrease and it results in a small decrease 
of specific heat due to lattice vibration. A 
temperature independent part in the decrease 
of specific heat of about 0.11 cal-deg.atom 
will be explained by this effect. The other 
mechanism is the interaction of the ferro- 
magnetic spin ordering and the atomic order- 
ing. It is a well known fact that the ferro- 
magnetic curie temperature of this alloy 
increases with the development of long range 
order. (about 100°C) Therefore the specific 
heat on heating of ordered alloy due to the 
magnetic transformation will be lower than 
that of disordered alloy in a temperature 
range below the curie temperature of dis- 
ordered alloy. It will be the origin of the 
temperature dependent part of the difference 
of specific heat in Table II. 


§7. Anomalous Phenomenon Associated 
with Quenching 


In the paper II, it was concluded that at 
the usual rates of cooling, the development 
of atomic order proceeds without long range 
order and the results obtained for various 
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rates of cooling could be explained by the 
simple theory of disorder-order transformation. 
But, there was a serious difference between 
the specific heat curve on heating of a speci- 
men quenched into water from 600°C and those 
of a specimen cooled with normal rates in 
furnace. In Fig. 19, we see anomalous de- 
creases of specific heat in the temperature 
range 300~400°C for the specimen quenched 
from 600°C into water. This phenomenon 
may be attributed to a mechanism different 
from that of the decrease of specific heat ap- 
peared in 450°C ~500°C which is easily under- 
stood as a simple reaction of atomic ordering 
activated by the increase of temperature. 
This phenomenon was already pointed out by 
T. Suzuki?) and can be seen in the initial 
permeability-temperature curve on heating of 
permalloy obtained by G. W. Elmen*. Our 
specimen will be studied in some details as 
to this anomalous generation of heat at low 
temperature. 

In Fig. 20, specific heat curves on heating 
of the specimen after cooling treatments with 
different rates are shown. The treatments 
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Fig. 20. Specific heats on heating for Ni3Fe 
specimen. The preceding treatments are; (1) 
quenched into water from 600°C, (2) rapidly 
cooled in air, and (3) cooled in furnace. 


used are (1) quenched into water from 600°C, 
(2) rapidly cooled in air, and (3) cooled in 
furnace. The curve (3) corresponds to the 
curve (b) of Fig. 3 in the paper II. 

In Fig. 21, a specific heat curves on heating 
of the specimen quenched from 700°C and 
800°C are shown. A similar curve for the 
specimen quenched from 510°C was already 
shown in Fig. 10 in the paper IJ, and there 
was no anomaly in 200°~450°C. 

Specific heat curves on heating of a pure 
nickel specimen quenched into water from 
1000°C, that of cooled in furnace and a curve 
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on cooling of the same specimen were measur 
ed. In this case, the agreement of the three 
curves is satisfactory. 


$8. Discussions about the Anomalous 
Generation of Heat 


From our experimental results, we concludé 
that there exists an unknown reaction X for 
this specimen which prooeeds from about 
700°C to 500°C in cooling. We further assume 
that the reaction X is not completed in 4 


A r | 
rapid cooling such as the quenching into water. 
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Fig. 21. Specific heats on heating for NisFe} 


specimen quenched into water from 600°C, 


700°C, and 800°C. 


The reaction X will be separated from th 
usual ordering reaction of local order abov 
the critical temperature. Because, the reac 
tion seems to be independent on the loc 
ordering reaction which begins from abou 
450°C on heating. In the treatment terminat 
ed by rapid cooling in air shown in Fig. 20| 
there will be no sufficient time to develo 
the local order, as will be seen from th 
specific heat curve above 450°C. But the 
reaction X seems to be finished even in thig 
rate of cooling. 

The energy change associated with | 
reaction X seems to be quite small as can b 
seen in Fig. 21. It is shown in this figuiy 
that when the quenching temperature is raised 
the specific heat in 230°~420°C decreases anc 
on the other hand, the specific heat in 440° 
~570°C increases. As a result, the tota 
amounts of heat to heat up the specimer 
from room temperature to 700°C are almost 
equal for these three cases. The situatior 
can be seen in the Table II, where (1), (2) 
and (3) correspond to the above three experi 
ments. | 


We believe the phenomenon must be relatec 
to the behaviour of imperfections in the crysta 
| 

) 


| fect). 
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_ lattice and a rough explanation of these results 
“) will be as follows. 


In general, if a metal is 
cooled from high temperature, there will 
proceed a sort of structual changes in the 
crystal lattice. A configurational change of 
the assembly of various imperfections is a 


“ rough picture of such structural changes. In 


a superlattice alloy, this structural changes 


| will be influenced greatly by the atomic order- 


ing tendency and the interaction between im- 
perfections and superlattice will begin already 


‘| well above the critical temperature on cooling. 


In our specimen, if we assume that these 


_| structural changes begin appreciably from 
about 700°C and end at about 520°C on cool- 
| ing, it will be identified with the reaction X. 


If the specimen was quenched from these 
temperature range, the high temperature state 
containing various imperfections will be 
quenched under a complicated interaction to 
the atomic order (it may have a freezing ef- 
In high temperatures, the crystal lat- 


‘tice will be in a state with a violent thermal 


x, 
} 


i 

i] 
/ 
tal 
is) 
H 


i} 


rd! 


agitation. Therefore, the higher the quench- 
ing temperature, the more unstable imperfec- 
tions exist in the crystal at room temperature. 
Thus by increasing the quenching temperature 
the lattice structure becomes more unstable 
at room temperature. This unstable structure 
can easily change its configuration at the 
lower temperature on heating. This reaction 
will associate movements of atoms and the 
degree of order will increase as a result of 
these atomic movements. This accidental 
increase of the degree of order will be 
the origin of the anomalous generation of 
heats appeared from 230°C to 420°C on heating. 

Here, we notice that our specimen contains 
0.71% Mn. NisMn alloy also have a super- 
lattice, and the specific heat-temperature curve 
on heating of Ni;Mn alloy after quenched from 
750°C shows anomalous decreases of specific 
heat from 250°C to 450°C. Moreover, a series 
of alloys Ni3Fe:-,-Mnz have a superstructure 
which varies gradually from NizFe type to 


 Ni;Mn type which has no critical temperature. 


Thus undoubtedly the small content of Mn is 
playing a great réle on this superlattice for- 


} mation, especially on its relaxation character- 


istics. In general, by the addition of Mn, the 
critical ordering temperature increases, and 


the relaxation time of disorder-order trans- 


formatign decreases. In the reaction X, we 
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also believe that the Mn atoms play an impor- 
tant role. If we use a purely binary alloy of 
Ni3Fe, what kind of change in the phenomenon 
associated with the reaction X will be ex- 
pected? At present we have no answer to 
this. But we believe that the existence of 
reaction X is essential in disorder-order trans- 
formation of alloys and is not a consequence 
of small Mn added. M. Hirabayashi and 
others* observed the same phenomenon in 
CuAu and Cu;Au superlattices. To give an 
answer to the above question, a further 
studies are needed in close cooperation with 
the theory of the atomic ordering and lattice 
imperfections. 

From a preliminary study of Takahashi 
on the effect of Mn added to Ni,Fe, we had 
already substantiated that the two-step forma- 
tion of long range order is an_ essential 
character of Ni;Fe superlattice and is not a 
consequence of the small contents of Mn added. 
Moreover, a study of R. J. Wakelin and E. L. 
Yates made for high purity Ni;Fe alloys 
afforded a dependable answer to this problem. 
The measured points of specific resistivity in 
the annealings at 490°C and 480°C of Fig. 1 
in their paper show definite deviations from 
the curves they drawed monotonously. This 
fact proves the existence of multiple-step 
transformation. We also mention here an 
interesting study made by Y. Yokoyama”, 
who observed a polygonization phenomenon 
for this alloy, in an annealing at 490°C. 


§9. Conclusions 

In the first paper of this study®, the forma- 
tion stages of NisFe superlattice annealed at 
490°C after quenched from 600°C are separat- 
ed into four parts. The first stage of anneal- 
ing of about 0~20 minutes at 490°C which 
have a large influence on the structure sensi- 
tive quantities was not explained at that time. 

Now, we can say that the stage is evidently 
the process of structural change named as 
reaction X. The second stage is the develop- 
ment of local order without long range order. 
This stage was studied in the second paper”, 
where we showed a good agreement of the 
experimental data with the simple relaxation 
theory of disorder-order transformation. The 
third stage, the development of order with 
long range order, was studied in this paper 
and deviation from the simple theory appeared 
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in the initial and the final stages of the reac- 
tion. The reason of the deviations was at- 
tributed to nucleation and antiphase mecha- 
nisms. Thus, the forth stage is explained as 
the so-called single phase process of these 
antiphases. The all stages were explained at 
least in qualitatively. 

All the questions which were raised in the 
present paper and which were left for further 
studies seem to be connected with imperfec- 
tions of crystal lattice. 

The writer expresses his true thanks to 
professor Seiji Kaya for his constant guidance. 
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The process of the precipitation from supersaturated solid solution of 
aluminium containing from 5 to 53 weight % of silver, has been studied 


by the electrical resistance measurements. 


The discreteness between 


the low temperature- and the high temperature-aging has been recon- 
firmed. The nature of the Guinier-Preston zone, which is the product 
of the low temperature-aging, has been studied in detail and the correlated 
phenomena with it, such as the intermediate maximum observed in the 
isothermal low temperature-aging curve and the reversion phenomenon, 
have been satisfactorily interpreted in terms of the stability of the 


Guinier-Preston zone. 


§ 1. Introduction 


In the preceding paper, from the results 
of the calorimetric measurements, one of the 
authors has put forward and confirmed his 
view that the aging takes place in two discrete 
stages; at the temperature range of the low 
temperature-aging (ZT-aging), the resulting 
property changes during the aging are attribu- 
table to the formation of the Guinier-Preston 
zone which is a segregation of silver atoms 
on the {111} planes of the matrix lattice, in 
this temperature range also the formation of 
the intermediate precipitate (7’ phase) which 
is coherent to the matrix and the equilibrium 
incoherent precipitate (y phase) may take 
place, after lengthy aging treatment; on the 
other hand, at the high temperature aging 
range (HT-aging), the intermediate coherent 
phase is formed immediately when the 
supersaturated solid solution starts to de- 
compose after the incubation period, and 
at a later stage this intermediate precipitate 
changes into the equilibrium incoherent pre- 
cipitate accompanied by the recrystallization 
reaction. At the intermediate temperature 
between the ZT- and AT-aging range, the 
first stage of the aging may involve the for- 
mation of the G-P zone in the matrix lattice 
which has the critical stable size at that aging 
temperature and the second stage may involve 
the formation and growth of the 7’ phase, 
this stage may be regarded as a period during 
which nuclei of the 7’ phase is formed directly 
in the matrix and grown with resolution of 
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some part of the existing G-P zone. 

Recently Dehlinger and Knapp» have 
pointed out in their paper, the theoretical ex- 
planation for the formation of the G-—P zone 
(they named “Complex”) and determined the 
upper limiting temperature of the stable G—P 
zone as a function of the silver content in 
the solid solution matrix, result of which 
coincides with the experimental works of 
Koster and his coworkers™ and one of the 
authors» fairly well. Koda and Takeyama® 
have carried out the electron microscopic 
studies and have favoured the existence of a 
discreteness between the G-P zone and the 7’ 
precipitation. 

In a very recent paper Guinier and Walker 
have re-examined the diffuse scattering with 
both low and high angle X-ray technique by 
20 weight percent alloys and confirmed the 
interpretation of age hardening process offered 
by Guinier in 1939, 

Though the high temperature-aging stage 
is clearly demonstrated to be the result of 
the formation of the platelets of the 7’ phase”, 
but the exact relation between it and the 
LT-aging stage cannot be considered as fully 
determined by the previous workers. To 
obtain further informations in this point of 
view, we have carried out the electrical re- 
sistance measurements subsequently to the 
calorimetric measurements. 


* Wiroto Sakai: Now at Tokyo Research 
Laboratory, Mitsui Mining and Smelting Co., Shimo- 
meguro, Meguro-ku, Tokyo. 
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Raynor and Wakeman”, and Rotherham, 
and Larke®) have reported the revised solvus 
curve of this alloy as shown in Fig. 1 which 
has been also reconfirmed by Hirano and 
Takagi» by the calorimetric measurements. 
The maximum solid solubility of silver in 
aluminium is about 55 weight % (about 24 
atomic %) instead of previous 48 weight %!, 
therefore we have carried out the experiment 
on the alloys, silver contents of which are 
from 5 to 53 weight %. 
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§2. Specimens and Experimental Procedure 


The preparation of the alloys has been 
described in the previous paper. Alloys 
containing arranged silver were prepared from 
99.99% aluminium and 99.99% silver using a 
similar procedure. 

Square bars having dimension of about 0.2 
cm thick, 0.3cm wide and 10.0cm long were 
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used for the electrical resistance determi- | 


nation. 

The solution heat treatment consisted in 
heating the specimens for 2~5 hours at 
560°C followed by quenching in water of the 
room temperature. 
heating treatment were 
electric furnace. 


conducted 


The electrical resistance measurements were | 
carried out by the potentiometric method. | 
Two pairs of contactors were pressed to the 


specimen. One of them was for the current 
leads and the other was for the potential 
leads. 
prevent oxidation. 


§ 3. Experimental Results and Discussions 
(1) LT- and HT-aging 

In Fig. 2, the curve ABCDEF represents 
the electrical resistance versus temperature 
curve (o-T curve) for 38 weight % alloy (13 
atomic %), obtained by reheating the specimen 
immediately after quenching. The curve 
A’B’CDEF was obtained by the same speci- 
men after quenching followed by the Z7-aging 
treatment at 100°C for 140 hours before re- 
heating. The heating rate of the measure- 
ment was much the same as the calorimetric 
measurements, 2°C per minute. The curve 
FEE’ A” represents the cooling curve obtained 
by cooling the specimen from the one phase 
region (temperature range above the solvus 
curve) down to the room temperature. 

Comparing the results with those of the 
calorimetric measurements, it can be deduced 


that the first fall AB in the range at about | 


90°~150°C in the first curve is attributable 
to the formation of the G-P zone during the 
measurement and following rise BC at 150°~ 
190°C is due to the resolution of it as the 
stability of it decreases with increasing tem- 
perature. The decreased value, AA’, at the 


starting point of the curve A’B’CDEF may — 
be attributed to the existent G~P zone before — 
reheating which must have been formed by — 
100°C-140 hours aging. The rise B’C is due 
At the point C, | 


to the resolution of it. 
which lies nearly on the line AEF which 
represents the quenched state, the alloy re- 
turns to the quenched state. Above 190°C 
two curves meet each other and thereafter 
both show the second fall CD, which is at- 
tributable to the y’ phase precipitation. 


The aging treatment and | 
in an. 


The apparatus was set in vacuum to | 


No | 
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effect of the ZT-aging to the p-T curve above 
the temperature of the point C has been 
observed, this seems to be one of the 
characteristics come from the discreteness 
between the ZT- and HT-aging processes. 

With increasing temperature, metastable 
7’ phase may transform to the equilibrium y 
phase, but because of its slow rate or few 
effect of it to the electrical resistance, ac- 
companied electrical resistance change could 
not be observed by the heating rate of 2°C 
per minute. 

The second rise DE is due to the resolution 
of the precipitated phase, accompanied by 
the increasing solid solubility of silver in 
aluminium with increasing temperature. The 
point & represents the two phase boundary 
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in the equilibrium phase diagram. 

The hysteresis between heating and cooling 
was observed, temperature difference between 
E and E’ was about 90°C independently upon 
the cooling rate between 0.5° and 5°C per 
minute. 

(2) Effect of the heating rate 


We must notice that the shape of the o-T 
curve is not independent upon the heating 
rate. This can be seen in Fig. 3 (a) and (b) 
which were obtained by 53 weight % alloy 
(22 atomic %) for different heating rates 
immediately after quenching. 

The general feature of the curves in Fig. 
3 (a) is identical to the one mentioned in Fig. 
2, but in this case because of the relative 
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o-T curves obtained 
do/dT versus 


by different heating rates. 


temperature curves derived from (a). 
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rapid rate of the 7’ phase transformation, 
the decrease due to it superposes upon the 
increase due to the resolution of the G-P 
zone, then at the point C the curves do not 
return exactly on the AF line. This is clear- 
ly understood by the fact that the slower 
the heating rate is, the lower the temperature 
range of the decreasing resistance due to the 
y’ phase precipitation removes, as shown by 
C,D;, C.D,, C3D3 and C.Dz in Fig. 3 (a). 

On the contrary to the fact that the heating 
rate affects to the location of the second 
decrease CD and not to the decreasing value 
(that is, the point D,, D,, D; and Dy, lie on 
the quilibrium state line marked by MN in 
the figure), it does not affect to the location 
of the first valleys (B,, B., B; and By, which 
are the tangential points of the lines, X,Y, 
X2VYe, X3Yz3 and X,¥,, which are parallel to 
the quenched state line AZ, to the o-T curves), 


ie) 10 
—— SILVER ATOMIC % 


SS 


Fig. 4. Specific resistance versus silver content 
curves, 


but affects to the depth of them. From this 
fact it may be recognized that the heating 
rate affects quantitatively but not qualitatively 
to the formation of the G-P zone, while it 
affects qualitatively but not quantitatively to 
the 7’ phase precipitation. 

Fig. 3 (b) was obtained from (a), where 
do/adT is plotted against temperature. The 
curves resemble to the C,-T curves as shown 
in Fig. 3 in the previous paper». Decrease 
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and increase of the electrical resistance cor- 
respond to the evolution and absorption of 
heat respectively. In Fig. 3 (b), different in- 
fluences of the heating rate to the locations of 
the points B and D are clearly distinguishable. 


(3) Specific Resistance and Silver Content 


The specific resistances of the alloys con- 
taining various percents of silver measured 
at the room temperature are shown in Fig. 4 
for three states respectively. o; is the value 
obtained immediately after quenching, 2 is 
for slow cooled and p; is for the alloys which 
were low temperature-aged, the aging tem- 
perature and time are shown in the figure. 
The characteristic inclination of the curves 
must have some relations to the abnormal 
shapes of the solvus as shown in Fig. 1. 


(4) Isothermal and Isochronal Aging Curves 


The decrease of the specific electrical resis- 
tance during the isothermal aging is not mono- 
tone, particularly at the LT-aging temperature, 
as shown in Fig. 5 obtained with 53 weight 
%, alloy, the general shape of which is much 
the same as that obtained on the alloys of 
the other silver contents by the previous in- 
vestigators; Geisler, Barrett and Mehl!) on 
10, 20 and 30 weight % alloys, K6ster and 
his coworkers’ on 38 weight % alloy. 

On aging at 100°C, the initial decrease 
which continues about 10 hours, is followed 
by arise of the resistance to an intermediate 
maximum and then decrease begins again. 
On aging at 200°C, the decrease is monotone 
from the starting point and intermediate 
maximum is absent. The initial decrease at 
the lower temperature aging is attributable 
to the formation of the G-P zone and the 
second decrease is to the 7’ phase precipitation. 
It is recognized that the former is concerned 
with the reversion phenomena which is ob- 
served when the specimen is brought to the 
temperature in the range of the HT-aging 
after the ZT-aging treatment. As discussed 
later, this is attributable to the resolution of 
the G-P zone in to the matrix. 

The monotonous decrease at the HT-aging 
and the second decrease at the LT-aging are 
attributable to the 7’ phase precipitation, this 
has been confirmed by the X-ray investiga- 
tions by Glocker, Késter, Scherb and Ziegler™), 
and Guinier and Walker“). 

The origin of the intermediate maximum 
between two stages in the LT-aging curve 
has been remained as an open question, al- 
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though Geisler, Barrett and Mehl! have dis- 
cussed and put forward the mechanism in 
which it has been attributed to the effect of the 
coherency of the transitional precipitate with 
the matrix. The aging characteristics of the 
other properties other than the electrical re- 
sistance, such as the hardness™, the elastic 
limit, the Young’s modulus™, and the 
thermo-electromotive force, and the 
phenomena of reversion can not be interpreted 
satisfactorily by their mechanism. It was 
found that this is interpreted satisfactorily, 
if we take into consideration the stability of 
the G-P zone as a function of the silver con- 
tent of the remained matrix, the details of 
which will be described in the next section. 

From Fig. 5, the isochronal electrical re- 
sistance versus temperature curves were ob- 
tained and shown in Fig. 6. Two valleys, 
characteristic to the Z-T and AT-aging, are 
clearly distinguishable. 


(5) Nature of the G—P zone 


From the fact that the atoms in the G-P 
zone are remaining on the lattice sites of the 
parent matrix, it may be predicted that the 
stability and existent quantities of it should 
be sensitive to the silver concentration in 
the remained matrix. 

Dehlinger and Knapp» have investigated 
theoretically and obtained a T,,-C curve, where 
Tm is the maximum temperature limit below 
which the G-P zone can be stable to exist 
and C is the silver content in the matrix. If 
the quenched alloy is aged at the temperature 
above Ti, the G-P zone can not be formed 
and the 7’ phase must be formed from the 
starting, this is the HT-aging process. While 
below Ty, the precipitation sequence could 
not be simple, as an aggregation of solute 
atoms into the G-P zone precedes the for- 
mation of the platelet structure which is the 
beginning of the 7’ phase precipitation, the 
mechanism of which will be demonstrated as 
followings. 

In Fig. 7, Tm versus silver concentration 
curve is shown schematically, referring to 
the study of Dehlinger and Knapp. TJ de- 
creases with decreasing C. 

If the specimen, silver concentration of 
which is Cy, is homogenized at the tempera- 
ture above the solvus, then quenched to the 
room temperature, and aged at the tem- 
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perature 7,, which is lower than Ty», the 
first stage of the aging is the formation of 
the G-P zone. On annealing, these clusters 
grow in size both by absorption of the 
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temperature curves, obtained from Fig. 5. 


silver atoms not contained in the clusters and 
by coalescence of some of the clusters, then 
the number of the clusters decreases as 
the average size of them increases. The 
stability of these G-P zones may be re- 
presented by the temperature above which 
these become unstable and are resolved com- 
pletely into the matrix when the specimen 
is heated after the aging. Then if Tm>Tu, 
the G-P zone is stable and vice versa. During 
the aging, silver content in the matrix can 
decrease from Cy) down to C,, where Cy is 
the equilibrium value at the aging tempera- 
ture, that is, the solubility limit of silver in 
aluminium at that temperature, then Tn 
decreases down to TJ’, in Fig. 7. 
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In Fig. 8 (a), change of C during the aging 
is plotted against aging time and correspond- 
ing change of (7;,—T.) is shown in Fig. 8 (b) 
schematically. It has been shown by the X-ray 
measurement that the decreasing silver con- 
tent in the matrix due to the formation of 
the G-—P zone, 4C in Fig. 8 (a), is negligibly 


Fig. 7. Upper limit temperature of the G—P zone 
as a function of the silver concentration in the 
matrix. 
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Fig. 8. (a) Time dependence of the silver con- 
centration in the matrix during LT-aging. 


(b) Change of the stability of the G-P zone 
during LT-aging. 
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small except the adjacent region round the 
G-P zone. Furthermore from the Cp measure- 
ments it was found that the stability of the 
G-P zone increases very rapidly to a saturated 
value, therefore after aging for the time 41, C 
and (Im—Ta) reaches respectively to the 
saturated value as shown in the figures. 
With further annealing the 7’ precipitates 
can be appeared directly from the matrix by 
the mechanism of nucleation and growth, 
which is same to the H7-aging process, the 
incubation time of which, #, must be identical 
with that calculated from the activation ener- 
gy of the HT-aging. This has been confirmed 
as shown in (6) of this paper. The silver 
content in the matrix decreases by the 7’ 
precipitation rather rapidly after the time #, 
then (Tin —T) decreases. After the time 23, 
where Tin= 7a, the G-P zone becomes unstable. 


(6) 

In Fig. 9 and Fig. 10, observed isothermal 
aging curves of the hardness and the electrical 
resistance are schematically illustrated, where 
the curve AD are shown as the summation 
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of two reactions come from the formation 
and resolution of the G-P zone, AB, and 
from the precipitation of the 7’ phase, CD. 
The time denoted by 4, ¢2 and ¢; correspond 
to those in Fig. 8. 

The possibility of the occurrence of the 
intermediate maximum in the electrical resis- 
tance curves is satisfactorily interpreted as 
shown in Fig. 10. 

The time ¢, can not appear explicitly in 
the ZT-aging curves, but it will be obtained 
by the extrapolation as shown in Fig 6 by 
the dashed lines. From our mechanism, it 
will be expected that the activation energy 
for the 7’ phase precipitation which can be 
calculated using the time # obtained from 
the ZT-aging curves must be coincide with 
that calculated from the HT-aging curves. 
This was actually confirmed with 20 weight 
% alloy as shown in Fig. 11, where (log #:) 
is plotted against 1/T, % was obtained from 
the electrical resistance curve and T is the 
absolute aging temperature. It may be noted 
that the extrapolation of the straight line 
obtained from the HT-aging curves passes 
exactly through the line obtained from the ZT- 
aging curves, therefore from the slope of this 
line the same activation energy of about 22,000 
cal/mol. was obtainable. The dashed line in 
Fig. 11 is the (log z#’2) versus 1/T line, where #2 
is the aging time to produce a set of the central 
streaks which is a completely different type 
of scattering from that due to the G—P zone, 
obtained from the results of the X-ray in- 
vestigation after Guinier and Walker®. They 
have suggested that this scattering must be 
attributed to the 7’ precipitation, hence t's 
must be regarded as the time required to 
produce the 7’ phase of some constant size. 
The activation energy calculated from this 
line is also 22,000 cal/mol. which coincides with 
that obtained from f:. 

(7) Reversion Phenomenon 


The phenomenon of reversion has been 
reported by Késter and his coworkers’ 1? 
with 38 weight % alloy as shown in Fig. 12 
(a) and (b). This phenomenon is characteristic 
to the ZT-aged alloys when they are reheated 
at the HT-aging temperature range for a 
short time. The HT-aged alloys do not show 
this phenomenon even when they are re- 
heated at higher temperature. The upper 
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curves in Fig. 12 (a) and (b) represent re- 
spectively the change of the hardness and the 
electrical conductivity during 150°C-aging and 
lower curves represent the value obtained 
after the reversion treatment for 2 minutes 
at 220°C after each aging time as shown by 
the arrows in the figures. The effect from 
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the 7’ precipitation at 220°C during the rever- 
sion treatment may be disregarded because 
in 38 weight % alloy the incubation period 
for it at 220°C is more than 50 minutes. 
Comparing Fig. 12 with Fig. 9 and Fig. 10, 
it was confirmed that the degree of the re- 
version is exactly same to the quantity due 
to the G-P zone in the aging curve, then 
remaining part after the reversion, CD’ in 
Fig. 12, is much the same to the part of the 
curve CD in Fig. 9 and Fig. 10, which is a 
contribution of the 7’ precipitation to the 
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total LT-aging curve AD. No contribution 
of the 7’ precipitate to the reversion was 
observed. Thus the reversion phenomenon 


has been interpreted as the dissolution of the 


existent G-—P zone at that time. 
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Note added in proof: The authors are recently 
informed of the work of B. Belbeoch and A. Guinier 
(Compt. rend., 238 (1954) 1003.) In this paper, new 
results of the X-ray study on “Relation between 
the structure and the mechanical properties during 
hardening of the Al~Ag alloys ” have been reported. 
The development of the structure was followed by 
diffusion diagrams that have been shown to be of 
two types: ring diagrams characteristis of zones 
formed by the collecting of the Ag atoms in the 
solid solution; and distorted diagrams, due to the 
small precipitates of Al-Ag» in the form of lamelle 
parallel to the (111) plane. They also showed that 
there is exact correspondence between the two 
stages of the structure and of the hardness, 
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Molecular compressibility W=(M/ )8-1/7 and molecular sound velocity 
R=(M/)V*/% were computed for organic halogen compounds employing 
existing ultrasonic velocity data and the halogen increments were obtained, 
also making use of the values of the molecular sound velocity and the 
halogen increments given by Lagemann, Evans, and McMillan. (M= 
molecular weight, 9=density of the liquid, V=sound velocity in the liquid, 
8=adiabatic compressibility of the liquid). The deviation from additivity 
rules with respect to the constitutive elements of the molecule is some- 
what smaller for the molecular compressibility than for the molecular 
sound velocity, the percentage deviation for halogen increments of the 
molecular compressibility being about 1/2~2/3 as compared with the 
percentage deviation for halogen increments of the molecular sound 


velocity. 


§1. Introduction 


Rao’s molecular sound velocity” 


pa“ Vil 7 
p 
and the molecular compressibility first intro- 


duced by Wada” 


(1) 


M 
p 


W=~p-1", (2) 
jare known as quantities independent of the 
temperature for each organic liquid and satis- 
fying additivity rules with respect to the 
constitutive elements of the molecule (atoms 


or bonds), although these rules for the mole- 


‘| cular sound velocity begin to fail for halogen 


compounds, according to Lagemann, Evans 
and McMillan». Here Mmeans the molecular 
weight, o the density of the liquid, V the 
sound velocity in the liquid, and § the adia- 
batic compressibility, and it is customary to 


‘\measure V in m/sec, and £ in 10-1*cm?/dyne, 
‘| while p is measured in g/cm’*. 


i 


i. 


The present author” noticed that the mole- 
cular compressibility of liquid mixtures is a 
linear function of concentration—molar frac- 
tion of one of the components—except in 
water-alcohol mixtures, while the molecular 


.|sound velocity of liquid mixtures deviates 
‘\from linear dependency on molar fraction 


‘talso in case when the density of the two 


‘Icomponent liquids are widely different each 


| 
/ 


other, the molecular sound velocity vs. molar 
fraction curves becoming concave upwards in 
this latter case. 

It seems, therefore, natural to suppose that 
the deviation from additivity rules in case of 
the halogen compounds is also smaller for 
the melocular compressibility than for the 
molecular sound velocity, because in this case 
the deviation from additivity rules is pre- 
sumably due to the heavy halogen atoms 
contained in the molecules. The present paper 
deals with the elucidation of this problem and 
reports of the results of computations of the 
molecular sound velocity and the molecular 
compressibility of halogen compound liquids, 
performed by employing existing ultrasonic 
velocity data. 


§2. Results 


It was revealed that the fluctuations of the 
increments due to the halogen molecules I, 
Br, Cl and F obtained from the organic liquids 
containing these atoms are smaller for the 
molecular compressibility than for the mole- 
cular sound velocity. 

Table I summarizes the result and shows 
the mean values of the halogen increments 
(bond-increments) of the molecular compres- 


* The text in Japanese of this paper will be 
published in “Bulletin of the Kobayasi Institute of 


Physical Research”. 
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8.4 232.8 923.0 —0.4 233.4 


914.2 
705.6 
1248.0 


922.6 


Orgs lonlG 
0.31 13.36 


QeZAD UGS UAL 


62.80 50.26 49.93 


1049 
1060 
1113 
1295 
1301 
1066 


1.447 
1.104 
1.672 
1.287 
1.456 
1.614 


CHC1: CHCl, 
CH3CO-Cl 


trichloro-ethylene 
acetyl chloride 


EES) (ates 
—26.0 228.3 


715.0 
1280 
1227 
1368 
1064 


19,2 249.0™ 
—6.0 230.9 


724.8 
1254 
1243 


80.61 37.49 37.18 
48.28 69.54 69.25 


46.33 65.99 65.04 


CCl3-CHCl, 
CoHyCly 


pentachloroethane 


16:0 241-5 
=—7.0 231.2 
—14.5 229.9 


mean C—Cl=230.0(229.9) mean Cl=233.5 


2.4 231.2 
14.4 225.2 
0.5 230.1 


1240.6 


O)sGey theists) 
0.45 13.20 
0.16 13.09 


m-dichlorobenzene 


1375.4 


1361 
1049.5 


40.58 73.44 72.99 


1, 2,4, trichlorobenzene C,H;3Clz 


1049.0 


54.52 58.04 57.88 


CCly: CCly 


tetrachloroethylene 


mean C-Cl=13.05 


1.62027 444.0 313.07 105.20 104.12 


hexadecafluoroheptane 
bis(trifluoromethyl)- 


C7Fi¢ 


Molecular Sound 


109.81 


1830 —3 


1827 1834 —7 112.59 


1.08 6.99* 


chlorononofluoro- 


cyclohexane 
bis(trifluoromethyl))- 


1959 —19 111.73" 1957 —17 108.87” LWEU 


1940 


6.88” 


1.79126. 582.3 164.65 112.17 112.71 —0.54 


CeClFg(CF3)2 


LWEU 


109.63 


1840 —6 


112.50 


1842 —8 


1834 


913.1 217.50 106.20 106.72 —0.52 6.89 


1.74636 


decafluorocyclohexane CgFi9(CF3), 


(trifluoromethyl)- 


LWEU 


111.50% 
109.95 
110 


114.38” 1610 21 
mean F 


19 
mean C-F 


1612 


1631 


0.23 6.94 


577.6 167.69 94.21 93.98 


all 


fi 


1.78 


CoFii(CFs) 


undecafluoro- 
cyclohexane 
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112.80 


6.92 


mean C-—F 


The values with * are taken from Lagemann, Evans, and McMillan’s paper. 


Remarks: 


M means the maximum value, and m the minimum value. 


sibility, and the bond-increments and atomic 
increments of the molecular sound velocity, 
together with the maximum values, minimum 
values, and the deviation. Also the existing 
values of these increments are also indicated 
in the table. 

In this table the deviation indicates the 
ratio of the difference between the maximum 
and the minimum values to the average value. 
For example, the deviation of the bond incre- 


ment of the molecular compressibility dX is 
defined by 


as (Xi) max —(Xt)min q 
(Xi)ay 


where (Xi)max denotes the maximum value, 
(Xi)min the minimum value, and (Xji)ay the 
average value of the individual increments 
(¢=1, 2, 3, ...., 2) obtained from each of the 
liquids employed in calculation. 

In obtaining the halogen increments, the 
values of the increments due to other con- 
stitutive elements (atoms or bonds) are as- 
sumed to be constant, the values of these 
increments employed in the calculation being 
indicated in Table IJ. In this table the bond 
increments of the molecular compressibility 
are the values given by Wada”, the bond 
increments of the molecular sound velocity 
are the values given by Lagemann and Corey” 
(cf. also Lagemann and Dunbar®), and the 
atomic increments of the molecular sound 
velocity are taken from Rao’s paper®. 

Table I indicates that the fluctuations of 
the halogen increments of the molecular com- 
pressibility are smaller than the fluctuations 
of the halogen increments of the molecular 
sound velocity. The ratios of the percentage 
deviations of the halogen bond-increments for 
the molecular compressibility 0X to that of 
the bond-increments of the molecular sound 
velocity da, are also indicated in the table. 
They are 0.60 forC-I, 0.40 for C-Br, 0.74 for 
C-Cl, and 0.70 for C-F. Although there is 
no exact meaning in these figures, because 
these figures depend also on the number of 
the liquids employed in calculation and on the 
special nature of each substance employed, 
these figures indicate that the fluctuation of 
the halogen increments are of the order of 
1/2~2/3 for the increments of the molecular 
compressibility as compared with the incre- 
ments of the molecular sound velocity. It is 


OX 
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Table I. Halogen increments of the molecular compressibility and the molecular sound 
velocity. 
. Present result 
Atoms Existing — TN : 
or Ave gees pe 
1 a oO evia- 
bonds results mean max min Gon teats ae 
Ih “Halogen (Wada) x Ox ; OX /dxy 
increments of the C-I 19.65 19.76 20.92 19.06 9.4% (6) 0.60 
molecular C-Br 15.54 ene, 16.45 U2 18 (9) 0.40 
compressibility C-Cl 12.91 13.05 Siervel! ARS) 12.0 (20) 0.74 
(bond-increments) C-F — 6.92 6.99 6.88 6G (4) 0.70 
IIb. Halogen (Lagemann) (L E M) Lp OX) 
increments of C-I a Zoe2 284.0 304.0 259.5 WE (6) 
the molecular C-Br — pet — (Cee Ai YS. 207.6 19.5 (9) 
sound velocity C-Cl 230 228.1 230.0 249.0 ZALAG 16.2 (20) 
(bond-increments) C-F — — 113 114.4 IM 7¢ Boe (4) 
Ila. Halogen (Rao) (L E M) hie Ova 
increments of I 304 287.3 285.9 303.5 256.5 16.4% (6) 
the molecular Br 245 238-4" (238.4) 625425 209.5 18.9 (9) 
sound velocity Cl 227 Doone Daan 25925 220.5 load (20) 
(atomic-increments) F — — 110 LES 108.9 2.5 (4) 


* The values with asterisks indicate that these are not new results because they are based on 


the same liquids as employed in the calculations of Lagemann, Evans and McMillan. 


Table II. 


The values of the increments of other atoms or bonds employed in calculation. 


Bond increments of the 


molecular compressibility 


bond increments 


Molecular sound velocity 


atomic increments 


C-H 5.10 C-H 

C-C —1.10 C-C 

Cac 5.68 C=C 

(G==(0) 9.93 C_@ 
cyclic compound 4.80 


95.2 H 92.5 
4.25 (Cc 10 
129 O 74 
186 double bond 110 


also to be noticed that the percentage devia- 
tion is very small for F-increments, which 
may, presumably be due to the small atomic 
weight, though the small number of the liquids 
employed in calculation is also a part of the 
reason of this small percentage deviation. 

The mean values of the halogen increments 
here obtained are in agreement with existing 
results within 1.5%, although the atomic in- 
crements given by Rao are not in good agree- 
ment with our result. 

Table III shows the results of calculation 
for individual liquids. There are indicated 
for each liquid the chemical formula, density, 
sound velocity and adiabatic compressibility 
at 20°C ; experimental values of the molecular 
compressibility Wexp (i.e., the values obtained 
from the values of the density and the adia- 
batic compressibility according to equation 


(2)), the calculated value Weai, and the devia- 


tion 0OW= Wexp—Weai, and the halogen incre- 


ments X; the experimental values of the 


molecular sound velocity Rexp obtained by | 


equation (1), the calculated values R, computed 
by employing bond additivity rule, the devia- 
tion dR»=Rexp—R», the halogen bond-incre- 


ments 2», the calculated values of the mole- 


cular sound velocity R, obtained by employing | 
the additivity rules of the atomic increments, | 


the deviation 6Ra=Rexp—Rua, and the halogen | 


atomic increments 6R,, and the authors of 
the sound velocity data. 
liquids containing I, Br and Cl, molecular 
sound velocity and the halogen increments 
are calculated by Lagemann, Evans and Mc- 
Millan. These values are also indicated in 
Table II and are marked with asterisks. 


For some of the 


| 


1955) 


Conclusion 


It is known that the additivity rules of the 
molecular sound velocity with respect to the 
constitutive elements of the molecules begin 
to fail for halogen compounds. The devia- 
-| tion from additivity rule of the molecular 
compressibility is smaller in this case and 
the percentage deviation of the halogen in- 
crements of the molecular compressibility is 
about 1/2~2/3 of the percentage deviation of 
the halogen increments of the molecular sound 
velocity if we ascribe all the deviations to 
the halogen atoms. 
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The striations, 


striations are also described. 


| $1. Introduction 


It is well known that smoke particles of 
| magnesium oxide are microcrystals having a 
{clean cut cubic habit as revealed by the 
‘electron microscopy. It has been noted that 
| electron micrographs of the particles fre- 
‘quently show parallel striations along their 
} contours with uniform spacings»». A  theo- 
retical explanation of these striations has been 
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or so called equal thickness fringes, appearing in 
electron micrographs of magnesium oxide, have been studied in detail. It 
was found that the spacing of the striations ranges from 50 to several 
hundred Angstroms, depending on the index of reflexion, azimuth, and 
glancing angle. The explanation of the striations is given by the dynamical 
theory applied to a wedge-shaped crystal. 
striations as a function of azimuth and glancing angle are compared with 
observed values, giving fairly good agreement. 
shapes other than cubic and the effect of simultaneous reflexions on the 


Calculated spacings of the 


Some newly found crystal 


given, applying the dynamical theory of elec- 
tron diffraction, that they appear as a result 
of Bragg reflexion of electron wave in the 
crystal®)®), and they are called “ equal-thick- 
ness interference fringes.” 

Heidenreich and Sturkey® (hereafter re- 
ferred to as HS) have calculated the spacing 


* Now at Electrotechnical Laboratory, Tanashi, 
Tokyo, Japan. 
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are indicated. 


INCIDENT BEAM ~ 
ae Ve oa 
NN 


¢ 


(2C0} 


(220) 


Fig. 2. Lower figures are sketches of the images 
of the crystal. We can see easily from the 
shape of these images that the reflecting net- 
planes are oriented parallel to the lines marked 
XX. In upper figures the crystals are viewed in 
the direction perpendicular to the reflecting 
net-planes, showing the orientation of the crystal 
with respect to the incident beam. The azimuth 
angle g is indicated. 


of the striations, using the formula of the 
dynamical theory given by MacGillavry®, and 
obtained a fair agreement with the observed 
values. 

Hall? has observed similar striations in 
dark-field micrographs. He measured the 
spacing of the striations and found that the 
spacing varies in a certain range, in accor- 
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Magnesium oxide crystals showing 


(Vol. 10, 


@ CO} 


striations. Indices of Bragg reflexion 


Fig. 3. Striations due to reflexions other than 
(200) and (220). 


dance with Kinder”, and opposed to HS. 
Further he pointed out the fact that this 
phenomenon is closely related to the multiple 
diffraction spots found in usual electron dif- 
fraction®. 

Kato”) has discussed this phenomenon by 
the dynamical theory developed for finite 
polyhedral crystals!, and concluded that the 
striations due to double refraction are observed 
in just-focused images, whereas in defocused 
images they are disturbed in the neighbour- 
hood of the crystal edge by the effect of 
Fresnel diffraction. 

One of the present authors!” has obtained, 
in the course of the study of the resolving 
power of an electron microscope, a large 
number of micrographs of magnesium oxide 
with fairly high resolution. By a detailed 
inspection of these micrographs we found some 
properties of the striations. As they have 
not been reported before, it may be worth 
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OM 


(200) 


g=24° 
Fig. 4. 


while to describe them here along with the 
result of a comparison with the theory. 


§2. Experimental Observations 


Fig. 1 shows an example of the micrograph 
of magnesium oxide smoke particles, in which 
the crystals showing the striations are com- 
paratively numerous. The indices of Bragg 
reflexions responsible for the appearance of 
the striations can be known from the shape 
of the contour of the image, in virtue of the fact 
that the Bragg angles are very small. For 
instance, the contour of the images containing 
the striations due to (200) and (220) reflexions 
should be respectively a rectangle and a hexa- 
gon which is symmetric with respect to the 
diagonal which is parallel to the reflecting 
net-plane (Fig. 2). 

It was found, as we see in Fig. 1, that 
the greater part of the striations can be at- 
tributed to (200) and (220), the strongest re- 
flexions of magnesium oxide. The striations 
which correspond to other reflexions are 
usually faint, and comparatively rare (Fig. 3) ; 
on 25 plates picked up at random, there were 
116 (200) reflexions, 105 (220) reflexions, and 


51 others. 
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(200) and (220) cases for various azimuths. 


The spacing of the striations was measured 
for the images obtained with accelerating vol- 
tage 50kV, and electron-optical magnification 
7000. Only images of good focus were used. 
It was found that the spacing varies in a 
fairly wide range. For example, the spacing 
varies from about 50 to 200 A in the case of 
(200). 

The lower limit of about 50 A seems to be 
brought about by the resolution limit of the 
microscope, because the contrast of the stria- 
tions became very small when they had a 
small spacing and these striations could be 
found only in the plates of particularly high 
resolution. Fig. 7 shows an example of small 
spacing. The striations with small spacings 
are apt to be masked by the effect of absorp- 
tion, so that it is possible that we have missed 
striations with spacings smaller than 50 A. 

The upper limit of about 200 A for (200) 
seems to be characteristic of the index of 
reflexion. For (220) the upper limit is about 
300 A. For other reflexions, still larger values 
of the spacing are observed. 

One of the causes of the variation 
spacing certainly the variation 
azimuth, or the orientation of the crystal 


of the 


is of the 
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around the normal of the reflecting net-plane. 
The azimuth is known from the shape of the 


r 200A 
(400)? ’ contour of the image, and represented by an | 
r) O angle ¥, which we call azimuthal angle and | 
i define as follows: For (200), ¢ is the angle | 


between the normal ». of one of the two | 
2 es 3 front faces of the crystal and the direction | 

eee of the electron beam (see Fig. 2). In this | 
case ¥ is determined by measuring the ratio 
between the length and width of the rec- 
tangular image. For (220), ¢ is the angle 
between the direction of the electron beam 
and the normal vy, of one of theyfront faces ; 


(a) Se 


30° 608 aco 
(c) 


Fig. 5. Dependence of the spacing of the stria- 
tions on the azimuth. Paired points show the 


30° 60° 90° values of the spacing measured at the opposite 
sides of the same _ crystal. Curves are 
(b) theoretical. 


‘nasa 
OTA 


Fig. 6. A series of micrographs of the same area in a sample. The spacings are indicated 


which is perpendicular to the reflecting net- can find the images of crystal containing the 

plane (Fig. 2). % is determined in this case striations corresponding to various ses 

from corner angles of the hexagonal contour. In Fig. 5 the observed values of the Gracin: 
As shown by the examples in Fig. 4, we are plotted against the azimuth. We see that. 


| at each time. 


Fig. 7. An example of small spacing. 


(400) ? 
Fig. 8. An example of large spacing. 


for a given index of reflexion and a given 
azimuth the spacing varies in a certain range. 
It is clearly exhibited in Fig. 6 which shows a 
series of micrographs of the same area in a 
sample. They were taken under almost the 
same condition except that the specimen was 
a little shifted arbitrarily, by moving the 
specimen holder perpendicularly to the elec- 


} tron beam, and the focusing was readjusted 


These adjustments are always 
accompanied by a small rotation of individual 
crystals. As indicated in Fig. 6, the spacing 
of the striations in the same crystal varies 


greatly from plate to plate, and this variation 


is far greater than can be expected from the 
slight change in the azimuth. We shail see 
later that this variation of the spacing is due 
to a small deviation of the glancing angle 
from the Bragg angle. 

Among the striations in the rectangular 
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TRANSMITTED WAVES 
WAVES 
WEDGE PLANE- PARALLEL PLATE 
Fig. 9. Double refraction in a wedge-shaped 
crystal, compared with the case of a plate 
crystal. 


images, those with especially large spacing, 
exceeding greatly the ordinary values, have 
been observed at times (Fig. 5 and Fig. 8). 
They are usually faint, and as we shall see 
later, may be associated with a higher order 
reflexion of (200), say the (400) reflexion. 


§ 3. 


The striations have been explained by 
Kossel®, HS”, and later by Kato”, on the 
basis of the dynamical theory of electron dif- 
fraction due to Bethe!” and developed by 
MacGillavry®. An important consequence of 
this theory which is used in the explanation 
is double refraction!!*!), Let a _ parallel 
electron wave enter a wedge-shaped crystal 
through one surface (incident surface). (Fig. 
9) When a Bragg reflexion takes place in 
the crystal, the double refraction occurs on 
the surface and the primary and reflected 
waves in the crystal are both divided into 
two. These waves are refracted again when 
they emerge from the crystal through another 
surface (exit surface), and come out in vacuum 
as a pair of transmitted waves and a pair of 
reflected waves. 

In bright field micrographs, the reflected 
waves are cut out by an aperture in the ob- 
jective lens, so that only the intensity dis- 
tribution due to the two transmitted waves 
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(200) 


The multiple spots in diffraction photographs and the striations in electron 


Fig. 10. 
micrographs. 


to six sides. 


on the electron-optical object plane of the 
microscope is reproduced in the micrograph 
image”. The striations we are discussing in 
the present paper are nothing but the inter- 
ference fringes made by these doubly refracted 
transmitted waves. 

Similar striations in dark-field images as 
observed by Hall” are the interference fringes 
of the two reflected waves. In usual diffraction 
photographs the pair of reflected waves are 
observed as a pair of spots. Several pairs 
corresponding to different wedge-shaped parts 
of a crystal constitute a multiple spot found 
in Debye rings!?191918), (Fig. 10) 

MacGillavry’s dynamical theory”, which has 
been used by HS, is developed for the case of 
a plane-parallel plate, so that it is inadequate 
to be used in the explanation of the present 
phenomenon, because the striations appear 
only in wedge-shaped parts of a crystal. (In 
the case of a plate the doubly refracted waves 
are united again at the exit surface into one 
(Fig. 9).) Nevertheless, HS calculated the 
spacing of the striations using MacGillavry’s 
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* 


(220) 


In (200), two pairs of diffraction spots correspond to the two 
sides which show the striations in micrographs. 


In (220), six pairs correspond 


Arrows indicate the normal position of the Debye ring. 


formula, and obtained after some approxima- 
tions a fair agreement with the observation. 
In fact, Kato” has shown that even when we 
consider the double refraction by a wedge in 
a more proper way than HS, taking the finite- 
ness of the crystal into account, the final 
result obtained after some approximations is 
essentially the same as that obtained by HS. 
We describe here the process of calculation 
following HS, considering its relation with 
the double refraction. 

In the first place, Kato* has shown that 
the finiteness of the crystal has an influence 
on the striations only in the out-focus micro- 
graph images as a sort of Fresnel diffraction. 
So long as the in-focus images are concerned, 
we can consider that the surfaces of the crystal 
extend infinitely. Then the refraction of the 
Waves occurs in such a way that the tangen- 
tial component of the wave number vectors 
are connected continuously on the surfaces, 
as shown in Fig. 11. 

As a beat between the waves which are 
represented by wave number vectors ky)“ and 
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k,, the intensity of the primary wave varies 
periodically in crystal as shown in the right 
side of Fig. 11. Its nodal planes are parallel 
to the incident surface. This intensity varia- 
tion occurs in just the same way as in the 
case of a plate. According to MacGillavry®, 
its period Dj, measured in the direction of K, 
as shown in Fig. 11, is expressed as 


1 ny 4AO0™ —1/2 
18 a (See ake 
; | = E +(3..) | , 


Here, £ is the accelerating voltage, 2 is the 
wave length in vacuum corresponding to £, 
Vnxr is the Fourier coefficient of the inner 
potential for the reflexion concerned, dnxz is 
the spacing of the reflecting net-plane, 40 is 
the deviation of glancing angle from the Bragg 
angle. 
Thus when we consider the intensity of 
the primary wave on the exit surface, as 
shown in Fig. 11, it is expressed as a function 
_ of the effective thickness D, (the thickness of 
the crystal measured in the direction of K,) 


has 
eV Norse : D. 
Shee ) D2: cos*( a) : 


J, is the intensity of the incident wave. 
(The effect of absorption is neglected through- 
/out the present calculation.) (2) shows that 
the intensity variation on the exit surface has 
its maxima where D, is an integral multiple 
oF D,. 

To calculate the spacing of the striations 
/ we must obtain the intensity variation on the 
object plane of the microscope made by the 
{ interference between K,“™ and K,. As we 
see in Fig. 11, the refraction on the exit sur- 
‘| face occurs in such a way that the intensity 
‘) variation of the striations can be obtained 
when the intensity variation on the exit sur- 
_ face, given by (2), is normally projected on 
the object plane. Hence we can consider 
that the striations in the image are the mag- 
nified reproduction of the intensity variation 
on the exit surface, and thus the spacing of 
| the striations can be easily derived from D, 
‘} when we can find from the image of the 
crystal how the incident and exit surfaces 
} are oriented. 

It must be mentioned that an appreciable 
deviation from HS’s value appears when the 
angles between the wave vectors and the 
surfaces are fairly small. In the case of 


(1) 
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Ko INTENSITY VARIATI 
OF STRIATIONS 


Fig. 11. Wave number vectors are related by the 
continuity of tangential component. Interference 
of two slightly different waves gives the inten- 
sity variation (beat) in and behind the crystal 
perpendicular to the incident surface and incident 
wave respectively. 
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Fig. 12. Illustration of the misfit of the spacing, 
which occurs on the images of the cube edges. 
The amount of misfit is exaggerated. 


magnesium oxide, the electron beam enters 
into the crystal through three cube faces and 
emerges through three remaining cube faces, 
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There are six wedge-shaped parts which have 
different combinations of these incident and 
exit surfaces. When one of the incident sur- 
faces becomes almost parallel to the incident 
beam, it is possible that the value of D, is 
different for different wedge-shaped parts, or 
that for some wedges the spacing of the stria- 
tions cannot be obtained directly from Dy, as 
described above. Then a detailed inspection 
of the striations might reveal that in the 
hexagonal image they do not make successive 
hexagons on account of the misfit of the 
spacing on the boundary of the cube faces, 
as illustrated in Fig. 12. 

We have such cases for (220) when ¢ is 
very small or close to 90°. An estimation of 
the order of magnitude shows that, for ex- 
ample, the discrepancy of D, will exceed 
10% when ¢ is smaller than about 10°. How- 
ever, we could not find this phenomenon in 
our photographs, because at such azimuths 
the spacing itself became so small that we 
could not observe such details. 


$4, Comparison with Experiment 

Table I shows the value of D, at Bragg 
angle (49=0) for the main reflexions of MgO, 
calculated by (1). (4=50kV, A=0.0535.A) 


Table I. Characteristic values for main reflexions 
of MgO (calculated). 


hit d(A) V(volt) Dy(4@=0)(A) 464/:(10-3 rad) 


2.10 


200 fel) 358 DOF 
220 1.475 5.40 521 2.85 
222, e205 4.20 670 1.81 
400 1.050 3.46 813 29 
420 0.939 Ze9Z, 963 0.98 
422 0.857 2.57 1094 0.78 


The spacing s is derived from D, consider- 
ing the orientation of the surfaces. In the 
present case the ratio between s and D, can 
be expressed as a function of the azimuthal 
angle ¥ defined in §2. The spacing s is given 
as follows: 


for (200), 


for (220), 3="5 Sryie 


ga SULA 
2V1+cos?e 
According to (1) and (3), the spacing of the 


(3) 


2 
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striations varies in fairly wide range depend- | 
ing on index of reflexion, azimuth, and devia- | 
tion of glancing angle from the Bragg angle. | 

For a given reflexion, D, is largest when) 
49=0. The thick curves in Fig. 5 show the. 
variation of the spacing with the azimuth for 
the maximum value of D, (Table I). These | 
curves should be the upper limit of the spac- 
ing of the striations to be observed. 

When 4@ is not zero, the spacing becomes 
smaller, and the intensity of the striations 
must also become smaller. Eq. (2) shows | 
that the amplitude of the sinusoidal variation | 
of the intensity is proportional to the square | 
of Dy. Thus, the amplitude becomes a half. 
of its maximum value, when the spacing be-— 
comes 1/1/2 of its maximum value. The 
thin curves in Fig. 5 show these values of the 
spacing. The deviation angle 4@ for this case, 
denoted by 4@1;., is shown in Table I. 

We expect that the observed points lie 
below the thick curve and most frequently 
above the thin curve. We find in Fig. 5 that 
this is satisfied fairly well for (220). In the] 
case of (200), however, the distribution of the 
observed points is shifted to higher values, | 
and corresponds to the value of V2, equal to} 
about 5 volts, against the theoretical value 
of 7.85 volts. As the cause of this discrepancy | 
we can consider the following effects. 

1) The striations due to (400) or other re- 
flexions may be erroneously taken in. 

2) The effect of slight defocusing may 
cause an error in the measurement of the 
spacing and the length of the edges, accord- 
ingly in ¢. 

3) The existence of the crystals, whose 
three edges are not equal, leads to a wrong 
estimation of @. 

4) The effect of other weak reflexions oc- 
curring simultaneously with (200) may vary 
the spacing. 

It is not certain, however, whether the pre-| 
sent discrepancy is only caused by these se- | 
condary effects. | 

The intensity measurement of the striations 
has not been carried out. However, we could. 
conclude by a visual inspection that for a 
given azimuth the intensity of the striation 
decreases with the decrease of the spacing, 
in qualitative agreement with the theory. | 
The striations can be observed at the spacing | 
down to almost half of the maximum value _ 


more frequently, as described in § 2. 


for weaker reflexions. 


Ont 


Striations in irregularly shaped crystals. 


Fig. 14. (a) Striations in connected crystals. 
(b) Striations in crystals merely in contact. 


—_— 


(a) (b) 


Fig. 15. Striations in twinned crystals. 


for a given azimuth. It seems that smaller 
spacings cannot be observed only because the 
contrast of the striations becomes too small. 

It was observed that the striations due to 
stronger reflexions (larger Vix. values) appear 
It can 
be explained from Eq. (2) that, though the 
amplitude of the sinusoidal intensity variation 
is equal at 490=0 for all reflexions, it de- 
creases more rapidly with the increase of 49 


' for weaker reflexions, so that the angular al- 


lowance in the orientation of the crystal for 
the appearance of the striations is smaller 
The value of 40,/, 
(Table I) multiplied by the multiplicity of the 
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Fig. 16. Explanations of Fig. 15. The crystal is 
made up by combining a tetrahedron ABCD and 
its mirror image A’BCD at the (111) twinning 
plane BCD. The plane ACD lies perpendicular 
to the electron beam. Reflecting (110) net-planes 
both common and not-common are indicated. 


Fig. 17. Striations in crystals with extraordinary 


habit. 


net-plane may serve as a measure for this 
angular allowance. For (200) and (220) it has 
roughly the same value. Actually, these re- 
flexions appear with about the same frequency, 
as shown in §2. However, the sum of its 
value over the remaining reflexions in Table 
I is larger than the value for (200), whereas, 
the total observed frequency is about a half 
of (200). This may be the result of the fact 
that the striations having wider spacings are 
apt to be missed in the frequency counting, 
because they are hidden by the effect of ab- 
sorption. 

It is frequently observed that the spacing 


CASE (3) 


Fig. 18. Illustration of the images of crystal when 
simultaneous reflexions are occurring. 


CASE (1) 


CASE (2) 
Fig. 19. Anomalous striations caused by simult- 
aneous reflexions. 


of the striations is different at the two op- 
posite sides of an image, as indicated in Fig. 
©. by paired points. The cause of it is not 
clear. One cause may be the effect of ac- 
companying weak reflexions. 


§5. Further Experimental Observations 
(a) Crystals with extraordinary shapes 

We have observed not merely the crystals 
with cubic habit. Fig. 13 shows the examples 
of irregularly shaped crystals which show the 
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striations apparently of the same origin as in 
the cube crystals. 

The crystals shown in Fig. 14 (a) are con- 
sidered that their crystal lattices are connect- 
ed continuously on the boundary, so that the 
fringes go through the boundary continuously. 
On the other hand, if the two separate 
crystals are merely in contact with each 
other, fringes are superposed as shown in 
Fig. 14 (b). 

An interesting example is given in Fig. 15. 
The crystals show contours as if they have 
tetrahedral habit, whereas, the fringes in 
them are not parallel to the contour and 
appear in different ways for two crystals. 
These can be explained by assuming that the 
crystals are twinned, as illustrated in Fig. 16. 


The fringes in Fig. 15 (a) are considered to | 


be due to a (220) reflexion by a (110) net- 
plane that is common to the two twinned 
parts, while the fringes in Fig. 15 (b) are 
considered to be due to a (220) reflexion by 
a (110) net-plane that belongs only to the one 
part of the twin. 

The crystals shown in Fig. 17 are also ex- 
amples which have extraordinary habit. 


(b) Lffect of simultaneous reflexions. 

Up to now we have considered that only a 
single reflexion is occurring, and calculations 
have been developed neglecting all other re- 
flexions. Actually, however, other reflexions 
are not always negligibly weak, and their 
influence may appear more or less upon the 
spacing or the intensity of the striations. 
When the crystal is in a particular orienta- 
tion, two or more reflections occur simul- 
taneously, and their reflected waves have 
comparable amplitudes. In such a case, the 
transmitted wave divided into three or 
more waves, and their beat takes a form 
considerably more complex than in the case 
of a single reflexion. We can consider three 
typical cases, where two or three relatively 
strong reflexions occur simultaneously. Fig. 
18 illustrates how the image appears in these 
cases. 

1) Azimuthal angle ¢=7/4 for (200). It 
corresponds to =7/2 for (220). In this case 
(200), (220), and (222) reflexions occur simul- 
taneously. 

2) for (220) is specified by cos =1/1// 3. 
In this case we have two (220) reflexions that 


is 


| reflect simultaneously. 
| 3) ¢ for (220) is specified by cos P=YV 2/3. 
{In this case (220), (222), and (420) reflect 
simultaneously. 
In each case the direction of the incident 
| Wave is nearly parallel to a certain principal 
| Zone-axis, so that the total effect of reflexions 


| other than those considered above is not 
) negligibly small. Consequently, we cannot 
| discuss the problem quantitatively. Fig. 19 
shows examples of the cases 1) and 2). The 


_|shape of contours indicates that these crystals 
fare in the specified orientation, and we see 
clearly the striations with unusual features. 


$6. Discussions 


HS arrived at the conclusion that the varia- 

)tion of D,. with 49 would not be observed, 
| considering the two disturbances, namely, the 
leffect of inelastic scattering and the effect of 
fangular aperture in the incident beam. Our 
observation have shown however that the 
! change of D, can be observed until it becomes 
about a half of its maximum value. In our 
}case the accelerating voltage is 50kV, so that 
the effect of inelastic scattering may not be 
| quite different from HS’s 65kV. On the other 
|hand, the existence of finite aperture in the 
) incident beam introduces the variation of 40, 
jand consequently of the spacing in a certain 
jrange, and makes the striations diffuse and 
} indistinct. Hence in our case this aperture 
i has been probably smaller than in the case 
jor HS. 
i We have seen that the spacing varies sen- 
sitively with the variation of the direction of 
; the electron beam. We must be always con- 
iiscious of this effect when we try to observe 
} quantitatively the effect of other conditions 
Jon the spacing, e.g. variation in the accelerat- 
jing voltage or focusing. 

Hall has observed the effect of accelerat- 
Jing voltage, using two voltages 65kV and 40 
¥kV. From equation (1) the spacing is pro- 
portional to the square of the accelerating 
voltage only when 49=0. The variation of 
jthe spacing with 40 seems to be the cause 
lof the fact that they obtained the observed 
| value 1.35 for the ratio of the spacing, against 
: the calculated value 1.28. 

Kato” has discussed how the striations in 
defocused images are disturbed by the effect 
of Fresnel diffraction. Fig. 20 shows ex- 
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FOCAL-LENGTH FOCAL-LENGTH 


TOO SMALL TOO LARGE 
(OVER-FOCUS) (UNDER-FOCUS) 
Fig. 20. Striations in defocused images. (The 


arrow indicates a misfit of the spacing, occurring 
probably from the difference in the effect of 
Fresnel diffraction. ) 


amples of defocused image. Observations of 
these images seem to agree qualitatively with 
Kato’s calculations (see Kato). Here also 
the effect of the change in 49 should be taken 
in mind in the interpretation of the images. 

To use an accelerating voltage as high as 
possible may be favourable in order to observe 
further detail of the striations, avoiding the 
effect of inelastic scattering, especially to ob- 
serve those misfits of the spacing as described 
in the theory, or the effect of simultaneous 


reflexions as described in §5 (b). 
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The analytical expressions of the integrated reflecting power and trans- 
mitting power of X-rays for absorbing perfect crystals are obtained as 


follows: 
The diffracted wave: 


\| 
— 


2 


The transmitted wave: 


Rp =e- 0! -(—2n) 


Ln = 
In these formulae 
h=2AVR24 PP 


and 


eS. Funai 2A) +Io(h)—1 | 
Al} 


Sm cos MBI lh )| —-Ry” . 
i 


B=tan-lk/g . 


Jm is the first kind Bessel function of m-th order and J,» is the modified 
Bessel function of m-th order, and the other notations are the same as 


those of Zachariasen’s text-book on X-ray diffraction (1944). 


A practical 


method of obtaining the numerical values of Ry” and Rr”, and calculated 


results are shown. 


§1. Introduction 

Since Borrmann observed") the effect that 
the apparent absorption coefficient of X-rays 
in crystals is greatly reduced at Bragg angles, 


detailed experiments have been reported” on 
behaviors of transmitted and diffracted beams 
in Laue cases (cf. Fig. 1). These experi- 
mental results can be understood®-” in prin- 


Zeit. fiir Phys. 138 (1954) | 
An experimental work | 


1955) 


ciple on the basis of the dynamical theory of 
X-ray diffraction in which normal absorption 
as well as interaction between incident and 
scattered radiations are taken into account. 
According to the theory developed by Kohler®, 
Laue®, Hirsch®) and Zachariasen™, the inten- 
sities of transmitted and diffracted beams are 
expressed as functions of the glancing angle 
of incident beam relative to the crystal. Ex- 
| perimentally, however, only the integrated 
| intensities can be measured accurately with 
less difficulties. Hirsch®) has calculated graphi- 
} cally the numerical values of integrated trans- 
i mitting and reflecting power for symmetrical 
} Laue cases and compared with experimental 


7 results. 


The purposes of this paper are to present 
f the analytical expressions of integrated trans- 
| mitting power and reflecting power and to 
| give a practical method to obtain their nu- 
merical values. 


§2. Fundamental Equations and Notations 


According to the dynamical theory, when 
parallel monochromatic X-ray beams are re- 
flected by a net plane with indices AH(Mn, he, 
h3), the intensity ratios of the diffracted and 
; transmitted beams to the incident beam are 
i given as follows: 


| The diffracted wave: 


I ] oars Ure 
5 |D| ae e-“ot{sin? (av)+-sinh? (aw)} . 
ib } 
| The transmitted wave: 
Ip 1 = 2 
ee ge + 2? 
re gee [lg+2?| 


+{|q+27|+|z27|} sinh? (aw) 
—{|q+2?|—|2?|} sin? (av) 
=+3|(|g+2?| + |2?|)?—|@/?|"/? sinh (2aw) 
4|(|g+22|—|2*|)*—|q|2/!7 sin (2a) « 

(2) 
1 Here, 2, Jz, and Jr show the intensity of 
4 the incident, reflected and transmitted beams 
} respectively. The other notations are the 
3 same as those used in Zachariasen’s text- 
- book, and summarised in Hirsch’s paper’. 
| Their meanings are as follows: 


q=K°bpadsa - (on) 
2=3(1—b) dot tba . (Ay) 
a=T7t|/Aro « (5 ) 
v+iw=(qt2)'? . (6) 
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Fig. 1. Laue case for plane parallel plate crystal. 
Iy: Incident wave. Iy: Transmitted wave. 
In: Diffracted wave. f): Thickness of crystal. 

b=r/rx . CS 
a=2(02—0) sin 265 . (8) 
iy fd i 
t= (42). (9) 
2810 Te 


0: The glancing angle of incidence at the 
net plane concerned. 
Oz: The Bragg angle (derived from the kine- 
matical theory). 
Yo and rw: The direction cosines of the inci- 
dent and diffracted beams to the normal of 
the crystal surface. 
2: Wave length of X-rays. 
Ke Polarization etactors. k= tone normal 
component and K=|cos 20| for parallel com- 
ponent. 
js. The usual linear absorption coefficient. 
%’ and oz’: The Fourier coefficient of index 
0 and H of ¢” respectively*, where 7’ is the 
real part of 4z times of the polarizability of 
crystal. 
i’ and dy’: The Fourier coefficient of index 
0 and H of 9%’ respectively*, where ¢” is 
the imaginary part of 4z times of the polari- 
zability of crystal. 
The sign + in Eq. (2) is determined by the 
following relations, where U_ represents 
{2+VqtZ2}V q- 
For the coefficient of sinh (2aw), 
Fela 
Gill 
For the coefficient of sin (2av), 

peal corresponds to + sign, 
<A) corresponds to — sign. 
-® These definitions of vo’, ol’, wa’ and Wrz" are 
the same as those of Zachariasen and not those of 


Hirsch, which can be used only when the crystal 
possesses an inversion centre, 


corresponds to + sign, 
corresponds to -- sign. 


arg U 
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It is convenient further to define the fol- 
lowing parameter according to Zachariasen. 


y={3(1—b) fy’ + 3ba}/K | pa’ |b]? . (10) 
g=3(1—b) ou lt ecc (11) 
k=¢n’/u’ (when crystal has inversion centre) 

(12) 


small middle 


(a) to: 


(b) to: 
intensities. 


={buba—|¢n’ |?}/22| bn’ |? 

(when crystal has no inversion centre) 

(12’) 

These parameters are proportional to the fol- 
lowing quantities respectively. 
y: The deviation from the Bragg angle. 
g: ’ which is related to the mean ab- 
sorption coefficient “4 by the equation 


2 // 
Lo= = acs) : 


k: The imaginary part of ¢a¢#. When 
lattice has inversion centre, this is proportional 
to ¢x’’ or the A-th Fourier coefficient of the 
2m a 
rion HS 
A: The product of the structure factor and 
the thickness of the crystal. 


Since |k|<1 and |g|<1 in most actual cases, 
the following approximations can be used. 


absorption coefficient sz 


lat+2?|/lql~u1+y? . (14) 

lal/Vlq[<lyl - (15) 

a~AY1+y. (16) 
ART Yg) 

awa Ving (17) 


Then, Eqs. (1) and (2) can be reduced to the 
a ae forms ; 
2m 


- rer 5@ Mo'{sin? (av)+sinh? (aw)} . (18) 


(c) to: 
Fig. 2. Schematic diagrams of the diffracted and transmitted 


(Vol. 10, 
Ip mt 1+2y? 2 
~ e- Mor T+ sinh? (aw) 
lo : I-y? 
08 2(av)+ YV1+9 sinh aw) . 
Bok, Lge 


(19) | 
The schematic diagrams of I#/J) and I7/Ip | 


against the parameter y are 


shown in Fig. 2 for various | 


crystal thickness 7 . 


The experimentally measured 


integrated power ratios, Ra® 
large 


tion of a constant factor; 7.e. 
\Kga| 4 (29% 
Rn'= V |bl sin 20, A” 5 — 
o_ _ |K¢a| ; 
fee V |0! sin 202 sical ee 


Then, our purpose is to obtain the definite 
integrals of Ra” and Rr”, with Jz/fh and 
I7/Ty) given by Eqs. (18) and (19) respectively. 


$3. Integrated Reflecting Power and Trans- _ 


mitting Power 


The results of calculations are as follows; 


Ry! =e-*0'-7/2[2 3) Jonei(2A)+4o(h)—1] , 
nr=0 


ee ee 
(24) 
Rr? =e-"0!(—27)[ ym cos MBIn(h)|—Ra! 
é (25a) | 
=e-0'(zh)[—{h(h)+cos RIo(h)} 
+2sin B-P]—Ra’ , (25b) 
where 
=3sin B- exp {cos a-my\" I(t) 
0 
xexp {—cos B-f}dt . (25c) 


The details of the calculations are explained 
in Appendix A. In these formulae, Jm is the 


* e-#o' is equal to the transmitting power when 
an incident beam deviates largely from the Bragg 
angle, 


According to Zachariasen and | 


Hirsch, the integrated power 
ratios in y-scale can be written | 
as follows, 
y——\ dy 20 
pi isi} I yee | 
In ay . 
Ke? =|4 ee oe . (21) 
If 


and R,®, can be obtained readily | 
from Rg” and Rr” by multiplica- | 


first kind Bessel function of y-th order and 
Im is the modified Bessel function of 92-th 
jorder. The parameter h and # are obtained 
by the formulae as follows; 

h=2AV B+ ¢@ , (26) 

B=tan'k/¢. (27) 
.| This implies that % and @ are formally the 
{absolute value and the phase angle, respec- 
\ tively, of a vector whose z- and y-components 
jjare 2Ag and 2Ak as shown in Fig. 3. Be- 
/Cause Ag is proportional to Zo¢)’’ and Ak to 
\foPa2’ (in the case that crystal has inversion 
jcentre) or “# x the imaginary part of 
\¢adz/|\bx’| (in the case that crystal has no 
jinversion centre), hk implies the product of 
j\the effective path length through crystal slab 
) and the absorption index in an extended sense 
(cf. the above explanation of k and 9). 
In Ru’ of Eq. (24), W is the term calcu- 
lated and discussed thoroughly by Waller®), 
fand it corresponds to the integrated reflecting 
power of non absorbing crystal. This term 
is nearly equal to 1 for moderately strong 
reflexions, provided the crystal thickness is 
jlarger than say lv. Then in all practical 
4Cases 


Ry’ =e-“0'-7/2-1)(h) . (24’) 

It may be worthy to note here that Rr” is 
not convergent in the usual meaning as shown 
in Appendix A and the above expressions of 
Rr” is the Cauchy’s principal value, 2z.e. 


+a 
lim | dy. Therefore proper cautions are 
a 


necessary to determine experimental values 
of Rr”, especially in the case where intensity 
jcurve is asymmetric. 

} For certain special values of 8 the expres- 
Isions of Rr” can be simplified as follows: 
‘i1) Symmetrical Laue case. 

@ Since yo=7x, g is always zero. Then 
48=7/2. In this case 


{| Rr?(g=0) 


=e 0"(ch)[—L(h) +2 > (—)Tane(h)] Ra? 
(28a) 
h 
=e-0'(zh) E L(h)+ 2\ bat |-Ru? ; 
0 
(28b) 


/ (see Appendix) 
/ii) The cases k=0. 

| Since B=0 and z correspond to the cases 
*>0 and g<0 respectively, 
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k=0 
Ro(" Jetta Ln) 1) i 


g>0 
(29) 
Rr k=0 — p-— Mot 
4 (a mews (xzh)[—h(h)+1)(h)|—Ra’ i 
(30) 


Fig. 3. Relations between the parameters h, 8 and 


A,g,andk. h=2A/ +2 and B=tan-lk/g. 
Since Ry’ and Rr” are even functions of 8, it 
suffices to consider the region 7r>f>0. 


§ 4. Approximate Formulae 
(i) Thin crystals. 

Using the decreasing power series of JIn(h) 
for h<1, the integrated power ratios for thin 
crystals are expressed by 
Ra’ ~e-"0'-7/2{1+th?+(1/64)ht+---}, (31) 
Rr? ~e-"0'-z{—cos B-h—4 cos 2B-h?+---} 

= Ra". (32) 
If the terms of orders higher than the 3rd 
are omitted, Eq. (31) becomes the same one 
as Eq. (3.187) in Zachariasen’s text-book*. 
For the limiting case h~0, Rr’~—Rz". This 
fact corresponds to the Bragg, James and 
Bosanquet’s experiment”, where the trans- 
mitted intensity is reduced by the same 
amount as the diffracted intensity. 
(ii) Thick crystals. 

For thick crystals, we can obtain the asymp- 
totic formulae of Rx” and Rr” as follows; 
(see Appendix B) 


Yven—byt ails, 1 9 mae 
Fe hancr® WOR Oe BhA LEW! 
(33) 
p ihe) 
Yr or- bob — t 1 2 & 
Bea. aap {Ps hw | L, 
Ry" (34) 


* Of course # must be considered to be 2Ak in 
the Zachariasen’s formulae, which can be applied 
only to the symmetrical case with g=0. 
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where 
TL Asheoss. ob ik 
21—cosp 2 1-—coss 


3 li, ) Sos &- 2% 1 
Di= 4 {1 T 4 (1 COS f) {(1—cos B)? 4 4 


p= 


, ) 
D,= ay 1+ ; (1— cos B) +5, (100s By 
y Aheos# 3-5. 3 
(li==GosiB)*s aS 32 
(oe, . 
D,=~ . 7 ae ; (1—cos £) 4 aa cos 8)? 


PE faa i+cos B 


128 (1—cos 8) 
S067 4 3 
16 128 


Piha = mate (35) 


Eq. (34) is valid for h(l—cos B)>1. The ac- 
curacy of these asymptotic expansions will be 
explained in detail in Appendix B. Especially, 
for symmetrical Laue case (8=7/2), Eq. (34) 
is reduced to 


h 17 1 
RID Sie ees aha =a 
fe Seale BEL 
anys 603 1 ) 
ipsa estan (5 es 4 
598 m2 1004 yaa i ee) 


Fig. 4. Integrated reflecting power. Ordinate 
represents H=Ry%eCH0t-”), abscissa h. 
(a) corresponds to the Zachariasen’s approxi- 
mate formula for thin crystal. 
(b) corresponds to the Hirsch and Zachariasen’s 
approximate formula for thick crystal. 


By an approximate calculation Hirsch and 
Zachariasen showed that 


Ry! Rp!~e-Ho,/ 7 _ pra 
aU Rp! ~e-"0 Vice (36) 


when the crystal is large enough. This con- 
clusion can be verified by taking the first 


term of Eqs. (33) and (34’)*. 


$5. Method of Numerical Calculation and) 
Some Examples 
(a) WG! 

According to Eq. (24’), Ra” is proportional | 
to the product of the exponential term and) 
the function J,(z). Since the good table of | 
I(h) is given in Watson’s text-book on Bessel | 
function™, there is no difficulty in obtaining | 
its numerical values. The results are shown | 
in Fig. 4 and also in Fig. 5, where the ordi- | 
nate is H=Ry%e'o'-™ instead of Ry” itself | 
for the sake of convenience of description. | 
From this figure, it is clear that the Hirsch 
and Zachariasen’s asymptotic formulae of Raz’ | 
in Eq. (36) is good approximation for) 
h=2Ak=4. 
(b) Rr’. 

Since Rr” are expressed by the infinite series | 
of Bessel functions or the definite integral | 
in Eq. (25a) and (25b), its numerical calculation | 
is more complicated than Ra”. The practical 
calculation is carried out as follows. | 
(i) The range h<6. 

In the usual tables of Bessel function, the 
numerical values of J, are given thoroughly 
in the range h<6 and m<1l!2. Then there | 
is no difficulty in obtaining Rr” for all values | 
of B*, by using Eq. (25a). For sufficient ac- 
curacy it is in general necessary to calculate | 
up to the 2 term, where m~h. 
Gi) The range h>6. 

In Eq. (25b), Ig and 4 can be calculated | 
with a good approximation by using asymp- | 
totic expansions or the numerical tables of 
I, and . To calculate the values of P, it 
is convenient to distinguish the following two | 
cases. 

(1) h(l—cos B)=5. 

In this case, P can be calculated by the 
asymptotic expansion given in Appendix B. 
Then Rr” can be approximated by the initial 
four terms of Eq. (34) within the errors of 
5%. 

(2) hA—cos B)S5(h>6). 

In this intervening region of h, it is most 

practical to calculate the definite integral P 


* cf. footnote on p. 9. 

* Since, from eq. (25a) RpY is an even function 
of 8, the integrated transmitting power is in- 
dependent of the sign of k. Then it suffices to 
consider the range 0< <x, 


| 1955) 


Fig. 5. 
mitting power for B=7x/2. 
T= RyvelHot—”), 


Integrated reflecting power and _trans- 
H=Ryrelot-” and 


jn Eq. (25b) by graphical method using the 
lhable of J)(h). 

The numerical results are given in Figs. 5 
nd 6, where T=Rr%eo'-*%) is shown. In 
ig. 5, T for B=7/2 and also H are shown 
‘For comparison. It can be seen that the two 
Weurves of T and A coincides at h=1.90. For 
the larger values of h, T is always larger 
chan H, but T becomes equal to H asymp- 
fotically noted by Hirsch and Zachariasen for 
Schick crystals. For thick crystals such as 
47>10, the accurate measurement of intensity 
Joy means of spectrometer is very difficult 
#lue to the reduction of absolute intensity of 
‘X-rays. Usually, therefore the photographic 
Inethods are used to measure such a weak 
intensity and the experimental errors can not 
be minimized less than about 10%. Then it 
Jdoes not lead to incorrect conclusions to con- 
4 in the case of thick 


= 


= 


4) 


integral calculation of Rx” and Rr’. 
ja) Ry’. 


2 


in this formula, 
nore 1+y? 


+o] 
ace Py La 
if we write 


| 


Ry” can be written as Ra’ =e-"0'Jyx, where 


+00 a Pe! 
Jn= ie re {sin* AY 1+y2+ sinh? 
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TONS 4 TSG TPO OM IO Me S15 16171819820 


Fig. 6. Integrated transmitting power for a few 
values of #-en/2. The dotted lines are 
asymptotic expansions of each curve (¢f. Eqs. 
(34) ane (35)). Ordinate represents 

T= Rpvelrot—*), p=8-72/2. 


The numerical examples for B2<7/2 are 
given in Fig. 6. It is clear that T shows dif- 
ferent behaviors as function of the variable 
h for different values of 8. Since ¢’ is al- 
ways negative in Eq. (11), the sign of B= 
B—r/2 is determined by the sign (79—7z). 
When the crystal is thick enough, it is ex- 
pected that the transmitted intensity for 
Yo>>7Ya# is larger than the intensity for 7o<7rz. 
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Appendix A 


A(k+ a AE 
Wig 


w-\" eee an = Jonei(2A), (of. Waller®) 


inh? ALU) ay 
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h=2AY k?+9? » S=tan-'k/g and y=—coté, 


the term V can be calculated as follows 
V= ; \" [cos h{h cos (0+ 8)}—1]d0= 5 Lath) 1] . (G. and M.) p. 46) (A1)| 
20 
(Db) Rr’. 
It is more convenient to calculate Ryv’+Rr” instead of Rr” itself. Ra’+Rr” can be writ- 


ten as 
Ry" + Rpt! =e "0! Jorag , (A2) 

where 
Ion -| “josh (2aw) + iy sinh (2aw)—e249 hay 


For large values of y, the integrand of Jr. becomes 


(eR Eka k +4 ) —L «- i P 
y 2iiy 


Then the above integral is divergent in usual meaning of integral, but Cauchy’s principal 
value can be obtained definitely. 


Let Jrsn=JreaPtSJren© 7 
where 
+ 0o 
Tran =\"" {eos oye — cosh 2g} dy : 


Ce ae yV1+y? p eA ety) : 
Jon "| Ly? sin Vi+y? sinh 2Ag \dy . 


By using the same transformation in (a), 
Jrao=l" [cosh {h cos (0+8)}—cosh {h cos B}] 
Since 
cosh {h cos ?}=I)(h)+21,(h) cos 29 +++++2Ien(h) cos 2n¢+--+ (G. and M. p. 42), 


pee ely 3 
= —2n 2 (2m) COS 2NBIon(h 
In this derivation, we use the following relation. 
" {cos 2n(8+ B)—cos 2n Pe a= on = =e \" a do (Cauch’s principal value) 


=|""{cos 2n(0-+8)-+c0s 2n(—8)—2c08 2n 8} 20 


=—A4Acos 2nB ie (sin 26/sin 6)? dé 
0 
=—2n7z cos 2nB . 


By the similar procedures, we obtain 


J744O= \ [cos @ sinh {h cos (@+-8)}—sinh {h cos B}] a 
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= on > (2n+1) cos (22+1)Blensi(h) . 


Jrsu=—27 > m cos mBIm(h) . (A3) 


c) Another expression of Jria. 


By the recurrence formulae of Bessel function 


MIm(h)=(h/2){ Im-1(h)—Ims1(h)} , (G. and M.! p. 20) 
we obtain 


ppc Ss (2n) cos 2nBTon(h) 


=—zhl,(h)+2zxh sin BS sin (2n+1)Blanei(h) 
n=0 


Tc (2n+1) cos (2n+1)Blan(h) 
n= 
=—zhcos BIy+2xhsin BS sin 2nBln(h) . 
n=1 


-Jrsan=—thl{h(h)+cos Bi(h)]+2zh sin B-P , (A4) 


P= > sin mMBIn(h) . 
m=0 
3y another recurrence formulae of Bessel function 


—F Inl) = ; [Tm+1(h)+Im -1(h)] ? (Gs and Mi p. 20) 


CE ee cer JP. A5 
Apt sin B Iy+cos B-P (A5) 


This is the differential formula which must be satisfied by P. Then, using that P=0 at 
n—0, 


P= ; sin B-exp {cos 8h} lf I(t) exp {—cos B-t}dt . (A6) 
0 


Sspecially, for the case B=z/2 


1 A ; 
Pad \ Itt 
2 Jo 


= hI) + © neh\H ih) — LEAD} , (A7) 


where Hy» is the Sturve’s function of m-th order (Mc! p. 49 and 71). 


Appendix B 


The asymptotic expansion of 4), 4 and P. 

lay «I, and i. 

/ As shown in usual text-books, Bessel function J, can be expressed by the asymptotic ex- 
yansion as follows for large values of h; 


| 
U 
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2 } 
er | (1—4n7) _ (1—4n?)(3?—4n?) ale ee ) _ (G. and M.» p. 58) 


meyers 18h) 2! (8h)? 


where R,»” is the remainders of the first # terms and can be estimated by 


t 

| 

| 

| 

Ran = [In—Sin| sek, for h=p. | 
ij 


In this expression A%,+1 is the coefficient of 1/z”*1 in the above expansion of In, and Sm”-1s} 
the sum of the first terms (Watson™ p. 199), Then, the expansion formulae of Jy ant 
J, are obtained readily, 


aoe fig ee adl 
aa Itt pee ot 
PoC ee ter: nae Ab (A9) 
nee tent 28h 


(be. 
Transforming P into g by the following relation, we obtain 


Pe GEE Pe 
wecee Ps 
gh) sin B V 2h e 


of cos B— a )+5n Ay = V aah e"Lo(h) (A5’) 
When /h is large enough, 
V2reh eM hy Agt S42 ne 
Now, we write formally 
g=Byot+ an aoe 


and equating the coefficient of 1/h* of both side in (A5’), we obtain 


= UAC aE ete by 
—— 3 B = ae 
1—cos B ’ ‘ i@boee (z=) 
Then the general solution of (A5’) is 
IXCY 2rh e7 Cl-cosB yh 4 |B +a Ss ie +} ; 


where C is an integral constant, which is shown to be equal 0, since 


2 SUR, ee uf 
2 WV2nh 1—cosB ’ 


for large values of k(1—cos 8). Then, we obtain 


sinB  e% B F e 
es ae Sie 
where 


By=1/1—cos 8, 


Bix {14 4 d—c0s 8) | /ia—cos ay, 


Bin 


pea 


pe rk 


ie— 7/2. 
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The quadrupole hyperfine structure of the J=0-—1 rotational spectrum 
of SPCl; is calculated by the method of Bersohn and Mizushima and 
Itoh. Spectrum of excited vibrational states as well as of the ground 
state is considered. The theoretical spectrum consists of four groups 
of lines corresponding to the isotopic species SPCl3%, SPC1,*Cl%7, 
SPCI35Cl,#7, and SPCl3°7. Asymmetric rotor lines of SPCl%Cl’7 and 
SPC15Cl,37, which may appear in the frequency region concerned, are 


also examined. 
following article. 


$1. Introduction 


Microwave spectrum of thiophosphory] chlo- 
ride SPCl; in 30,000 Mc region has been in- 
vestigated by Williams, Sheridan, and Gordy”, 
who assigned the 10th, 11th, and 12th rotational 
lines. They determined the molecular struc- 
ture from the results of their measurements, 
but obtained no information about quadrupole 
coupling of Cl nuclei. On the other hand, 
Tsukada”) studied the J=0-—1 rotational spec- 
trum in 3,000 Mc region, where nuclear quad- 
rupole effect is relatively important. The 
results of his measurements will be analyzed 
in this paper. 

Quadrupole coupling in symmetric molecules 
of the type XYZ3, where Z nuclei have coupl- 
ing while X and Y have no coupling, have 
been investigated theoretically by Bersohn® 
and by Mizushima and ItohY. The theoretical 
pattern for the J=0—1 transition was given 
by Mizushima and Itoh, and it was used for 
the analysis of the microwave spectrum of 
bromoform CHBr; observed by Kojima, Tsu- 
kada, and Hagiwara’). The same method is 
applied to SPCl; in this paper. 


§2. Quadrupole Coupling 


The first-order Hamiltonian of quadrupole 
coupling of nuclei in a rotating molecule is 


given by® 
o7Ve y 
02” ) 7 


i Bea¢ ( 


3(5-L)+- 


°- I,)—J?I,? 
. rere (1) 


where J is the rotational angular momentum 
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Discussions are given of the experimental results of the 


of the molecule, J; is the nuclear spin, eQ; is 
the electric quadrupole moment of the nucleus, 
and (62V/0z?); is the second derivative of the 
electrostatic potential at the position of the 
nucleus with respect to the z axis fixed i 
space. The average is taken over the stat 

with M;=/J. | 

It is obvious that for the rotational state 
J=0 the right hand side of (1) vanishes. Inj 
this case all the nuclear spin states are de 
generate. Therefore, the hyperfine structur 
of the J=0-—1 spectrum arises solely fro 
that of the state J=1. 

The factor <((0?V/0z?);>,, can be expresse 
in terms of the rotational quantum numbers 
J and K and of quantities fixed in molecule 
by .eq.. (8). of I. For J=1,-K=0, weshas 

By. 1 3cos?6,’—1 6?V 
¢(BL) 1 semtant YG 

~ z i/ Ay i) 2 0a?” 
where a; is the axis along the zth bond an | 
0’; is the angle between a; and the eal 
axis of the least moment of inertia. The axis 
of the least moment of inertia coincides wit 
the figure axis in symmetric molecules SPC1,?4 
and SPC1;3’, but in asymmetric molecules 
SPCI,*°Cl* and SPCI%Cl,37 they do not coin- 
cide with each other, the deviation being about, 
8° and 6°30’ respectively. 

In the following, quadrupole energies in 
symmetric molecules SPCl;*° and SPCI,37 and. 
asymmetric molecules SPCl,3°Cl37 and SPCI3* 
Cl.*” are given under separate captions. 


§3. XYZ; Type Molecules 


In symmetric molecules SPCI;%° and SPCI,37 5 
the coupling constants of three nuclei are 
equal to each other: 


, 


| 


1955) 


0( 


2 


02V 
Oz? 


02V 
Az? 


0?V 


ip Ga ee 


00K (|, 


The matrix elements of the Hamiltonian for 
his case have been tabulated by Bersohn®) as 
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functions of J with nuclear spins J,=1 and 
3/2. Mizushima and Itoh») calculated the 
hyperfine structure of the J=1 state. The 
results are given in Table I after correcting 
a few numerical errors involved in I and II. 
The symmetry of the spin functions and the 
multiplicities of the levels are also shown. 


Table I. Energy of quadrupole coupling in XYZ; type molecules when J=1, Mg Syl ea 
Ay Ay H 
Eg Ei iD} 
2F'+1 Wie 2F4-1 etre 2F+1 ¢ Saat a 
eQ <( sabacd 0? V 02V 
*\\ oe? pe aK 02? =) ae Ay eQ Gee ), Ay 
12 0.750 6 — 0.250 10 0.250 
10 —2.000 4 1.000 8 0.250 
8 Zool 2 —1.250 8 —1.000 
8 —0.831 6 2.000 
6 1.106 6 0.750 
6 — 1.356 6 —1.750 
4 2.170 4 1.392 
4 —2.420 4 —0.612 
2 0.750 4 — 2.280 
2 2.380 
2 .630 


—0 


‘/4. XYZ.Z’ Type Molecules 


, In the asymmetric molecules SPCI,*°Ci?? and 
JPCl*°Cl,3", coupling constants of two nuclei 
-e equal, but the third one differs from 
je others. The ratio of the coupling con- 
ants calculated by using (2) and the ratio 


rs 


i435/Q37= 1.26878” is as follows: 
\ 
Al oe nie 0.012 for SPCI.*CI", 
(ae 


x be 
37 
-) » cs 0.245 for SPCI5C1,%", 
be 35/7 Av 


02 
‘he coupling in SPCI,?°Cl37 is very close to 


dley® and Myers and Gwinn”, while the 
f vupling in SPCI®5Cl,°” is fairly close to the 
‘tse of one nucleus as treated by Bardeen 
thd Townes™. It will be convenient to draw 


=3/2. The results are shown in Fig. a 
ice curves give the energies of quadrupole 
supling as functions of the ratio of coupling 
mstants «. The case of the preceding section 
responds to w=1. wx=0 corresponds to the 
‘se treated by Foley and Myers and Gwinn. 


1/e=0 corresponds to the case treated by 
Bardeen and Townes. These limiting cases 
were connected according to the non-crossing 
rule of the energy levels. The derivatives of 
the curves at z=1, z=0 and 1/z=0 were also 
utilized in drawing the curves. 


$5. Theoretical Spectrum of SPCI; 


Using the above results we obtain the theo- 
retical spectrum for the J=0-1 rotational 
transition of SPCl; as shown in Fig. 3 of the 
following paper. In the calculation the quad- 
rupole coupling constant of the PCl bond eQ,; 
x 0?V/0a2, was assumed to be ~60 Mc (for Cl**) 
on the basis of the empirical relation found 
by Gordy! between the coupling constant and 
the electronegativity difference of bonded 
atoms. The positions of the hypothetical un- 
split rotational lines were calculated from the 
molecular dimensions determined by Williams, 
Sheridan, and Gordy, PCl=2.02 A, PS=1.85 
A, ZCIPCI=100.5°. The spectrum of excited 
vibrational states of the low frequency Cl-P-Cl 
bending mode y=171cm7! of e species was 
considered as well as that of the ground state. 
The shift of the spectrum due to vibration 
was neglected, but only the symmetry restric- 
tion on spin functions imposed by the exclu- 
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a, 8, y, 6 designate states which reduce to Aj, 
Az, H., Ho respectively whenw=1. The integer 
attatched to the curve is the multiplicity of the 
level 2F'+1. 


sion principle was taken into account. The 
relative abundance of four isotopic molecules 
SECIA, 2SPCIL Cle? SPCIClee" and “SPCI.*7 
was assumed to be 1:1:1/3:1/27, since the 
relative abundance of Cl®* and Cl57 is about 
3:1. The intensity of each hyperfine compo- 
nent was taken proportional to 2F+1. For 
the details of the method see reference II. 


§6. Asymmetric Rotor Lines 


Some of the asymmetric rotor lines of SPCI,3° 
Cl’? and SPCI*Cl,37 may appear in the low 
frequency region concerned. This possibility 
is large since SPCl; is a nearly spherical top 
molecule, in which the rotational energy levels 
are very Close together. Moreover since SPCl; 
is a heavy molecule, rotational levels with 
high J values are densely populated at room 
temperature. The maximum of the thermal 


distribution curve is at J~60. Therefor: 
we must consider all the lines with J<10! 
The most important lines are due to tl 
transitions 4/=0. Since there is a gre 
number of lines of this type, it 
practically impossible to calculate th 
individual frequencies of them accuratel; 
However, the number and the intensit 
of the lines, which fall into the measure 
range, can be estimated approximate: 
by using formulas applicable to slight; 
asymmetric rotors. | 

One of the most important types ‘ 
transitions is that for which 4/J= 
4K _1=0, 4Ksi:=—1, that is, the trang 
tion between the levels separated by tk 
asymmetric A-type doubling. If tk 
asymmetry of the molecule is sufficient! 
small, the frequencies of these lines ca 
be estimated by Wang’s formula!” 
a—C SOO ty 

2 (J—K)! (K—-1)! (K-1)! 

o* 


165-1 (- o) | 
2 


yr 


where K=K_,; and 6=(b—c)/(a—c) a 
a, b,c are the rotational constants (a= h?/8x? 
etc.). Hor example, in SPC? Cheha is 
Mc, 0=1,397 Mc, and c=1,375 Mc. Then it 
found that only a few lines of this type f 
into the frequency range 2,600—2,900 Mc mez 
ured by Tsukada. However, the intensit 
of the individual lines are rather stro 
The squares of the matrix elements of t 
dipole moment summed over M and MW’ 
approximately given by!) 
tIRGIIS 4 
(2J+1) J+) pee 
For lines with J/~50 and K&/J/3, the inten 
ties may be several times stronger than th 
of the J=0-1 line. 
Another type of transition is 4J=0, 4K _,=| 
(and 4K,1;=—1 for SPCl*Cl7, 0, —24 
SPCI*Cl,°7). The frequencies of the lin 
corresponding to this type of transition 
approximately given by 


The frequencies fall into the 2,600-2,900 t 
region when K&16. There are many lir 
corresponding to different J values grea 


! i955) 


ian K. The intensities of the lines are given 
\ yi3) 

= FE} 
a 
jhe intensities are small because of the small- 
pss of 4 and #e. For SPCI%C37, y,2=0.02 
j? and 4.?=0. However, the total intensity 
| these lines will be considerably large as 
jere are so many lines of this type. 
| Thus, the intensity of the asymmetric rotor 
yes seems to be quite appreciable in the 
equency range under consideration. Of 
purse, the above estimation is very rough, 
jid the formulas (3) and (4) do not hold for 
rge values of J. However, the asymmetric 
jtor lines will be at least as strong as to be 
pservable, and they may obscure the J=0—1 
‘lectrum considerably. 


’, Discussion 


The quadrupole hyperfine structure of the 
=Q—1 rotational spectrum of SPCI; was cal- 
lated theoretically assuming the coupling 
nstant to be —60 Mc (for Cl**). The theo- 
tical spectrum consists of four groups of 
ies corresponding to the isotopic species 
eee OPC. Cl SPCC", and SPCI°; 
| shown in Fig. 3 of the following paper, 
there the last one is not shown since it is 
jry weak. The over-all quadrupole splitting 
i about 10 Mc. The quadrupole effect is 
; parently reduced by the averaging over the 
tational motion. The splitting will be some- 
jat increased if we assume a larger value 
ie the coupling constant. 

|The spectrum of excited vibrational states 
is considered, but the shift of the spectrum 
e to vibration was not taken into account, 
ace the shift is expected to be of the order 
| 1 Mc or less. It is unconceivable that the 
jprational shift would affect the general 
jature of the spectrum. 

|The observed spectrum presented in the 
4lowing paper is in rough agreement with 
2 theoretical one, but it shows a very wide 
read, which can neither be explained by 
| adrupole effect nor by vibrational shift. The 
ason for this discrepancy will be partly due 
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to the neglect of the second-order quadrupole 
effect, which arises from the matrix elements 
of the quadrupole Hamiltonian connecting dif- 
ferent rotational levels. The second-order 
effect, which has not been taken into account 
in the preceding calculations, will be consider- 
ably large for SPCl;, since the rotational levels 
with the same J and different K are very close 
together in this molecule. The magnitude of 
the second-order quadrupole energy is estimat- 
ed to be of the order of 2~3 Mc. 

The main source of the wide spread of the 
observed spectrum, however, will probably be 
due to the appearance of the asymmetric rotor 
lines of SPCI,2°Cl?? and SPC1®°C],3’ investi- 
gated in the preceding section. The intensity 
of the observed spectrum is much stronger 
than the theoretical intensity for the J=0-1 
transition. It is apparent, therefore, that some 
of the asymmetric rotor lines have merged 
with the J=0-—1 spectrum. 

In conclusion, the author wishes to thank 
Profs. M. Kotani and S. Kojima for their in- 
terest and helpful discussions on this work. 
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Microwave Spectra of SPCl3, Experimental 


By Kineo TSUKADA 
Department of Physics, Tokyo University of Education 
(Received July 20, 1954) 


The microwave spectra of thiophosphoryl chloride, SPCl;, were studied 
within the frequency region from 2,600 Mc to 2,900Mc with the cavity 
spectrometer, of which minimum detectable absorption coefficient was 
Several absorption lines of the rotational transition 
of the symmetric and asymmetric top molecules were observed and their 


about 5x10-9cm7-!. 


temperature effect examined. 


§1. Introduction 


In the wave-length region of 10cm, micro- 
wave spectra have been observed only for a 
few molecules, because of small absorption 
coefficients which are theoretically expected 
to be proportional to the 2nd power of the 
frequency. The rotational spectra of low-J 
transitions of symmetric top molecules, of 
which three corner atoms are I, Br or Cl with 
nuclear quadrupole moment, for example, 
CHI;, CHBr; and SPCls, exist in this region. 
Their theoretical analysis was given by 
BersohnY and by Mizushima and Itoh”, and 
their spectra seemed to be very complex except 
for low-J transition. Among these molecules, 
bromoform was the first observed and ana- 
lysed one*®), whose rotational spectra of J=0—-1 
were measured at 2,400 Mc to 2,650 Mc. 
The rotational spectra of J=0—1 of SPCIl, 
were estimated to exist at wave-length of 
about 11 cm.*? The present paper describes 
the results of the measurement of the spectra 
of SPCI,* in the 2,600 Mc to 2,900 Mc range 
and their analysis. In the course of our 
preliminary experiment», Williams, Sheridan 
and Gordy®) reported about the 10th to 
12th rotational spectra of S**PCI,3°, S?2PC1,°37 
and S**PCl,°°. When each molecule of SPCI; 
contains three Cl atoms which belong to the 
same isotope Cl*®* or Cl’, it is a symmetric 
top molecule. If those three Cl atoms consist 
of two kinds of isotopes, Cl®° and Cl%’, the 
molecule is an asymmetric rotor, having ra- 
ther large asymmetry, so the spectra are very 
complex. These spectra are very much sensi- 
tive to the molecular structure. All lines have 
a spread of several Mc arising from the 
hyperfine structure due to the nuclear electric 
quadrupole moment of the Cl nuclei. Besides 
these complex spectra of asymmetric rotors 
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and hyperfine structures, there is splittir 
due to vibrations of molecules. Relative inte 
sities of the splitted lines depend on temper? 
ture and their rotational states. 

In the preliminary experiment, the absorl 
tion cell of the transmission type, which w 
made by the circular wave guide, 9m | 
length and 9.1 cm in diameter, was used. 
measuring, there were some difficulties. O 
was the mode contour of output power 
the frequency-modulated klystron. Becau| 
of the small absorption coefficient, rather hi 
pressure of gas was necessary, so the li 
width became broad and the hyperfine li 
were overlapping. Then, at least 10 Mc) 
the frequency-sweep range was mnecessa 
But width of the mode contour was about } 
Mc. ‘To a certain extent, this difficulty w 
avoided by the double crystal balancing, whid 
demanded very much tedious adjustme 
Other one was the ghost due to reflections 
the windows of the absorption cell, who 
periods were several Mc. Cone-type windows} 
instead of plane glass windows, and an we 
matched attenuator placed just behind t 
window of input side of the cell were efficie} 
to eliminate the ghost. Any way, narrown 
of the frequency-sweep range made t 
inethod to be of little value. In the limit 
complete saturation of spectral lines, t 
maximum power absorbed is proportional 
square of frequency. So dimensions of t 
absorption cell must become larger as f. 
quency becomes lower. Generally, the Sta 
or Zeeman modulation seems to be difficu 
because of larger dimensions of the cell 
lower frequency. Using the cavity resonat: 
as the cell, it was rather easy to get t 


* The author wishes to thank Mr. 


Mast 
Yamaha for his offer of this sample. : 
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yectrometer, of which minimum detect- 
dle absorption coefficient was 5x10-9 
n-1, without troublesome ghosts and 
ode contour. But in this frequency 
‘gion, the half width of resonance curve 
the cavity was much narrower than 
ose of spectral lines. So, it was much 
borious to search the spectra. In this | 
‘periment, difference between Q’s of the 
|.vity filled with gas and that was 
jumped off was plotted point-by-point at 
ch frequency. It would be desirable 

record the spectra continuously. It 
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jay be achieved by changing frequency 

] the oscillator and cell synchronously. In 
jis it is noteworthy that, at changing 
jequency, irregular variations of @ of the 
q |-vity and output power of the oscillator must 
j; much smaller than that due to absorption 
r gas, 


The Experimental Apparatus and 
Procedure 


Ag =(27r/AQ?)4Q cm-!. (1) 
Ine cylindrical cavity made by copper had 
(mensions of 65 cm in length and 16 cm in 
jjameter, and had shortening plunger backed 
? mixture of carbon and paraffin for mode- 
jimping, the clearance between the cavity 
fall and plunger being about 1 mm. The 
findows were slits of 15x2 mm (wall thick- 
»ss 2.5 mm) and covered by thin mica. The 
' ode of the cavity was TEgin, m being 4 to 
and its Q@ was about 4x 10+. 

W#The apparatus is shown in Fig. 1. The 
ystron was equipped with a tunable wave 
jide resonater. The frequency sweep of the 
lodulation was carried out at 1 kc with a 
w tooth generator. The range of frequency 
tveep was about 1.5 Mc. The power trans- 
Jitted through the cavity was detected by 
4e crystal detector and amplified. The ampli- 
ir was the low-cut audio amplifier of 4 stages 
jith gain of about 130 db. The third stage 
jilve had zero grid bias and the forth stage 
ilve was given about —180 v bias by cells. 
jhe output signal of the amplifier was recti- 


j 
U 


' ke 
Fig. 1. Diagram of the spectrometer. 


fied by 6H6. This was also biased by cells 
of 150 v and time constant was enough large 
to indicate the height of Q curve of the 
cavity. As input power to the crystal detec- 
tor was small and its characteristic was in 
the square law region, the output voltage of 
the amplifier was proportional to the input 
power to the crystal detector. A fraction 
4Q?7/Q,Q, of power from the oscillator flows 
out through the cavity, Q, and @, being the 
external Q’s of the input and output windows 
respectively. So relative variation 4V/V of the 
output of the peak voltmeter is equal to 24Q/Q. 
The minimum detectable 4@/Q@ was about 
1/2,600. This value was limited chiefly by 
fluctuation of output power of the klystron 
and noise of the crystal. By this value and 
formula (1), minimum detectable absorption 
coefficient @gm:n was roughly 510-9 cm7}. 
When the cavity was filled with gas, follow- 
ing two phenomena were observed. One was 
shift of resonance frequency of the cavity 
due to change of the dielectric constant. This 
shift was about 16 kc at 1 mmHg of SPC1l;. 
If steep region of the klystron’s mode-contour 
was used or if the wave-form of the modula- 
tion-voltage and the characteristic of the 
amplifier were inadequate, this shift changed 
the output of the peak voltmeter. The other 
was constant decrease** of @, which cor- 
responds to tand of about 1x10-7/mmHg. 
When the cavity was filled with OPCl;, which 
has the same order of dipole moment as 
SPCl,; and whose rotational spectra of J=0—-> 
1 where at about 4,000 Mc, similar decrease 


** This constant decrease may be due to many 
weak lines of asymmetric top molecules. See $4. 


See, also, reference 7. 
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Fig. 2. Absorption curves of SPCl3. 
+4°C and the lower at +45°C. 


was observed and about 60 to 70% of that. 

Measurements were made every 2 Mc be- 
tween 2,600 Mc and 2,850 Mc and at several 
points between 2,850 Mc and 2,900 Mc. 

In order to measure the temperature effect 
of the spectra due to vibration, the cavity 
was cooled or heated. For this purpose, as 
Fig. 1 shows, the copper pipe was wound 
around the cavity, dimensions of the pipe being 
17 m in length and 0.48 cm in inner diameter. 
Hot water or alcohol cooled by dry ice were 
circulated through this pipe, and the tempera- 
ture of the cavity was varied from —40°C 
to +45°C. The measurement was carried out 
at +4°C and +45°C. 

The frequency was measured as follows: 
the output power of the klystron was mixed 
with that of the frequency-calibrated V.H.F. 
oscillator by the crystal and the beat was 
amplified by the radio receiver. The beat 
was observed, if following relation was satis- 
fied, 


F—-nf=x+R. 


F, f, and R were frequencies of the klystron, 
V.H.F. oscillator and radio receiver, respec- 
tively. For suitable values of R and the 
range of frequency sweep, two beats were 
observed at the same time on the oscilloscope 
and these were of use for measurement of Q. 
The value of f was about 300 Mc, so m=9, 
and R was about 500 kc. The calibration of 
the V.H.F. oscillator was made by comparison 
of the output or its higher harmonics with 
those of the 5 Mc quartz oscillator, which 
was calibrated by the standard waves from 
the broadcasting station. Thus f was plotted 
every 5 Mc, 5/2 Mc and 5/3 Mc. 


§3. Results of Measurements 


The measured absorption spectra of SPCl; 
in the region between 2,600 Mc and 2,900 Mc 
are shown in Fig. 2. The pressure was 1.2 
mmHg. Back ground, whose value was about 
40% of the maximum intensity of the spectra, 


FREQUENCY (Mc) | 


The pressure is 1.2mmHg. The upper curve is at | 


2800 


was substracted from the measured variatic 
of Q, 4Q, caused by filling up the cavity wil 
gas. The back ground was obtained fro 
the lowest level of the change of Q. T! 
intensity of absorption lines increased rapid 
with falling temperature, but the distributi 
of the spectra was little changed. In t} 
figure, the upper curve shows result at +44 
and the lower at +45°C. The back groui 
also changed with temperature and increas 
by about 60% at +4°C from that at +45° 

The spectra consisted chiefly of four par 
A, B, C and D. In addition to these, the 
were some weak lines between 2,820 Mc a 
2,860 Mc. The central frequencies, relati} 
intensities and ratios of the intensities 
+4°C to that at +45°C, of these four pa 
are shown in Table I. 

These parts are perhaps composed of ma 
unsplit lines. These lines can not be reso 


Table I. Relative intensity is that at +4°C. Rati 
is the intensity at +4°C divided by that 
+45°C. 


central relative 
group frequency intensity ratio 
A 2305 Me, | (i tod lie 
B 2760 Mc 7 1.6 | 
C eS Mc 6 1.8 
2689 Mc 8 lies: 
D (Soa Mc 4 1 69] 
2629 Mc 6 Tee ‘| 


ed at such pressure, but the absorption cur? 
is not always smooth.*** The absorptie 
coefficient of A, the maximum of all, wi 
about 7x10-§ cm-! per mmHg at +4% 
This value is much larger than the theore 
cal one. The reason is not clear. It is pe 
sible that the high-intensity lines due to asy ! 
metric rotors may be superposed each oth! 
and the estimated absorption coefficient m 


*** In the preliminary experiment, there we 
large fluctuations due to instability of the circ 


in measuring 4Q/Q, so very rugged curve w 
obtained,5) 


| 1955) 


e too large. 


:4. Discussion 


.| There are two kinds of isotopes of chlorine, 
118° and Cl*’, whose relative abundance is 3 
o 1, and also four kinds of isotopes of sul- 
yhur, among which amounts of S*? and S* 
ire 95 and 4% respectively. So there are 
4jmany combinations of these isotopes for SPCl,. 
jAmong these, only molecules containing S*2 
jire possible to be observed, and relative 
mbundances of S?2PC1,°, S?2PC],35C137, S32PC1,35- 
mee cand S?PCi*" are. 1:1:1/3:1/27, The 
jppectra of S*PC1,%° and S**PCI,°7, of the 10th, 
41th and 12th rotational lines, were observed 
vy Williams, Sheridan and Gordy® at about 
.p0,000 Mc and their results were as follows: 
{3)=1,402.64+0.05 Mc, 1,355.72++0.05 Mc, 
Mps=1.850.02 A, dp-cj=2.02+0.01 A, 
i~CIPC1=100.51.0°. So the rotational spectra 
\,f J=0-—1 of these symmetric top molecules 
|re estimated to be 2,805 Mc and 2,711 Mc 
despectively. The frequency of the group A 
orresponds to that of S*?PCl;*°. The inten- 
jity of the line corresponding to S*?PCI,3’ is 
1/27 of that of S®2PCI,%°, so this cannot be 
)}bserved. 

| Because SPCl, molecules are nearly spheri- 
al top molecules, those which have two kinds 
#f chlorine isotopes have rather large asym- 
dnetry. The Ray’s asymmetric parameters® 
F of S®2PCI,2Cl?’ and S??PC1*°Cl,*7 are —0.52 
nd —0.41 respectively. The spectra of 0p 
ilo 1p:, due to these asymmetric rotors are 
j}stimated to be at 2,772 Mc and 2,741 Mc 
jespectively. The group B seems to cor- 
}espond to these two lines. The different 
{ine-shapes and relative intensities of A and 
13 may be due to different types of splitting 
hf the hyperfine structure or superpositions 
f lines with other origins. 

As the origins of the remainder of the ob- 
herved lines, C and D, the following two 
l-ases may be supposed: the @ branch of the 
fotational spectra of the asymmetric rotors, 
nd the excited vibrational lines. Many inten- 
sive lines in the @ branch, due to the split- 
ing of the paired levels?®® with the same 
K values and the J values more than about 
L3, exist at 2,700 Mc region. The Boltzmann 
‘actor is about one half at J=60, so rather 
high-J lines may be observed. Values of the 
squared direction cosine matrix elements” of 
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several lines summed over the three directions 
of space and over all values of Mand MW 
are one or more, so the intensities of these 
lines are comparable to or more than those 
of the symmetric top molecules, so far as we 
take no account for the relative abundance. 
Frequencies of those lines cannot be estimated 
exactly. The back ground of the spectra is 
perhaps due to these rotational lines” of the 
asymmetric rotors. 

If the excited vibrational lines are far from 
those of the ground state, they exhibit series 
of equally spaced lines, whose intensities de- 
crease gradually with decreasing frequency. 
The relative intensities of these lines are 
sensitive to the temperature, so that it is 
possible to distinguish whether the lines are 
excited vibrational ones or not, by measuring 
at different temperatures. Table II showes 
the relative intensities of the excited vibra- 
tional lines to the ground state ones in case 
of the vibrational frequency of 171 cm7}. 


Table II. Relative intensity of the excited vibra- 
tional line. The vibraional frequency is 171 
Gages. 

relative intensity 

n at +4°C at +45°C 
0 1 il 

1 0.82 0.92 

2 OFS! 0.63 

3 0.28 0.39 

4 0.14 0.23 

5 0.07 0.12 


The absolute intensity of the ground vibra- 
tional lines is also sensitive to the tempera- 
ture. If the change of the line width is 
neglected and the pressure is kept constant, 
Qynax iS proportional to 

T-7/*{1—exp (—hy/kT)}? 


for the transition of J=0-1. This is the 
case in which the hyperfine splitting is com- 
parable to or slightly more than the line 
width. The calculated ratio at the ground 
state of ymaz at +4°C to that at +45°C is 
estimated to be 1.9. If all the vibrational 
lines coinside, the ratio will be 1.6. Though, 
because of rather poor accuracy of the ob- 
served ratio in Table I, the discrimination is 
difficult, all lines seem to have the same tem- 
perature dependence (ratios are all about 1.7) 
and none of these seems to belong to excited 
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Fig. 3. Calculated result. 
—60 Mc. 
result (see Fig. 2.). 


vibrational levels. So C and D are thought 
to be lines due to the asymmetric rotors.* 

In addition to these complexity, each line 
is splitted by the nuclear electric quadrupole 
interaction of chlorine nuclei. The theoretical 
calculation shows that the maximum _ separa- 
tion 4yv, of the hyperfine splitting of the 
SPCI,*° or SPCI,37 spectra is given by the fol- 
lowing equation”. 

Av,=0.173|eQq:.| Mc, (2) 
where eQq:z is the quadrupole coupling con- 
stant of the chloine nucleus referred to the 
Cl-P axis. At deduction of this formula, the 
separation of the inversion doublet is small 
and the second-order nuclear quadrupole inter- 
action is neglected. The second-order effect 
makes the splitting larger (by about 2~3 Mc)®. 
Fig. 3** shows the calculated result of the 
hyperfine structures (H.F.S.) of rotational 
transitions of J=0—-1 of S*PCl,°° and of J= 
Opis of SVPCLY Ch and ’S7PCI@Cls*rand 
also, shows measured curve of the group A. 
In the calculation, eQq-z was assumed to be 
—60 Mc for Cl?*.*** As seen in the figure, 
even for the transition of J=0-1, H.F-.S. of 
the asymmetric rotors, especially SPCl*°Cl,°7, 
are different from H.F.S. of the symmetric 
ones. 

To discuss characters of the asymmetric top 
molecules more deeply, it is necessary to 
make measurement over wide frequency range 
and analyse this result. 
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* Temperature dependence of the asymmetric’ 


rotor’s line is slightly different from that of sym- 
metric one, because of different energy value of 
the rotational level in the Boltzmann factor. | 


** This figure is indebted by Dr. T. Itoh. 
the calculation, see reference 7. 


*& The pure nuclear quadrupole spectrum ¢ 
chlorine of solid SPCl3; could not be observed at 
the liquid air temperature. The observed spectra) 
of solid OPC1,% 10) and PCl;%5 14) yielded the coupling 
constants of 58 Mc and 52 Mc, respective 
Generally eQq,z, of gaseous state is several per. 
cent greater than that of solid state. 
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‘$1. Introduction 


So far as the author is aware of, we have 
‘no satisfactory theory of the development of 
emulsions by self-nucleation in solutions super- 
‘saturated with dissolved liquid, though the 
phenomenon is interesting as it is relatively 
}simple among similar phenomena. S. Ono, 
| discussing the allied phenomena, i.e., the 
.| sedimentation in a solution, derived from the 
}stand point of Becker’s rate of nucleation», 
a formula which was successful in explaining 
| qualitatively the experimental law given by 
Weimarn®. But this result concerns rather 
with a rough estimation of the general tenden- 
icy of the sedimentation and does not allow 
| the quantitative confirmation of experimental 
results. D. Turnbull and J. C. Fisher®, on 
‘ithe other hand, gave an expression for the 
{absolute rate of nucleation in condensed sys- 
Ytems. They derived it on the basis of the 
|nucleation theory developed by Volmer®, 
‘tBecker and co-workers and also on the basis 
jof the absolute reaction rates, first introduced 
‘\by Eyring. Before their result be verified 
by experiment, the whole process of some 
phenomena involving self-nucleation, to which 
only their result is applicable, should be clari- 
|fied theoretically. 

In the following we will discuss from the 


' develop in the solution by self-nucleation; 
| particulary we take up the case where water 


lwater in consequence of the lowering of 
lmutual solubility. First the rate of self-nu- 
Icleation in condensed systems will be discus- 
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Based on the formulae for the absolute rate of self-nucleation in con- 
densed systems and also for the growth of droplets derived by the 
author, the process of development of emulsions in solutions supersaturated 
with dissolved liquid, when the meta-stable state is broken by self- 
nucleation, is approximately treated, in a way similar to that given pre- 
viously). The relations giving such as the threshold condition for the 
appearance of turbidity and the number density of droplets are obtained. 


sed and then we proceed to the rate of drop- 
let growth. Using these results the process 
of nucleation will be treated in a way similar 
to that in the preceding papers. The result 
of this treatment gives the number density 
of solute droplets appearing in the solution 
after the break of meta-stable state of super- 
saturation due to self-nucleation. This num- 
ber density, together with the total amount 
of solute separated, determines the size of the 
droplets developed. These, as well as the 
rate of development of emulsion, will be com- 
pared with experimental data. 


§2. The Rate of Self-Nucleation in 
Condensed Systems 


Results similar to those given by D. Turn- 
bull and J. C. Fisher® can simply be obtained 
modifying Frenkel’s derivation» of the rate 
of nucleation in vapors. 

Let ¢4 and ¢z be the bulk free energy per 
molecule of the solute in phase A (dissolved 
state) and B (separated state) respectively 
and # a constant proportional to the inter- 
facial free energy between the two liquids, 
reduced per solute molecule at the interface. 
Then the free energy change 4¢ accompany- 
ing the formation of a droplet of phase B out 
of g molecules in phase A can be expressed 
as 4d=(¢d2—dbag tug. At the top of the 
free energy barrier in the embryo-nucleus 
transition, i.e., for the critical droplet cor- 
responding to g=g*, we have d(4¢)/dg=¢2— 
gat(2/3)ug*-1/43=0 and therefore 4¢*=(¢2— 
bag tug? =(1/3)ug*?/8, Now put %=—d’- 
(46)/dy?=(2/9)ug- 48 and x*=2(2/9)u9*" 4/3. As 
shown by Frenkel®, the stationary rate of 


ae A similar relation holds between the rate of 
nucleation given by Becker and Déring and that 
obtained by Frenkel. 
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nucleation »v per unit volume per unit time is 
approximately given by 
ve NED 2nk LM, (1) 
where N* denotes the equilibrium number of 
critical droplets per unit volume, D,* the 
probability with which a critical droplet cap- 
tures a molecule in unit time. 
According to the theory of absolute rate of 
reaction”. D,* can be expressed as 
D,*=aP??(RT/h) exp (—Af,*/RT) . (2) 
Here h denotes Planck’s constant, ag*?/% the 
average number of dissolved solute molecules 
in contact with a critical droplet and 4f,* 
the free energy of activation for the embryo- 
nucleus transition, i.e., for the capture of one 
solute molecule by a critical droplet. 
As 
N*=N exp (—4¢*/kT) ®, C3) 
where WN gives the number of solute molecules 
in phase A per unit volume of the solution, 
we have, using (1), (2) and (3) 
y= (n*/g*2/8) «(4/9akT )/2- NRT/h) 

-exp {—(4¢*+4f,*)/RT}, (4) 
where n*=ag*?/*, This is a formula which 
is the same as that given by D. Turnbull and 
J. C. Fisher» except for the factor g*?/% in the 
denominator*. The factor (*/g*?/*)(u/9xkT)1/? 
in Eq. (4) is in many cases of the order of 
magnitude of 1~10, so that we have 


y~(NRT/h) exp {—(4¢*+4f*)/RT} , (4a) 


which is the approximate formula given by 
D. Turnbull et However, the factor 
mentioned above differs sometimes much from 
1 and in such cases (e.g., the actual case 
mentioned previously) we have to use Eq. (4) 
instead of (4a). 

If we assume, for simplicity, the molecules 
to be spheres of a diameter 0, ag?/* can be ex- 
pressed approximately as ag?"=7(d91/%)?- dN, 
whence we have a@=6Nvz, where vz is the 
volume of a solute molecule in phase B. Fur- 
ther, substituting o for in (4), o being the 
interfacial free energy per unit area (o=,4/76”), 
(4) can be transformed into 

v=(2uz0/h)-(okT)1/2- N2 
-exp {—(46*+4f,*)/RT}. (4b) 

As for 4f,*, it is difficult to make a rigor- 
ous evaluation of it, but it would not be un- 
natural to suppose that 4f,* can be replaced, 
to a rough approximation, by the mean of 


al®), 
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the two quantities 4fa:r and Afiis, 4fary being 
the free energy of activation for the diffusion 
of a solute molecule in the solvent and Afuvis 
the free energy of activation for self-diffusion 
of the solute or the corresponding quantity 
for viscocity. This is because 4f,* refers to 
the jump of a solute molecule over the inter- 
face between the solute liquid and the solvent, 
while 4fa:y refers to the jump of a solute 
molecule in the solvent and 4fuis to that in 
the solute. 

Furthermore, according to the theory of 
absolute rate of reaction!, there exists a re- 
lation between the coefficient of diffusion D 
and the free energy of activation for diffusion 
Afatz, such that D=(#PRT/h)- exp (—Afary/RT) 
or Afarzs=—kTInDh/H?kT. There exists also 
a relation D;=(As?kT/h)-exp (—Afo:s/RT) or 
Afvis= —kTInNDsh/i{2kT where Ds means the 
coefficient of self-diffusion for the solute 
liquids; 2 and 4s are the distances between 
the successive equilibrium positions through 
which a solute molecule is transported in each 
jump in the course of diffusion as well as of 
self-diffusion. They may be replaced by the 
diameter of a solvent molecule 6’ and that of 
a solute molecule 6 respectively, without 
committing a great error. Using these equa- 
tions we get 


exp (—Af,*/kT) = (h/RT)(DDs)*/2/0'6 . 
(9) 


§3. Growth of a Droplet 


In calculating the rate of growth of a drop- 
let we assume, as in the previous case”, that 
the growth of each droplet is independent of 
the growth of other droplets, i.e., we assume 
that the effect of collision and other mutual 
influences between droplets can be neglected. 

The number of solute molecule captured by 


a droplet of radius 7 on its unit surface per’ 
unit time can be expressed as bN, where N,. 
is the number density of the solute molecule: 
in the solution near the surface and d denotes. 


the ratio of the number of the molecules 
captured by a droplet on its unit surface per 
unit time to the number of dissolved molecules 
in unit volume of the solution; b is approxi- 


mately equal to (6kT/h)-exp (—Af,*/kT) cor-) 
responding to the rate of nucleation given by 


(4b). 
The number of the molecules liberated 
from unit surface of the droplet per unit time, 


| 
| 
{ 
; 
i 
| 
| 
| 
} 


} 
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‘) assumed to be independent of the surrounding 
_ condition, can be expressed approximately as 
bN., where N. denotes the number density 


‘! of the molecule in the saturated solution. 


' This can be derived from the condition of 


‘| equilibrium between the droplet and the solu- 


tion, neglecting the change in N. which 
_ might be appreciable for very small droplets 
) (e.g., 7<210-®cm). Thus the time rate of in- 
» crease of the radius of a droplet is given by 
dr/dt=vzb(N,—Ne). 

If we assume the net capture of the dis- 
| solved solute molecules by a droplet to be 
} supplied by a stationary diffusion of the mole- 
cule in the surrounding solution, it is easy to 
show that the relation N—N,=(r/D)b(N,—N.), 
holds, where N denotes the number of solute 
molecules per unit volume of the solution at 
' a point sufficiently distant from the droplet. 
‘| Therefore we have as before, dr/dt=vzb- 
D—N..)/1+-b7/D). H. L. Frisch and F. C. 


‘| Collins recently obtained this equation by a 
‘} more elaborate treatment. 
‘+ order of magnitude 10-5cm?.sec-! and b, 10? 


Now D is of the 


cm.sec-!. Therefore, neglecting 1 compared 
' to br/D, we have 


dr/dt=vzD(N—N.)/r , (6) 


which is the formula obtainable by the usual 
treatment of considering diffusion of the 
' solute molecule only. 


_§4. Nucleation Process 


Consider, to make the matter concrete, the 
' case where the solubility decreases as the 
temperature of a solution falls, as in the case 
of the development of emulsion in benzene 
supersaturated with water. When the tem- 
i perature of the supersaturated solution is 
) lowered at a constant rate, the nucleation 
i will become appreciable practically at a cer- 
| tain instant, and thereafter the rate of nu- 
+ cleation will rise because of the decrease in 
+ solubility. As the time goes on the nuclea- 
tion and the growth of droplets will gradually 
| cancel the rise of the degree of supersatura- 
} tion produced by the decrease in solubility; 
the increase of the rate of nucleation will 
| diminish by and by and the rate, after passing 
( overa maximum, will fall rapidly down to zero. 
Then the number of droplets remains practi- 
cally constant, though each of them will 
continue to grow further as long as the solu- 
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bility is kept decreasing. After an elapse of 
a certain time interval, the degree of super- 
saturation will become always nearly equal to 
1. As the process in question is of such a 
complexity, we shall here content ourselves 
with only an approximate treatment of it. 
Before we enter the details of the treatment, 
it would be better to emphasize that, as one 
sees from (4b), the change in N as well as 
in T have a remarkable influence on the rate 
of nucleation, even in the case where they 
have only little effect on the rate of droplet’s 
growth given by (6). In view of this nature 
of the function v(N, T), the rate of growth 
dr/dt of a droplet of radius 7, will be assum- 
ed to be constant and be given always by 
dr/dt=vzD(No—N-~)/r , (6a) 
so far as we are in the time interval during 
which the rate v is of considerable magnitude. 
Here Ny denotes the initial number density 
of the solute molecule in the solution, D as 
well as Nw, refers to the time origin which 
will be taken at the instant when the rate of 
nucleation attains its maximum value. Fur- 
thermore, as a substitute for the accurate 
but complicated function v(N, T) given by (4b) 
in the vicinity of voNo, To), we make use of 
an approximate formula of the form similar 
to that given previously”, 


P= NING Ta, ae 


Cm) 
where 
Ow y= 2(1+2779*8/3 2) 

and 

— $7,=[(To/20—42752|R(do/dT), 

+1/2+4f,*/RT y+ (420779*?/k){09/T 
—(kro*/3vz)(dNo/AT)9To/Neo}} - 
Here 7* denotes the radius of a critical droplet 
and values of all quantities in the above expres- 
sions with a subscript 0 refer to those at the 
time origin. Eq. (7) can be derived as follows. 
From the general expression for the rate of 
self-nucleation y=CN*1T*2 exp [f(N, T)] with 
constants C, AK, and K, we have 
v/v =(N/No)* (T/T )*2 
-exD [FNAL = JF ond oli 

Neglecting small quantities of higher orders 
in N/Ny—1 as well as in T/T)—1, 

exp[f(N, T)—f(No, To)] 

=exp [(N-0/0N)o(N/No—1) 
+(T-0f/0T)( T/To—1)) . 
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Also exp (N/No—1) and exp(T/7T>—1) can be 

replaced by N/No and T/T). Thus we get 

the following relation from which (7) will be 

obtained, 

y/vo=(N/No) 1% 22/94 )0( T/T) K 242 95 970, 
(7) 

can be written as a func- 


tion of time ¢. It is equal to twa) 
where a means the time rate of temperature 
fall and ¢ the time elapsed since the time 
origin. As |a@/T)-¢t|<1 in the time interval 
— $1 


Now (T/T;)°” 


we are considering for nucleation, (7/7)) 
can be approximated as 
exp (a@/T): 67,)=exp (¢2¢f) with ¢.=a/T): ry. 


As for the factor (N/N»)**°, 


calculate 


we have to 


rm 
—dN/dt=4r/vz- | f-(dr/dt)-rdr , 


0 

where f-dr denotes the number density of 
droplets, with radiu between vy and 7+dy, and 
7m the radius of the largest droplet at the 
instant ¢. According to the assumption (6a), 
the time of growth @, for a droplet of radius 
y, since its nucleus is generated, can be looked 
upon as time-independent and so the relation 
f =00/0r=y/(dr/dt) is approximately valid. 
Therefore we have 


Tm 
—dN/dt= | r'vdr , (8) 
0 


where v refers to the time ¢—@. Now as 
the first approximation to v, we take, as in 
the former case”, such a value of » at each 
moment that one would have when one takes 
off the solution the quantity of solute mole- 
cules, sufficient to make up the decrease in 
the number of molecules due to nucleation 
and also due to the growth of droplets. Thus 
we replace y in (8) by, v’, satisfying 
ye y(TiT) °” 
Using this and 
2vzgD(No—N-~):9, 


=v) exp {(a/T)): dr,(t—9)}. 
the integration of (6a), 7?= 
—dN/dt can be shown to be 


rm 
—dN|dt=(4nv/v2) en | 


0 


r’ exp (— ¢7*)dr , 


with 
p= (a/T)b7,/2v2D(No --Ne) . 
We may not commit a great error if we 
replace the upper limit of this integration by 
co, because the integrand becomes negligibly 
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small for larger 7. Thus we have 


aN. Arvo et \"r peo” dr 
Tigi ria 


_ 7% ent y/ Tay 
UB a) d 


As N==N, at t=—», we get, integrating the 
above equation 


—N=(19/v2)-(77/9)"?- 
or 


(Sy Btay tok 
No a v2Nod b dy 


(8a) 


gb." 1+ exp (x2) 


- exp st) [= (2) , (9) 
and finally the relation 
v= voi (Ler! . (10) 


At the time origin the rate of self-nuclea- 
tion attains its maximum, therefore we have 


,(0)= —$2- (0) or 
= a You 
b2= eR a a Eeaey (11) 


This is the condition which determines the 
origin, i.e., the nucleation peak. And using 
this, Eq. (9) can be expressed as 


/ 1 Pno 
1 = 1 i zt s 
,(Z) I eee ] 


Numerical or graphical integration of the 
equation 


(9a) 


+© 
n= vs dr(dyerodt . (12) 


gives us the number density of solute drop- 
lets in the solution. The final average size 
of the droplet can easily be found from this 
quantity #2 and the total amount of solute 
separated. 


§5. Results of the Numerical Computation 


Numerical computation was carried out for 
the case where an emulsion appear in benzene 
saturated with water at 40°C. As far as the 
author is aware of, we have no reliable ex- 
perimental data of the diffusion coefficient D 
of water in benzene. So we calculated it us- 
ing the formula 


D=(A?/053)\(RT/22m)1/? exp (—AEvap/nRT) 


given by Eyring et al.!”, notation being the 
Same as in their text. In view of the general 
discrepancy between the calculated and the 
observed values of the diffusion coefficient as 
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is shown in their text!), the calculated value 
of D was multiplied by the average ratio of 
these two mentioned in their table. Thus we 
obtain for the value of D at 280.5°K D=4.21~x 
» 10-°cm~*.sec~1. Ds; is computed using the 
; ‘formula™ Ds=AiRT/2223y given in that text, 
the result being D;=3.22x10-°cm~?.sec"!. at 
the same temperature. Using these values 
we get from Eg. (5) exp (—4f,.*/kT)=2.944 x 
10-* for 280.5°K. In calculating the factor 
for other temperatures, 4f,* was assumed to 
be constant. 

Solubility s of water in benzene, in weight 
percent, is computed using the formula s= 
(1.85 x 10°/T) exp (—3.40 x 10?/T), which the 
present author derived from the data given 
in the International Critical Tables. 

The following table shows the rate of self- 
nucleation calculated from Eq. (4b), the num- 
ber density NN of dissolved water molecule 
being assumed to be that which corresponds 
to saturation at 40°C. We see from this table 
that the increase in ») with lowering tem- 
perature is conspicuous, as mentioned already. 


Temp. 40° SOM 30° Zi 20°C 
Vo 0 1.74 x 10-108 1.09 x 10-7 2.27 x 101! 6.24 x 1017 


The next table gives the temperature Ty cor- 
responding to values of a chosen arbitrarily. 


a deg.sec.~1 1 
To°C 26.8° 


Os] 
Alf toe 


0.01 
EAN? 

We see from this table that a, the time rate 
of temperature fall, has little effect upon the 
temperature which corresponds to the maxi- 
mum rate of self-nucleation, but its decrease 
causes the temperature to rise somewhat as 
will be expected. 

The following graph shows the relation be- 
tween the time and the rate of self-nuclea- 
tion v= y9di(2)e?2".. Also ¢,(¢) and exp (et) for 
a=0.1 is given. 

The number density of droplets ” obtained 
through graphical integration of the above 
curves and the corresponding average radii 7 
of droplets at 20°C is given in the next table. 


a deg.sec™1, 1 0.1 0.01 
n 2.79108 1.04105 3.77 103/cm? 
Lr 3.40x10-4 1.02x10-% 3.06x10-3cm 


We see from this table that the number den- 
sity # differs much when the rate of tempera- 
ture fall differs. 
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§6. Discussion 


We have neglected the liberation or absorp- 
tion of the heat of solution accompanying the 
growth of a droplet. This effect can be taken 
into account! approximately replacing the 
diffusivity D by the effective diffusivity D- 
which satisfies D,.=D/{1+D2,(dN../dT)/«}, 
where 2, denotes the heat of solution per 
molecule and « the thermal conductivity of 
the solution. But this replacement causes no 
essential change in what has been discussed 
above, because 

(D—D.,)/D=1—1/{1+Di,(dN-/dT)/*}~10-4 
for the present case. 

In the above treatment of the problem, we 
have assumed that the rate of nucleation is 


Fig. 1. 


always the stationary one corresponding to 
the surrounding condition at each moment, in 
spite of the changing circumstances. Namely, 
we have neglected the effect of time lag in 
the self-nucleation. To what extent is this 
simplification admissible ? 

According to Frenkel®, the net number of 
embryos J(y) increasing in size from g—1 to 
g per unit time per unit volume, satisfies 
—I=D,0f/0g+D,/RT- f-040/09, where fy) 
denotes the number of embryos of various 
size, per unit volume in non-equilibrium state. 
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From this equation we have the following 
partial differential equation satisfied by f(y), 


0f ay Fa) EE oy (Oa) 


Ot 0g 
In our case D,=(ag?kT/h) exp (—4A*/RT), 
corresponding to Eq. (2). Now most relevant 
to the problem of nucleation in question is 
the value of f and its gradient with respect 
to g in the region g~g* where the equation 


er ea OF Ne as 0, 
"kT Og 


Ot Og 
{Def (oss (ga-u" ; 


ano of O7Ad 
ae (D. oy ER lt Ay f; 


is approximately valid, as 04¢/0g=0 at g=g* 
and D*fS(g—g*)-0(D*f)/og. Ig) remains 
constant throughout all g after the stationary 
state is established and it is equal to v, the 
stationary rate of nucleation. And we have 

D*0f ~/09+(Ds/kT)O44/09)fo=—v, (14) 
where f. expresses the stationary value for 
f. Because the major part of the time lag 
would be contained in the period comming 
near to the stationary state, 0(D,0f/0g) in 
Eq. (13) may be replaced by 0(D,0f./09), 
which can be expressed as —(D,/kT)(0?4¢/09") 
-f. from Eq. (14), when a rough estimation 
of time lag matters. Then we have from 


(13) 


Eq. (3) 
Of _ Dx GAG 
Tae rie fe) 
~ 5 ef e) 


=> ff) 
and its solution 

De ihe Je (fa le 
where fy denotes the initial value of f(9)-for 
jel). 

The rate of nucleation », in the transient 
period satisfying »,=(D,0f/09)*, can easily 
be calculated, and the result is 

w=Y[1+{0( fo—f~)/09/(Of-/09)}e-*]. (16) 
If we take for the time lag ct the time cor- 
responding to fy*=0 and »v/y=1—1/100, then 
we get the relation 

t=4.6/E sec. . (17) 


R. F. Probstein’ has calculated more rigor- 
ously the time lag in the self-nucleation of a 


(15) 
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supersaturated vapor and has obtained results 
rather involved. The simple formula (17) 
given above, when applied to the case con- 
sidered by him, gives right order of magni- 
tude for rt as will be seen from the next 
table showing the nearly corresponding quanti- 
ties. 


Case water vapor nitrogen 
Prob. 5x 10-6 sec 310-8 sec 
Wake. 8x 10-6 sec 5x10-8 sec 


Now € for water embryos in benzene, criti- 
cal, e.g., at 27.9°C as considered before, is 
about 310° sec-! and the time lag is esti- 
mated to be 1.5x10-*® sec. Therefore the 
previous simplification can be justified. 

So far we have assumed that the interfacial 
free energy between the droplet and the solu- 
tion is constant. But this might be question- 
able in the case where the minute droplet, 
critical to nucleation, are concerned, i.e., 
those of radius 7*~10-*~§cm. We expect 
that comparison between the present theory 
and experiment will throw light on this point. 

The author is grateful to Prof. I. Uhara of 
Kobe University for his helpful discussion. 
His thanks are also due to Prof. T. Nagamiya 
of Osaka University for his kind criticism. 
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'§1. Introduction 


7 Since the phenomena of the radio duct was 
ydiscovered, the theory has been developed by 
#many investigators chiefly on the basis of the 
(W.K.B. approximation method”, applying to 
¢the arbitrary shape of the modified index 
oprofile. 

In this paper we deal with this ploblem in 
the case when the modified index of refrac- 
tion varies with height as a+bh+bh?. This 
tseems the simplest case to explain the pheno- 
#mena due to the ‘‘single surface duct.’’ In 
this case the solution of the electromagnetic 
}field involves Weber’s function, so the asymp- 
totic expansions of Weber’s function is deve- 
loped by the method of the steepest descent, 
jand then the field is caiculated. 


§2. The Field from a Dipole 


The electromagnetic field from a vertical 
‘electric (magnetic) dipole near the earth can 
jbe calculated by finding a suitable solution of 
sthe scalar equation 


Ppt+kRN2y=0. 
Here ¢ is the z component of a electric (magne- 
tic) Hertzian vector JT which has the z com- 
ponent alone. 
The known solution is given by” 


p =|" cJo(er\u(z, «de , (1) 
0 


@ where ¢ and Zz are the cylindrical coordinates 
jof the field point and 


been! uy (0)—pui(0) he (21) J, 
v= at uo’ (0)— puz(0) 1321) fueneste 
ZA; (2) 
_ 2 [ m’(0)—pm(0) um) 
Oe af us’ (0)—prt»(0) nae Zane 
eA. (3 


‘ The symbols used in the expression have fol- 
| lowing meanings; 


1. 2, is the height of the dipole. (The di- 
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This paper deals with the development of Weber’s functions, and apply- 
ing them the solution of the radio wave propagation is expressed in the 
form of the residue series), in the case when the modified index of 
refraction varies with height as a+dh+ch?. 


pole is located at 7=0' z=2;). 

2. N(z) is the modified index of refraction, 
k and k, are the propagation factors of the 
vacuum and the earth respectively. 

3. uw and #, are such solutions of the 
equation 


d*v 
de (4) 
which for sufficiently large z represent the 
waves traveling in the direction of decreasing 
and increasing z respectively; W is the Wron- 
skian of w# and az. 
4. pis the function of « that depends upon 
the polarization. For a vertical electric dipole 


+[R?N2(z)—K?]vu=0, 


For a vertical magnetic dipole 
D=Pr=V 2—k,? - 
The radicals are to indicate the root with 
the positive real part. The time factor is tak- 


en as exp(—dw#). In our case the modified 
index of refraction varies with height as 


k?N*(z)=ko?{1+b*(2—2p)"} « (5) 
If this relation is inserted in Eq (4) and the 
independent variable is changed from z to x= 
(zg—2)/H, we obtain 


a +(r+—7 )o=0, (6) 

where 
= CR) o (7) 
7=(Rko?—k2) EZ . (8) 


The solutions w, and uw, are expressed in terms 
of Weber’s function as 


u(x, r)=e7 8 /D4/4D_ pyr po(we'*/*) , 
ux(x, 7)=e- FUDD iy _1 (we **/*) 


(9) 
(10) 


§3. The Expansions of Weber’s Function 
a) Whittaker’s expression in Kummer’s 


function.» This expression is useful when 


72 


both z and 7 are small. 
b) The asymptotic expansion of Whitta- 
ker. This expansion is useful when |a|>|7]. 


c) Both « and 7 are large excluding the 
region 7+2/2~— “s . Whittaker’s integral re- 


presentation gives) 


—= p(y —i/2)2/2 
Dene 
ry, 1/2(€ 2) V on 
a7 exp( i x + et8t/4yf — t? 
eS 4 Zz, 
(—#£)- -V2qt (11) 
: Spey: / 
Diy -1p2(e7 17/42) =— r r+) 2) 
2nt 
C+) a P 
ex , é t32/4o, ee 
J- [eo(s pte oi a 
Oe 9 ak he alias Fk (12) 


We make the transformation 
; hig ZO | decd bd he : 
y+2/2= PALES tay sinh? (a@+2zB) 


t=x exp (w—i7/4), 
where x is positive real and a, 8 are real. 
There is a one-one correspondence between 
a+28 and 7+2/2 if we suppose that a>0 and 
B is restricted to lie between —z/2 and 7/2. 
Then the integral to be investigated becomes 


|| exe(# 4 tetrtat— BN —f)--12gt 
4 2 . 


= eoeamneitl = 2trmdey ; (13) 
where f(w)==—7(1/4+ e” +e?”/2—w/4-sinh?ey). 
In order to obtain the suitable expansions 
from this, we use the method of steepest des- 
cent®. The stationary points w4 and wea, 


shee, al, Wi(w.) is negative in 4 and is 


Wi(w.—272) is negative 


wy-plane. 
positive in 1, 2 and 3. 
in 2 and is positive in 1, 3 and 4. 


where d f(w)/dw=0, are determined by exp w4 
=sinh?20,/2 and expws= sinh? (wy) +72)/2. 
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Among the values of wa and we we choose 
w, and w, which satisfy | arg wi|<cz, 0<arg wW; 
<2z respectively. Then all the stationary 
points are given by w,+2mz¢ and w.+2mzz, 
where 2 and m assume all integral values. If 
we write %,(w)=Im{ f(w)—f(wi)}, Y2(w)=Im 
{f(w)—f(w.)}, the contours of the integra- 
tion that pass through w, and w, are deter- 
mined by ¥%,(w)=0, ¥.(w)=0 respectively. 

We divide the domain of values of complex 
Wy=a+z8 into 4 subdomains according as the 
signs of Yi(w,), %1(w.,—2zn2), which will be | 
named 1, 2, 3, 4 as are indicated in Fig. 1. 

For these subdomains, the contours of the | 
integration take the shapes as are shown in | 
Fig. 2. (rigid lines) 

By the method similar to that of the Bes- 
sel function®, the integral (13) along the con- 
tours that pass through w,, w,:+2z7, and we, 
which we denote as (21), (Wit+2z2) and (ws), | 
can be calculated in the following forms 


(w:)=— ene? exp {—5z(7—4/2)/4} 
2 cosh wy 
, exp} ee cooh wy +5 sinh? 29 


— (sinh? Wo— a Vlog x sinh? oe 
a 


e | ilies ¢  _ 8cosh*w,—11 cosh wo+5 
24x? cosh%2v9-sinh?2,/2 


ie 


(wv, -+2ni) =—y/ ae LE 
x COSA Wy 
x exp {—52(7—2/2)/4} 


“exp ie 
4 


—(sinh? Wo— = Vlog x sinh? S 


1 6 
| cosh Wot, sinh? 2, 


—727 sinh? wo} 
xf 1+ t 8 cosh? wo—11 cosh wy+5 
24 cosh? 2): sinh? 24/2 
reek 
J 


a (Deh GR ssi ear 
(w;)=y/ 28 exp{—Sa(r—7)2)/4} 


0 


tx? day es 
. exo —cosh wy +) sinh?29° 


Wp is in subdomain 1. 


ee 
eh ee ee 
=e SSS SSS 


= 
os . 
7W2—- 27% 


in subdomain 3. 
Fig. 2. 


—(sink? Wy— = log xcosh? 9 
hie Z 


—t7r sinh? wo} | 

x (ise @ 8 cosh? we+11 cosh we+5 
242” cosh? w9-cosh? w9/2 

Eerie 


Considering the integral representation (11) 
(12) and the end points of contours, we can 
construct the tables of D- -ty-1j2, Diy-1/2 in 
terms of (wy) (w,;+272), and (w.) when (a, B) 
lies in the subdomain named 1, 2, 3 and 4 
given by TableI. When wis negative, D-iy-1/2 
(—2 exp iz/4), Diy-1/2(—% exp 77/4) are connect- 
ed with D-iy-1;2.(zexp7z/4), Déy-1y2.(eexp— 
in/4) by the circuit relations; 
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—— 


Sai 
W2- 2re 


— 
— oe ee eee ee ee ce 


in subdomain 2. 


eee we wee = cee 
— 


~ 
a ae 
——o ewes eS 


~ 
_-—— — 
_— —— SS eee 


in subdomain 4. 


w-plane. 


~—2nt 


Fig. 3, w-plane 
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Dr(—e'™/ 42) — BALL DAE) 


4 VM 2K pine yep _,_(e-"*/4z) 
|W ee 2) 
ny V 2n —ni/2 i 
D_n-1(— Mgrs oe Up aye DY gag 
i(—e C Pint) € ( a) 


—e-""'D)_» Zea ars) : 


d) Both x and 7 are large but 7+1/2~ 
—27/49,. We write r7+2/2=—22/4+e, then 


D_-iy-1p2(e'"/*x) = ( 


“( 


1/2 1/6 (4 log 247 /4)( — a2 /442)— 222 — 4 2 
ai rl/2y- LY 1/8 gb log 2+ /4)( — a 22. 47 
v 


; _ HRW) — (5 ) ane te 
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the integral (13) becomes e7*(10¥~44/8y-ty-1/2 


e-@2r(w)-twdy, where {(@)==—1 1/44e° 8 . 


e?”/2+w/4). The stationary points of /(w) 
are given by w,+2mnzz, if we write wi= —log2 © 
+zz. Here » assumes all integral values. — 
The contous of the integration are shown in 
Fig. 3. Then the integral representations (11) 
(12) become 


HE op 


Diy-rnfe-H0)=P (r+ 5 ) aay 1/69. ty -1/6 (4 log 2-#/4)¢- w2/4+2)— 522 +t ae 


<(}ivo(3)"(3)" 


1/6 
D <ty -1)2(—e**/*2) = (3) l/2y- tY- 1/8 g(t log 2-3/4) —29/44.2)— 22 4 on 


HE (0) +b, 


3 


1/3 : 1/3 
x1 a HR(ve-) +4( 5) atl) F123 ,(ve~**)+ - x8 


: - 5 A 4 i2 
Diy ap —e7 4x) = T (47 +:1/2)(12)~ V8 Y- 1/8 QE log 2— Fae] 4)(— a2/4-42)— 7 +. oe 


1/3 1/3 2/3 
x is He (oe) + : ) at ; ) He 


where v=4e/2/32, 
The Wrouskian of m(a, 7) and 2(x, 7) is 
shown to be 


’ du, 
dx 


=. 


§4. Calculation of the Field 

If the variable of integration is changed 
from « to 7 by Eq. (8), the solution (1) be- 
comes 


b= |. JberV 1A) onde, (14) 
kA 
u(7)=[ 21 Gd —Hbuala) 


ee 

U2’ (%9) —A puo(xp) Uo(2) 

Lx , 

where 1—4b?H2; means the root with the 
positive real part. 


Since u(r) has no pole in the half plane 
above the real axis as shown in Appendix I, 


x Uy(2%1)U2(2) 


1) ,(ve-W) fo + 


and | (Ror V 1— 46H?) v(r)dr=0 as is 


shown in App. II, where | means the inte- | 


co 


gration over the half circle of infinite radius | 


lying in the upper half plane, ~ can be ex- 
pressed as 


erat HyO(korV 1—4bEPp w(r)dr . 


(15) 

This path of integration is deformed into 
a half circle of infinite radius in the lower 
half plane plus loops around the poles and 
the branch point as indicated in Fig. 4. Since 
the integral over the half circle is zero as is 
shown in App. II, Hay (15) becomes 


= Fp Rat aap | HO hor TARE) 
xu(r)dr , (16) | 


where 3 Rm means the sum of residues at 


; 


| 1955) 
‘ 
cut. 


i 
: Since m# and uw, are integral functions of 7, 
sthe only branch point 7» is the branch point 


all the poles of v(7) lying in the lower half 
lane and the integral is along the branch 


of p, and the simple poles designated by ym 
sare determined by 


Us’ (%, 7)-—Hpu,(x, 7)=0. 
BThen we can write Eq. (16) in the form 


(17) 


4) b=in/H- SHO (keV 148 EPs) 
} 


m=1 


7 U1(2q, 1 m)—Apmur (Xp, Tan) 
x a [ea = 
Ee {1a 1)—Apus(2, Dt] 

r Y=Ym 
x U2(a1, 7 m)Ue(2, 4 m) 


: [ iO bey 1a od (18) 
A \» 


1 When fy is large, we use for H,™ the 
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Fig. 4. y-plane. 


first term of the asymptotic expansion after 
Hankel, and assume 1540?H?|7,,|, then Eq. 
(18) becomes 


veiy/ arb 
Te 


| HO lhorv aE War (19) 


etkor- FEDS tby mr U ».(21) OF (a) 


m=1 
Ete 
2H 


where 


U2, Tm) 


U2 (Xo, Tm) 


A p m 


Um(a)= — 
/ 


i) Calculation of the residue series. 

We first discuss the limiting case; Hp=oo 
n this case Eq. (17) is reduced to m2(2, r)=0, 
ind u(z, 7) can be expressed by the proper 
»xpansion of Diy-1/2(2exp —iz/4) or Diy-1;2 
—z exp —iz/4) according to the value of 2». 
f x, and 7 are positive large, we use the 
*xpansion represented in Table I. Dyiy-1; 
2% exp —zz/4) has the zero points in the sub- 
flomain 2 of w,, and in this subdomain a, 
‘an be expressed approximately as 


U(X, 1)~{ ep? +4(7 +2/2)}- 4 
-exp [{77 log (7 +4/2)—(x+2)(7 +2/2)}/2] 


eos te 70 / a2 t MG HAD) 


tot V xy +47 +2/2) 
2 


+7 log - 


=e log (r+4/2)-85 (7+1/2). 
hen 7m is given approximately by the follow- 
ag equation 
aol4-V ax2+4(7 +2/2) 
+r log {@o+V x2+4(7 +2/2)} 
Was 
2 


aie 
4 


— 5 log Ar +4/2) — 


lee {1s ne ere om shel 


m 


lke, Bp 


| 
where » assumes all integral values. 

By the similar process as above, 7m can be 
calculated for different values of 2, and is 
shown in Fig. 5. 

Um(x) can be calculated by the proper ex- 
pansion according to the values of 2%, 7m. 
Among Un(x), Ui(w) and U2(~) are shown in 
Fig. 6 for xp=0, %=—3.07, x= —4.68. 

When the value of Hp is taken in account 
the value of ym is determined by Eq. (17). 
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4 2.827 
3 1.82 
wyf42 !20 Hl 9 50 
|Ual 1 —0.68 
ad z 
9 ~1.68 
aon —2.68 
=2 —3.68 
aT CRS rake 


Fig. 6. 


If «, and 7 are large, we use the expansion 
represented in Table I. Then we can derive 
the next equation from Eq. (17) 


|, =%% 


where M(a,, 7) denote the left hand side of Eq. 
(20). 

The value of |H,| is smallest for dry land, 
and |AHp,| takes its smallest value for sea 
water. For dry land at 4=0.09m (R,2/k,?)= 
2+21.62, and for sea water (kp2/k,?)=69+239. 
The value of 6 is of the order of 10-4~107°. 
From these values we conclude the smallest 
values of |Hp.| and |AHp,| are of the order of 
10°. This values of |Hp| are very great com- 
pared with OM/0dz, Eq. (21) can be written 
approximately as M(ao, 7)=(m+1/2)z 

ii) Calculation of the integral along the 
branch cut. 

We calculate this integral by the method 
developed by A. Sommerfeld discussing his 
‘*Raumwellen’’. Using for wv the expres- 
sion as (A—4)(A—5), this integral is calculat- 
ed as 


(ain WMG, IS = (Aly 


py \ flor. — Ab*H?y u(y )dr 


ae 
20 lage 
~ ae aes exp {kor —(2, +2) )V Ry? —R? 2, } 
for vertical electric dipole. 
fe ss er exp t{k.2r—(41+-2)V/ 2 2} 
ry Ree sy 5 2 : 0 —ke 


for vertical magnetic dipole. This integral 
becomes very small when 7 and z,+-z are 
large. 


$5. Approximation of the Actual Profile of 
Modified Index 


As the quadratic form used in the theory 
does not represent at great heights the actual 
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profile of modified index, it is necessary to 
determine the range of z, within which the 
quadratic representation may be a good ap- | 
proximation. According to the phase integral 
method, #m is determined by the equation | 


\* V R22) — 6222 = Ums where k?N*(23)= ern. 
0 


That is, «m is determined by M(z) for nal 
values of z lying between 0 and |;}. . 

To determine this range of z, we first as-— 
sume 23’, and in the range 0<z<2;’ we ap: 
proximate the actual profile with the quadra- 
tic form k2N?(z)=k,2{1+b2(z—z2))?}. For these 
values of ka, 6 and 2, we can determine the | 
value Of -7mnl(=hyH’?—krw) by Figse and 
calculate the value of z; that satisfies k?/V” (zs) | 
=». Then z;’ must be larger then |z3|. | 


§6. Conclusion 

When fy is large, the integral along the 
branch cut is small and the residue series } 
converges very rapidly the field can be calcu- | 
lated by a few terms of the series of Eq (19). 
And Fig. 5 shows that if the value of zy is 
smaller than —3, the y’s for the first ion 
modes are essentially real; i.e. the exponen- 
tial attenuation with range is almost zero. | 
This explains the strong field beyond the 
horizon (radio-duct phenomena). t 

When kr is small, the convergence of this 
series becomes slow. In this case, to calculatly 
the field and to discuss the convergence, di- 
vergence, of rays due to the homogeneity of 
the atmosphere, we must rely on the method | 
of the geometrical optics and it will be dis- 
cussed in the Part II of this paper. 


Appendix I. The Proof of Im (7n)<0 


Em+tinm Eq. (6) is 
@y?|[dz? +(1m+27/4)u2=0 (A-1) } 
The conjugate complex of this equation is” 
iin dz? + (Fm +22/4)it2=0 (A-2)| 
(A-1) x %,—(A-2) X uw is 


Uy @Ut2/dx?—Uz -Pity|da?= — 21 mUzUy 


We write rm= 


We integrate this equation, and obtain 


| Radndr—n-ditaldar | 2 


% 


where z>|7m| 
Since 7m satisfies Eq. (17) “ 
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Table I. 
1 | 2 | 3 | 4 
== V 2re~ HCY+#/2)/2D) _ py 1 po(e* 2/47) (we) (we) | (wy) | (wy) + (we) 
Qn ane: * A ; 
: ry +1 12) Dyy-1(e7 **/427) —(w,+2r2) (We)— (Ww +-2nt) | (w1)—(wWy+2nt) | (w1)— (ew, + 2x7) 


eS + 


E -duz/d2z—uy-d sla | 


aa) 


= —27 Im (Hq) |22(2,)|? 


m (Hp) is negative in the half plane above 
the straight line through 7p and parallel to 
the real axis. By the asymptotic expansion 
¥f Whittaker we obtain 


[ (F=28-7m.. 
Then Eq. (A-3) becomes 
212-7 "m —2t Im (Hp) |\uto(x9)|? 


— 2inn| 


x 


|2t2(a)|*da . 


P 

k “0 

S>ince the left hand side of this equation is 
ositive pure imaginary, 7» must be negative. 


_ Appendix II. The proof of 
| Hy ker V1 AB Ep dr =0 


| We prove it in the case 29, 21 and x positive, 
Tp=co. On the contour of this integration 
te is in the domain 4 of wy, using the expan- 
sion in Table I, #, and w. can be written as 


(~(4r)-™4[ exp {a(7 +4/2)/2—z1/2-log (7 +7/2}] 


x {exp (—zv7y1/2) +2 exp (¢z7/?—z7)} . 
(A-4) 


i 


( U2~(4r)-V/4[exp car? — (7 +4/2)/2+7/2 
-log(7 +2/2)}] . 

when 7 becomes large. 

‘ Then the integrand becomes 


(A-5) 


ill e7 BRy1/2+in/4 f 
Tig pane EXP Her ta) 
—exp a(a1—2)7/?} , 
where R=7/H. 
Since this integrand becomes 0 exponentially 


as y—-oo, this integral becomes 0. By the 
similar process we can prove 


\ Hk V1—4R: Fey) u(r)dr=0. 
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Study of the Second Order Transition 
Temperature of High Polymer by 
the Photoelastic Method 


By Motozo KANEKO, Rokuro MURAI, 
Kei KisH1 and Dai Mori 


Faculty of Science, Hokkaido University 
(Received August 21, 1954) 


It is attempted to measure the second order 
transition temperature of high polymers by means 
of the temperature dependency of photoelasticity. 
It is well known that the rubber-like materials 
show a characteristic birefringence under the state of 
tension). If the second order transition tempera- 
ture is assumed to correspond to the changing 
point from amorphous solid region to rubber-like 
region, the characteristic change of birefringence 
may appear at that point. 


Temperature 
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Fig. 1. Temperature dependency of birefringence 


of poiystyrence under 150 gr/cm? tension. 


the films of commercial 
polystyrene and P.V.C. were used. These films 
were cast from solutions of the materials, benzene 
solution for polystyrene and nitrobenzene solution 
for P.V.C.. Then they were carefully dried. From 
a part of uniform thickness of these films, strips 
were cut out, 1.5°”" wide and 3.5°” long. Their 
thickness was 0.05” for polystyrene and 0.25”™ 
for P.V.C.. The strip was hung in a little furnace 
with two windows and was put under constant 
tensile load. The birefringence of the strip was 
measured by the Sivessy-Dierkesmann compensation 
method, through the windows as increasing the 
temperature of the furnace. The rate of the in- 
crease of the temperature was 0.5°C/min. As the 
source of light, Dna was used. 


In the present work, 


"90 


The results of polystyrene at 150 gr/cm? tension 
and P.V.C. at 200 gr/em? tension are graphed in 
Fig. 1 and Fig. 2. These figures indicate to be 
divided into four regions. In the first region (I), 
the absolute value of birefringence is small and 
almost independent of temperature, in the second 
region (II) the absolute value of birefringence ab- 
ruptly increases with temperature, in the third 
region (III) the absolute value of the birefringence 
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Fig. 2. Temperature dependency of birefringence 
of P.V.C. under 200 gr/cm? tension. 


decreases with increasing temperature. In the last 
region (VI) the absolute value of the birefringence 
increases again with temperature. These four 
region seem to correspond to solid-like region, 
transition region, rubber-like region and flowing 
region respectively. If the transition point is as- 
sumed to be as the inflexion point of the second 
region, it becomes 95°C for polystyrene under 150 
gr/cm? tension, and 70°C for P.V.C. under 200 
gr/cm? tension. Under the condition of lower ten- 
sion, the corresponding transition temperature be- 
comes higher, and is 103°C for polystyrene at 100 
gr/cm? and 74°C for P.V.C. at 100 gr/cm?. For 
polystyrene, the transition point thus determined 
shows a little higher value than the one estimated 
by means of specific volume. These phenomena 
seem to agree with the result of the elastic 
measurement?”). 

It is reported that the rubber-like stage does not 
appear in polystyrene*), but in our experiment 
polystyrene also seems to show the rubber-like 
stage. This may be due to the fact that as the 
amount of tension was not sufficiently large in our 
experiment, the cross linkage by second bond was 
still effective. 

The authors wish to thank Professor J. Furuichi 
for his kind advice and encouragement. 
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Measurement of the Complex Permeability 
of Carbonyl Iron Powders at 4000 Me/s 


By Atsuo NISHIOKA and Hiroshi OKAMOTO 


Electrical Communication Laboratory, 
Musashino, Tokyo, Japan 


(Received August 25, 1954) 


Polyiron, which is widely used as a microwave 
high resistance attenuator, is composed of spheri- 
cal carbonyl iron powders, few microns in diameter, 
dispersed insulating material such as 
polystyrol. But the skin effect is to be taken into 
account in the microwave region on such metal 
powders, and then their permeability should depend 
upon their particle sizes. To confirm this effect, 
we have measured four kinds of particle sizes of 
carbonyl iron powders at 4000 mc/s and found the 
remarkable skin effect on this powder. 

The grades and average diameters of the powders 
are as follows in the Table I. 


in some 


Table I. The grades and average diameters 
of carbonyl iron powder. 

Grades . TH E HP Ib 

Diameter in microns a 8 10 20 


(Weight Average) 


Each grade of powder is dispersed in polystyrol, 
with the weight percents of 40, 60, 70, 75 and 80, 
and moulded in the form of wave guide section. 
Then we have measured the open and short circuit 
inpedances of the specimen by the standing wave 
method developed by B. Oguchi) which is similar to 
that of J. B. Birks. We calculated the complex 
permeability from this data and extrapolated to the 
concentration of 100% by the empirical formula 
found by Birks as follows; 


log |u| =v log |yz| 
tan Ou=v tan Op, , 
where 


|u|: absolute value of the apparent per- 
meability of the specimen 

absolute value of the permeability of 
iron powder 


lpesl: 
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tan Ju: magnetic loss tangent of the specimen 
tan du,;: magnetic loss tangent of iron powder 
v: volume fraction of iron powder. 


As the variance of the observed values is not 
small, the extrapolated value of mw; and tan Ons iS 
not very accurate, but the larger the particle size, 
the smaller the permeability become. The tan Ons 
is not so much depending upon the size. This fact 
seems to contradict to the expectation that the 
large skin effect should lower the loss tangent. 
This is probably due to the contact of the parti- 
cles. The extrapolated value of wy and tan dp, 
are given in Table IJ. This shows that the per- 
meability of Grade TH does not show the tendency 
of saturation, that is, the skin effect is active until 
this order of size. So we will continue this ex- 
periment to the size of about 3 microns. 


Table II. 
Grade TH bee HP if 
23 17 13 12 
tan duy 1.4 1.4 1.4 1p5 


Our results of Grade TH are in well accordance 
with that of J. B. Birks) who has measured on 
the particles about 5.5 microns in diameter. 
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Supplementary Note to my Paper ‘“ An 
Approximate Study on the Detached 
Shock Wave in front of a Circular 
Cylinder and a Sphere”’ 


By Kinzo HIDA 
Department of Applied Physics, 
Faculty of Engineering, Naniwa University 
(Received September 20, 1954) 


In a recent paper), the present writer has studied 
approximately the detached shock wave in front 
of a circular cylinder and a sphere by making use 
of the assumption that the flow behind a shock 
wave can be expressed by a rotational flow of an 
incompressible fluid. The shape, the location and 
the strength of a shock wave as well as the vorti- 
city distribution, which at first were defined by 
four unknown parameters 4, 6, U and k, were 
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determined so as to satisfy suitable shock condi- 
tions in the close vicinity of the nose of the shock. 
From the magnitude and the direction of a stream- 
line immediately behind the shock wave were 
derived three of such shock conditions, while the 
fourth condition was related to the entropy change 
from streamline to streamline. In the previous 
paper this fourth condition has remained to be un- 
clear in some respects since a stream function for 
an incompressible fluid was used. 

Here we shall show an alternative condition 
which is more lucid in its derivation and is given 
in terms of Crocco’s stream function”. As is well 
known, Crocco’s stream function designated here by 
We is defined by the following formulae: 

yrull— wiv Da(Vey, ay 
yrvl—-w2VI-D=—(We)y, J ; 
where «=0 for two-dimensional cases and *«=1 for 
axisymmetrical cases, and y is the adiabatic ex- 
ponent of a fluid. w is the magnitude of velocity, 
and w and vw are the velocity components along 
w- and y-axes and these are all referred to the 
limit velocity. The fundamental equation for deter- 
mining Crocco’s stream function is written in the 
form: 


(1 = “) (We)ea pas “ae (Ve)ey (1 Ta =) (Ye)uy 


2K (Ye)y = y24(1 — w2)Y+ D/C-1) 


x (2-1) fo). (2) 


Here, a is the sonic speed referred to the limit 
velocity and f(W-) is a function of We only which 
is related with the increase of specific entropy of 
the fluid, 4S, in passing through the shock, by the 
formula: 


_ 1-1 dds) 
SF (Ye) = Qk dVe 


where % is the gas constant. 

Taking the symmetrical nature of flow pattern 
into account, we can assume this function for 
smaller values of We in the form: 

oe —kwv. for two-dimensional cases, 
—kU/2 for axisymmetrical cases. 


(3) 


(4) 
Now, it should be noted that the stream function 
itself is small in the vicinity of the symmetrical 
axis. Hence, to a first approximation we can neglect 
u, v and w in comparison with a and unity. Then, 
substituting Eq. (4) for (We), the basic Eq. (2) 
for We is reduced to the same form as the cor- 
responding equation in the previous paper, that is, 
Eqs. (15) and (24) in reference 1, and the velocity 
is given by 
y*w? =(grad Ve)? , 


With these simplifications we can develop the 
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analysis in the same way as in the previous paper — 
and we have four shock conditions as before. As 

already mentioned, the first three conditions given — 
in Eqs. (19) and (26) in reference 1 remain un- 
changed, while the fourth condition becomes in | 
the form: | 


2(1 — 24)2(M,?2 — 1)? 
{1+ — My?/2} {2yM2— (7 —D} 
=kF?U/as)? 
=3kG(U/as)* for a sphere, 


for a circular cylinder, | 
(5) | 


where My, is the Mach number of the undisturbed 
flow at infinity upstream and suffix s is referred to 
the stagnation point. F’ and G@ are certain func- 
tions defined in Eqs. (18) and (27) in reference 1 | 
respectively. 

These four equations can be easily solved as in 
the previous paper, but we shall here show an im- 
proved solution for the case of a circular cylinder. 


Table I. Case of a circular cylinder. 
1/6 
M, } - ar 777, nT SSS 
Present note | Ref. 1 
| 
1.10) 0.140 | 0.140 
1.30 0.331 | 0.332 
1.40 0.396 0.398 
1.60 0.490 | 0.492 
1.80 (On553 | 0.556 
2.00 0.597 0.601. 
2.40 0.656 0.661 
3.00 0.703 0.710 
co 0.791 0.810 
Table II. Case of sphere. 
| 1/6 
M, 
| Present note Ref. 1 
PO | 0.317 0.317 
ie E7/ 0.420 | 0.420 
130 0.541 | 0.542 
1.50 0.648 0.649 
ST | 0.733 02735 
2.08 0.775 0.777 
2.40 | 0.806 0.807 
3.00 | 0.838 0.839 
co 0.893 0.894 


In the previous paper we have expanded the 
functions Ff’, which was defined by the modifie 
Bessel functions, in power series of k and retained 
only the first few terms of k, but this approxima- 
tion will be seen to be unnecessary. 

At first, in place of Eq. (21) in reference 1, w 
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can find the value* 


Rae 38¢+1)Mi (Mi? —1)? 
2(3M)?— 1) {1+ (y — 1)M)2/2} VyM)2—(y—1)/2 
2G. (6) 


\ 


Vara 


Then, using the auxiliary constant D defined by 
b OF 3(M)2-—1)2 
= ees | a ape Sa 
F’ 0b (8M)? — 1) {1+ (y —1)M;2/2} 

(7) 
and substituting the complete form for the function 
F’, we have 

AAI kk 
Ii(4 k ) 


i 'Ky'(C)— DKi(C) 


CEOS DAG 


2) 


This equation determines the numerical value of 
Vf and in conjuction with Eq. (6) we can finally 
find the distance 6 of the nose of the shock from 
the centre of a circular cylinder. 

Numerical values of 1/ for the cases of a cir- 
cular cylinder and a sphere are shown in Tables I 
and II together with the corresponding values in 
reference 1. As was expected, the difference be- 
tween two series of values is very small. 

In conclusion, the writer wishes to express his 
cordial thanks to Professor S. Tomotika for his 
continual guidance and kind inspection of the manu- 


script. 
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* There is unfortunately some misprint in re- 

Eq. (21) there should be read as: 
3(Mi2- 1) 

(3My?— 1) {1+(y — 1) Mi2/2} 


ference 1. 
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Layer Growth of Artificial Graphite 
By Takuro TSUZUKU 
Technical Research Laboratory, 
Tokai Electrode Mfg. Co. Ltd., 
Fujisawa-City 
and Tsutomu KOMODA 


Central Research Laboratory, 
Hitachi Co., Ltd., Kokubunji, Tokyo 


(Received September 27, 1954) 


Pyramidal layer growth has been observed on 
artifical monocrystals of graphite. Typical patterns 
shown in the accompanying electron micrograph 
(a) and (b), although the resolution of their centre 
parts are not quite clear, suggest concentric loops 
to be taken as the double-ended spirals expected 
when two screw dislocations of opposite signs 
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emerge on the crystal surfaces). 

Recently Horn® has recognized similar hexagonal 
spirals by means of optical techniques on a certain 
natural graphite of special origin. On the contrary 


(b) 


(C) 


it is emphasized that our sample is artificial gra- 
phite prepared as follows®); some quantity of carbon 
black seast 116 was packed loosely in small gra- 
phite crusibles and heat-treated to about 2500°C. 
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in a graphitizing furnace. The usual sprinkling 
method was employed for preparation of microscopy 
specimens, and some were slightly shadow-cast 
with germanium. Appearance of the preceeding 
grown crystals with hexagonal patterns was not so 
trequent that there were observed only two or 
three in each grid-mesh, and the particles surround- 
ing them presented little growth in diameter, as 
shown in every photograph, by heat-treatment from 
the original size of about 300 A. in average. Elec- 
tron diffraction, photographed for the identification 
at the same time, gave clear net patterns as shown 
in photograph (c) for the grown crystals. 
Dimension of the pyramidal monocrystals was 
500-800 mu in heights and 1-5 w in diameter. 
Bending lines like those of folded paper as indicat- 
ed by arrows in (a) have been often observed which 
suggest the flexible structure probably owing to 
dislocations lying in them#. The step-heights of 
the layer hills roughly estimated by stereographic 
analysis of the germanium shadows vary from 
150 A. to 350 A.; for instance that shown in (b) is 
about 220 A., thirty times as large as the interatomic 
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spacing in [002] direction. This may indicate that, 
in terms of dislocation theory, scores of screw dis- 
location of the same sign are crowded in the core 
of each basal lamina. It is supposed that the density 
and configuration of those dislocation lines in the 
crowded area may be closely related with critical 
conditions on laminar nuclei formation which enable 
to initiate the spiral growth. 

More detailed account will be published later. 

The authors express sincere thanks to Dr. B. 
Tadano for his kind guidance, and to Mr. Y. Sasaki 
for providing the sample and useful discussion. 
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Errata 


Hall Effect and Electrical Conductivity of Lead Selenide 
By Eiji HTRAHARA and Miyuki MURAKAMI 
J. Phys. Soc. Japan 9 (1954) 671, 681 


1) Fig. 4 and Fig. 9 should be interchanged. 
2) P. 674, right column, Eq. (8) and Eq. (10) should be read: 
V/u=1/py+1/pa+1/pyo=a-T-3/2+6-T2/2+4 c(e9/T —1)-1, (8) 
1/pn=0.38-T-3/2+4 x 10-7-73/24.5.8 x 10-3(e9/7 —1)-1, (10) 
P. 675, left column, line 21, the equation should be read: 
KE) =[l+exp{H—O/kT})-1, 


P. 676, left column, lines 10, 9, and 2 from the bottom, the equations should be read: 


il 
=e *wkT 
if 
B= gl wees ] 


2 =O — 9+ Vq2— pat ory —q— Vg —p - 
P. 676, right column, line 11, should be read: Tt g—0. 
P. 677, left column, Eq. (19’) should be read: 
1 3 AN. 
=— a, -e(B1- Ba)/kT. a : -1}. 
a See | suc pemeua EA ee 


P. 677, left column, lines 11 and 2 from the bottom, (#3—#,)/2 and (e-hi-un) should be read 
(#;—)/2 and (e-m4-pp), respectively. 


P. 677, right column, the equations in the lines 15, 16, and 17 should have the number of 
equation (29). 
P. 679, right column, line 1, should be read: Nyp=rrreee 
P. 679, right column, Eq. (33) should be read: 
P+P-9?—Q- 7 /on9—R-1/an°=0, 
P. 680, left column, line 3 from the bottom, the equation should be read: 


i 
0a)° 


0 
372. F2P 9-5 + ee eeee F 


P. 680, right column, line 8, Hy, #3, H4 should be read Fy, H3, Na. 
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On the Halogen Nuclear Magnetic Resonance 
of Some Metal Halides I 


By Teinosuke KANDA 
Department of Physics, Kobe University 
(Received August 14, 1954) 


Chemical shifts of chlorine, bromine and iodine nuclear magnetic 
resonance of some metal halides were measured. The results indicates 
that the origin of the large shift is the second-order paramagnetism due 
to the halogen atom covalently bonnded to the neighbouring metal atoms 


in the crystal. 
reasonable order of magnitude. 


The degree of covalency estimated from the shift has a 
Spin-lattice relaxation times of LiBr, 


AgBr and TIBr were also measured and it was revealed that they have 
direct correlation to the shift. From this we concluded that the mechanism 
of T; of these crystals is the quadrupole coupling caused by the covalent 


bonding of the bromine atom. 


§ 1. Introduction 


Nuclear magnetic resonance studies of alkali 
halides had been performed by a few authors. 
Watkins and Pound!) studied Ty; and the 
resonance figure of the halogen magnetic 
resonance of single crystals of LiF, KBr and 
KI. One of the striking conclusions of their 
experiment was that the apparent electric 
field gradient at the halogen nucleus in the 
crystal was about ten times larger than that 
due to the pure ions of alkali and halogen 
atoms, and they suggested some of its origins. 
Gutowsky and McGarvey*) measured the chemi- 
cal shift of Rb and Cs nuclear magnetic 
resonance of respective halides and they ex- 
pected the origin of the shift to be the covalent 
bonding in the crystals. We measured the 
chemical shift of chlorine, bromine and iodine 
magnetic resonance of some metal halides and 
estimated the degree of covalent bonding in 
those crystals which have larger chemical 
shift. Existence of the covalent bonding 
should cause a large electric field gradient q 
at the nucleus as shown by Townes and 
Dailey». Although all the crystals in our 
experiment have the cubic symmetry and q 
is cancelled out in the mean, the thermal 
vibration will break the symmetry and will 
make a large contribution to the spin-lattice 
relaxation mechanism. 


§2. Experimental Procedure 


The samples of NaBr and AgBr are single 
crystals while the others are powders. Details 
of the method to measure the shift were re- 
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ported previously and will be omitted here. 
Most of the experiment was performed by a 
permanent magnet of 6220 gauss, while, for 
the purpose of confirming the shift to be the 
“chemical shift’’, an electromagnet of about 
3000 gauss was used. Measurement of T, 
was made by the saturation method using 
an autodyne detector. The intensity of the 
signal was calibrated by a ‘‘calibrator’’ de- 
veloped by Watkins”) and the radio frequency 
voltage across the sample coil was measured 
by a three stages r.f. amplifier loosely coupled 
to the detector coil as shown by Fig. 1. The 
magnetic field was modulated at 60 c.p.s. and 
the resonance was displayed on the recorder 


- Calibrator rf Voltage Measuring Circuit 


al HH===== two-stage 
60” rf Amp 
250 
J |" 4 
+ 
Autodyne | 


Detector 
Circuit diagram of T; measurement. 


Bioaeale 


as a derivative of the absorption curve. The 
relation between the maximum deflection Dex 
and the saturation factor s=HM,’7?7T;T> is given 
in B.P.P.© for the case where the absorption 
curve is Lorentzian. Since the absorption 
curves of bromine resonance of LiBr, AgBr 
and TlBr were nearly Gaussian rather than 
Lorentzian, we calculated the theoretical satu- 
ration curve for the Gaussian type for the 
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case I and case II of B.P.P. 
shown in Fig. 2 (a) together with those of 
B.P.P. Although these four curves are very 
different in their analytical expression, the 
curves almost agree with each other when 
the abscissa is multiplied by an appropriate 
factor. Consequently we cannot determine 
whether our experimental curve belongs to 


The results are 


b 


14 


D Gaussian 
ex < 
---— Lorentzian 


60 


20 


0 
(a) 


Fig. 2. Saturation curves for the absorption of 
Lorentzian and Gaussian type and for the case 
I and case II. 
(a) Dex versus saturation factor s=H,2y2T,T». 
(b) Saturation broadening factor b versus s. 


the case I or to the case II but the saturation 
broadening factor b (ratio of the line width at 
high r.f. voltage to that at negligible voltage) 
is of use for the identification in some cases. 
Fig. 2(b) shows the relation between b and 
s for the case I and case Il, where curves 
are calculated ones, solid circles are experi- 
mental values for TIBr considered as belong- 
ing to the case I of Gaussian type and crosses 
are those for TIBr considered as belonging to 
the case II of Gaussian type. For TIBr, case 
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I fitted better than case II while for AgBr, 
experimental saturation broadening was by 
some unknown reasons far less than the 
calculated values both for case I and case II 
and we could not identify it. Keeping this 
point in mind, we arbitrarily calculated T, of 
AgBr and LiBr from the curve for case I, as 
well as T, of TIBr. 


§3. Experimental Results and Discussion 
I. Chemical Shift 


Measured chemical shift of various metal _ 
halides is shown in Fig. 3 where the horizon- 
tal line across each solid circle indicates the 
error estimated from the line width and the 
intensity of absorption. Shift is expressed as 
6=(Heanpio—Hret)/Hrer Where Hempie 1S the 
resonance field of the sample and Aer is that 
of the reference sample both at the constant 


Chlorides 


Bromides 


TLBr 
+-—>—: 


if) dues 


26. lutea finde We? 

& (10*) 

Fig. 3. Chemical shift of halogen nuclear mag- 
netic resonance of some metal halides. 


frequency. Negative shift corresponds to the 
paramagnetic one. The reference samples 
were the aqueous solutions of NaCl, NaBr and 
KI. It is already known® that the frequency 
of the halogen magnetic resonance of the 
solutions of various alkali-halides does not 
depend on concentration nor on the sort of | 
alkaliatoms. The results of Fig. 3 are sum- 
marized as follows: 
(i) Many crystals are included irregularly in 
the range of +0.3x 10-4. 
(ii) Large shifts are all in the paramagnetic 
region and the shift increases as the electro- | 
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Table I. Chemical shift and estimated 
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covalency of some metal halide crystals. 


Ay? d ‘ 
Crystal oe oe ery | Ocal for = Cexp i? 
pene ee wd ee Se, = aes § PN - : Bet = ee eee a, 
TIC 7.16 8 eV | 8.33 x 10-4 2.51 x 10-4 30% 
LiBr 0.896 5 : : 
AgBr 13.55 7 18.4 a Me hS69 10 
TIBr | 6.2 | 35 
KI 18.0 6 | 28.5 1.48 | 5 
negativity difference between metal and — 
halogen atoms decreases. = 
(iii) For the crystals with the same metal = 
atom, shift increases with the atomic num- g 
ber (C1=Br—I). A 
According to the theory of chemical shift s | 
developed by Ramsey”, the origin of the shift <3 i 
is classed into two, namely (i) diamagnetism © 
Dia- ‘ 


and (ii) second-order paramagnetism. 
magnetism of one valence electron of bromine 
atom was calculated to be about 1x10~°. 
Experimental results and the smallness of 
the calculated diamagnetism make us con- 
clude that the large shift cited above is due 
to the second-order paramagnetism caused by 
the covalent bonding in the crystal. A valence 
p-electron of the halogen ion will momentarily 
make a covalent bonding with one of the 
neighbouring metal ions and this deviation 
from the closed shell configuration will cause 
a paramagnetic shift as pointed out by Saika 
and Slichter®». When the covalency is small 


enough to permit us to consider each pair of 


atoms in covalent bonding as an_ isolated 
system, the shielding constant is the same 
as that of a molecule rotating at random and 


is given by 


eh een Gy 
3m'c? AE NP 7 » 


Here 22 is the total degree of covalency (1—/? 


= 


_ is the degree of ionicity), 4H the mean energy 


of the excited state and <1/7*>, the mean of 
1/r? of the valence p-electron. The nearest 


- excited state allowed for the magnetic moment 


transition is the p-type excited state which 


-is forbidden for the optical transition, and 


hence JE is not known. On the other hand, 
the excited state will lie between the s-type 


| excited state (which is optically excitable and 
-is known to be 7.7 eV for NaCl above the full 


band) and the conduction band (which is about 


0 
> 2° 8s + N 
s SP St ay 


oa tees 
rf. Mgnetic Field (eff. Gauss) 


0.01 
0.02 
] 


Fig. 4. Experimental saturation curves for LiBr, 
AgBr and TIBr. 


6 (10") 


Fig. 5. Relation between T; and chemical shift 
of LiBr, AgBr and TIBr. 


9.4 eV for NaCl above the full band). From 
the consideration above and of the approximate 
nature of the calculation, we take 4E as 8 
eV for the chlorides, 7 eV for the bromides 
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and 6 eV for the iodides. Using for <1/7*), 
the values given by Barnes and Smith” not 
corrected for relativistic correction, the de- 
grees of covalency are estimated as listed in 
Table I. 


II. Spin-Lattice Relaxation Time 


Saturation curves for LiBr, AgBr and TIBr 
are shown in Fig. 4. As stated in a previous 
section, T,; was estimated from the curve of 
case I of Gaussian type. T, values are 28 
and 34 milliseconds for LiBr, 16 and 22 ms. 
for AgBr, 6.0 and 9.2ms. for T1Br, the former 
being for Br7® and the latter for Br®*!. These 
values are shown in Fig. 5 with their relation 
to the chemical shift from which we conclude 
as follows: 

(i) There is a remarkable correlation between 
T, and go, suggesting that they might have 
the common origin. Experimental results 
seem to show 1/T; to be proportional to o 
though there are some ambiguities about 
the estimation of T,. 

Gi) katiowos 1 for) Bre’ to that tom Brenis 
12 1638) and a53) fom, Libr  Acbr sand 
TIBr respectively. For purely quadrupolar 
relaxation, the ratio should be equal to the 
inverse square of the ratio of nuclear quad- 
rupole moments, 1.e. about 1.4. Considering 
various sources of error in the experiment, 
we may conclude that the relaxation of 
these crystals are purely quadrupolar. 

(ii) Ty, value decreases as the distance bet- 
ween the nearest neighbours in the crystal 
increases. 

As quoted in §1, Pound and Watkins found 

that the electric field gradient at the halogen 

nucleus in the crystals of KBr and KI is much 
larger than the value calculated by dealing 
the lattice points as pure ions, and they sug- 
gested several origins for this amplification 
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of the field gradient. We can point out the 
covalent bonding in crystals as an origin of 
the field gradient in the metal halides of lower 
ionicity. In the perfect lattice, even if the 
halogen atom is in a covalently bonded state, 
the electric field gradient is cancelled out 
owing to the cubic symmetry, but the para- 
magnetic shift exists. Change in interionic 
distance arising from dislocations or thermal 
vibrations will alter the degree of covalency 
for each of the neighbours of a given halogen 
atom and the electric field gradient thus origi- 
nated will cause the quadrupolar splitting or 
the quadrupolar relaxation. 

The author is greatly indebted to Professor 
T. Nagamiya and Professor J. Itoh for their 
valuable advice and discussion and to Mr. 9S. 
Shibata who lent him single crystals of NaBr 
and AgBr. He is grateful also to Mr. Y. 
Masuda for his kind cooperation throughout 
this experiment. This work has been sup- 
ported in part by the Scientific Research Ex- 
penditure of the Ministry of Education. 
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The inversion spectrum of ammonia has been studied in the frequency 


range between 20 and 12 kMc/sec. 


29 lines have been found and 33 lines 


remeasured. Observed frequencies are compared with the calculated 
values from Costain’s formula and their deviations are discussed. The 
magnetic hyperfine splittings due to the proton spins for K=1 and J= 


5,6,7,8,9 lines have been 


resolved and measured. 


The observed 


splittings are in good agreements with the theoretical results. 


§1. Introduction 

The inversion spectrum of ammonia is the 
bestknown spectrum in the microwave 
spectroscopy. However, many uninvestigated 
ploblems are still involved in the spectrum. 
Before our study, 64 lines of N'*H; and 35 lines 
of N*H;, which correspond to different rota- 
tional quantum numbers, J and K, have been 
found between 17 and 40 kMc/sec?. The 
following empirical formula for the frequencies 
of the lines was given by Costain”; 
v=v,exp(AJJJ+1)+ BK2+C/*(J+1) 

+DJ(J+1)K?+ ER"). (1) 

Taking A=—6.36996 x 107%, B=8.88986 x 10-°, 
@—-8.6922< 105" D=— 1/845 5105%) B—5:3075 
x 10-7, and »,=23,785.88 Mc/sec, this formula 
gave an rms. error of 2.9Mc/sec for the 
observed lines of N'“H; except for K=3 lines. 

The anomaly in the frequencies of the K 
=3 lines was explained by Nielsen and Den- 
nison® in terms of the interactions of vibra- 
tions with rotations, which lift the A-type 
degeneracy of the symmetric top molecule 
when K=3, 6, 9,---. The deviations from 
Eq. (1) become appreciably large when K=3, 
and is expressed in the form 


4v=A’F(J) (2) 
where 
B= (— 1 JU DI +1) 2) 
[J(J+1)—6]/720 . ( 2’) 


Costain gives A’=0.252 to fit the lines with 
Pe sarand of ==3,i4i 5: 265 7.11. Eq2s2)sishows 
that the anomalous deviations become con- 
siderably large for larger J lines which fall 
into the lower frequency region. Therefore, 
it is interesting to extend the observed range 
to low frequency region. 


pore} 


Recently, Gunther-Mohr and others? have 
found new hyperfine splittings on the lines 
of ammonia and explained them on the basis 
of the interactions of the magnetic moments 
of the protons with the molecular rotational 
magnetic moment and the magnetic moment 
of nitrogen nucleus. For lines with K-<l, 
these hyperfine splittings are so small that 
they could not be resolved*. But the doubl- 
ings of lines with K=1 were observed for 
J=2, 3, 4 to be from 70 to 150kc/sec increas- 
ing with J. The magnetic interaction matrix 
has the off-diagonal elements which connect 
two states with K differing by two and, there- 
fore, lift the degeneracy between K=1 and 
kAK=-—1 states. The lines with J values larger 
than 5 fall into the lower frequency region 
than 20kMc/sec. The intensities are weaker 
but the doublet separations increase roughly 
proportional to (2J+1). 

We have observed the inversion spectrum 
of ammonia including these lines in the fre- 
quency range between 12 and 20kMc/sec by 
an ordinary source or Stark modulation 
method**. A X-band Stark waveguide cell 
three meters in length has been used. 


§2. Observed Frequencies 

We have found 26 lines of N'H; and 3 
lines of NH; in the range between 17 and 
12kMc/sec. They have J values larger than 
8 and K values smaller than 12. Observed 


* J. P. Gordon, H. J. Zeiger, and C. H. Townes 
have resolved the splittings by a molecular beam 
method when J=3, K=3 and J=2, K=2. (private 
communication.) 

** The preliminary results in the frequency 
range between 15 and 17 kMc/sec are given by the 
authors in Journ. Phys. Soc. Japan 8 (1953) 426. 
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Table I. Inversion Spectrum of Ammonia below 16500 Mc/sec. 
Assign. Frequency (Mc/sec) Error | Intensity 
J K Obs. Calc. (Mc/sec) Obs. Calc. (em!) 
NH, ll 4 11947.14+0.06 11965.26 —18.12 Mw PAU MOH 
LOM al 12010.26+0.12 12032.46 —22.20 Ww 3.0x 10-8 
12 6 12251.46+0.06 12270.93 —19.47 M S59 salOan 
10 2 12332.72 +0.06 12250.52 — 17.80 Mw 1e3 <lOes 
LS 12923.10+0.06 12937 .00 — 13.90 MW ADO hOn S 
ile 12951.32+0.06 12973.90 — 22.58 W WEA Sco Ora 
13°78 13297 .49+0.10 13314.87 — 16.83 W Wed MOR Ss 
10,3 13296.37+0.06 3332007 — 35.70 M (-62¢ lOma 
ant 13612.08+0.04 13620. 37 — 8.29 Ww 1.1x10-7 
13612.36+0.04 — 8.01 Ww 
10 4 13700.96 £0.06 13710.30 — 9.34 M 8.151057 
A If 13719.51+0.08 L37S1eZ0 —11.69 Mw AS2 Aa 
SZ 13974.54+0.08 13981 .87 — 7.33 Mw A XAOS 
1G es 14224.74+0.06 14234.17 — 9.43 MS 1.8x 10-6 
9 3 14376 .56 +0.06 14373.30 + 3.26 MS ZO SAO ee 
LOPS 14822.70+0.06 14829.01 — 6.31 MS Le <a me 
ioe 12 15193.54+0.10 15211.04 —17.50 Ww 4.9x10-8 
ley 718! 15195.98+0.10 15210.58 — 14.60 W 6.6x10-8 
oe 15233.12+0.04 15236.94 — 3.82 Mw 3.6% 10-7 
15233 .36+0.04 — 3.58 MW 
14 10 15268.24+0.06 15280. 11 —11.87 Mw Le Sel Omee 
13aea9 15412.52+0.06 15422 .09 a) WIRY M 8.2 10—S 
Oy at 15523.96 +0.06 15527 .93 — 3.97 S 3.0x10-6 
12 8 15632.88+0.08 15640.14 — 7.26 M Os TeeL0=G 
oe 15639.84-+0.06 15642.88 — 3.04 MS 1.6 x 10-8 
Aa 15933.32 +0.06 15938.51 — 4,19 MS LO Sal Oss 
10 6 16319.38+0.04 16322 .92 — 3.54 S Hoe One 
Ses 16455.13+0.04 16460.53 — 5.22 S 8.8 x 10-6 
NH; Saas 15589.75+0.06 — — Ww 3.0x 10-8 
5) 15908 .53+0.10 — _— ww Maras Wet 
8 4 16475.23+0.06 =: — Ww Bio WO 


frequencies which were measured by a sort 
of frequency multiplier controlled by the 
standard frequency broadcast, JJY, are given 
in Table I. Assignments have been done 
using Costain’s formula. Table II shows re- 
measured lines between 17 and 20kMc/sec 
which were formerly observed less accurately 
by Sharbauch and others*. 

Calculated frequencies using Eq. (1) and 
Eq. (2) with the values of coefficients which 
were given by Costain are also given in these 
tables with their deviations from the experi- 
mental results. It is obvious that the errors 
of Costain’s fomula systematically increase 


with increasing J and decreasing K, except | 
for K=3. Therefore, in order to get a better 
fit, it is necessary to revise his formula in- | 
troducing the higher order terms. Calcula- | 
tions of a revised formula by the method of 
least squares are now being carried out and 
the results will be pubiished shortly. 

The coefficient A’ in Eq. (2) seems to bea 
little larger than 0.252 which was given by 
Costain. Nielsen and Dennison calculated A’ 
=0.258-++10 percent. Though the precise de- 
termination of A’ also depends on the cal- 
culations of a revised formula, it is probable 
that Nielsen and Dennison’s theory on the 
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Table II. Remeasured Lines of the Ammonia Spectrum below 20000 Mc/sec. 


| Assign. 


| Frequency (Mc/sec) | Error | Intensity 
ie Bas) Obs. | Calc. | (Mc/sec) | Obs. | Calc. (cem-!) 
NUH, 9 5 | 16798.224-0.04 | 16800.34 | —2.12 | Ss | enaje 
7 1 | 16840.9540.04 | jen4o os -1.30 | MW | aeacee 
16841.16-£0.04 209° “aye 
2) VeoiseeO.ac 17207 da | 2 p.gan Ts 4.8x10-6 
8 4 | 17378.14+0.04 | 17379.28 <b tAaystust 9.9x 10-6 
Ze St oO 32 5-0.04 |. 18017.09.. |. -+0.33, |, oS 2.6x 10-5 
12 9 | 18127.324.0.04 | 18129.56 | ~—2.24 S 4.2 10-6 
11 8 | 18162.54+0.04 | 18164.19 1565 S 4.2 10-6 
13 10 | 18177.99+0.06 | 18180.82 | —2.83 MS 9.8% 10-7 
10 7 | 18285.55+0.04 | 18286.68 Ge s 7.9 10-6 
14 11  18313.80+0.06 | 18317.06 aa M 4.3x10-7 
@ | <18391-463-0.04 |. jogq1 75, | 79-29 1) M b ox ior 
18391.65+0.04 — = 0.5 0ugtl weaald 
9 6 | 18499.28+0.04 | 18500.12 | -0.84 | S 2.7 10-5 
15 12  18535.16+0.08 | 18538.36 42120) | (Mw 3.5x10-7 
8 5  18808.56+0.04 18808.79 B0.28 S 2.1% 10-5 
16 13  18842.76+0.10 | 18845.73 2.97 Ww 6.8 10-8 
6 2  18884.76+0.04 | 18884.76 | 0.00 S 1.31075 
7 4 | 19218.3640.04 | 19218.52 —0.16 Ss 2.9 10-5 
6 3 | 19757.4040.04 | 19757.57 | —0.17 S 6.9x 10-5 
5 1 | 19838-2640-02 | i999 96 | 0.00 | MS 7.1% 10-8 
19838.4140.02 | +0.15 MS 
NH; 7 3 | 17097.3840:06 = S. Ww 8.8x 10-8 
9 6 | 17548.42+0.08 ae = WwW 9.3x 10-8 
8 5 | 17855.57+0.08 = = Ww 7.2 10-8 
6 2 | 17943.45+0.10 Be a ly WE 4.4x10-8 
7 4 | 18259.15+0.08 eas ts W 1.0x10-7 
6 3 | 18788.25-+0.06 = ee ae 8,7 2.4% 10-7 
5 2 | 19387.53-+0.06 = basi healed 92 | 1.1x 10-7 
Bi» Gt |, 1197015 99-:0.06 «5 — = Se 2 3.1% 10-7 
9 7 | 19708.24+0.04 = = MW 1.0x10-7 
7 5 | 19793.45+0.06 ae oe MW 2.2x10-7 
10 8 | 19810.86-40.06 — | ie alk 6.0 x 10-8 
Ge -48| 19805 40.06 1) — As Mw 2.8x10-7 
| i 9 | 20010054008 | — | — | WwW | 6.7x10-8 
| es Mal 20131.53-+0.12 | — | = | ww 5.5x10-8 


K-type splitting fails to explain such large The peak intensities as a function of J 

anomalous deviations of larger J lines as 100 and K are given approximately by 

~500 Mc/sec. R: 

a =2x 10-4] are 

§3. Intensities JJ+)) 
The absolute intensities have not been exp[—0.0475J(J+1)+0.0174K?] (3) 

measured, but the relative values have been pte 

observed and are given by S, M and W in for T=300°K, where 

the tables. Ge? TOY P= 3,0, 058°" 


Jeez +1) 
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and 
GAk sie esi Wy ae Gyonc 

In this formula a line width parameter dy 
of 26 Mc/sec for 1mm Hg pressure is assum- 
ed and its dependence on J and K is neglect- 
ed. Costain pointed out that a _ better 
approximation may be given when the value 
calculated from Eq. (3) is multiplied by 

4K? 
Ce 
Eq. (3) are given in Table I and II. 


-1/4 2 as ; 
] .. Calculated intensities using 


$4, Magnetic Hyperfine Structures 


As shown in the tables, the doublings of 
centre lines arising from the magnetic interac- 
tions have been observed for J=5, 6, 7, 8, 9 
and K=1. Intensities of two component 
lines are nearly equal in such large J lines. 
Observed splittings are given in Table III 


Table HI. Splittings of the hyperfine doublings 
of the N'*H; spectrum. Comparison of theory 
and experiment. Observed values are accurate 
to about +0.02 Mc/sec. 


Se 15 oh Sank Tete Gy lt Dy 


Obs. spl. 


(Mojerg (2 0-28 | 0.24 | Oram | 0.19"), 0.16 
Cal. spl.| 9 97, | 0.24,-| 0.21, | 0.18 | 0.15 
(Mc /sec) 2/3 - 244 415 - Ldg - Log 


with calculated values from the theoretical 
formula given on page 1189 in reference 4 
(a)*. Our calculations have been carried out 
only for the stronger components correspond- 
ing to the transitions 4J=0, 4F,=0, and 4F 
=0. Thus the equation is simplified and the 
separations of the doublet lines are given by 


4v=(—1)[2B6(VJ, Fi, F) 
+2D. 37, Fi, F)| (4) 
Definitions of GJ, Fi, F) and $(J, Fi, F) are 
given in reference 4. The best fitted value 
for B is determined as —14.4kc/sec** by 
Gunther-Mohr and others while D.=10.8 kc/ 
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sec is calculated from the molecular constants 
of ammonia. Calculated values are in good 
agreement with our experimental results. 

J=10 and K=1 line was so weak that the 
doublet structure could not be resolved by 
our spectrometer. The satelite lines due to 
the nuclear quadrupole moment of the nitrogen 
nucleus were too weak to be observed in the 
measured lines. 
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* The third term in the equation should read 
3k ; 3 : 

sae. instead of aaa Eq. (16) in 
reference 4 (b) should also read 
_ 2gxguuo” 
Fi +1) 
_ (0-2) (Fi DFJ) 
2, FyYF, =e 1) 

** Sign of B is incorrect on page 1190 in re- 
ference 4 (a). 


We 
a 9 UIT 8sin*Blv> x Fi -10.(J, Ty) 
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Methods of Calculating the Crystalline Electric Field 
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and T. NAGAMIYA 
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Two convenient methods are developed for calculating the coefficients 
of expansion of the crystalline potential in spherical harmonics. One 
consists in extending Evjen’s elementary method of obtaining Madelung’s 
constant, dividing the lattice into multipoles, and summing their con- 
tributions in an elementary way, and the other is an extension of 
Bertaut’s Fourier method of obtaining the electrostatic lattice energy of 
a point-charge lattice and that of a point-dipole lattice. For the latter, 
two slightly different methods are proposed. Applications to NaCl-type 
and CsCl-type lattices and to FeF, and CoF, lattices are given, and the 


merits and dismerits of the methods are discussed. 


$1. Introduction 


The object of this paper is to examine 
and establish a number of mathematical 
methods convenient for calculating the electro- 
static field around a lattice point in ionic 
crystals. We find, after practical applications 
to lattices of NaCl-type and CsCl-type and 
to FeF, and CoF, lattices of rutile type, that 
two methods are most convenient: an exten- 
sion of Evjen’s direct summation method of 
calculating the Madelung constant and an 
extension of Bertaut’s Fourier method of 
calculating similar things. The merits and 
dismerits of these two methods and of other 
methods will be discussed after developing 
these two methods and of other methods will 
be discussed after developing these two 
methods. Numerical results for the mentioned 
cases will be given. 


§2. Direct Summation Method 


We first consider a lattice consisting of 
positive and negative point charges. Later 
we shall come to dipole and other multipole 
lattices. The electrostatic potential around a 
chosen ion, which we shall take as the origin 
of the coordinates, can be expanded in spheri- 
cal harmonics 


co Z 
Cn) = > > 7'Pi™(cos 8)(Cim Cos MP 
=0 m=0 
+dim sin me), (CAD) 


eee (@OSiO))— Sta P,(cos 0), 


Saat m 


_ provided the hein from that ion is 


| omitted. Our object is to calculate the coef- 


ficients Cm and din. 

Evjen» developed an elementary method 
of calculating Coo, or the Madelung constant. 
It consists in summing up e;/R; over all the 
charges j, where R; is the distance of the 
j-th ion from the origin and e; its charge. The 
lattice is divided into shells of the highest 
possible symmetry around the origin and the 
contribution from each shell is added succes- 
sively. In this process, charges on the surface 
between two shells are counted to belong 
half to the inner shell and half to the outer 
shell, those on the edges one quarter to the 
inner shell and three quarters to the outer 
shell, and those at the corners 1/8 and 7/8, 
respectively. This is in some cases equiva- 
lent to dividing the lattice into neutral unit 
cells of the highest possible symmetry, ar- 
ranging them in the highest possible sym- 
metrical manner, and then summing the con- 
tributions from them. This way is most 
effective for the convergency of the sum, for 
the effect of a neutral symmetric unit cell at 
large distances is that of a point multipole 
of a high degree (2‘-pole in the case of a 
cubic lattice) and the effect of a symmetrical 
arrangement of them at large distances is 
that of a still higher multipole placed at in- 
finity. (The unit is actually not necessary to 
be a unit cell but can be any unit into which 
the lattice can be divided.»,*»)) We shall 
modify Evjen’s summation method in this 
way. 

Now, when we want to calculate cio, we dif- 
ferentiate 9(r) with respect to z, z being the 
coordinate along the polar axis, and put r= 
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0. We may instead differentiate —e;/R; with carried out by the modified Evjen method stated 
respect to the z-coordinate of the j-th charge, above. Then the convergency is even more 
Zj, and sum it over j: rapid, but the sum vanishes when the origin 
SS \_ 4.7.) 3 is a centre of symmetry. 

ihig > eHORs (025) = CNRS palace We can calculate the higher coefficients in 
The prime attached to the summation sym- a similar way. We differentiate (2.1) 7times | 
bol means the omission of 7=0, namely the in the direction specified by 0, ¢ and put 
charge at the origin. The summation can be v=0; then we have 


Ts 


R; 


(2 grad) on} =(—1)! =e grad, ) ©! : 
J 


U . 
=I! > P:™(cos 0)(Cim cos MP +dim Sin MF) , (223) 
m=0 


where grad; means the gradient operator with respect to the coordinates of charge j. First we 
put @=0 in (2.3) and obtain 


cw= (DS teat (2.4) 


To obtain other coefficients, we may do for instance as follows. We write (r/r) grad; as 


Ofna ies , OF Meno ) 
ip — kay (ee ey eae .—— 
sin Je a ; a y)t 3 sin 0 e \5 ; rs -\+ cos aZ,’ 


and pick up from ((r/7)grad;)’ terms with factor e’”?: 


r ph. 
= grad; 9 


I! 
+ (8+m)!8!(1—28—m)! 


Lie 23+m ; 
( D) sin 0) (COS BO) eB amine 


( 4) oe aa a ra) diy ey*( ea a 
OX, OY; OX 5 “ay OZ; ? 


where (/—m)/2>>8>0. Since narrate oes, f sik is equivalent to (—1) °(, S ye when | 


operated on e;/R;, in virtue of Laplace’s equation, the above expression can be written as 
ps iG iia 2B —-m 
6 (8+m)!8!(—28—m)! 


(in 0)3#+™(cos B)!-#-™ | eine 


( 0 _, yey 
OX; OY; OZ; is 


The expression in the square bracket is P,"(cos 0) times 1!/(i-+m)!, so that we have from | 
(2.3) 


1 f Cal iL Os, Wac0 i-m @,; 
m ih m ——— qe = @3 
5m — idin)= OS es: i. 7) ra Con; (2.5) 
Another way of obtaining cy, and dim is to expand ¢(r) in spherical harmonics as follows: 
g(r) =>/e3/|Ri—r|3! 
J 


om y (—|m|)! 


1=0 PLA ain ee A)eime. ay 


P, P,\mli (cos O;)e- ime ; , 


where 93, %; are the polar and azimuthal angles of R. Comparing this with (2.1) we obtain 


Cy = >" p jel Pi(cos 85), (2.6) | 
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1 —, d= —m)! ej ; 
g Com tm) = ayy Se agen Pin cos Bide ime (m>0) (2.7) 


It can be seen that (2.4), (2.5) and (2.6), (2.7) are respectively the same. 
Examples of the above formulas for 7=2, m=0, 2 and l=4, m=0, 2, 4 are: 


C29 = wy P, (oe) 0; = VA — 
= PR 3 (cos 03;)= > apa (3 Lei 
C23= i Etat od O;)cos Gj= S/— 8) _(XP—¥3) 
Pre ee Sat ; j ERS fa). (2.8) 
Co= 3/24 P,(cos 6;)= 37 22 (72: =6ZRit Ry) 
Jj R;° j 8R 5 ‘ 
4 
C= 61> my Pie (cos #;)cos 29j;= 2 = (72;?— R;")(X7?—Y,”), 


2 , j , j 
Cu= = > “1 PA(cos 6) cos 495= S/o OX }—6X AV P+). 


Sly RP 7 8!R; 


There are following relations: 


1 ei 
——C 3600 = {2 ey 2 IP) 
pct Stn = 2! 5, BXP—R:') 


EN (et De 


3 3 
mee =— oe 4 2 = i 
g 40 9 62 «8p (7%: 6.X7?R5?+ 5 Ry‘) F (2.9) 


3 15 
g coo + ont 5cu= S/o ae ie ~6Y9Ry += Rs‘) 
These can conveniently be used to calculate cy., Cy. and Cy. 

Next we consider a dipole lattice which may consist of point dipoles of moments pj; placed 
at points R;. We have only to replace e;/R; by (pj grad;)Rj~!. So the potential around the 
origin can be written in two ways as follows: 


o ye 
?p(r) = p> pay co —(r- grads)’: (p; gradi) 
im0 J ; 
oo Ui 
= a 7’ P,™(COS 8)(Cim COS MP +dim SIN ME) . (2.10) 
1=0 m= 


Therefore we have, in place of (2.4) and (2.5), 


ee) =( alk rad,) 2 (2.11) 
10 l ! j AZ; Pik 4) R; ’ Xu 
and 
‘ine ply es a\™/ 9 \i-m 1 
pau Ci mae m SE Ae Oa ae Li) eas 0 : 
9 (C1 tdim)= a ns lee Ea) (ea (ps grad;) R; (m>0) (2.12) 


Formulas for lattices of higher multipoles can be written down in a similar way. 


§ 3. Fourier Method 

This is an extension of the method given by Bertaut*® for evaluating the electrostatic 
lattice energy of the point-charge lattice and that of the dipole lattice. As before, we 
first consider a point-charge lattice. We replace the point charges by spherical charge dis- 
tributions which do not overlap with one another. For most cases it is convenient to adopt 
the same radius and the same radial distribution of this spherical charge distribution for all 
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the point charges except for the sign of the density. There may be also cases where dif- 
ferent distributions for different kinds of ions can more conveniently be adopted. For the 
sake of brevity, we shall here assume the same distribution for all the charges. 

The charge density in the whole lattice can be expanded in a Fourier series: 


po) = > 0, exp (—2nih-x) , (3.1) 


where hi is a reciprocal lattice vector and V the volume of the unit cell. The Fourier coef- 
ficient po, is calculated by 


= o(x) exp (2nih- x)dx . (3.2) 
unit cell 


The potential in the whole lattice is obtained by use of Poisson’s equation, Y(~)=—4rp(x), as 


1 Oh 


0(~%)=— Si —"* - exp(—27th- x) . 
Cy Vex Apo 2rth- x) (3.3) 
Now, to calculate pp, we express p(%) as 

ole) = 3, esa( | — 21), Jo(ieiaw=t, (3.4) 


where e; and w; are the charge and position of point charge 7. (3.2) then becomes 


Orn= 26 exp @nih-x)-\o(\21) exp (27th: x)dx=F(h)o,, , (3.5) 
with 
Fh) =>, ¢s exp (2nih- x3) (3.6) 
‘ie 
and 
re lee 
n= o( |x|) exp (22h: x)do =i ro(r)sin 2zhr-dr, h=|h|. (3.7) 
0 


F(h) is the structure factor, the summation over j from 1 to m being extended over the 
charges in a unit cell, R is the radius of the spherical distribution and h the magnitude of h. 
The converngence of (3.3) depends on the choice of R and on the functional form of o(7). 
The greater R, the better the convergence; the spheres are therefore to be taken so as to 
touch each other. The form of o(7) which we actually assume will be given later, but it may 
be remarked that a function which vanishes smoothly at y=R gives a good convergence. 


We have to calculate cm and dm from (3.3) with (3.5). There are a number of method for 
this purpose, but we shall give two convenient ones. 


A. (%) contains the contribution from the spherical charge distribution around the origin. 


We shall denote it as ¢o(|%|) and subtract it from ¢(x). Then, operating (r- grad)’ on (x) 
—%,(|%|), we have 


(r- grad)'[9(~)—%o(|x|)] 
aa eay Nd Oars ; sth 
= vo rapa (—2n2)'(r-h)!' exp (—2zth- x)—(r- grad)’G)(|x]|). (3.8) 
We might put x=0 in this equation to obtain 


U 
Hyd Pm (COS 8)(Cim COS M9 +dim Sin mM) (3.9) 


as in (2.3), but the following procedure gives a better convergence. By a well-known 
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theorem of potential theory, the mean value of a solution of Lapiace’s equation over a 
spherical surface is equal to its value at the centre of this sphere. ¥(x)—@ (|x|) satisfies 
Laplace’s equation for r<R, and therefore (3.8) also does so. So we multiply (3.8) by a 
centrally symmetric function (|x|) and integrate, to obtain (3.9). t is supposed to satisfy 
the following normalization condition: 


R 
\ )7 OK s7)=0 for 72k. (3.10) 
0 
We then obtain 
1 )on : 
v= Ess (— 2) (r-fy'en— |r |ae]or- grad)! ela), Gree) 
h h? 
where 
‘ R 
cu=(r(je|) exp (— 2xthx)dx = 4 rc(r) sin 2xhr-dr . (3.12) 
2 Jo 


The second term in (3.11) does not depend on the direction of r, so that it contributes only 
to Co. We also notice that 


U(7J1\2 
(r-h)'=r'h' cos’O,=7' nm a —P,(cos On) +lower Legendre functions | : 


where @, is the angle between r and h, and that the lower Legendre functions should 
vanish on substitution in (3.11). Writing the polar and azimuthal angles of r and h as 0, 9 
and @n, Yn, (3.11) therefore becomes 


1 (22240! ie 4 (5S | |) ! lm 


l 0 ime 
zV-(2/)! m=—-t(E+|m]|)! (cos ye 
- LF (D)ontah'~?P:'™'(cos On)eW "Pn — rae \(r- grad)’ o( |x| )dx. (3.13) 
h 
Comparing (3.13) with (3.19), we obtain 

cw= 7 & Feb oneahe2— [rCleleollel)ax ea 
mV kh 
(—2nz)'2?71! _, r. 

Ci = ST eONaeS F(h)ontnh'-2P)(cos On) , (Z>0) (alls) 


(—2n1)'24! G+m)! ZS Fh)ontnh!-2P(cos One7 mn. ~— (>m>0) (3.16) 


iL P als 
9 (Cim— tim) = AVC)! (i—m)! - 


(3.14) with on=t, has been derived by Bertaut. The second term in it can be written as 


ae N00") trdr! 
ers 


where @ is the point charge originally found at the origin. This formula can further be 
written 


—enh6n*| Tn)Siridr (3.17) 
0 
where 


a ae Sor)=|\oorrar (3.18) 


In practice, it is convenient to take o(7)=c(7). 


B. Another method is to expand exp(—2z7h-x) in spherical waves: 
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iP J,, 1.(2ahr) 
—2nth:x)=,/ © jt —______ P On) « h=|h|, r=(|xl. 
exp (—2zth- x) J; 2 (2! 1)(—2) pm = (COS Gn) (h= |h| |x|.) 


Putting this into (3.3) we have 
F(p)o, Jee 2rhr) 


—_4_____— P,'™|(cos @n)e~*™’n . 
ah? V 2rhr 


ee 1s s Z—|mI)l 


Z —7)'P,|™ (cos Aye’? 
V om=-i1(-+|m|)! 27+1)(—2)'P:|™'(cos Ae ~ 


We compare this with (2.1) and obtain 


Fth)on Fis3 (2zhr) 


1 - 
zx Ne Sa On), (L>0 3.19 
Cio y et Z) x He a ee Pi(cos On), (Z>0) (3.19) 
J,,1(2thr) 
1 yy Se. (¢—m)! ey Fh)on _ aa 2 Pm 6, )e- ime 
gin nl ee nie 


(L>m>0) (3.20) 


Formula for Cp) can be obtained by correcting (3.19) for the contribution from the charge 
cloud at the origin, and is 


F(h)o, J32zhr) Bo [oe L(G 
Coo= 53 Se UEP ~64| “deo(r)rdr—e y\gtratriradr (3.21) 
It can be shown that the above fomulas follow as a special case of the method A by putting 


t(r)=Cl1—(7/%)?/'-! for r<m<R 


See 
==) Soe 92%) - ( ) 
C being adjusted so as to satisfy (3.10), and 7 in (3.19), (3.20) and (3.21) replaced by 7. 


§4. Fourier Method applied to a Multipole Lattice 


If we are dealing with a dipole lattice which has point dipoles p; at points 7, we have only 
to replace e;o(|x—x;|) by —(ps grad)o(|x—x;|), provided o vanishes on the spherical surface, 
as already has been pointed out by Bertaut©). We notice that 


| EG aridio(n)) exp nb aes [2nitpsm ied exponen, 
so that, looking at (3.5) and (3.6), we see that we have only to replace F(A) by 
Puiveon s (psh) exp (2nihx;) . (4.1) 


Now, if we had a dipole py at the origin which had to be replaced by —(py grad)o(|x]), it 
obviously should have affected the coefficients Cm and dim. The correction from it to v(x) is 


| (Po grad’)o(| x’ |) dx! 
(eX ‘ 


therefore the correction to [rclelier grad)?(x)dx is 


I\rcxbe grad) (Bo grad’)o()x!]) dx dx! 


|x—x’ | 
or 


-\| (r- grad)c(|2|)-(Do grad’)o(1x"|) 9 ays 


|~—x’ | 
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This integral is proportional to (rpo) and can be evaluated, for instance, by expanding 
|x—x'|-1 in spherical harmonics. The result is 


ee 


\" t(no(7)77ar . (4.2) 
Thus we have for 7=1, instead of (3.15) and (3.16) with F(h) replaced by Fp(h) 


c= 2 S, Fy(A)ontrh-1 cos 6x, —— ioe [s@)o@rdr (4.3) 
0 


ome same expression except that cos @;, is replaced by sin @,, cos %, and Poz by Por), (4.4) 
di,=(the same, cos @ replaced by sin @, sin ¢, and poz by poy). (4.5) 


Similar treatment can be made for lattices of higher multipoles, but the details may not 
need be reproduced here. Also, the B method described in the preceding section is contain- 
ed in the above formulas as a special case, or it can directly be applied by writing Fp(h) 
for F(h). 


§5. Application to NaCl and CsCl Lattices 


As a test of the foregoing methods, we calculated the coefficients of cubical harmonics of 
the fourth and sixth degrees for the NaCl-type and CsCl-type lattices. The potential around 
a positive ion can be expanded as follows, if the contribution from this ion is omitted: 


g(r)= So ss feu (Z -) | GR (7 y Veer oh , (5.1) 
a a a } 
where 
1 Sie eee 
Y,=P,(cos 0)+—, P! ia st om De 
.=P,(cos 0)+ ee P,4(cos 0) cos 49 ag Ps ; (5.2) 
u 1 ty eel ee ee col eye 
ees COS 1) — sey P,'(cos @) cos 49=1— ae vac cb be OT Toner 2) 


We applied the direct summation method and the Fourier B method to obtain c, and cs. In 
the latter we adopted the following form of the charge distribution: 


o(r) ==(15/22R8)\(1—1/R)?. (5.4) 


The corresponding Fourier coefficients are 


on = or (260s rn a) » Ta=20hR. (5.5) 


Th 


R was taken to be a/4 for the NaCl lattice and V3a/4 for the CsCl lattice, where a is the 
lattice constant. Results are summarized in Table I. 


Table I. 
method Wel eae " Cae Ye 2 i i he CCT pe 
Direct summation — 3.580 | 9.323 —4,298 
Fourier B method —3.58 - Oeil! —4.32 
Bethe method —3.58 —0.82 — = 
Least square —3.75 (—3.22) —1.73 (—0.80) | 9.36 —4,38 


The direct summation method is most convenient in the present case; it gives a good 
convergence. The Fourier method B does not give so good a convergence and moreover 


7 
] 
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it demands a rather laborious calculation of the Bessel functions. It works better when 
applied to more complicated structures, as we shall see later. 

Bethe’s®) calculation is based on the original Madelung’s method of summing the Columb 
potential over a linear array of point charges, expressing the result as a series in 
Bessel functions, and summing it over all the linear chains in the crystal. He differentiated 
the result four times and six times to obtain c, and cs. The convergence seems to be good 
in this method but it may not conveniently be applied to more complicated structures. 

The method denoted as ‘‘ least square ’’ is due to Nagamiya”, Nagamiya and Matsubara”, 
and Nozawa”). The former two authors calculated values of the potential at a number of 
points in the neighbourhood of a lattice point by Ewald’s formula and then determined the 
coefficients c, and cs by the method of least square. The last author employed the fact that 
the potential, including that due to the charge at the origin, vanishes on the planes which 
bisect the lines joining the origin to the neighbouring opposite charges. He determined 
the coefficients c, and c, through the requirement that the integral of the square of the 
potential, expressed as a linear combination of 7#Y, and 7*Y, over the polyhedron formed by 
these planes takes its minimum value. His values are quoted in parentheses. 


§6. Application to Lattices of the Rutile Type 

We further calculated the electric potential around a metallic ion in FeF, and CoF,. Our 
object is obviously to investigate the electronic level splitting of these metallic ions in their 
crystals and to investigate the interesting antiferromagnetic properties of these crystals, but 
the result will be postponed to a next paper. We calculated the coefficients with 7/=2 and 
Z=4, since these and only these are effective for the level splitting of Fet* and Cott in 
which outer electrons are in 3d orbits, provided the wave function is written in a product form. 

The metallic ions constitute a body-centred tetragonal lattice and the fluorine ions are 
situated at 

(tua, Fua, 0) and (+a/2-ua, t+a/2=ua, c/2) 


if the body-centre is taken as the origin. We shall take the x-axis in the [110]-direction, 


the y-axis in the [110]-direction and the z-axis in the [001]-direction. The potential around 
the origin, which is orthorhombic, can then be expressed as 


g(r) = A(2?—y?)+ B322—7?) + Di (at + yt + 24) —(3/5)74] 


+ Flat—6(a? + y*)2?+ (3/5)r4] + G[ —24+ y+ 6(2?—y)2?] , (6.1) 
where 
a eat = 05 45 
PA Gop ' lis oe ; DAP? iGae ; P= 3 ¢10— 105 Cia 5 G= 5c : (6.2) 


There is an electric field at the position of F-, which directs from the F- to the adjacent 
metallic ion. Therefore each F~ is polarized. This polarization in turn produces an electric 
field at the position of each F-. We have therefore to determine this polarization of F- ina 
consistent manner. We assume for the polarizablity of F- the value given by Pauling™ and 
alternatively the value given by Shockley™: 


1.04 A* (Pauling), 0.759 A® (Shockley) . 


The coefficients A, B, D, F, G and the fluorine induced dipole-moment p were calculated 
by the direct summation method and the Fourier A method. p was assumed to be a point 
dipole moment. In the Fourier A method, it was assumed 


o(7)=e(r) = (15/42 R*)[3(1—7/R)?—2(1 —7 RY] , 6.3) 


which is characterized by o/(0)=c'(0)=0 and o/(R)=t'(R)=0. The corresponding Fourier 
coefficient is 


1955) 


-Sin 7p 
5 
Tr 


On=Tr= = 


90 
ulces ia 
“kh 


a. 
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at L—COs 7») | : (7a=27hR) (6.4) 


ee 


h 


R was taken to be the same for all the positive and negative ions and its value was so 
determined that the adjacent spheres touch each other. 
The results of the numerical calculation are summarized in Table II and III. 


Table Il. FeF.; a=4.670 A, c=3.297 AW i= Os 


direct summation 


0.029 +0.11p 


0.0251-++-0.1196p 
A (e/A3) 0.0359 +-0. 2889p | 0.0355-+0.2929p 
B (e/ A3) —0.0157+0.2751p —0.0160+-0.2788p 
D (e/ AS) —0.1261—0.2968 — 0.1292 —0.3042p 
Fie (e/ AS) 0.0366 +-0.0625p 0.0381 +0.0622p 
G (e/A®) — 0.0562 +-0.0073p —0.0560-+-0.0078p 
2) (eA) Pauling 0.034 0.0298 
Shockley 0.024 0.0210 
Table Ill. CoF,; a=4.69A, c=3.19A, w=0.31. 


direct summation 


Fourier A method 


0.0636 


Field at F- (e/A2) +0.1268p 0.0657 +0. 1193p 
A (e/A3) 0.0227 +0.2974p 0.0213+0. 2975p 
B (e/A3) ~0.0135 +0.2911p ~ (0.0141 4-0. 2925p 
D_ (e/AS) ~0.1307 —0.2888p ~ (0.1298 — 0. 2946p 
F (e/A®) 0.04405 +0. 0555p 0.0438 +0.0554p 
G  (g/AS) | ~0.0603 -+0.0203p ~ 0.0604 +0.0214p 
p (eA) Pauling 0.0762 0.0780 

Shockley 0.0534 0.0548 


In the method of direct summation we 
determined the coefficients of 2’, 27, at, y*, 24 
from whose combination we could get A, Bb, 
D, F, G. All the contributions from the 
charges in a rectangular parallelpiped of edges 
of lengths 3a, 3a, 5c were taken into account, 
the next unit cells on the z-axis were added 
in calculating the coefficients of the second 
and fourth degrees, and the contributions 
from a few further cells in the zy-plane 
were added in calculating the field at F~. In 
the Fourier method A, we determined A, B, 
D, G and (2/5)D+(8/5)F =c¢yo, and the summa- 
tion was extended up to about h=V43/a. 
Tables II and III show that these two methods 
yield numerical results which agree within 
two or three effective figures. The Fourier 
method gives a better convergence when ap- 
plied to the calculation of the field at /~ and 
to the coefficients of the second degree, while 


the direct summation method appears to give 
slightly more reliable data for the coefficients 
of the fourth degree. 


§7. Merits and Dismerits of Various 
Methods 


1. The direct summation method is excel- 
lent when applied to simple structures and to 
coefficients of higher degrees. The conver- 
gence is better for higher degrees and for 
higher symmetry of the structure. It may 
not be effective when the symmetry of the 
crystal structure is low and the degree of 
the coefficient is also low. It may also not 
be convenient when the crystal structure is 
complicated. 

2. The Fourier method is powerful even 
when the structure is complicated, since it 
makes use of the structure factor. There is 
no fear of carelessly dropping out some of 
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the contributions or erroneously counting them; 
we actually at first committed error in apply- 
ing the direct summation method to the 
crystal of FeF., by erroneously taking the 
sign of some of the fluorine dipole-moments, 
and later discovered this error by applying 
the Fourier method. The A method with o=r 
is simpler than the B method, and the dis- 
tribution given by (6.3) can conveniently be 
used for the coefficients of degree four or 
lower. With a fixed distribution, the A 
method gives a worse convergence for higher 
coefficients, while the B method is applicable 
to any degree J. The latter is, how- 
ever, more troublesome since it requires the 
caiculation of the Bessel functions. If a 
detailed table of Bessel functions is available, 
it is as good a method. For simple struc- 
tures of a high symmetry, the direct summa- 
tion method leads faster to the result, but if 
one is concerned with coefficients of different 
degrees at the same time, there is an advan- 
tage in the Fourier A method in that one 
can use the same coefficients for all 7 in the 
series (3.14), (3.15) and (3.16). 

3. The well-known Ewald method gives 
an excellent convergence. The formula con- 
tains an adjustable parameter, and one can 
test the correctness of the calculation by 
adopting two different values of it. On the 
other hand, it is sometimes troublesome to 
find a suitable value of the parameter. The 
formula consists of a Fourier-like series and 
a direct summation-like series, and its dif- 
ferentiated formulas, such as given by Korn- 
feld!», consist of many terms. Therefore 
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the method cannot conveniently be applied to 
crystals of complicated structures and to 
higher coefficients. We think that the chief 
merit of this method consists in its excellent 
convergence. 

4. The least square methods referred to 
in $5 avoids the trouble of differentiating 
the Ewald formula four or six times, but 
the accuracy is not great. 

5. Bethe s method, also referred to in §5, 
does not seem to be convenient when applied 
to complicated structures. 


The present work has been supported by 
a Grant in Aid from the Ministry of Education. 
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Non-empirical Calculation of the Diamagnetic 
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The large anisotropy of the diamagnetic susceptibility of benzene, which 
is considered to be due to the free migration of m-electrons, is calculated 
by the antisymmetrized LCAO-MO method. We have included all the 
configurations obtained by excitation of one or two electrons from the 
lowest configuration and we have retained all the many-center integrals. 
The calculated value of the diamagnetic anisotropy is about 50% of the 


experimental value. 
enough to be neglected. 


§1. Introduction 


It is well known that the diamagnetic an- 

} isotropies of conjugated organic molecules are 
very large. For instance, the values of the 
diamagnetic susceptibilities of benzene in the 
directions perpendicular and parallel to the 
plane of the molecule are —91x10-° and —37 
x10-® per mole respectively. 

About twenty years ago, Pauling” treated 
this phenomenon as due to the free migration 
of z-electrons and obtained a good agreement 
with experiment by the semi-classical calcula- 
tion. Immediately after Pauling’s treatment, 
London” calculated quantum-mechanically the 
ratios of the diamagnetic anisotropies of 
several different planar aromatic hydrocarbons 

to that of benzene and again obtained a 
satisfactory agreement with experiment. But, 
in his calculation all the overlap integrals, 
even that between adjacent atomic orbitals, 

were neglected and the value of resonance 
integral was chosen so as to fit the value of 
the diamagnetic anisotropy of benzene to the 
experimental value. A few years later, 

-Brooks®» improved on London’s calculation, by 

taking the overlap integrals between adjacent 

orbitals into account and recently some modi- 
fications of the values of the overlap and 
other integrals were introduced by Wheland 
and Matlov®. Brooks®? attacked the same 
| problem by the valence bond method, but his 
result was not so good in spite of the com- 
| plexity of his calculation. 

| The non-empirical calculation of the absolute 

| value of the diamagnetic anisotropy of benzene 
| was first tried, so far as we know, by Kambe”. 
| He calculated the energy of the ground state 


The effect of configuration interaction is not small 


of a benzene molecule in the external magnetic 
field by the LCAO-ASMO method”, but neg- 
lected all three- and four-center integrals and 
the calculated value of the diamagnetic an- 
isotropy was 30% of the experimental one. 
Fujii and Shida® tried the same calculation 
independently and they included almost all 
these integrals in their computation*. 

On the other hand, the importance of the 
configuration interaction in the ASMO treat- 
ment has been emphasized by Craig®) and 
others for the past three years. We, there- 
fore, thought it interesting to recalculate the 
diamagnetic anisotropy of benzene non-empiri- 
cally taking configuration interaction into ac- 
count and to obtain a more precise result 
within the range of z-electron approximation. 


§2. The Hamiltonian and the Wave 
Functions 


The 2pz electrons of the benzene molecule, 
which are responsible for the large diamag- 
netic anisotropy, are assumed to be in the 
field of the benzene skeleton consisting of six 
carbon ions viz. carbon atoms stripped of their 
2px electrons. The potential Vy of the benzene 
skeleton acting on the v-th electron can be 
expressed as the sum of the contributions 
from each ion: 


6 
Viv= SE Voi ) 
k=1 


* Unfortunately there were some numerical 
errors in their paper. For example, the values 
of the second derivatives with respect to the 
magnetic field H of €4; and Yy in column C of 
their Table II are in error numerically, and after 
correcting them, the final value of the diamagnetic 
anisotropy becomes 61% instead of 74% of the ex- 
perimental value. 
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where V,, is the mutual potential between 
the v-th electron and the k-th ion. 

In the presence of magnetic field, 
hamiltonian of the system is expressed as 
hi 
87770 


the 


A 


6 2. 
~(4fytay)” 4+Vs} + > = ’ 
ee 1 Vay 
B<y 


6 
9 = SA e 


v=1 


(1) 
where ay is the value of the vector potential 
Ay, at the position of the »v-th electron mult1- 
plied by 2ze/hc. The vector potential Ay 
which represents an uniform magnetic field H 
is given by 

v=3Hxr,. 


The origin of the coordinate r, in the ex- 
pression of the vector potential is not deter- 
mined uniquely. Correspondingly the wave 
function varies with the choice of the coordi- 
nate origin (gauge transformation). In our 
case, it is most convenient to take the origin 
at the center of the molecule. Then the 
atomic orbitals to be used have the form 

EXP (2Bx° Ky )Xx(1v), 
where a, is the vector potential at the k-th 
nucleus multiplied by 2ze/hc, and %;(ry) is the 
atomic eigenfunction of the k-th atom when 
the origin is taken at the k-th nucleus. 

From the six atomic orbitals the following 
six molecular orbitals can be formed 


oilry)= (60,)71/2 = exp {(272/6)]/k+70x- ry} 
(2) 


XXe(1v) 
with /=0, +1, -&2; 3, (6a;)-/2 being the 
normalization factor. Since we are concerned 
with the case of an uniform magnetic field 
perpendicular to the molecular plane, a; is a 
circularly rotating vector around the center 
of benzene ring. Then, the above molecular 
orbitals belong to the irreducible representa- 
tion of the point group Cs, instead of Den. 
The hamiltonian also has the symmetry of 
Con. 

In the lowest configuration ¢) and ¢+: are 
fully occupied, and the symmetry property of 
the whole wave function is A,. Of the other 
configurations, therefore, we have only to 
consider those which have the same symmetry 
A,. There are no such configurations obtain- 
ed by the elevation of one electron from the 
lowest configuration. So, we take the eleven 
Ay configurations obtained by excitation of 
two electrons. Other configurations where 
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more than two electrons are excited are 
neglected from energetical consideration. All 
twelve A, wave functions considered are 
given in Table I. 


Table I. Ag wave functions 


Ajqg configuration functions “®) 
V1 =(fo? $17 B17) 
Teast ak ae 
W2 =(fo? or P-1 fo P-») 
2 Pre 
¥3 = 77-3 ( fo” fr P-1 #2 P-2)— 5 (to? bcp tes 
{eee e ss} 


a 
v4 =(fo? pi P-1 3”) 
[rel 
Ws =(pi? S-1? $2 2) 
Vo =(A12 p-1? $37) 


V7 ay Liga? pr” pr”) - /2 (pg p17 9”) 


ea eae / 
ts ay 3th fr? fr Ba ta)-ty Epo th ba? 2 Bs) 


Yo =/2 
bay ] aT | 
- iene py? oe be #2 3)—y/ Ao pi f-1" P-2 $3) 


© (io sit ba tha Bs) by) 2 (fo th Ba? fa fe) 


Ayg configuration functions ¥),° 


ate ie 
WAV 5 Be oe #*)—-y 5 ys (Po? p_? p 9?) 
Way 


— -—— 
bry 2 (Go b17 b-1 a s)-y 204 $1 ¢-17 G-2 4s 


165 bit g py” da be $s p3)— / do # pi $-1" ees 3) 


li icataa ry cl ere le (ree eee 
-$ 46 $1? b-1 be &)+y/ 2G ¢; 6-17 6-2 $3) 


“) These functions reduce to Aig functions when 
magnetic field is removed. 

”) These functions reduce to Ayg functions when 
magnetic field is removed. 

°) Hooked lines connecting singly occupied orbitals 
show that the spins of electrons in these 
orbitals are fereates For example, 


(o1? @-1 aap. =a b; $-1 6-1 2 $-2) 


elo $1 b-1 b-1 by 6-2) 


where bar denotes @ spin. 


Since these A, wave functions reduce to 
Ai, and Az, functions as soon as the magnetic 
field is removed, we have shown them in two 
groups in Table I. The two groups of wave 
functions will be called simply Aj, functions 
and A,, functions respectively even in the 
presence of an external magnetic field so long 
as this leads to no ambiguity. Thus, there 


are nine Aj, functions and three A», functions. 
The above classification is convenient be- | 
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cause some differences between the two kinds 
of wave functions exist as follows. When 
we expand the wave functions in Table I in 
powers of magnetic field H, the following 
results are obtained. In the case of the At, 
wave functions, terms of even powers have 
the symmetry Aj, and terms of odd powers 
have the symmetry A:,, while in the case of 
Az, wave functions they are reversed. Fur- 
thermore similar expansion of the hamiltonian 
(1) shows that it has the same property as 
Aig wave functions: 


Wil Arg) = Wri (Aig) +i (Arg) A 
ta O Ay) Ate 5 
Wre( Arg) = Wir (Aog) ti O(Aiy): I 
+r (Aag) H+ +, 
GE = FE (Aig) + FH (Aggy)? 
POA, FRE OS, 
(3) 
_ Considering these relations, we find that the 


matrix elements of the hamiltonian among 
Aj, states or among As, states are even func- 


: Pe - 
(exe {2 (Ay, —at;)- ru} pe GoGo > exp {2 (Aw—Ay): Tuto Fy ta Mv Otudays 


wey 
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tions of H, and matrix elements between Ajy 
and As, states are odd functions of H. We 
will refer to this later. 


§3. Calculation of Matrix Elements 


The matrix elements of the hamiltonian can 
be expressed in terms of the integrals over 
molecular orbitals using the standard method. 
The integrals which appear in the calculation 
are the orbital energies, 


y= arr ab - (27y+at,)?+ Vsbeicr,)dey ’ 
| 87290 
and the coulomb-exchange integrals, 


eS [Jerr u(Tu) 


) 


bu *(riou(ry)dtudty > 
a 
On = [\orrnreetr = bu (ry) bry )dtydty ‘ 
py 
= 2 
= [\ autor Pn (1) bv (ry) balty)dtydty ‘ 
[ey 
When these integrals are decomposed into 


integrals over atomic orbitals, we have inte- 
grals such as 


cy) 


Since they involve the vector potential in the integrand, the direct evaluation is very com- 
plicated. Thus many authors have used the approximation to replace r, and r, in the 

exponential factors by their mean values (R,+R.)/2 and (R.+R.)/2 respectively where R:, Ru, 
| R, and R, are the positions of the nuclei. Although this approximation may not be ensured 
| from the strict point of view, we will also use it in this paper for simplicity of calculation. 
_ Then the above integral reduces to 


e 
T wy 


Lo (Py Ain PAT pty ) ( 5 ) 


€xp (rtf act Soe) [not(na)tary) 


where 2zfw» and 2zfwy are given by 


anf 1=2rf 3= —(2re/hce)(S/6)=r , ef Oe 


' S being the area of the benzene ring. 
Using this approximation we obtain the following formulas for the integrals over molecular 
orbitals in terms of integrals over atomic orbitals 


61=1+-2Si2 cos i 7) +281 cos es 7) HIS : 


2 Weel {Ht 2h dee Cs 9+ 2Fhy me CS n)+ (1) 


mn 


1 ie a 2 4 
ii, G omIndn oa) SS, Cruvw(tu vw) ’ 


-_ where 
Si i 21 
Couow =e 42 cos| 2 (—mt-+mu—po-+que)+2n( fart Soe) | 
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20 


-(—mt+nu+qu—pw) pon fat Fo) | 


(nt—miu 


6 
Vis 


pov+quw)- 2 frat Se) | 


(nt—mu-t-qvu—pw)+2n(f wtf | 


qu—mv 


t nw) } 2r(f ut+ fF we) 


| 


gu+nv 


Wen’ means the energy of a 2fz electron of 
an isolated carbon atom in the magnetic field. 
Ss; and Sp are the symmetry numbers defined 
by Parr, Craig and Ross!. 7, and dy, are 
not given above, since they are special cases 


of Em. 


pa 
The basic integrals over atomic orbitals, 


appearing in the above formulas, are defined 
by 


Stw= [u(r yal jae, A 
(Z : vW)= — | Uiersitet(rs)tales)de, 9 


Gileuy | | 0*(ru ule) - 
x dt,dty ’ 


e : 
Fie Nn Ey) ick I) 


wey 


6 
Hiu= — [(v : tu)+(tu|vv)] , 
v=U 
where U; is the potential of the neutral car- 
bon atom ¢. 

It must be noted that the atomic eigen- 
functions of the atoms in the magnetic field 
are not the same as the eigenfunctions of 
the zero-field case. But since the difference is 
very small, we neglect it and merely use the 
atomic orbitals of the zero-field case. These 
atomic orbitals may, in turn, be approximat- 
ed by the usual Slater type functions with the 
effective charge Z=3.18. Then all the neces- 
sary integrals over atomic orbitals are given 
in the paper by Parr, Craig and Ross!. 


§4. Calculation of the Diamagnetic 
Anisotropy 


In the absence of a magnetic field, the 12 


mw) + art Suet Sow) | 


+2 cos EB (at —put-ny—mw)+2n Su fon) |h : 


x12 secular determinant factors into 9x9 Ai, 
and 3x3 A,, determinants, and the ground 
state wave function is obtained as a linear 
combination of nine Aj, functions: 


9 
who =X chi =0.910 Wry +0.210h2-+0.142 5 
t=1 


+.0.052vr,—0.056 rs —0.059vh5—0.227 yz 
+.0.204ay5+0.069pv. (6) 


When magnetic field is applied, we must 
consider three A», configurations in addition 
to nine A,, configurations. For the present, 
however, we neglect Az, configurations, and 
consider the 9x9 Ai, secular equation. The 
energy of the system depends on the magnetic 
field through the coefficients as well as 
through the matrix elements of the hamil- 
tonian. Since the coefficients and matrix 


elements are even functions of HA, the energy | 


of the state can be expressed as a power 
series in H?. Furthermore, since in general 
the energy of an eigenfunction is stationary 
with respect to a small variation of the coef- 
ficients, the contribution to the energy from 
the variation of the coefficients is proportional 


to H*, and is irrelevant to the diamagnetic 
susceptibility. Thus, we regard the coefficients | 


as constant, and obtain the diamagnetic an- 
isotropy 


At (with Ay, aoe = 


OH? 
where 


9 
Ve eves aX de : 
i,j=l 


and 
W, —— 6 Wp’ . 


| §5. 
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The coefficients c; can be taken from (6). 
The term Wp gives the diamagnetic suscep- 
tibility parallel to the molecular plane. This 
term was subtracted from W, to give the 
diamagnetic anisotropy. The result of calcu- 
lation is given in Table II. The value of the 
diamagnetic anisotropy for the single configu- 
ration function WW is also given. 

The effect of As, configuration can be treat- 
ed by the second order perturbation method 
and the contribution to the diamagnetic an- 
isotropy is given by 


4ey=—| Fa s eeelee Wl) 
OR vay) Wi Wi W=0’ 


where yw; are the three As, configuration 
functions. 

The total diamagnetic anisotropy 4% of the 
benzene molecule is obtained by adding 4%; 
and 4%. The result is given in Table II. 
The effect of configuration interaction is, as 
can be seen, not large, but cannot be neglect- 
ed. The experimental value of diamagnetic 
anisotropy is also given for the purpose of 
comparison. 


daples I, 
Ay!” ~21.70x (Ze) 64.0% 
Ay ® —20.13 59.4% 
Any 2) Sol — 9.8% 
Ay=Ayyt+Axy, — 16.82 49.6% 
Axexp — 33.9 100 % 


%) The value when only the ground configuration 
is considered. 

>») The value with configuration interaction among 
nine Aj, states. 

¢) Contribution from three Aggy states. 


Discussions 

As is seen in Table II, the final value is 
about 50% of the observed one. 

In order to refine the calculation, the proper 
consideration of the following points will be 


| necessary. 


_ Slater type atomic orbitals. 


used LCAO approximation and 
It is probable 


that these approximations are not suitable 


1. We 


' for the calculation of the diamagnetic suscep- 


tibility although they may be good for the 


- energy calculation. 
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2. The approximation to the integrals con- 
taining the vector potential was introduced 
solely for simplicity of calculation. London” 
originally used this approximation for the case 
of the adjacent atoms, but we extended it to 
the non-adjacent atoms, although the ap- 
proximation may not be so good for the 
latter case. 

3. The o-z interaction may contribute to 
the anisotropy to some extent. However, o- 
electrons are expected to prevent the free 
migration of z-electrons along the benzene 
ring, in other words, if we include this inter- 
action, the anisotropy will diminish. 

4. The values of the many center integrals 
given in the paper by Parr, Craig and Ross™ 
were calculated using the Sklar approxima- 
tion™. As the contribution to the suscepti- 
bility from these integrals proved to be rather 
large, a small error in these integrals may 
affect the final result appreciably. 


We express our hearty thanks to Prof. M. 
Kotani for his continued interest in the pro- 
blem; to the members of Kotani Laboratory, 
Assistant Professors K. Kambe and K. Niira, 
and Dr. S. Fujii for valuable discussions. We 
are indebted to Prof. D. P. Craig who sent 
us the unpublished computations from his 
paper!, and to Dr. M. Mizushima who read 
the manuscript. 


References 
1) L. Pauling: J. Chem. Phys. 4 (1930) 673. 
2) EF. London:) "J. dei Physivet) Rady Si1l93%)397e 


J. Chem. Phys. 9 (1941) 463. 
Proc. Nat. 


3) H. Brooks: 

4) W. Wheland and S. L. Matlow: 
Acad. Sci. 38 (1952) 364. 

5) H. Brooks: J. Chem. Phys. 8 (1940) 939. 

6) K. Kambe: Report of the University of 
Electro-Communication No. 1 (1951) 143 (in 
Japanese). 

7) M. G. Mayer and A. L. Sklar: 

Phys. 6 (1938) 645. 

8) S. Fujii and S. Shida: 

24 (1951) 242. 

9) D.P. Craig: Proc. Roy. Soc. (London), A 200 

(1950) 474. 

10) ReiGabarn. Dw PaCraio wanda ln Gross aa). 

Chem. Phys. 18 (1950) 1561. 

A. L. Sklar: J. Chem. Phys. 7 (1939) 984. 


J. Chem. 


Bull. Chem. Soc. Japan 


11) 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 10, No. 2, FEBRUARY, 1955 


Dielectric Properties of Lead-Strontium Titanate 


By Shoichiro NoMURA and Shozo SAWADA 
Institute of Science and Technology, University of Tokyo 
(Received August 26, 1954) 


The dielectric and thermal properties and lattice dimensions of lead- 
strontium titanate were investigated, the solid solution being realized in 


the whole range of molar percentage. 


It was found that lead-strontium 


titanate is also ferroelectric as lead- barium titanate and barium-strontium 


titanate. As the content of Sr?* 
tetragonality decrease. 


increases, 
The Curie temperature decreases linearly with 


the lattice volume and 


the increase of the content of Sr?*+ and any other transition point was 


not observed. 


Curie-Weiss formula holds above Curie temperature, the 


value of Curie constant being (3~9) x 104°C. 


$1. Introduction 

The investigations of the solid solutions of 
titanates have been performed on barium: 
strontium titanate, barium-lead titanate, etc. 
and several reports have been already pub- 
lished))?):3)>4).5), As well known, barium 
titanate is ferroelectric below 120°C and has 
two other transitions at about 5°C and —70°C 
respectively. Lead titanate is ferroelectric 
below about 500°C and there does not exist 
any other transition point for this substance. 
Strontium titanate, on the other hand, is 
believed to be non-ferroelectric, although 
some authors insist that it becomes ferroelec- 
tric very near the absolute zero temperature”. 
In the case of barium-lead titanate, the Curie 
temperature moves to the higher temperature 
side, while 5°C and —70°C transitions to the 
lower side, and thus the tetragonal region 
extends, in proportion to molar ratio of lead 
titanate. In barium:-strontium titanate the 
contrary effect is observed. Considering these 
situations, it seems to be interesting to in- 
vestigate lead-strontium titanate as another 
example of Me?*+TiO;. We investigated the 
dielectric and thermal properties for several 
samples of lead-strontium titanate; PbTiO, 
(70Pb-30Sr)TiOs, (50Pb-50Sr)TiO;, (30Pb-70Sr) 
TiO;, (10 Pb-90Sr)TiO;, in the temperature 
range from liquid air temperature to 500°C. 
It is expected that the whole range solid 
solutions observed in both barium: lead titanate 
and barium-strontium titanate will be also 
realized in lead-strontium titanate, as the 
atomic radii of these cations are nearly the 
same. 


§2. Preparation of Samples 


Strontium and lead titanates ceramics (chem- 
ical pure) were prepared separately by our 
usual method”, firing temperature being about 
1250°C and 1100°C respectively. On firing 
lead titanates an attention must be paid to 
prevent it from reduction and evaporation of 
PbO. As the evaporation of PbO begins at 
comparatively low temperature, the firing 
time must be rather short. Being pulverized, 
mixed in a necessary molar concentration 
and pressed into a disk, the mixture was 
refired at 1150°C~1350°C for a few hours. 
As the content of lead titanate increases, 
sintered samples become brittle because of 
growth of crystals which are easily observed 
by the microscope and are very similar in 
their appearance to that of single crystals 
prepared by our method previously reported”. 


$3. Permittivity 


Our method of measurement of the dielec- 
tric constant is a tuning method, where the 
frequency is 1043kc/sec. Samples were put 
into a vacuum vessel in order to avoid the 
influence of moisture. All measurements 
were carried out after heating the sample up 
to 150°C by a furnace in the vessel. Fig. 1 


shows one series of permittivity of lead-stron- 
tium titanate with various molar concentration | 


in the temperature range from —150°C to | 


300°C. The dielectric anomalies at room tem- | 
perature, which were reported in our former | 


letter», were perhaps due to moisture. In 
the present case there is no humps on the 
permittivity-temperature curves near room 
temperature. As the content of strontium 
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titanate increases, the absolute value of per- 
mittivity becomes larger, and the peak value 
of (70 Sr-30 Pb)TiO; becomes 4000. The rela- 
tion between Curie temperature and molar 
ratio is a straight line, which is illustrated 


—~200 -160 fa) 100 200 
Temperotur 


(II) (80Sr-20Pb)TiO; 
(IV) (50Sr-50Pb)TiO3 


300 % 


(ila) 
(III) 
(V) 


(90Sr-10Pb)TiO3 
(70Sr-30Pb)TiO; 
(30Sr-70Pb)TiO; 


Fig. 1. Permittivity vs. temperature. 


500 


300 


Fig. 2. Curie temperature vs. molar percentage. 


in Fig. 2. Curie-Weiss formula holds above 
Curie temperature, 

that is e=C/(T—T,) 

where C and JT, are constants to be deter- 
mined experimentally for each molar percent- 
age. Fig. 3 shows the variation of C with 
the molar ratio. The value of C is 3x10#°C 
on the side of strontium titanate and ap- 
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Fig. 3. Curie constant vs. molar percentage. 
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Fig. 4. Amount of thermal contraction vs. molar 
percentage. 


proaches 9x 10*°C on the opposite side, these 
results being consistent with those obtained 
formerly in our studies on barium: lead titanate 
and barium-strontium titanate”). 


§ 4, Thermal Expansion and Specific Heat 


The linear thermal expansion were observed 
by the dilatometer used in our studies on 
barium titanate, etc. In the case of 
PbTiO;, a monotonous contraction is observed 
from room temperature, and its thermal ex- 
pansion coefficient has a sharp negative peak, 
which amounts to —28x10-® 1/deg, at the 
Curie temperature. As the content of stron- 
tium titanate increases, the value of linear 
thermal expansion coefficient in the ferroelec- 
tric region increases, and the value of the 
negative peak decreases. The value of the 
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linear thermal expansion coefficient in the 
cubic region are 7~10x10-° 1/deg, the values 
of which are the same order with those of 
barium: lead titanate ceramics. Fig. 4 shows 
the change of 4l/l, that is the integrated rela- 
tive contraction involved in the anomalous 
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Fig. 5. Anomalous heat (cal/mol) vs. molar 
percentage. 
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Fig. 6. Lattice constants vs. molar percentage. 
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Fig. 7. Lattice volume vs. molar percentage. 
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region, plotted against the molar ratio, where 
the vertical axis is measured with a loga- 
rithmic scale. 

The conduction calorimeter’? was used for 
the measurement of specific heat. Fig. 5 
shows the relation between the anomalous 
heat and molar concentration, where 17 cal/mol 
for (50Pb-50Sr)TiO;, 55 cal/mol for (70Pb-30Sr) 
TiO; and 900 cal/mol for PbTiO;. In PbTiO, 
the anomaly of specific heat was observed 
to begin at 350°C and lasted to a high tem- 
perature about 50°C above Curie temperature, 
so that it is difficult to determine the accurate 
amount of anomalous heat, which has been 
reported as 1100 cal/mol by G. Shirane!. 


§5. X-ray Analysis 


The lattice constants at room temperature 
were determined by a back reflexion X-ray 
camera using Cu Ka beam. Assuming that 
the tetragonality of the crystals decreases as 
the content of strontium titanate increases, 
the obtained results are shown in Fig. 6, 
where the analysis was mainly performed by 
using the diffracted lines (510), (422) and (321). 
The change of the volume of unit cell with 
molar ratio derived from our above data, is 
shown in Fig. 7. This inclination is not in- 
consistent with the fact that the ionic radii 
of. Pb?* and Sr?* are 1.32 A and 1.278Agre- 
spectively. It is supposed that the increase 
of the lattice volume at the right side in this 
figure is due to the ferroelectric strain, as 
in the cubic phase of the solid solutions any 
notable change of the lattice volume is not 
observed because of nearly equall ionic radii 
of Pb?* and Sr?* according to Wykoff. 


§ 6. Conclusion 


PbTiO; and SrTiO; make solid solution with 
each other in the whole range, in which the 
Curie temperature decreases as the content 
of SrTiO; increases. Except the Curie point 
where a phase transition occurs from a fer- 
roelectric tetragonal structure to a non-ferro- 
electric cubic one, any transition point as in 
barium titanate was not discovered. It is 
notable, that the increase of the lattice volume 
in (Pb-Sr)TiO; is accompanied with the rise 
of the Curie temperature, while the relation 
is contrary in (Pb-Ba)TiO;. This fact suggests 
that the anomalous properties of Pb?+ ion 
should be interpreted on the standpoint not 
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Fig. 8. Hysteresis loop (10Pb-90Sr)TiO3. 


only of the ionic radii but also of the atomic 
polarizability. The Santen & Jonker’s for- 
mula” related to the Curie constant C and 
the linear thermal expansion coefficient 8, 
8=1/C, which is resulted from the assumption 
that the atomic polarizability does not change 
with temperature, seems to be not valid in 
the present case. 

A large value of the spontaneous polariza- 
tion P; will be expected from the large amount 
of anomalous heat 4Q according to the general 
relation 4Q=47P;?, where 7 is a constant, 
but it is very difficult to estimate it from the 
D~E hysteresis loop because of large coercive 
field. As a matter of fact, even in (30 Pb-70 
Sr)TiO; the coercive field is over 10000 V/cm 
and any tendency of saturation in D~E hys- 
teresis loop is not observed for the applied 
a.c. field strength of 34000 V/cm. Just in (10 
Pb-90 Sr)TiO;, we observed a typical hysteresis 
loop as shown in Fig. 8, were the applied 
field strength is 20000 V/cm. The relation of 
the max. polarization with the applied a.c. 
field strength at liquid air temperature is 
illustrated in Fig. 9, where we see the spon- 
taneous polarization is about 2 Coulomb/cm’, 
which is the same order as that of [(10~20) 
Ba-(90~80)Sr]TiO;. The value of the spon- 
taneous polarization will increase more rapidly 
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Fig. 9. Max. polarization vs. applied voltage 
(10Pb-90Sr)TiO3. 
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with the content of Pb?*+ ion than substances 
in (Ba: Sr)TiO3;. 
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Dielectric and thermal properties and lattice constants of the solid 
solutions of Pb(Ti-Sn)O3 and Ba(Ti-Sn)O3; were investigated, for the 
purpose of making clear the role of Y ion in the compounds of the 
perovskite type, XYO3. In Pb(Ti-Sn)O3, according to the X-ray analysis, 
two phases seem to co-exist in the samples containing Sn** ions more 
than 75%, although the whole range solid solution might be expected 
from the standpoint of the “tolerance factor”. The Curie point moves 
to the low temperature side with the increase of the content of PbSnO; 
and reaches 200°C in Pb(20%Ti-80%Sn)O3. In Ba(Ti-Sn)O3, a rather steep 
decrease of the Curie temperature with the content of Sn*+ ions occurs 
and the whole range solid solution seems to be realized, although the 
X-ray analysis was not thoroughly made in this case. The dielectric 
constant D~H hysteresis loop, thermal expansion and specific heat were 
observed. An anomalous hysteresis phenomenon was observed in 
Pb(25% Ti-75%Sn)O3, which suggests that Tit+ Ion and Snt+ Ion respond 
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Dielectric Properties of Titanates Containg Sn*+ Ions I 


differently to the external field in the ferroelectric state. 


Several specula- 


tions were mentioned with respect to this phenomenon. 


$1. Introduction 


Hitherto, miscellaneous ferroelectric sub- 
stances, which are classifiable into three 
groups, namely, rochelle salt, potassium dihy- 
drogen phosphate and barium titanate type, 
have been discovered by many investigators». 
Among these, barium titanate type ferroelec- 
trics have been studied most in detail, for 
the reason that their crystal structure, which 
is perovskite type”, is simpler than those of 
the others. Lead titanate, lead zirconate, 
potassium niobate, sodium tantalate, etc. be- 
long to this group. 

In the perovskite type XYO,; compounds, 
Y ion occupies the center of an octahedron 
composed of six oxygen ions. In ferroelectric 
or antiferroelectric states, the octahedron is 
distorted and the position of Y ion is moved 
from its center, that is the reason of the 
occurrence of spontaneously polarized state. 
The magnitude of the atomic displacement 
depends upon not only the attribute of Y ion 
but that of X ion and this is the cause of 
various change of the dielectric properties in 
solid solutions: (Ba- Pb)TiO;, (Ba-Sr)TiO;, (Pb- 
Sr)TiO;, Ba(Ti-Zr)O; Pb(Ti-Zr)O; etc. 

Goldschmidt, Barth and Lunde found that 
in real perovskite structures the value of 
(rx+%)/V 2% +7) lies between 0.77 and 0.99, 
and they called this ratio ¢ as tolerance factor. 


Zachariasen made corrections due to coordina- 
tion to the above formula by multiplying the 
numerator by 1.06 and the denominator by 
0.95, and pointed out that the structure is 
precisely cubic, if z¢ is equal to 1.0; the 
ilmenite structure is realized, if ¢ falls below 
0.9; neither perovskite nor ilmenite structure 
is realized for ¢>1.1. Actually we obtain the 
value of ¢ for several compounds of XYO3 
type as follows, 


Substance t 


BaTiO; ea 
BaSnO; 1.09 
PbTiO; 1.01 
PbSnO3 0.99 
PbZrQz 0.92 


where we used the values of ionic radii, 
fo2-=1.35A, fBat+=1.35A, rpp2+=1.18A, 
rrit+=0.60A, rgnt+=0.65A, rz-4+=0.80A. 
Further, Matthias insisted that one of the 
necessary conditions for XYO; compound to 
be ferroelectric is that the electron configur- 
ation of Y ion is of innert gas-type»). Really, 
the electron configuration of Ti‘t* ion is the 
same with that of Ar atom and those of Zrt* 
and Cb°* are with that of Kr atom, although 
Ta®’+ and W®* have not, strictly speaking, 
innert gas-type electron configurations. We 
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may consider, however, that the latter two 
ions behave as if having Xe like electron 
configuration, as long as we treat the chemical 
binding only, 4f electrons having orbits well 
inside the atom. Is the above mentioned re- 
striction for Y ion is essential? Is there any 
possibility that XYO; compounds are ferro- 
electric or antiferroelectric when the electron 
configuration of Y ion is not of innert gas- 
type? To investigate this problem, we shall 
pay our attention to dielectric properties of 
stannates. Sn atom has the electron configur- 
ation of (1s)?(2s)?(2p)*(3d)!° (4s)? (4p)® (4d)?° (5s)? 
(5p), so that the completely occupied 4d 
orbits is the outermost shell of Sn‘t ion. For 
the investigations of solid solutions of stan- 
nates, the whole range solid solution may be 
expected in the compounds of Ba(Ti-Sn)Os, 
Ba(Zr-Sn)O3, Pb(Ti-Sn)O;3, Pb(Zr-Sn)O;, be- 
cause the size of Sn‘* ion exists between those 
of Ti#* ion and Zr** ion. These facts suggest 
that the investigations of the compounds con- 
taining Sn‘t* ions are necessary and suitable 
to answer our questions stated above. 

In this paper, we shall mention about the 
dielectric properties of the solid solutions Pb 
(Ti-Sn)O; and Ba(Ti-Sn)O;, for the purpose 
of making clear the role of Y ion in the 
perovskite structures ‘of XYO, compounds. 


§2. Preparation of Samples 

Barium titanate and barium stannate were 
prepared separately by our usual method”, 
firing temperature being about 1250°C. On 
firing lead titanate or lead stannate, attentions 
must be paied to prevent the reduction and 
the evaporation of PbO. Being pulverized, 
mixed in a needed molar concentration and 
pressed into a disk, the mixture was refired 
for a few hours at a little higher temperature 
than that in the first firing. The solid solu- 
tions Pb(Ti-Sn)O; containing Sn** ion more 
than about 70%, were often cracked in the 
firing process. The quantitative chemical 
analysis of samples has not yet been made. 


§3. Dielectric Properties 
(a) Permittivity of Samples with Various 
Molar Percentages 

Fig. 1 shows one series of the permittivity 
of Pb(Ti-Sn)O; with different concentrations 
observed at 1043KC/sec. As the content of 
PbSnO, increases, the absolute value of the 
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permittivity becomes larger and the Curie 
temperature decreases linearly with the molar 
concentration up to about 75% Sn‘t* ion. In 
the case of Pb(25% Ti-75% Sn)O;, the permit- 
tivity at room temperature is about 200 and 
Dielectric 
constant 


000} 
“| 
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0) 100 200 300 
Temperature 


Fig. 1. Permittivity vs. temperature curve for 
Pb(Ti-Sn)Os. 

(1) Pb(70%Ti-30%Sn)O3 (II) Pb(50% Ti*50%Sn)O3 
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Fig. 2. Curie temperature vs. molar ratio for 
Pb(Ti*Sn)O3. 


reaches 1000 at the transition temperature 
of about 220°C. The permittivity falls to 
very smali value and its peak disappears, 
when the content of PbSnO, increases beyond 
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H where the samples were inserted into a vac- 
a | Goto cum vessel to prevent them from the effect 
eee onaiens of moisture. The relation between the Curie 
temperature and molar ratio is illustrated in 
Fig. 2, which shows a linear relation, up to 
70 molar percent PbSnQ3. 

Fig. 3 shows the permittivity versus tem- 
perature curves for Ba(Ti-Sn)O;. As the 
content of BaSnO; increases, permittivity 
decreases more rapidly than in the case of 
Pb(Ti-Sn)O;. The relation between the Curie 
temperature and the molar ratio is illustrated 
in Fig. 4. The dielectric anomalies at the 
second and third transition temperatures, 
which are 5°C and 70°C respectively in BaTiO; 
itself, disappear by adding only a few percent 


SP Aee: © rempemtire (eC °F Sn‘+ ion in place of Tit* ion. For Ba(S0% 

Fig. 3. Permittivity vs. temperature curve for Ti-50% Sn)O; and Ba(30% Ti-70% Sn)O;, the 
Ba(Ti‘Sn)O3. permittivity at room temperature is about 
(1) Bal85%Ti'15%Sn)O3 (II) Ba(50%Ti:50%Sn)O; 85 and 40 respectively, and for BaSnO; itself 
(III) Ba(30% Ti*7072Sn)Os3. it is only about 10, the magnitude of which 


temperature (b) Hysteresis Loop 


As well known the D~E hysteresis phe- 
fe¢) nomenon depens upon the electric domain 
structure and is an illustration of the existence 
lOO of a spontaneous polarization. Its magnitude 
may be estimated from DW~E hysteresis loops. 
Of course, the effective value of the spontane- 
ous polarization of ceramics is smaller than 
that of single crystals, because in the former 
the directions of domains are distributed at 
O random. 

Fig. 5 shows one typical D~E hysteresis 
loop of Pb(25% Ti-75% Sn)O;. Although its 
appearance is like that of BaTiO;, the maxi- 
mum polarization vs. field intensity curve, 
which may give the measure of the spontane- 


Curie does scarecely change from 100°C to 200°C. 
-l00 ous polarization, has no tendency of saturation, 
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Fig. 4. Curie temperature vs. molar ratio for 
Ba(Ti-Sn)O3. 


75%, as illustrated in Fig. 1, where PbSnO, (a) (6) 
itself has the value of permittivity as small 
as 16, which doesn’t show any noticeable 
temperature dependence until a deceptive 
increasing of loss factor appears. Any ano- as shown in Fig. 6. It is noteworthy that 
maly was not observed in the sub-zero mea- the more severe change of gradient of the 
surements down to liquid air temperature, curve is observed in the range of the applied 


Fig. 5. Hysteresis loop of Pb(25% Ti-75%Sn)O3. 
(a) E=8000 V/cm (b) E=15000 V/cm 
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Fig. 6. Pmax vs. field curve of 
Pb(25% Ti-75%Sn)O3. 
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Fig. 7. Ps of Ba(Ti-Sn)O3 ceramics. 


voltage within 4000 V/cm than that at the 
voltage above this value. The similar hys- 
teresis loops were observed for the samples 
containing less than 75% Sn‘* ions but not 
for ones containing more than 80% Sn‘* ions. 
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Fig. 8. Ps of (Ba-Sr)TiO3 ceramics. 


Fig. 9. Asymmetric hysteresis loop of 
Pb(25%7i°75%Sn)O3 E=5140 V/cm. 


The magnitudes of the maximum polarization 
for Pb(30% Ti-70%Sn)O;, Pb(25% Ti-75%Sn)O; 
and Pb(10% Ti-90%Sn)O; at the applied voltage 
of 10000 V/cm are 0.43, 0.9 and 0.09  coulomb/ 
cm? respectively. 

We can observe the similar dielectric hys- 
teresis when Titt ions are replaced by Sn** 
ions in BaTiO;, Fig. 7 shows the spontaneous 
polarization of Ba(Ti-Sn)O; of various molar 
percentages. It is interesting to compare it 
with Fig. 8, which shows the case of (Ba-Sr) 
TiO, as an example of (X; X2) YO; type com- 
pounds. The steep decrease of the magnitude 
of polarization for the former is apparently 
due to the peculiarity of Sn‘tt ion. For the 
samples of Pb(Ti-Sn)Os, it is difficult to obtain 
similar figures from the D~E relations. To 
examine this peculiarity, we observed the 
D~E hysteresis loop for the sample which 
has accepted a so-called D.C. field treatment. 
After the sample (Pb(25% Ti-75% Sn)O; in 
this case) was cooled from 280°C to room 
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Fig. 10. Lattice constants vs. molar ratio 
(Pb(Ti*Sn)O3). 
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Fig. 11. Lattice volume and axial ratio vs. molar 
ratio (Pb(Ti*Sn)O3). 


temperature during 1 hour, the D.C. field of 
about 5000 V/cm having been applied, an 
asymmetric hysteresis loop was observed, as 
shown in Fig. 9, but, when the sample was 
treated not at all or treated only at room 
temperature, only a symmetric one is observed. 
These fact suggest that the field responses 
of Tit* ion and Sn‘* ion are different in the 
ferroelectric state. 

In the case of Ba(80% Ti-20% Sn)O;, the 
distinct asymmetry was not observed, the 
reason of which will be discussed in Sec. 6. 


$4. X-ray Analysis 


We made the analysis of crystal structure 
by using the Debye-Scherrer’s back reflection 
photograph to investigate the relation between 
dielectric properties and lattice constants. In 
the case of Pb(Ti-Sn)O3;, we obtained the 
results of Figs. 10 and 11 at room tempera- 
ture, which show that the tetragonality of 
the lattice decreases as the content of Sn‘t 
ion increases. The indices of diffraction (hkl), 
which were used in this analysis are (510), 
(422) and (321). 

As the content of Sn‘*t ion increases over 
50% of total Y ions, the value of the ratio 
c/a at room temperature approaches 1 and is 
nearly equal to 1 in Pb(25% Ti-75% Sn)Os, 
whose Curie temperature exists at about 
220°C. And then, besides the main lines of 
perovskite structure, there appear extra lines 
those intensities increases with the amount 
of Sn** ions. It is unquestionable that the | 
crystal structure of PbSnO; itself is not a 
simple one of perovskite type, although we | 
have not yet studied it in detail. Naray- | 
Szabo has reported in his recent paper®) that 
it is a tetragonal structure which has eight | 
PbSnO; molecules in a unit cell and its lattice 
constants are a@=7.86A, c=8.13A, detailed | 
atomic positions having not yet been known. 
It seems reasonable to suppose that such a 
rather complex structure may be more stable | 
than a simple perovskite one in the region | 
near PbSnO; and this one may co-exist with 
the perovskite one, in the intermediate region, 
although the whole range solid solution, as | 
mentioned above, is expected from the stand- 
point of tolerance factor. 

For Ba(Ti-Sn)O;, we have not thoroughly 
made the X-ray analysis. As BaSnO;, how- 
ever, has a perovskite structure (a=4.116 A), 
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we may suppose that a continuous change of 
lattice constants will occur in this case, that 
is supported by the dielectric properties of 
Ba(Ti-Sn)O;, stated above. 


§5. Thermal Properties 


Anomalies of specific heat and thermal ex- 
pansion were observed at the transition tem- 
peratures, and the amount of these anomalies 
varies with molar concentration. The specific 
heat was measured by the conduction calori- 
meter, which have been used formerly for 
WO;, PbTiO; etc.©, in our laboratory. The 
variation of the anomalous heat with the 
molar percentage, in the case of Pb(Ti-Sn)Os, 
is shown in Fig. 12, in which a little smaller 
anomaly than that of BaTiO; is seen for Pb 
(35% Ti-65% Sn)O3, this amount being not 
unreasonable considering our results on lattice 
constants. 

The remarkable thermal contraction ob- 
served at the Curie point in PbTiO; decreases 
its magnitude as the content of PbSnO; in- 
creases and any anomaly as well as any 
contaction is not observed in Pb(25% Ti-75% 
Sn)O3;. 


§6. Discussion 


According to our above investigations, we 
may suppose that Sn‘** ion behaves in a rather 
different manner from that of Ti‘t* ion in the 

_ lattice. Using the values of ionic radii of 
O?-, Ti+, Sn¢#+, adopted in Sec. I, we obtain 
2(ro2- +rri#+)=3.90A and 2(re2-+rsnt+)=4.00A 
respectively. The value of lattice constant 
a, on the other hand, is 3.95 A, for instance, 
for Pb(50%Ti-50%Sn)O;. Thus the displace- 
ment of Sn‘* ion from the center is expected 
to be smaller than that of Ti‘* ion and further 
the possibility of changing its direction of 
polarization for the former will differ from 
that for the latter, as easily seen from Fig. 
13, where the dimensions are proportional to 
the actual ones. Although the domain struc- 
tures are not yet known, we may suppose, 
from the standpoint of ionic radii, that the 
_ change of the direction of the polarization by 
the applied field occurs in the cells containing 
_ Tit* ion but hardly in those containing Sn** 
-ion. Perhaps, this is the reason why the 
| D~E hysteresis loop for Pb(Ti-Sn)O; doesn’t 
show any inclination of saturation. When 
| these samples are cooled from above Curie 
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Fig. 12. Anomalous heat vs. molar ratio 
(Pb(Ti*Sn)O3). 


Fig. 13. Shematic atomic arrangement in 
Pb(50% Ti*50%Sn)O3 lattice. 
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temperature in the external D.C. field, the 
undirectional distribution of Sn‘* ions, which 
cannot be removed by applying A.C. field, 
may be realized in the crystals, that is the 
reason for the appearance of asymmetric hys- 
teresis loop. As the content of Ti‘* ion 
increases, the degree of the asymmetry in 
the hysteresis loop will be expected to become 
small, and if the lattice dimensions are larger 
than some critical values, the asymmetric 
hysteresis loop will be not observed. This 
case may correspond to the one of Ba(80% Ti- 
20% Sn)O3. 

In fact, these descriptions are too simple, 
and strictly speaking, may not be very much 
correct, because the conception of the ionic 
radii of the ion contains to some extent the 
nature of the chemical binding. 

A speculated model for them is shown in 
Fig. 14, where (a) is for the natural state, 
(b) shows the change of (a) when the field is 
applied, (c) and (d) are the corresponding ones 
of (a) and (b), when accepted the field cool- 
ing*. In (a), we assume, that Sn‘t ion doesn’t 
change its direction of displacement by ap- 
plying field at room temperature, so that only 
partial saturation of the polarization may be 
attainable, while (a) turns to (c) when the 
field treatment (cooling) is done from above 
the Curie temperature. There are other pos- 
sibilities of the displacement of Sn‘t* jon in 
the crystal, the discussion stated above being 
only one speculation. One of them is that 
the displacement of Sn‘t+ ion dose not occur 
in the natural state and only do when the 
field cooling is given, because of the nature 
of Sn** ion electron configuration. Of course, 
we have not any sufficient evidence, to say 
which phenomenon is the real one in the 


(d) 


Shematic model of Pb(Ti’Sn)O3 lattice. 
- Cooling field ] : 


Tit sion ee Sn4* ion 


crystal. 
very low value of the spontaneous polarization, 
the nonsaturating D~E relation and the D.C. 
field response of the permittivity, force us to 
think that the difference between the chemical 


But the characteristics, such as, the © 


binding of Sn‘*+ ion and Ti‘* ion in the crystal — 


are essential to explain experimental facts. 
In order to clarify this point, it is desirable 
to investigate, in detail, the effects of the 
field treatment upon the dielectric behavior 
and the D~E£ hysteresis phenomena. 

As the saturation of D~£ hysteresis loops 
is not observed, we cannot estimate the 
magnitude of spontaneous polarization. It is 
possible. however, to know its order from 
the amount of anomalous heat at Curie point 
and the temperature dependence of dielectric 
constant above the Curie point, assuming the 
Devonshire’s theory. Using 7,;=220°C, Tp>= 
NS ehavel 

Xo Ti 

Ti—T) 
we obtain Ps=2.8 “coulomb/cm?, for Pb(25% 
Ti-75% Sn)O3, which is very small in com- 
parison with that of BaTiOs. 


= 0.0496 , 


A concave characteristic in the maximum | 


polarization ws field curve doesn’t always 


mean that the dielectric constant will increase | 


with D.C. applied field, because of the effects 
of the domain boundaries. The investigation 
of the effect of biasing field upon dielectric 
constant is now in progress. 

The fact that the criterion of so-called 
tolerance factor for the XYO; compounds is 
not so effective in the case of Pb(Ti-Sn)Os;, 
shows that the electronic structure of the ion 


* Each halves of these figures correspond to (+) 
and (—) domains respectively. 
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has also an influence on the phase diagram, 
and the electronic structure of Sn‘+ ion, which 
is not of inert-gas type, is responsible to the 
anomalous dielectric behavior of Pb(Ti-Sn)Qs. 
If we want to know the displacement of Sn‘+ 
ion in the crystal, we must study the bonding 
energy of Sn-O etc. considering such electronic 
configuration of Sn‘* ion. 

In conclusion, the author wishes to express 
his sincere thanks to Assist. Prof. S. Sawada 
for his valuable discussion. 
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The Steady Flow of Viscous Fluid past a Fixed 
Spheroidal Obstacle at Small Reynolds Numbers 
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By making use of an exact solution of Oseen’s equations of motion 
detailed theoretical discussion is made on the steady flow of an incom- 
pressible viscous fluid past a prolate or oblate spheroid, including a 
circular disc as a special case. The analytical exact solution of Oseen’s 
equations are first obtained by the use of spheroidal functions, mathe- 
matical properties of which are also investigated separately in the writer’s 
subsequent paper. The drag experienced by a spheroid is then computed 
and the general formula for the drag is obtained. Approximate formulae 
for the drags on a prolate and oblate spheroid and ona circular disc are 
also derived and some numerical results are obtained. Discussions on 
the pressure drag and the frictional drag experienced by a spheroid are 
made and it is thus found that these two drags contribute to the total 
drag in a definite ratio which is independent of the Reynolds number. 
Detailed analytical calculations are given only for the case of a prolate 
spheroid and the essential parts of the analysis for the case of an oblate 


spheroid are given in Appendix. 


~§1. Introduction 


As is well-known, the steady flow of an 
incompressible viscous fluid past a solid ob- 


stacle can be discussed satisfactorily on the 


i 


basis of Oseen’s linearized equations of mo- 
tion when the Reynolds number is fairly 
small. In previous papers [1~4] we have 
investigated in sequence the steady flow past 


a sphere, a circular cylinder and an elliptic 
cylinder including a flat plate, by making use 


equations. 
flows observed in experiments can be deduced 


of the exact analytical solutions of Oseen’s 
It has thus found that the actual 


theoretically from the said solutions. 

As far as we are aware, no detailed theo- 
retical discussion based on the exact analyti- 
cal solution of Oseen’s equations seems to 
have been made in the case of the steady 
flow around an ellipsoid of revolution, that is, 
a prolate or oblate spheroid, which is so placed 
that the axis of symmetry is along the uni- 
form stream, although an approximate calcu- 
lation of the drag on a spheroid was carried 
out by Oseen [5] himself. The main object of 
the present paper lies in the derivation of the 
exact analytical solution of Oseen’s equations 
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in the case of the steady flow past a spheroid 
as well as in computing the drag experienced 
by the spheroid. The exact solution of Oseen’s 
equations is obtained in the same manner as 
in the case of a sphere dealt with by Gold- 
stein [6] as early as 1929 and the general ex- 
pression for the drag on a spheroid is also 
derived. By the use of the said solution we 
can easily discuss, if desired, the flow patterns 
around the spheroid. 

Discussions on the drag on a prolate or ob- 
late spheroid has been made with special 
reference to the pressure drag and the fric- 
tional drag separately. Approximate formulae 
for the drags on a prolate and oblate spheroid 
and on a circular disc normal to the uniform 
stream are also derived. 

In order to obtain the exact analytical solu- 
tion of Oseen’s equations for the present case, 
it is necessary to study on some mathemati- 
cal properties of spheroidal functions. Such 
discussions are therefore made quite similarly 
to the case of the Mathieu functions and the 
results will be described in another paper [7]. 

Detailed analytical calculations are given 
only for the case of a prolate spheroid, since 
the analysis for the case of an oblate sphe- 
roid is quite similar to the former case. The 
essential parts of the analysis for the latter 
case are however given in Appendix. 


§2. The General Solution 


We consider a solid obstacle fixed in a 
steadily running uniform stream of an incom- 
pressible viscous fluid of infinite extent in 
every direction. Let (2, y, z) be the rectan- 
gular coordinates having the origin within 
the obstacle and the axis of x in the direction 
of the velocity U of the uniform stream. We 
denote U+u, v, w the components of the fluid 
velocity at any point, so that #, v, and ware 
the velocity of perturbation which become 
vanishingly small everywhere at a great dis- 
tance from the obstacle. If terms of the 
second order in uw, v, w are omitted, we get, 
from the Navier-Stokes equations of motion, 
the well-known linearized equations of Oseen, 


7) Lied 0 0 
U——(, v, wy=—-(2 2. 
Ou ee a 204 wee swolk 


+vpu, Vv, Ww) , (1) 


where / is the pressure, o the density, v the 
kinematic viscosity, and yp? stands for 02/02? 
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+602/0y?+02/0z2. The fluid being assumed to 
be incompressible, the equation of continuity 
is then 


(2) 


If we put k=U/2v, these equations are, as 
Lamb? has shown, satisfied by 


A wO0by, OTee 
US ye SaoERO ae ea 
mn, Og. 1 OF . (3) 
Oy 2k Oy 
AUD 1 ox . 
Oz 2k 02 
and 
pepule (4) 
Ox 
provided that 
ro=0, (5) 
and 
pix 2p 2, (6) 
Ox 


We consider that a prolate spheroid sym- 
metrical with respect to its major-axis is so 
placed that its centre is at the origin of the 
coordinates and its major-axis is along the 
axis of «. Let the major- and minor-axes be 
of length 2a and 2b respectively. Then it is 
convenient to introduce the prolate spheroidal 
coordinates &, 7 defined by 


x+z2@=c cosh (E+72y) , 

where ©=7/y?+z22 and c=)/a?—p?. If we 
write ¢ and wv for coshé and cos7, then it 
is rewritten as 
H=6//Polvia - (7) 

Since the flow past the spheroid is sym- 
metric about the axis of « and perturbations 
due to the presence of the obstacle vanish at 
infinity, the appropriate solution of equation (5) 


is given in terms of the Legendre functions 
P(e) and Q(t) as 


D= Clie 


p=cU > Ar Qnr(t)Pr() ’ ( 8 ) 


where the a@»’s are constants of integration. 

To solve equation (6) we put ¥=e**T(t)M(2), 
then the equation becomes separable in the 
variables and we are led to the set of two 


~ H. Lamb, ‘Hydrodynamics’, 6th ed., 
bridge 1932, § 342. 


Cam- — 
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equations for T(z) and M(y). 
take the same form as 
d Sa adZ 


dz | no dz 


provided that « stands for ke and Z=T when 
z=t while Z=M when z=z. 

For a discrete set of characteristic values 
of 4 the solutiont M() which is regular at 
4=+1, is expressed in series of the Legendre 


These equations 


R(Aa-ke22)Z=0) (9) 


functions. Denoting it provisionally by pe,(/.), 
then 
Peon(/ => AL” Pol) , 
r=0 


(10) 
PCen+1(/4)= >) 3 AGUO Pes 5 (72) 


2r+1 
r=0 


where the A®%’s depend on « only and are 
expanded in powers of « when « is small. 
Appropriate solutions 7(¢) of equation (9) are 


S@o7,(2)= 


24 


Se2n41(f)= A? 


where the v»’s are constants involving only the A%™’s. 


panded in powers of « when « is small. 
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found to be given as follows. The solution 
of the first kind as denoted here provisionally 
by Ren(z) which diverges when its argument 
t is large is defined by the integral form: 


V 22 - 


and is also expressed in series of the modi- 


nf 
Re,(¢)= sel e'De (dL , 
is en 


fied Bessel functions Jn43, namely 
il 
Reo» é ay BOOT ad kt ’ 
@ V et x ul 
(12) 
Reon + =F = Ag? Dore gud) , 


Whilst the solution of the second kind as 
denoted here by Se,(¢) which vanishes as its 
argument ¢ increases can be expressed in 
terms of the modified Bessel functions Ins} 
and Kn+3. Thus,t 


Kk 
Sesto Sa) ial Ee), | 


= (Re oe (eee 
mn +1) cosh & _ raver Koea( 5 e') Inval ae :) j 
p= 


(13) 


These functions Se,(¢) can be ex- 


The appropriate general expression for % is thus given by 


1=Uek™ S BnSen(t)pem(/2) 


m=0 


where the $»’s are constants of integration. 


(14) 


The components uw, v and w of the perturbation velocity and the pressure f at any point 
in the flow can be obtained by inserting the above general expressions for ¢ and % into (3) 


and (4) respectively. 


§3. Determination of the Constants of Integration a, and Bn, 
The constants of integration @» and Bm can be determined by the boundary conditions at 


the surface of the spheroid. To do this it is convenient to use, 


in place of uw, v, w, the 


components of the perturbation velocity along ¢ and y/ increasing and denote them by w and 


V,» respectively. 
These components are given, 


in terms of ¢@ and %, by 


SE iL Pye Re a 
ee ar pene 
(15) 
1 a Le 0b V1- 4 ye Ox na ty/1 — 2 xX : 
ch Oa 2h Ge h 
where | 
+ Concerning the solutions of equation (9), } The constant factors of (13) are slightly dif- 


ferent from those in equation (28) in the writer’s 


namely spheroidal functions, used throughout this 
another paper [7]. 


paper, reference should be made to the writer’s 
another paper [7]. 
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SEDGE MSR RT 


Substituting the expressions (8) and (14) for ¢ and % into (15), we have, for the moment, 


uU=— as AnQn(t)Pr{) + na Cor s Bni/P—1 Pem(4){Sem(t)— Ke Sem(Z)} , 


nh n= = - m=0 (16) 
Ou= : ZS ain Qn(d WE) a S Bm/1— 2? Sem(t){ em’ ()— wt pem(#4)} , | 
Verena 2h m=0 
where P,(t) and Q,}(Z) are both associated Legendre functions defined by 
PA&WM=Y1—wPn(e) and Qni(H=//P—1On'@) 


and dashes denote differentiation with respect to ¢ or /. 

We now rewrite these expressions in the forms which are suitable for fitting the boundary 
conditions at the surface of the spheroid. For this purpose the right-hand side of equations 
are assumed to be expanded into the series of the Legendre functions P,(/) or that of the 
associated Legendre functions P,(/). Let us first introduce functions Fm,,(¢) and Gm,n(¢), such 
that 


ae Cy Pay 1 Pem(“4){ Sem’ (¢) — KUL Sem(Z) = > Fn, n(t)Pa(t) , 

Kk n=0 

A : (17) 

oy S. eet Al. — Sem(Z){pem’ (4) — «t Dem(4) = Sy Gin, n(b) Pre) , 
i. n=1 

the derivation of which will be shown in later lines of this section. Then the expressions 


for % and vz become 


4 co : co 
—_—— _ [nr BnF'n, nD} Pale ) 
1=0 m=0 : 
py 1 anne) Bn Gin,n OLP.) : | 
n=1 m=0 
Let the surface of the spheroid under consideration be specified by =f, then the bound- 
ary conditions x~=—U, v=0, w=0 become 


== U ces ss 
Us = a Op V,—=—ft iP. 
; ue {2 w= Vi-“w 
at ¢=z%. Using the expressions (18) for % and v, these conditions yield immediately 


A Qo (to) = BinF'm, (to) =0 , 


m= 


non Z Wh, m, nt = Vt?—1 
ain Quilt) —E Brb’n nt) = 4V) ee oe (19) 
Z @=1) 
n nt ro ak Gra nt a : 3 
AnQn(to) EB ’ (to) l 0 (n=2, Cees 
Eliminating the @,’s from the second and third of these equations, we have 
S: Bn Qu(to)Fm, n(ts)—Qn*bo)Gn, nb) }= he ty) ie Pare (20) 
m=0 (n=2, Sepeaess) 5 


with @o'(Z)= —1/)/P—1 and the Bn’s can be determined by solving this system of simultane- 
ous linear algebraic equations. 1 
Inj what follows we shall deal with the functions Fm,»(é) and Gn,»(¢t) appearing in (17). 
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The expressions of these functions can be given by using the well-known orthogonality and 
normalisation relations for a set of the Legendre functions P,(/), and we have, for the 


moment, 
/ aie Pen(“e){ Sen’ ()—Ky Sen(f)}Pr(dp ) 


2n+1ft 1 
li AA =—— pL / 78 
a ; ie ve 
72 te eee 
G, WA == ah ae — ekte 42 ‘NCD =a 1 

mM, 7\, 2n(n+1)) a 2) e iv =F; t Sem( (DL 1 DCm (4) kt Pem(/) }Pn (wd - 

For convenience we now introduce the functions Om,n(Z) defined by 
(21) 


1 
Om =| CP DOm() Produ : 
-1 


Then, after some reductions, we have 
Ep ++ Donner} Senlb | | 


2n+1 ke 
fied Gi EE n Sen’ (Zz Se ae 
; Ark VP-1 : @) 2n-+1 
i { Om,n-1(f)— Om, n+ 03 | i 


2n+1 
Gan t er S m( m,n 4. 
eis An . al « ois 2Qn+1 


(22) 


Especially Fm, (¢) can be reduced to a simple form. It is directly given by 


Fe. (t Ded aA nt t)S€m’ (2) —KOm 12)Sem(Z)} . 


and Crna (GeO) ) 


Noticing that 
)= V 2x Re,,(Z) 


Om, ot 


we have, for the moment, 
En s(t)= V2 = {Rem(OSen’(é)—Ren’(@)Sen(6)) 
kK 


The curly bracket on the right-hand side of the above equation gives, as is well-known, the 
Wronskian determinant composed of the two kinds of solutions Rem(Z) and Sen(¢) of equation 


(9), and therefore we have as usual 
Rem(Z)S€m’ (£)—Rem’(t)Sem(t) = a , 


where Cm is a constant independent of 7, which can be evaluated by assuming 7 to be large 
and replacing Ren(¢) and Se,»(¢) by their asymptotic expressions, namely 
—Kt 
(23) 


pem(1) es! ie 
Rem(Z) a and Sem(Z) e 


Hence we have 
m= J a pem(1) . 
Kk 7 
Thus we get finally 
F ___ Pem(1) ih 24 


By the way, it is here to be mentioned that the function om,n(¢) defined by (21) can be 


rewritten in series of the Legendre functions as 
=> — faa Aom 
Oom, = Te nyark ) bee , 
ie r=0 it , 
(25) 


ok OCA 2 Mediates ’ 


2m Tm t 
Oom+1,n(b)= Deer 
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where the f»,-(¢)’s are the coefficients of the following expansion: 


ete P, (")= Sh x Avs 


r=0 
and are given by T 


fn wrh=(2r+1) 


% (2s)! (2n—2s)t(2r—2s)! ( 


IPA We 


(n-+r=s)! 


with 


SS (s!)(2n+2r—2s+1)! | (n—s)!(r—s)! 


Vener-20) 


Pn(t)=2n+Dy/ Ty. y(ct). 


§4. The General Expression for the Drag 


We shall next proceed to calculate the drag 
experienced by a prolate spheroid. As we 
have already mentioned in [1], two different 
methods are commonly used in calculating 
the drag on a solid body immersed in a stream 
of fluid. In one method the drag is obtained 
by summing up the viscous stresses exerted 
by the fluid upon the surface of the body, 
while in the other it is calculated by applying 
the theorem of momentum to an infinite mass 
of fluid surrounding the body. 

If the analysis is based upon Oseen’s equa- 
tions, the first method gives the drag D on 
a solid obstacle in the form 


D=—oU\| FF as, (26) 


On 


where the double integration is taken over 
the surface of the body and 0/0n denotes dif- 
ferentiation along the outward normal m to 
S. The second method gives 


(27) 


where integration is taken round a large 
closed surface o everywhere at a great dis- 
tance from the obstacle and 0/0’ denotes 
differentiation along the outward normal 7’ 
LOMO: 

For the prolate spheroid, =z, (26) becomes 


D= ce a ai) Gye 
t=t 


whilst (27) gives 
a pel * [pd 
ID aneot|’ |e 1) at 


o being taken to be a large spheroidal surface 
confocal with the surface of the spheroid ¢= 
zw. By making use of the expression (8) for 
@ either of the above two formulae gives one 
and the same value for the drag acting on 
the spheroid, namely 

D=4re?0U*a . (28) 
By the aid of the first of equations (19), 
together with (24), a can be written in the 
form 


adi 


toc 


Ap= 


5. 5 > Pem(1) Bm ; 
m=0 

Thus we get the general expression for the 

drag in the form: 


32a? 0U? 

D= oer 

where R=2aU/v is the Reynolds number. 

Further, if we define the drag coefficient Cp 
by D/(ieU?- oe we have 


os =e Pem(1)8n : 


The general expression for the drag on an 
oblate spheroid with its face normal to a 
uniform stream can be also obtained in a 
similar manner and will be shown in Ap- 
pendix. 


(29) 


> Pem(L)Bm , (30) 


Cp= 


(31) 


§5. The Pressure Drag and the Frictional Drag 
As mentioned previously [1], [4], the total drag on a solid obstacle can be analysed into 


the pressure drag D, and the frictional drag D,. 
cerned, these drags are given respectively by 


Dy=—pU 
- eu\\ 8 


Li —ot\\(m ae 


9¢ as 


As far as Oseen’s approximation is con- 


(32) 
ne) as, 
Oz 


fll ‘See also equation (10) in [1]. 


and so 
This result shows that, 
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where (J, m, n) are the direction cosines of the outward normal to the surface of the spheroid. 
We deal with the particular case of the prolate spheroid and proceed to the computation 


of D,, which is now given by 


Dy=2xepUlt*—1)| |o*—Lye 
UL: 


1 


OB ie ay Oe: 
ar + foH(1 — 4?) af ae 


Inserting the expression (8) for ¢, we have, for the moment, 


1 2 
Dy=2re%pWraalti—)\ ad 


=—9 Fb 


co 1 
—2re*p UG? —1) Sota | {bo 1) Qu! (t)-12 Pale) 4 4Qu Ct) HI = 12) (2D 
=1 


n=1 


By applying some recurrence formulae for the Legendre functions P,(#) and Q,(#) and re- 
membering that h?=— 2, the second integral on the right-hand side becomes 


nin+1) 


1 
Dr | (Pea Qnerlte)— Prati Qn-aCt)) BAe, 


2n+1 j}-4 


By the way, making use of Neumann’s formula‘ relating to the Legendre functions: 


Q,{0)= 
we can easily show that 


yt ! Pl) ell Q(t) 
2 hay r= ual ( 0 


a 


Thus, the first integral in the above expres- 
sion for D, becomes 


1 2 
\ 1 ey ANE 
1P-—p? 


while the second integral vanishes for every 


/ value of n. 


Therefore we get finally 

D,/D= (t)?—1) Qi) > } (34) 
D,/D=1—-(t?—-DOh). J 

if calculations are 
based upon Oseen’s equations of motion, the 


- total drag on the spheroid is divided into the 
pressure and frictional drags in a definite 
ratio, which is independent of the Reynolds 
~ number but dependent upon the shape of the 


_ spheroid. 


The pressure drag obtained above can also 


be written in terms of elementary functions 


as 
Dy _ pho ae f fo) 
D = (fy 7) 9 og 


where 4=1/1/1—(b/a)? . 


pri e 1} (35) 


f—1 
The frictional drag 


is then given by D,;/D=1—D,/D. 


The similar result concerning the pressure 


T(t Pa) 
2 le t—p ae 


> 


when 7 is odd , 


when # is even. Ce 


and frictional drags on an oblate spheroid 
will also be given here. Let an oblate spheroid 
be placed in a uniform stream in such a way 
that its major-axis, i.e., the axis of symmetry, 
is along the stream and let the major- and 
minor-axes be of length 2a and 20 respective- 
ly. Then we have, (from the general expres- 
sion for Dy given in Appendix), 


2 = (t92+1)(1—t» cot-} 1) (36) 
with t o=(b/a)/1/1—(b/a)? . 

We can now deduce the results for some 
special cases. For a needle-like body placed 
along a uniform stream, we have, by putting 
(pz=(0) shay (5) 

D,=0, D;=D, (37) 
but it is evident physically that D=0O in this 
case. While for a circular disc set at right 
angles to a uniform stream we get, by put- 
ting b=0 in (36), 

De=D'. D-= (0. (38) 
Further, in the case of a sphere (a=b) we 


y+ E. W. Hobson, ‘The theory of spherical and 
ellipsoidal harmonics’, Cambridge 1931, § 40. 
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have, from either of (35) and (36), 

D,»=3D , Dr 4D (39) 
Thus, as we have already pointed out in [1], 
the pressure and frictional drags contribute 


to the total drag on the sphere in the ratio 
Ike 


$6. An Approximate Expansion Formula 
for the Drag 


In order to calculate numerically the values 
of the drag coefficient directly from the 
general expression (31) we must first deter- 
mine the f$»’s numerically by solving the 
system of simultaneous algebraic equation (20) 
for each given value of the Reynolds number; 
the work is thus rather cumbersome. It is 
therefore desirable to derive an approximate 
formula expanded in powers of the Reynolds 
number, which may be conveniently used for 
numerical computation of the values of the 
drag. 

For this purpose we have to express Bm as 
well as pem(1) in powers of «, or in powers of 
the Reynolds number R. To do this, we must 
expand the quantities Fmn(é) and Gm,n(to) 
in (20) in powers of « by using the series 
expressions for the coefficients A‘’s in pem(/) 
as well as the expansions for the function 
Sem(z) and others in powers of «t. Assuming 
R to be small it is thus found that Pp, Bi, Bo, 

- are of order R, R?, R°, --- respectively, 
while it is seen that the quantity pen(1) is of 
order unity for any number of m2. 

Making use of the above estimated orders 
an approximate expansion formula for the 
drag coefficient for the case of a prolate 
spheroid is obtained correct to the order of 


R. The final result only wiil be given here. 
Thus, 


(40) 


ee eee 
Co= Fel 1 tog | 


where we have put for brevity 


Eifel 
ee 2 : 
1 | 


S= fo {Lt to”) log - 
h—- 

sion formulae correct to the higher orders 
of the Reynolds number R may be obtained 
in like manner, but it will be seen in later 
lines that the above formula will be sufficient 
for computing values of the drag coefficient 
when the Reynolds number is sufficiently 
small, 


Tytsei Aol 
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A similar approximate expansion formula 
for the drag coefficient is also obtained for 
the case of an oblate spheroids, namely 


64 if 
Cee: + 41 
Copel tage | (41) 


Although the same notation is used, Sin this — 


formula is different from that used in (40) 
and is defined ast 

S=2)/7,7?+1 {(1—t»?) cot~? To+To} 
with t»=(b/a)/1/1—(6/a) . 

Approximate expansion formulae for the 
drag on a sphere and a circular disc can be 
readily obtained as limiting formsit of 
the above formulae (40) and (41). An ap- 
proximate expansion formula for the drag on 
a sphere of diameter d=2a can be obtained 
by tending % to infinity in either of our preced- 
ing formulae (40) and (41). The result is 


ee 

ee 
where R=Ud/yv is the Reynolds number. As 
should be expected, this formula is in com- 
plete agreement with that obtained by Gold- 


stein [6]. Next, if we put t>=0 in (41), we get 


Cp (42) 


an approximate expansion formula for the | 


drag on a circular disc of diameter d=2a 
placed at right angles across the stream. 
Thus, 

G2o ee 
= ae 


Cp 
eo TR Ae 


where, as before, the Reynolds number F is ! 


defined as R=Ud/v . 


As mentioned before, Oseen [5] himself has | 


calculated approximately the drags exerted on 
a prolate spheroid and an oblate spheroid 
including a sphere and a circular disc as 
special cases. Although the expressions and 
the notations are different, it is found after 
some reductions that out formulae are in com- 


(43) | 


y For expansions of the spheroidal functions 
Pe€m(u) and Se,,(f) necessary for our computation, 
reference should be made to the writer’s another 
paper [7]. 

t+ For a prolate spheroid S can be written as 

S= 2t {(1+to)Qo(to) — to} 
when Q(t)=(1/2) log (£+1)/(@—D); while, for the 
case of an oblate spheroid 
S=zZ Vay2+1 {1 = T0")Go(To) ote To} 
and go(t)=7Qo(it)=cot—!c . 

Tr A needle-like body is also a limiting case of 

a prolate spheroid, but, as mentioned above, the 


drag on such a body becomes evidently zero and — 


is of no physical interest, 
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plete agreement with the 
Oseen’s formulae. 

By making use of our approximate formulae 
we shall now calculate numerically the values 
of the drag coefficient Cy for various spher- 
Oids, including a circular disc and a sphere 
at small Reynolds numbers. 

Numerical values of Cp thus calculated are 
given in Table I. It is of some interest to 
note that the value of the drag coefficient of 


a sphere at any Reynolds number is always 


corresponding 


Table I. 
Case A. 


Viscous Flow past Fixed Spheroidal Obstacle 


127 


larger than the corresponding values for spher- 
oids and a circular disc, each having the same 
length or the same cross-stream dimension as 
a sphere. We have already noticed in a previ- 
ous paper [4] that such a curious property of 
the drag at small Reynolds numbers is also 
found in the group of a circular cylinder, an 
elliptic cylinder and a flat plate, provided that 
each of them has the same width across the 
stream. 


Values of Cp. 
Prolate Spheroid (6/a=1/4) 


Case B. Prolate Spheroid (6/a=1/2) 

Case C. Sphere 

Case D. Oblate Spheroid (0/a=1/2) 

Case #. Oblate Spheroid (6/a=1/4) 

Case F’. Circular disc 

R Case A Case B | Case C Case D | Case #/ | Case F' 
0.01 960 1446 2405 2176 | 2085 | 2040 
0.05 192 291 | 485 438 | 420 ieee 
Ome 96.6 146 245 Papal 212 207 
eZ, 48.7 13.9 125 IAL, 107 105 
0.4 ZA, Biol | 64.5 58.0 Doms 54.2 
0.6 Savi Sy. if 44.5 399 38.1 Sie 
0.8 ALY 19.7 34.5 30.8 29.4 Pay (Uf 
1.0 10.3 Goal 28.5 25.4 7s) 23.6 
Za | broL ony | 16.5 14.6 13.8 13.4 
3:0) =| 3391 6.45 12.5 ~ _ _ 
4.0 | 3.12 = = = _ _ 
Appendix 


The case of an oblate spheroid 


For completeness we shall give here, as an 


addendum, the results for the case of an oblate 


spheroid. For brevity only relevant parts of the analysis will be given and detailed cal- 


culations will be shown elsewhere. 


The fundamental solution of Oseen’s equations is given by ¢ and % which satisfy equations 


(5) and (6) respectively. 


that its minor-axis, i.e., the axis of symmetry, is along a uniform stream. 


We consider an oblate spheroid which is situated in such a manner 


Let the major- 


and minor-axes be of length 2a and 2b respectively. Then it is convenient to introduce the 


oblate spheroidal coordinates defined by 


*x+726=c sinh (E+7y) , 


or 
2Z=CTL , 


O=¢//7+1V1-/; 


where c=7/a?—b? and T=sinhe, » = €Os.7 « 


The appropriate expression for the function ¢ is given by 


p=cU = An Arlt) Plt) 5 
n= 
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where the a,*’s are constants of integration and qn(r) is ellipsoidal harmonics which is re- 


lated to the Legendre function by gn(t)=2"*1Qn(er) . 
If we assume the function % in the form x=e**T*(c)M*(“) , then the functions T,(c) and | 
I 


M*() satisfy the equations: 


d { 2 eas Se) Fie () 
‘es ee = (A+ 4%?) ; 


d aaM* 2 

Eee) A—122)M*=0 , 

mF; \ /) ait L+¢ K>/1?) 

where « stands for kc. We denote the appropriate solutiont regular at “~=-+1 of the second 
differential equation for M*() by pen*() provisionally. Then these functions are connected 
formally with pe,(“) by the relation pen*(“#; «)=Ppem(“; 7) and are expressed in series of | 
the Legendre functions as ] 


co 


pen*()= 3 BYP. AL) , 


r=0 


Pe2ns1(4)= > BE") Por a (H) * 
r=0 


The solution of the first kind of the first differential equation for T*(r) which diverges at 
infinity is given by 


At 
Re,,*(t)= a - CT DHE n*(M)dpL , 
and is expressed as 
1 oa 
Rezn *(t)= Vee = BY Tors a(KT) ; 


1 co 
ae STIs SRS) 4 
V «rt r=0 if 


While, the solution of the second kind of the same equation which converges to zero when 
t is large is given in the form 


Regn4i1*(t) = 


2 = * fe Ke 
Sean™(t) = Bam 2 rar" Kova( é) Ines (5 e 2 , 


24 4 = 3 
Seana. "(7 )= epony sinh & SS vaves*Kvea( e) ea e€ 5 


p=0 
where the v»*’s are dependent upon Bo” | 


Thus we find that the appropriate expression for the function % is given by 


0 Cems > Bm*S€m*(t)pem™*(“) , 


m=0 


where the 8m*’s are constants of integration. 

The constants of integration a@,* and Bm* in the above expressions for ¢ and x can be 
determined by the boundary conditions at the surface of the spheroid which is specified by 
t=t). Thus, they are determined by solving the following system of simultaneous algebraic 
linear equations, namely: 


ay* do* (To) = >) Bat Eos O° (To) =) 5 


m=0 


An*Qu'(e—>) Bin*F mn (To) = | Vas (n=1) , 
m=0 0 (n=2, 3), see), 


y For the spheroidal functions relating to the oblate spheroidal coordinates reference should be — 
made to Appendix of our paper [7]. 
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Cn On (t)—-» Ba Gi,n*(co)= | To Cie J 
m=0 0 H=2, 3, ~s) ’ 


where q,‘(t) is an associated function of Qn(t) defined as @n'(t)=7/r24+1qn'(t) , and the func: 
tions Fyn (t) and Ginjn*(t) are given by 


* 
Pn KOs (1) } 1 


P2 ln Vien 
pny etl : bbe 
Finn (t)=- Ap VFI) Fata Sen* (inne, «| (26m, —-1 *(c)+(m+1) nner Or Sent ©), 
* att * QKT 
Ginn Se Sem” (tr) [onto — n+l Nitin. n—1 *(r)—dm n+1(T) } | , 
with 
O2myn pals = Ss 2 en on BS” , 
r=0 4y sil ee 
O2m+1,n Gs = > 2 Saif ores) Boe» 
aeapescr” rel * 


Further, the @m*’s are determined by solving the following system of simultaneous alge- 
braic linear equations 


[eRe nT Vo. n (To9)— Gn Ginn at *(¢ = Qo'(To) (n=1) ‘ 
> {nlTo *(to)— dn\(To) (do) } L 0 Camere 


where q)\(t)=—V/ r?4+1- 

By making use of the above exact analytical solution of Oseen’s equations we have cal- 
culated, as before, the general expression for the drag experienced by the oblate spheroid. 
By introducing the drag coefficient Cy=D/(40U?- za") we get 


= Fe Ss Pew™(L)Ba 
where R=2aU/y , as before. 
The general expressions for the pressure and frictional drags D, and Dy are given by 
Dp/D=(t9?+1)gilto) ; 
D;/D=1—(t0?+ Vaio) , 


with qgi(t)=1l—taq (rt) and q(t)=cot"!t, 
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On Spheroidal Functions 
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Osaka University of Engineering, Osaka 
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In this paper are investigated some mathematical properties of 
spheroidal functions satisfying the differential equation of the form: 
dZ | 
dz J 

One solution pe,(z) regular at |z|=1, which has already been known as 
special case of the generalized spheroidal function pe™(z), is developed 


ffa-#) +(A+n2e2Z=0. 


into a Legendre expansion and its coefficients are obtained explicitly for 
several cases. 

The solution of the first kind Re,(z) and that of the second kind Se,,(z), 
which are valid especially when z > 1, are defined by the definite integrals 
and are also expressed in series forms in terms of the modified Bessel 
functions. 

An alternative expression for Se,(z), which is conveniently used even 
when z is not so large, is also defined in like manner as in the case of 
the derivation of the modified Mathieu function FEK,(z) or GEK,,(@). 
Further, the asymptotic behaviours of these functions Re,(z) and Se,(z) 
are obtained. 

Detailed calculations are developed for the case of a prolate spheroid. 
For the case of an oblate spheroid some essential parts only are given 


in Appendix. 


$1. Introduction 


As is well-known, in some boundary value 
problems in mathematical physics we deal 
with the so-called Helmholtz equation: 


ORVE VOZV ORV: 


a ies 
i ak (1) 
or, 
OV OV OV... 
ui ga (2) 


For instance, the motion of a solid body ina 
viscous fluid and the scattering of electric 
waves by an obstacle are discussed on the 
basis of equations (1) and (2) respectively. In 
the former problem it is required to obtain a 
solution of exponential type of (1), while in 
the latter we require a solution of simple 
harmonic type of (2). In dealing with an el- 
lipsoid of revolution, that is, a prolate or ob- 
late spheroid, which is placed in a field sym- 
metrical about the axis of revolution of the 
spheroid, it is convenient to introduce the 
proiate or oblate spheroidal coordinates in 
place of the Cartesian coordinates (x,y,z). 
Confining ourselves to the discussion of 
equation (1) and to the problem relating to a 
prolate spheroid, we now introduce the prolate 


spheroidal coordinates (£,7) defined by 
a+i6=c cosh (E+7Z7) , 

where ©=//7?+2? and ¢ is a constant depend- 

ing upon the shape of the spheroid. Denoting 

cosh € by ¢ and cosy by “4, we have 

O=cVP—1V1—pw? . (3) 

Assuming V=T(t)M(z), we have two dif- 


ferential equations for determining T(z) and 
M(4), namely 


C— Gli 


d | 14 ee 
di itis ie) 7S +A+2)T=0 , (4) 
and 
aM aoe 
Fp aes Vee Lat et MSU (oo 


where A is a characteristic constant and « 
stands for kc. These equations are both of 
the same form as 


ae 2) ce + (A+4?z2)Z=0 , (6) 


and Z=Tf when z= and Z—=// when’ 2— 
The main object of the present paper is to 
discuss the solutions of the above fundamental 


equation (6), i.e., the so-called spheroidal func- | 


tions. The present investigation has been 


130 


1955) 


made in connection with the exact analytical 
solution of Oseen’s equations for the motion 
of a prolate or oblate spheroid in a viscous 
fluid [1]. 

The investigations on the spheroidal func- 
tions seem to be rather fewt and they are 
mainly concerned with the propagation of 
electric or sound waves on the basis of the 
solution of simple harmonic type of equation 
(2). In the present paper, however, we start 
from the equation of exponential type (1) and 
some new results are obtained which will also 
be applicable appropriately to the case of wave 
motion. 

In cases when we deal with an oblate sphe- 
roid or when the equation (2) is dealt with, 
the respective fundamental equation takes a 
similar form to equation (6) except for the 
difference in signs and hence the analysis 
developed in the present paper will be readily 
applied to those cases. Some of the results 
relating to the solutions of exponential type 
for the case of an oblate spheroid are given 
in Appendix. 


§2. Integral Representations of the Solutions 
We shall apply the Laplace transformation 

to the fundamental equation (6). Thus we as- 

sume that this equation can be satisfied by 


Ha) =| exew(g )de , (7) 
| provided that a function w(f) and the limits 
of integration are properly chosen. Substitut- 
ing (7) into (6) we have 


fersio(e (eter —£2)— Deal Hat e%)}AE =0 


_ which, by partial integration, can be reduced 
to 


esl —¢ »( oe —KZW ) 
d { , dw ) | 
Ne lee = 7) Ak 20 ac =U. 

fers] geld) Ge f Ha teree Ja 
Thus the appropriate limits of integration are 
determined from the condition that when 
_ taken “between the limits of integration, the 
| integrated part vanishes, namely: 
eel aoe —raw )=0. (8) 
| While, a function w(€) is so determined that 
it satisfies the equation: 


On Spheroidal Functions 


131 


ao (A+nO?)w=0 , GoD 
which is of the same form as equation (6). 
In the first place, we shall obtain a solu- 
tion Z(z) which is regular at z=+1. Sucha 
solution is given by taking the integration 
from €=—1 to €=1 and by assuming w to 
be identical with Z. Thus, the required solu- 


tion is given by 
Z2)=0\ 


provided that w is connected with 4 and is 
required to be one of a set of discrete charac- 
teristic values. Following MGlichit, we de- 
note such a solution by pep(“) with a charac- 
teristic value wx, we have 


1 
pen(/) = on| er’spen(C)de ) 
1 


© ZOE , 


(10) 


where again we have written ~ for z. Thus 
it can be said that the spheroidal function 
pen(“) which is regular at “=-+1 satisfies the 
homogeneous integral equation with the sym- 
metric kernel (10). It is to be mentioned here 
that this spheroidal function reduces to the 
Legendre function P,(“) when the parameter 
« becomes zero. 

Next we shall proceed to find solutions of 
exponential type which can appropriately be 
used especially when z= 1, and thus we take 
t=cosh € for z. Such solutions are classified 
into two kinds, namely the solution of the 
first kind which diverges when ¢ is large and 
the solution of the second kind which vanishes 
when ¢ tends to infinity. By taking the 
spheroidal function pen(€) for w(€) in (7) and 
carrying out the integration from €=—1 to 
€=1, we defined the solution of the first kind, 
denoted provisionally by Re,(Z), as: 

Revl= 75 erttpen adr : (11) 
It will be seen later that this function is con- 
nected with the modified Bessel function of 
half-integral order In+3 as: 


1 
Re,,(Z) =>. Vo ’ 


when the parameter « tends to zero. 


t See, e.g., [2], [8] and [4]. 

tt Méglich [2] and Kotani [3] have discussed the 
generalized spheroidal function pe™(y). Their 
pe,(~) is equivalent to our pen(y). 
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The fundamental equation (6) remains un- 
altered when z is replaced by —z, so that 


Z(a)=\erwtw(Qat 


becomes also a solution of (6) provided that 
the limits of integration are determined by 
the condition that when taken between the 
limits of integration, 
dw 3 

— ZW j=) ; 

ac +) 

and a function w(€) satisfies equation (9). As 
will be shown later in § 8, the solutions Z(z), 
or w(€), have in general the asymptotic behavi- 
our of two types when their argument 2 is 


e516) 


large, namely Fie pee and wey 
eG EG 


for a large value of €. Hence, if for w(€) 
we take pe,(€) which is regular at €=1, the 
integral can be taken from €=1 to infinity, 
provided that z>>1. Thus we define the solu- 
tion of the second kind, denoted provisionally 
by Se,(Z), as: 


Se0)= / al" e-*tpe(O)\dl. (12) 


It will be seen later that this solution is re- 
lated with the modified Bessel function of 
half-integral order Kn+3 as: 


Sen(Z) = ag Kens it) > 


when the parameter « tends to zero. 


Tytsei Aol 


1+(2n—1)(2n+3) 
2(2n—1)(2n+3) ’ 
n(n—1)? 


a= 


(Vol. 10, 


§3. Series Expressions for pen(/) 


When the parameter « is small, the sphe- 
roidal function pen(/) can be expanded in 
powers of «. The generalized spheroidal func- 
tions pe™(“) have been investigated by Kotani 
as early as 1933 and their expressions in some 
special cases have been given explicitly. In 
obtaining such series expansions we adopt 
here a procedure similar to that used in deriv- 
ing the series expansions of the Mathieu func- 
tion cen(z) or sen(z). Thus we get series ex- 
pressions for the spheroidal function pen(/) in 
concrete form. Our results are more extensive 
than Kotani’s and hence it may be worth 
while to describe them in subsequent lines. 

We assume that the parameter « is small 
and that the function pe,(“) and the cor- 
responding characteristic constant 4, are ex- 
panded in powers of « as: 

pen(4t) =Palt) + Ff oe) 
+f LOE TI AE tee 5 (13) 
and 
An=n(+1)+anK?+ azk*+ aexit>-- , (14) 
noticing that pen(v) and 2, degenerate into 
P,(v) and n(m+1) respectively when « tends 
to zero, namely when a spheroid degenerates 
into a sphere. By starting from these ex- 
pressions we can determine the functions 
fi() and the @,’s from the fundamental equa- 
tion (6) or (5). 


the following. 


ape aa | — etn ee) 
2(2n+1) ((2n—3)(2n—1)? (2n+3)3(2n+5)J ’ 
n>(n—1)? 


(15) 
_ eae) | 


Snel Dia da 
~ Cah ee (2n—5)(2n—3)(2n—1)4 


and 


iO) 


Prt) Ir 


(2+1)(2+2) 


(2n+3)*(2n+5)(2n+7)$ ’ 


2(2n—1)?(2n+1) 
n(n—1)(n—2)(n—3) 
8(2n—5)(2n—3)? (2n—1)2n-+1) 
aa (2-+1)(2+2) 
(2n—1)(22+ 1)(2n+3)*(2n+7) 
(m+1)(m+2)\(n+3)(n+4) _ 
8(2n+ 1)(22+3)?(2-+-5)?(224+7) 


Fae)= 


+ 


Pn—s(e)+ 


Past) , 


Prao(t) ’ 


2(2n-+1) (2n+3) 


n(n—1) 
(2n—5)(2n—1)*(2n+1)(2n+3) 


Pr —(/) 


Prso(t) 


The straightfoward calculation | 
gives us the results required as described in | 


sae), 
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A n(n—1)(m—2)(n—3)(m—4)(n—5) 
2)=— LL == 
Fale) 48(2n—9)(2n—7)(2n—5)*(2n—3)*(2n—1)2(222+1) % 


n —5( Lt) 


; (m+ 1)(n+2)(n+3)(n+4)(n+5)(n+6) “fl ong 
" 48(2n+1)(2n-+3)*(2n +5)X2n+7)(2n+9)(2n+11) 


Paxson , 


These expressions indicate that, when « is small, we can express the spheroidal function 
pen(“) in terms of the Legendre functions P,(/) in the form: 


co 


Pexr(4y= > AQ Por( 12) , 
r=0 


| (17) 


POon+ei(Z= Dd Ant) Powe Ct) ) 
r=0 


the coefficients A,“ ’s being dependent upon the parameter «. For some special cases we 
have 
Ls Jae 4 


be =o G 8 
3 135" 9505 7 O™> 


vied 2 13 
Ae 2 Gsusta8 7 eet 6 O 8 . 
Dag Ot ce To7575 © tO) 


1 4 
A — ——— At 
€ SiG 51075 


e+O(K*) , 


(0) — 


si ee 
AP =O) ; 
oT he ae 


eee 


Bits sin875 
AM=1, 
1 Es 


AY= Ke K 


25 5625 15159375 


1 4 ee yee O 8 
=5908 © 716625" 1° *?? 


@Qe= 1 
t 405405 


AS = O(c!) ; 


aay od larhcrae ot 21388 


‘ Fi 9261 44925111 
tale D 19 
@) — = a —\ygeh et GAY O 8 z (18) 
Ay 45 © 2835 "+ 1950035 © 1 O? 


r®+ O(n’) , 


1 6 
ener eae 
@5en5 © Om 


r+ O(K®) , 


al 
A 


e+O(K%) , 


a i Oe); 


Awe. (See 4 44, _ 15809 


245 °° «132055 757071315 


c®+O(«®) , 


1 4 
Opes, ‘ooo 6 O 8 ; 
A? =tee1 © qosgeass © 7 OM"? 


+ The complete expression for fe(m) is not given here, since it is too lengthy. However, for special 
) cases when 2=0, 1,2 and 3 the expression for fo(u) is shown indectly by (18). 
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4 


(Cys ra O 8 
OS = qasgdog © eee 
A®=O(«8) ; 
23 3302 1572668 
,=12— ele ee ——— «8+ O(r®) , 
Ayal ee %? apgoeas 96387521875 © tO 
3 2 251 
A= ——— K4- S el 6 O 8 : 
175 13105 “+ 5ea7ig75 © 1 OM” 
A®=1, 
10 4 678641 
(GD) ay St Oa Seas ct Ke O Oe 
AD =r67" — so70s1 ” + 146292421275 " 1" 
5 4 
anna eV O(n?) , 
A = DaTl 58482567 © + Om 
Qe 64 O(«8) , 
= 93ge0g1 © + OC) 


AQ =O(«*) ; 


and so on. 

Here it may be remembered that the above expressions can be obtained directly from the 
homogeneous integral equation (10) by a procedure similar to that used in obtaining the corre- 
sponding expressions for the Mathieu function cen(z) or sen(z)t. 


§ 4. The Orthogonality and Normalisation Relations for pe,(/:) 


As mentioned above the spheroidal function pen(“) satisfies the homogeneous integral 
equation with the symmetrical kernel (10). Thus it can be immediately said that the family 
{pen(“)} forms a system of the orthogonal and normal functions for the range of the argu- 
ment |#|<1, namely 


| pem(/)pen(“)du = [Nn (m=n), 
. (0 (m=) . 


(19) 
The norm N, is easily determined by considering the expressions (17) for pe,(#) and thus 
we have 


Ee Anse . = > eae (22 +1) 2 
2 > 4y ert Wane =2 5 Fem 


§5. The Series Expressions for Re,(¢) and Se,(Z) 


The spheroidal functions of exponential type Ren(¢) and Se,(¢), which are defined by the 
definite integrals (11) and (12) respectively, can be expressed in terms of the modified Bessel 


functions Ins, or Kns3. 


Taking into account that the spheroidal function pen(“) is connected with the Legendre 
functions as (17) and that the modified Bessel function In+4 iS given by the integral form as 
27 = : tz ‘ 
<_o n+ 3(t) = é Paz é (20) 
-1 


we can immediately deduce from (11) that 


Reon»(t)= > AS? Tors g(t) , 


ae 


RemaO= 75 5 ys Agr? Dara g(t) : 


(21) 


t See E. T. Whittaker and G. N, Watson, ‘A Course of Modern Analysis’, $19.3, 4th ed. Cam- | 


bridge 1935. 
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Whilst the modified Bessel function Kn+4 is found to be related with the Legendre func- 
tion ast 


/ 4 Kn+i(t)= |e Pahde . (22) 


1 


and thus we obtain from (12) 


Semn(f= — 3 ASK ars (et), 
V Kt r=o © (23) 
Se2n+1(t)= = ; s A? Bars g(xt) : 


: 2p 
V Kt ran 2r+1 


These expressions for Se,(¢) are valid for a large value of «zt. 


§6. An Alternative Expressions for Se,,(Z) 


The function Se,(¢), which is defined by (12) and expressed in the form (23), is, however, 
inadequate when its argument is fairly small, although it represents the characteristic pro- 
perties in case when its argument is large. Thus it is desirable to deduce an appropriate 
expression for Se,(t) which will be conveniently used when the parameter « is small. Such 
an expression is deduced in a similar manner to the derivation of the expressions for the 
modified Mathieu function FEK,(z) or GEK,(z) [5]. 

The general solution V(¢,“) satisfying the Helmholtz equation (1) can be given by a 
linear combination of T,,(¢)pen(“), provided that Re,(¢) or Se,(¢) is taken for T,(¢). Thus, by 
making use of the orthogonality relation for pen(#) given by (19), we can write immediately 


1 
Pylte>| 


Viz, e)penl(“)dr , (24) 
it 


and an appropriate solution can be obtained by adopting a known function V(¢,/) suitable 
for each purpose?tt. 
We now intend to obtain the solution of the second kind and thus in (24) we put 
ee ey) for. Tf) and V==~-K. 4G, (cos W) dor Tn.) Asms welll nora 
We V er a 
these are particular solutions of equations (1) when the spherical polar coordinates «=7 cos 0, 
®=rsin 0 are employed. 


Thus we put for the moment 


Ke” +1 1 1 
V in AS } Ve 


27 +2 
Se2n+1(t)= ze Agr li Te Ky +3(Rr)P; (Cos 0)-pezns (“at , 


Se2n(f) = - Ky(Rr)-pean(“)dt , 


(25) 


where again T,,(¢) has been replaced by Se,(Z). 
In order to carry out these integrations it is necessary to rewrite the terms expressed in (7,6) 
in terms of the spheroidal coordinates ¢ and y#. For this purpose some preparations are 


4 made in the following lines. From Gegenbauer’s addition theorem for the modified Bessel 


+ This can be deduced from the formula (G. N. tr It is easily seen that when we adopt e** for 
Watson, ‘Theory of Bessel functions,’ Cambridge V, 7;,(¢) reduces to Fe,(t). We can also take 


@ 1922, p. 172): 


1 

range ep Ae wet: Varin gkrPn (cos @) for V and then we get an 
i D(v+4) 1 expression of the solution of the second kind of 
i by making partial integration and applying T'(t). 

Rodrigues’ formula for P,(@). 


Ky(2) = 
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function? we obtain directly 


Kens (2) _ (2n)! Vee 


—gnth 4  On+ly (co)” +2 


S (2n+2p4-1)Kn+v+4(t)Inev+3()CR*2 (cos ¢) , (26) 
p=0 


where z stands for 1/c?—2racos ¢+o% and C”*3 (cos ¢) is Gegenbauer’s function, that is, 
the coefficient of @” in the expansion of (1—2a cos ¢+a?)"“*!/ in ascending powers of a. 
Put t=(«/2)e§, o=(n/2)e-£ and ¢=z+2y we have z=kr. Further, taking into account that 
Gegenbauer’s function can be expressed asit 


Conroe eee ee 27 
pen 7g & i Aedigaaie sie” ca 
we have 
sees 2"/2n i (2n+2p+l1)2n+ pts)! 
(kry"*2 Gre Me ares oe 53) (— 1) s!(n+s)!(p—s)! 


<Kusvei( 5-6 ) Inened (fee 
oe, 2 
From this we have, by putting ”=0, 


1 Kappy = V 22 FS S$ (_ps COtV(bts)! fe See Neen 
Se kyr = EE SS oy Koei(-F-ef )Inea( 508 J 


and also when 2=1, multiplying the both sides by krP; (cos 0)=«tu(=ka), we have 


a _ 2 Oe ; (264+3)(p+s+2)! 
Va Oe: (cos 9) = Sea PS 1) Ses pies 


Kaa 5 e) Traa( 4 Cas ee ; 


Substituting these expressions into the integrals (25) and carrying out the integrations, we 
obtain finally 


2 2n oo 
Sem()= aaa | x Yop Kyaa( = eé ) Tp+3 (ser ) , 


ZAR” 


(28) 
Seen+1(Z)= Ae cosh E > Yops Ky +3 (Ger ) Iowa ef ) , 


where the coefficients v,»’s are, after some reduction, given by 


2p= 3 27*(s-+-7r)! (2s)!(p+s)! (2n) 
ge ae » 2 (- ak (s—7)! (2s+2r+1)! (s!)*(p— =91 


a ae: s 2(str+ 1)! (2st))!(H+s+2)! pons 
OE AO ea (s—r)! (2s+2r+3)! s!(st+1)!(p—s)! Aart 


The above expressions can be conveniently used when the parameter « is small, since the 
two series on the right-hand sides are rapidly convergent in such a case. 


§7. Expansions of Re,(f) and Se,(¢) in Powers of « 

It is sometimes convenient to express Re,(¢) and Se,(¢) in the forms of series expanded in 
powers of « when « is small. 

For the function Re,(¢) we can easily write down the required series from (21) directly, 


t G. N. Watson, ibid., § 11.41, equation (8). 


tt As far as we are aware, this formula seems to be new. The deduction of this formula is — 
ommitted here, however. 
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by taking account of the expansion of the modified Bessel function Ins 4 as well as expan- 
sions of A%™’s given by (18). Thus we have 


V dn Re(t)=2+ iS fx? Ole) , 


V 2x Rei(é)= “te = Be +O(K) , Si 


In order to obtain an expansion for Se,(é) it may be adequate to start from the series 
form (28) by making use of the expansions for the modified Bessel functions In+4 and 


Kn+3. However, we can also derive the required expansion directly from a integral 


form of Se,(z) given by (25). Using the expansion of Kns1, we can expand Vig ue 


and -—> ieee (kr)P; (cos @) in powers of «. Thus, we have in terms of the prolate sphe- 


V kr 


roidal coordinates (¢,/4), we have 


a Kilkr) = = 3 SE a k + S90 9K + 54 7! +O(e)} ; 
and 
i we fae (A. Ad 1 
Pete ARTE 0 eee -— 2-4. — 
wip Ke? 298 ere ee 
where for brevity we have put g=1/f—1+,2. Thus the integrands of (25) can be expressed 
in powers of « if the expansion of pe,(#) given by (13) is also used. The coefficients of 
the said expansion of pe,(v) are the polynomials of the Legendre function P,() and hence 
it is necessary to evaluate the integral of the form 


eb ye +008), 


L 
\ Me—-l+p)"PP,(wdp , 
<i 


where m is a positive or negative integer. Remembering that P,(/+) is expressed in series 
of 4, this integral becomes a sum Of the integrals of the form: 


1 
| BP —l+p)"dp ; 
=i 


where 7 is a positive integer. 
Evaluating such integrals for various values of 7 and m, we have finally obtained the 
required expression for Se,(Z). The results for some special cases are given in the following. 


Se,(t)= Qi)—K+ 5 Aisa Wane Va 7 (32—2)e3+O(«*) , 
Sei(Z) =30L,0)— = — “{(24+5t?) + (8-52) Q(t)" + tr? + Ole!) ; (30) 


Se()=—— Q(t) + ra {3(—632? + 402) + (1892! — 1832?—16)Qo(t) }e?+ Ole") , 


Q,(¢) being the Legendre function of the second kind. 
It will easily be seen from the above expression that except for constant multipliers, Sen(Z) 


degenerates into Q,(¢) as the parameter « tends to zero. 


§8. Asymptotic Behaviours of the Spheroidal Functions 
Lastly, we shall deal briefly with the asymptotic properties of the spheroidal functions of 
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exponential type for a large value of their argument. 
It is readily found that the fundamental equation (6) has in general solutions of two 
kinds. One of them, that is, the solution of the first kind becomes asymptotically 


Kt 
ZZ) ~ —er PO (31) 


Vi ie 
when ¢ is large, while the solution of the second kind becomes asymptotically 


SG Cunt ay 
: Sa O ths (32) 
VY ?—1 t 
where the constant C is to be so determined that it satisfies each definition of spheroidal 
functions given before. 
For the solution of the first kind Re,(¢) given by (11) and (21), we have, using the asymp- 


totic form of the modified Bessel function, 


ZZ) ~ 


perl) ek! : 

Re,@) ~ 33 

e (Z) We on Py , ( ) 

where Pean(l=S AG and Peome(l)== A?m*) | Similarly, the sojlution of the second kind 
r=0 r=0 


Sen(z#) given by (12) and (23) has the asymptotic form as 
Tc e7Ks 
Sen(t) ~ / Bday | (34) 
2 Kt 


The asymptotic expression for Se,(¢) given in §6 is also obtained. We start from the 
integral definition for Se,(¢) given by (25) and take into account that we can put «f# and yu 
in place of kr and cos @ respectively at a great distance from the origin of the coordinates, 
where the variable z is large. Then we have, for the moment, 

Ken +1 if! 


aT 
Seezn(Z) a VW on A en Ka («#) | _Peanlu)dt : 


— Ky y(ct) | 


1 


Seon i(2) eae a8 | 


Ht Pons 1( LAL . 
1 


Zz —Kl 
Further we remember that both Aj(«Z) and 4i.3(«t) become / ar asymptotically and 
é Ly 
that pen{“) in the above integrals is expressed in series of Legendre functions, and thus we 
have finally 
—Kt 
Sen(t)~ «rte — (35) 
Here we only mentioned that this expression can also be derived directly from the series 
expression of Se,(¢) given by (28). The discrepancy between the constant multipliers in (34) 
and (35) is, of course, due to the slight difference in definitions of Se,(Z#) and hence it is 
trivial. 


Appendix 


The case of an oblate spheroid 
(i) The fundamental equations 
It will be of use to give the essential results for the case when in place of the preceding 


prolate spheroidal coordinates we make use of the oblate spheroidal coordinates (¢,/) which 
are given by 


e=cit, O=C//P+ 1 Wie we, 
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where ¢=sinh& and “=cos 7. 
We start from the Helmholtz equation (1) and assume that V= Ti)M(“). Then we have 


d dT PHONG pe 

s ja+e) A (4-02)T=0 , (36) 
and 

d dM | 

din (1—y?) ai L+a- flare yAY == 0) (37) 


These are the fundamental equations for the present case. 
(ii) The series expression of pen*(ss) 

We denote the solution of the equation (37) by pe,*(/4) which is regular at #=-+1 when 2 
takes a characteristic value. By comparing the equation (37) with (5) we can easily see 
that there exists a relation between pe,*(/“) and pen(s) as 


pen*(u ; k) = Pen(“t ; Zk) . (38) 


The function pen*() can be expanded in powers of « or in series of the Legendre func- 
tions when the parameter « assumes a small values. From the relation (38) we can im- 
mediately write down 

pen*(4)=Prl4)—S (Mert fileet—fo(“ee+--- , (39) 
with 
An=n(n+1)—aen?+aynt—agro+--- , (40) 


where the /:(#)’s and a@,’s have been already given by (16) and (15) respectively. Further 
we can put 


Pe2n*(/4)= Dy By Parl) 
% (41) 
Pe2n+1° (4) = = Bo Pare) « 


The coefficients B,“’s are given in powers of « and these are connected with the A,“ ’s 
by the relations 


Be) = AM(Gk) (42) 


(iii) The orthogonality and normalisation relations for pen*(/) 


Since the function pen*(/) satisfies the homogeneous integral equation with the symmetrical 
kernel as given by 


pen*(4)= ont! es pen™(C)d€ , (43) 


it is immediately seen that the family {pe,*()} forms a set of the orthogonal and normal 
functions for the range |#|<1 , namely 


\ PCm*(H) pent(a)dn={™” ak 8 (44) 


provided that the norms are given by 


=? = ae Ber} 2 ING Se > 1 ee 


(iv) The function Ren*(Z) 
We denote the solution of the first kind of equation (36) by Ren*(¢) which is defined by 
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Ren*(¢)=— as e'! nen*(u)dL , (45) 
s V 2x ai 
and is expressed as 
Remn*(z) = = ; SBE Dars sat) , 
vanes (46) 


Rem= 75 >» Bet P Dare 3(ab) F 


When « is small Re,*(¢) can be expanded in powers of x. 
The asymptotic form of Re,*(¢) is given by 


vig) ~ bent) e* fe 
Ren (A) Ny Oe By ( ) 


when ¢ is large. 
(v) The function Se,*(Z) 

Let us denote the solution of the second kind of equation (36) by Sen*(4), which corre- 
sponds to Se,(¢) given in §6. This function is defined by 


1 1 Kykr)- Peon (“)du ’ 


Se) = ae i" : 
1/22 Bs : iV kr (48) 


Rr) Pi (cos 0)- Pe2rr+i(V)ay, 


3 
S€2n+ OH= W282 Bo lee kr Kas 
and is expressed as 
D 2m co ae = - 
Seon") Bry > ; Yen Kinna( - e& \ioes (5 ek ) ; 


“Jin(ger), J 


bola 


24 
Seok @O= ae sinh € Ss Vop+l “Kres( 


p=0 


where the coefficients yv»*’s are given by 


. OS 2"(s-+r)! COMGasEOM 
opt = 2 ain) =| St+p —_ x oe Ben ; 
Map (2D ) 2 2 ( ) (s—r)!(2s+2r+1)! (s!)*p—s)! 7 
2(str+i)l (sti p+st2)! pons 
2r+1 $ 


pe hE) 
2+ ea (D) See ; 
vapsa NAP +3) 2 2: Tal atl (a ao Eeaey aT ee ae 


When the parameter « is small this function can be expanded in powers of « and we have 


Seo*(Z) =qo(t) —K +— : (61+ (88-44) qud)}x? — (3255 2)K? + Ole) , 


18 
Ser*(t)=3q(t)— a (2-50) + (81450 )qu(t)}ar+ 5 t+ Ole!) (50) 
Ses*(¢)= 2g ad)+ ae, {3(— 6343402) +- (18944 + 183#2—16)qy(d)}«? + O(n!) , 


and so on. @a(é) is an ellipsoidal harmonic, which is related to @,(z) by QnlZ) =1"1Q) (G2), 


namely, q)(z)=cot~!z etc. 
When the argument is large this function takes the asymptotic form as 


Sen*(t~ware (51) 


kt 
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Flow of Humid Air 
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The problem of the spontaneous condensation of water vapor in a 
supersonic flow of moist air is approximately solved in a way similar to 
those given previovsly), on the basis of Becker-Doring’s equation for the 
stationary rate of self-nucleation and also based on the law of droplet 
growth used before. Comparison of the theoretical prediction with experi- 
mental results given by Head” shows a considerably good agreement 
and thus it is revealed that major part of the delay of the appearance 


of condensation, 


from which some doubt has been cast over?) 


the 


validity of Becker’s formula in such cases, can be explained plausibly 
without the notion of time lag in the self-nucleation. 


§1. Introduction 


Spontaneous condensation of water vapor 
in the instantaneous expansion of humid air 
in a supersonic wind tunnel has attracted 
the attension of many investigators in recent 
years and yet the problem seems to remain 


' still unsettled*®. 


Oswatitsch® was the first to deal with the 
theoretical aspects of this phenomenon. He 


- gave an equation for determining the loca- 
tion of the start of condensation, on the basis 


of Becker-Déring’s equation and a law of 


_ droplet growth. But his equation contains an 
- undetermined constant which should be cal- 
' culated on the basis of experimental data. 


Charyk®) assumed that the collapse of the 
supersaturated state takes place at a place 
where the degree of supersaturation is attained 


- which corresponds to Becker-Doring’s rate of 


self-nucleation v of the order of magnitude 


_ 103/cm? sec. However, this choice of the 


value of v, not only has no rational basis 
whatsoever, but also its conclusion showed 
an apparent contradiction to the experimental 
results given by Head”) and by Eber-Wege- 
ner. Namely in Head’s experiments no 
condensation appeared where the theory had 
predicted it, while in Eber-Wegener’s experi- 
ments condensation occurred later than was 
theoretically expected. In an effort to solve 
this contradiction between theory and experi- 
ment, Kantrowitz) imagined that a time 
lag, associated with reaching the stationary 
rate of self-nucleation assumed in the Becker- 
Doring’s equation, might be responsible for 
the discrepancy mentioned above. Probstein® 
actually carried out an approximate computa- 
tion of the self-nucleation in a non-stationary 
state under a simple initial condition and 
obtained a result that the time lag alone can 
hardly account for the existing discrepancy 
between theory and experiment. Similar 
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result was also given by the author? who 
treated the problem of the time lag more 
generally. 

Now the author previously presented a 
theory» dealing with the spontaneous develop- 
ment of fog or emulsions in a supersaturated 
vapor or liquid mixture, on the basis of the 
Becker-DGring’s equation of nuleation and a 
law of droplet growth obtained by him. 
Similar treatment will be applied here to the 
problem of spontaneous condensation in a 
supersoic flow of humid air. To avoid much 
complication, we assume first that the change 
in pressure and in temperature of the air in 
the course of supersonic flowing corresponds 
to the flow without condensation and the nu- 
cleation will be calculated for this pressure 
and temperature change. The influence of 
nucleation thus obtained will be taken into 
account in the comparison of the theory with 
experiment. 


§2. Rate of Self-Nucleation and Droplet 
Growth 


We use in the following the equation of 
the rate of self-nucleation in a supersaturat- 
ed vapor given in Frenkel’s textbook™, 
which is essentially the same as that of Be- 
cker-Doring’s and is given by v=N*D,*(Z*/ 
2xkT)/*. Here N* means the equilibrium 
number density of the critical droplets and 
D,* the probability with which a critical 
droplet captures a molecule per unit time. 
x* is a factor satisfying %*=2/9 ug*- 4/2 where 
4 denotes the surface free energy of the 
liquid per molecule and g* the number of 
molecules containted in a critical droplet. 
Frenkel, assuming that all vapor molecules 
colliding with a droplet are captured by it, 
expressed D,* as D,*= 4nr N(RT/2xm)¥? 
where NV denotes the number density of the 
vapor molecule and 7* the radius of a criti- 
cal droplet. But as was mentioned already», 
it is possible that relatively small portion 
of the molecules making a collision with a 
droplet adhere to it. Therefore it will gene- 
rally be legitimate to multiply the right-hand 
side of the above equation with a factor P, 
the so-called condensation coefficient. The 
value of P is considerably different according 
to observers) even in the macroscopic 
measurements. Later we will give a brief 
discussion about the effect of the choice of 
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P which we assume to be a constant of the | 


order of magnitude 1~10-? for such small 
droplets as those of radius 10~°~®cm. 
N* is approximately equal to N-exp(—4z7" 
o/3kT), therefore vy can be expressed as 

Oo 


=? ) 
if vay) oo 


where vg denotes the volume of a molecule 
in a droplet and o the surface tension of the 
liquid. 

As pointed out already” the rate of self- 
nucleation »(N, T) as a function of N and 
T, can approximately be represented by 


y= vo(N/No)**0(T/To)~*70, 
in the vicinity of » (Mo, To), with 
bx = 21+ 227)" /3v2) 


- N2Pe- 4ar%*20/3kT 


C1) 


and 

— bry=[(To/20—4279*"/k)(do/dT))+4n1r9™/k 

: {69/To—kro*/3v2 : (dN.o/dT)oT o/N ~o}]- 
Here N.. denotes the equilibrium number 
density of the molecule for a flat interface 
between the liquid and its arounding gas or 
solution. In these equations all quantities with 
a subscript » refers to the state correspond- 
ing to (No, Ty). When we have to consider 
the time lag for the stationary rate of self- 
nucleation, we make use of the effective time 
lag t. defined previously”, satisfying 
T=hT (2D. 

From the kinetic consideration of the condi- 
tion of equilibrium between a droplet and its 
supersaturated surroundings and also on the 
assumption of a stationary diffusion of the 
molecule and of a stationary conduction of the 
heat of formation of the droplet out of sepa- 
rated molecules, a law of droplet growth 
was derived by the author previously”, which 
is, in general, of the form 


dr|/dt=vzb(N—N.e™)/(i+b7/D.) , 
where 


a=2ovuz[kT,  b=P(RT/2xm)‘/? 


and 

D.= D/{1+ Di(dN./dT)/X} . 
D means here the diffusivity of the molecule 
in the surrounding medium, 2 the heat of 
condensation or solution per molecule and « 
the thermal conductivity of the surroundings. 


In a very short time interval of the order of 
10-°sec, available for droplet growth in our 
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case, 7 does not exceed the order of 10-&cm 
even for the rate of droplet growth vzbN 
which is of course larger than the actual 
rate. Considering that b~104~? and D,~10-}, 
br/D. in the denominator of the above equa- 
tion can be neglected as compared with 1, 
thus we have d7/dt=vszb(N—N.e%). As will 
be seen from the original derivation”, this 
final result can also be directly deduced from 
the kinetic consideration alone, because a 
' violent turbulent motion in the fluid would 
have the tendency of mixing up the air and 
thus provent the establishment of a gradient 
in the concentration of vapor molecules or in 
the temperature, around a droplet. Instead 
of this equation we can use 
dr[dt=vzb{N—N..(1+a/r)} , G25) 
for droplets of radius 7>10-7cm and as will 
be seen later, in a state of large degree of 
supersaturation which actually is the matter 
in this case, a simple formula 
dr/dt=vzb(N—N..) 


suffices approximately for 
mentioned above. 


(2a) 


larger droplets 


§3. Nucleation Process 


Treatment of the nucleation process is 
similar to those in the previous papers”. 
To make the matter concrete, consider the 
} actual case of a supersonic flow in a Laval 
nozzle performed by Head®. Fig. 1 gives 
an example of results of his measurements 
| of pressure distribution shown in Fig. 6a of 
| his thesis. In Fig. 2 is given the lowering 
| of relative pressure f/ps and temperature T 
| as well as the rising in the degree of super- 
saturation S of the air in the course of a 
supersonic flow which was computed by the 
|} author from the isentropic curve in Fig. l. 
As will be seen from the comparison of 
| these figures, principal nucleation begins 
| rather suddenly and lasts only for a short 
| period (~10-°sec), though an appreciable 
} amount of nucleation precedes and may 
follow the main part of nucleation. (For the 
time being, we assume that the time inter- 
.val during which a remarkable increase in 
|| p/ps over the isentropic change is observed, 
i corresponds to the nucleation period; but we 
- will see later that the latter is only a part 
of the former.) When we calculate using 
Eq. (1) and Eq. (2a) the rate of self-nuclea- 
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Tirole 


7 2 3 4 


Biss 2: 


tion and the rate of droplet growth in the 
period during which nucleation is conspicu- 
ous (we will call such a period ‘‘ nucleation 
period ’’), we see that the former increases 
by some thirty times while the latter decrea- 
ses only 20 percent or so through this period. 
Therefore we assume as in the previous 
cases, that the rate of droplet growth is con- 
stant during the nucleation period and has 
the value corresponding to the state (No, To) 
at the time origin which we will take at the 
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moment when the rate of self-nucleation at- 
tains its maximum. Other quantities such 
as a, b etc. that do not suffer a remarkable 
change during the nucleation period, like the 
rate of droplet growth, will also be treated 
as a constant. 
Now T/T) in Eq. (1a) can be written as a 
function of ¢ Namely 
T=T,—at+(n—m)a/Cep 
or 
T/T)=1—a/Ty-¢+(n—m)A/GepTo 
where a@ denotes the rate of the temperature 
fall, » the number density of condensed 
molecules, c. the effective heat capacity per 
unit mass and op the density ot the gas 
respectively. The last term on the right 
hand side of the above equation will be fully 
explained in §5. As 
1>{a/To-t—(n—m) [cep To}, 
in the nucleation period, we have, in ap- 
proximation, 
(T/Ty)-?"0=exp{dat—$3("—m)} 
with 
$2=a/To- br, 
and 
p3=Abr,/ceoTy CS) 
In order that we can express (N/Np)*%o in 
Eq. (la) as a function of z¢, we have to 
calculate —dN/dt. The number density N 
decreases for three causes: First due to the 
pressure and temperature drop of the gas, 
second due to the nucleation and third, due 
to the droplet growth. The change due to 
the first cause can be expressed as 


N,d/dt-1—at/Ty)/9-», 
because by the assumption of an adiabatic 
expansion of the gas we have 


N/No=(b/ bo)! =(T/Ty)/O-D 
or 
N=N,(1—at/T,)/0-», 


If only the influence of this term is consider- 
ed, then we get 


(N/Na)P¥0= (1—at]/T)*%o/-Y 
exp {—a wot/To(7 —1)}=exp (—K¢y,t) 
in the period concerned. The second term 
is 47/3vz-7cv,, where r¢ means the radius of 


a just nucleated droplet, of which we will 
assume, with Probstein®, the value corres- 
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ponding to the number of molecules therein, | 


jo=4/3-9*. 


vq will also be looked upon as a 


constant while »,, expressing the rate of nu- | 


cleation at an instant 7¢, varies during the 
nucleation period. 


moment that one would have if the influence 
of decrease in MN due to condensation 
neglected, i.e., 


Yr= Vp EXP (dt—Ko vw t)=r0e*’. 


The third term can be, as in the former > 


case, put into a form 
rm 

arcivs-| r’v,-9 ar 
G 


ri 


with 7, the radius of the largest droplet and 


v;-) the value of »v at the instant <—6, where 
$ means the time of growth for a droplet of 
radius 7. We transform this, on the basis of 
a similar assumption as that of the second 
term and using Eq. (3), into 
invyed/0e-| "en body 
aes 
The relation between @ and y can be obtain- 
ed from the law of droplet growth (2). If 
we put 
vpb(Ny—N)=0, 


and 
VvzaONua =e, 
Eq. (2) becomes 
dr/dt=d—e/r 


and, on integration, we have 
ia adr 


E ye 2 
5 ap Ge 


(1) Consider the case where P in Eq. (1) is 
of the order of magnitude 1. Then 


d~10-! and e~i0-2, 


therefore the first term is much larger than 
the second on the right hand side of the 
above equation, and to neglect the latter 
term as compared with the former means 
that we adopt Eg. (2a) instead of Eq. (2). At 
any rate we have 


d= (7—1«)/6 ’ 
and using this relation, the integral in the 


third term mentioned above can be calculat- 
ed as follows, 


is 


For simplicity, we will. 
substitute for »:, such a value of » at each. 
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Tm co 
PESO | (a+7re@)e7 oda 
rT 

0 


'G 
=1/¢3- (242766 +767¢?) 
If we denote 
An/3-{3/3-(2+27re6+7r67b?) +r }=0 , 
the rate of increase in 7 can be expressed as 
dn|dt=v/vx- vers. 
Taking the effect of all these three causes 
into account and integrating the relation 
—dN/dt=dn/dt+Nod/dt- (1—at/T,))/0-», 
we have 
No—-N=v/vnd«: (exp 6f—1) +N pKt 


with d= @,/6 . 


or 
N/No=1 —{vvo/v2Nobs- (exp ¢,¢—1) 
+KY}=it) (4) 
Thus we finally obtain, in the first approxima- 


| tion, the function in the time Zz, of the rate 
| of self-nucleation 


| y= vobi(f)?%0- eb2t—$3(m- 79) ( 5 ) 


| If we put this relation into the expression 
for the second term 
Ar/3vun- re? vr 


| and the third 


| " Py,_odr , 
TE 
we shall have a better approximation. 

The number density of droplet ,. is obtain- 
ed from the numerical or graphical integra- 
‘tion of 


72 A 
n= v0) pi (t)?%0-exp{.t—s 
a, 


(72—My)} dt (6) 


where the upper and the lower limit of the 
integral should be taken at the instants when 
the rate of nucleation is vanishingly small. 
Now we have selected the time origin 
‘satisfying (dv/dt))=0, whence we obtain 

| $4=0/VzB Yo( bv /No+ $3) (7) 
This relation determines the so-called thre- 
shold condition for the occurrence of spon- 
taneous condensation when the coefficient P 
is of the order of magnitude 1. 

(2) If P~10-?, the rate of droplet growth is 
only few hundredths that of the above case 
and then no time is available for nucleated 
droplet to grow appreciably. Therefore, in 
a rough approximation, neglecting the growth 
of droplets, we have 
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—dAN|dt=0' lug: vyet +Nod|dt 
-(l—a/T)-f)V/0-) 

v'=47/3- 763 
Integrating this, equations of the same form 
as above will be obtained. 

Length of the nucleation period can be 
estimated as follows. Using Eq. (4) and Eq. 
(5), we have, in approximation, 


v/vo==exp[ —{(2—1)/No+Kt} 
bx) t bt—3(n—M)| 
= exp[¢it—(by,/No+¢s3)0/vz- vo(e?s' —1)/g,] 
which becomes from Eq. (7), 
v/vyo=exp (d.f— et! +1) 
If we assume v/»)=0.01 for ¢=—r, and +72, 


then —vt, and ct. are the solutions of the 
equation 


with 


—4.61=¢,t—ef +1 
which gives —@¢.7;=5.61 and 
byT2= 2.04 

or 

T= —T1+72=7.65/b. . 
When we consider the relation 

os=a/T: {b7,—On,/(7-D} ’ 

it can be seen from the above equation that 
length of the nucleation period depends on 
the time rate of temperature drop a@ and 
also on ¢x,, $7, and To, while it does not 
depend on the coefficient of condensation P. 


$4. Transient Period in the Development 
of Fog 

After the nucleation period is over, the 
number density of droplet 2, will practically 
remain constant, but the degree of supersa- 
turation is still high and the rate of droplet 
growth large for a while. After an elapse 
of a certain time interval the degree of 
supersaturation will become nearly equal to 1, 
though droplets will grow further as long as 
the temperature is kept decreasing. We will 
call such a time interval a transient period 
in which the degree of supersaturation is 
large enough to maintain a large rate of 
droplet growth and a vivid liberation of heat 
through condensation. Let us assume, for 
simplicity, that all droplets have an average 


radius 7 in transient period and also dr/dt = 
vpb(N—N..). Then we have, 


Ny—N=42/3v2: NyP, 
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where NV, means the number density of mole- 
cule when no condensation has occurred. 
Put 


Ny—No=47/302:n,R?, 
then the following differential equation 1s 
obtained 

dr/dt=4rn,b/3-(R3—7°). (8) 
It is difficult to solve this equation as R is 
a somewhat complicated function of the time 
t, (Namely in the actual case of very high 
degree of supersaturation S~10!~? we are 
considering, R® is practically proportional of 
N, and N,. to ~/T. By the assumption of an 
adiabatic expansion without condensation, we 
have approximately N,,coTV/@-D or RooT?'*/%,) 
But we can draw some conclusions about the 
magnitude of the transient period. We obtain- 
ed previously» the following solution of the 
above equation when FR is a constant. 


1 


82n,.bR? 
+log(L+7/R+7/R?)/(1+ ro R+1:7/R?) 
+2V 3 {tan-(1+27/R)/V 3 
—tan-\(1+27)/R)/V 3 }] (9) 

where 7% denotes the initial value of 7 and we 


Spas 


[log(1—7)/R)?/(1 —7/R) 


will assume it to be 47/3vz-7)?2.=%e, m2 de- 
noting the value of m at the end of the 
nucleation period. Now @,; which is obtained 
from the above equation using the constant 
value FR, corresponding to the value of FR at 
the end of the nucleation period (which we 
will take at the instant v=0.01 v9), is smal- 
ler than the actual transient period 9. This 
will be seen from the following comparison. 
[dr/dt+0(dr/dt)/OR- 8R\/(dr/dt) 
=1+3(6R/R)/(1—79/R®) 
=1+(6R/R)/(1—7/R)?/(1+7/R+77/R?) 
while 
(R+6R—7%)/(R—1)=14+(dR/R)/(1—1)/R) 

Therefore the relative decrease in the rate 
of droplet growth is larger than that in the 
corresponding range, for a small decrement 
OR, of R. On the contrary, @, obtained us- 
ing R:, corresponding to R at the instant @, 
after the end of the nucleation period, is lar- 
ger than the actual transient period. The 
value of @ depends, of course, on the choice 
of 7/R and we will take this ratio to be 0.9 


in the following numerical computation. In 
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actuality @; is not much different from @, 


((@,—9;)/O.< 0.01) and so we can make a) 
rather accurate estimation of the length of — 


the transient period. 


§5. Condensation and the Change of 
Parameters in a Flaw 
Consider a tube of stationary flow ina 
supersonic stream of air in which condensa- 
tion takes place. 


Let a small quantity of | 


heat dg is added per unit mass of the gas, | 


as a result of condensation between two con- 


secutive points ds distant along a stream | 


line. Standard notation will be used except 
where noted. 

From the equation of continuity puf=con- 
stant, we have 


do/p+du/ut+df/f=0 


The equation of conservation of momentum 
can be expressed as 


oudu=—dp 
Energy relation becomes in this case 
udu=dq—2ada/(7—1), (12) 
where a?=7p/o. From these equations the 
following relations can easily be obtained. 


du/u=—(7—1)/a(VP—1)-dq 
FMT) arf 
dp|p=7(7 —1)M?/a*(M?—1)-dq 
—7M?/(M?—1)-df lf 
do/o=(7—1)/a*\M?—1)-dq 
— M?/(M?—1)- aff 
where M denotes the Mach number. 


(11) 


(13) 


(14) 


Consider the increase in the entropy for a | 
change fiviTi—feoveT2, which we imagine as | 


consists of the following two stages 


isentropic 


DW Saas Le 
then we have 
As/¢y=log(T2/T1')=log(T2/T1)\(Ti/Ty) 
= log( p2/D1)(Y2/01)” = log(T2/T1) 
+(7—l)log(e2/21), 
(T2—T3)/T1 = log(p2/p1) + log(v2/21) 
=log(p2/p1) —log(o,/p2). 


Therefore we obtain from Eq. (14) and Eq. 
(15), 


aT/T = (7 —1)(7M?—1)/a*(M?—1)-dq 
ai he EO — Laer (16) | 
The second terms on the right hand side of 


reversible 


> pov2T 2, 


(10) | 


(15) | 
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the equations (13), (14), (15) and (16) corres- 
pond to the isentropic change, while the 
' first terms are of the similar form as that 
given by Head for the condensation shock, 
to which Head ascribed the phenomenon in 
question. Now when we consider the relation 


T(r —1)(7 M2 — 7)/a2 M2 —1)=1 er , 


the rise in the temperature dT’ due to heat 
| addition by condensation dg, can be expressed 
as dT'=dgq/c-, with an effective heat capacity 
Ce per unit mass of the gas, 


Ce= 7(M2—1)/(yM2—1)-cy . 


This is why we expressed the temperature 
change due to condensation as (m—m)A/ceo 
' before. l/c. varies with M and especially 
notably in the vicinity of M=1 where also 
the validity of all equations from Eq. (10) 
to Eq. (16) is lost. But except in this region 
Ce in Eq. (3) can approximately be treated 
}as a constant with the value corresponding 
to that at the time origin, i.e., at the nuclea- 
tion peak. Because conditions at the moment 
{remote from the time origin would be ir- 
| relevant to the total amount of self--nuclea- 
} tion. 

Now we see from Eqs. (10), (11) and (12) 
that where M=1 the following relation must 
| hold 


(r—L)/a’-dq=df/f 


that is, the location corresponding to M=1 
| which is at the throat of the nozzle if the 
flow is isentropic, is shifted to the spot where 
the relation (17) is satisfied. Further from 
Eq. (14) and the relation 


(17) 


@=rp/o=r(r—DeoT, 


the following equation can be obtained, where 
Cy means the specific heat at constant volume 


of the gas 
dp'/p=(A/cvoT)- M?/(M?—1)-dn 


i with dp’, the pressure increase by heat ad- 
dition due to condensation; this gives the 
‘relation between the heat liberated through 
condensation and the pressure change due to 
the heat addition. This pressure change is 
‘superposed on the pressure change corres- 
ponding to an adiabatic expansion of the gas 
without condensation and the resulting pres- 
‘sure change will be compared with experi- 
/mental data. 


/ 


(14a) 
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$6. Results of Numerical Computation 
and Discussion 


The numerical computation was carried out 
for two cases given in Head’s report”); one, 
(I), is the case of which the result of pres- 
sure distribution measurements is given in 
Fig. 6a and the other, (II), the case given in 
Fig. 6b in his thesis. Stagnation conditions 
of these are as follows; 


Gas Stagnation Relative Stagnation 
: pres. humid. temp.* 
I 2790 mm Hg TA AY 296.3°K 
II 1520 mm Hg 43.8% 298.3°K 


Physical constants necessary for the computa- 
tion were taken from the same source when 
comparison with Head’s calculation is the 
matter, otherwise they were taken from Inter- 
national Critical Tables. 

The variation of surface tension of water 
droplet with its radius, which was given by 
Tolman! some time ago, is not taken into 
account in the computation, for the reason 
reported previously”, but the effect of this 
change will be discussed later. Condensation 
coefficient P is assumed first to be 1. 

Now as mentioned already, the change in 
pressure and in temperature of the gas cor- 
responding to flow without condensation is 
computed and the nucleation at various stages 
of this pressure and temperature change as 
calculated using Eq. (1) is put into the right 
hand side of Eq. (7), together with other 
quantities obtainable from equations given 
above. The left hand side of Eq. (7) is also 
calculated for each stage of pressure and 
temperature change. From the coincidence 
of the value of both sides, following result 
is obtained as for the conditions at the time 
origin, i.e., at the nucleation peak. 


(D/Ds)o Yo So 
I 0.45 130i 39.6 
II 0.36 oo XL 74.5 


The locations corresponding to the time 
origins are marked with arrows in Fig. l. 
We see from this figure that the location 
where conspicuous condensation takes place 
in a supersonic flow nearly coincides with the 
regions corresponding to nucleation period 
mentioned previously. 


* These values are computed by the author 
from graphs given in Fig. 1 and Fig. 6a, Fig. 6b 
of Head’s dissertation. 
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To see the agreement between this theory 
and experiment more precisely, pressure rise 
in the vicinity of nucleation period, through 
the liberation of heat due to condensation 
nalceop, is Computed using Eq. (4) and Eq. 
(14a) and given in Fig. (3), together with 
experimental values which express the dis- 
tance, in terms of 4p/p of observed points 
from the isentropic curve in Fig. 6a, of 
Head’s report”. Nucleation period and 
transient period are also given in the figure. 


“Yp 


0/ 


Experimental Theoretical 


VE TA i es 
nucleat. p—<trans. p-> 


56 3% P 
7, 


BeressS 


* — a) 
Se O ys oll (oa 160 290% 104, 


Fig. 3. 


It can be seen from this figure that though 
the agreement between the calculated and the 
observed values is considerably good in view 
of the approximations adopted in the com- 
putation, it is still unsatisfactory when quan- 
titative agreement, especially in the length 
of nucleation and trancient period is concern- 
ed. Effective time lag is to be considered 
in this case as it turns out to be of the order 
of magnitude te-~2x 10-5 sec. 

When the condensation coefficient P is 0.01, 
nucleation peak (corresponding to £=0) does 
not appear, according to Eq. (7), until the 
location p/ps~0.20 is reached. Moreover the 
effective time lag rt. is of the order of 10-¢ 
sec in this case. Therefore agreement with 
the experiment is out of question. 

Should the variation of surface tension of 
water droplet with curvature of its surface 
be given by Tolman’s formula™, then the 
nucleation peak would have come to the loca- 
tion corresponding to p/pbs ~ 0.60, the fact 
which is also contrary to the experimental 
result. 

These arguments do not necessarily mean, 
however, that the surface tension of water 
droplet is strictly constant down to the smal- 
lest embryonic droplets and the coefficient P 
is always equal to unity. The surface ten- 
sion possibly diminishes more or less with 
the radius of droplet, if not according to Tol- 


Hiromu WAKESHIMA 


(Vol. 10, 


man’s formula which he himself did not claim 
to be valid down to the region concerned (7_ 


~10-8cm), and also possibly the coefficient of | 


condensation P is considerably less then unity; | 
the effect of these two factors may cancel | 


each other and the nucleation peak appear 
in the vicinity of the location which one ex- 
pects when these two effects are absent. It 


may even be probable when we consider the | 


discrepancy between the above theory and 
the experiment concering the length of tran- 


sient period. But the discrepancy may be | 


due to the influence of turbulence which we 
have not taken into account. Therefore it 
would be difficult to determine the magnitude 
of these factors from such phenomena alone. 

At any rate there seems to be no contra- 


diction between the theory of self-nucleation | 


and the phenomenon of the spontaneous con- 


densation in a supersonic flow of humid air | 


when we consider the whole process of fog 
development, 
droplet growth given by Eq. (2a). 


| 


on the basis of the law of | 


In conclusion the author wishes to express | 


his deepest gratitude to Prof. T. Nagamiya 
of Osaka University and to Prof. I. Imai of 


Tokyo University for their kind criticism on | 


this work. 
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Piezoelectricity of Wood 


By Eiichi FUKADA 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo 
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The direct and converse piezoelectric effects of wood have been 
studied. Assigning the 2 axis to the grain direction and the x and y axes 
to the radial and tangential direction of annual rings respectively, the 
piezoelectric effects corresponding to dj, and dy; were observed. When 
the shearing force is applied to the fibers in their oriented plane, the 
polarization occurs on the side planes of the fibers. The effect is 
symmetrical to the ¢ axis, that is, the grain direction. The converse 
effects were observed by clamping together the wood specimen and a 
Rochelle salt crystal between metal frames, and measuring the output 
voltage of the Rochelle salt crystal when the alternating voltage at audio 
frequency is applied to the wood specimen. The value of the piezo- 
electric constants, —d 4=db»;, is in the order of 10-9 and about one twentieth 
of di, of quartz. If we assume that the natural cellulose possesses the 
piezoelectricity in its crystalline state, that the cellulose micelle are 
oriented in only one direction namely z axis, in which the positive and 
negative direction of long axis of micelle are equally distributed and that 
micelle are arranged quite at random in the w y plane, the apparent 
piezoelectricity of wood are reasonably explained. 


$1. Introduction amount of charge was produced and the 
polarity of the charge was also found. But 
when the z planes were plated by evaporated 
silver in vacuum, the effects disappeared. 
The polarization might be due to the contact 
electricity between wood and silver foils. 
For a sample which the z direction is oblique 
to the square plane, the effect was slightly ob- 
served even when it was plated by the vacuum 
evaporation of silver. So it was predicted 
that the shearing force plays a role in produc- 
ing polarization rather than the tension or 
compression. 


Piezoelectricity is usually attributed to the 
properties of crystalline materials. But we 
have only a few reports which describe the 
piezoelectricity of non-crystalline materials as 
rubber, paraffin, or glass». Of particular 
interest are those which investigate the piezo- 
electricity of wool, human hair®?, and wood”. 
These works were generally qualitative and 
do not seem to have drawn the proper atten- 
tion. We have investigated quantitatively 
both the direct and converse piezoelectric 
effects of wood and confirmed that wood has 
the piezoelectric properties similar to the 2 
crystalline materials. 

For convenience, three perpendicular axes 
were assigned for wood as shown in Fig. 1. EES) 

z axis denotes the direction of grain, x axis Sm 

the radial direction of annual ring and y 

axis the tangential direction of annual ring. 

This assignment has been adopted in the study 

of elastic properties of wood and the sym- 

metry of rhombic order is concluded”. Fig. 1. Rectangular coordinates for wood. 

At the initial stage of our experiment, : ; 

square plates of wood cut perpendicularly to $2 Direct Piezoelectric Effect 
' the grain were used. The thin silver foils The kinds of wood used in the experiment 
were attached to the z planes by alcoholic are maple (Acer Mono Maxim.), spruce (Picea 
4 solution of shellac. When the pressure was jezoensis Carr.), and ash (Fraxinus mand- 
_ applied in the z direction, the considerable shurica Rupr.). The test samples were cut 
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Fig. 2. The cuttings of sample which manifest 
the piezoelectric effect, 


Fig. 3. The measuring apparatus for the direct 
piezoelectric effect. 


(oe) 10 20 30 


Kom? 


Fig. 4. The polarization vs. pressure relations of 
maple. NO. 32 and NO. 30 correspond dy and 
dy, respectively. 


as shown in Fig. 2 for convenience of ap- 
plying the shearing force, which are the 
cases that manifest the piezoelectric effect. 
The dimensions of sample, a, b and c, are 
about 1.5 cm, 1.5 cm and 0.8 cm respectively 
The samples were dried for a few days ina 
decicater containing calcium chloride. 

The measuring apparatus for the direct 
effect is shown schematically in Fig. 3. The 
pressure is applied to the wood specimen by 
a lever mechanism and the charge is led to 
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the grid of the vacuum tube UX54 and measur- 
ed by a ballistic galvanometer in the plate 
circuit. 

Now consider samples cut out as in Fig. 2. 
When the pressure is applied on the plane A, 
the plane C is positively charged and the op- 
posite plane of C is negatively charged. When 
the pressure is applied on the plane B, the 
sign of the charge on the plane C and the 
opposite plane of C is reversed. This means 
that the yz or xz shear produces the x or y 
polarization, so that the piezoelectric constants 
d,, and dz, are in the magnitude of measur- 
able quantity. Fig. 4 shows examples of the 
charge-pressure relations of maple NO. 30 
and NO. 32, which correspond dz; and dy re- 
spectively. The circles denote the charge 
produced by applying pressure and the tri- 
angles the charge produced by removing 
pressure, the sign of the latter is reversed. 

The piezoelectric constants were determined 
by comparing with a x-cut quartz crystal. 
Between the piezoelectric constant of wood 
d. and the piezoelectric constant of quartz 
dq the following relation holds: 


dw 2¢ Ow Wa 

ta ar Hah 
where 0, represents the deflection of galvano- 
meter, when the pressure Wy is applied on 
the wood, and 6, Wz, are the corresponding 
quantities for the quartz crystal. @ andcare 
the dimensions of sample shown in Fig. 2. 

The piezoelectric constants which were 

determined by the direct effect are shown in 
Table I. In the crystallographical viewpoint 
eighteen different piezoelectric constants can 
exist which specify the nature of polarization 
and stress. In the results of our experiment 
only dy, and dz; were found to be finite. All 
other constants vanish within the precision of 
our experiment. It is interesting that ds, is 
equal to zero, contrary to the prediction of 
rhombic symmetry of elastic properties. 


§3. Converse Piezoelectric Effect 


The convincing proof of the piezoelectric 
effect is to verify the existence of the con- 
verse piezoelectric effect. For that purpose, 
a wood specimen and a Rochelle salt crystal 
are Clamped together with a metal frame and 
the a.c. voltage was applied to the specimen. 
Then the wood becomes strained alternative- 
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ly and transmits the oscillating force to the 
Rochelle salt crystal, the output voltage from 
which could be amplified to a measurable 
value. The actual apparatus is shown 
schematically in Fig. 5. 

The Rochelle salt crystal is shielded within 
a metal case, on which the x-cut quartz 
crystal and the wood specimen, cut out as in 
Fig. 2 and sandwitched by the polystyrene 
plates, are placed and clamped together as 
shown in Fig. 5. First the a.c. voltage of 
about 600 c.p.s. is applied to the quartz crystal, 
at which frequency the amplifier has a maxi- 
mum gain. Next, both plates of quartz are 
earthed and the a.c. voltage is applied be- 
tween the plane C and the opposite plane of 
the wood specimen shown in Fig. 2 and the 
output of the Rochelle salt crystal is ampli- 
fied by about 110 decibels. An example of 
the output current versus applied voltage 
relations for both cases is shown in Fig. 6. 
The sample is maple NO. 30B. 

Comparing with the x-cut quartz crystal, 
the piezoelectric constant d. of wood can be 
obtained from the following equation: 

dw _ 2 Ow Va 

Cee Cs vo 
where 09, or 0q denotes the reading of the 
output meter when the a.c. voltage V., or Va 
is applied on the wood or quartz respectively. 
The deduction of this formula is given in the 
appendix. 

In the actual measurement the input volt- 
age was divided by a fixed resistance r and 
a variable resistance R as shown in Fig. 5. 
By adjusting the variable resistance R, the 
output voltage from the Rochelle salt crystal 
becomes unaltered as a switch in Fig. 5 is 
turned to the either side. Then the ratio of 
two voltage which produce the same output 
voltage for both the wood and the quartz is 
calculated from the values of r and R, hence 
dw is obtained. Further the null method was 
possible by applying the voltage on both the 
wood and the quartz at the same time and 
connecting the polarity of quartz so that the 
oscillating force of quartz cancel out that of 
wood. 

The piezoelectric constants obtained from 
the converse effect are also shown in Table 
I, together with the value obtained from the 
direct effect. The agreement of both values 


Table I. The value of piezoelectric constants. 
(Cop Sin Sanese Sen Ue) 
quartz dy 6.5x10-8 
maple direct effect converse effect 
NO. 32A diy —2.6x10-9 —2.4x10-9 
B dis —1.5x10-9 —2.6x10-9 
NO. 30A dys 2.8x10-9 1.6x10-9 
B dys 3.9'x10-9 DSP SENOS 
NO. 34A dy! —2.9x10-9 —2.9x10-9 
B dy4! —3.4x10-9 —2.0x10-9 
spruce dy —5.0x10-9 —2.3x10-9 
ash di4 —8.0x 10-10 


—6.2x 10-10 


aus ool frame 


switch 


Fig. 5. 


The measuring apparatus for the con- 
verse piezoelectric effect. 


O05 50 maple No.30B 


lOO Voit 


Fig. 6. The output current vs. applied voltage 
relations of maple NO. 30B and a-cut quartz 
crystal. 


is satisfactorily good. The values of spruce 
and ash are the mean values of a few samples. 

As is well known, in the converse piezo- 
electric effect the strain is proportional to the 
applied voltage, while in the electrostriction 
the strain is proportional to the square of the 
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applied voltage. In order to ascertain that 
the effect is not due to the electrostriction, 
the applied voltage and the output voltage 
are led to the Braun tube oscillograph and 
made a Lissajous’ figure. The figure shows 
a circle and confirms that frequency is not 
altered, so that the strain is proportional to 
the applied voltage. Further when the shield- 
ing of the Rochelle salt crystal is not complete, 
the induction voltage appears with no applied 
voltage on the sample. When the a.c. volt- 
age is applied, the output increased or decreas- 
ed from the induction voltage according to 
the different connection of the polarity of 
wood plate. This fact shows also the polarity 
of the effect. 


§ 4. Discussion 


In general we have the 18 different piezo- 
electric constants for the anisotropic materials, 
while in wood we could observe only two of 
them, d,, and d:;, in definite values, that is, 


0. 0 7 Ori Oe 
( OL L0 TO 0dr) 
0° 0. Os AD AOnaU) 


If we make samples in which the x and y 
axes are rotated 45° and the z axis is un- 
altered, the observed piezoelectric constant 


Fig. 7. The unit cell of the micell of natural 
cellulose. Circles represent oxygen, carbon and 
hydrogen are omitted. 


d,,° is nearly the same with d,, as shown in 
Table I. Further the absolute values of d,, 
and d2; are equal within the limit of error of 
the present experiment. The piezoelectric 
effect is, therefore, symmetrical to the z axis. 
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If we take any plane of wood parallel to the 
z axis namely the grain direction and apply 
a shearing force in the direction of fibers 
clockwise in the plane, then the positive 
charge appears in the front side of plane and 
the negative charge on the back side. 

Now the origin of the piezoelectricity of 
wood is entirely unknown, but it may be 
plausible that the effect is originated from 
the crystalline structure of natural cellulose 
fibers. The micell structure of natural cel- 
lulose is supposed to be as in Fig. 7. This 
belongs to the monoclinic symmetry, space 
groop C,2, and the possible piezoelectric con- 
stants are as follows: 


/ 0) 0 0) dus dis 0) \ 
0 0 0 dx dos 0 
d31 dz, d33 0 0 dye 


where x, y and z axes correspond to a, c and 
b in Fig. 7 respectively. 

The arrangement of these micelle in the 
bulk structure of wood is very complicated. 
But it is known that the long axes of micelle 
are oriented parallel to the fiber axis in a fiber 
and the fibres have a fairly good orientation in 
the grain direction. So we assume that all 
these micelle are oriented paraliel to the z axis, 
that the distribution of the positive and nega- 
tive direction of z axis of each micell is at 
random and that in the x y plane the dis- 
tribution of micelle is quite at random. It 
will correspond to the symmetry of D.. Then 
from the symmetry consideration, the result- 
ing piezoelectric constants of the system are 
only dy, and dz;, and the relation dy,=—d2s 
is also satisfied. 

Therefore if we attribute the piezoelectric 
effect to the property of natural cellulose it- 
self in its crystalline state, the apparent 
piezoelectric effect of wood is reasonably ex- 
plained. We cannot, of course, neglect the 
complicated macroscopic structure of wood, 
especially the spiral structure of fibrils and 
their inclination to the grain direction. But 
if we consider the components of contribution 
of each micell, the above argument still re- 
mains to be valid. 

It would not be too strange to deduce the 
piezoelectricity in natural cellulose if we 
notice that the single crystal of the cane sugar 
and that of the milk sugar have the 8 piezo- 
electric constants” respectively, specified for 
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the monoclinic symmetry C2, of magnitude 
comparable with the quartz crystal. 

The micellar structure of a number of 
high polymers have been already investi- 
gated by the x ray and electron diffraction 
methods. It is well known that their crystal 
symmetries are generally the monoclinic or 
the rhombic symmetry which are capable 
to be piezoelectric. Therefore there is a 
vast possibility that many high polymers 
other than the cellulose have the piezoelectri- 
city also in their crystalline form, and it 
might not be too absurd to imagine the crea- 
tion of the highly piezoelectric plastics which 
are artificially manufactured from linear high 
polymers. 

The author wishes to express his hearty 
thanks to Dr. H. Kawai for his encouraging 
support throughout this work. He also wishes 
to thank Mr. M. Marutake for his valuable 
discussions and Mr. T. Uemura in the Govern- 
ment Forest Experiment Station, Ministry of 
Agriculture and Forestry, for his kindness in 
preparing the wood samples. 


Appendix 


For simplicity, let us consider a case that 
the wood and the quartz and the Rochelle salt 
crystal are clamped in series by the metal 
frame as in Fig. 8. When the voltage V., is 


_ applied to the plates of wood separated by c1, 
| the wood deforms 4a; in the vertical direc- 
tion, where a is the vertical length of the 


wood specimen. The usual piezoelectric equa- 
tion, 

1 Vw 
as nf i, "fe 
Ee A, ats 2 iia Cl 4 


holds, where P denotes the pressure, /1. the 


Gli) 


' Young’s modulus of wood and A; the cross 


sectional area of specimen. The quartz de- 


forms 4a,—4a, by the pressure P, where @ 
_ denotes the thickness of the quartz plate. It 
' stands: 


a, Po 
Ey Age’ 
where Ey, A, denotes the Young’s modulus 


(2) 


Aa,—4Aa,= 


and the effective cross sectional area of the 


' quartz respectively. 
_ crystal is 45° x-cut, the equation similar to 


(1) holds, 


As the Rochelle salt 


a3 iP 
E; Az 


Cigl) iVs 
2 : C3 : 


Aa;—Aad,= + (3 ) 
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where dy, is the piezoelectric constant of the 
Rochelle salt and V; is the output voltage. 
Other notations are similar to the former 
case. Finally the metal frame deforms —4az, 
because now we assume that the total system 
does not deform, 


(4) 


Fig. 8. 


where a,, &, and A, means the effective 
length, the Young’s modulus and the effective 
cross section of metal frame respectively. 
Summing up from (1) to (4), we get, 


0=P (4, + BES 92 SS os a ) 


BA, EAL” EA, ee 
4 ae Qh 1 dis a3 Ve > (5 ) 
2 S61 2 (BB 


While between the pressure P and the out- 
put voltage V; of the Rochelle salt crystal it 
stands: 1 


V3=f Os p= ioe (6) 


a 
where f is the factor depending the dimen- 
sion and &q is the dielectric constant of the 


Rochelle salt and K is a constant. From (5) 
and (6) we obtain, 
dw a diy Q; lk a; )| 
SN ANS = V: ae ae ‘ “a 
reee 14 fp bel ee BA 
=const. Ow , Ce 


where #@,, denoted the reading of the output 
meter. In the case when the voltage is ap- 
plied to the quartz crystal, we obtain the 
similar expression as follows: 


dy’ Va=const. Oa , (8) 


y 


where V, and @q denote the applied voltage 
and the reading of output meter respectively. 
Therefore we get the last equation, 

dy = 26; Va li} 


= .-—, (9 
iS aki Venus, iy 
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Der Zundmechanismus im Dieselmotor® (1) 


Von Kunio TERAO 
Technisches Laboratorium der Isuzu Motor A. G. 


(Received September 18, 1954) 


An experimental research in the mechanism of the ignition and the 


air-fuel mixture in the internal combustion engine was carried out. 


The 


fluctuating nature of the ignition-delay in the Diesel-engine was analysed 
statistically and we found that the probability of ignition in unit time of 
the liquid fuel, which was injected into the combustion-chamber, was 


nearly proportional to the time. 


For the explanation of these changes 


of ignition probability, the diffusion-phenomenon of fuel was discussed. 


$1. Vorwort 


Es ist in dem Forschungsgebiet des Ver- 
brennungsmotors besonders wichtig, wie die 
Mischung des Brennstoffes und der Luft 
brennt. 

Zur Entziindung des Brennstoffes in der 


adiabatisch gedriickten Luft, wie im Ver- 
brennungsmotor, zu entziinden, hat man 
vielerlei Methoden, im Wesentlichen kann 


man aber von zwei verschiedenen Methoden 
sprechen, die schon von vielen Forschern 
untersucht worden sind. Die eine ist die, bei 
der man vorher eine Mischung des Brennstof- 
fes und der Luft macht und dann entziindet, 
oder auch nach der adiabatischen Verdicht- 
ung, mittels Elektrofunken oder einer anderen 
thermischen Energie wie Ottomotor etc, 
entziindet. Die andere ist die, bei der man 
den fliissigen Brennstoff in die Hochtempera- 
turluft oder in die adiabatisch gedriickte Luft 
einspritzt und durch die Energie der Hochtem- 
peraturluft entziindet, wie im Dieselmotor. 
Wir finden jetzt viele ausgezeichnete Fors- 
chungen?™©® der Verbrennung im_ technis- 
chen Schrifttum, sowhl beim Ottomotor als 


auch beim Dieselmotor und auch beim Bombe. 
Trotzdem bleiben immer noch viele Aufgaben 
der Ziindung unerklart. 

Andrerseits wurden in der Neuzeit statis- 
tische Phanomene im physikalischen Gebiet 
von verschiedenen Physikern untersucht. 
Besonders hat Dr. Hirata, Professor der Fakuli- 
tat der Naturwissenschaft der Tokyo Univer- 
sitaét, gezeigt, dass man Phanomene, wie 
der Bruch, die sich von den mikroskopischen 
zu den makroskopischen vergréssern, nicht 
ohne Uberlegung der Wahrscheinlichkeit 
erGrtern kann, und seine Theorie wurde 
durch Forschungen vom Bruch des Glasses 
in seinem Laboratorium und andern bewie- 
sen. Danach wandten er und einige andere 
Forscher™ die Theorie im weiteren physika- 
lischen Bereich an. Die Aufgaben des Ziind- 
mechanismus betreffend kann man so nach- 
folgende Annahmen machen. 

Wenn man den fliissigen Brennstoff in die 
Hochtemperatur und Hochdruckluft einspritzt 
und dort entziindet, wie im Dieselmotor, ziin- 
det es gewoOhnlich nach einer Weile Ziindver- 
zug. Ich untersuchte die Schwankungen die- 


ser Ziindverziige im Dieselmotor und probierte 
mit statistischer Behandlung, wie schon er- 
wdhnt, die Wahrscheinlichkeit der Ziindung 
zu bekommen und dadurch den Ziindmecha- 
nismus zu er6rtern. 


$2. Versuchseinrichtung und Versuchsaus- 
fuhrung 
Ich priifte mit einem Dieselmotor fiir 
Autowagen, dessen Hauptdimensionen  fol- 
gende sind: 
Bohrung 95 mm 
Hub 120 mm 
Brennkammer 
Hauptkammer 30 cc 
Vorkammer 2VICE 
Verdichtungsverhdltnis 18.0 
Einspritzpumpe Bosch Typ 
Einspritzdtise Eindrosselloch- 
Nadeldiise 
Einspritzdruck 100 kg/cm? 
Ich betrieb diesen Dieselmotor bei 600 U/ 


min Leerlauf, mass die Druckénderung in 
_ der Vorkammer und Hubédnderung der Nadel- 
duse, und dachte dadurch den Ziindbeginn 
und den Einspritzbeginn messen zu kénnen. 

(Abb. 1) zeigt schematisch meine Versuch- 
-seinrichtung. Die Druck- und Hubénderun- 
gen wurden durch Elektrokapazitét-Indikatore 
gemessen. Ich machte die Elektrokapazitit 
Cy fiir den Hub der Nadeldiise und C>p fiir 
»den Druck der Vorkammer, die in elektrische 
Strome verwandt wurden, die gleichzeitig 
| beide durch zwei Elemente eines elektro- 
-magnetischen Oszillographes stromten. Beide 
Indikatore zeigen den Elektrostrom 30~40m 
A pro 1 “F, und die hier benutzten Elemente 
'des Oszillo waren beide H Type, dessen Eigen- 
frequenz 1000 Hertz/Sek ist. 

(Abb. 2) zeigt eines unserer Massergebnis- 
‘se. Z ist die Zeit, deren Abstand von einem 
}Punkt zu dem nidchsten 1/100 Sek. ist, K 
-bedeutet den Kurbelwinkel des Motors, D 
\die Hubdinderung der Einspritznadeldiise und 
'V die Druckinderung in der Vorkammer. 
Die Hubdnderung der Nadeldiise ist wie ersi- 
‘chtlich so klar, dass man beinahe genau die 
Anfangszeit der Erhdhung der Nadeldtise 
‘bestimmen kann. Ich sehe den Einspritz- 
beginn als diese Anfangszeit der Erhéhung 
‘der Nadeldiise an, denn der Brennstoff geht 
ssobald aus, wie sich die Nadeldiise Offnet. 
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Man kann den Ziindbeginn nicht ganz genau 
bestimmen, aber, hier, wie gew6hnlich, nahm 
ich dafiir den Zeitpunkt an, wo der Druck in 
der Vorkammer rasch ansteigt. Die Zeit vom 
Einspritzbeginn bis zum Ziindbeginn, betrach- 


Cy Nach Oszilo 


Einspritznadeldiise 


Brennstoff __ 


Vorkammer 


A 


i Z 


Kolben 
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Abb. 1. 


Versuchseinrichtung. 
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Luftiiberschud 4527 


— 


ANDO Ze 


Indikatordiagramm. 


te ich als den sogenannten Ziindverzug. 

Ich machte drei verschiedene Versuche, 
ndimlich zuerst wurde der Brennstoif auf 30° 
Kurbelwinkel vor O. T. eingespritzt, wo der 
Kolben gerade die oberste Stellung seines 
Weges einnimmt; beim zweiten Versuch 
wurde der Brennstoff auf 5° vor O.T. einges- 
pritzt und beim dritten derselbe gerade auf 
O. T. Alle Versuche wurden jedes Mal auch 
unter Leerlauf bei 600 U/min gemacht, damit 
ich die drei Zustande miteinander bei ver- 
schiedener Temperatur und verschiedenem 
Druck priifen konnte. 
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Auf einem Spiel kam dabei etwa 0.6gr. 
Luft und 0.014 gr. Brennstoff. Das ist eine 
sehr grosse Masse Luft fiir den infragestehen- 
den Brennstoff. Hier bekam ich bei einem 
Versuch hintereinander etwa 50 Spiele. 


Héufigkelt N.g-dt 
oOo Nn Bb Oo Oo 


32364044 ft 18 22 26 30f 
x10" Sek x 10 °Sek 
(a) (b) (c) 


24 28 32 36 ft 
x10 Sek 


Ziindverzug 
Abb. 3. 
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Zeit nach Einspritzbeginn 


JANI 6) By 


§3. Versuchsergebnis 


Die Versuche haben gezeigt, dass die Ziind- 
verziige jedes Mal schwanken. Abb. 3a, 3b 
und 3c zeigen die Haufigkeiten in Abhiéngig- 
keit von der Ziindverziige. 

Stellen 

w(t): die Wahrscheinlichkeit der Ziindung 
in Zeiteinheit 


P(t): die Wahrscheinlichkeit der Ziindung, 
die es spater als eine Zeit ¢ geschieht 
q(t): das Haufigkeitsverhéltnis der Ziind- 


ung zwischen ¢ und ¢+ dz 
dar, so bekommt man 


pa)=\" AO VGH p(0) =1 


— °° 
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Und P-y-dt ist die Wahrscheinlichkeit, 
dass die Ziindung nicht stattfindet bis auf 7, 
sondern wihrend der nédchsten dz, und dieselbe 
ist gleich —dp. So 
ist 

P-p-dt=—dp 

u-dt=—dp/p, 
und 

p= —d(In- p)/dt 

Sucht man P(t) nach der Hiaufigkeiten in 
Abb. 3 und weiter davon /m-p und dann dif- 
ferenziert /m-p nach der Zeit nach Einspritzung, 
so bekommt man /(¢) wie in Abb. 5. 

Wie diese zeigt, ist der Zusammenhang 
zwischen der Wahrscheinlichkeit (¢) der 
Ziindung in Zeiteinheit und der Zeit ¢ beinahe 
geradlinig nach einer Zeit t: 


Ke) = K(t—t) 


debei ist & konstant. 


$4. Theoretische Betrachtung 


Ich er6rtere hier theroretisch und zwar 
qualitativ den Ziindmechanismus des, wie im 
Dieselmotor, in die adiabatisch gedriickte 
Hochtemperatur- und MHochdruckluft einge- 
spritzten Brennstoffes. Es gibt einige Arbei- 
ten®®, die vom Ziindmechanismus eines in 
die Hochtemperaturluft im Ofen gestiirzten 
fliissigen Brennstofftropfens, bzw, von der 
Verbrennung eines in stromender Luft bewe- 
genden Brennstofftropfens sprechen. Aber 
bei meinen Versuchen wurden viele Bren- 
nstofftropfen mnacheinander eingespritzt, de- 
shalb muss man hier den Ziindmechanismus 
von einem anderen Gesichtspunkt aus 
betrachten. 

Nachdem der eingespritzte Brennstoff in 
vielen kleinen fliissigen répfchen in die 
Luft geflohen ist, verdampfen allmiéhlich alle 
Trépfchen und erweitern sich in die Luft 
und dann stosst mit den Hochtemperatur- 
sauerstoff zusammen. Also vollzieht sich eine 
Mischung der Luft und des Brennstoffes. 

Nun setze ich wie folgt voraus: In der 
Mischung fangt eine chemische Reaktion von 
einem oder einigen Orten an, wo nach eini- 
gen Kettenreaktionen die Ziindung beginnt, 
und pflanzen sich die Flammen von dort fort. 
Wenn nadmlich die chemische Reaktion in 
einem oder einigen Orten dieser Mischung 


einsetzt, entstehen da sogenannte Ziindkerne, — 


die sich anfangs allméhlich vergréssern und 
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von ihnen aus pflanzen sich die Flammen 
fort; der Druck in der Brennkammer steigt 
rasch auf, sowie die reagierende Masse so 
gross wird, dass die Reaktion sich rasch von 
der entstandenen Warme zu der Nachbarmis- 
chung erweitern kann. Ich sehe hier den 
Ziindverzug als die Zeit vom Einspritzbeginn 
des Brennstoffes bis zum Zeitpunkt, wo der 
Zindkern so gross wird, dass der Druck rasch 
aufsteigt. 

Diese Ziindkerne verlieren ihre anfangs 
entstandene Wdarme durch die nachfolgend 
eingespritzten kalten Brennstoffe oder durch 
die Zylinderwand, wodurch einige von ihnen 
verschwinden, waéhrend andere diesen Verlust 
zu tberwinden vermégen und verbrennen. 
Oder, wenn das Mischungsverhiltnis zu diinn 
oder zu dick ist, pflanzen sich keine Flammen 
mehr fort und es ziindet nicht, auch wenn 
die Ziindkerne so gross werden. Deshalb 
k6nnen sich die Flammen nur von einem oder 
einigen wenigen Ziindkernen fortpflanzen, die 
dabei leben bleiben kénnen und ausserdem 
( eine mdssige Mischung haben. So kann man 
denken, dass es einem Zusammenhang zwis- 
chen der Ziindverzugszeit und der Entstehung 
und Vergrésserung der Ziindkerne geben 
musse. Man kann auch den Ziindmechanimus 
} vom Gesichtspunkt des Ziindverzuges aus 
9 erOrtern. 

Wie bereits gesagt, muss man das Phiano- 
} men mit Uberlegung der Wahrscheinlichkeit 
betrachten, das sich vom wmikroskopischen 
i zum makroskopischen vergréssert. Namlich 
_zundet der Brennstoff unter einem bestimmten 
Zustand nicht bestimmt, sondern hat nur 
yeine Wahrscheinlichkeit der Ziindung. Je 
grossere Wahrscheinlickeit der Ziindung er 
‘hat, desto ziindbarer ist er. Bei der Ziindung 
iim Dieselmotor muss man auch an diese 
) Wahrscheinlichkeit denken. 

) Nun denke ich an eine Wahrscheinlichkeit 
der Ziindung in Zeiteinheit und zwar an zwei 
verschiedenen Moéglichkeiten. Ndamlich ers- 
qtens, die Wahrscheinlickeit einer Entstehung 
i der anfanglichen chemischen Reaktion und 
\zweitens, diejenige der Vergrésserung der 
{ Reaktion. 

1 Nun stellt man eine Wahrscheinlichkit der 
| Ziindung folgend dar: 
} utj=a-B (1) 
die Wahrscheinlichkeit der Ziindung in 
Zeiteinheit. 


“(e): 


a: die Wahrscheinlichkeit einer Enstehung 
der anfanglichen chemischen Reaktion. 

8: die Wahrscheinlichkeit, dass sich die 
anfangliche Reaktion bis zum Kern 
vergrossert, von dem sich die Flam- 
me sogleich fortpflanzen kann. 

Ich will sie getrennt behandeln. 

(1) Die Wahrscheinlichkeit der Entsteh- 
ung der anfdnglichen chemischen 
Reaktion. 

Wenn die Molekiile des Brennstoffes und 
diejenigen des Sauerstoffes in der Luft zusam- 
menstossen, entsteht es da eine Wahrschein- 
lichkeit der chemischen Reaktion. Deshalb 
kann man denken, dass die Wahrscheinlich- 
keit der Entstehung der Reaktion proportional 
der Stosszahl zwischen beiden Molekiilen sei. 


Also: 
AcoVpp ys: soy, AG 


ary 


vz: Molekulardichtigkeit des Brennstoffes 
vs: Molekulardichtigkeit des Sauerstoffes 
Sz.s: Abstand zwischen den Zentren beider 
Molekiile beim Stoss. 
mz, ms: Molekulargewichte beider Stoffe. 


h: oes Konstante. 
— ay kann man als Konstante 


Ss; 
gic /2(4+4) jit 


ansehen, weil es abhaingig von dem Durchmes 
ser und der Gewicht beider Stoffe ist. 
So 


(3) 
(4) 


As Says eo) 
h\ msg ms 
Andererseits ist diese Wahrscheinlichkeit 
proportional dem Volumen, das seine Dichtig- 
keiten beider Stoffe hat. Das Mischungsver- 
haltnis, wo es sich relativ einfach ziinden 
kann, ist in einer relativ kleiner Grenze, 
weil, wenn es zu diinn oder zu dick ist, die 
Reaktion nicht sich erweitern kann. Deshalb 
darf man zur Untersuchung der Wahrschein- 
lichkeit der Ziindung nur diese Grenze 
beriicksichtigen. 
Man nehme an, dass 
m: das Verhditnis der Luft im ziindbaren 
Gebiet fiir diejenige, die unabhangig 
von der Diffusion ist, 
A: das durchschnittliche Mischungsverhalt- 
nis zwischen Brennstoff und Luft im 
ziindbaren Gebiet, 
o.: die Dichtigkeit der Luft in dem Gebiet, 
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das unabhangig von der Diffusion ist, 
sowie 
4v: das Volumen, dessen Zustand m™ sei, 
so bekommt man: 
aco >A: 077+ m?- h- Av (or) 
weil vscov, (Molekulardichtgkeit der Luft im 
Diffusionsgebiet)= o.:72 und ve=p.-m-A ist. 


Einspritzduse 


Abb. 6. Schematisches Bild von 
Einspritznebelsform. 


so © 


Dichtigkeit 


L_2, O 


Abstand 
Schematisches Bild von Dichtigkeit des 
Brennstoffes. 


Abb. 7. 


Einspritzdise 


Zundwilliges 
Diffusionsgebiet 


CEE 


Abb. 8. Schematisches Bild von Diffusionsgebiet. 


A, o1, m, & sind alle, wie schon gesagt, 
beinahe unabhéngig vom Volumen des Dif- 
fusionsgebietes. 


00 A: 07+ m1?-A-v 
v= >i4v 
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v: das totale Diffusionsgebiet 

Nun muss ich iiber das Diffusionsgebiet 
sprechen. 

Die Einspritzform des fliissigen Brennstoffes 
in der Brennkammer bildet sich, wie in Abb. 
6, eine Weile nach der Einspritzung. Wenn 
der ganze Brennstoff, von dem die Ziindung 
abhiangig ist, in einem Augenblick eingespritzt 
wird, ist der Zusammenhang zwischen der 
Dichtigkeit des Brennstoffes und dem Abstand 
von der Einspritzszentrallinie, falls eindimen- 
sional ist, wie folgt: 


bs ; 
ee —z” 4 Dt’) 
Ong ya DRE Sih ies 
C: die Dichtigkeit des Brennstoffes 
D: der Diffusionsbeiwert 


S: (" Gas 


t’: Zeit nach dem Diffusionsbeginn 
X: Abstand von der Einspritzszentrallinie 
Abb. 7 zeigt das Verhditinis zwischen der 
Dichtigkeit des Brennstoffes und dem Abstand 
auf dem Ouerschnitt A-A’ in Abb. 6. 
Wenn man beispielsweise einfach die Form 
des Einspritznebels und des Diffusionsraumes 
als eine zylindrische ansieht wie in Abb. 8, 
—-___, eine solche Form bildet bald nach 
Einspritzung _—._, ist das Volumen des 
Diffusionsraumes wie folgt: 


(6 ) 


v= 71 (a”—2") (ce 
I: die Lange des Einspritznebels. 
: der Abstand von der Zentrallinie, wo 
die Dichtigkeit des Brennstoffes C; ist. 
a: der Abstand von der Zentrallinie, wo 
die Dichtigkeit des Brennstoffes Cy, ist. 
Ist D nicht so gross, so ist der Einfluss der 
Diffusion des spa&ter eingespritzten Brennstof- 
fes im Gebiet des grossen x klein. Wenn es 
nicht so lange nach Diffusionsbeginn ist, ist 
im Gebiet des kleinen 2 der Brennstoff so 
dick und die Luft so mangelnd, dass die 
Ziindfahigkeit sehr klein ist, wie bereits 
erwadhnt, und vernachlaéssigen werden kann. 
Weiter, wenn die Haupteinspritzung eine 
Weile vor der Ziindung endet, kann man an- 
nehmen, der Einfluss des anfangs eingespritz- 
ten Brennstoffes sei regulierbar. Wenn die 
Einspritzung nur einen Augenblick gemacht 
wird, so ist S in der Gleichung (6) konstant. 
Von dieser Gleichung erhalten wir: 


%227— 2,7 =4Dt' ln oy 


2 


deshalb sind 


/ ! C 
Arch y es 
ist das durchschnittliche Mischungsverhilt- 
nis in dem Gebiet, wo die Dichtigkeit des 
Brennstoffes zwischen C, und Cy ist, und bei 
einem bestimmten Zustand, 
erwdhnt, beinahe konstant ist. 
So ist 


wie schon 


a= KA: ptm h-4n-l DENG (8) 
kK’: Konstante 
Man muss hier denken, durch welche 


Form es zu der Linge 7 kommt und wie die 
\[Abhadngigkeit von der Zeit ist, aber man 
darf eine gewisse Zeit nach der Einspritzung 
diese Lange als konstant ansehen. 

| Wenn die Wahrscheinlichkeit der Entsteh- 
jung der anfdnglichen chemischen Reaktion 
jnur von dem Diffusionsgebietvolumen _beher- 
irscht wird, wird der Zusammenhang zwischen 
der Zeit nach der Einspritzung und dieser 
t{Wahrscheinlichkeit wie in Abb. 9. N&mlich 
JA zeigt die Zeit, wo die Einspritznebelslinge 
dach dem Ejinspritzbeginn zu 7 wird, AB die 
Zeit, wo das Diffusionsgebiet gemacht wird 
find fast proportional der Zeit ist. 

| Eine Weile nach dem Ende der Einspritz- 
ting, wird der dickeste Teil, der sich im 
Zentralort befindet, allmahlich durch die Dif- 
fusion diinner, und nachdem er diinner als 
jlie ziindbareste Grenzdichtigkeit geworden ist, 
vird das ziindbare Diffusionsgebiet mit der 
eit kleiner, wenn die Luft grossen Mangel 
n Brennstoff hat, nadmlich die Luftiiberschus- 
fzahl gross ist. BC in Abb. 9 zeigt diese 
Heit. Nachdem die Mischung homogen 
yeworden ist, muss das konstant werden, das 
on CD gezeigt wird. 

i In diesem Falle denke ich den Diffusionsbei- 
vert D, der abhangig von Temperatur und 
ruck ist, als konstant, weil die Diffusions- 
leit, die die Ziindung beherrscht, nicht so 
finge und kiirzer als 1.5x10-%Sek. bei fast 
jllen Fallen ist. 

) Ausserdem muss man andere Einfltisse, z. 
}. von den der Dichtigkeit der gedriickten 
fuft oder von den der Verdampfung des 
jrennstoffes, beriicksichtigen. 

4 Der Einfluss der Dichtigkeit der Luft ist 
huadratisch, falls er der Gleichung (8) folgt. 
i. ber bei einem bestimmten anfanglichen 
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Zustand sind die Differenzen zwischen dem 
friihesten Ziindzeitpunkt und dem _ spéatesten 
bei fast allen Fallen geringer als 1.5x107° 
Sek., und gew6hnlich, ausser anféanglichen 
Bedingungen, nicht so wichtig. 

Die Verdampfung des Brennstoffes geschieht 
zusammen mit der Diffusion und man kann 
sie ruhig vernachlassigen. Die Verdamp- 
fungsgeschwindigkeit eines fliissigen Bren- 
nstofftropfens ist proportional dem Quadrat 


des Tropfensdurchmessers, falls die Tem- 
B 
. 
X Gnsiiis 
O 
t 


Zeit nach Einspritzbeginn 


Abb. 9. Schematisches Bild des Zusammenhangs 
zwischen der Wahrscheinlichkeit der Ziundung 
in Zeiteinheit und der Zeit nach Einspritzbeginn. 


peratur und der Druck homogen und unverdn- 
derlich sind. Deshalb, wenn der Brennstoff 
als viele Tropfen in die heisse Luft einge- 
spritzt wird, ist die Verdampfungsgesch- 
windigkeit anfangs schnell und allméhlich 
langsamer, aber hier muss man denken, dass 
die Temperatur der Mischung durch Warme- 
austausch allméhlich hoher wird. 

Wie bereits ausgefithrt, trotzdem viele 
physikalische Ursachen vorherrschen, darf 
man sagen, dass die Wahrscheinlichkeit der 
Entstehung der anfanglichen chemischen 
Reaktion anfangs grésser von einer gewissen 
Zeit nach der Einspritzung an, und konstant 
wird und bleibt, wenn die Mischung ganz 
homogen wird. 

(2) Die  Wahrscheinlichkeit, dass die 
anfdngliche Reaktion ein Kern wird, wovon 
die Flamme sich bald fortpfianzen kann. 

Wie oben gesagt, kann es nicht ziinden, 
wenn der Ziindkern nicht so gross wird, dass 
die Flamme sich fortpflanzt. Nun sehe ich 
E als die sogenannte Aktivitatsenergie an, 
wodurch der Kern sich vergr6ssert und ziin- 
det, Dann muss $8 diese Wahrscheinlichkeit 
proportional exp (—E/RT) sein. (T: die ab- 
solute Temperatur der Mischung, R: die 
Gaskonstante). Wenn J konstant ist, ist B 
konstant, falls man & als Konstante annehmen 


160 [Kunio 
kann. Man darf die Verénderung der Durch- 
schnittstemperatur in der Brennkammer 
vernachlassigen, weil sie nicht so gross ist, 
wahrend des Ziimdverzuges, aber T die Tem- 
peratur der Mischung am Ziindort verdndert 
sich durch den Warmeaustausch und gewohn- 
lich wird mit der Zeit grésser. Deshalb muss 
B mit der Zeit grésser werden. 

Da die Wahrscheinlichkeit der Ziindung in 
Zeiteinheit proportional a-f ist, und @ und 
B anfangs nach Ejinspritzung sich mit der 
Zeit vergréssern, und nachher wegen gleichar- 
tiger Mischung konstant werden, so wird 
diese Wahrscheinlichkeit “(¢) anfangs grOsser 
mit der Zeit und nachher konstant, auch 
wenn viele Bedingungen beriicksichtigt wer- 
den miussen. Dies deckt sich mit meinen 
Experimentsergebnissen ausser fiir die Zeit, 
wo /4(¢) fast Null ist. 

Nach den obigen Uberlengungen, hat dieZeit, 
wo die Wahrscheinlichkeit s(z) fast Null ist, 
zwei Teile. Der eine ist derjenige, wo der 
Brennstoff sich fast nicht verdampft und es 
fast keine Wahrscheinlichkeit der Ziindung 
gibt; der andere der, wo sich die chemische 
Reaktion bis zum Ziindkern vergr6éssert. 
Im ersteren Falle wird die Zeit mit dem 
ansteigenden Druck laénger und umgekehrt 
mit der ansteigenden Temperatur ktirzer. 

Aber die letztere ist umgekehrt proportional 
der Geshwindigkeit der chemischen Reaktion, 
da die Geschwindigkeit der chemischen Reak- 
tion mit der Dichtigkeitvergrésserung schnel- 
ler wird und mit TemperaturerhGhung der 
Mischung, wenn die Dichtigkeit und die Tem- 
peratur der Mischung hoch sind, muss die 
Zeit, wo die Wahrscheinlichkeit der Ziindung 
fast Null ist, kiirzer werden. 


§5. Zusammenfassung 


Wir mtissen den Ziindmechanismus vom 
Begriff der Wahrscheinlichkeit betrachten. 

Im Fall, wo der in die adiabatisch gedriickte 
Hochtemperatur- und MHochdruckluft einge- 
spritzte Brennstoff ziindet, wie im Dieselmo- 
tor, erhielt ich von den Schwankungen der 
Ziindverztige die Wahrscheinlichkeit der Ziind- 
ung in Zeiteinheit, die fast proportional der 
Zeit nach Einspritzung ist. 

In dieser Arbeit wurde besprochen, warum 
diese Wahrscheinlichkeit solche Eigenschaft 
hat und verschiedene Bedingungen, die diese 
Wahrscheinlichkeit beherrschen, wurde ange- 
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nommen. Ndmlich der Einfluss der Diffusion. 
ist grésst, aber Verdampfung, Temperatur, 
Dichtigkeit, _Wa&rmeaustausch, usw haben. 
auch einen relativ wichtigen Einfluss. 

In der n&chsten Arbeit will ich tiber viele 
Ergebnisse meiner Forschungen unter andern| 
verschiedenen Bedingungen berichten. Da- 
durch werde ich erklaren, wie meine Voraus- | 
setzungen und Uberlegung mit den | 
wirklichen Phiinomenen iibereinstimmt, und_ 
weiter, wieviele Ziindpunkten es in der Ziind-. 
ung im Dieselmotor gibt. | 

Zum Schluss muss ich Herrn Dr. M. Hira-) 
ta, Professor der Fakulitat der Naturwissen- 
schaften der Tokyo Universitat und Herrn_ 
N. Terao vielen Dank sagen, die mir theoreti-) 
sch und statistisch mit Rat und Tat beiges-) 
tanden haben, und auch den Herren Profes-. 
soren’ Dr. Ke Hatta;s Ds Okazaka sundae Draws 
Kumagai, der Technischen Fakulitaét derselben 
Universitat, die wahrend der meiner Forschun- 
gen mich leiteten und mir vielen guten Rat 
gaben 

Auch danke ich herzlich Hrn. M.Ito, Direk- 
tor des technischen Laboratoriums der Isuzu 
Mortor A.G., der mir die Gelegenheit zu! 
meiner Experimenten gab, sowie Herren T. 
Hori und N. Miyamoto, Ingenieure dieses 
Laboratoriums, die mir halfen. 
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On the Magnetic Ageing of Pure Iron 


By Mitsuru ASANUMA and Shinji OGAWA 
Institute of Physics, Hokkaido University 
(Received October 18, 1954) 


It has been known that the initial susceptibility 
of commercial pure iron varies remarkably on 
tempering in the vicinity of 130°C, and its origin 
has not yet been clarified. ; 

In the past Y. Shimizu) at Tohoku University 
explained that small amounts of sulphur in iron 
was responsible for its variation. According to his 
explanation, iron has little solubility to sulphur, 
which exists as inclusion of iron-sulphide. When 
the iron was heated up at about 130°C, the lattice 
parameter in c-axis of FeS varies and this varia- 
tion might cause the variation of initial susceptibility. 
But his conclusion that this 
hindered by quenching is improbable, because this 


transformation is 


transformation is the second kind. 

The commercial pure iron was used as specimen 
The specimens were annealed 
in the 


in our experiment. 
at 950°C for an hour and cooled down 
furnace to 350°C, and then quenched in water to 
keep out of the transformation of FeS. Then the 
initial susceptibilities of these specimens and of 
specimens which were tempered in the vicinity of 
130°C for various tempering times after above- 
mentioned treatment were measured. The results 
are shown in fig. 1. Moreover the initial suscepti- 
bilities of the specimen which was annealed at 950°C 
in wet hydrogen atmosphere to remove the im- 
purities were measured in the course of ageing as 
shown in Fig. 2. According to this result, any 
effect of ageing on initial susceptibility was not 
observed. Our specimens before and after hydrogen 
treatment contained 0.003 wt% and 0.002 wt% 
sulphur respectively, and that means that the 
sulphur content was hardly changed. Hence the 
sulphur is not responsible for the variation of the 
initial susceptibility. 

In order to seperate the effects of carbon and 
nitrogen in iron, carbon or nitrogen was added to 
the specimens after hydrogen treatment and the 
initial susceptibilities were measured in the same 
way as mentioned above. Fig. 2 shows these 
results. The amounts of carbon and nitrogen in 
solid solution were determined by means of internal 
friction®. According to these results, the initial 
susceptibility of carburized specimen did not vary 
remerkably, but that of nitrided specimen varied 
exceedingly. 

From our experiment it was concluded that the 
precipitation of nitrogen and carbon is responsible 
for the variation of initial susceptibility and the 


161 


c¢) 
ie ae 
SS fo} 
{0b is 
a. 
ae 
ad 
20 fie, 
Pa a 
a i See 
ag 
( 120°C 
st) |= 1300 
{ | 1 L 
0 5 10 15 20 


Tempering Time in Hours 


Fig. 1. The decreases of initial susceptibility vs 
tempering time. 
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Fig. 2. The decreases of initial susceptibility vs 
tempering time. A: the specimen after hydrogen 
tretment. B: the specimen to which was added 
the carbon after hydrogen treatment. C: the 
specimen to which was added the nitrogen after 
hydrogen treatment. Ageing temperatures are 
140°C. 


influence of nitrogen is dominant, even if one takes 
the difference of the amounts of dissolved carbon 
and nitrogen in our specimens into account. 

Recently, for the purpose of studying the 
precipitation of the carbon and nitrogen in «-iron, 
C. Wert®) measured, independently on our work, 
the coercive forces of carburized and nitrided iron 
after ageing treatment. It seemes that his results 
also support our conclusion. 

The details of our work will be publised in 
another paper. The authors were indebted to 
Professor S. Miyahara for his valuable advice. 
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Drift Mobility of Conduction Electron 
in KCl 
By Hazimu KAWAMURA and Masami ONUKI 
The Institute of Polytechnics, 
Osaka City University 
(Received November 22, 1954) 


The Hall of conduction electrons in 
alkali halide crystals have been recently measured 
by Redfield), Macdonald and Robinson”). The 
latter authors?) found that the mobility for KBr is 
12.5 cm2/volt-sec at room temperature which is near 
the Debye temperature of the crystal. It seems 
also interesting to measure the “drift” mobility at 


extremely small 


mobility 


room temperature, since the 
mobility in this case is favorable to the measure- 
ment of the drift mobility rather than that of Hall 


mobility. 


Ak 
2x10 SEC = 
Fig. 1. Block diagram of the measuring equip- 
ment. Vy» is the volage for accelerating the 


electron beam and V is for sweeping the scond- 
ary electrons in the crystal. 


— T —. 
—> T k— 


T=1,8x10 ‘SEC 


Fig. 2. Out put pulse due to the drift of second- 
ary electrons. Time scale is determined by a 
delay line of a known constant. 


Since the drift time of the electrons cannot exceed 
their life time in the crystal which is less than 10-7 
sec in the alkali halide even for pure crystal, we 
must make the measurement of a phenomenon which 
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occurs within such a short time interval as 1077 
sec. The block diagram of our equipment is shown 
in Fig. 1. The positive pulses of 210-8 sec width 
which are generated by a three-electrode trigger 
gap and coaxial cable are applied to the grid of an 
electron gun with the P.R.F. of 200 cycle. The 
pulsive electron beam bombarding the surface of 
KCl produces electron hole pairs in the crystal near 
the upper surface. The response due to the drift 
of the secondary electrons is picked up by the 
resistance R (8000) and amplified by a linear am- 
plifier of distributed type whose band width was 
about 50 Mc and gain 70 db. The specimens were 
cut from pure KCl crystal which had no measur- 
able hump in the absorption curve at the neigh- 
borhood of the absorption edge. The cleaved 
crystals were etched and grounded to about 2 x 10-2 
cm thick. One of the photographs of the oscilloscope 
figures is shown in Fig. 2, which were taken at 
the moment of the switching-on of the electron 
sweeping field on the crystal, in order to avoid the 
space charge effect. The pulse duration of this 


“of 5 


1x10 


v/L (VOLt/cm) —— 


Fig. 3. The drift velocity v is plotted as the 
function of V/Z (V: voltage applied on the 
crystal, 1: crystal thickness). 

x; for No. 2 sample, ©; for No. 3. 


figure reduced by the width of the pulse due to 
the initial electron beam was taken as the drift 
time of the electron. Varying the sweeping field, 
we measured the drift velocities as shown in Fig. 
3. From the slope of this curve, the drift mobility 
was determined to be 341.5 cm?/volt-sec. 

On the other hand, the theoretical value for KCl 
calculated from 

u=(€a]V2hwm)1/Ee — 1/e)[exp(hw/kT) — 1] 

is ~5cm?/volt-sec at room temperature), The 
fair agreement of the theory and experiment may 
be regarded as an accidental one, since in this case 
the perturbation theory is not applicable for the 
calculation of the electron mobility Owing to a 
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strong coupling of electrons and lattice vibration®). 
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) Dependence on the Nature of the Electrode 
_ Surface of the Joshi Effect in Oxygen at 
Different Gas Pressures 


By S. R. MoHanty, T. S. NAGARJUNAN, 
R. SRINIVASAN and G. SRINIVASAN 


Physico-Chemical Laboratories, Banaras 
Hindu University, India 
(Received December 7, 1954) 


Mohanty and Kamath, and Mohanty”) have shown 
ithat the negative Joshi effect — 47 in oxygen, under 
conditions of constant electrical excitation, vis., at 
constant reduced potential V;=(V—Vm)/Vm, where 
jV is the potential applied and V,, that for break- 
jJown, and at constant discharge current in dark 
‘ip, increases initially with the gas pressure p toa 
maximum at p_a; max and diminishes thereafter. It 
js also known that ceteris paribus the effect is 
imarkedly sensitive to change in the nature of the 
electrode surface, e.g., from blank (glass) to 
4y0tassium chloride coated.#) It was of interest 
jherefore, to study the dependence on electrode 
‘contamination of the effect in oxygen at different 
fo, and of p_a; max. 

' The discharge vessel consisted of a carefully 
cleaned soft soda glass Siemens’ tube containing 
‘inely powdered pure potassium chloride away from 
he discharge space (Fig. 1); its dimensions were: 
jnner diameter of the outer tube, 17.0mm,; outer 
liameter of the inner tube, 9.7 mm; inter-electrode 
thickness of glass walls, 1.2 
18.3cm. 


\ helix of untarnished copper wire, the distance 
»etween two consecutive turns being uniform and 
lufficiently large to permit irradiation of the en- 
blosed gas, wound on the outer tube constituted 
Pure oxygen, admitted 


‘he low tension electrode. 
into the Siemens’ tube at different p in the range 
100-450 mm Hg (29-31°C), was excited over 2-8kV 
rms, 50 c/s). The effect was observed on a vacuum 
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thermocouple (V.J.)—galvanometer (G) system (Fig. 
1) with light from a 200 watt, 190 tungsten 
filament (in glass) lamp placed at a distance of 
12.5cm from the discharge tube; the heat radia- 
tions from the lamp were cut off with an appropriate 
filter. Observations were repeated with the elec- 
trodes contaminated with potassium chloride by 
repeated tilting which left, after detachable particles 
were removed by tapping, a thin film of the sub- 
stance on the electrodes. 


volt, 


KCL ee || 
\ powder 1 4 


Fig. 1. Electrode contamination in the production 
of the Joshi effect in oxygen under ozonizer 
excitation. 
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Fig. 2. Pressure variation of the Joshi effect in 
oxygen. [Curves 1, 2 and 3: Blank (glass). 
Curves 4, 5 and 6: KCl contaminated.| 


The present investigations substantiate the ex- 
istence of an optimum p- imax at which, under 
conditions of constant electrical excitation, ~— 47 is 
maximum (Fig. 2). Thus eg., at tp=12, —i 
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with clean glass electrodes was 1.75 for 100mm, 
increased to 2.05 at 250mm, and diminished with 
increase in p to 1.68 at 450mm; the 
corresponding values of — 47 under KCl contamina- 
tion were respectively 2.35, 4.28 and 3.28. It is 
of interest that the rate of increase of — 47 with p 


and that of the subsequent diminution are more 


further 


N 


yan ae i = 4 | a Sait alt 
100 150 200 250 300 250 400 
PO» 
Fig. 3. The shift in the Joshi effect due to 
electrode contamination as a function of the 
gas pressure. 


450 


pronounced for electrodes (KCl) contaminated than 
for those blank (glass). it would 
appear that p_azmax is not dependent upon the 
nature of the electrode surface. For the tube under 
investigation, P-ji;max was 250mm blank as also 
contaminated. It has been shown by Mohanty, 
Krishna Rao and Jayaraman” that p_a; max changes, 
on the other hand, with electrode separation. 

The significant role of the electrode surface in 
the production of the discharge) and the effect®) 
has already been emphasized*). The change 
(enhancement) 4(— 47) in —42 with that in the 
nature of the electrode surface is maximum, like 
—Mi, at P-aimax, viz., 250mm for the tube in- 
vestigated (Fig. 3). 

Grateful thanks of the authors are due to Prof. 
S. S. Joshi for his kind interest in the work. 


Furthermore, 
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Effect of Electron Bombardment on | 
Secondary and Photo-electron Emission 


of Cesium-antimonide 


By Kiyoshi MiyAKE 


Electrical Communication Laboratory, 
Nippon Telegraph and Telephon Cooperation, 
Tokyo, Japan ! 
(Received September 25, 1954) 


The secondary electron emission of composites 
surfaces decreases with the duration of electron) 
bombardment. There are, however, very few in-+ 
vestigation into this cause. Since cesium-antimonide,, 
according to Zworykin and others), is not only a, 
good secondary electron emitter but also a high 
photo-sensitive one, the author has tried to study) 
the change of both properties caused by electron) 
bombardment. 
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Fig. 1. Effect of electron bombardment on the 


secondary electron yield. 


The experimental tube used consists of an electro 
gun and a collector for the measurement of second 
ary emission, and an anode mounted in a separat 
position for the measurement of photo-emission. 
basket-shaped target made from thin nickel plate 
is able to slide along nickel stem towards th 
desired position. Cesium-antimonide surface wa 
prepared on the basket after the usual process a 
a separate position for avoiding the contaminatio 
of electrodes. The secondary emission of suc 
target was measured in the range of primar 
energy (Vp) from 50V to 1000V. The yeild i 
reproducible when the density of primary curren’ 
(Ip) is small, and the maximum amounts to 4~€ 
at Vp=500V~800V. <A typical yield curve id! 
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shown in Fig. 1 (Initial). The fatigue of yield is 
remarkable in the case of either high primary 
' energy or large current density. The curves shown 
in Fig. 1 are obtained after the bombardment of a 
definite time at V»=200V, In=98 pA (c.a. 200 


pwA/sq.cm). The decrease of secondary emission 
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Fig. 2. The changes in secondary emission, photo- 
emission and maximum secondary yield of 
cesium antimonide target, caused by continued 
electron bombardment at V»,=200V, Ip=98 uA. 
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| Fig. 3. The change in wave length characteristics. 


| during the bombardment was shown in Fig. 2. As 
-shown in the figure, the yield decreased from 4.6 
at the initial state to 4.2 after about 2 hours and 
thenceforth varied very gradually. On the other 
}hand, by bombarding of primary electron with Vo 
(=500 V, Ip=98 uA, the yield decreased rapidly from 
5.1 at the begining to 3.8 after 6 hours. 


_ The photo-response curve in Fig. 2, showing the 


i 
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total sensitivity for a tungsten filament lamp at 
1900°K (color temp.), indicates that it is similar to 
the secondary emission one at first but increases 
considerably after long bombardment. Fig. 3 shows 
the effect of bombardment on the spectral photo- 
electric response, though the shift in the ordinate 
is uncertain. The initial response is a normal one, 
and a small hump near 600 my can be noticed. The 
effect of bombardment is to bring about several 
new humps near 610, 570, 530, 490 mp, and two or 
more at shorter wave length. 

It has been believed that the fatigue of secondary 
emission, for example, from BaO is due to dissocia- 
tion of the compound or excess metallic layer near 
the surface. In the present case, however, the 
photoelectric data are suggestive of formation of 
color centers. And from this viewpoint the author 
would like to continue some more experiments on 
the fatigue of secondary emission. 

The author wishes to express his hearty thanks 
to Dr. S. Yoshida for his sugestions and interests 
to this experiment, and Mr. S. Munesue for his 
helps in the measurement of spectral photoelectric 
response, 
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On the Hall Effect of P-type Germanium 
in the Near Intrinsic Range 


By Yasuo KANAI and Katsuhisa FURUSYO 


The Electrical Communication Laboratory, 
Tokyo, Japan 


(Read Noy. 2, 1954; Received November 19, 1954) 


Recently a number of experimental and theoretic- 
al studies have been made on the galvano-magnetic 
effect in semiconductors, and the Hall constant and 
the magneto-resistance constants are well studied 
especially. These constants are the coefficients of 
the Ist and 2nd terms of the electric current re- 
spectively, when it is expanded as an ascending 
series in the magnetic field strength, H. The 
effects of the higher terms of H have been not so 
well investigated, since a strong magnetic field is 
necessary to observe such effects. But if the ex- 
periments are performed under such conditions 
that the effect of the Ist term vanishes, those of 
the higher terms of H could be detected easily. 
As is well known, the Hall constant, 7, in the 
semiconductors which contain both electrons and 
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holes is given, in the first approximation, by the 


formula”); 


nhe—p 
R= —%¥ : A 
(nb+-p) 
where 
m; number of electrons in c.c. 


p; number of holes in c.c. 
db: ratio of electron mobility to hole mobility. 
Y; numerical factor which depends on the 
scattering mechanism of carriers. 
and in the p-type germanium the condition ?=0 is 
attainable in the near intrinsic range, so in this 


in cm?/coulomb 


= sR 


Onn OP ae ee cee MPa. 


—> H in kiloguuss 


Fig. 1. The Hall constants of p-type germanium 
at various magnetic field strength in the near 
intrinsic range. 


range the effects of the higher terms of A should 
be detected easily. 

The H-dependence of Ff in the high purity and 
uniform p-type germanium was measured in the 
temperature range from about 20°C to about 85°C, 
in the magnetic field strength up to about 7 
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kilogauss. In these temperature ranges the tem- 
perature was kept constant in the accuracy of 
approximately -£0.1°C by the thermo-regulator. 
The specimen was shaped into thin slabs approxi- 
mately 1cmx0.25cmx0.2cm, and the Hall con- 
stants measured at low temperature indicated that 
the density of acceptor impurities was approximate- 
ly 5.7x1018/c.c. A typical result of our experi- 
ment is shown in Fig. 1 and it indicates a remark- 
able dependency of R on H. 

Recently Madelung*) has calculated numerically 
the dependence of R on H in the semiconductor 
which contained both electrons and holes. His 
calculations were based on the following assump- 
tions: 

(a) electrons which had one kind of effective mass 
and holes which had one kind of effective mass”), 
(b) spherical symmetry of energy surfaces for both 
carriers. 
(c) energy independent mean free path. 
According to his results R increases always with 
increasing H, while our experiment shows that the 
relation is reverse (Fig. 1). Thus our experimental 
results are not consistent with his calculations, so 
in the case of p-type germanium, any one of the 
above assumptions (probably assumptions (a) and 
(b)) should be incorrect®. 
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Beta-spectra of Agl10 and Sb124 


By Toshio AZUMA 
Phys. Dept. Naniwa University, Mozu, Sakai, Osaka 
(Received June 23, 1954) 


Beta-spectra of Agll0 and Sb124 have been measured with a double 
coil, magnetic lens spectrometer of about 2 percent resolving power and 
their Fermi plots were studied. For the decay of Agll0, it was found 
that the soft component of the continuous beta-ray spectrum could be 
analysed into three groups of allowed type with end points at 80-, 314-, 


and 530-key. 


or VA shape. 


§1. 


For the decay of Agll0, three beta-ray 
groups with end points at 87-, 530-kev, and 
2.86-Mev and many groups of gamma-rays 
have been reported.2-* The Fermi plot of 
the 530-kev beta-ray, which constitutes the 
main part of the continuous beta-spectrum, 
deviates from a straight line, and Siegbahn 
has suggested that this might indicate the 
presence of one or several beta-components 
of low intensities. But no satisfactory analy- 
sis or explanation has yet been given to it. 
In the present experiments, we have made a 
} careful measurement of the beta-ray groups 
and have studied the Fermi plots making use 
of the correction factors for the first and 
second forbidden transitions. The results 
indicated the existence of soft beta-component 
} of 314-kev of low intensity». 
| For the decay of Sb124, considerable works 
have been done, especially with regard to the 
/ assignment of spin and parity changes in the 
& decay scheme™-?2, It was concluded that 
| the ground state of Sb124 — the first excited 
j state of Tel24 — the ground state of Te124 
i) was 3(—)—2(+)—0(+), from the @-r angular 
( correlation experiments!”. The curved Fermi 
} plot of the highest energy beta-group was 
straightened by the first forbidden correction 
‘factor consistent with a general STP beta- 
}interaction for spin change unity. Such a 
} beta-transition was, however, the first one ob- 
‘served hitherto. We have, therefore, re- 
/ investigated the Fermi plot with the correc- 
4 tion factors calculated by Konopinski and 
+ Uhlenbeck2» for the single interactions and 
tby Smith?» for the mixed interactions. The 
¢result confirmed the conclusion of previous 


Introduction 


For Sb124, five beta-ray groups with end points at 2.39-, 
1.68-, 1.07-, 0.63-, and 0.28-Mevy are found, in which the group of the 
highest energy is infered as the first forbidden mixed interaction for ST 
The results for Sb124 agree with other observers. 


authors. 


§2. Experimental Method 


The beta-rays and the conversion electrons 
from gamma-rays were investigated with the 
double coil, magnetic lens spectrometer of 
about 2 percent resolving power. The spectro- 
meter was equipped with a set of aluminum 
baffles as those used by Van Atta ez al?®) to 
reduce the number of scattered beta-rays 
reaching the detector. The detector consisted 
of a side window G-M counter with a window 
of Zapon film of about 20 “g/cm? on the 50 
mesh wire net. 

The active material in solution, which was 
supplied from Oak Ridge, was applied on a 
Zapon film of about 30 “g/cm? and dried quick- 
ly under an infra-red lamp. A homogeneous 
thin source of 2mm in diameter which had 
a surface density of not greater than 50 g/ 
cm? was obtained. 

The efficiency of Zapon counter as a func- 
tion of beta-ray energies was investigated for 
various pressure of the gas filling the counter, 
using the corrected Fermi plot of the 530-kev 
beta-ray from Cs137?)?), The maximum 
energy, in which Zapon counter was used 
reliably, was estimated as 200-kev for the gas 
pressure of 25mmHg’?. The maximum 
energy rised gradually as the gas pressure 
increased. The soft beta-ray groups of energy 
lower than 200-kev were measured with such 
Zapon counter which is made to detect elec- 
trons of 5-kev and above. The other beta- 
rays were measured by the ordinary mica 
window G-M counter of 2.9mg/cm’. The 
spectrometer was calibrated using the internal 
conversion line of Cs137, 
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§3. Correction Factors 


The measured beta-ray spectra have been 
investigated using the Fermi plot, namely, 
the plot of (N//(z, w))'” against the total 
energy, where JN is the counts per minute of 
beta-rays per unit momentum, and /(z, w) is 
the Fermi distribution function of transition 
probability and w is the energy of electron 
emitted in units of mc?. A better approxima- 
tion for f(z, w), especially for large z, was 
given by Bethe and Bacher”), 


SZ, W)=fr@, wWlH71+4772)—-1f8 ; 
where 
Tey 


en 2" , 


fr(Z, w)=(W?—1) — 


and 

S=(1—7?)}/27—1 ’ 

r={ Cpr PII 5 for #7 emission , 
—az=—z/137, for $+ emission , 
j ay2)1/2 

yasi aes 

0 
n=H 0/1704 , 


Wa(Lt 7? 
This approximation is accurate to about one 
percent for atomic numbers as large as z=84. 
In order to determine the order of forbid- 
deness of the transition, a suitable correction 
factor C must be multiplied to f(z, w) and 
the Fermi plot thus corrected, i.e. the curve 
of (N/C- f(z, w)) plotted against the total 
energy must be examined to see if it lies on 
a straight line. The correction factors of the 
first and second forbidden transitions for five 
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forms of interactions; scalar S, polar vector 
V, tensor T, axial vector A, and pseudoscalar 
P, has been given by Konopinski and Uhlen- 
beck22. Those of linear combinations have 
also been calculated by many authors,?5)?%8) 
but those of Smith are convenient to use in 
our case. 

The matrix elements which permit the 
transition 2—0 with the associated parity 
changes are shown in Table I. The notation 
of konopinski and Uhlenbeck’s article are used 
here. The matrix elements of the linear 
combinations with the parity changes are 
shown in Table II, which are independent of 
the Fiertz interference term 1/W. 

The magnitudes of the nuclear matrix ele- | 
ments are not known, therefore, the correc- 


Table I. The matrix elements which permit the 
transition 2—0 with parity changes. 
: First Second 
Interaction Forbidden Forbidden 
SJ Rij no 
V Rij Asj no 
ae Bij yes Ti; As no 
A Bij yes Ti5 no 
P Ysa j no 
Table Il. The matrix elements of linear combina- 
tions with parity changes. 
vie : First ‘ Second be 
Interaction Forbidden Forbidden 
Soe jr, Sa yes Rij T13, Feij Atz. no 
VA §a, Jor yes Rij Ti3, Aig Ti3 0 
Ie fo-r, §\¥5 yes 


Table MI. The correction factors. 
Nanabionmiliteriction Shape of correction Nuclear matrix Selection Parity 
factor element rule change 
f Sr*.loxr 0, +1 (no 0-0 es 
Cy Gs) CV a) ChE). —(jKLo+M) fa*-foxr Q, sell (ng 0-0) oe 
§o-r*- 45 0 yes 
Creal! A. 24K? ; 0, 1, +2 
2 Pp Bij (no 0-0, 1-0,) yes 
10 ‘ 
Gi RAN ptt Ka +k? Six +2, +3 (no 0-2) no 
C. (ST), (VA) LL M. 2% 
4 , RV A): gL — M2) + {Ln — Mp) Rij*-T 45 +2 no 
Cs (ST), (VA). + K3Lg++KON)+2KL nae Risk Ay, #2 
30 6 Dees 5 oo Ag;*, Tis Ea 
1 ae 
Ce TEN EAR ppt 5 ON + (D1 + Mo) F6KN +6L2 +9My Ti3 a2 no 
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tion factors to be used must be 
considered in many combinations 
of them. But several cases are 
tried in this article. 

In the first forbidden transi- 200} 
tions, the simple cases, in which 
only one nuclear matrix element 
except B;; exists, are energy 
independent owing to the pre- 
dominant value of the term 
(awz/20)*, where a is the fine 
structure constant and op is the 
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Ag''° B -spectrum 7 


nuclear redius in units of Com- Lat 
pton wave length. Then the 
correction factor for B;; was 
tried which was shown in Table 
Ili as C,. The correction factors 
of Smith’s article were tried also as shown in 
Table III, though the ratio of the nuclear 
matrix elements were not known. 

In the second forbidden transitions, the 
correction factors which have single non- 
vanishing matrix elements Siz, and Ti; were 
tried, and several cases of a linear combina- 
tion of 7T;; and A;; in tensor interaction were 
investigated as shown in Fig. 7. Those of 
Smith’s article were also tried in several cases. 

The numerical calculations were performed 
on the assumption of (awz)?<1, which may be 
a fairely good approximation in our case. 

The correction factors used in this article 
| with the notation C; are shown in Table III. 


Bigg: 


§4. Agl10 


In the present experiments, the measured 
spectrum consisted of two groups of soft 
} beta-rays, and many groups of gamma-rays. 
|| The internal conversion lines are consisted 
with 116-, 447-, 618-, 655-, 687-, 760-, 759- 883-, 
i and 932-kev gamma-rays, which were de- 
i, signated as strong and medium groups by 
} Cork et al;® weak groups could not be detect- 
-ed because of the thin sample used in the 
i present work. The momentum plot of the 
| measured spectrum is shown in Fig. l. 

K/L ratio of the 116-kev gamma-ray is esti- 
4 mated as 1.2. This value is the same as 
4ithose of the former authors, corresponding 
‘to the M,-pole transition. 

} The uncorrected Fermi plot of the 530-kev 
jbeta-ray group is convex toward the energy 
axis as shown in Fig. 3. The numerical values 
Jof six correction factors calculated from Table 
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The momentum plot of the beta-spectrum of Ag110. 
The black points show the measured values, and the open 
circles those constructed from the Fermi plot. 
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Fig. 2. The correction factors for the 530-kev 
beta-spectrum of Ag110. 


III are shown in Fig. 2 in arbitrary units. 
The Fermi plots corrected with these factors 
are shown as curve 1 to 6 in Fig. 3, but none 
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Fig. 3. The Fermi plots of the 530-kev beta- 
spectrum of Agll0, corrected with the correc- 
tion factors (C;). 


of them give a straight line. Though the 
log (f7z)-value of this beta-ray group is low, 
we have, further, examined it with a linear 
combination of A;; and Ti; terms in the 
second forbidden of tensor interaction. At 
the various values of 2x? and y?, where 2?= 
Tis/Ais, and y?=S;5,/Ai;, the corrected Fermi 
plots are tested, but the shapes of these curves 
are not sensitive to these ratio and no fit to 
a straight line could be obtained. 

In this way we come to the conclusion that 
the 530-kev beta-ray spectrum may be com- 
plex, consisting, at least, of two groups. 
The best fit to the straight line is obtained 
for the uncorrected Fermi plot in the energy 
range of 1.602W=2.038. Extrapolating this 
part of the curve with a straight line, the 
full shape of the single 530-kev beta-ray group 
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is constructed and is shown in Fig. 1 as the 
B3-group. 

The differences between the measured and 
constructed values at each energy give the 
second beta-ray group which fits a straight 
line in the Fermi plot in the energy range of 
1.232W21.65. The full shape of this group 
can also be constructed from the Fermi plot 
as shown in Fig. 1. The remaining soft beta- 
ray group which is shown as (§)-group in Fig. 
1 fits fairly well a straight line in the Fermi 
plot with W)=1.157. 

Summarizing the results, we may conclude 
that the soft component of the continuous 
beta-ray spectrum of Agl110 can be analized 
into three groups of allowed type having the 
end points at 80-, 314-, and 530-kev respec- 
tively. The ratio of their intensities is 
measured as 10.7:3.2:15.3 from the area of 
the constructed momentum spectrum. 

The values of log (fz) for these soft beta- 
ray groups are estimated from the table of 
Motzkowski*) as 4.2, 6.0, and 7.0 for fi, Bo, 
and 3 respectively. The short half-life (24- 
seconds) of the excited state of Agl10 must 
be aboided. The soft beta-ray must certainly 
comes from the decay of the ground state of 
Agl110 (270-days). 


§5. Sbi124 


The measured spectrum consists of two 
beta-ray groups and five internal conversion | 
lines of 0.605-, 0.650-, 0.720-, 1.69-, and 2.10- | 
Mev gamma-rays as shown in Fig. 4. Inset | 
shows the K and Z conversion lines of three | 
gamma-rays. | 

K/L ratio of the 0.605-Mev gamma-ray is 
estimated as 6.7, which corresponds to E2-pole | 
transition. 

The higher energy beta-component is studied | 
using the Fermi plot. The numerical values | 
of the correction factors are shown in Fig. 
5 in arbitrary units. C,® in Fig. 5 can be 
expressed as 


C,0=Gr*|S Box r| {| 2 dte—w) 


G+a) 2 nine at 

+ 3W Pr | 
Gere) 5) Ge 2aw)ep? 

+ 3W ua ae ae 


(14+2n)@? pt +¢@ 
, as gi 
ay ings Siameiieal 
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the straight line at lower energies. 
Obviously the inner groups can not 
be constructed in such cases, then 
| this must be aboided. Nakamura et 
al) have tried to explain this spect- 
rum with a linear combination of 
the terms 7;; and Ajj, considering 
the classification of the comparative 
| half-life and taking account of the 
4 nuclear shell model. 

A linear combinations of the 
terms Sijz, Tis, and Aij, which 
have several values of 2?=T7;j/Ais 


Fig. 4. 


those constructed from the Fermi plot. 
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Fig. 5. The correction factors for the 2.39-Mev 
beta-spectrum of Sb124. 


as regards to the notations, see references 10 
and 32. In the present work, the numerical 
calculations are performed on the approxima- 
tion of x; and ¥; are both equal to 1 and U<1. 

The Fermi plots corrected with C, and Cs 
as shown in Fig. 6 lie on a straight line till 
W is equal to 3.25 and 3.55 respectively. But 
in this cases the plots deviate downward from 


The momentum plot of the beta-spectrum of Sb124, 
Black points show the measured values, and open circles 


and y?=Sjijx/Aij, have been tried 
in this article. But none of it 
gives the tendency of the correc- 
tion factor C; as shown in Fig. 7. 

Considering the energy levels of 
the nuclear gamma-rays, the best fits to the 
straight line are given by those of C, and 
C,\, both giving the same results. Then, 
the beta-transition of 4Z7=1, yes, is infered 
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Fig. 6. The Fermi plots of the 2.39-Mev beta- 
spectrum of Sb124, corrected with the correction 
factors (C;) 
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(1) Correction factor which corrects the observed values 


on a straight line in the range of 3.0<=W=<5.4. 


C=Cop with #?=15, Syj~=0. 
(3) C=Co7 with 27=0, 77=90. 
(4) C=Crr with Siiz- 

(5) C=Crr with Ajj. 

(6) C=Cor with y=—1, v=15. 


(2) 


to be the best fit to the data. 

Further analysis of the beta-spectrum was 
completed assuming that the inner groups are 
of the allowed shape. ‘This treatment of the 
beta-spectrum gives five beta-ray groups with 
end points at 2.39-, 1.68-, 1.07-, 0.63-, and 
0.28-Mev respectively. Their intensity is 
computed as 22, 6, 4, 56, and 12 percent re- 
spectively from the area of the constructed 
momentum spectrum. These groups are 
shown in Fig. 4 with observed spectrum. 
These beta-ray analysis gives almost the same 
results as those of Langer et al, except the 
small differences between the end point ener- 
gies and their intensities. 
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The excitation function for the 7Li(yt)‘He reaction up to 21 Mev has 
been studied by using betatron bremsstrahlung and nuclear emulsion, the 


statistics being much better than that of former workers. 


Resonance 


peaks were found at the excitation energies of 7.6, 8.6, 9.6, IESG (Gish) 
and 16.2 Mev, 9.6 and 16.2 Mey peaks being the most predominant. 
The results were in good agreement with those of Titterton and Brinkley 
in the general trend and the most predominant peaks of the excitation 


function. 


$1. Introduction 


The fine structure of the excitation function 
for the photodisintegration of light elements 
is now a favorite subject of many workers. 
Rather little, however, is known on the (72) 
reaction of “Li. Stoll and Wachter» studied 
the problem by using a 15-Mev betatron and 
nuclear emulsion technique, finding resonances 
at the excitation energies of 5.25, 7.25 and 
9.25 Mev. The number of events observed 
by them, however, was only about 100. Later 
Titterton and Brinkley” examined the reaction 
up to 24 Mev by the same techniques. They 
found resonance peaks at 9.3, 16.7, 21.5 and 
23.5 Mev and an unresolved peak at about 13 
Mey, the number of events observed being 
338. The cross-section curve given by the 
latter is also quite different in the general 
trend from that of the former. The dis- 
crepancy between the two results may partly 
be attributed to the poorness of their statistics, 
especially that of the former workers. 

Goldemberg and Katz® recently studied 
carefully ‘“Li(ym)®Li reaction by measuring 
photoneutron yield with boron counters and 
found resonances at the excitation energies 
of 9.6, 10.8, 14.0 and 17.5 Mev. Peaslee and 
Telegdi® argued that more individual levels 
should appear in (ym) than in (r#) reaction on 
light nuclei with A=4n+3, if the isotopic 
spin is a good quantum number (the charge 
independence of nuclear forces) and they con- 
cluded that experimental results on “Li cited 
above are in favor of the charge independence 
theory. More accurate result on the excitation 
function for “‘Li(yf)*He reaction, therefore, 


seems to be desirable in the light of their 
discussion. 


§ 2. Experimental Apparatus and Procedure 


Lithium-loaded 200-micron Ilford E 1 plates 
have been exposed to the bremsstrahlung from 
the University of Illinois 22-Mev betatron. The 
beam was collimated by passing in turn through 
concrete and lead collimaters with tapered 
holes, as shown in Fig. 1. It was found that a 
thin filter of heavy element was very effective 
in reducing general fogging of nuclear emul- 
sions. With a filter of 20 mil tungsten, for 
instance, about ten times more dose than 
without can be administered to the emulsion 
(300 r instead of 20r at 21 Mev). A magnet 
system was interposed between the collimater 
and the nuclear plate, in order to turn away 
secondary electrons of lower energies. How- 
ever this arrangement was not so effective in re- 
ducing the blackening of the nuclear emulsion. 
Slow neutrons, that would give spurious alpha- 
triton pairs originating from the °Li(mt)*He 
reaction, were suppressed by placing the 
nuclear plate at the center of a long tube made 
of 1mm cadmium sheets, with its axis parallel 
to the x-ray beam. The dose of x-rays ad- 
ministered to the nuclear emulsion was de- 
termined by a Victoreen chamber placed in 
an aluminium block behind the nuclear plate 
and ranged from 300r at the running energy 
of 21 Mev to 100r at 10 Mev. 

The betatron was run at the energy of 21 
Mev in most cases. The nuclear emulsions 
irradiated at such high energy, however, had 
many proton tracks and it was often found 
difficult to discriminate short proton tracks 


173 


[NI 
esl 


x | 
BETATRON 


TARGET 


SEA RATES tere N 
FILTER CONCRETE LEAD 


je | 
10” 
ieryez,, 10 


294 events 


hYmax= 10:0 Mev 
> 20+ | 


Number of events 
T he 
SSS 


ug 1 J me 2k i = 2! 1 1 


Mitsuo Miwa 


MAGNET 


(Vol. 10, 


RMT 
| EMULSION 


NSS 
LEAD, 


[EJ 


CADMIUM R- METER 
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diluted normal amidol developer 
was used to achieve easier dis- 
crimination of the tracks of dif- 
ferent kind. 

838 and 294 events were found in 
the nuclear emulsions irradiated 
with 21 and 10 Mev x-rays 
respectively. Some of long triton 
tracks left the emulsion on the half 
way. The ranges of such tracks 
were estimated from the ranges 
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of the partners on the basis of the 
observed alpha-triton range rela- 
tion. As described above, it was 
difficult in some case to tell whe- 
ther the short track observed was 
a proton or an alpha-triton pair. 
Low energy events, therefore, 
were checked by evaluating the 
ratio of ranges of the pair particles. 
Only those events within the 
reasonable range of the ratio 
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Fig. 3. Excitation function. 


from alpha-triton pairs because of the inhomo- 
geneity of the emulsion. A few nuclear plates, 
therefore, were exposed to 10 Mev x-rays, in 
order to reduce the number of such protons 
and to find more accurate information on the 
excitation function in lower energy region. 
Irradiated nuclear emulsions were processed 
in the usual way, except that 30 per cent 


were considered. Nevertheless, it 
seems likely that some of the 
events having total ranges below 
50 and 40 microns in the emulsions 
irradiated at 21 and 10 Mev respec- 
tively are spurious. 
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$3. Results and Discussions 


The total range distributions of 


| 
Hel | { the observed alpha-triton pairs are 
| 


Pe shown in the histograms of Fig. 2 
(a) and (b). The corresponding 
excitation function was obtained 
by assuming tentatively Katz and 
Cameron’s values” for the number 
of photons per unit dose and taking 
the difference between our absorber and 
theirs into consideration, and is shown in 
Fig. 3. The excitation function obtained 
by Titterton and Brinkley is also shown in 
the same figure for comparison, although they 
did not give absolute cross-section. The 
general trend of our excitation function is in 
good agreement with theirs. However, the 
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absolute cross-sections for the excitation 
energies of 14.8 and 17.6 Mey, estimated 
later by them® on the basis of known cross- 
section for the C(y3q@) reaction, are definitely 
lower than ours. The difference may partly 
be ascribed to the error in the cross-section 
for carbon and partly to the fact that Katz 
and Cameron used lucite block for establish- 
ing equilibrium of secondary electrons with 
primary x-rays, while we have used an alumi- 
nium one. However, the error due to this 
difference will certainly be less than 10 per 
cent. 

Observed resonance peaks of the excitation 
function are given in Table I, together with 


Table I. Energy Levels of 7Li. 
(yf) reaction 
Stoll | Titterton’ Present 
and and 
Wachter Brinkley | writer 


(12) Ajzenberg 


and 


reaction Lauritsen 


0.478 J=3- 
4.61 
5.25 *6 56 (J =4,3+) 
7.25 7.6 7.46 (J=§-) 
8.6 
9.25 9.3 9.6 9.6 
ity) 10.8 
(13) (13.5) | 14.0 
16.7 16.2 
17.5 
21.5 
23.5 


* Broad jevel 


those found by Stoll and Wachter and Titterton 
and Brinkley. The resonance levels found by 
Goldemberg and Katz on the (77) reaction and 
the energy levels in the level scheme compiled 
by Ajzenberg and Lauritsen” are also shown 
for comparison. Again our result is in accord 
with that of Titterton and Brinkley in the 
predominant peaks, i.e. the peaks at 9.6 and 
16.2 Mev. We have also found two minor 
peaks below 9.6 Mev and another two between 
9.6 and 16.2 Mev, while they observed only 
one unresolved peak at about 13 Mev. We 
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are sure about the three peaks at 7.6, 8.6 and 
11.7 Mev, although they all are not very 
intense. The alpha-triton pair due to °Li(mt)4He 
reaction has total range of 45 microns, well 
below the 7.6 Mev peak. Only few such 
tracks were found in the portion of nuclear 
emulsion, that was out of x-ray beam. The 
observed number of tracks given in Fig. 2 
(b), therefore, was not corrected for such 
spurious tracks. In the case of 10 Mev run, 
the neutron yield is so low that the error due 
to this cause will be negligible. However, we 
are not quite certain of the peak at 13.5 Mev, 
because the peak almost dies out if we take 
the average of the values at the peak and the 
next point to the peak. The resonance peak 
corresponding to 4.6 Mev excited level given 
in the Ajzenberg and Lauritsen’s scheme is 
out of our scope in the present study, be- 
cause we did not consider tracks shorter than 
25 microns in total range. 

In conclusion, the writer wishes to express 
his sincere thanks to Dr. D. W. Kerst for his 
discussion and also to the other members of 
Physics Research Laboratory, University of 
Illinois, for the hospitality they have extended 
to the writer during his sojourn there. 
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Electrical Conductivity and Thermo-electric 
Motive Force in MgO Single Crystal 


By E. YAMAKA and K. SAWAMOTO 
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(Received July 3, 1954) 


Electrical conductivities of MgO single crystals were measured by ac 
method from 650°C to 1000°C. Curves of logo vs 1/T have the slope of | 
2.3 ev. Specific resistivities of magnesium-colored samples are smaller 
than those of uncolored and oxygen-colored samples, so that it may be 
concluded that charge carriers are originated from impurity levels of 


oxygen vacancies or interstitial magnesiums. 
The measurements of sign of thermoelectric motive force showed that 


charge carriers are electrons in all samples. 


The values of T.E.M.F. are 


from 0.1mV/deg. to 10mV/deg. at various concentrations of excess 


magnesium. 


$1, 

Magnesium oxide is an useful material for 
studying electronic processes in divalent ionic 
crystals, since it has advantages of being 
available in large single crystals, of having a 
simple lattice structure and, moreover, of be- 
ing well known for its fundamental proper- 
ties. Although a few investigations)». were 
carried out in electrical conductivity, the 
detailed character of charge carriers is left 
unclarified. In the present work the measure- 
ments of electrical conductivity of uncolored 
and, magnesium-, and oxygen-colored single 
crystals were carried out by ac method in 
order to clarify the mechanism of conduction. 
Also thermo-electric motive force (T.E.M.F.) 
of single crystals was measured to decide the 
sign of charge carriers. 


Introduction 


§2. Experimental Procedures 


In order to avoid ionic current we carried 
out the measurements by ac method, but high 
frequency measurement is impossible because 
of high resistivity of samples. Also high 
resistivity compelled us to measure in nitrogen 
gas flow in order to avoid thermionic emission 
from the electrodes in high temperatures. 

Fig. 1 shows the block diagram of the ap- 
paratus for electrical conductivity. |The 
oscillator, attenuator, and amplifier are con- 
ventional ones. The measurements were done 
by attenuating the input voltage from the 
oscillator so as to keep the output voltage on 
the vacuum tube voltmeter constant, so that 
non-linearity of pre- and main-amplifier could 


be out of question and high accuracy was 
obtained by the accurate attenuator. Samples 
were held between Pt plates, as shown in 
Fig. 2. Temperatures of the samples were 
measured by Pt-Pt thermocouple, which was 
welded to one of Pt plates. The samples 
were heated by an electric furnace which 
covered a fused silica tube. 


SAMPLE 


Fig. 1. Block diagram of the apparatus for elec- 
trical conductivity. 


1 
OOF O00" Of oO 


Pt-PtRh THERMOCOUPL oes SAMPLE 


OFF ORO OIG BORO 
HEATER 


Fig. 2. Crystal 
ductivity. 


mountaing for electrical con- 


T.E.M.F. was measured by a potentiometer 
anda galvanometer. Single crystal was held 
between W electrodes, whose temperatures 
were measured by two Pt-Pt Rh thermo- 
couples respectively. The measurements were 
carried out in vacuum of 10-° mmHg. 
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Single crystal samples were cleaved on the 
order of one-half millimeter thick and one- 
half centimeter square from large clear single 
crystals (MgO) supplied by the Norton Compa- 
ny. Samples were colored with magnesium 
by heating them in magnesium vapor in a 
closed vessel of stainless steel at temperatures 
of about 1250°C to 1300°C for an hour (Mg- 
MgO), and colored with oxygen by heating 
them in a stream of dry oxygen at tempera- 
tures of about 1300°C for two hours at a 
pressure of about one atmosphere (O-Mg0). 
The measurements of optical absorption show- 
ed that; (1) MgO shows a considerable ab- 
sorption in the ultraviolet region; (2) O-MgO 
shows a more intense absorption in that 
region; (3) Mg-MgO shows a very broad ab- 
sorption in the vigible region. These absorp- 
tion bands due to coloring with oxygen and 
Magnesium are the some bands as Weber? 
observed. The typical absorption curves of 
three types of samples are given in Fig. 3 
without corrections for surface reflection. 


§3. Result and Discussion 


(a) Electrical Conductivity 

The curves of log R vs 1/T in MgO, Mg- 
MgO, and O-MgO crystals have the same 
gradient as shown in Fig. 4. The deviation 
from the straight line occurred in high re- 
sistivity range. In order to ascertain the 
point whether the deviation is due to different 
impurity levels or to shunt capacity, the 
frequency of the oscillator was varried from 
30 to 300 and 3000 CPS, the results also shown 
in Fig. 4. The resistivities in deviating range 
were calculated from a simple equivalent cir- 
cuit in Fig. 5. The values obtained lay ona 
extrapolated part of the straight line as seen 
in Fig. 4. This indicated that the deviation 
was not due to different impurity levels, but 
to the shunt capacity. 

The work function in MgO, Mg-MgO and 
O-MgO crystals was the same value, being 
from 2.2 ev to 2.4 ev. However the specific 
resistivities of Mg-MgO were lower than those 
of MgO and O-MgO. The specific resistivities 
of three coloring types of samples at 977°C are 
tabulated in Table I. These facts may be inter- 
preted as follows; (1) Impurity levels available 
to 2.3 ev work function are originated from 
excess magnesiums. (2) The fact that O-MgO 
samples have the same work function as Mg- 
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(a) Mg—MgO 
(b) MgO 
(¢) O-mgo 


ABSORPTION CONSTAN1 


4000 
WAVE LENGTH 


Fig. 3. Curves of optical absorption in MgO, 
Mg-MgoO, and O-Mg0O. 


ITY 


— RESISTIY. 


Fig. 4. Resistivities vs 1/T plot. The frequencies 
used were 30, 300 and 3000CPS. A dark point 
shows the value calculated from resistivities at 
30 and 300 CPS by using the equivalent circuit 
shown in Fig. 5. 


SHUNT SAMPLE 
CAPACITY RESISTOR 
1082 


Fig. 5. Equivalent circuit for the measurements 
of electrical conductivity. 


MgO means that impurity levels originated 
from excess oxygens have a comparatively 
large work function and charge carriers from 
a small amount of excess magnesiums which 
exists even in O-MgO, play the major role at 
the temperatures at which the measurements 
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Table I. Specific resistivities at 977°C and activa- 
tian energies in MgO, Mg-MgO, and O-MgO 
samples. 


~ uncolored O-colored ’ Mg-colored _ 


Ey joe ake Mey ely io) axe il 


Resistivity 
(Q cm) hs ou Se 
F (ev) ZARED CBSO PAG) Page! GIRTA TRAD Clie BER. IE 


SSO oe eZ2omIZ Amon Sila Oro 


were carried out. (3) Furthermore the fact 
that difference of the specific resistivities be- 
tween Mg-MgO and O-MgO is unexpectedly 
small, as shown in Table I, may be under- 
stood from our experimental conditions that 
the melting temperature (about 2500°C) is so 
much higher than our coloring temperatures 
(about 1300°C). 

From our coloring conditions we expect 
that there are frozen-in impurity centers, so 
that we shall try to apply Nijboer’s theory” 
to our case. In the following we shall show 
that the work function measured does not 
correspond to half an activation energy 4E 
for impurity centers, but to 4# itself. Follow- 
ing Nijboer next formulas are obtained in the 
case that an impurity semiconductor has 
frozen-in impurity centers; 


rte Ne Sema, 4E 
N—Nel i? E eC RT 


(n<N—Ne) , 


2amkT )3!4 AE 
SN gl/2) ee Ee 
4 | ie ae ( Sa) 


(m=>N—Ne) , 


(a) 


(E25) 


1000 


9 
TEMPERATURE (°C) 


T.E.M.F. vs T plot in Fg~MgO single 


isnkes, (6). 
crystal. Curve (a) shows the initial values. 
After heating at 1080°C for three minutes, curve 
(b) is obtained. 


where N and Ne are the densities of impurity 
levels and electrons respectively. If we take 
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the value of R as 10’ Qcm at 977°C, then 
n=6x10"cm-*% by assuming mobility “=1 
cm?2V-!sec-!. Then equation (2) gives Ne= 
1022cm-3 for 4E=4.6 ev. This results is un- 
reasonable, so that the work function may 
correspond to the activation energy itself. 

Low work function in a range of 0.2 ev to 
1.5ev was often measured in the samples 
which were left in air for a long time, but 
after heating at about 1000°C such work func- 
tion vanished. Although its origin was left 
uncertain, it seems to be due to surface ab- 
sorption of gas. 


(b) Thermo-electric Motive Force 

The measurements of T.E.M.F. have been 
carried out in order to decide the sign of 
charge carriers. It indicated from signs that 
electron play major roles in three coloring 
types of samples. Values in Mg-MgO (~0.1 
mV/deg.) were lower than those in O-MgO 
and MgO (~10mV/deg.). Their temperature 
dependence is shown in Fig. 6. Values of 
T.E.M.F. increased with temperature in the 
temperature range at which measurements 
were carried out. Yamashita» pointed out 
the possibility of such behavoir when two 
different impurity levels are avilable to charge 
carriers. However only one activation energy 
was observed in the measurements of electri- 
cal conductivity, so that such unusual be- 
havoir of T.E.M.F. is left unexplained. 


$4. Conclusion 


In the present work it is concluded from 
the sign of T.E.M.F. that charge carriers in 
our samples are electrons and originated from 
impurity levels (donor levels), which lie at 2.3 
ev under the conduction band, due to excess 
magnesium. 

Recently Day® concluded from his measure- 
ments of photoconductivity that charge car- 
riers released by irradiation with lights of 
absorption bands due to excess magnesium 
are not electrons but holes. This conclusion 
contradicts with ours. However his measure- 
ments were performed at the room tempera- 
ture, while our measurements were at high 
temperatures, so that disagreements of con- 
clusions might be due to difference of measur- 
ing temperatures. Mansfield? said that 
magnesium oxide is a defect semiconductor 
containing a stoichiometric excess of oxygen 
and has an activation energy of 2ev. Since 
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impurity level of 2.3 ev activation energy is 2) R. Mansfield: Proc. Phys. Soc. B66 (1953) 


originated from excess magnesium in our 612. 

samples, our impurity level has to be thought °) H. Weber: Z. Physik. 130 (1951) 392. 

in different origin from his impurity level. 4) B.R. A. Nijboer: Proc. Phys. Soc. 51 (1939) 
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The solid solution MeO (Me=Ni,Co,) was prepared by quenching the 
specimens derived from mixture of nickel and cobalt carbonates from a 
temperature higher than 850°C. The resistivity measurement during the 
heat treatment provided a convenient measure of the phase change. MeO 
shows a high resistivity at room temperature and has a NaCl-type 
crystal structure with lattice parameter of 4.23, A. We could lower its 
resistivity at our disposal through the definite heat treatment. The 
lowering of resistivity accompanied the shrinkage of lattice parameter 
and increase in oxygen content without appreciable change in crystal 
form. The conduction mechanism in MeO having low resistivity may 
be considered to be quite the same as in the case of black nickel oxide, 
except the degree of oxygen excess can amount to several percent in 
former case. The phase change in MeO, caused by the heat treatment 
was also investigated, in comparison with the case of pure cobalt and 
nickel oxides and the effect of mixing was discussed. 


§1. Introduction as thermistors)»”)»%), 


Mixed oxides of nickel, cobalt and manganese At present, we cannot say much on the 
have been known as one of the oxide semi- Mechanism of electrical conductivity and the 


conductors. Since negative resistors made significance of mixing of metallic oxides, al- 
from these oxides are rather easily prepared though, in practice, the resistivities and acti- 
with high reproducibility, they found various vation energies are controllable over wide 
practical applications in electrical engineering range at our disposal by changing the mixing 
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proportion of these three oxides. 

To find the clue to clarify this mechanism 
was the main motive of the present experi- 
ment. The problem, however, contains so 
complicated physical natures that, it is of 
primary importance to grasp the change of 
properties with mixing ratio and to investigate 
the effect on electronic properties of the heat 
treatment about the specimen of definite com- 
position. 

The preliminary experiment along this line 
has been completed. The results are sum- 
marized in Fig. 1. The length of the bold 


Fig. 1. Resistivities and signs of charge carrier 
in ternary oxide system Ni-Co-Mn. (p and x 
denote p-type and m-type respectively) 


line described at various points on the sides 
of the triangle represents the magnitude of 
the resistivity of the specimen having the 
corresponding composition, and the type of 
semiconduction is also inscribed as p and 7, 
denoting p- and m-type respectively. In this 
experiment, specimens were all prepared 
through similar heat treatment, i.e., sintered 
at 1350°C for one hour in air, then slowly 
cooled. From this figure, we recognize a re- 
markable decrease in resistivity and activation 
energy in the mixed oxide of nickel and cobalt 
having proportion of 1 to 2 in atomic ratio 
(we denote such a mixed oxide as Ni,Co, 
throughout this article). Only for this reason, 
we had an interest in the mixed oxide having 
this composition. 

The present article describes the details of 
the experiment, which were carried out to 
examine the properties of the oxide Ni,Cos. 
The effects of heat treatment on this specimen 
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were investigated in connection with the phase 
change. It was found out that the measure- 
ment of resistivity variation during heat treat- 
ment provided a sensitive measure of phase 
change"). 

The significance of mixing nickel oxides 
with cobalt oxides should be clearly under- 
stood, when the results for the mixture are 
compared with those of pure nickel and pure 
cobalt oxides. 


§2. The Preparation of the Specimens 


The three kind of specimens were prepared. 
Specimen-(a) The carbonates of nickel and 
cobalt were precipitated from the water solu- 
tion of nickel and cobalt nitrate respectively, 
by adding ammonium carbonates. These 
carbonates were mixed with one to two in 
atomic ratio of metals concerned, i.e., Ni:Coz, 
then prefired at about 300°C to decompose 
carbonates. 

After having been ground finely, a certain 
amounts of the black powder thus obtained, 
are moistened with several drops of lavender 
oil in order to be able to attach intimately to 
two stretched platinum wires (0.1mm in dia. 
and clearance about 1mm) set closely side 
by side. These wires served as the leads for 
resistivity measuring as well as a specimen 
support. The little bead-like specimen (1.5x 
1.5 x 2 mm? approximately) with platinum leads 
thus obtained was dried in air-bath at about 
180°C, and then served for experiments. 
Specimen-(b) The pure cobalt specimen, pre- 
pared just like specimen-(a). 

Specimen-(c) The pure nickel specimen, pre- 
pared just like above two. 


§3. The Experimental Procedure 


The electric furnace for the heat treatment 
is of air core type, made from the platinum 
ribbon wound (8 mm in dia., 40 mm in length). 
The heat capacity of this furnace is small 
enough to quench the specimens quickly, even 
when they are remaining in the furnace. 

Therefore, the furnace, specimen supports 
and the Pt-PtRh thermocouple are mounted 
on a mica plate to fix the mutual position. 
The schematic diagram of the setout is shown 
in Fig. 2. The mica plate is then settled in 
a bell jar, in order to subject the specimen 
to heat treatment in appropriate atmosphere. 
Through leads wires drawn out of the bell 


| 


i 
| 


1955) 


jar, we can observe continuously what hap- 
pens to the resistivity of the specimen during 
heat treatment. 

The temperature of the furnace is recorded 
continuously by means of thermocouple. The 
time constant of cooling speed of the furnace 
is about 60 seconds in air. 

After an appropriate heat treatment, we 
measured on a specimen at first its resistivity 
at room temperature, then it is ground finely 
so as to prepare powder specimens for X-ray 
analysis. 

Using the iron anti-cathode under the ten- 
sion of 30KV and the electron current of 9 
mA, the diffraction lines are recorded by 
means of Norelco recording spectrometer. 


§4. The Effects of the Heat Treatments on 
the Variation of Resistivity with Tem- 
perature 


To investigate the effect of heat treatment 
on the characteristics of the specimen, the 
observations of variation of resistivity with 
temperature are made on the three kinds of 
specimens mentioned in the preceeding section. 

The case of mixed Ni,Coz 

(1) The curve I in Fig. 3 shows the vari- 
ation of resistivity with temperature in the 
course of heat treatment in air* to which 
the specimen-(a) is for the first time subjected. 
In this case resistivity decreases with the in- 
crease in temperature, up to 800°C., then 
suddenly starts to increase to a certain maxi- 
mum value. But as the temperature rises 
further, it again slowly decreases. This curve 
distinguishes clearly three temperature regions 
as follows; the first from 250°C to 800°C, 
the second from 850°C to 1100°C and the 
third between them, that is the transition 
region. We refer to those, hereafter, as L-, 
H- and T-regions. 

(2) The specimen quenched from a temper- 
ature of H-region shows the high resistivity 
at room temperature. The behaviour of the 
resistivity vs. temperature for such a specimen 
is shown in curve II in Fig. 3. We use here- 
after such abbreviation as (NiiCoz)H to denote 
the specimen of mixed oxide Ni:Co, which 
has been quenched from a temperature in 
H-region. 

(3) If the specimen (Ni:Cos)y is again sub- 
jected to heat treatment and then quenched 
from a certain temperature near the upper 
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Fig. 3. Effects of heat-treatments on the variation 
of resistivity with temperature in the mixed 
oxide Ni,Cos. 


limit of the L-region—we denote such a speci- 
men writing (Ni,Cos)Hr—it shows a very low 
resistivity at room temperature. Its variation 
of resistivity with temperature is shown in 
curve III in Fig. 3. 

(4) Curve IV in Fig. 3 shows the behaviour 
of the specimen (Ni,Coz)Hi, when the temper- 
ature is raised in vacuum. The anomaly of 
the resistivity takes place very rapidly, but 


* Specimens were treated in air if not mention- 
ed, 
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if compared to the case of curve I, we can 
see that the transition temperature shifts to 
lower side, and the maximum value of resis- 
tivity is much higher than that which curve 
I shows. Raising the temperature further, 
the resistivity falls again and finally the 
specimen is reduced to a metal. This fact 
suggests that the liberation of oxygens is 
taking place in T-region. 

(5) Curve V shows the variation of resis- 
tivity with temperature in air for the speci- 
men reduced to a metal. In low temperature 
region it actually behaves as a metal, but 
already in L-region it reverts to the oxide, 
and if quenched from a temperature of H- 
region, it is completely identified with 
(Ni:Cos)H, having a high resistivity at room 
temperature. 


te 
= ig cobalt oxides 
8 iS 


2:0 


3.0 Vas x10 


Fig. 4. Effects of heat-treatments on the varia- 
tion of resistivity with temperature in the pure 
cobalt oxide. 


(6) The resistivity vs. temperature curve 
of the specimen (Ni:Cos)yr appears between 
curves II and III, in L-region. 

(7) The heat treatment below 250°C never 
affects the characteristics of specimens. 


The case of pure cobalt oxide 


(1) The curve I in Fig. 4 shows the vari- 
ation of resistivity with temperature in the 
course of heat treatment in air to which the 
specimen-(b) is for the first time subjected. 
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We see that the behaviour of the curve just 
corresponds to that of curve I in Fig. 3. But 
the three critical temperature regions are 
more or less deviating; H-region ranges from 
860°C to 1100°C, T-region from 830°C to 
860°C and L-region from 250°C to 830°C. 


(2) The variation of resistivity with temper- 
ature for (Co)q and (Co)H~, are shown in 
curves II and III in Fig. 4, respectively. 

(3) When temperature is raised in vacuum, 
the variation of resistivity with temperature 
for the specimen such as (Co)y behaves like 
curve IV in Fig. 4. The general features for 
(Co)y are similar to those for (Ni:Coz)H, but 
in the former, the maximum value of resis- 
tivity* is much higher than that of the latter, 
amounting to the order of magnitude of 10°Q, 
moreover, the temperature range correspond- 
ing to this maximum is rather wide, suggest- 
ing the existence of a stable phase in this 
range.—We denote this temperature range as 
M-region.—Further raise of temperature re- 
duce the specimen to a metal. 

(4) The variation of resistivity with temper- 
ature in air for the specimen which has been 
reduced to a metal is shown in curve V in 
Fig. 4. From this curve we can see that the 
oxidation begins to proceed already in L- 
region, and in T-region and H-region its be- 
haviour is much the same as that of the 
oxide. 


(5) (Co)Hm, which is obtained by quenching 
(Co)H in vacuum from a temperature of M- 
region, has a extremely high resistivity in 
air, and even at 300°C, its order of magnitude 
is still 10°Q. 


The case of pure nickel oxide 


(1) In this case, there is no similarity to 
those of (Ni;Co.) and pure cobalt oxide. The 
gradual decrease in resistivity is observed 
over the temperature range from 500°C to 
1000°C, in the course of the initial heat treat- 
ment. The specimen quenched from about 
1100°C has resistivity of more than 10’O in 
room temperature. 

(2) The specimen is easily reduced to a 
metal, if it is brought to high temperature 
in vacuum. 


* The word “resistivity” is used instead of 
resistance, because the measured resistance had 
the more definite significance, not affected by 
specimen size, 
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Table I. Various characteristics of the solid solution MeO (Me = Ni,Coy). 


i : 
_ heat treatment before quenching | 


INE eae Sey bl teas ‘ _| crystal | lattice _ resistance | activation 
temp. | ine résistance | Structure | Const. (room temp.) energy 
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' NaCl av.) | 
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' | NaCl 4.195 
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13 650 21 0.44 | | |} °44 0.12 
14 720 20 G28 iT] 440 0.17 
— — Ws ——< 
| NaCl 4.22, 
ike 800 Zoo 0.53 | spinel 8.0 3.5 x 108 
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| | | NaCl | 4.225 
16% | 820 Oct | Zak | spinel | 8.1 14 x103 
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SEM AOO eo| sven Seesi|) whr2rw it NaCl 4.23, S107 
18 | 1100 1 | | NaCl 3/535 metallic 
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The case of mixed oxide Ni;Coz 

It is assumed that any state of the speci- 2 
men at a certain temperature is preserved to = 
/room temperature, when quenched rapidly (oo == 
|from that temperature. This assumption is Ae ach : 
/ confirmed by the results of preceding section. Rips ee wee 

| We can guess, moreover, based upon the curve aie 
I in Fig. 3, how the change of phase is taking 
| place with temperature. 

The initial specimen—specimen-(a)—was 
‘identified by X-ray analysis to be a mixture 
/ of Co;O, (spinel) and NiO (NaCl-type). Such 
| phases are preserved throughout L-region. te 


§5. The Change of Phase with Temperature R | = 


In T-region, a transition of phase is taking 6}. =e 
'place, i.e., the spinel patterns, existed in L- a 
‘region begin to diffuse and a new NaCl-type 2 


‘patterns appear besides NiO patterns, which 4, 
are identified with those corresponding to CoO. 

In H-region, another phase appears. The Fig. 5. The quenching conditions of the specimens 
‘diffraction patterns are identified with those listed in Table I. 
! 


184 


of a single NaCl-type, having a lattice para- 
meter of 4.23;A. Such patterns have never 
been found in the lower temperature region. 

Thus, in this phase, nickel oxides and cobalt 
oxides do not exist independently, but react 
with each other to form a definite solid solu- 
tion, which may be regarded as MeO (Me= 
Ni,Coz) being isomorphous with NiO. 

The results of X-ray analysis reveal that 
(Ni,Cos)Hiu, (Ni:Coz)ru as well as (Ni;Cos)H 
are identified with MeO, all having a lattice 
parameter of 4.23; A. Thus, through the heat 
treatment in H-region we can bring any speci- 
men of Ni;Co, into a homogeneous MeO phase. 

Using MeO as reference specimen, 
studied its properties more closely. Results 
are summarized in Table I. 

In L-region, the reaction rate of the oxide 
with oxygen is rather slow. Thus, the pro- 
perties of the quenched specimen depends not 
only upon the quenching temperature, but 
also upon the time of duration kept at that 
temperature. The Fig. 5 illustrates the quench- 
ing conditions of the specimens listed in Table 
I. The numbers in this diagram corresponds 
to the specimen numbers, and small circles 
indicate that the specimens are quenched from 
such states. The bold line in Fig. 5 represents 
the quasi-equilibrium state* and the dotted 
lines illustrate the process of resistivity vari- 
ation caused by the sudden change of temper- 
ature. 

The characteristic curves of the resistivity 
variation with temperature for the several 
specimen are also included in this figure 
(curves [1], [2], [6], [10], [13] and [14]). It 
was found out that the characteristic curve 
for the specimen quenched from the quasi- 
equilibrium state is quite definite within the 
temperature range below its quenching tem- 
perature. This fact enabled us to determine 
the activation energy of the conduction, which 
is characteristic of the specimen. 

In the temperature range from 300°C to 
540°C, the crystal structure of MeO remains 
unchanged, but its lattice parameter seems 
to decrease with rise of temperature, ac- 
companied by decrease in resistivity at room 
temperature (c.f. Nos. 3, 4 and 8). The 
chemical analysis shows qualitatively** that 
the oxygen content in the specimen increases 
with temperature. We can point out, more- 
Over, that the activation energy of conduc- 


we 
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tivity in the specimen heat-treated in this 
temperature range is very low and rather 
constant, as curves in Fig. 5 show. 

In the temperature region from 540°C to 
800°C, MeO gradually transforms itself to the 
spinel structure. The more develops the spinel 
structure with rise of temperature, the more be- 
comes diffuse the diffraction patterns of MeO, 
while the lattice parameter of MeO decreases 
intheaverage. Thus, at 800°C, spinel patterns 
become very strong, and correspondingly the 
lattice parameter of MeO shrinks to 4.19,A 
(No. 12). Such a state, in which the spinel 
is predominant, has higher resistivity and 
larger values of activation energy than in the 
state of MeO alone, even if the lattice para- 
meter of MeO co-existing with the spinel is 
much smaller than that of the latter. It is, 
however, quite difficult to draw any conclu- 
sions from X-ray analysis, whether the spinel 
structure develops in the form of Me,;0,+MeO 
or Co,0,+ MeO. 

In T-region (800°C—850°C), the spinel be- 
gins to fade away, while the patterns of MeO 
restore their strength, lattice parameter in- 
creasing with rise of temperature. In this 
region, the resistivity at room temperature 
increases as the decomposition of spinel into 
MeO proceeds. 

Once the temperature reaches to H-region, 
the phase of MeO only is reproduced, and its 
lattice parameter recovers the original value 
Of 4.235 A. 

The specimen reduced to a metal is found 
to be an alloy of Ni:;Co., having a NaCl-type 
structure with lattice parameter of 3.53; A. 


The cases of pure cobalt oxide and pure 
nickel oxide 

The method applied is the same as in the 
foregoings. Before heat treatment, the dif- 
fraction patterns of specimen-(b) are identified 
with those of Co;O0, (spinel). (Co)y consists 
of Co;0, and CoO (NaCl-type). When this is 


* An equilibrium state is assured by no further 
drift of resistivity at the temperature. In the case 
of specimen No. 2, for example, the specimen was 
kept at 380°C. It was observed that the change 
of resistivity was negligible after 51 hours. More- 
over, from the behaviour of the resistivity vs. time 
curve, we can expect that it takes about 50 hours 
for the further change of resistivity of 2 percent 
to occur. For this reason, we preferred the word 
quasi-equilibrium. 

*** In this experiment, there existed some dif- 
ficulties in the quantitative chemical analysis. 
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subjected to high temperature, spinels (Co30,) 
gradually tend to prevail over NaCl-types 
(CoO), and at about 600°C there exist no CoO 
at all—the lattice parameter of Co;0, is 8.08; A 
in this case—.®):®).7) 

(Co)ym consists solely of CoO with the lat- 
tice parameter of 4.26, A. 

Specimen-(c) is identified with NiO, having 
the lattice parameter of 4.18, A. 


$6. Discussions 


The solid solution MeO is isomorphous in 
crystal structure with NiO, i.e., NaCl-type. 
_ The high resistivity of MeO suggests that the 
| specimen is nearly stoichiometric in composi- 
tion. 

The behaviours of MeO in the temperature 
} range up to 540°C are seen from specimens 
Nos. 1 to 9 in Table I. There seems to exist 
} parallelism between lattice parameter and 
resistivity at room temperature. The decrease 
q in resistivity may be attributed to the increase 
in metal deficit sites which comes out from 
j absorption of oxygen atoms and subsequent 
diffusion of metal atoms in the same way as 
{ in the case of oxidation of nickel metal®. 
| Thus the higher is the quenching temperature 
# and the longer is the time during which the 


sample is kept at that temperature, the resis- 
4 tivity decreases the more. 540°C may be 
{ considered as the critical temperature, because 
‘the spinel patterns though weak already ap- 
t pear in No. 10 which is quenched from 550°C. 
} In No. 9, oxygen content takes the highest 
}' value possible to preserve NaCl-type structure, 
i.e., No. 9 is the state just before the appear- 
ance of spinel structure. 

) The excess of oxygen, therefore, in such a 
specimen may perhaps amount to several per- 
ficent, which is overwhelming majority com- 
i pared with that in black nickel oxide (about 
(0.5 percent). 

3) ©Comparison of the properties of MeO with 
6 those of cobalt oxide and nickel oxide, enables 
Jus to understand the roles that nickel atoms 
play in MeO. 

))} (Co) appears as a phase of mixed oxide 
ficomposed of Co;0, (spinel) and CoO (NaCl- 
Gtype), in which CoO may be compared with 
t{MeO. CoO has a tendency to transform into 
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Co;O, (spinel) by oxidation from about 300°C. 
Thus, at about 600°C, CoO cannot exist at 
all, but appears as a uniform phase of Co,Q,. 

On the other hand, MeO can react with 
oxygen atoms from about 300°C, although it 
preserves the NaCl-type structure up to 540°C, 
resulting in non-stoichiometric compound with 
excess oxygen. ‘The latter properties are ra- 
ther similar to those of NiO, but the former 
is much more similar to that of CoO. Al- 
though such NaCl-type crystals of non-stoi- 
chiometric composition gradually turn to spinel 
type from 540°C, they are still able to co-exist 


x 


with spinels even at about 600°C 


§ 7. 


(1) It was found out that the change of 
phase with temperature occurring in the speci- 
mens, is conveniently pointed out by singu- 
larity appeared in the variation of resistivity 
with temperature curve. 

(2) We could prepare, irrespective of the 
history of specimens, the solid solution MeO 
(NaCl-type, a=4.23; A) by quenching the speci- 
mens derived from mixture of nickel carbo- 
nate and cobalt carbonate from a temperature 
of H-region. 

(3) The high resistivity of MeO may be 
attributed to the fact that its composition is 
nearly stoichiometric. 

(4) On the other hand, low resistivity ac- 
companied by the shrinkage of lattice para- 
meter in specimens Nos. 3, 4 and 8, may be 
caused by high degree of oxygen excess, i.e., 
higher concentration of metal deficit sites. 

(5) The conduction mechanism in MeO may 
be considered to be the same as in the case 
of black nickel oxides, except that the degree 
of oxygen excess can amount to several per- 
cent in the former, which is about 10 times 
as high as that in the latter. 

(6) Our present knowledge on the MeO 
enable us to say about the mixing effect as 
follows; the above properties of MeO is con- 
sidered to be of intermediate character between 
NiO and CoO, and its behaviour may be at- 
tributed partly to its NiO-like character and 
partly to its CoO-like one, i.e., the occurrence 
of a phase transition in MeO is suppressed 
to some degree by its NiO-like character, in 
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comparison with the case of pure CoO—CoO 
transforms into Co,0, from a temperature as 
low as 300°C, while MeO persists in NaCl- 
type up to 540°C—. MeO possesses, on the 
other hand, much more stronger affinity with 
oxygen than in pure NiO, owing to its CoO- 
like character. Thus, without transforming 
its crystal structure, a state of the high degree 
of oxygen excess is realized in MeO. 

(7) The chemical determination of the oxy- 
gen content in the specimens subjected to 
various heat treatment, seems to support 
above considerations, though qualitatively in 
this stage. The decrease in resistivity along 
the specimens Nos. 4, 5 and 6, thus, roughly 
corresponding to the increase of oxygen con- 
tent. The quantitative analysis along this 
line is now proceeding. 
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When aluminium rich Al-Zn-Mg alloy containing 8 weight per cent 
zinc and 4 weight per cent magnesium is quenched from 450°C to the 
room temperature, a supersaturated solid solution is obtained, the break- 
down of which on subsequent annealing at various temperatures has been 
studied by means of calorimetric and electrical resistance measurements 
and of X-ray photographs. The existing data have been incorporated 
with our new data to build up a more clear perspective as to the 
mechanism of precipitation. The existence of two separate processes has 
been confirmed, that is, the “Low Temperature-Aging” which is a stage 
of the formation of the Guinier-Preston zone and the “High Temperature- 
Aging” which involves the formation of the coherent precipitate and its 
transformation to the incoherent precipitate. This precipitation sequence 
is similar to those in the Al-Cu as well as in the Al-Ag binary alloys. 


§1. Introduction 


The construction of the Al-Zn-Mg system 
has been studied in detail by Késter, Wolf 
and Dullenkopf-?)»). They have confirmed 
the existence of the quasi-binary equilibrium 
between the alminium rich ternary solid solu- 
tion (aw phase) and the ternary metallic com- 
pound Al.ZnzMg; (denoted by T phase in this 
paper) which has a body centered cubic 
structure. It has also been shown that the 
alloy containing 8 weight per cent zinc and 
4 weight per cent magnesium is in the homo- 
geneous state at 450°C, but, if the tempera- 
ture is lowered, the T phase begins to precipi- 
tate at about 380°C which lies on the solvus 
surface in the ternary phase diagram. 

Durer and Késter® and Késter and Kam 
have investigated the precipitation process by 
means of the thermoelectric force, electrical 
resistance and hardness measurements and 
recognized the different effects of the low 
temperature-aging and the high temperature- 
aging. 

Present paper records the results obtained 
from the calorimetric and electrical resistance 
measurements during heating the specimen 
after various aging treatments and the results 
obtained from the lattice spacing examination 
by the X-ray powder method during the 


aging. 


§ 2. Experimental Procedure 


The alloys were made from four-nine alumi- 
nium and high-purity metals. The metals 
were melted together in a graphite crucible 
and cast in aniron mold, then homogenized 
at 490°C for more than 70 hours after some 
cold working to disperse the casting structure. 

The heat treatments for the aging were 
carried out in an electrical furnace in the air. 

The specimens used for the specific-heat 
measurement were closed hollow cylinders 
having the external dimension: 2cm in di- 
ameter and 3cm in length. The electrical 
resistance specimens were square bars: 0.2 
cm in thickness, 0.3cm in width and 6.0cm 
in length. The specimens for the powder 
X-ray examination were rods, 0.07cm in di- 
ameter. 

The measurements of specific-heat were 
made by means of an apparatus of the Naga- 
saki-Takagi type®. The heating rate employ- 
ed was about 3°C per minute. The electrical 
resistance were determined by a potentiometer 
method. The heating rate was the same as 
that used in the specific-heat measurement. 
The X-ray photographs were taken each time 
at the room temperature in a Debye-Scherrer 
camera, 7cm in diameter, with Ka radiation 
of copper as quenched from various aging 
temperatures after various aging periods. 
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§ 3. Specific-heat Measurement 


Fig. 1 represents the specific-heat versus 
temperature curves (S-T curves) obtained 
after various heat treatments. Using the 
values of Cy for pure Al, Zn and Mg, we 
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Fig. 1. S—Z Curves for Various Heat 
Treatments. 


have calculated the specific-heat of the alloy 
by the Kopp-Neumann rule and obtained the 
base line, XY in Fig. 1, which should be 
identical with the S-T curve of the alloy if 
it were not for any change in atomic configu- 
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ration. 

In Fig. 1 (A), full-curve is the S-T curve 
of the alloy which was cooled to the room 
temperature from 450°C at the rate of 4°C 
per hour, which seems sufficiently slow to 
have a completely precipitated alloy. Up to 
about 240°C, the curve is in agreement with 
the base line XY. Above 240°C, the curve 
diverges and shows a heat absorption P. This 
heat is required to dissolve the precipitates 
which are going back into solution. Dashed 
curve in Fig. 1 is obtained by the alloy im- 
mediately after quenching. Heat evolution at 
170°—260°C denoted by M is due to the 
precipitation of the T phase. 

Fig. 1 (B)—(H) are the S-T curves of the 
alloy after quenching from 450°C to the room 
temperature and aged at the room tempera- 
ture, 70°; 100°, 130° 15027190" anda 2s026 
for the time indicated in the figure, respec- 
tively. 

In Fig. 1 (B), the S-T curves of the room 
temperature-aged alloy lie above the base line 
at temperatures up to about 180°C and the 
area denoted by L (heat absorbed), enclosed 
between the S-T curve and the base line in- 
creases with increasing aging time, but has 
a tendency to saturation. General feature of 
Fig. 1 (B) resembles the curves for Al-Cu® 
and Al-Ag® alloy which are obtainable after 
similar aging treatments. 

Heat absorption LI seems to be due to the 
dispersion of the Guinier-Preston zone (G-P 
zone) which is the clustering of solute atoms 
on the aluminium lattice, formed during the 
room temperature aging. 

On the other hand, from 180°C onward, 
the S-T curves in Fig. 1 (B) coinside with 
the dashed curve and it has been observed 
that the heat evolution M is not affected 
appreciably by the room temperature aging. 
As the heat evolution M is attributable to 
the precipitation of the T phase during the 
measurement, it will be deduced from above 
fact that the precipitation of the T phase 
does not set in during the room temperature 
aging and only the formation of the G-P 
zone takes place. 

Along NOP, resolution of the precipitated 
phase is taking place but it will be noticed 
that the shape of the curve is quite differ- 
ent from that shown by the full curve in 
Fig. 1 (A). The additional minimum occurs 
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at O after considerable resolution has taken 
place. In comparison with the results on Al- 
Cu® alloys, it will be shown that the first 
precipitation from the supersaturated solid 
solution is not the equilibrium T phase but 
an intermediate coherent phase (T’ phase) 
and the minimum O may be due to the break- 
down of this intermediate phase into stable 
incoherent T phase. 

On the aging temperature higher than 70°C, 
some complex curves have been obtained 
where the maximum L superposes itself on 
the minimum M and furthermore, in contrast 
with the room temperature aging, the area 
M itself decreases with aging time, this shows 
that the precipitation of the T’ or T phase 
takes place during the aging and they coexist 
with the G-P zone. Furthermore, the dis- 
appearance of the second minimum O has 
been confirmed after aging at rather higher 
temperatures as shown in Fig. 1 (E)—(H). 

It will be noticed that after the aging at 
above 230°C, we could not observe the heat 
absorption L, this shows that the formation 
of the G-P zone does not take place and only 
the precipitation of the T phase takes place 
during the aging at this temperature range. 

For the low temperature-aging (LT-aging), 
it has been observed that after some aging 
time, further aging can not affect the shape 
of the S-T curve. It seems that the sub- 
sequent aging does not bring the alloy beyond 
a certain fixed state which depends upon the 
aging temperature. This fact has been con- 
firmed by the measurements of lattice spacing 
and electrical resistance. 

The temperature T; where the heat absorp- 
tion LZ attains its maximum is regarded as a 
measure of the stability of the existent G-P 
zone, saturated values of which have been 
obtained after sufficient aging time. Fig. 2 
shows the aging temperature dependence of 
T;. It will be indicated that the stability of 
the G-P zone inereases linearly with the aging 
temperature. 

In Fig. 3, the energy difference between 
aged and as quenched alloy (the area enclosed 
between the S-T curves of them as shown 
hatched by the oblique lines in Fig. 1) is 
plotted against the aging temperature, which 
were obtained after sufficient aging time to 
attain the saturated value. Two maxima are 
clearly distinguished in Fig. 3. The curve 


Precipitation Process in Al-Zn-Mg Alloys 189 


100 | : 
©) 
50 = = 
oO 50 100 150 200 
AGING TEMP., °G === 
Fig. 2. Aging Temperature Dependence of 7’. 
200 
ne 
= 
$ 
‘S100 
a 
12) 
50 
L a 
% 50.100. 150. 200 + 250 300 350 
—— AGING TEMP., °¢ —> 
Fig. 3. Energy Difference between Aged Alloy 


and Quenched Alloy. 


seems to be constructed from two parts as 
shown by dashed curves, A and B. The 
lower temperature part, A, comes from the 
heat absorption due to the dispersion of the 
G-P zone (same heat must have been evolved 
during the aging) and the higher temperature 
part, B, corresponds with the decrease of the 
heat evolution M. From about 80°C onwards 
up to about 210°C, A and B superpose each 
other, then summation of them are observable 
instead of individual values. This indicates 
the coexistence of the G-P zone and the T’ 
or T phase. 


§4. Electrical Resistance Measurement 


In Fig. 4, the specific electrical resistance 
versus temperature curves (9-T curve) are 
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shown. Fig. 4 (a) was obtained by freshly 


quenched alloy and Fig. 4 (e) by slow cooled 
alloy. Fig. 4 (a) and (e) correspond respec- 
tively to the dashed curve in Fig. 1 and the full 
curve in Fig. 1 (A). The line ABC and the 
curve A’B’FG represent respectively the 
values for the supersaturated state and the 
precipitated equilibrium state. 

From 220°C, the curve A’B’F begins to 
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deviate upward and finally coincides with the 
line FG. This must be correlated with the 
resolution of the precipitated phase into the 
solid solution. 

In Fig. 4 (a), the drop BC indicates that 
the intermediate T’ phase precipitates and 
some part of this resolutes into the matrix 
or transforms to the equilibrium T phase 
along CDE, at the same time T phase may 
precipitates directly from the matrix. This 
corresponds to the appearance of the additional 
minimum O in Fig. 1. Along EF’ resolution 
is taking place as in the case of Fig. 4 (e). 

Fig. 4 (b), (c) and (d) are the curves for 
the alloy quenched and aged at the room 
temperature for 115 hours, at 130°C for 114 
hours, and at 190°C for 140 hours respectively. 
It has been confirmed that in contrast with 
the case of T’ or T phase precipitation, the 
electrical resistance increases with the for- 
mation of the G-P zone. 

In Fig. 5, do/dT is plotted against temper- 
ature, the values were derived from Fig. 4. 
Fig. 5 (a)—(e) correspond respectively with 
Fig. 4 (a)—(e). General shape of the curves 
in Fig. 5 resembles the S-T curves in Fig. 1 
except that the minimum L in Fig. 5 cor- 
responds with the maximum L in Fig. 1. 


$5. Lattice Spacing Measurement 


The lattice spacing of the matrix solid 
solution is plotted as a function of the aging 
temperature in Fig. 6. The aging time is 
described in the figure which seems to be 
long enough to give a saturated value. For 
comparison, the values for as quenched alloy, 
slow cooled alloy and for pure aluminium, 
are also shown in Fig. 6. 
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Fig. 6. Lattice Spacing of the Matrix. 


The value of the slow cooled alloy is smaller 
than that of the freshly quenched alloy and 
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nearer to the value of the pure aluminium. 
This shows that the decrease of solute atoms 
in the solid solution is accompanied with the 
T phase precipitation. 

Comparison of Fig. 6 with Fig. 3 shows 
that the increase in the lattice spacing is 
caused by the formation of the G-P zone and 
the decrease by the T phase precipitation. It 
may be noticed that the decrease of solute 
atoms in the matrix does not take place during 
the formation of the G-P zone. 


$6. Discussions 


1. Retrogression Phenomena 


In the previous work on AI-Ag alloys, 
we have shown that the retrogression pheno- 
mena is explainable with reference to the 
dispersion of the G-P zone. This effect in the 
present alloy has been observed by Késter 
and Kam® as shown in Fig. 7: an alloy par- 
tially hardened by the 20°C aging will soften 
on reheating for short periods at 150°, 175° 
and 200°C. Complete retrogression has not 
been obtained by 150° and 175°C, but by 
200°C-reheating nearly perfect retrogression 
has been observed. This is in good agreement 
with our measurement (Fig. 3); at 150° and 
175°C some extent of the G-P zone can remain 
stably while it can hardly remain at 200°C. 


2. Stability of the G-P zone 


We regard Ty which is the upper limit 
temperature of the existence of the G-P zone 
as the measure of the stability of it. Con- 
sidering the discreteness between the for- 
mation of the G-P zone and the precipitation of 
the new phase and taking into account the de- 
pendence of TY» on the solute atom concent- 
ration in the matrix solid solution C, we have 
put forward a picture which can explain fairly 
well the precipitation sequence during the 
LT-aging in the Al-Ag!® and Al-Cu! alloys. 

Based on the X-ray examination, we need 
not take into account any change of C due 
to the formation of the G-P zone; the change 
of concentration should be attributed only to 
the precipitation of the new phase. 

For the present alloy, assuming the relation 
between the Ty-C curve and the solvus as 
shown in Fig. 8 (A), we can explain the ex- 
perimental results that after some aging period 
of the LT-aging, the alloy attains a certain 
saturated state, where the G-P zone and the 
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T phase coexist, the amount of each being 
fixed by the aging temperature. 

For comparison, the relation between the 
Tu-C curve and the solvus for Al-Ag alloy 
is shown schematically in Fig. 8 (B), detailes 
of which have been described in the previous 
paper!™:1), 
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In Fig. 8 (A) and (B), the figure denoted 
by [1] represents the T.-C curve in relation 
to the solvus in the equilibrium phase di- 
agram. Characteristic feature of the Ty-C 
curve for the present alloy is that it intersects 
the solvus at the point corresponding to the 
temperature denoted by T,. 

The figure denoted by [2] represents the 
variation of C against the aging time, the 
aging temperature being chosen at 74: after 
the incubation period, ¢;, Cg (the quenched 
value of C) begins to fall down due to the 
precipitation of the new phase, the final value 
Cn corresponds to the equilibrium state at 
the temperature, T4, as shown in [1]. 

The figure denoted by [3] represents the 
change of the stability of the G-P zone against 
the aging time, which was derived from the 
figure [1] and [2], in the fashion as indicated 
by the dashed lines. If Ta >> Tu, the G-P 
zone is stable, but if T7~< Tu, it is unstable. 
In the case of Al-Ag alloy, Ta > Ty. at the 
earlier stage of the LT-aging, but at the later 
stage it becomes that Tw < Tu, so the G-P 
zone must again disappear. Whilst, it will 
be noted that in the present alloy, if the 
aging temperature is lower than Tz, the G-P 
zone is stable evermore and can coexist in- 
definitely with the T phase, even at the final 
stage, since it holds always that Ty > Tu. 

Similar examination has been carried out 
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in magnesium rich Mg-Pb alloys™, the result 
reveals that the matter is just the same as 
in the present case. 
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Precipitation from Solid Solution of Lead in Magnesium 
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The mechanism of precipitation from supersaturated solid solutions of 
lead in magnesium has been studied by means of calorimetric and elec- 
trical resistance measurements and of X-ray photographs with quenched 
and annealed alloys of various lead concentrations. The results reveal 
that the aging process is constituted from two discrete reactions. The 
first is the change in the matrix solid solution without decrease of the 
solute concentration, which corresponds to the formation of the Complex 
or the Guinier-Preston zone, and the second is the precipitation of the 
Mg»Pb phase. It was concluded that the first is not the preparative one 
of the second. The upper limit temperatures of the existence region of 
the Complex were determined for various solute concentrations and 


shown in the phase diagram. 


$1. Introduction 


The solid solubility of Pb in Mg is rather 
less restricted. It decreases with decreasing 
temperature from about 7.75 atomic per cent 
at 465°C to about 5.20 atomic per cent at 
400°C, 2.30 atomic per cent at 300°C and 0.5 
atomic per cent at 200°C. This seems to be 
suitable for the study of the precipitation from 
supersaturated solid solution with the alloys 
of various solute concentrations. 

Geisler, Barrett and Mehl» have studied 
the precipitation in this system and interpreted 
the results based on the simple nucleation and 
growth process. Recently the X-ray investi- 
gation has been carried out with single crystals 
by Nagashima and Nishiyama” and the pre- 
sence of the platelets like the Guinier-Preston 
zone has been confirmed. 

It seems that a further examination is 
required to see whether the G-P zone is the 
forerunner of the Mg.Pb phase or not. We 
have carried out the calorimetric, electrical 
resistance and X-ray measurements and ob- 
tained some new data. 


§2. Experimental Procedure 


The alloys were made using high purity Mg 
with alloying additions of high purity Pb. 
Weighted quantities were melted together 
under KCl-NaCl (1:1) fluxes in a graphite 
crucible. After casting in an iron mold, the 
alloys were homogenized by annealing for 
about 50 hours at 500°C. The samples were 


solution-heat treated at 450°C for 2 hours at 
the end of which they were quickly quenched 
in the water of the room temperature. The 
slow cooled alloy was obtained by cooling the 
alloy at the rate of about 5°C per hour from 
450°C to the room temperature. The methods 
of the measurements were described in the 
previous papers*®*)), 


§ 3. Experimental Results 
1. S-T Curves 


In Fig. 1 (a), (b) and (c), the curves D, E 
and F show the specific heat versus tempera- 
ture curves (S-T curves) for 3.8 atomic per 
cent Pb alloy (about 25 weight per cent) after 
the aging treatments at 100°, 180° and 260°C 
respectively, the aging periods are described 
in the figure. The heating rate of the mea- 
surement was about 3°C per minute. A is the 
base line which has been calculated using the 
values of Cp for Mg and Pb assuming the 
alloy to be merely a mixture of them (Kopp- 
Neumann Rule). The A-line would be the 
S-T curve of the alloy if no change in atomic 
configuration were taking place. The curves 
B and C were obtained, respectively, with as 
quenched and slow cooled alloys. The curve 
B shows the heat evolution denoted by X at 
the temperature range between 180° and 280°C, 
which clearly is due to the precipitation of 
the Mg.Pb phase. While at higher tempera- 
tures both B and C show the heat absorption 
denoted by Y, which is attributable to the 
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resolution of the Mg.Pb phase into the solid 
solution. The temperature where the heat 
absorption Y attains its maximum (in this 
case, 378°C), coincides fairly well with the 
value expected from the solvus curve proposed 
by Vosskiihler®, Foote and Jette”, and Ray- 
nor®. 
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Fig. 1. Specific heat versus temperature curves 
for 3.8 atomic per cent Pb alloy. 


D, E and F show additional heat absorption 
peaks denoted by Z, the maximum points of 
which lie at about 300°C. The quantity of 
this additional heat absorption increases with 
increasing aging period and shows the tenden- 
cy to the saturation. In spite of the ap- 
pearance of this additional heat absorption, 
about 340 cal./mol. at maximum, we could 
neither detect any corresponding change of 
the lattice spacing of the matrix nor find any 
additional lines due to a new phase by the 
X-ray powder method after 800 hours for 
100°C-aging, 20 hours for 180°C-aging and 7 
hours for 260°C-aging. Therefore, this addi- 
tional heat absorption seems not to have its 
origin in the abnormality of the equilibrium 
solvus curve of the Mg»Pb phase; if it were the 
case c-spacing of the matrix lattice should be 
decreased during the aging from 5,220 kX 
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which is the value for as quenched alloy to 
less than 5.208 kX which is the equilibrium 
value at 300°C”. 

The additional heat absorption must be at- 
tributed to the dispersion of the Complex 
or the Guinier-Preston zone, which is the 
segregation of lead atoms in the matrix solid 
solution. This is rather similar to the ob- 
servations in the low temperature-aged alumi- 
nium rich alloys such as Al-Ag®, Al-Cul!!), 
Al-Al.Mg;Zn,” and Al-MgZn,'” systems. For 
instance, in the low temperature-aged Al—Cu 
alloys, it has been recognized that Cu atoms 
segregate out on certain crystallographic 
planes of the parent crystal giving local Cu 
concentrations with iocal reduction of lattice 
spacing, although the mean lattice spacing 
remains unchanged!?!)!), 


2. o-T Curves 


Fig. 2 (a) represents the specific electrical 
resistance versus temperature curves obtained 
upon heating the same alloy as used in the 
case of Fig. 1, at the rate of 3°C per minute, 
after 180°C-aging. The aging periods are de- 
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temperature curves, 
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scribed in the figure which are somewhat curves showing electrical resistance versus 


different from those in Fig. 1 (b). 

The curves A, B,C, D, E and F correspond 
respectively to the curves denoted by the 
same letters in Fig. 1 (b). The curve C’ was 
obtained by cooling the alloy from 400°C at 
the rate of about 4°C per minute. A remark- 
able hysteresis between the curves © and C’ 
was observed over the range between 400° and 
240°C. 

Fig. 2 (a) shows that both the formation of 
the Complex and the Mg,Pb precipitation 
bring about the decrease of the electrical re- 
sistance of supersaturated solid solution, and 
that the effect of the former is more striking 
than that of the latter. 

The values of dp/dT were derived from 
the data shown in Fig. 2 (a) and were plotted 
against temperature in Fig. 2 (b). It may be 
noticed that a considerable similarity is exist- 
ing between Fig. 1 (b) and Fig. 2 (b). 


3. Isothermal Aging Curves 


Fig. 3 (a) shows the isothermal aging curves 
of specific electrical resistance obtained by 
aging 3.8 atomic per cent Pb alloy at various 
temperatures. More or less, all curves show 
the tendency to decrease the value during the 
aging which may be attributed to the com- 
bined effect of the formation of the Complex 
and Mg.Pb phase. To distinguish more clear- 
ly between the two effects, we have translate 
the data in Fig. 3 (a) into the isochronal] 


temperature relations, as shown in Fig. 3 (b), 
where the nature of the two reactions is 
clearly distinguished. The outline of Fig. 3 
(b) resembles that of Fig. 2 (a). The curves 
denoted by A and C in Fig. 3 (b), correspond 
respectively to the curves A and C in Figs. 1 
and 2. 

Using the values of the incubation period 
for lower aging temperatures, the activation 
energy for the formation of the Complex 
was estimated to be about 14600 cal./mol., on 
the other hand, we can roughly estimate the 
activation energy for the precipitation of 
Mg.Pb in 20 weight per cent using the in- 
cubation periods determined by the X-ray 
work of Geisler, Barrett and Mehl, and the 
result obtained indicates that the value is 
about 28000 cal./mol. 


4. Formation of the Complex in Slow 
Cooled Alloys 

Fig. 4 shows the S-T curves of 2.8 atomic 
per cent (20 weight per cent) Pb alloy. The 
curve denoted by A was obtained by slow 
cooled alloy, while, further annealing the slow 
cooled alloy at 180°C for 1200 hours, we have 
obtained the curve denoted by B. Correspond- 
ing reaction in 3.8 atomic per cent Pb alloy 
was detected also by the electrical resistance 
measurement as shown by the dashed curve 
PQ in Fig. 3 (a) and by the dashed line PQ 
in Fig. 3 (b), where the electrical resistance 
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of the slow cooled alloy decreases accompanied 
by the formation of the Complex during the 
subsequent prolonged annealing at 180°C. It 
has been recognized that the rate of the forma- 
tion of the Complex in the slow cooled alloys 
is less than that in the quenched alloys and 
the incubation period in the former is more 
than 50 times longer than that in the latter. 

Above fact may be an evidence for that 
formation of the Complex is not at all the 
preparative stage of the Mg.Pb precipitation 
and the Complex can be formed in the 
matrix even after the Pb concentration of 
which decreases considerably due to the Mg2Pb 
precipitation. 
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for 2.8 atomic per cent Pb alloy. 
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Fig. 5. Upper limit temperature of the existence 
region of the “Complex”. 
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5. Tu-C Curve 


We have carried out the calorimetric meas- 
urements on the alloys of various Pb concent- 
rations and obtained the Ty—C curve as shown 
in Fig. 5, where Ty is the temperature where 
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the additional heat absorption Z ends itself, 
which marks the upper limit temperature of 
the existence region of the Complex, and 
C is the solute concentration. It was detect- 
ed that with the alloys containing more than 
about 4 atomic per cent of Pb, JT increases 
up to the maximum value at the earlier 
period of aging, but at later stage of which 
T decreases accompanied by the precipitation 
of the Mg:Pb phase. This show the sensitive 
dependence of Ty on the Pb concentration in 
the matrix solid solution. The maximum 
value of Ts among the observed values, for 
each alloy is shown plotted in Fig. 5. The 
solvus curve of the Mg.Pb phase determined 
by Raynor and Vosskiihler, is also shown in 
Fig. 5. It will be noticed that T3—C curve 
intersects the solvus curve at the point which 
corresponds to about 3.3 atomic per cent of Pb 
and 350°C. Therefore, below about 350°C, in 
both as quenched and slow cooled alloys, the 
Complex may be always stable regardless 
of the existence or not of the Mg,Pb phase. 

In Fig. 5, Du’-C curve is also shown, 
where J,’ is the temperature at which Z at- 
tains its maximum, this may be a measure 
of the stable size of the Complex. 


$4. Remarks 


Relating to other magnesium base alloys, 
it may be noted that Derge, Kommel and 
Mehl') have shown that the mechanism of the 
high temperature aging is somewhat different 
from that of the low temperature aging, based 
upon the studies of the Widmanstdtten 
structures of the quenched and annealed 
Me-Sn alloys, the phase diagram of which 
is very similar to that of the present alloys!”?. 
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Crystal Structure and Phase Transition of 
Some Metallic Halides 
Structure Anomaly in a-Ag,Hegl, 
By Sadao HOSHINO 
Tokyo Institute of Technology, Oh-okayama, Meguro, Tokyo, Japan 
(Received October 20, 1954) 

By a precise measurement by X-ray G-—M spectrometer of reflexion 
intensities in a-AgoHgl,, it was found that the relative intensity of Debye 
lines cannot be explained by zincblende type structure with disordered 
metallic atoms as was presumed previously by Ketelaar. The experimental 
result was explained by assuming the structure anomaly common to that 
has been proposed for certain other metallic halides (Cul, CuBr etc.) 
manifesting a similar peculiarity of line intensities. 
that there may be correlation between the structure anomaly and the 
anomalously high ionic conductivity of this crystal. 

§1. Introduction 


It is well known that Ag.HglI, crystal has 
two temperature modifications a and 8 with 
a phase transition at 52°C, and that the a- 
phase is accompanied by a large ionic con- 
ductivity. The phase transition and the 
crystal structures of this substance have been 
studied by Ketelaar. He concluded that the 
phase transition would be of the order-disorder 
type analogous to the case of superstructures 
of alloys; that is, the B-phase has a pseudo- 
cubic tetragonal lattice with a=c)=6.32A, 
whereas the metallic atoms in the structure 
of the a-phase may be in a disordered state 
in such a way that one Hg and two Ag atoms 
are statistically distributed into four possible 
positions in a unit cell so that the structure 
as a whole becomes a cubic structure of zinc- 


blende type. 
Frevel and North”) recently observed a large 


phase at room temperature, which suggested 
the presence of a superstructure with twice 
periods of both the @ and c spacings. On the 
other hand, no reexamination has not been 
given concerning the crystal structure of the 
a-phase. 

The present author performed the X-ray 
structure analysis on the a-phase of Ag,Hgl, 
by using powder samples, and obtained a 
slightly different result from that of Ketelaar. 
In this paper, the experimental result and 
discussions on certain kind of structure 
anomaly, which is noted to exist commonly 
in a-Ag,Hgl, and in some other metallic halide 


crystals, will be given. 


§2. Sample 
On the method of preparation of Ag,Hgli, 
it was pointed out that a reaction in solution 
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yields better results than solid state reaction. 
So, we applied the reaction by precipitation 
from aqueous solutions containing stoichio- 
metric amounts of reactants as follows: 
K.Hgl,aqg.+2AgNO;aq.>AgoHgl, | +2KNO;aq. 
The solution of K,HgI, was prepared from 
mercuric chloride and potassium iodide. The 
precipitate was repeatedly washed by hot 
water and desiccated, and then was formed 
in a plate of about 1 mm. thickness for X-ray 
measurement. 


§ 3. Experiment 


Debye photographs were taken at various 
temperatures covering the both phases of 
AgHel,. Diagrams taken with a rod sample 
at room temperature showed that the lattice 
of B-AgsHgl, is body centered tetragonal with 
a=d)=6.32,A and c/a=2.00, which is differing 
from either of those given by Ketelaar and 
by Frevel and North*. The higher the tem- 
perature in this phase region the weaker be- 
comes the intensities of the super-structure 
lines. At 60°C in the a-phase region, the 
superstructure lines were no longer observed. 
The diagram showed that the structure of a- 
AgoHgl, has a face centered cubic lattice with 
a=6.32A. 

We have then performed a precise inten- 
sity measurement by a G-M X-ray spectro- 
meter with a plate sample and a crystal- 
monochromated CuKa radiation. Plate sample 
and G-M tube were moved simultaneously so 
as to keep the position of symmetric reflexion. 
The observed intensity values, Ions, of the 
several reflexion lines are given in Table I bya 
scale which makes the intensity of (111) equal 
to 1000. In this measurement accidental er- 
rors were about 3~5% for stronger lines and 
10~20% for weaker lines. 


§4. Interpretation of Experimental Result 


In the first place, the structure of a-Ag,Hgl, 
proposed by Ketelaar — the structure of the 
zincblende type in which the metal atoms are 
thought to assume the completely disordered 
distribution —- was reexamined by the present 
experimental result. In the calculation ac- 
cording to this model, 4(2fag+/ue) was used 
as a mean scattering factor of all of metal 
atoms. The result is shown by Ica) (1) in the 
third column in Table 1. There is noticed a 
disagreement between the observation and the 
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calculation. Namely, the observed intensities 
of (200), (222) and (420) have larger values 
than the calculated ones. Similar kind of 
disagreement of line intensities has been 
formerly found also in the cases of Cul and 
CuBr, as was reported in Part I® and Part 
Il) of this series. For Cul and CuBr this 
anomalous disagreement has been formally 
explained either by assuming different Debye 
temperature factors for iodine and metal 
atoms (the first assumption), or by supposing 
the presence of four metastable positions 
tetrahedrally surrounding every normal metal 
position (t + } and its equivalent sites for the 
cubic ZnS type lattice) (the second assump- 
tion). Similar interpretations may be also 
applied in the case of a-Ag,Hgl.. 


Table I. The observed and calculated intensities 
for the several reflexions of «-Ag,Hgl,. 


hkl | Yoos | Toa (1) | Year (2) | Tent (8) | Toa 4) 
111 | 1000 | 1000 1000 | 1000 | 1000 
200. | 28 9 | 25: | © 25) \eeiae 
220 | 613 | 780 | 543 | 555 | 941 
311 | 294 476 279 i 300) © 33t 
B29. hun Zivbrinn yeif «12: eee 
400 | 47 | 126 49 | 46 | 102 
Sare'|) ESS) clang: totter “Ga etoe 
420 | 16 BF Sn Se meee 
422 | 75 3697 U7 Oe eee 
333} | 26 | 161 | 35 | 26 »)| glia 


By the first assumption of different Debye 
temperature factors exp [—M(sin 6/4)?] for the 
halogen and metal atoms, the best agreement 
of line intensities was obtained when we put 
Mr;=4 and Mine=9, as shown in the fourth 
column (Icai(2)) of Table I. We have next 
calculated the intensities according to the 
second assumption. It was assumed that 6= 
0.45A and M;=Minex=4, and that every metal- 
lic atom occupys the four positions with an 
equal probability, where 6 is the deviation of 
these positions from the ideal sites of metal 
atoms in the zincblende type structure (see 
Fig. 8 of Part I). It is seen that the result 
of this assumption (Icai(3) in the fifth column 
of Table I) gives an agreement as good as 
that due to the first assumption. 


* 


Our detailed result will be published else- 
where. 
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Though a good agreement between the ob- 
servation and the calculation was thus obtain- 
ed, it must be noted that the above explana- 
tions of the intensity anomaly are only formal, 
and are by no means without objections. 
Namely, in the first assumption the use of 
very large temperature factor Myo.=9 seems 
to be outside the scope of the Debye theory 
of temperature effect, which deals only with 
small thermal vibrations of atoms. Concerning 
the second assumption, it is not quite con- 
vincing whether the four stable positions of 
the metal atom assumed above may actually 
exist in the lattice. Moreover, the magnitude 
of 4 of Debye factor, chosen for iodine or 
metal atoms by both the assumptions to ex- 
plain the rapid decrease of intensities with 
increasing scattering angle, is still large, 
though this may be explained as follows: since 
in the a-Ag,HglI, there are only three metal 
atoms to fill the four equivalent positions, 
hence remaining positions are left vacant 
statistically, there might be provoked an ir- 
regular lattice distorsion, which results in a 
rapid intensity decrease with scattering angle 
in a manner similar to that due to the effect 
of thermal vibration. 

Apart from these questionable points, we 
can point out the fact that the two assump- 
tions are common in implying that the spatial 
distribution of metallic atom considered as 
spatial or time average has a finite extension 
arround the normal lattice sites, } } } and its 
equivalent positions. This is the reason why 
the two assumptions resulted in the similar 
line intensities what are in agreement with 
observation. Then, the following assumption 
can also be another possible explanation of 
the anomaly. That is to assume an asymmetric 
anharmonic thermal vibration of metallic 
atoms which is especially vigorous towards 
four [111] directions, as was formerly sug- 
gested by Matsubara” in a theory of lattice 
energy and entropy change at the phase 
transitions of Cul crystal. According to this 
assumption, the mean position of metallic 
atom will deviate from the normal position 
at high temperatures, and hence the intensity 
anomaly will be explained as same as in the 
former cases. This explanation seems to be 
physically quite probable, though no decisive 
evidence can be given by the present X-ray 
data alone. 


Structure Anomaly in a-AgqoHgI, 
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§5. Discussion 


The X-ray intensity anomaly which can be 
explained by similar basis to the case of a- 
Ag»HglI, has been formerly found in the many 
other metallic halides, for example, r~a- 
Cul®, 7-CuBr?, CuCl*, a-Cu,Hgl,* (cubic ZnS 
type lattice), B-CuBr®, 8-AgI™ (hexagonal ZnO 
type lattice) and a-CuBr®, a-AglI® (body 
centered cubic or tetragonal lattice). As all 
of these substances are known to have anoma- 
lously high ionic conductivities at high tem- 
peratures, it may be reasonable to conceive 
that certain correlations exist between the 
ionic conduction of these crystals and their 
intensity anomalies. 

We can tentatively suppose that there exist 
channels along which the metallic atoms may 
move more or less easily within the lattice; 
these channels may be along tetrahedral direc- 
tion ({111] and its equivalents for cubic crys- 
tals) through the normal sites of metal atoms. 
This, then, amounts to assume that the poten- 
tial for metallic atoms is comparatively flat 
in all portions along these channels, and which 
may be taken as an illustration of the as- 
sumption of the large asymmetric anharmonic 
thermal vibrations of metallic atoms as was 
proposed in the previous section to explain the 
intensity anomaly. 

It has been sometimes supposed concerning 
some metallic halide crystals that their aver- 
aged structures having interstitial metallic 
atoms are essential to the high ionic conduc- 
tivity. Krug and Sieg® has recently inter- 
preted the X-ray intensity anomaly in Cul 
and CuBr by assuming the migration of metal 
atoms from the ideal position of the zincblende 
type lattice to interstitial sites corresponding 
to the NaCl type lattice sites with larger pro- 
babilities at higher temperatures. They con- 
sidered that such averaged structure will 
intimately correlated with the high ionic con- 
ductivities of these crystals. If this is the 
case, the similar interpretation may probably 
be applied also in the present case of a- 
Ag,Hgl, We have calculated the intensity 
by this model, but the quantitative agreement 
with the observed intensities could not be ob- 
tained whatever proportion of the distribution 
of metal atoms to the NaCl lattice sites 


was assumed. The sixth column (lcai(4)) of 


: Unpublished results in our labolatory. 


200 


Table I illustrates an example of such calcu- 
lation, where the contribution of metal atoms 
to the NaCl lattice sites is chosen as 20% of 
whole number of metal atoms and the tem- 
perature factors M; and Mne: are both chosen 
as 4.* There are also another presumable 
interstitial sites in the zincblende type lattice, 
namely the sites of CaF, type lattice, but 
such lattice sites can also not explain the 
anomalous intensity increase of (200), (222), 
(420) etc. 

In spite of a close analogy between the 
structure of a-Ag,HgI, and those of other 
metallic halides (Cul, CuBr etc.), it should 
be pointed out here that a-Ag.HglI, (and also 
a-CueHgl,) is specially compared with other 
halides because of the presence of the positive 
ion vacancies in the lattice. Such vacancies 
might have some contribution to the ionic con- 
duction of this crystal. 


In conclusion the author wishes to express 
his best thanks to Prof. S. Miyake for his 
kind guidance in the course of the work. 
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An improvement on the molecular orbital method is made by taking 
into account the correlation between the motions of electrons with 
opposite spin. For this purpose electrons with plus spin are assigned to 
orbitals which are somewhat localized at alternate atoms in molecules, 
while electrons with the minus spin are assigned to orbitals localized at 
the remaining atoms. With the use of these alternant orbitals the wave 
function with a given multiplicity and spatial symmetry can be constructed. 

The method is applied to the z-electron system of the ground state of 
benzene and the results are compared with those obtained by the method 
of configuration interaction (C.I.). The energy depression obtained by 
the present method is 2.35 eV while that by C.I. is 2.7 eV. The inner 
product of these two wave functions is 0.985, which shows that the 
present method is a very satisfactory approximation to the C.I. calcula- 


tion. 


§1. Introduction 


In many molecules the electronic wave 
function of the ground state is approximately 
given by a single determinant constructed 
from molecular orbitals each doubly occupied 
by electrons of opposite spin. The greatest 
shortcoming of such a determinantal wave 
function is found in its incapability of taking 
into account the correlation between the mo- 
tions of different electrons, as has been dis- 
cussed by many authors. There is some cor- 
relation between electrons of the same spin 
introduced by the exclusion principle, because 
it prevents the electrons of the same spin 
from being at the same place in any station- 
ary state. But electrons of opposite spin 
move around in the field of the molecule in- 
dependently of each other, and the influence 
of the electrostatic repulsion which tends to 
keep them apart is not incorporated in the 
ASMO wave function. 

For example, in hydrogen molecule the 
single determinant constructed by assigning 
two electrons of opposite spin into the sym- 
metric molecular orbital does not give a 
satisfactory approximation to the ground state 
wave function. Coulson and Fischer” tried 
to remedy this defect by assigning the two 
electrons into different orbitals which are 
semi-localized on each hydrogen atom. The 
calculation was further somewhat modified by 
Mueller and Eyring”, who also applied the 


same method to hydrogen fluoride®. Hurley, 
Lennard-Jones, and Pople® recently developed 
a theory of paired electron method, which is 
an extension of the semi-localized orbital 
method to the case of general polyatomic 
saturated molecules, in which the total wave 
function can be decomposed to wave functions 
for single bonds. Just the same method was 
applied by Schmid® to the calculation of the 
cohesive energy of diamond which has a cova- 
lent structure. 

In the case of non-localized bond such as 
in benzene, however, the semi-localized orbital 
method is not directly applicable, and some 
extension is necessary. Such an extension has 
been suggested by L6wdin®; he devised the so 
called alternant orbital method, which is ap- 
plicable to metals, alternant hydrocarbons and 
any other alternant systems. In his method, 
electrons with plus spin are assigned to orbitals 
which have large amplitude at every alternate 
atom and small amplitude at the remaining 
atoms, while electrons with minus spin are 
assigned to orbitals whose amplitude change 
alternately but reversed to the former ones. 
In this way the tendency of electrons with 
opposite spin to keep apart from each other 
on account of the electrostatic force is in- 
corporated in the wave function, and a better 
approximation to the true solution is attained. 

In this paper, the alternant orbital method 
of Léwdin is applied to the simplest aromatic 
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hydrocarbon, benzene. This molecule is parti- 
cularly interesting since it is the representa- 
tive of all the aromatic molecules. Further- 
more, since an almost complete investigation 
of the C.J. has been performed for this 
molecule by Parr, Craig, and Ross”, the 
degree of the success of the alternant orbital 
method can be measured by comparing our 
results with theirs. 


§2. Alternant Orbital 


We consider the alternant system in the 
sense of Coulson®), that is, the alternant 
system is defined as a system in which all 
the atoms can be classified into two kinds 
such that neighbouring atoms always belong 
to different kinds. For example, aromatic 
hydrocarbons which contain no odd-membered 
rings and metals which have simple cubic or 
body-centered cubic lattices enter into this 
category. 

As an example, we take a hypothetical 
cyclic hydrocarbon CsnHen which has recently 
been investigated by Moffitt® with the use of 
a simple molecular orbital method. We con- 
sider the 2pz orbitals of the 22 membered 
carbon ring, and construct the 22 mutually 
orthogonal orbitals 


o1=(2n0;)71/? Ss exp 2nilk Uz 
k=l 2n 
a1, 2,7 , 2m), (lL) 


where U; is the 2fz atomic orbitals at the 
kth carbon atom and (270;)71/? is the normali- 
zation factor. 


| 2 3 4 5 6 


Fig. 1. Shapes of I- and II-type orbitals. 


The above orbital functions have equal 
amplitude at all the carbon atoms. In order 
to take into account the correlation between 
orbitals of opposite spins, however, it will be 
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adequate to assign electrons with plus spin 
into orbitals which are somewhat localized on 
every alternate atoms and electrons with 
minus spin into orbitals localized on the re- 
maining atoms. Such orbitals have been 
constructed by Léwdin by taking the follow- 
ing linear combinations of the molecular 
orbitals: 


du =cos 0 o1+8sin 0 bran , (2a) 
Oi1= COs 6 é1—sin 0 Dien ’ (2b) 
in which @ is a parameter<z/4. These or- 


bital functions have large and small ampli- 
tudes at the alternate atoms. They are 
called alternant orbitals. The maximum and 
minimum of amplitudes are reversed for I- 
and II-type orbitals. The amplitudes of these 
orbitals are illustrated schematically in Fig. 1. 

Now we consider the special example, ben- 
zene. In this case m=3, and in the usual 
MO method, which corresponds to the choice | 
#=0, the orbitals 7=0, +1 are assumed to be 
occupied in the ground state. We now assume 
that, in the ground state of the benzene mole- 
cule the orbitals ¢o1, ¢11, and ¢-1; are occupied 
by three electrons with plus spin and the 
orbitals ¢@on, ¢im, and ¢-147 are occupied by 
electrons with minus spin, @ being regarded 
as a variational parameter to be determined 
so as to minimize the energy of the system. 


§ 3. Spin Coupling 
The single determinantal wave function 
Bis (—1)PPor(1)ir(2)6 -11(8) 


X Porr(4)b111(5)$ -111(6)%o , (3) | 

Xo = A A2A38485R¢ , (4) 
constructed by assigning three electrons with 
plus spin into three lowest I-type orbitals and 
three electrons of minus spin into three low- 
est II-type orbitals does not give a singlet 
state. Actually this wave function represents 
a mixture of a singlet and higher spin states. | 
The singlet functions can be constructed, | 
for example, by the method of representation 
matrices of permutation group, or by the 
use of the spin operator method of Pratt1® | 
as extended by Léwdin™. The outline of the 
former method is given in the Appendix. 
There are five singlet states for the six elec- 
tron system as shown in the branching dia- 
gram of Fig. 2. Of these five singlet states, 
(a), (b), and (c) belong to the spatial symmetry 
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Aig, while (d) and (e) give rise to one Avy 
and one Boy states. It is interesting to note 
that these wave functions belong to the ir- 
reducible representations of the point group 
Den, in spite of the fact that the individual 
orbital functions do not. 

Now there are three 1A,, states (a), (b), 
and (c). It would be interesting to see which 
one of these three singlets has the lowest 
energy, or to determine the best linear com- 
bination of them. But from a view point of 
the physical meaning, the state (a) is expected 
to be the best one on the following reason. 
The state (a) is a combination of two three- 
electron systems, each with spin 3/2, so that 
spins of three electrons in the I-type orbitals 
are parallel, and spins of three electrons in 
the Il-type orbitals are also parallel. This 
means that the correlation between electrons 
in the same type orbitals is automatically 
introduced by the exclusion principle. More- 
over the correlation between electrons in the 
I-type orbitals and electrons in the II-type 
orbitals are also taken into account by the 
semi-localization property illustrated in Fig. 
1. Thus the correlations between every pos- 
sible pair of different electrons are incorporat- 
ed in this state, so that this is expected to 
yield the lowest energy. The spin function 
for this state is given by 
Xa=(1/2)aja20328sB5Bs 

—(1/6)(Bia2,a3+ 1P2a3+ A1a2)3) 
X (48s 86+ BsdsBot BsPsQe) 
+ (1/6)(a18283+ Bia283+ BiB2as) 
X (BpQsQg t+ Ay P5Ag+ Aas) 
—(1/2)PiB2B3a,a5Q¢ . (5) 
When the spin function %) in (3) is replaced 
by %z, we have the total wave function V,(@). 


§ 4, Energy Depression 


The Hamiltonian of the six z-electron sys- 
tem of benzene is 


NE Moe 
where the orbital part 


(6) 
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a 6 hh? 
2 = ¥(— rps v.), (7) 
4=1 2m 
and the inter-electronic repulsion part 
ay 6 e 
enh Ay 


The expectation value of energy 1s 
oe 2 
Ee) =3" (ON H-¥ (Ode 


§U*(O)V (O)de 
_ SPOS oF Ode | SEO) FEV Ode 
~ §e*(O)U (Ode SU *(O)Y (O)de 
=EF,(0)+E,(6) . (9) 


E.(0) and E,(@) can be expressed in terms of 
one and two electron integrals as follows: 


T is A a = 1 


(¢) 


“il Hi T 
3 2 ' 4 6 
} 
(d) 
2 
aoe pe T lee T 
3 2 | 4 5 6 
\ 
(@) 
a 
S a SS 
3 2 | 4 5 6 
Fig. 2. Five singlet states for six electron system. 


(Spins of electrons are composed in the order 3, 
2, 1, 4, 5, 6, since this order is most convenient 
from the view point of the spatial symmetry of 
of the orbitals.) 


E,(6)= y [2(E-+ 2€1)(3-++-.C08 20-+2 cos? 20-+2 cos? 20-+cost 20-++3 cos® 20) cos? 0 


+ 2(€,+26&)(3—cos 20+2 cos? 26—2 cos 28-+cos* 20—3 cos? 28) sin? 6], 


(10) 


E,(0)= = [£4(ro0-+6701 + 5711-2001 —01-1)(1 + cos! 28) 
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—- 4(47 1 + orn —40o, —20; =) (Cos 20 -+cos? 20) 


+4 (roo+4701 +4711) cos? 20} cos* 6 


+{4 (793 +8712 +6702 +6713 —3003—67 12 — 2002 — 2013 — 204 -2—4& —4y—8633 — 8693) 


—8(dos-+2012-+ 27 +4%) cos? 20 


—4(793+8712 +6702 +6713-+503+ 2012 —20 2 

— 2013-20) -2—4E +4 —8¢9) + 8643) cos* 20} cos? 6 sin? 8 
+{4(133+6732+5722—2023— 02 -2)(1-+cos* 28) 

—4(4 723+ 2722—4723—202-2)(cos 20 +cos? 28) 

+4(733+4723+ 4722) cos? 20} sin‘ 6] , (11) 


N=3(1-+cos? 26+ cos? 260-+cos® 20) , 


teas T T T T 
) 10 20° 30° 40° 
— > 60 
Fig. 3. Expectation value of energy for the state 
corresponding to the spin coupling (a). 


O° 10° 20 
=e >~@ 


Fig. 4. Orbital part #,(@) and inter-electronic 
repulsion part #’,(@) of the total energy H(@). 


(12) 


where € and 7, 6, € are one and two electron 


integrals defined and tabulated by Parr, Craig, | 


and Ross”. 

The value of £(@) is plotted in Fig. 3 asa 
function of 6. At #6=0 the curve converges 
to a point which corresponds to the single 
determinant of usual molecular orbitals. The 


minimum of the curve lies at @6=23°, where | 


the energy depression, as compared to 6=0, 
is 2.35eV. The energy depression of 2.35 eV 
is a very satisfactory one, since the energy 
depression resulting from the extensive con- 
figuration interaction calculation performed 
by Parr, Craig, and Ross is 2.7 eV. 

In Fig. 4 the orbital part F&.(@) and the 
inter-electronic repulsion part £,(@) of the total 
energy E(@) for the spin coupling (a) is plotted 
separately against 0, from which we can see 
that £,(0) decreases with 0, while £.(0) re- 
mains nearly constant up to 06=15° and then 


increases rapidly. This figure shows clearly | 


how the inter-electronic repulsion energy is 
diminished by the use of alternant orbitals, 
which take into account the correlation be- 
tween electrons with opposite spin. 


$5. Relation to Configuration Interaction 
It will be worth while to compare the wave 
function corresponding to the spin coupling 


(a), namely ¥.(6), with the wave function | 
obtained by C.I. For this purpose the former | 


wave function was expanded as a linear com- 


bination of the usual configuration functions, | 


the coefficients of which are shown in the 
second column of Table I. The values of 
coefficients for the optimum value of @=23° 
are shown in the third column. The coef- 
ficients for the wave function of C.I. are also 
given in the fourth column for the sake of 
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Table I. Expansion of v,(@) and wos, in terms of configuration functions. 
No. ; 14yg configuration functions “v,(8) rae W4(23°) 7 Wor. 
(1) W1=(d0?Gi2 -12) cost6a(@) * 0.900 0.910 
line! ira 
(2) W2=(ho2did-1¢5 cos*é sin240(@) 0.162 0.210 
wo eS ae te valalagiys lak 
3) Ww=7-3 (Grid ie $-2)-/ 3 (bbb) / : costé sin%o(@) 0.094 0.142 
P my, 
(4) i= (Poi 1632) 0 0.000 0.052 
fal 
(5) W5=(126-12¢20_») 0 0.000 —0.056 
(6) We=(G126 123”) —costé sin280(6) —0.162 ~0.059 
jee gy ere Oe ~ 
7) Way aes (ho? 12-22) ~ V2 costé sin20(8) ~0.229 = (0. 27 
ae cast in Fern 
(8) Ye=,/ x (Gubae— -1G2$s) +)/ 1 bobi0-1 °b-263) V2 costé sin%o(6) 0.229 0.204 
[2 oa ars eer 12 
(9) Yo=y ce gp- -192 gs) + / 2 (Gobid- See 23) Vy 3 cost sin?@0(@) 0.132 0.069 
3 il 
[= (GoGi2h- -1dxb3)—/ 1 bopid-1 1° -203) 
(10) Wio 
small 0; 
(22) Wo 
* —4(@)=2(1+cos? 26 +cost 20+ cosé 26)-1/2, 
comparison. It can be seen that these two 
sets of coefficients are fairly close to each aia oat 
other. A measure of the resemblance is given 0.98 
quantitatively by the inner product 
— 
1(0)= [P.*O cade (13) 
0.945 
where ¥Ycr. is the wave function in C.I. aa 
method. The value of J(@) is plotted against 
6 in Fig. 5, which takes a maximum value 0-90 
at #0=21°, the maximum value being about 
0.985. For 6=0, 7(0)=0.910. Thus, the posi- eae 
tion of maximum of J(@) is nearly coincident 0:06-. 
with the minimum position of (8), and J(@) 
is very close to unity here. This result 0-845) 
serves as a valuable check for the calculation. a ai a : = 
fon 10° 20° 30° 40° 
§6. Discussion +e 
The alternant orbital method has been ap- Fig. 5. Inner product between v,(6) and wo... 


plied to the z-electron system in the ground 
state of the benzene molecule. It has been 
shown that the correlation between electrons 
of opposite spin can be satisfactorily taken 
into account by using alternant orbitals which 
are more or less localized on alternate atoms 
in the molecule. The merit of this method 


is that one can obtain a good approximation 
to a complete solution in the frame of simple 
orbital description without resorting to a com- 
plicated C.I. calculation. We hope to apply 
the present method to other molecules as well 
as their excited states in order to see whether 
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it proves to be useful in these cases also. 
Comparison with a more complete solution 
will always be possible, when the result of 
C.J. is known. 

The most interesting application of the 
present method will be to metals or crystals, 
where the C.I. calculation is practically im- 
possible, since the selection of important 
configurations is difficult. Even in these cases, 
the alternant orbital method which involves 
only one variational parameter @ might im- 
prove the result obtained by the usual band 
approximation. 

Finally we express our sincere thanks to 
Prof. M. Kotani for his kind guidance, to 
Prof. P.-O. Lé6wdin for his valuable cor- 
respondences, and to members of Kotani 
Laboratory, especially to Mr. Y. Mizuno, for 
helpful discussions. 


Appendix: Method of Representation Ma- 
trix of Permutation Group 


It is well known that the spin functions of 
an 7 electron system with a definite multipli- 
city form bases of an irreducible representa- 
tion of the symmetric group ©,, and cor- 
respondingly on account of Pauli principle the 
spatial wave functions form bases of the 
irreducible representation which is  contra- 
gradient to the direct product of the irreducible 
representation formed by the spin functions 
and the totally antisymmetric representation!™. 
Let U(P)=||Us.(P)|| be the matrix of the re- 


Ud2)=(-1 
eee 
2 2 
eae 
aaa 
es Vs 
2 2 
7 3c 
Dat ae 


T. Iron and H. YOSHIZUMI 


(Vol. 10, 


presentation formed by the spatial wave 
functions for the permutation 


P=( 1 2 3 Sle (o)-sie' lets n ) 

PD; by Pea Pn 

Then the spatial wave function for this 
multiplicity is given by! 


Oy CSU Free 4s 
P 
PW°= dy (pi) b2( po): ++ Pn( fn), 


provided that the spatial wave function may 
be considered as constructed from a product 
P= d,(1)d(2)----dn(m) of orbital functions. 
It has been shown by Kotani that when 
permutation @ is applied to the electrons, the 


above wave functions transform with the 
matrix U(Q): 


OY x= > Uin(Q \P in . 


(14) 


(15) 


Thus the wave functions have the required 
transformation property. Furthermore, it has 
been shown that if @) is the same permuta- 
tion as Q applied to orbitals “3, transforms 
according to 


QV x= = U3n*(Q \P nx . (16) 


In our special case of benzene molecule, 
the orbital functions 4, 2, $3, du, Ys, Ye 
should be identified with oy, ¢11, 6-11, ¢on> 
bit, -111- The representation matrices 
U;(P) for the singlet state are explicity given 
in papers by R. Serber! and T. Yamanouchi?®, 
but it is convenient for the present purpose 
to take them in the following scheme: 


U(45)=(—1 
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BASS a4 U(46)=(—1 
ze 1 V3 
2 2 2 5 
13 1 % 
— 35 as V3 
a D) 2 
th yess. V3 1 
2 Z a at 
a ee VE 1 
2, 2 D) ese 
U23)=(—1 U(56)=(—1 
fi se 
1 == 
=i! 1 
1 1 
Ul4)=( 1 Dy oor 
3 pS 
uy 
3 
—1 
—1 
i 
Matrices for other transpositions and higher References 
order permutations can easily be obtained by 1) C. A. Coulson and I. Fischer: Phil. Mag. 40 
matrix multiplication. One can see that the (1949) 393. 
matrices in this scheme take the reduced 2) C. R. Mueller and H. Eyring: J. Chem. Phys. 
form for those permutations belonging to the 19 (1951) 1495. 
subgroup ©;x©;, and the five functions %j,, 3) C. R. Mueller: J. Chem. Phys. 19 (1951) 1498. 
Vox, Yor, Vax, and Ysx correspond to states 4) A. C. Hurley, J. Lennard-Jones and J. A. 
(a), (b), (e), (d), (c) of Pratt’s diagram, Fig. 2. Pople: Proc. Roy. Soc. A220 (1953) 446. 
a oe Ps 
Matrix elements of Hamiltonian can be cal. ° 4 pehmig Phys. Rev. 92 (1953) 1373. 
culated by the formula 6) P.-O. Léwdin: Symposium on Molecular 
Physics, Nikko, Japan (1953) 13. 
° Pe Craigancdelss GawiKOss mane 
Y P= Onn Dt UiKPIAP), {Oy Uy (Cp deere 1B) g 
| tee E89 oe a) Chem. Phys. 18 (1950) 1561; Private com- 
(17) ’ munication. 
HP)=|PU LV do, 8) C. A. Coulson and H. C. Longuett-Higgins: 
Proc. Roy. Soc. A192 (1947) 16. 
and normalization-nonorthogonality matrix can 9) W. Moffitt: J. Chem. Phys. 22 (1954) 320. 
be obtained by replacing / by unity; hence 10) G. W. Pratt, Jr.: Phys. Rev. 92 (1953) 278. 
the secular equation is given as follows: 11) P.-O. Léwdin: to be published. 
12) B. L. van der Waerden: Die gruppentheor- 
det | & U(P){H(P)—EA(P)}| ale (18) etische Methode in der Quantenmechanik, 
Leipzig (1932). 
(4p) =|Prerae) ; The energy corre- 18) M. Kotani and M. Siga: Proc. Phys. Math. 
: : ; f Soc. Japan 19 (1937) 471. 
sponding to the function ¥%,;, in which we are 14) R. Serber: J. Chem. Phys. 2 (1934) 697. 
particularly interested, is given by taking the 15) T. Yamanouchi: Proc. Phys. Math. Soc. 


lst row and column of this secular equation. 
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A method to obtain an expression of the intermolecular potential in- 


cluding internal coordinates is proposed. 
The calculation is carried out for 


be the sum of interatomic ones. 


The potential is assumed to 


CH,—CHy, interaction and the vibrational relaxation times for v4, vo and 


vy, have been calculated. 


It is shown that vy relaxation time corresponds 


to the value obtained by Eucken and Aybar and is the decisive one in 
the supersonic dispersion in accord with their experiment. 


$1. Introduction 


The energy transfer between translational 
and vibrational or rotational degrees of free- 
dom in molecular collision was treated quan- 
tum-mechanically or  semi-classically by 
Zener», Jackson and Mott», Takayanagi), 
Schwartz, Slawsky and Herzfeld, Massey 
and Burhop®, Widom and Bauer? and many 
others. Aroeste? also investigated the colli- 
sion between an atom and a plane polyatomic 
molecule limiting the motion in one plane. 
We intend to deal with the more general, 
though non-polar and chemically non-reactive, 
molecules. 

The intermolecular potential in arbitrary 
configuration is of primary importance for 
collision problems, but there is no investigation 
made on theoretically tirm ground except about 
that between hydrogen molecules®. In the 
case of polyatomic moiecules the matter is so 
complicated that we must be content with a 
considerable approximation. The method of 
obtaining the intermolecular potential as the 
sum of potentials between constituent atoms 
has often been used, e.g. by Atoji and Lips- 
comb”, Rowlinson™, Takayanagi®, Mizu- 
shima and Ohno, and others. Widom and 
Bauer® showed that the attractive potential 
played an important role with chemically re- 
active molecules, but when the molecules are 
non-reactive its contribution may be small. 
Schwartz and Herzfeld’ discussed this point 
and introduced into their calculation a term 
taking account of the attractive part, but we 
omit it here. 

It is the main aim of this paper to propose 
a method of treating more or less reasonably 


the normal coordinates of vibration in the 
collision between polyatomic molecules. 
Though the procedure may be very much 
simplified when the distance of closest ap- 
proach is comparatively large, we develop a 
rather intricate method for wider adaptation. 
This method may also serve for the calculation 
of the intermolecular potential when vibration 
does not matter. We select CH,-CHy, inter- 
action because on the one hand H-H interaction 
is known comparatively well and the repulsive 
potentials concerning carbon atoms may be 
neglected on account of their smallness, and 
because, on the other hand, we can compare 
the result with the experimental value ob- 
tained by Eucken and Aybar! and explain 
how the relaxation times for different normal 
vibrations are related to supersonic dispersion. 


§2. Interaction Potential and the Normal 
Coordinates of Vibration 


Let pis be the distance between two atoms 
and 7 @=1)2)2> Nit f= 1,23 cos 
z belonging to molecule (1) and atom jf to (2). 
We assume that the interaction potential Vi; 
between the two atoms is a function pi; only 
and the intermolecular potential W can be 
approximated by the sum of potentials between 
the atoms, i.e. 


W=3, Vis(os) « (ly 
We specify the positions of atoms z and j by 
the polar coordinates (7:0:%;) and (7j05%5) with 
origins at the centers of gravity O: and O, 
of respective molecules, z axis being the line 
O,0,, and put 
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COS wij=COS 8; cos 0; 


+sin 6; sin 6;cos(i—%3), (2) 
then we have 
Oi’ = 07+ 20(75 COS O5—7; COS B;) 
+77? +752—27i75 COS Wi; , (35) 


where 0 is the distance 0,0,. We may ac- 
cordingly expand V;;(0:;) with the surface 
harmonics of arguments (4:¢:) and (0;%;). If 
we consider the rotations: R:i=(0:%i¢;) and 
Rj=(0;¥5/3) specified by Eulerian angles (¢; 
and ¢; will be decided later on), the above 
surface harmonics can be regarded as the 
elements of representation matrices of these 
rotations. We denote the (h,k) element of 
the J/-th unitary irreducible representation 
matrix by Dy,.x.(R:) and put 


Yi,xn( Ri) = Di rx Ri)* , (4) 

then we have 
Yijxn(Ri)=exp (tkbitth?i)Pijen(Oi). (5) 
Pi,9x(8:) is related to Ferrers’ associated 


Legendre function by the following formula! 


(i—h)! 


Px or(6i) =(—)* U-4h)! PyeM(COSiG;)) | (C69) 
Thus we can expand V;; as 
Vis(0i5) = Vis 0) ) >, noe An 29) 
x Vi ,0x(Ri)Yi-,0-x( R35) ; Cr) 


where the coefficient Azz-,.(77) is a function 
of 7:;,7v; and p. We also write as 


= & Vis 0:3) 


Ori 
ii(0) » > Dra? tI) Vr,0x( Fei) Yi-,0- Rs) , 
(8) 


hh’ 
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with the similar expansion for 2 -Vislous) 
r 


If we denote the magnitude of a small dis- 
placement of atom 7 by |&;|, and the angle 
between this displacement and r; by a;, then 
we have a variation 

Oi( Au x ¥1,0x(F:)) 
= Dire nV r,0x( Ri)€i CoS ai + Arr ,xO( V1, 0x R:)). 

Let ¢ be the angle which the 2’2’ plane 
brought about by the rotation R; makes with 
the plane decided by the displacement vector 
and r;, then 0(Y7,o,) is a variation due to a 
rotation about y’ axis by an angle &; sinai/7%. 
Hence we have!) 

O(Y 1 on Fei) 
steer Pe 
=VIGED (Y,, Rd = Yi R)) 
a 
€; and a; can be expressed in terms of normal 
coordinates of vibration @, as 


| Qn 
vai Di Ey pag 


Qa 
TM Em 
where 7; is the normalization factor. 

If the orientation of molecule (1) as a whole 
is designated by the rotation R,, and that of 
atom z relative to this molecule by w;, FR; is 
the composite of w; and Ry and Yi,m<(R;) can 
be expressed as 


€; COS Ay = COS Ani , 


(9) 


€;sina;= = SIMA 


Yi ymk( Ie) = by Yi mn Mi) Ye, nz Fey) : (10) 


Using these eee we have the following 
equations, assuming that Vi;, 2: etc. do not 
depend on z and j as in the case in our ap- 
proximate treatment of CH,-CH, interaction, 


hh Qu 
+] ki’ (es \ly, nea) Ya ,nr—xe) » (11) 


where Q, and Q,- are the normal coordinates of molecules (1) and (2), m is the mass of 
each atom and § extends over all values of |h| 27, |h’'| ZIV, |k| 2 mind), 1=0 and lV’ =0. 
Coefficients are defined, if all 7,;’s are unity, as follows: 


, N Ap} 
PP Jena Yomlod)( Yor), 
i= gan 


i=0 


(12) 


N 
tes mm Divx (= Yi ,on( 2) COS & yi )+ Au, ae ae — ie) ee fae s ato} 


t=1 


(3 ¥vron(os)) (13) 


j= 
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§3. Case of Methane 


In the case of methane the intermolecular 
potential may be considered as the sum of H-H 
interactions because C-C and C-H interactions 
are small. We deal with the normal modes 
of vibration A(x), E(v2) and F’’(v,) neglecting 
F(v;). The structure of methane and its 
normal modes of vibration are well known™, 
and if the axis are taken as in Fig. 1 the 
angles defined in the previous section are 
easily calculated. They are given in Table I. 
Using these values we can calculate the 
coefficients in (12), (13), taking Ni as 4, as 
follows: 


4 
Dd Vi,ox(o:) =(14+(-F 14+) exp(—2"F' ) LP ol 8) } (14) 
i=1 


Table I. 
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| 51/4. | 


| 77/4 


| 31/4. | 
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Gee OT) Saunton ler] Ome ecoan 
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cos 9=1/V-3 


‘Man 
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<— 2 
Wishes 
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0 
0 
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COS Axi Y1,on(@1) = 


sin = V23 


4 
— i Y7,0n(o:) ; 


2a y} exp (i 


i sin arxnitYi, -un(@i)— Yi,1n (w:)} 


{14(—P}fexn (i ee ! exp (i 


(1+(—"}{f exp(s flee ad pe exp eae x) Poan(o) 


12 


3h+4 , 
—| exo (7 ig * )-(—exp (— 


ar gE ee —Y}exp (4 ee) exp ( 


eee ral A singn of cosay: | 
A | coSaa;z | Sin aa; | re ee 


) | & \erat | Fo! | Fol | 
A nlliess ola a iiss 


| 2 
PY £Vo6 IVs.) | > ot ei 
= — | | 4 | | 


HEP O)—Ps, aah, (Fa’) 


) —(—y1** exp (-1") | (Fi’) (15) 


(A) 

cal Pr 1n(6)—Py,-1n(0)} , (Ea) 
12 

e* ) Palo) t, (Er) 


(16) 
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1 Bip 
ee (1(-y9{[ exr(z a oe exp (-# cS eee 


5 
Ent a z \—( ay exp hts oF -n(0) } (Fy’) 


Get uss x )-(-) exp (ae =) |e, nl) | (F’) 


P;,41n(8) can be evaluated by (6) and recurrence formulae 
VIE+IP 1) + Pr, 1 9)} = VY T—R)T—R—DP 1-1, 08419) +7/ TERE LR—DP 1-1, 08-1) , 
VUE+ (Pr, —Pr, -14(9)} = —7/ T—R)\T—R—1) €08 OP 1-1 004109) 
+27/(I+R)T—R) Sin OP -1,0%(9) +71/ T+R)\T+R—1) 608 6 Pr-1,0%-1(8) . 


The values of the expressions in (14), (15) and (16) for 7=0, 1, 2, 3 are listed in Table II 
(zero values are omitted). I, II, and III correspond to (14), (15) and (16) respectively. 


Table II. 
A A | Ea Ey, Fy! - 14, F,! 
| Z| hk I nm | m) m | I foe att i I 1 
lolo} 4 ~4 | | 
AE ~4V2/3 | 4v2/3) 
gael | | +4/3 $4/3 |-=44/9 =| eaers 
| 0 AV all —-2V2 | | 
12 |4-1| | | i4/3 4/3 | #4/3 4/3 
+2) 2V5 | 14/3. Ea /3 | 
0 | 8V2/9|4V2/3 
+1 | | | +2V6/9| £V2/3 |-i2V6/9| -7V 2/3 
+2)+42V10/3 F12V10/3 
+3 | i +2Vi0/9 | # V10/3 |-é2Vi0/9 —4VI0/3 
| Je ——— ia — = 


§4. Repulsive Potential between Methane Molecules 


H-H repulsive potential may be expressed as V;;(0;;)=A exp (—ap.j). We use the values 
a=3.666(A-1), A=16x10-"(ery). We now calculate the coefficients Aw-,.,Du-,. in (7) and 
(8) for an appropriate values of 9, say oe, near the classical turning point when the temper- 
ature of gas is 382°K. If we adopt the values p,-=3.281(A), we have ape~12 and ar~ 4 
as the distance between C and H is known to be ™=7j=r=1.094(A). 

To calculate Dy-,. we make use of the equation 


0 
Or; 


where we write 0, 0’ and w instead of @;, 0; and w:; for the sake of briefness. If we put 


exp (—apij) =a exp (—apij)(api3)" (ap COS 0+ ar COS W—ATP) , (17) 


(apis)? =(a0)?—2ap-€ cos $+C? , 


we have 
€=ar{2(1—cos w)}/? , 


cos =(cos 6’ —cos 0){2(1—cos w)}-1/? , 
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and we may use the formulal® 


K,(ai5) =2T(v) ¥ 1 (M+y ) 8 —_ Cm™(cos #) 5 se ; 
(@0i3)” mal py: . 


where C,,” is a Gegenbauer’s function. By the relations 
Cy3/? (cos $)= Pm (cos ¥) , 
(2m—1)Cm-1/2 (cos ¢)=Pm-2 (cos $)—Pm (cos ¢) , 


we obtain from (18) 


exp (ais) _ 3 Kerala) Im+r(S) (99 1 1) Pp (cos $) , (19) 
pi m=0 (ap)? Cee 
= Gs 1/2\ (ap) LF pie 1/2(€) Km+3/2(@0) Im+s/a(8)\ p f ! 
= eS m (COS ) . 20) 
igs 5 oP) 315 (ap) HA So ae (ao)~ i co: A fe 


Expanding Im+1/2(€)€~™*1/2 as series of Legendre polynomials and inserting them in (19) and 
(20), we have (see App. I) 


exp (—ap13)\(aors)-! =exp (—ap) | S° bnmPn (COS w){2(1—cos w)}”/?Pm (cos ¥) , (21) 
m=0 n=0 
exp (—aoij)=exp (—ae) a Ss GnmPn (cos w){2(1—cos w)}”/2Pm (cos #) , (22) 


(1—cos w) exp (—a@pi5)(api3)-!'=exp (—ap) > Sy CnmPn (cos w){2(1—cos w)}"/?Pm (cos #) . (23) 


at n= 
We may also use the expansion (see App. II) 
{2(1—cos w)}"/?Px (cos ©) = SS pir yx(mm) V1, 0%(OP) Yr 0 -x(0’G’) . (24) 
U’k 


If we expand (21), (22) and (23) in series of Yr,ox(0%)Yv-.9-x(0’%’) the coefficients are obtained 
by (24) as 
Ag Anm Pu? (nm) , 


nim 


Bur x= 2 Onm Pur ,x(2) ; (25) 
Cur, b= 2 Crm Pu’ ,k (mm) , 


Using (17) and recurrence formula 


(214-1) cos 6 P,o:(8) 20 — n+1)/ free elips ox(0)-+ C+ By /TEE Py. ‘-atOY. 
we obtain 


jg Div=aol Vea - By-1 Tea Bisi,1 xt arCu’,x . (26) 


In the collision problem we may use the values of coefficients An-,, and Dy-., for p=Pee 
These are calculated by the help of Tables in Appendices, and some of them are listed in 
Table III. Finally we obtain the coefficients in (11) by (12) and (13) using the values in 
Tables II and III, and list them in Table IV. The values for k=1,2,3 are omitted because 
they are less important. The contributions from the terms for J,/’ >> 3 may amount to about 
10 percent, when averaged, as is shown below; but are neglected in the above calculation. 

When we consider the transitions in vibrational states disregarding the rotational transi- 


tions we may use the root-mean-square of the coefficients averaged over the angle variables 
in the sense that 
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Table IV. Table III. 
I 0 [eK AwotK Dupe aK 
= j! | 
T | 
I 0 3 0 3 0 3 
| ) | 
anes 0 re 0 5.99 | -10.38 | 3.50 | — 5.31 
l 
| 1 14.08 | ~26.67 | 9.48 | —21,55 
0 0 96 £87.54 2 14.73 | =81,00) | 1292 «loaesom 
3 Ly 487.5% 119 3 10:38: ).—26,.83., |. 10.08), lua ooRsom 
i oe vs a ) K=exp (2ar)/4ap(ar)?=3. 881. 
2 [hh , 
a 04 |eaKk 
A A E, E, | F,! F,! F;! 
| | 0 Serif Oaly 0 | 3 Cali @ 0 3 Oy jaune 
mei | 0 | +2 |o0| +2 Oe ee 0 42 O° (eee O° aS 
| \ | | | = = 
0 0 | -25.0 | £20.08) | | | | 
ee | | ~20.1 | +26.5%| 
+1 | | |+14.2) -18.74| —14.2¢| $18.7 
| | 1 } 
| 0 37.3 £41.3i|-18.6| +20.7:| | | 
| | 
Past (32.91 +40.5 | $37.9) 40.5% 
+2 22.8| £25.34 | $37.91) —40.5 | | | 
| | ! } if 
Pa oe | | 31.4 | 47.9% | 
Alea | | | | | £13.6 —20.7¢ ~13.6i) £20.7 
|+2 | 38.74| —60.3 | | | | | | | 
|#3 | ; | (F17.6 26.81) —17.6i| $26.8 
Table V. 
[(C/AK ey, - 10-2}? ; 
SP Ae ere ee Ta se Er cx10-2 | 
| | | 
| k 0 if | Y | 3 Ak 
A | | 
60 1.473 | 0.006 | 0.040 0.000 | 1.519 
ae 0.12342 | 0.001a® 0, 004a D 0.12802 
| 2 
ge ore 0.032a2 | 0.00142 0.0000? ” | 0.033a2 
F'av,c | 0.104? | 0.003a? 0.00602 ” | 0.11302 
[Yiam(RP era (R\AR [la (1/27+ 1)010-OkK7Omm? . 
In this case we have 
W=Cexp (—ap)\1+ Se.Q@a/Vm + ex @x-/Vm) ; (27) 
2 Vv 
where 
1 hh’ , |? 2? 
Calg atoll 1)" 
ive (20+1) (2 +1)||_ fl 


C= py Crk » 
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hh’ ane 
Ke ba | : 


. (A=0 corresponds to constant term, and ¢ 9;=Co=1.) 


oe Cie Oat ae 
The values are shown in Table V 


§5. Relaxation Times 

We now proceed to the collision in which the energy transfer between the vibrational and 
the translational degrees of freedom occurs. We assume that the rotation of molecules 
plays no role in this energy exchange; this implies that the angles specifying the orientation 
of molecules in the potential function may be regarded as constants. 

We begin with the one-dimensional treatment. We use the intermolecular potential given 
in (27). Eigenfunctions of the molecular vibration can be expressed as 


LypLyp: == IT Zr Qr) Zr v(Qa-) , 


with the harmonic oscillator eigenfunction Zap and Zy-p-, p and p’ being the total vibrational | 
quantum numbers of respective normal modes of vibration. Expanding the wave function 
of the colliding system as 


P= I DP ,x)\ZvZp- , 


pp’ 


we have the Schroedinger equation, in the center of mass system, 


& Zod =“ R2 & W) a. 90" 2)=0 ; (28) 


pam (As): 


where Ey and £,, are the energies of vibration of respective molecules and M is the reduced 
mass of the system. 

Now we suppose that before collision the molecule (1) is in the first excited state of defi- 
nite normal mode of vibration, say three-fold degenerate vibration F’, the molecule (2) being 
i the ground state and after collision both are in the ground state. Then from (28) we 
lave 


da? a 
. +o? — ~~ W( Pobo' |Pobo’ | IPoPo =o MW by bo! | Db’ \o( Pbo') , 


= (29) 
[ga TOE Wen bea) | po) = "Wb tabu bode) 
where 
hy?= ee ee DN oro 2. ie NE (E-By—Ewy) , 
W( bo bo'| Phu’ )=Cexp (—az) > eee >: (1ze|Qa}000) | 
= Oe ins ts al. 


The matrix element for degenerate vibration F,’(s=a,b,c) is as follows!™): 


| & (\de1Qx]000)°-= 


By the well known Jackson and Mott solution, we obtain the transition probability per 
collision . 
poo FEM ( > cx) —Sinh age sinh zg 
hatm A=F’ (cosh zq@o—cosh‘zq) ’ 
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2Ry 2k 
bon ‘ 


do= q= 
a 


The relaxation time 8c) for v,-vibration is given by 


1 PANE xe if Dagatsd l WE a 
ce a p( M ) Ge es (30) 


where 


and D is the collision diameter. 

As no rigorous treatment can be performed in the three-dimensional case, we use quite 
the same procedure as developed by Schwartz and Herzfeld™. The difference lies in that 
whereas they employed a term taking account of the attraction we neglect the attractive 
potential because it may not contribute much. 

Inelastic cross section is given by 


) 2 


Mv, 
ores . 
v 


== Sk: J ~ Lo j1>0 ees 
Qeo=["F, S @i+bwstexn (YE 


Ro 


We replace the sum over 7 by an integral and changing the variable vy to wm by the relation 
Uy? =U)" —h? j(7 +1)/(M" 0.7), obtain 


27° Mp2 v4 » (* sinh zq sinh zq Mov, 
=a mabe He de : = Vpdvo , 
Ow hatmnT ore \ (cosh zg )— cosh zq)* ia ( AgIE ey a 


where we write again vp instead of mw as an integration variable. In this case also we can 
evaluate the integral by the method of steepest descent with the result 


Integral =z1/? exp (f (Up*))(—3 fF’ (Up*))- 1/72 U 9% , 


where 


Mov, 477M 
falsira aa A oe (Yo) » 


v Gaeta x ie srs beceirag mae 
res aM 2M aM 


The relaxation time is given by 


1 _2N(2«eT\" 


Bc2) and 8a) can be obtained in a similar way. 

With the values M=1.338 x 10-73 (g), »,=1306 (cm-!), T=382°K, p=latm., a=3.666 (A~}), 
v=1.094(A) and D=3.8(A) (estimated from the zero of the mean intermolecular potential) 
we obtain the relaxation time for »,-vibration 


from (30) Bay=3-45610-*(sec) ; 
from (31) Ganon Ome(SeC)r 


Using the matrix element of two-fold degenerate vibration, we get the corresponding values 
for v»-vibration 
Bay=2.4x10-4 (sec),  Bc2y=6.7x 10-3 ec) . 


The relaxation time for non-degenerate vi-vibration is much larger, 
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When there are more than one normal modes of vibration, it is a matter of interest whe- 
ther the translational energy exchanges itself with the vibrational energy of one mode or 
with those of two or more modes in parallel. Schaefer! discussed this point and showed 
that it was difficult from the mere dispersion data to decide which is the case. He gave 
the following equation for supersonic velocity “, when two vibrational modes were deacti- 
vated in parallel; 


es - 32 
wat Eo eel (32) 
TT ey Cs2 (Wie CsBio | Cs2B20 
De Gat 14-820? 14+ B20?’ 1+ B20? 14+ 8?w0?’ 


where #; and f, are relaxation times, Cs: and cs: the molar heats of vibration, cy) the sum 
of translational and rotational heats, p the density and w the circular frequency of sound. 
Eucken and Aybar™ performed many accurate experiments and obtained for methane gas 
at 382°K, latm., @=8.4x10-7(sec) with sound frequency w/2x=6.04x10° (sec“1). They 
inferred that the translational energy might not be transferred to more than one modes of 
vibration in parallel. 


As Bay and Bc) are out of the question, we use Bj.) and Be) as two relaxation times in. 


(32) with the sound frequency above. It is clear that », vibration is quite negligible and 
the velocity dispersion depends effectively on one relaxation time in accordance with the 


view of Eucken and Aybar. a) should be compared with experimental value B. 


$6. Discussion 

We developed a method of calculating the intermolecular potential including the internal 
coordinates of vibration assuming that it is a sum of interatomic potentials. This sort of 
assumptions seems to be inevitable in the present situation. According to our calculation 
the mean intermolecular potential is given by A[*o]exp(—ap), which has the value 
3.6x10-“ (erg) for a=3.666(A71), A=16x10-" (erg) (H-H interaction) and ,.=3.281(A), 
while the Leanard-Jones potential? gives 3.0x10-!% (erg) and the exponential-inverse-six- 
power potential’) gives 2.8x107'*(erg). When the distance of closest approach is large, the 
potential including normal coordinates can be calculated much more simply, but such is 
not our case. When the constituent atoms are not alike the calculation becomes more 
complicated though not impossible. In calculating the relaxation times the three-dimensional 
treatment is, of course, superior in principle, but in regard to the method of approximation 
it is not easy to decide which should be the better. The result may be thought to be rather 
good in view of the assumptions made. 


Appendix I 


We use the expansion 


Tmsip2(€) _ Ss Bhapal Orn (cos w) ’ (A.1) 


LOE. = 


2n+1 | Im+1j2(€) 


m= em 1/2 Px(cos w)d(cos ) . 
-1 


2 
By the relation!” 


Gas | Inv =(—)Marp( d ) Im+v(E) = (—)i(qpyetners €O) 


Ge +y COKE cm +y¥ GE +yuté Z 
we have 
2) +1 us if j (—)"**Tin 1/3—e— (2ar) 1 
hig ES Ae) = ae ee eee 
we 2 i= (ar)t+? P ay (Zar)™*1/2-t-1 ane Ge | ; (A.2) 
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where 


Pa (—1)=(—)Paf (1) =(—) 
—Z)'g126 


If we put 
Kin+1/2(@0)= Ff m41/2(ap) Ki /x(ao) ; 


we have from (19), (21) and (A.1) 


Dum =(2m+ Nar" Fnerialapy/ = Anim ys (A.3) 
and from (20), (21) and (22) 
1 2 n+1 
nm — (oe, m— _ nr mMm+1l7_ msm M+ m+ 
- =aor} a? +5 aon Ley Ee nmr )p Ce 
n nm+1 

RN —— Bn m Bn ae M+1,M 4 . 

¥ 2n—1 - ' 2n+3 oes oe 


Thus we can calculate all the values @pm, Dam, Gam aNd Cam, among which we list dan 
in Table VI. 


Table VI. 


an my) zor 


m | | | | 
0 1 aw 2 esl 4 5 6 
7 | | | 
0 5.9912 gery || MORt7E2- |" Acai87 3.0125 | 1.5236 0.7115 
1 ~9.0283 | -12.965 8.9246 | —5.1547 | —2.4934 | —1.1067 | ~0.4423 
2 4.0628 4.7705 | - 3.0235 1.3355 | | | 
3 0.5764 | -0.8273 | | | | 


Appendix II 
We use the expansion in series of associated Legendre function 


Pn (cos o){2(1—cos w)}"/*Pm(cos Y)= > SS Qu ,(nm)P,* (cos @)Pi-* (cos 9’) cos k? . 
1,170 mincl,l/ >k>0 (A 6) 


By (24) and (6) we have 
Du on™) =Quro(7) , 


Burs(nm)= 5 Cre a nem), (<0). (A.7) 


Using the relation 
(27+1) cos wP;* (cos w)=(1—R+1)Pi+1* (cos w)+(J+R)P1_1* (cos w) , 


we obtain the recurrence formula 


2m—1(l—k Z+k+1 
Qu ,x(nm) = oe pe eee -117,k(N, M— Nt 943 Qi+117,n(m, m—1) 
lk V+k+1 ) 
CLE ie EN eg 
or] Qu -1,n(2,m—1) OV 43 — Gitrs1,x(2, 91—1) f 


= 1 Z 
odd ao. aie ale, m— 2Z)— 9, a dit’, «u+l, i — 2) = ont qi’, “(m— ily m—2)} ° (A.8) 


bo 
raat 
'o.<) 


Thus we can calculate the values of pi-,x(nm2). 
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Table VII. (pi5,o=(— )"Pit,0) 
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| m | 7 | l | 2 |e a m™ | Hae! | 
| | 3 . | I | 
| | 
c/o coven 1 op Vg a 1/5 4 0) 4] 9| 1 | 
| I ete Sao re Beane ie 
1S psa le — ae al | 2| 2 6 
id me B|4+-2 | = 20/49 An os igeil 2s 
| 2 ie Wd eee 36) 49 {| 4). 2.) ==20721 
| 3) 3) 3 1 si 35 8/15 40) 243 
is Paar’, <2: 2 | 9/35 o1'3) 6.5 
| plo) = 6/49 3) 1! 128/45 
4 EE OR) Ss ier dices ih a 2) 2) es2i7 
2/4 Ds yi cl es’ Nabe ie et) 
ice alge a a eee S loon hl ears 
a ee) ts = auling 10 
i! 
ales 3/5 Alt) aie fied SE 
aa | aay, ce iat J aces # VP alt renee ‘pea 
| 3 2) — 3/7 us | ei 2.85 
| | 3 4/7 Peon ih 57/35 | 3| 2) — 6.43 
}2 | O| 2) 0 1 2 |) | Silleesl eigen wileg | o| 4| 2 15 
| Dee Lilia ae 4| 1| ~36/35 | 3 | o3) 320 
ae leas 8 |2| 9 20h pia eats 
| 2) 2) — 2/3 alts ge | | 3. aases 
2 VE On) azo 2a] Alas pap? J aes 
| ae 3 7 | 0| 4] 3) =35 
Eee a{° 3) 4) 3) e2ire a a : 
| |2l 4) 2| 1 4|1| 36/49 1 | 4'\(ias|) Beet 
| SUE 30). 2 12 3] 2| 44/105 
| 2d 825 S| 0 | pe d77 
n—k)! 
qu ,o(2,0)=0r1-n, 0720 , qu ,x(7,0)=2 cee pyoenteon : Ce (A.9) 


omitted) in Table VII. 
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On a Sodium Nitrate Polarization Prism and a Polarization 


Plate of a Scattering Type 


By Tasaburé YAMAGUTI 
Physical Institute, College of Arts and Sciences, Chiba University 
(Read April 2, 1952; Received Octover 26, 1954) 


Two types of polarizers are constructed, one being the “total reflection 
type” similar to the Feussner prism and the other is the “scattering 
type”, in which the principle of Christiansen filter holding for the polariza- 
tion. The former is made of a thin single crystal of sodium nitrate 
grown between two prisms of SK%5 glass or two glass plates which are 
cemented to two prisms of the same kind of glass by Canada balsam. 
No use of organic binders to attach the crystal to the glass remarkably 
simplifies the manufacturing process as well as protection of the polarizers 
from deteriorations due to the deliquenscence of the crystal. 

The polarizer of the “scattering type” is constructed by binding directly 
two roughly ground surfaces of SK®5 glass plates with a thin single 
crystal of sodium nitrate. As SK5 glass has the same refractive index 
with that of ordinary ray in sodium nitrate, and the orientation of the 
optical axis of the crystal is so chosen that it lies in the plane of the 
glass plate, the extraordinary ray is scattered at the boundaries between 
the crystal and glass, and only the ordinary ray proceeds in the direc- 


tion of the incident light, when the natural light is incident upon it. 


Sale 

A polarizer of the total reflection type made 
of sodium nitrate was first made by Feussner 
early in 1884. Although large single crystals 
of sodium nitrate are easily obtainable nowa- 
days, there still remains some technical dif- 
ficulties in the manufacture of polarizer due 
to the deliquescence and softness of the crys- 
tal. One of aims of the present work is to 
remove these difficulties. 

For this purpose, the author made a _ polar- 
izer by the use of a very thin single crystal 
grown between two prisms or plates of SK5 
glass, making use of the fact that the axis 
of the single crystal of sodium nitrate grown 
on mica sheet has a definite orientation”). 
The plates are further cemented to prisms of 
the same kind of glass with Canada balsam 
to form the polarizer. Thus we can obtain 
the polarizers without polishing the crystal 
and without using any organic binder to bind 
the crystal to the glass, hence we can protect 
them easily from the deliquescence by the use 
of some suitable coating materials. 

The second type we have made is so called 
“scattering type”, as it acts as a polarizer 
by an effect of the scattering of light at the 
rough surface of a thin single crystal of sodium 
nitrate grown between ground surface of SK5 


Introduction 


glass plates. 


§2. Methods of the Production and 
Characteristics of the Polarizers 


By utilizing the fact that the single crystal 
of sodium nitrate grows on a mica sheet 
keeping its optical axis parallel to the normal 
of the sheet, we can obtain glass plates be- 
tween which a single crystal of desired axis 
orientation being developed. That is, the orienta- 
tion of the axis can be determined by cooling 
the melt of sodium nitrate containing the glass 
plates and a mica sheet gradually from the 
side of the mica sheet, the former were placed 
on the latter making a definite angle with it. 
For the present purpose, however, it is pre- 
ferable to place the glass plates on the mica 
sheet so that the optical axis becomes parallel 
to the plate surface. 


a) The polarization prism*®». After re- 
moval of bubbles in the melt of sodium 
nitrate, glass plates of 32x10x1.3 mm were 
placed on the mica sheet keeping their sur- 
faces parallel to the normal of the sheet. 
The plates then so pressed by a spring as to 
hold a very narrow gaps filled with the melt 
between them. When the temperature of the 
melt reached to about 370°C, the melt was 
cooled slowly from the mica side untill the 
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gaps between the plates are filled with the 
crystal. Methods of removal of the crystal 
from the vessel and of annealings of the 
crystal are the same as described in the pre- 
vious paper®. The plates then cleaved to 
form pairs of the plates connected with the 
thin single crystal. The optical axis of the 
crystal lies in the plane of the glass surface 
and is parallel to one of the edges, which 
was at right angles to the mica sheet when 
the crystal had grown. Each pair of the 
plates thus made was cemented with Canada 
balsam to two prisms of the glass of the 
angle of 23° as is shown in Fig. 1, which is 
a schematic diagram of the completed polar- 
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Fig. 1. The polarizer of the total reflection type. 
a: SK5 glass, b: Canada balsam, c: single cry- 
stal of sodium nitrate, d: optical axis, and 6: 
the angle of the glass prism. 


esd 
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Fig. 2. The polarization plate of the scattering 
type. 
a: SK5 glass plates, c: single crystal of sodium 
nitrate, d: optical axis. 


izer. Size of the polarizer is 10x12mm in the 
entrance face of the light and 35mm in the 
length. This polarization prism can be made 
also by direct growth of the thin single crystal 
in a narrow space between two glass prisms 
instead of the two plates. However, the 
polarizer made in such a way is apt to have 
strains and in consequence polarization is not 
always perfect. 

The refractive indices w and & of sodium 
nitrate for the ordinary and the extraordinary 
ray are 1.5854 and 1.3369 respectively, while 
the index 7 of SKS glass is 1.5889. Calcula- 
tion shows that the largest angle of refraction 
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of the plane polarized light at the exit face 
of the present polarization prism is 15°36’ in 
the plane normal to the optical axis. Thus, 
the field of view of the present polarizer is 
as large as 31°, even when we limit the field 
symmetrically to the normal of the entrance 
face of the polarizer. 

b) The polarizer of the scattering type». 
Each one of the surfaces of plates of 35x35 
x1.4mm SK5 glass were ground by using 
carborundum of #400 to make it a rough sur- 
face. Then the plates are so placed in the 
melt as each roughly ground surface faces 
each other and at the same time they are 
perpendicular to the mica sheet. Then, by 
the same method as described before, we can 
made the “scattering type” polarizer made 
of two glass plates and a very thin single 
crystal grown between their ground surfaces. 
Fig. 2 shows a schematic representation of 
it, the optical axis of which is parallel to one 
of its edges. 

Due to the facts that the contact surfaces 
of the glass and the crystal are rough, and 
m is nearly equal to w, whereas it deviates 
remarkablly from &, one of the component of 
the incident ray, vibrating in the principal 
plane, is scattered at the surface, while the 
other component passes through the surface 
without scattering, thus the plate acts as 
polarizer. 

The reason why the type, in which the 
crystal is sandwiched between two roughly 
ground surfaces, is selected lies in the fact 
that it strengthen the binding force of the 
plates by the crystal as well as it gives the 
same degree of polarization whatever the 
direction of the incident light may be. How- 
ever, as the result of investigation with a 
polarizer in which the crystal is grown be- 
tween two surfaces, one of which is roughly 
ground and the other is polished, it was 
known that there is no difference with respect 
to the direction of the incident rays. This 
shows that the polarization effect is due to 
the scattering or the refraction at the bound- 
ary surfaces between the rough glass and the 
crystal: the same effect with that of the 
Christiansen filter, and is not due to the total 
reflection at minute planes composing the 
boundary. 

Fig. 3 shows a photograph of a section 
paper lying 3 cm below a glass plate, on which 
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The present polarization plate is superior to 
ones of the old absorption type, as the former 
is highly transparent to all colours. Therefore, 
if we use it, for example, to see stereopictures 
of the natural colours, the pictures are seen 
to be very light and natural. 

In conclusion the author’s thanks are due 
to the Educational Department for financial 
support, to Mr. I. Makino of the Hitachi 
Works for his assistance and also to Mr. T. 
Wakabayashi for his advices. 


References 


DKS Beussnerna 27 te Instrk. 41884) ee 
2) T. Yamaguti: J. Phys. Soc. Japan 7 (1952) 
Ws 


3) T. Yamaguti: Japanese Government patent No. 
Fig. 3. Sights through the polarization plates: 203619. 


A single plate and two plates overlapped in the 4) T. Yamaguti: J. Phys. Soc. Japan 7 (1952) 
parallel positions are transparent, ones in 113; J. College. Art. Sci. Chiba Univ. 1 (1952) 


the crossed positions being not transparent. Ie \(iaslapancsey 
many polarization plates of this type are put 5) T. Yamaguti: Japanese Government patent No. 
; ae ASLAN, 
in the crossed or parallel positions. We can 
see from the photograph that the functions 
of the polarization plates are satisfactory. 
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The Flow due to Impulsive Motion of a Wedge and its 
Similarity to the Diffraction of Shock Waves 


By Akira SAKURAI 
Tokyo Hlectrical Engineering College 


(Received October 18, 1954) 


After some general discussion, an analysis is performed to clarify the 
non-uniform region of the air flow caused by impulsive motion of a 
wedge with small vertex angle. It is shown that the present problem is 
quite similar to the well-known problem of the interaction of a shock 
wave and the wedge. By use of this similarity, some cases of wedges 
having not small vertex angles are discussed. 


81. Introduction moves impulsively from rest at a finite and 
When a body is suddenly set in motion a Constant velocity uy (Fig. 1). 

transient flow occurs in the surrounding air At any instant 7, we may always have a 

and this flow brings about a reaction on the ‘egion where the effect of the apex O has not 

body yet reached, since the propagation velocity of 


As one of the most typical and simplest case 4 disturbance is finite. In this region, each 
of the problem, we shall consider the flow of of the flows generated by the two walls of 
gas generated by an infinite wedge which the wedge is simple and equivalent to the 
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flow which would be generated when an in- 
finite plane rigid wall moves obliquely, as 
shown in Fig. 2 for the case of the upper 
surface, 


reflected shock 


of 
/ 
A 


Ussind pe 


. 7 
Ussin 3, ie 


Bigs 33: 


This flow is the same as that due toa wall 
moving normal to the surface at a constant 
velocity 2 sin d;, since the motion of the wall 
parallel to its surface has no influence on the 
air. Further, when observed from the wall, 
the state of affairs is equivalent to the case 
of the reflection of a plane shock wave on the 
wall, more precisely, to that of a progressive 
plane shock front which is followed by the 
gas with the velocity w)sin 6; behind it and 
is reflected as shown in Fig. 3. The gas be- 
tween the wall and the shock front is at rest 
and the propagation velocity U, of the re- 
flected shock front is given by the relations») 


(U,—u sin 61)? +(1/2)(7 + L)aty sin 6, 
(ih ha es) ci) 


Ui—u, sin <0 , 


where ¢) is the sound velocity of undisturbed 


and 
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region and 7 is the ratio of the specific heats. 
Similar relations hold for the lower surface. 
Moreover, the pressures ~; and jf. in the 
region between the shock wave and the wall 
are obtained from the relations: 
Dir ai ( U;—uy sin * ieee Gen 
ey aril Co poe ll 


(2) 


Accordingly, if we observe the phenomenon 
from the coordinate system O-XY fixed to 
the wedge (Fig. 1), it will be seen that in the 
regions at appropriate distances from the apex 
O two plane shock waves parallel to the walls 
of the wedge are propagating with velocity 
U, and U, respectively and the gas between 
the shock wave and the wall flows parallel 
to the wall with the uniform velocity wu, cos 01 
for the upper and w,cosd,. for the lower 
surface respectively. 

Then, how are the circumstances in the 
region of flow field affected by the motion of 
the apex O? To clarify it we shall first con- 
sider, in §2, the simple case of a wedge with 
small vertex angle and find that the problem 
is quite similar to the well-known discussion 
on the interaction between a plane shock 
wave and a wedge”). Using this similarity, 
we shall give, in §3, some discussions for 
the case in which 0; and 6, are not so small. 

It is to be remarked here that the transient 
flow of our present problem has the nature 
of pseudo-stationariness and hence the flow 
field is represented by two independent vari- 
ables X/t and Y/z. 

Lastly, it should be added that the case 
M>1; 01, d:<1 has already been considered 
by Strang® with the aid of a method which 
is quite different from ours. 


$2. The Case of a Wedge with Small 
Vertex Angle 


Since the disturbance generated by the 
wedge is small in this case, the entire flow field 
is represented by the linearized equation and 
the shock front can be treated as a sound 
wave; in particular the deviation of pressure 
p from the undisturbed one f, is determined 
by the wave equation as: 


OP ao La OD 
ee ree ae ae 
where X’, Y’ are coordinates fixed to the 


space and initially coincident with X, Y, 
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namely, 
DE OC RTE 
According to the remark in 
a function of X/t and Y/t: 


Ws 
§1, Dp’ must be 
thus we put 


xX) Cob ==, Y’/(eot)=Y; P'/(Copowto)=p. (4) 
Hence we have from (3) 
e Op yo? 
i) — 2x 
Silo a: oH Y 53 
= (2 vee (5) 
If # has been snes. 0 from (5), the 


velocity field can be obtained by any two of 
the following equations; 


Op _ Op _ Ou 2 
Oz Oy Ox «(Oy ’ 
Ou Ou Op 
” az Pe a5 Ox’ 
Ov Ov Op 
See Gy By (9) 


where (uw, wv) are (X’, Y’) components of 
velocity». In this coordinate system the apex 
O corresponds to z= —2m/q=—M, y=0. 

Equation (5) is exactly the same as the so- 
called conical flow equation of Busemann. At 
first, we must distinguish between the two 
cases of M<.1 and M>1 corresponding to 
subsonic and supersonic velocities of the 
wedge. 

In the case M< 1, the apex O is situated in 
the bounding circle 2?+y’=1 (Fig. 4 a) and 
the region affected by the apex O is confined 
in the circle. On the assumption that 0<1 
(where for simplicity we assume 6,;=0.=0), 
the shock wave propagating from the wall of 
the wedge mentioned in §1 is now reduced 
to a sound wave Sy and the pressure # behind 
the wave is given by (1) and (2). From (1), 
we have 

U,—m sin 65=C+{(7 +1)/4} 0 . 
Inserting this into (2) gives 
p=o. re) 

Further, » has a singularity at the apex O, 
because of the fact that the vertical com- 
ponent of velocity vw along the x-axis jumps 
from O to +6 there. In view of the third 
equation of (6), # must satisfy the relation: 

lim vor LT een dy (8) 
yete) artes OY 


where c is an arbitrary positive small constant. 
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In the case of M>1, on the other hand, 
the apex O falls outside the circle (Fig. 4 b) 
and the region affected by it now extends up 
to the Mach wave mm, but, in the domain 
bounded by m and the circle, the state is 


g 
A 
S 
ae 
a 
/ 
/ 
8 2 
O > 
-M 
Coy Ani 
Fig. 4. 


uniform and the pressure p is readily given 
as: 
p=M(M?—1)-176 . (9) 
To determine the flow field in the circle 2?+ 
y=1, we introduce &, 7 in place of 2, y by 
the Busemann transformation as: 
pte 
=(1-/f1—P)/r . 
Then, equation (5) is reduced to the Laplace 
equation: 


Op aoa 


0&? 
The condition (8) ie the case of M<i1 is 
now transformed into 
fore Op Mo 

iim | oy = aye 
where &=—(1—-1/1—M2)/M corresponds to 
the apex 7=—M. 

Accordingly, our present problem is reduced 
to that of finding a harmonic function which 
takes on the given value on the unit circle. 


(11) 


(12) 
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and moreover, in the case of M<l, a given 
singularity (12) at the point (&),0). These 
conditions are shown in Fig. 5. 

The solution p in the case of M>1 is the 
sum of two harmonic functions p, and p~. (fi 
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—~ aa . sat 
=dson AC’A’ andOon ACA’; p,= M(M?—1)-¥/ 
aa Yaa 
x6 on BCB’ and O on BC’P’) or, 
p=p).tb.. (M>]1). (13) 
p, and p. are readily found as: 
Pe Bis ae _ 


yes 


where €=£+2y and fz, x correspond to B, 
B’ respectively, 
€_ =—1/M+4+2(1—1/M?)'!” , 
f9-=—1/M—i(1—-1/M?)'” . (16) 
The solution » for M<1 can be obtained 
as the sum of p, as given by (14), anda cer- 
tain harmonic function ~; which has a sin- 
gularity (12) at €=& and vanishes on the 
circle, thus 
p=phitbs (M<l). (17) 
To determine p;, we first consider a function 
which satisfies (12) near €=&€: 
(6/7) MLV) og (Cae 
Then, 3; can be easily constructed by the 
method of images. Thus 


(18) 


Now, the following formulae can be readily 
verified: 


lim f.=lim py=Re| | : eo F 


M341 eeat 71 eee 

lim p eae 1 (Dit be J=fit+lim p.=d (19) 
M-— 00 M-> 00 

lim Loa, : 

M0 


By using (14)-(19), the pressure distributions 
p/o along the surface of the wedge have been 
computed, for various Mach numbers M, and 
the result is shown in Fig. 6. 

We shall now compare Fig. 4 with Fig. 7 
which shows the well-known configuration oc- 
curring when a plane shock wave is diffracted 
by a thin wedge; it will be seen that there 
is some similarity between them, especially 
in the region affected by the apex O. More- 
over, comparing Fig. 6 with the corresponding 
ones in the previous works on the diffraction 
of shock waves®*), we shall also find the 
similarity. 

This similarity is not merely apparent, but 
is due to the fact that our present problem 
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Fig. 


is essentially concerned with the interaction 
between the wedge and a shock wave which 
has the same form as the wedge and initially 
approaches the wedge as shown in Fig. 8 
(such a shock wave is of course fictitious). 

Accordingly, discussions on our problem 
proceed almost parallel to that of the diffrac- 
tion of a shock wave. Moreover, using this 
similarity, we may estimate the effect of im- 
pulsive motion of a wedge on the surrounding 
air by means of the experiment of interaction 
of a shock wave and a wedge, although it is 
not quantitatively equivalent. For, the pre- 
sence of shock wave TW in the circle in Fig. 
7 whould give rise some effects on the flow 
field. 


§3. The Case of a Wedge having not 
Small Vertex Angle 


We have seen in §2 that two different con- 

figurations appear according as M<il or 
M>1 as shown in Fig. 4, namely, the dis- 
turbance from the apex O is advancing to the 
front for M<1, while receding along the 
wall for M>1. The same result will hold 
for the present case of a wedge having not 
small vertex angle, except that the character- 
istic value is not M in this case. As shown 
in Fig. 9, if 6, and 6, are larger than the 
critical shock detachment angle 6) for a given 
M, we may have a shock wave s propagating 
from the apex O to the front; on the other 
hand, for 6:1, 62 smaller than 6), we may 
have an attached shock wave s’ and a curved 
shock waves”. 
In the region behind s’ the state will be uni- 
form, at least near the apex O. Behind a 
border line AC’, the state is uniform as men- 
tioned in §1. 

It is in general difficult to determine the 
non-uniform field in the region (II) together 
with the form of its boundary, but we have 
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Fig. 8. 


( b) Ou O2<00 
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some tractable special cases. In the following 
subsections (A), (B) and (C), we shall consider 
these cases. 

(A) The case: M<1 

In this case, the problem is reduced to the 
acoustic theory and the solution is well known 
and almost the same as that in §2. But it 
is interesting for us to compare it with the 
corresponding problem on the diffraction of a 
very weak shock around a wedge” and to 
find that there also exists the similarity be- 
tween them which was discussed above. Their 
configurations are shown in Fig. 10. 

Shock waves sy and s in Fig. 9a are now 
sound waves and s isa part of the circle with 
center at O. The deviation of pressure ~’ from 
py which is assumed to be small and satisfied by 
the wave equation takes the values +r)M 


* We are not concerned here with the cases: 


O1<00, d2<d0; etc. 


ae 
x 


P=FYP,Msind, 


aA 


(a) Impulsive motion (b) Diffraction of Shock 
Fig Sl0: 


>< 


Fig. 11. 


sin 61, rP)>M sin 6: in regions (1), (I’), derived 
from Eqs. (1), (2). Accordingly the problem 
of determining p’ in (II) is a boundary value 
problem in a sector as shown in Fig. 10a. 
On the other hand, corresponding boundary 
values for the problem of the diffraction of 
shock are shown in Fig. 10 b, where € is a 
small quantity. Both problems are the same 
if d;=0.: therefore the solutions are complete- 
ly similar to each other in this case. Further, 
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it may be expected that the solution in the 
case 6,-<0, is not very different in nature 
from the case 01;=02 . 
(B) The case: 06;, 6.7/2 

Now, the corresponding problem in the case 
of diffraction of shock has been discussed by 
Lighthill®. As in the case (A), the above- 
mentioned similarity is also complete in the 
non-uniform region. The reason is, in brief, 
that their states are both not far different 
from that generated by a head-on encounter 
of a plane shock wave with a wall as in Fig. 3. 

In the case of head-on encounter, the pro- 
pagation velocity U of the reflected wave, 
the pressure p® and the sound velocity c 
behind it are given by (1) and (2), on putting 
0i=7/2, as 


(UO—up)? +(1/2)(7 +1) U—m)—Co’=0 5 


UU OF: 
ME OY Ga y- fine! 
Po. TAL se rt1’ 


Qo ee 
Co Po PO+d(r—D/~+)) 


(20) 

Returning to our present problem, the 
wedge and the oncoming shock wave shown 
in Fig. 8 are now approximately plane and, 
after encounter the states in (I), (I’) and (II) 
(Fig. 11) have only a small perturbation from 
that represented by (20). 

Then, in these regions, the pressure devia- 
tion p’ is small and satisfied by the wave 
equation: 

PY con( OP , 00) 

ae ° \ax2toy2)° 
If we put 
X[(CA)=2, Y(CAD=y, P'eMce)=p, (21) 
the above equation is reduced to equation (5). 
The (X, Y)-components of velocity (wu, v) in 
(1), (1%), (II) are also satisfied by Eq. (6) and 
the region affected by O is confined in the 
circle 2?+y?=1 as in §2. The uniform states 
in the regions (I) and (I’) can be found as: 


U;.U= 0 


u=0, V=UE1 (TD); .v=—wmé: 1’), 
p=0, 

by using the arguments in §1 and taking ac- 

count of the smallness of &, &, where &= 

m/2—01, €:=7/2—6s. 


In view of the pseudo-stationariness and 


(22) 
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the relations (21), the shock wave s may be 
assumed to have the form 
e=—k,+f(y), (23) 

where f(y) is unknown but of small magni- 
tude and k)p=U/c™<1 which is readily veri- 
fied, considering that the flow is always sub- 
sonic behind the normal shock wave. 

After some calculations using shock condi- 
tions and (23), we have w, v and p immediately 
behind the shock wave (23) as: 


— 6% B=71)o+4U / 

a er | 
0 5 (24) 
——s 4 Po ay 
ney 90 US —9F i | 


from which f can be eliminated to give 


u=Aop, y-0v/0y=B,-Op/dy , (25) 
where 
A= BaD Mt4U pO c® 
: LRG © wivyl el Gls 
A 1 (0) 
ie r+1 Us er? (26) 


Be OE ay 

Since we neglect quantities of O(&,") and 
O(&27), both wall and shock in the circle may 
be approximated by straight segments, which 
are x<=0 and «=—R2,(z?+y’<. 1) respectively. 
Thus the region (II) of non-uniform flow in 
Fig. 11 is approximately 0 >2>—k, 2?+y? 
un (biome? )a. On thes boundary sof this 
region, we have the following conditions: on 


z=0, w=0; on the circular arc AC’, AC”, the 
results (22) hold; on «=—k&, the relations (25) 
hold. 

Thus, the problem of finding the field in 
(II) is reduced to solving a boundary value 
problem. As we have remarked above, it is 
readily seen that this problem is exactly the 
same as that which appears in the correspond- 
ing case in the diffraction”, except that the 
values of Ay and By are different from their 
corresponding values. Further discussion on 
the problem is, therefore, omitted here. 

(C) An approximate treatment for 61, 02< 05 

Since the flow along the upper and lower 
surfaces do not interact with each other in 
this case and can be determined separately, 
we shall consider only the upper part of them. 

Now, if there happens the case that both 
states in regions (I) and (III) (where they are 
uniform) in Fig. 13 are almost the same, then 


The Flow due to Impulsive Motion of a Wedge 


Dele 
Ul =O) 
UU =E,U, 
p=0 
u=0O 
/ 
/ 
/ 
u= AoP O 
tt a BoP, (I) 
\ 
\ 
My 
u= 
tie o eed 
Bigs 12 
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the non-uniform state in (II) will be also ap 
proximately uniform and may be treated by 
a linear equation concerning its perturbation 
from the state (I) or (III). Ordinarily, such 
a case is not special. To see this, we shall 
compare, for example, the velocities in (I) and 
(III). Their directions are the same and 
parallel to the wall; as for their magnitudes, 
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we have mw cos 6; in (I), while the value in 
(III) has not a simple analytic form but can 
be conveniently represented on the shock 
polar diagram. In Fig. 14, AO is m% and Sp 
is the shock polar, and the velocity in (II) is 
represented by AJ///. Since the velocity in 
(I) is # cos 6,=AI, the difference between the 
velocities in (I) and (III) is ZZJ, so that 
usually it can be considered to be small com- 
pared with A/. Further, the velocity com- 
ponent normal to and observed from the shock 
wave is PO=m sin 8 for (III) and QO=U,+ 
wy sind; for (I) (|U1|/u sin 61> (y—1)/2, as M> 
Since the pressure behind the shock wave 
is determined by the above-mentioned normal 
component of velocity, the difference between 
the pressures in (I) and (III) is also small as 
we can see from Fig. 14. 

Concerning the diffraction of shock wave 
by a wedge having not small vertex angle, 
Munakata®) has presented quite recently an 
approximate method in which the non-uniform 


co), 


Isao OSHIDA 


(Vol. 10, 


field is approximated by a perturbation from 
some definite state. 

In view of the above mentioned similarity 
in $2, it may be expected that his method 
will also be applicable to our present problem. 


The author wishes to express his gratitude 
to Professor Isao Imai for his invaluable 
advice and encouragement. The author is 
also indebted to Mr. H. Hasimoto for stimulat- 
ing discussions. 
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A New Graphical Solution of Ordinary Linear 
Differential Equation of the Second Order 


By Isao OSHIDA 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo 
(Read November 2, 1954. Received November 12, 1954) 


A new graphical solution applicable to linear differential equations of 


second order was presented. 


This method is simpler in construction 
but is of higher accracy than the older methods. 
given and it was shown that the error is very small in practice. 


Two examples were 
The 


derivative dy/dx, as well as the solution y(a) itself, is obtained sim- 


ultaneously. 


Accordingly, this method can be conveniently applied to 


classical vibration problems, quantum-mechanical collision problems, 
eigenvalue problems in one dimension, and so forth. 


$1. Introduction 


To have the solution of ordinary differential 
equation of the second order, with which we 
meet frequently in phisical problems, many 
numerical and graphical methods have been 
developed». But if we confine ourselves to 
linear equations, they are unnecessarily com- 
plicated or else too bad approximation. As 
for the numerical method, the author has 
presented a simpler method”). In this paper, 


a graphical method with simpler procedures 
was shown, the course of which can also be 
followed by numerial calculation. 


§2. Transformation of the Differential 
Equation 
We deal solely with the normal form 


py 
PY Fey 0 , 
dx” 


Cr) 


because any linear differential equation of the 
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second order can be written in this form. 

Equation (1) is equivalent to the following 
two simultaneous differential equations of the 
first order; 


dx’ oe 
dz : i 
ee od oye (2B) 


For graphical solution, as well as numerical 


solution, it is more convenient to make use 


of the approximate difference equations in 


place of these differential equations. It can 
be done by putting 

age ely —-, 

Peat (Yis1—Y) , (3A) 

dz oAd 

a hee h (2i41—2Zi) . (3B) 
Here ft is the pitch of xz, that is, 2;=2)+zh 
(¢=1,2,3,....) and the corresponding values 


of y and z are y; and 2; respectively. Sub- 
stituting (3) into (2), we have 
Vien == UPA iEe (4A) 
Zea = Zi hf (xa)yi: . (4B) 

If a set of initial values of y and 2, say, 
Yo and 4%, is given, we can find y and 2, 
from (4A) and (4B), then y. and 2, y; and 2, 
and so on. 

Unfortunately this procedure has too low 
accuracy, because (3A) and (3B) are only the 
first approximation and (4A) and (4B) are 
correct only to the first power of hk. The 
accuracy can, however, be enhanced easily 
by taking, in place of (3A) and (3B), more 
accurate forms 


( ) = liy Yi) 
—S Sa 
dx 4+1/2 ; h ; : 


ee — 1 Z; 9—Ze 5 
aa : Se h i+1/2 i-1/2 5 


and substituting them in (2), which lead to 


(5A) 


(SB) 


Yiu = YithZizr/2 , (6A) 
and 
Zeai/2 = Mb-1/2 NS (#4) , (6B) 
or 
2143/2 —= Zie12—Mf (ia Yer . (6B’) 


The formulas are correct to the order of h’, 
as is easily verified by expansion. Accord- 
ingly the use of (6) instead of (4) greatly im- 
proves the accuracy of the calculation, 
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In most cases, a set of values of y and gz, 
say, Yy and 2%, 1S given as the initial condition. 
But, to make the use of (6), we have to know, 
for instance, 7% and 21/2 in order to have the 
succeeding values %, 23/2, Ys, 25/35 Yas... 
employing (6A) and (6B) alternatively. How- 
ever, if we know Y and 2, 21/2 can be calcu- 
lated to the second order of hf, as shown in 
the following. 


Be dz ) re (2) (£2) 
2\ dx Jo’ 2\2 ) \de? Jo 


ae obese sere 
Zo 9 SF (x0)Yo 8 | as ie i 


Initial Conditions 


21/2 24 


h? 


=a—" edn? tea {flay} 


= Ef eal 


WW (df f(x,)( 2 | 
+4 {( a ) sot F (es) ( ay ) i 
That is, according to (2A), 


21/2 = | Ise 5 cea) 


= i {F(ax) — ASA 


dx 


(Ge) 


If the region of x extends to infinity and 
the condition is given at the point of infinity, 
we have to use the solution in series which 
is valid near the point at infinity in order to 
calculate the starting values of y and 2, cor- 
responding to an appropriate, finite value of 2. 


$4. Method of Graphical Construction 


The procedure of the graphical method is 
as follows; the proof is given in the next 
section. 

Draw two, parallel lines a@ and Bb, the dis- 
tance between them being D. According to 
the nomenclature of nomography, they are 
the supports of y and z respectively. y; is 
given by the point Y on a, the distance OY 
from the origin O being equal to y;; similarly 
Ztz1/2 is given by Zon b, QZ being equal to 
Zisi/2. Draw two more parallel lines, 7 and 
Siz1, aS shown in Fig. 1, and let the distance 
between 7 and a be equal to 


WD (8) 


while that between si+1 and b be equal to 
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1—hf (#41) 
If this value is negative, s;4; comes to the 
same side with 7 with respect to 5». 


h h F( Xin) 


——— 


| 5 4 n f (Xin) 


Tay 


Fig. 1. 


Now combine @ and Y, extend to R, the 
point where @Y meets withv. Draw the line 
RZ, and find the point Y’ where RZ meets 
with a, then Y’ gives the next y-value, 
namely yi. 

To have 2i+3/2, which is necessary to calcu- 
late Yi+2, the similar procedure is applicable. 
That is, to get the point S, where Y’Z meets 
with s;41, to combine O and S, and to find the 
intersection Z’ of OS with b. Then QZ 
gives the value Zj43/2. 

Starting from an initial values, ¥ and 21/2, 
and repeating the procedure above, we have 
the values 41, 23/2, Ye, 2s/2,....and so on, 
and consequently can obtain the solution on 
the graph. 


§5. The Proof 
The proof is very easy, as is deduced from 
elementary geometry. 
h h 
YY’:Q2=——_ D: ——D+D=h:1. 
@ 1—h 1—h a 
Since QZ is equals to Z:41/2, YY" is to hZis1/2 . 
Hence, according to (6A), 


OY =OY+YY =yit haisi2=Yerr « 
Similarly, 
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SIS ex) _ 
1—hf (x41) 

=) ji Grenell 
Accordingly, 

ZL! =hf (xr41)Yeur » 

and by (6B’), 
OZ’ =QZ— LL! = 2i+i/2—Nh (is Yis1 = 2i43/2 ; 
which was to demonstrated. 


{Des Nf (wir) : 


: D+ D 


LO 


§6. Example I 
As an example, the equation of simple 
harmonic motion with the frequency 1/2, i.e. 
BY, os 
dx 
is taken, the solution of which is well known 
and serves for checking the accuracy of our 


77 Y 


method. The equation (10) can be devided 
into 
a (11A) 
dx 
and 
dz : 
——=—7y , 11B 
be my (11B) 


following the programme shown above, since, 
however, the coefficients in the right hand 
side of (11A) and (11B) are so much differ as 
1 to x, the line s:41 gets so far as the con- 
struction becomes inconvenient, or, we have 
to adopt too small h, that also puts us to 


trouble. The better division is, clearly, 
hang (124) 
Oe —ny (12B) 


This notice is also useful in general case of 
(2A) and (2B), for which we adopt 


dy 
“! —hz , 
dx 2 


Ce ro al 
with a proper constant k, such that k& and 


J («)/k are as near as possible over the region 
of x in question. 


As for the pitch h, it is convenient in prac- | 


tice, to adjust to such value that (8) and (9) 
amount to 0.1—90.5, if possible. In the present 
case, we put h=0.05, since (8) and (9) are 
both equal to zh/(1—zh)=0.186 with this value 
of h. 


(10) — 


| 
| 
4 
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If the initial conditions are y=0 and z=1 
for x«=0, the exact solution is y=sinzx. To 
have the graphical solution, we have to know 
41/2=2(0.025) first. It can be done with (7), 
giving 2:/2=0.997. Starting with these two 
values, Y) and 21/2=0.997, we have the values 
OS eR ats Oe OV .according to 
the present method. The construction is 
shown in Fig. 2, while the numerical values 
read on the graph compared with the exact 
value y=sinzz are as follows. The agree- 
ment is fairly good. For example, at 2«=0.5, 
which is the final point of the integration, the 
error is only 0.4%. 


Fig. 2 

G y (graphical) y (exact) 
0 (0) 0 
0.05 0.168 0.156 
0.1 0.306 0.309 
0.15 0.449 0.454 
0.2 0.580 0.588 
0.25 0.700 0.707 
0.5 0.800 0.809 
0.35 0.880 0.891 
0.4 0.940 0.951 
0.45 0.980 0.988 
0.5 0.996 1.000 


§7. Example II 
Next we deal with the following equation, 


aie Oe (13) 


ax 
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and —~—=(), 
dx 


(13) is devided into two simultaneous differ- 
ential equations, 
dz 


a ae 
dx ; dx iti 

Fig. 3 shows the construction of the graphical 
solution, putting h=0.2. For this example, 
and it is also true in general, (9) varies with 
x, and accordingly s;,; varies with x:41. The 
graphical starting values are y=y(0)=1 and 
Z1/2=2(0.1)=—0.005 and the results compared 
with the analytical solution 


y=3- 81 (2/3)a? J _173(20/7/3) , 
are given in the following. Here the agree- 


ment is satisfactory again; the errors do not 
exceed 0.01 


y=l for aw=0. 


a y (graphical) > y (analytical) 
jet (1.000) 1.000 
0.2 On997, 0.999 
0.4 0.992 0.989 
0.6 0.969 0.964 
0.8 0.920 0.916 
10 0.842 0.839 
12 OMT 0.728 
Al 0.591 0.582 
1.6 0.413 0.405 
ice! 0.210 0.202 
Zod) —0.011 —0.015 
§8. Remarks 


The accuracy of this method can compare 
with that of a differential analyser, and the 
time needed is not so long. For instance, 
once the preliminary construction is over, it 
takes some fifteen minutes or so to draw an 
solution under given initial condition. ‘There- 
fore this method is effective to find the integral 
of second-order equations when extraordinary 
accuracy is not requested. Even when the 
high accuracy is demanded, the present method 
can be used to find the first approximation. 

For eigenvalue problems, with which we 
meet frequently in quantum mechanics as 
well as in classical vibration problems, we 
have to rely upon the trial-and-error method. 
That is, to start with presumed eigenvalue 
and given boundary condition at one end and 
to adjust the eigenvalue so as to fit the 
boundary condition at another end. Here this 
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intuitive and handy method has 
much advantage again. 
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On the Blocking Layer of Selenium 
Rectifier (I) 


By Jiro YAMAGUCHI, Tadao KANAZAWA, 
Téru MAToZAKI and Kazuji Hira 


Faculty of Engineering, Osaka University 
(Received September 18, 1954) 


In this report the property of blocking layer of 
selenium rectifiers is investigated by compairing 
the characteristics of the ordinary Se-rectifier with 
that of the Se-rectifier with insulating film in the 
blocking layer, which is made as follows: the film 
of lacquer or silicon resin of 50~2000A, which is 
previously spread over the distilled water, is put 
on the metallic Se layer on the steel plate, elec- 
troplated by nickel. Then on the resin film is 
covered cadmium as one electrode. Fig. 1 shows 
the constitution of this rectifier. The thickness of 
film is measured by the silica gauge) with the 
interference color2) method. 

The electrostatic capacity of the Se-rectifiers 
with or without resin film is measured by the 
Wien-bridge at 5,000 cycle per sec under the d. c. 
bias voltage to the hard flow direction. From the 
experimental results we find that the inverse square 
of electrostatic capacity is proportional to the d.c. 
bias voltage, and this relation is in accordance with 
the theoretical prediction involved in Eq. (1). 
Moreover, the relation of electrostatic capacity 
versus film thickness is found to be expressed at 
iow: 

In Fig. 3, let 
C, Co and Coo: electrostatic capacity of barrier 
per unit area, that of zero bias voltage and 
the value of Cy when exterpolating d to zero 
respectively, 

d: thickness of resin film, 

e: electronic charge, 

LZ: (length of barrier)—d, 

N: volume density of the space charge in semi- 

conductor, 

U: impressed voltage on barrier, which is nearly 

equal to the applied voltage to the rectifier, 
when it is to the hard flow direction, 


AH: energy gap between conduction band and 
impurity level in semiconductor, 

@: work function of metal, 

xy: electron affinity of semiconductor, 

xo: difference between affinity of resin film and 
that of semiconductor, 

€; and €: dielectric constant of resin film and 
semiconductor, 

the theoretical consideration shows) 
pl 2 (S=*_ 42 7) 


C2 &2 eN&\ e 2e (ey) 
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eS nin ine 


electro plated 
nickel 


Fig. 1. 


Fe plate 


Constitution of specimen used. 


Fig. 2. Square of resin film thickness (d) versus 
inverse square of electrostatic capacity at room 
temp., when d. c. bias voltage is zero. 

[Upper scale of absissa is for curve (1), lower 
for curve (2).] 


Giare= (a —_— 
resin semiconductor 


(Se) 


metal 


(Cd) Ei Ez 


Fig. 3. Energy level diagram of compound block- 
ing layer when negative bias voltage is im- 
pressed. 


me) pk 2 ike E 
and b-1-*2 =-G [w/a G)] - (3) 


The experimental results are expressed by Eq. 
(1) when & is assumed to be 10 and N=6x 10", 
and they also agree well with the relation of Eq. 
(3) except for d=1000A. Extrapolating the results 
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to d=0 as Fig. 2 and applying them to Eqs. (2) 

and (3), it is estimated that 

ep=2en 

&=3.0 
b—y-AEH/2=1.5~1.6 eV. (4) 


From the analysis of the experimental results of 
the Se-rectifier without resin film by the similar 
method, we found: 


N=(8~9) x 1019 


for lacquer resin film, 
for silicon resin film, 


and 


(When & is assumed to be 
10 as before) 


@-xY—-AH/2=0.7~0.8 e.V. G53) 
The difference of values in (4) and (5) suggests 
that CdSe exists in the blocking layer of the 
rectifier in the latter case. 

In order to study the property of the resin film 
in the blocking layer the electron-diffraction method 
is used its wave length being 0.066A. The resin 
film of the specimen is of lacquer, on which thin 
cadmium film is depositted from the standpoint of 
the experimental procedure. 

Above the film thickness of 800A, the diffraction 
patterns of Cd and Se are found in each side of 
the lacquer resin but those of CdSe can not be 
recognized. 

In the case of the Se-rectifier without resin film 
i.e. the ordinary Se-rectifier, it is ascertained that 
Cd, CdSe and Se exist) one after another. 

When the thickness of lacquer film is 20, 100, 
130, 200, 430 or 500 A, CdSe is found in both side 
of the resin film, that is, the patterns of Cd and 
CdSe are obtained at the side of depositted Cd and 
those of Se and CdSe are obtained at the place 
where Cd and resin film were taken off. 

From these observations®) by electron diffraction, 
in the lacquer film less than 500 A, there are many 
holes, through which Cd and Se combine chemically 
and CdSe is found in the interface. Above the 
thickness of 800 A, the film is so dense that the 
chemical reaction does not take place. In the case 
of silicon resin, the singular border of thickness is 
nearly 1000 At 

Thus we find that the difference of (6—y—AE/2) 
according to the existence or deficit of resin film, 
is due to the existance of CdSe layer in the block- 
ing layer. Therefore in the Se-rectifier, CdSe layer 
plays the important role in the rectification. 

The authors express their sincere thanks to Dr. 
S. Nagata for his experimental helpness on electron 
diffraction method. 
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On the Blocking Layer of Selenium 
Rectifier (II) 


By Jiro YAMAGUCHI 
Faculiy of Engineering, Osaka University 
(Received September 18, 1954) 


In the blocking layer of selenium rectifiers the 
selenides of covered metal, which is the ternary 
alloy of cadmium, tin and bismuth, have been 
observed by X-ray diffraction patternsY. If on the 
selenium layer is depositted cadmium instead of 
the ternary alloy, the rectifying property remains 
unchanged and cadmium selenide of about 10~4cm 


metallic cadmium 


film (covered 
metal) 


Cd Se layer 


Se layer 
Steel plate 
(base plate) 


Fig. 1. Sectional view of the specimen. 
(In this paper, each substance from upper to 
lower in the figure is denoted briefly as Cd, 
CdSe, Se and Fe respectively.) 


hard flow easy flow 


ga 
120 


LO V 


Vo 1:O 0:5 O O- 


Fig. 2. Volt-Ampere characteristics for Fe elec- 
trode at room temp. 


thick is found in the blocking layer2). The recti- 
fication has been found in the layer between Cd 
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and Se, but whether the rectifying action is in the 
interface of Cd-CdSe or CdSe-Se, is not yet known. 
(Recently, this problem has been investigated by 
A. Hoftmann and F. Rose®), whose results accord 
with what will be shown in this paper.) 


22 


O 
O 0-05 O- Oller 


Fig. 3. Voit-Ampere characteristics for Cd elec- 
trode at room temp. 
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The forward current at room temp. 
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Fig. 4. 


When the selenium rectifier is obliquely ground, 
the angle of inclination being small (about 5°) as 
Fig. 1, CdSe is exposed and its width may be 
estimated to be about 10-3cm.4) The specimen 
used in this report is such as mentioned above. 

In the following experimental procedure, Cd or 
Fe in Fig. 1 is used as one electrode and the needle 
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of 0.1~0.2mm diameter of several kinds of metal 
(i.e. W. Cd. Pt or Ni.), its tip being electro-polish- 
ed, is as another electrode, touching on various 
places in Fig. 1 at the diameter of (1.7~2)x10-3 
cm and the depth of about 1x10-3cm. This is 
ascertained by the microscope in touching with 
metallic. Se. On probing by the needle electrode 
the position of CdSe is assumed to be in the bound- 
ary of Cd and Se, because CdSe layer could not 
be observed by naked eye. 


tungsten 
wire 


Fig. 5. Measuring apparatus of thermoelectric 
currents. 


16S, 


scale 


Cd- CdSe 


(eu3) 


arbitrary 


ae) 
Fig. 6. Galvanometer deflection versus pressure 
of needle electrode. 
(In the case of Fe-Se, the galvanometer deflec- 
tion is very large and its direction shows Se 
being P-type semiconductor.) 


The experimental results of rectification are 
shown in Figs. 2 and 3. In these figures the easy 
flow direction is defined as the polarity of needle 
electrode to be negative and the hard flow direc- 
tion is reverse of that. 

Although the bulk or spreading resistance in 
CdSe is large and different from each other, the 
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resistance between Cd and CdSe is ohmic and the 
rectifying action is found between CdSe and Se or 
Fe. These characteristics do not vary, even if the 
ternary alloy is used as the covered metal or any 
kind of material is adopted as the needle electrode. 
Between Se and Cd or Fe, the resistance is so high 
that the current does not almost pass. 

Fig. 4 shows the relation of the forward current 
versus the impressed voltage. It expresses that 
the slopes of these curves are nearly equal and 
about 13 V-1. 

The thermoelectric current is obtained by the 
measuring apparatus of Fig. 5, using Cd or Fe as 
one electrode. When the needle of tungsten, which 
is put on CdSe or Se, is heated by the electric 
current, the deflection of galvanometer expresses 
whether the semiconductor is P-type or N-type®. 

As shown in Fig. 6, the experimental results 
indicate that CdSe is N-type semiconductor, ex- 
pressing the different property with Cd, and Se is 
P-type. 

Consequently it is concluded that the rectifying 
action of selenium rectifier exists in the boundary 
of CdSe and Se and not of Cd and CdSe. More- 
over CdSe is N-type semiconductor, Se being P- 
type. 

The author expresses his sincere thanks to Mr. 
H. Kitama, Mr. T. Arakawa and Mr. F. Tomita 
for their helpness on experimental works. 
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Some Effects of Infrared Irradiation on 
ZnCdS Phosphors with Copper 
Activators 


By Ken-ichi NAKAMURA 


Shizuoka University, Oiwa-machi, 
Shizuoka-city, Japan 
(Recieved November 11, 1954) 


Luminescence phenonena of ZnS phosphors with 
copper (Cu) activators have been interpreted by 
SchénV, Klasens”) and Kallmann®) etc. Their ex- 
planations are, however, discrepant. We have 
obtained the information of a new property of 
ZnCdS with Cu activators, and in the interpretation 
it may be assumed that traps caused by Cu have 
particular properties. 

Five samples of hex-ZnCdS (NaCl 2%) phosphors 
with copper in concentrations from 0 to 5 parts 
per million are prepared. 


hex- ZnCdS: Cu 
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Fig. 1. Emission spectra for hex-ZnCdS: Cu during 
excitation by 43650A at room temperature. 
The emission band is not shown which appears 
at the long wavelengths by copper activators. 


They consist of 60% ZnS and 40% CdS in mol 
ratio, and are fired at 1000°C. The peak of the 
emission band appears at 5250 A in the phosphor 
without copper. As the concentration of copper is 
increased, the original emission band 
fixed in position (Fig. 1.) but a new emission band 


is observed with the peak near 6500 A, though the | 


intensities of the new band are not measured 
quantitatively. In consequence, the emission dur- 


ing excitation shifts from green to orange by | | 


increasing the concentration of Cu activators. | 
When they are irradiated by infrared (filter: 
Matsuda 1R-D1) during the decay period, the 
stimulating and the quenching effects are observed. 
The radiation is emitted with the emission band 
different from one of the phosphorescence. The 
reason may be attributed to the fact that the radia- | 
tion in copper luminescence centers is predominant 


remains | 
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in the phosphorescence and the emisson due to 
infrared irradiation is caused in other centers as 
well. In the present investigation, the eftects that 
infrared irradiation gives to those centers have 
been inquired. At first the decay characteristics 
both at the shorter wavelengths and at the longer 
wavelengths, of the two components of the emission 
band under the excitation of 43650 A or x-ray have 


Fig. 2. Stimulating and quenching effects under 
infrared irradiation during the decay period. 
The upper part shows at the longer wavelengths, 
the lower at the shorter wavelengths and the 
dotted lines show the normal decay curves. 
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Fig. 3. Emission intensities versus time under 
infrared irradiation added to x-ray excitation. 
The dotted lines show them at the shorter wave- 


lengths. 


been investigated at room temperature. In order 


to measure the intensity of luminescence, a photo- 
multiplier tube (Sb-Cs photocathode) is used, com- 
bined with a blue filter (Matsuda v-—B3(A)) or an 
orange filter (Matsuda v-O2(A)). The decay of 
phosphors at the longer wavelengths is always 
slower than that at the shorter wavelengths. The 
former becomes slower by increasing the concentra- 
tion of copper, whereas the latter is little affected. 
Experimental results of the stimulating and the 
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quenching effects are shown in Bigs 2. 

It is noticeable that the decay curve during in- 
frared irradiation, at the longer wavelengths, 
crosses the normal decay curve after the short 
time, whereas at the shorter wavelengths, it does 
not cross during the longer time of the observation. 
These effects are observed in the four samples with 
Cu activators. The phosphor without Cu shows 
predominantly the quenching effect. 

Another experiment has been tried, although not 
quantitatively. Infrared irradiation is added to 
the above phosphors under steady x-ray excitation. 
Emission intensities versus time are shown in Fig. 
33, 

After a while of adding infrared the decreasing 
of intensities is more remarkable at the longer 
wavelengths. In any case, however, the decreas- 
ing (quenching effect) is always observed. 

In the explanation of the above results, it may 
be assumed that electron traps produced with Cu 
activators are deeper than those before they are 
incorporated); and that electrons in those traps 
may make a direct coupling?) with copper lumi- 
nescence centers and the probability of the coupl- 
ing is larger than that of raising up to conduction 
band at room temperature. If the cross sections 
of ali luminescence centers are approximately 
equal for electrons in conduction band, they will 
give the same effects on all luminescence centers 
in emitting. Therefore, electrons from the copper 
traps into the conduction band with infrared irradia- 
tion may bring the additional radiation to the 
original one during the decay period, whereas the 
temporary radiation and thereafter the decreasing 
of the emission intensities of copper emission band 
(at the longer wavelengths) may occur. At the 
same time experimental results show the dissipa- 
tion of energy in all luminescence centers under 
infrared irradiation. 

We wish to express our hearty thanks to Assist. 
Prof. K. Takahashi, College of General Education, 
Tokyo University, for his encouragement. Weare 
also indebted much to Mr. T. Kikuchi, Electro- 
Technical Laboratory, Department of Commerce, 
in the experiment. This research is carried out 
by the Scientific Research Grant of the Ministry 
of Education. 
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Electron Bombardment Conductivity in 
Alkalihalide Crystals I 


By Chiyoe YAMANAKA and Tokuo SUITA 
College of Engineering, Osaka University 
(Received December 27, 1954) 


We have got some information concerning the 
motion of electrons and holes in single crystals of 
potassium chloride by bombarding a crystal with 
a pulse beam of electrons. Up to date, to measure 
the conductivity in alkalihalide crystals at room 
temperature is much affected by the space charge 
effects which cause distortion of the inner electric 


field in specimens. Now we concentrate our atten- 


MAGNETIC COIL 


= CRT 


Fig. 1. Experimental Arrangement. 
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Fig. 2. Induced Current Patterns. 


tions on these space charge effects. With a field 
applied across a crystal in one direction the elec- 
trons which are excited to the conduction band at 
one end of the crystal will move to the another 
end. With the reverse field the excited holes will 
tend to move across the crystal. From the meas- 
urement of the induced conductivity, we can deduce 
the behaviors of electrons and holes, and also the 
space charge effects. 

The experimental arrangement is shown in Fig. 
1. A conventional X-ray tube attaching a control 
grid, accelerating plate and suppressor was used 
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as an electron gun. The electron beam was focused 
by the magnetic coil. The suppressor plate was 
coated by a fluoresence substance enables us to 
check the collimation of the electron beam. The 
kinetic pumping system was used for vacuum which 
was about the magnitude of 10-¢mmHg. The 
electron beam current was about 1 micro ampere. 
The accelerating voltages were up to 10,000 volts. 
The electron beam was controlled by the square 
signal which was generated by the discharge of a 
delay line. The beam form is shown in Plate 1 
and its duration is about 0.2micro sec. The 
applied field of specimens was up to 15,000 volts 
percm. The induced current was amplified by a 
wide band amplifier, the properties of which were 
maximum gain 10° and upper half power frequency 
10 MC. The specimens were illuminated by a 
tungsten light. 

The dimensions of potassium chloride specimens 
were 10x10x0.5mm%. Thin gold electrodes were 
attached by the evaporation. These specimens were 
annealed very carefully. 

Since the experimental results were heavily 
affected by the space charge effects, we used two 
methods to evaluate them. At first, to minimize 
these effects, we bombarded specimens by a con- 
tinuous electron beam under applying alternating 
field and then hit the specimen by a pulsed elec- 
tron beam under an appropriate static field. The 
induced current patterns for electron and hole 
currents were shown in Plate 3 and 4 respectively. 
The static applied field was 12,500 volts per cm 
and the beam accelerating voltage was 5,000 volts. 
When we used several repeating pulses almost 
every second, we could see the decay of induced 
electron currents in each succesive bombardment 
and its magnitude tended to a final steady value. 
The hole induced current was extremely small and 
decayed steeply. The second, to accumulate the 
space charge, we bombarded the specimens by a 
continuous electron beam under a static field and 
then took off the static field and hit the specimens 
by a single beam. The induced current 
patterns under the inner space charge fields, which 
were the reversed directions of the previously 
applied fields, were shown in Plate 5 and 6 for 
electron and hole currents respectively. These 
current patterns were completely died out after 
several succesive bombardments. From these 
results we can conclude that under such fields, one 
fifth of the breakdown strength, trapping for excited 
electrons and holes is very strong and these charge 
carriers never traverse the whole crystal length. 
In fact, the crystals were colored by trapped 
carriers. 


To evaluate the mean free time of an electron, 
tT, we measured the induced electron current under 
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Plate 5 


Oscillograph traces showing induced conductivity and electron beam; 


5 usec, repetition frequency 1 c/sec. 


the so-called space charge free condition. The 
current pattern at beam acceleration 5,000 volts, 
applied field 15,000 volts/cem is shown in Plate 2. 


The induced current!) is 
ebVrta ; : 
= lex (Ee) 

L2 [ p /7)] 
ebVeo 
TT? 

where J is the amplitude of the electron beam, gd 

is the secondary yield, c is the mean free time of 

excited electrons, 0 is the mobility, Z is the length 


of crystal, tz isa duration of the beam and V is 
If we draw a 


0St=ta, 


UbH= 
[exp (q/z)—1] exp (—t/t) , tat, 


the applied voltage for specimen. 
current pattern in semilog plots, we can estimate 
the mean free time, c, of electron from the deriva- 
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Plate 2 


Plate 4 


Plate 6 


sweep duration 


tives of the curves, that is about 0.15 micro sec. 
In our experiments electrons nevertraversed the 
whole specimen length”). If we assume the electron 
mobility as 10cm?/volt-sec, according to Mac- 
donald’s results*), the depth of the trapped space 
charges from the bombarded surface will be 10-2 
cm. Assuming the trap cross-section o as 10-16 
cm’, thermal velocity of a free electron v as 107 
cm/sec, the density of traps N;=1/rov will be 1016 
Deracm=. 

The space charge effects have an essential role 
to clarify the behaviers of electrons and holes in 
alkalihalide crystals. Judging from the current 
patterns, the maximum space charge field in the 
crystal seems to be the same order of the extern- 


ally applied fields. 
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Microwave Spectrum of Methyl 
Mercaptan (1) 


By Takeshi KoJIMA 
Department of Physics, Faculty of Liberal Arts 
University of Toyama 
and Tetsuji NISHIKAWA 
Department of Physics, Faculty of Science, 
University of Tokyo 
(Received December 8, 1954) 


The microwave spectrum of methyl mercaptan 
has been studied in the frequency range between 
16 and 26 kMc/sec. About eighty lines have been 
observed. Their frequencies and orders of the Stark 
effect are listed in Table I. Among them, we have 
found a series of lines which corresponds to a 
transition, 4J=0, 4K=+1, 4(K+7)=0, where J 
and #K are the usual rotational quantum numbers 
and ¢t (=1, 2, 3) is the quantum number of the 
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Fig. 1. Frequencies of K, ct, n<—> K—1,7+1,” 


transitions for 2=0 and n=l The orders of 
Stark effects are indicated in parentheses. 


hindered rotation. The member lines of the series 
exhibit first-order Stark effect patterns and are 
marked in Table I. 

Since the molecule is very similar to methyl 
alcohol, the theory of Dennison and others) may 


be applicable. Using the molecular constants 
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Table I. Microwave Spectrum of 
Methyl Mercaptan. 


Frequency Stark- Rel. Frequency Stark- Rel. 


Mc/sec effect Int. Mc/sec effect Int. 
16057 .0 il W 21865.5 1 M 
16059.8 2 WwW 21877.1 1 Mw 
17320.4 1 M ©21901.0 1 M 
18039.4 2 M 21943.5 2 Ww 
18257.8 1 Mw 21973.2 1 Ws 

O18396.0 1 MW ©22269.4 1 
18431.8 1 M 22329.8 1 Mw 

O18446.3 il Ww 22560.2 1 Ww 
18494.1 2 Mw ©22661.4 1 Mw 
18499.7 1 Ww 22780.1 ww 

©18509.7 1 Ww D2OLM a 2 MW 
©18586. 1 1 W 23073.8 1 WwW 
©18675.6 iL W ©23078. 2 iL Mw 
©18778.6 1 Ww PEZ 30 1 M 
18806. 4 1 Mw 2325/60 y M 
©18895.7 ] Ww 23339.2 1 Ww 
18991.8 1 Ww 23494 .4 1 Ww 
©19027.1 1 WwW ©23520.4 1 Mw 
©19173.0 1 MW 23566.6 Z, Ww 

19273.6 Www 23617.3 PD M 
©19334.0 1 Mw 23773.8 1} Ww 

©O19510.4 1 MW 23801.8 i M 
19568.3 2, Ww ©23989.0 1 Mw 

©19702.9 1 MW 24067.5 1 M 

©O19912.2 1 Mw ©24485.0 1 M 
19999.5 2 Ww 24988.5 1 Ww 
20052.6 1 Mw ©25009. 0 1 Ww 

©20138.6 1 Mw Zoli 1 WwW 
20241.9 1 MW 25127. 2 Ww 

©20383.3 1 Mw 25142.2 oD M 

©20646.4 1 MW DISS 7 2 M 

(20928 .9 1 MW 2515429 2 M 
21057.4 2 Ww 25206.8 2 MS 
ZAMS ie 1 Ww EASING). Tf 2 MS 

OAS 1 Mw 25290.8 2 MS 
21519-9 1 Ww 25291.8 2 MS 

@2155555 il Mw ©25562.0 1 Ww 
21734.6 1 Ww 25659. 7 2 M 
21766.6 1 Ww 


The accuracy of the frequencies is considered 
to be +0.1 Mc/sec. 


determined by Solimene and Dailey”), starting points 
of several series which may fall into the micro- 
wave frequency range have been calculated as 
functions of the height of potential barrier which 
hinders the internal rotation. The results are shown 
in Fig. 1. 

From this figure the observed series has been 
tentatively assigned to the transition, 4J/=0, 
K=0->1, t=2-1, in the ground state of torsional 
vibration, 2=0. If this assignment is correct, the 
height of potential barrier is estimated to be 286 
+50 cm7!. This value is also supported by the 
measurement of the intensities of the first excited 
torsional state lines relative to those of the ground 
state lines for the J=0->1 transition. These lines 
were assigned by the earlier investigators”)3), while 
the assignment of the second excited torsional 
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state lines in reference 2 seems to be incorrect. 
The authors express their thanks to Prof. K. 
Shimoda for his advice and encouragement. 
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Influence of External Radiation on 
an A-Hg Discharge Tube 


By Tsunesaburo ASADA, Toshizo NAKAYA 
and Tetsuo MAMURO 


Department of Physics, Osaka University 
(Received December 22, 1954) 


Irradiation of faint ultra-violet ray or visible 
light from a light source into the discharge space 
of low pressure A-Hg discharge tubes, has been 
found to remarkably increase the starting potential. 

The requisite for this effect is the existence of 
relatively high wall temperature of 40-90°C (i.e. 
high concentration of Hg atoms) and relatively high 
pressure of argon gas (at least higher than a cer- 
tain lower limit, a few mm Hg). 

So long as the illumination is meager, the start- 
ing potential (Vsr) under irradiation rises almost 
in proportion to Log(intensity), but when the 
intensity of illumination exceeds a certain value, 
which varies with the kind of light sources, the 
starting potential (Vsr) shows a somewhat saturated 
constant voltage (Vsr)sat. Furthermore, strong ir- 
radiations of a light, whether its source is incan- 
descent lamp, neon light, argon light or even 
scattering day-light through windows, give the 
same value in the saturated voltage as the case of 
mercury light. 

One example given in Fig. 1 where D.C. source 
is used with a tube of a hot cathode (inner dia- 
meter 23mm, electrode separation 30cm, argon 
pressure 4mm Hg with the wall made of 42537 
transmitting glass), sufficiently illustrates these be- 
haviours of the starting potentials with and with- 
out irradiation. 

1) It is seen that oVsr=4Vsr=5Vsr =(Vsr)sat. 
in all region of wall temperature. 
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2) In the region lower than 63°C, the effect of 
irradiation in raising the starting potential is seen, 
i.e. these starting potentials under irradiation Vsr 
are higher than the ones without irradiation Vsn: 


(Vsr)sat>Vsn. 


3) But in the region higher than 63°C, this 

effect is not seen, i.e. 
(Vsr)sat = Vsn. 

4) On the other hand, under the irradiation of 
42537 only, its effect of lowering the starting 
potential is observed in all region of wall tempera- 
Ure? 

The abnormal temperature dependence of the 
starting potential Vsn without irradiation is be- 
lieved to be due to a trace of impurities in the 
gas, because the result in Fig. 1 is derived from 
the measurement made soon after the exhaust of 
the discharge tube and, accordingly, before ageing. 

In Fig. 2 which was obtained after ageing, the 
effect of irradiation to raise the starting potential 
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Ss 
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—— Wall temperature 43 
Fig. 1. Starting potential ;Vsr under irradiation 


and Vsn without irradiation respectively as a 
function of wall temperature. 


@ Vsn: not irradiated. 

x ,Vsr: irradiated with a 15W germicidal 
lamp 25cm distant. 

© »Vsr: a 15W germicidal lamp 25 cm distant 
and interposed with a glass plate for 
eliminating u.v. ray. 

A. 3Vsr: a15W germicidal lamp 100cm dis- 
tant. 

C] «Vsr: a 15W germicidal lamp 100cm distant 
and interposed with a glass plate. 

+ 5Vsr: a 1l00W incandescent lamp 100cm 
distant. 


is observed in all region of wall temperature’ Be- 
sides, it is noteworthy that the saturated voltage 
(Vsr)sat in Fig. 2 (after ageing) is nearly equal to 
the abnormally high value in the region of wall 
temperature higher than 63°C, of Vsn in Fig. 1 
(before ageing). 

This result may be explained as because a trace 
of impurities in the gas which remained after the 
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Fig. 2. Starting potential Vsn without irradiation 
and ,Vsr under irradiation respectively after 
ageing. f ‘ 
@ Vsn: not irradiated. 
© iVsr: irradiated with Ne light. 
A 2Vsr: Ar light. 
+ 3Vsr: a l00W incandescen lamp 30cm 
distant. 


exhaust was purified during the discharge in mercu- 
ry vapour of ageing process, and these impurities 
prevented the starting potential without irradiation 
in Fig. 1 from taking a lower value. 

The sensitive part for external radiation has been 
found on the anode side. 

One puzzling phenomenon is that the influence of 
irradiation persistently remains for several minutes 
or hours to keep the starting potential higher than 
the normal voltage even after the irradiation was 
stopped. This residual power is not so much ap- 
preciable in the case of the tube with a hot cathode 
and when the electrode separation distance of the 
tube is relatively short as compared with its dia- 
meter. However it becomes drastically increased 
in the case of cold cathode type tube having large 
electrode separation as compared with its diameter. 

The remaining influence of irradiation seems to 
depend not only on the intensity of illumination as 
well as the duration of irradiation but also on the 
voltage of the D.C. source with which the irradia- 
tion was given to the tube. 

In case the A.C. source is used, the delayed 
effect is not appreciable. Even an extremely faint 
u.v. ray such as reflection from the wall of a room 
with its intensity too faint to be measured, is 
enough to stop a intermittent visual discharge of 
a few wA, but the A.C. discharge starts again as 
soon as the radiation is cut off. 

It looks that there exists a destruction of meta- 
stable mercury molecules (61S + 63Ps 9) by external 
radiation and also these metastables seem to be 
important ion sources through the step-wise ioniza- 
tion for starting a discharge (i.e. from normals to 
mercury ions through metastables) 
the authors). 


(Hypothesis of 
However, further studies are requir- 
ed in order to discuss these experimental results. 
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Gamma Rays from the Reaction ”’ Al(p, 7)*°Si 


By Manabu HarroriI*, Kazuo HISATAKE*, 
Takasi Mikumo**, and Teruo MomotTa* 


* Department of Physics, Faculty of Science, 
University of Tokyo, Tokyo 
** Department of Physics, Tokyo Institute of 
Technology, Tokyo 


(Received December 27, 1954) 


The resonance character of the reaction 77Al- 
(p, y°8Si has been the subject of many experimental 
studies, and a number of resonance levels have 
been located precisely. (See, for example, review 
article by Ajzenberg and LauritsenY.) But, be- 
cause little has been known about the energies of 
y-rays, we have made a measurement of them, 
using photographic emulsion loaded with heavy 
water. During the course of the work, however, 
Gove et al?) carried out measurements at forty- 
eight resonance levels in the range of proton 
energies from 0.65 to 2.2 Mev, and Rutherglen 
et al3) at five resonance levels below 700 kev. In 
both of these experiments, scintillation spectro- 
meters were used. Although the scope of our work 
is within that of Gove et al and the results obtain- 
ed are in agreement with theirs*), the resolution of 
energies of y-rays in our work seems to be some- 
what better than that in the work of Gove et al. 

We used a horizontal proton beam accelerated 
with the electrostatic generator at the University 
of Tokyo to bombard a thick target of aluminum, 
the purity of which was 99.999. The energy of 
the proton beam was kept just above 986 Kev. 
The nuclear plates used were 100, thick “Sakura” 
(Similar to Ilford C-2). Three pieces of plates. 
which had been soaked in heavy water untill 
saturated with it, and one saturated with ordinary 
water (control plate), were placed horizontally at 
a position about 3 cm downword from the target. 
After about ten hours irradiation, they were 
processed by the normal temperature development 
method. The integrated amount of the proton cur- 
rent was 124 microampere-hours. The shrinkage 
factor of the emulsion, measured with a screw- 
micrometer was between five and six. 

The length of the photoproton track was calculated 
from its projected length in the plane of emulsion 
and the difference in its depths at two end points. 
Those tracks with length shorter than 13 microns 
and with dip angle greater than 45° in the wet 
emulsion were not counted. The range-energy rela- 
tion was calibrated with 6.1 Mev and 6.9-7.1 Mev 
y-rays from the 1F(p, «, y)®O reaction, assuming 
a constant factor to be multiplied to the relation 
given by Lattes et al5). In the figure, the numbér 
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of tracks is plotted as a function of (2H,)+-W) in 
steps of 0.2 Mev, where Fy represents the energy 
of the photoproton and W the binding energy of 


the deuteron. The total number of tracks measur- 


40 


30 


20 


Number of tracks 


&O 9-0 10:0 IO 12-0 13-0 
2Ep+W in Mev 
ed was 540. 
The energies of y-rays which correspond to the 

peaks are as follows: 

strong y-rays: 4.5, 5.1, 5.7, 10.7 Mev. 

weak y-rays: 6.7, 7.5, 8.3, 12.1 Mev. 
The relative heights of peaks are not directly pro- 
portional to the relative intensities of y-rays, be- 
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cause the numbers are not corrected for the 
variation of photodisintegration cross section of 
the deuteron and the probability of termination of 
tracks of various lengths in the emulsion. The 
width of the 10.7 Mev peak is about 10% at half 
intensity. 

The writers wish to thank the members of the 
Van de Graaff group at the University of Tokyo 
for their cooperation. 
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The Lateral Distribution of Various Components in 


Extensive Air Showers at Sea Level 


By Goro FUJIOKA 
Department of Physics, Kobe University 


(Received December 4, 1954) 


The lateral distribution of electrons, -mesons, and N-components are 


observed at sea level up to 50m from the core. 


The distribution of 


electrons is consistent with that calculated on the basis of cascade theory. 
The distribution of »-mesons is flatter than that of electrons and is 


represented as 7~0-7, 
of electrons. 
at several meters from the core. 


$1. Introduction 


It is well known that the extensive air 
showers consist mainly of electron-photon 
component and the number of penetrating 
particles contained in those showers is about 
2 percent of the number of electrons. The 
lateral distribution of electrons at various 
altitudes has been observed by several au- 
thors» and is fairly in good accord with the 
calculation®)*) based on cascade theory. The 
observations of the lateral distribution of the 
penetrating particles are meagre»)* compared 
with those of electrons, though the N-com- 
ponents in those penetrating particles play 
the main role, especially at the earlier stage 
of the development, in the air shower pheno- 
mena. 

The distributions of electrons, “#-mesons, 
and N-components up to 50m from the core 
in air showers were observed at sea level 
making use of a counter hodoscope. The 
experiment was performed on the roof of the 
building of the Faculty of Science, Kobe 
University, the altitude of which was about 
40 m above sea level. 


§2. Experimental Arrangements and 
Procedures 

The main parts of the appartus consisted of 
four core selectors (abbreviated to C. S. be- 
low), four electron density detectors (E.D.D.) 
and a penetrating particle detector (P.P.D.). 
The layout of counter sets is shown in Fig. 1. 

C.S. were similar to those used by Cocconi 
et al.». Each E.D.D. contained 19 counters 
and the total area of one E.D.D. was 0.24 m’. 
P.P.D. consisted of three trays, each of 23 
counters and of area 0,2 m?, in the lead shield 


The distribution of N-components is similar to that 
The number of p-mesons is equal to that of N-components 


as shown in Fig. 2. All counters of E.D.D. 
and P.P.D. were connected in a _ hodoscope, 
and the master pulse was the five-fold coin- 
cidence in any C.S. in the main part of the 
experiment. C.S. which gave the master 
pulse was also indicated by neon lamps in a 
hodoscope panel. 

In the minor part of the experiment, the 
master pulse was given from the three-fold 


Csi | CS GSS CS.4 
EDDI ie DID DOS [coos 
AD) 

fn Co 
Se a er Se ae —- 
West 5m i3™ 29™ East 
Fig. 1. Layout of counter sets. 


Fig. 2. Cross section of the penetrating particle 
detector. 


The results of the Russian group agree qual- 
itatively with ours, but the data in detail are not 
now available to us. 
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coincidences of the two additional trays each 
of area 500 cm? and the middle seven counters 
of B tray of P.P.D. in parallel, the area of 
which was 640cm®. In this case P.P.D. 
counters used for the master pulse remained 
also connected in a hodoscope. The auxiliary 


Table I. 


Working time (hrs) Counts Rate (hr7!) 


CS1 (with top 784 138 0.19-+0.01 
9cm Pb) 

CS1 (with top 2156 607 0.28+0.01 
7cm Pb) 

CS2 (with top 452 69 0.15+0.02 
9cm Pb) 

CS2 (with top DIZ 735 0.32+0.01 
7cm Pb) 

CS3 2357 804 0.34+0.01 
Cs4 2704 856 0.32+0.01 
Table II. 

Density class 1 2 3 4 5 


Density (m-") 0~4 4~8 8~16 16~32 32~64 


Density class 6 fi 8 
Density (m-2) 64~128 128~256 256~ 
ae 
% 9 =e 
% Vv g x 
a fo) 
a Vv a 
oO 1) 
NSS AG 
x 5™ e) 
omits 
A182 
v 29™ A 
oO 42" ; 
+ 47™ 
Q 
ores i6 64 256 a 
Fig. 3. Integral density distribution at various 


distances from the core. 


experiments were divided in two parts. In 
the first, two trays were placed vertically 
above P.P.D. and the hodoscope was triggered 
by single penetrating particles. In the second, 
two trays were separated by 3 meters from 
P.P.D. and extensive penetrating showers 
were detected. Checks were made every 
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two or three days, and at the same time the 
hodoscope was triggered by artificial pulses 
to obtain the accidental occurrence of P.P.D. 
records. 

The working time and the number of master 
pulses are collected in Table I. In the earlier 
part of the experiment the top lead shield of 
C.S. was 9cm, and in the remainder it was 
7cm. The counting rates were fairly small 
in the former, but the feature of recorded 
showers seemed similar and the data were 
analysed together. 


§3. The Distribution of Electrons 


The method of analysis of E.D.D. data is 
similar to that devised by Cocconi e¢ al... 
From the combination of discharged counters 
in every E.D.D. record, we can determine to 
what density class this recorded shower be- 
longs. The density interval of each class is 
shown in Table II. Thus the integral distri- 
butions of electron densities at six distances 
(5, 13, 18, 29, 42, and 47m) are obtained and 
shown in Fig. 3. If we assume that all 
showers have the same structure function, 
the horizontal distances of the parallel portion 
of these curves represent relative electron 
densities at the different distances from the 
core. 


10 
g 
a 
= 
») 
~ 
8 
3 x Ours 
q 
fe) 
} Haddara & 
Jakeman’ s 
oO. : \ 
\' 
\ 
\ 
\ 
et 
O1 (one 


Moliére 
Fig. 4. Lateral distribution of electrons. 


In Fig. 4, our data of lateral distribution 
of electrons are plotted with those obtained 
by Haddara and Jakeman®. The events in 
which more than two C.S. are in coincidence 
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are discarded®. 

The solid curve is the theoretical one by 
Nishimura and Kamata for s=1.4 with energy 
larger than 2 MeV. and the dotted curve is 
Moliére’s. All are normalized at 7/7,=0.3. 
Both experimental data agree within experi- 
mental uncertainties, though ours may well 
be said to be flatter. This may be due to 
the ambiguity of our C.S. as pointed out by 
Haddara and Jakeman, or to the effect of earth’s 
magnetic field. But according to Nishimura 
and Kamata® the latter effect is not so 
marked, and the comparison with the existing 
theory is permitted. The curve of Nishimura 
and Kamata fits far better to the experimental 
data than that of Moliére. This is to be ex- 
pected as the shower is fairly old at sea level. 


§4. Analysis of P.P.D. Records 


P.P.D. records are divided into the follow- 
ing classes. 


(A) Only one counter is discharged. 

(O) Two or more counters are discharged 
but discharged counters are only in one 
tray. 

(S) Single penetrating particle without sec- 
ondaries. 

(K) Single penetrating particle with one sec- 
ondary seen in only one tray. 

(D) Single penetrating particle with every 


secondary seen in two trays. 

(P.T.) Parallel penetrating particles (includ- 
ing those with one knock-on type sec- 
ondary). 

(B) Single penetrating particle with two or 
more secondaries seen in one tray only. 
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(T) Secondaries observed in two trays and 
at least more than one secondary seen 
in one of these trays. 


(R) A few Counters are discharged in every 
tray but they are scattered and difficult 
to interpret. 

(P) Penetrating shower: more than one sec- 


ondary nearby in every tray. 

The numbers of pictures of every class ob- 
tained by various master pulses are collected 
in Table III. 

The probabilities of occurrence of (A) and 
(O) by chance are 1% and 0.5% respectively. 
The values of (A) and (O) in Table III can- 
not be explained by chance and may be caused 
to some degree by inclined penetrating parti- 
cles. But electron-photon components may 
contribute to these events, and so these are 
excluded in the next analysis. 

The knock-on probability in air shower trig- 
gered events is somewhat larger than that in 
single “-meson triggered events. The dif- 
ference seems too large to be attributed to the 
difference of “-meson energy. To calculate 
the lower limit of 4-mesons, 60/403=15% of 
(S) are considered as “-mesons, and for the 
upper limit all of (K) are considered as p- 
mesons. Events (D) are very few and are 
considered as #4-mesons. 
(B) are treated as (K). 
(T) and (R) are considered as N-components 
to calculate the upper limit of N-components 
(the lower limit of “-mesons), and half of (T) 
and (R) are considered as N to calculate the 
lower limit of N. 

Thus the lower limit of # is 


Table III. 
<6 Master Pulse. 
only Coincidence Other Aux. exp. Aux. exp. 
CSCS? BCSomeese (CSIEECS2) Coincidences. I II 
mss 48. 2620 4 ay 4 15 
O 68 26 8 10 4 2 — 6 
S 42 46 37 22 6 4 403 66 
K 24 24 9 @ 4 3 60 29 
D 3} 2 — — — — 6 3 
ed ale Sir 8 5 = = 9 
B 24 13 4 5 il — 18 10 
ge 48 20 9 3 13 4 — 35 
R 14 9 4 2, 5 — — 6 
12 25 21 5 i] 24 3 1 56 
iietalesoie 6205) 28105 73 66 16 492 235 
No. of M.P. 647 693 776 845 88 oo 
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Table IV. 
lie ; only om ‘ Coincidence Aux. exp. 
CSI CSzZ C53 CS4 (CSI, (GS) II 
ee ane: 52 51 36 18 27 91 
Upper limit of N 203 86 31 20 62 135 
Upper limit of yp 140 100 56 35 45 147 
Lower limit of N 115 af lL 3 44 76 
Corrections for pu +8 —2 —7 —8 +7 
Corrections for N +9 +1 0 0 +9 , 7 
Total No. of electrons 155 <alO= Seo 08 4103 © 1.6103 box 102 
(S)+0.15(S)+(D)+0.045(S)+2(P.T.), Table V. 
and the upper limit of 4 is is CS1 only CS2 only CS3 CS4 
(S)+(K) + (D) +B) +2P.T.) + (1/2){(T) +R}. +(CS1, CS2) +(CS1, C82) 
Then the following corrections are made. Distance ae 
x i from ~5m ~20m ~50m 
(1) Subtraction of accidental 4-meson traver- the core the core 
sals. This is 1% of the number of master y/e (%) 0.4.0.9 0.6~1.1 0.9~1.4 1.1~2.2 
pulses. (0.7) (0.9) (1.2) (1.7) 
Ae ; aie : % .3~0. .1~0.6 0.8~0.3 1.3~0.2 
(2) Addition of lost #-mesons coincident with ae - (1.0) a ON (0.5) (0.7) 
N-components. This is utNie (9%). 1:7 1.7 1.7 2.4 
{(S)+(K)+(D)} x ((P)+(T)+(R)}H/No. of M.-P. piv +N (%) 25~50 35~65 50~80 45~90 
(40) (50) (70) (70) 


(3) Addition of similar N-components as (2). 
This is (P) x (P)/No. of M.P. 

The obtained lower and upper limits of z 
and N are collected in Table IV, together 
with corrections made and total numbers of 
electrons. The correction for N-components 
which do not interact is not made, because 
this is not so large, and because for N-com- 
ponents the effective area of P.P.D. is larger 
than for “-mesons. This effect is difficult to 
estimate but may cancel with the correction. 


$5. Ratios of “-mesons and N-components 
to Electrons at Various Distances 
from the Core 


To find the total numbers of electrons which 
fall on P.P.D., the distribution of electron 
densities at E.D.D. 1 above P.P.D. up to 
256/m? and the integral distribution of 4-1-5 
above this density are adopted. Dividing the 
numbers of “ and N by the corresponding 
numbers of electrons, we obtain the ratios 
je and N/e. This procedure is adopted be- 
cause the running times of various C.S. are 
not the same. 

The results are shown in Table V. In this 
table the data of coincidence (CS1, CS2) are in- 
cluded into (CS1) and (CS2) because the distance 
between these CS is in the region of the un- 
certainty of our core position determination. 


The other coincidences are excluded because 
they may be at a different stage in shower 
development, and because the number is 
small. 

The ranges of u/e and N/e are somewhat 
wide because of the difficulty in interpreting 
the hodoscope pictures, but the true values 
will be approximately the means of the lower 
and the upper limits, which are shown in the 
parentheses in Table V. As seen from the 
Table, it is clear that the lateral distribution 
of #-mesons is significantly flatter than that 
of electrons. If we represent the distribution 
of # in the form of 7~-”, 2 is about 0.7 in the 
region from 7=0.07 to r=0.7. 

The lateral distribution of N-components 
seems to be similar to that of electrons. 


§ 6. Note on the Auxiliary Experiment II 


At first sight, when the core position is not 
determined N/N+ seems to be large com- 
pared with the data of McCusker®, but this 
is because in our experiment the area of 
shielded master pulse counters is only one third 
of the area of the P.P.D. counters. If we 
take the effective area for the N-components 
as the same as that of the P.P.D. counters, 
this ratio is 0.15~0.35 and is in good accord | 
with his data, 


The author wishes to thank Professor O. 
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valuable suggestions. Thanks are also due 
to Messrs. J. Nishimura ant K. Kamata, who 
kindly communicated their unpublished re- 
sults and gave helpful discussions. The as- 
sistance of Mr. T. Maeda throughout this 
work and of Miss T. Bansho, Messrs. C. 
Yokoyama, T. Okada, S. Hasegawa, and R. 
Tanji in part of this work, is highly ap- 
preciated. This work was partly supported 
by the Scientific Research Expenditure of the 
Ministry of Education. 
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Virial Coefficients and Intermolecular Potential of Helium 


By Taro KIHARA, Yukio MIpZUNO 
and Toshio SHIZUME 
Department of Physics, Faculty of Science, University of Tokyo 
(Received November 19, 1954) 


The intermolecular potential of helium has been determined from an 
analysis of the second and the third virial coefficients above the Boyle 
temperature, where the virial coefficients can be expanded into power 
series on h?, the square of Planck’s constant. The series have been cal- 
culated up to the term proportional to the third power of h? in case of 
the second virial coefficient and up to the term proportional to the first 
power of h? in case of the third virial coefficient. The following con- 
clusion has been drawn. The two-body system of Het atoms has a 
discrete energy level while the two-body system of He* atoms has no 


discrete level. 


§1. Introduction 

Helium shows a notable quantum effect at 
low temperatures. Because of its shallow 
potential-bowl and large zero-point energy the 
two-body system of helium does not have 
many discrete energy levels corresponding to 
bound states. In fact it has been left un- 
decided whether or not the system has a 
discrete level. The main purpose of the pre- 
sent article is to settle the question. 

The potential energy between two helium 
atoms can be and has been calculated quan- 
tum mechanically; but the a priori calculation 
is not accurate enough to answer the question. 


We, therefore, depend upon the equation of 
state of the helium gas 
pov=kT1+Bv-!+Cv-?+----), 

(p is pressure, v is volume per molecule, k 
is Boltzmann’s constant, TI is temperature.) 
Here B and C are called the second and the 
third virial coefficients respectively. There 
exists a temperature called Boyle’s tempera- 
ture above which B is positive and below 
which B is negative. 

Above the Boyle temperature the second 
virial coefficient can be expanded into a power 
series with respect to h?, the square of 
Planck’s constant. The series was evaluated 
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by de Boer and Michels up to the term pro- 
portional to the second power of h?. They 
used the Lennard-Jones (6,12) potential and 
found the fact that the potential between Het 
atoms is close to the “critical” potential for 
which a resonance would exist at zero energy 
and no other discrete level would exist. In 
the present paper we calculate the series of the 
second virial coefficient up to the term pro- 
portional to the third power of h? and the 
corresponding series of the third virial coef- 
ficient up to the term proportional to the first 
power of f?. Making use of the results of 
these calculations we determine the potential 
with sufficient accuracy and settle the problem 
of the existence of a discrete level. 


§2. Depth Parameter, s, of the Inter- 
molecular Potential 


The notion of depth parameter introduced 
by Blatt and Jackson» for nuclear potential 
can be applied to the potential between helium 
atoms. Let U(7) be the potential, 7 being 
the distance between the centers of the atoms. 
We can always choose a positive number, s, 
in such a way that the reduced potential 
s-1U(r) gives a resonance at zero energy and 
no discrete level. The number s is called 
the depth parameter. If one or more discrete 
levels exist in the two-body system s is 
greater than unity; if no discrete level exists 
s is less than unity. 

By definition the Schroedinger equation 

’ @ (rR) — om" U(r) 
dr ie 
with the reduced potential must be satisfied 
by a nodeless spherically symmetric wave 
function R(v). Here m* is the reduced mass 
of the two-body system; # is Planck’s con- 
stant divided by 2z. 
In the case of the Lennard-Jones potential 


6 1)\" n 1%, \ 
Uin=0) e+) cer eae a 
(2223) 
with the potential depth Uj and the molecular 
diameter 7% corresponding to the potential 
minimum, (2.1) becomes 


(he 6 n ; 
———?*—6¢ Ie = eae VAS) Eo 
do (ee i n—6 : jr - 


rR=0, (2.1) 


(2.3) 
where 


0=7/7% , 
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Te eee 
For n=10, the eigenvalue problem can be 
solved exactly with 


Re=exp (— “. o~*) : 


In general, the eigenvalue c of (2.3) is 
determined by a variational principle i.e. by 


the extremum 
co * 
\ (a) 
6c= Extr —=;> 6 desea ms oe 
-| ( o-” = p-*)R* do 
. as 
(2.6) 
For » not far from 10, we can obtain a suf- 


ficiently accurate value of c making use of 
the approximation 


6c (2.4) 


e=L,, (2.5) 


(21) 


where a and 6 are positive constants to be 
adjusted. This trial function enables us to 
integrate the numerator and denominator of 
(2.6) by means of the gamma-function, and 
gives 


R*=exp (—ap~’) , 


c=0.905 for 
CA tor 


n=9, 
ee 


$3. High-Temperature Expansion for the 
Second Virial Coefficient 
Above the Boyle temperature the symmetry 
effect is negligibly small and the Boltzmann 
statistics can be used. The second virial 
coefficient is then given by” 
B=2n\ [1-S@2dr , (3.1) 
Jo 
where S(7) is the probability to find two mole- 
cules a distance 7 apart from each other. 
The quantum-mechanical expression of S(7), 
the classical correspondence of which is the 
Boltzmann factor exp[—U(”/kT], is the so- 
called Slater sum 


S7)= 3 exp (—BEn)Pn(r)Pn*(r), B=1/kT, 
(3.2) 
normalized according to 
S71 for BU->0. (3.3) 


Here %, and E, are eigenfunctions and cor- 
responding energies of the relative motion of 
two molecules, r being the position vector of 
a molecule relative to the other. 

Let us consider the density matrix 


or, r)= 2 exp (—BEn)dn(r)on*(1") 
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or 
or, r’)= > exp (—BH)drlrdn*(r’). (3.4) 
Here H is the Hamiltonian operator 
H=—(h?/2m*)4+ U(r) , (3.5) 


operating on the first argument r; » are 


eigenfunctions which differs from ¢, only 
with regard to the normalization 
lr, Fp >) Pn(1)on*(r’)= 6(r—r’), (3.6) 


O(r—r’) being Dirac’s 6-function. This den- 
sity matrix can be determined as the solution 
of the Bloch differential equation 
(0/08) o(r, r’)=—Ho(r, r’) , 

with the “initial” condition (8.6). 
In the particular case where U(y)=0, the 
solution of Eq. (3.7) with the condition (3.6) 


is 
~_{ m* \3? , 
ott, = (5) ex leas ea 


Considering this fact we can assume the 
general solution to be of the form 


o(r, Y)=(auieg) | 


id) 


(3.8) 


W-0 for BU-0, (3.9) 
in which the function W is to be determined 
from Eq. (3.7). By use of this function the 
Slater sum is given by 

Sn=exp[Wir, rn], (3.10) 
which is the diagonal element p(r,r) of the 
density matrix renormalized according to (3.3). 

Let in the following W stand for Wir, r’) 
and denote its diagonal elements W(r, r) by 


<W». Inserting (3.8) into (3.7) we have 
u+_ wre" .pw=aqpwy-+asw, 
aE ap B = V 
(Salat) 
where 
q=h?/2m*, (3.12) 


and p means gradient with respect to r. 
With this g let us expand W as 


W=W+qwWwit@W.+---- (3.13) 
so that 
S(r)= exp [Woy +461) +4°<Wa) ++] 
(3.14) 
where 


Wi=Wir, r’), Wo=Wilr, 1), 2=9, 1, 2,---, 
Inserting the series into (3.11) we obtain 
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as regards the coefficients of q®, q', q’,----. 


0 r—r 
ag Uden ywo=0, 


4) —y : 
7: Wa= a pWi=(PW2-+4W , 
0 ES 
W.+— 
0g B 
0 r—r " 
ap W3+ B -pW;=(VW1) 
+2pW)-VW.2+4W,, 


Oe eee Seca) 


U-+- 


cs -~W2=27pW)-~Wit4W,, 


@r5) 
Taking the condition (3.9) into account we 
have from the first equation of (3.15) 
<W)>=—BU (3.16a) 
Multiplying the first equation of (8.15) by p 
and 4 we have 


a) 1 r—r 
Wot 7 Wot -ppWo=0, 
pu rid 0 al 0 B VV Wo 
0 2 r—-r 
AU+-—AW 4W,+——-p4éw,=0, 
ap ee 0 B “PAW 


from which, taking the limit r’—r, we have 


yW= > BpU, <4W.)= -> BAU , 


Inserting these into the second equation of 
(3.15) we obtain 


Gy ee - (PUY. (3.16b) 


6 
Similarly, 

(W2> = —(1/60) 8 ppU:pUpU 
+(1/30)647U- (AU) 
+(1/90)64ppU: ppU 
—(1/60)6244U , 

(17/5040)6"'7U-ppU-ppu-pu 
+(1/840)8"pppU : pUpUpU 
—(17/2520)6°p4U-ppU-pu 
— (1/280) 6°pp4U: pUpU 
—(1/210)A°pppU : ppUpU 

— (4/2835) 6°(ppU-ppU): peru 
+-(17/5040)8°p4U- p4U 

+ (1/280) B°p44U- pU 
+(1/210)B°pps4U: ppu 

+ (1/840) R°pprU : prvU 
—(1/840)8*444U . 


These, according to (3.14), give S(7). 
Transforming S(7) into 
e~ 87 [1+ q< Wi +a2((W2> + (1/2) W1>”) 
+@3(<Ws> +<Wi><W2> + 1/6) Wr”) - > -] 


and inserting this expression into (3.1) we 


(W3>= 


bo 
ol 
bo 


T. Kimara, Y. MipzuNo and T. SHIZUME (Vol. 10, 


finally obtain the second virial coefficient in pase Di see ( a S r Gee. 
the form i CHOP lk t=0 n t! 
B=BO+qBHOLG@BO+----. @.17) x J.(6, 2) , 
Here J@.(6, 2)=[21(2—6)2(62)? + (60? + 302—42) 
BO=2n \. —e- 8 rdr, x (n—6)6t-+ (6n° —27n?+30n+63)]/4320; 
0 Bo 2 | 1 bs om > i os) ye 
Boe of e- PU Uy dr , nm (RT PRT t=0 n f! 
SEHD Os TOI « 
Merial Oi 
BO= — el e “Lif Lf aor J®1(6, 2)=[93(72—6)3 (62)? 
eer re + (82n?+657n—741)(m—6)?(6#)? 
—~ U4 |e 
ie ——— i re + (240! +3487? + 930? —810n-+2241)(n—6)6E 
1 1ue + (72n° —126n'—531n? +1755? —4052—3645) | 
BO= rp? ay Sig (cee, gare ws eo! aes 
0 840 140 7 /362880 . 
apale 8 Bpys 8. Bat? sas Beaks Let us express the second virial coefficient 
756 180.6 7 945 a9 in the final form 
sag tac ae aes oe ged = Og 
— = U2" = — 
720 6480572) | Z1C0M 7; Table I. 
Bos | pg 
Hi z vdr , a 
' 25920 | : For n=9 “% 
q being defined by (3.12), 8 being 1/kT. t BO, | BO; BO), BOs 
(0 j 7 ; ee = i.e is 
The first term, B®, is the classical value; 0 | 1.7061 | 0.3880 0.0426 0.0287 
the next two terms, gB® and @g@B@, were 1 — 2.1263 0.1513 —0.0990 0.0956 
i 4) 2 —0.7500 0.2282 —0.1740 0.2055 
first given by Uhlenbeck and Beth and oS 3 aie Nee ae ey 0.3376 
Gropper® who used Kirkwood’s method. 4 — 0.2654 0.2350 | —0.2822 0.4633 
The neat method used here is essentially due 5 —0.1685 | 0.2039 | ~0.2949 | 0.5561 
to Husimi®. 6 —0.1065 0.1652 | —0.2813 0.6008 
ii —0.0664 0.1265 | —0.2490 0.5958 
oe : 8 | —0.0406 | 0.0924 | -—0.2071 | 0.5498 
$4. The Second Virial Coefficient for the 9 —0.0244 0.0648 | —0.1632 | 0.4771 
Lennard-Jones Potential 10 | 0.0144 | 0.0438 | 9.1228 | 0.3923 
F : : aa Ane 11 | -—0.00831 |} 0.0286 | —0.0886 | 0.3076 
Integration of each term in the expansion 9 ~0.00471 | 0.0182 | -0.0616 | 0.2312 
(3.17) can be performed for the Lennard-Jones 13  -0.00263 0.0112 | —0.0414 0.1672 
: 14 —0.00144 0.0067 | -—0.0270 0.1168 
potential | | 
15 —0.00077 | 0.0040 = 02017159) 1020780 
a LL 16 —0.00041 0.0023 | -0.0106 0.0519 
ee eer 17 0.00021 0.0013 | —0.0064 0.0331 
18 | —0.00011 | 0.0007 —0.0037 | 0.0206 
aT 6 ay sel zy (4.1) 19 -—0.00006 | 0.0004 —9.0022 | 0.0126 
"Ln—6 n—6\ r | pS -20-| = 0.00003 0.0002 | 0.0012 0.0075 
in the form of the Lennard-Jones power Tonio 
series) with respect to 
Om} 1.2254 | 0.4838 |). —021276 0.1692 
Hee a Ws 1 = ol28 i) ORS694 — 0.3768 0.6512 
— a , 2 —0.6127 0.4471 | -—0.6189 1.3133 
3 —0.3021 0.3981 | —0.7254 1.8454 
aon 4 — OSS ORZo79) — 0.6815 2.0343 
: ; By) —0.0755 0.1965 | -—0.5447 1.8740 
3/n © ne t | 5 
BO = — 27 ( A ) . i = le 6 | —0.0357 | 0.1173 | —0.3838 | 1.4994 
n kT t=0 n t! 7 | 0.0162 | 0.0645 —0.2440 1.0694 
8 | —0.00702 | 0.0330 | —0.1422 0.6923 
pi eed ( Ae JF Sp (22 : 9 | 0.00292} 0.0159  -0.0769 | 0.4124 
DA ET MEE ON ea, n jt! 10 0.00117 0.0072  —0.0390 | 0.2284 
Leb (ae) 11 —0.00045 | 0.0031 | -0.0186 0.1186 
(0, 72) We —0.00017 | 0.0013 | —0.0084 0.0581 
J(6, n)=[(n—6)6t—(n—1)]/12: 13 —0.00006 0.0005 — 0.0036 0.0270 
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Table II. $5. Quantum Correction to the Third 
3 Virial i 
TNS | BAS Cx10-2 AS | Reference : Sy 
ie a The expansion (3.14) of the Slater sum for 
1730 a18w | a a two-molecule system can be generalized to 
20.58 = 6.6 the Slater sum S(t, m,--+:, ry) for a N- 
eae e ; , 
ote = Bs molecule (single component) system, rm; being 
48.2 12.0 the position of the zth molecule. Thus 
20.35 | — 4.6 11.3 b OME islet BREAD AAI 
ae 15.6 7.0 (5.1) 
: SG 5.0 ; Pry anyes 
123 13°9 59 where gq is fh? divided by the mass of a mole- 
Le Ce 5.3 cule. (See (6.12) where * 1s the reduced 
973 195 a mass.) The first term in the argument is, as 
a " in (3.16a), 
7 oa Buk. G 
323 19.2 2.0 (Wery=— 8901, Ts," *, Tx), B=Uer, 

373 18.8 2.5 (5.2) 
423 18.4 3.0 
er cre - =2 @ being the potential energy of the system. 

a ata are due to ijho eesom n and lliin; ‘the For i 3 
ee ee Pt a a ae, or the second term we have, as in (3.16b), 
(Elsevier, Amsterdam, London, New York 0 

) , ? SS pee =) 
1942) p. 34. We me 2 cot ion 4 

b The values are taken from J. Otto, Handbuch 0 2 
d. Experimentalphysik Bd. 8, Teil 2 (Akade- + 1 ps Syl ) : (5.3) 
mische Verl. Leipzig, 1929) p. 144. 24 ori 


c A. Michels and H. Wouters, Physica 8 (1941) 


923. 
By ns] FOC) eo P@) pe ee Sry 
3 cS (cs)? 
(4.2) 
2=U)[kT , 
where (see (2,4)) 
1M GD em 3 BD 28 Cre 200+. C9) 8) [71 (4.4) 
pO el aur. issn ; 


The coefficients @™, are given in Table I for 
m=9 and 12. The functions F™ for n=9 
are included in Table IV. 

Making use of these tables and depending 
upon the observed values of the second virial 
coefficient given in Table II, we can deter- 
mine s and the model parameters for helium. 
The result is as follows. 


bal oe oS llA, Up/k= 7.82°K for 2=9. 
s=1.05, m=2.88A, U)/k=10.80°K for m=12. 
(de Boer and Michels’ result is 

s=0.99, =2.87A, Uo/k=10.22°K for n=12.) 


We shall later see that the model with 2< 
12 is more adequate than the model with 


n>12. 


By means of the Slater sum for N=3 the 
third virial coefficient is given by” 
C=4B? + ay || ers r)+S(n, rs) 
+S(r, r3)—S(, 7 M., r;) |dt:dt.dt3 > 
dti=duidy dz , 
V being the volume of the system. 
Our object in this section is to calculate 
the first quantum correction gC™ to 
C=CO+4qCO+---, (G45) 
which is similar to the expansion (3.17) of B. 
Let 


(5.4) 


C=4B°+C, 
and 
C=C+qCWM+---, 
then 
CM=8BOBO+LCH (5.6) 
CH= v pa) ){ exe [-B0(n r)| 


0 2 
~~ O(r1, Tr») 
oor J 


On, rm) | 


mm rah 
—exp[—fO(n, rs)] Sle 


—(E>40) [—BpO(r:, rs)| pS Ee Ors, r)| 
i 


+exp[—BO(ri, r, s)] Fes On, Tr; mt 
4 r; 


X dtidt.dt; . (On) 
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Here we have used integration by parts such 
as 


vi fex (—BO)>, oe = Odt\dt.dt; 
0 


= vier (—B0)>; ee 0) dtidt,dt3. 


We assume as usual that the potential 
energy of the system is equal to the sum of 
the potential energies for pairs: 

0=>; O(ri, ri) = Uris) ; 
gq < 


a 


r= |re—rs|. 
(5.8) 
Hence 
Ori, Pe, 3)=U(n2) +U(N3) + U (723) . 
In the last term of the integrand of (5.7), 
= [ae 0U(n3) eel 
zy Or: or; or; 
can be replaced by 


OU (712)\? OU (113)\" OU (123)\? 
ys hee NEY, ee aL, jg SELO 
>| ( ar, y+( ar; )+( ar; y| 


since the integral of cross terms vanishes. 
Taking into account the relations as 


al Jexp See i oye) ded, 


é 


ie v\\\ex [= BUA MIO an dees 


and using the transformation of integration 
variables 


Ve 1dr, dt.dt3 = 877°7127137% 23871 12dN1 34723 
we obtain finally 


CH =) [| aut Ant Aw) 
X 11211372381 12AN 34123 , 
Ais= {exp [—BU(1i2) —BU(113) — BU (723) | 
—exp[—8U@i) DIU (nF , 
Is7< 73. 
The integral is to be taken over all values of 


Ti2, 713, 723 Which form three sides of a tri- 
angle. 


(5.9) 


§6. The Third Coefficient for the Lennard- 
Jones Potential 


Here again we adopt the Lennard-Jones 
potential 


Ug eae 
7” qe 
Oe 
n—m\ r nu—m\ 7 : 


T. Kra#ara, Y. MipzuNo and T. SHIZUME 
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for which the classical C® has been obtained 


by Kihara and others”. Using 

R= ’ L=73/R . Y=7o3/R (6.2) 
as integration variables, we can transform 
(5.9) into 


me on? if co e 
Cy = AE #| | | (A+ Aiyt+Aos)R ar | 
OJl-z 0 


(6.3) 


The integration with respect to R can be 
performed by a series expansion. The result 
is as follows 


2a 4/n © : 
an ee 2 y'hm, 0) ; 


UL (a) = 
Y =a are ? 
SIEM 


— 1 
ito aS ‘4 Piet 
6n ft! n oJi-z 


= (mt+n—4)(mt—4)[<2n+2><m)* 
x (my 4-mty/n-2__ 6] 
—2mt(mt—4)[<n+m+2><m>'-* 
x <p> e- mt) /n-1_ 6] 
+ m*t(t—1)[<27 +2) <my*- 2p mein 
—<6)] ; 


xaydydzx . 


Gw=s* 


I,(m, n)= 


(6.4) 


where we have used the bracket notation in 
the sense 


<Q =1+a-%+y-% (6.5) 
The values of J:(6,9), obtained by numeri- 


cal integration, are given in Table III. 


By use of C® the third virial coefficient is 


Table III. 


| 
| 


oo 

Ny 
o 
eS 
@ 

Xe) 
a 


ODBNDDT FWNHHO 


given by (5.5) and (5.6) up to the term pro- 
portional to the first power of g. For m=6 
and »=9 Table IV gives the functions G 
and G® in the expansion 


Table IV. 


.071 |0 
6995.0 
.4255.0 
.22180 


eri 


-741 |—0.444 0.564 0. 
.4793 — 0.20560. 2024 0. 
-3200)—0.0992.0.0757)0. 
.2195) —0.0495/0.0295)/0. ¢ 


| | 
07000. 1538) —-0.02550.01190.: 
0430.0.1095 —0.01360.0050'0. 
126510 .0791 —0.00730.0021)0.: 
1874.0 .0578 —0.00400.0009,0. 
2309.0 .0426 —0.00220.0004 0. 


.26100.0316 —0.0013 ilo. 
. 2806 0.0236 — 0.0007 llo. 
2922 0.0177 —0.0004 0. 
2974'0.0134 0. 
2979 0.0101 lo. 


. 2946 0.0077 | 0. 
.2885,0.0058 0. 
. 2805 0.0044 0. 
.2709.:0.0034 0. 
.2603.0.0026 0. 


0 
De 
0 


(=) 


owe 
| 
° 
4 
N) 
bo 


OFWNH CODND 


> 
fe) 
SeneeoSeer aS iS) 


RRR RR PR RRR FOoOCOooO CO 


SOMDND 
COoOoCO COOSDSO CSoSCSO 


Ea nrs| GO@)+ ee | : 
CS 


Rel: 

2=U [RT , (6.6) 
together with F® in the expansion (4.2) of 
the second virial coefficient. 

Fig. 1 shows a comparison with experi- 
mental results given in Table IJ. Here curves 
indicate calculated values based upon the 
model parameters determined from the second 
virial coefficient. Although the experimental 
results do not seem to be very accurate, the 
comparison shows that (the negative part of) 
the true intermolecular potential is closer to 
the model with 2<12 than the model with 
WoL. 

Since the depth parameter determined from 
the second virial coefficient is 

Si (5 ton 7—9 = s—1. > stor 7—12,. 

its real value for the He‘-He* system is high- 
ly probably within the range 1< s<4/8, which 
corresponds to 3/4<.s<1 for the He*-He’ 
system. Thus, on the assumption of the 
potential additivity, we draw the following 
conclusion. The two-body system of Het atoms 
has a discrete energy level while the two-body 
system of He® atoms has no discrete level. 


1/cs — 6q/U 70? ; 
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Fig. 1. The third virial coefficient of helium. 


1) 


The curves were calculated by use of the 
Lennard-Jones potential with parameters deter- 
mined from the second virial coefficient. Curve 
“a” is for (6, 12)-potential, classical; curve “b” 
is for (6, 9)-potential, classical; curve “c” is 
for (6, 9)-potential with the first quantum correc- 
tion. 
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This article is presented to give a consistent basis to all theories of 


image formation of electron microscope. 


The author’s idea is to build 


up an image of a specimen from images of atoms which make up the 


specimen. 


The result obtained by developing this idea indicates that an 


actual image is composed of two ideal images, one of which shows phase 


contrast and the other constrast due to scattering absorption. 
ing this result, bright and dark field images are explained. 


By apply- 
Not only 


images of amorphous specimens but those of crystalline specimens are 


treated. 


$1. Introduction 


Theories on image formation of electron 
microscopes were advanced by Boersch”, 
Gabor”), Zworykin eZ al.*), Scherzer”), Borries®?, 
Ramberg®, and others. However, relations 
between these theories were not made clear. 
The aim of the present article* is to give a 
consistent underlying basis to all these theories. 
The author’s idea is to build up an image of 
a specimen from images of atoms which make 
up the specimen. 

This article begins with a survey of electron 
diffraction formulae for amorphous specimens. 
Based upon these formulae, the author’s view 
of image formation is presented. According 
to this view, an actual image is composed of 
two ideal images, one of which shows phase 
contrast® and the other contrast due to scatter- 
ing absorption»), Bright field and dark field 
images are explained accordingly. Not only 
images of amorphous specimens but those of 
crystalline specimens are treated. Finally, 
the author’s idea is developed mathematically 
from Scherzer’s theory which deals with the 
image of a free atom, extending it to speci- 
mens made up of many atoms. The result 
of this development proves that the view is 
adequate. 


§ 2. Survey of Electron Diffraction Formulae 
for Amorphous Specimens 


Let us consider the elastic scattering of 
electrons by a specimen which is thin enough 
to satisfy the condition of single scattering. 
The amplitude of the scattered wave ata 


point far from the specimen is proportional 
to 


S(6)=>) EF, exp[—2zibri] , (a) 


b=k—k, , (2.1a) 
where ky, indicates the wave vector of the in- 
cident wave, k& that of the scattered wave; z 
indicates the zth atom in the specimen, r; the 
position of the zth atom, and the summation 
over all atoms in the specimen. Factor £, is 
the scattering function given by 

Ey=(2/a){(Z.—F 1)/s"} (2.1b) 
where Z, is the atomic number and f, the 
atomic scattering factor; a@ stands for Bohr 
radius a)=h?/4n?me? and s is given by s= 
2x|k—k,|=47(sin 6/4), where 26 is the scatter- 
ing angle and 2 the wave length of electrons. 
The intensity of the scattered wave is pro- 
portional to 


1(b)=> > EE; exp[—2xib(ri—rj)] . (2.2) 
es) 
Let us assume, for the sake of simplicity, 


that the specimen contains atoms of only one 
kind. Then (2.2) can be rewritten 


I(6)=N{E(s) P+ {E(9) P EXP [—2r2b(ri—r)] , 

(2.3) 
where WN is the total number of atoms in the 
specimen. If the atomic arrangement in the 


specimen is assumed to be perfectly at random, 
the average of (2.3) becomes 


I(b)= N{E(s)P + {NE(s)|O(6)|}? , (2.4) 
O(b)=(1/v)§.exp[—2zi(br)|dr, (2.4a) 


where v is the volume of the specimen and 


* Originally presented before the Committee of 
High Resolution Electron Microscope at Nagoya, 
Japan on October 18, 1952. Also presented before 
the International Conference on Electron Micro- 
scopy, London, July 1954. 
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the integral is over the volume of the speci- 
men. The two terms in (2.4) are schemati- 
cally illustrated in Fig. 1. 

The second term in (2.4) is the small angle 
scattering familiar in X-ray optics. The func- 
tion @(b) is considerable only for small b 
which satisfies the condition 


2R sin 6/A=R(20)/2A<1 , (27) 


where R indicates the linear dimension of the 
specimen. Assuming R=10A and 2=0.05A, 
we get 26<5x10-* rad. Since @(b) is vanish- 
ingly small where |b| is large, E(0) can be 
substituted for E\(s) in the second term of 
(2.4). Moreover, between E(0) and the mean 
inner potential Vy) we have a relation 


V.=(h?/2xzme)(N/v)E(0) . (2.6) 


Therefore the second term of (2.4) becomes 
the square of absolute value of 


(2xme/h?)VyvO(b) . (2.7) 


Term (2.7) expresses the wave diffracted by 
an imaginary specimen having a uniform 
potential Vp. 

Although the atomic arrangement is assum- 
ed to be perfectly at random in deriving (2.4), 
some order is always present in actual am- 
orphous substances. Therefore, another term 
appears due to interatomic correlations. How- 
ever, this term is not essential to qualitative 
theories of image formation and is neglected 
in the following discussions. 


§3. General View of Image Formation of 
Amorphous Specimens 


Based upon the results in the previous 
section, a general view of image formation 
is here outlined. Those who do not find this 
outline complete, may refer to Sec. 6 wherein 
an exact treatment is given. 

According to (2.4), the intensity of waves 
scattered elastically by an amorphous specimen 
consists of two terms. The first term is the 
summation of the intensity of the wave 
scattered by a free atom. If the elastic 
scattering by atoms in amorphous specimens 
were incoherent, only the first term would 
appear. Actually, however, the elastic scatter- 
ing is coherent and the second term, the small 
angle scattering, appears as the result of 
interference. For convenience we call the 
waves corresponding to the first term the 
incoherent part of the elastic scattering. 
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The following discussion of the image forma- 
tion takes into account the primary wave and 
inelastically scattered waves as well as the 
elastically scattered waves. We devide these 
into two classes: (a) Incoherent and (b) 
coherent waves. 


Intensity 


2e 


Fig. 1. Angular distribution of scattered intensity 
(schematical). (1) Small angle scattering, (2) in- 
coherent part of elastic scattering, (3) inelastic 
scattering7)»8), 


(a) Incoherent waves consist of the z- 
coherent part of the elastic scattering as well 
as inelastic scatterings. These waves havea 
similar behavior except in the defocus due to 
energy loss. They are incoherent to each 
other and also incoherent to the coherent 
waves. Therefore, they form images of atoms 
They pro- 


as if atoms were self-luminous. 


pagate in wide solid angles as shown in Fig. 
1.* If an ideal objective lens with a sufficient- 
ly large aperture and free from any aber- 
ration were available, images of atoms would 
be resolved by the action of these waves. 


* Tt is worth mentioning that H(s) calculated 
for free atoms cannot be applied to solid substances 
for small s because effects of bindings are im- 
portant. The use of experimental values of mean 
inner potential may give better result). A survey 
was given by Miyake™) concerning experimental 
values of mean inner potentials and those of dia- 
magnetic susceptibilities. 


Since, however, present-day electron micro- 
scopes cannot resolve atoms, images formed 
by these waves are diffused in a dimension 
of the resolving power. Thus almost uniform 
brightness is produced by many atoms in a 
specimen. 

(b) The coherent wave is composed of the 
primary wave and the small angle scattering. 
The latter is related to the external shape of 
the specimen as expressed in (2.4a) and propa- 
gates in a small solid angle given by (2.5). 

As suggested by (2.7), an image formed by 
the coherent waves is the same as the image 


of an imaginary specimen which has a uniform 


refractive index 
M={1+(Vo/E)}}? (3.1) 


where F is the kinetic energy of electrons. 
We can assume that the imaginary specimen 
absorbs waves because the incoherent waves 
scatter away from actual specimens. The 
absorption coefficient is given by 


Intensity 


Fig. 2. Intensity distribution of incoherent waves 
(schematical). Specimens become thicker in the 
order 1,2,3,4 and 5. Concerning notations A, 
B,C, D and) E see Photos I: 


k=(N/v)(Ge+oi:)=Ke+ky (3.2) 
where o, and o; indicate total cross sections 
of the elastic and inelastic scatterings, re- 
spectively. 

It should be noted that the separation of 
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the coherent wave into the primary wave and 
the small angle scattering is possible only 
when specimens are thin as treated in Sec. 2. 
The coherent wave is the wave produced 
through diffraction by an ideal specimen with 
a uniform refractive index and a uniform 
absorption coefficient. The result mentioned 
above holds even for thick specimens, although 
the separation is impossible. 


The actual image is the superposition in 
intensity of images formed by the incoherent 
and the coherent waves. We find a similar 
circumstance when a cell filled with suspen- 
sion is observed under a light microscope. 
For electron microscopes the fluctuation of 
refractive index is caused by the existence of 
atoms in specimens, while for light micro- 
scope it is caused by the existence of sus- 
pended particles. The appearence of the in- 
coherent waves is due to the fluctuation of 
refractive index. 


§ 4. Application of the General View 


(a) Bright field images. In common 
practice an objective lens is provided with an 
aperture. The image formed by the coherent 
wave is little influenced by the size of the 
aperture because this wave is confined within 
a narrow solid angle. On the contrary the 
image formed by the incoherent waves is so 
influenced on that it becomes weaker as the 
size of the aperture is decreased because these 
waves extend into a large solid angle with 
some portion stopped by the aperture. Thus 
a contrast is produced by scattering absorp- 
tion. This contrast was studied theoretic- 
ally by BoerschY and Borries® and can be 
estimated by the intensity distribution of the 
incoherent waves (Fig. 2). 

It is generally known from experience that 
in order to get good images the illuminating 
beam* must be confined to a small solid angle 
around the optical axis. The necessity for 
this adjustment can be understood by con- 
sidering the follows: Usually the incoherent 
waves are stopped by the aperture and the 
coherent wave plays an important part in 
forming images. If the adjustment is in- 
adequate, the coherent wave may cover the 


* A convergent illumination®) can be considered 
a superposition of plane waves which have no 
mutual phase relation, 
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whole aperture which is usually far larger 
than the optimum size. Thus the image is 
deteriorated by the spherical aberration. 
When the adjustment is adequate, the essential 
portion of the coherent wave passes through 
a small central area of the aperture. Since 
the area can be smaller than the optimum 
size, good images are possible even with the 
spherical aberration. If the incoherent waves 
form images, images should be deteriorated 
by the spherical aberration independent of the 
adjustment. 

When defocused, the image formed by the 
incoherent waves is diffused on the edge (Fig. 
3b) as was discussed in detail by Zworykin 
et al.*) On the other hand, the image formed 
by the coherent waves shows maxima and 
minima (Fig. 3c). This phenomenon is Fresnel 
diffraction first observed by Boersch! and 
phase contrast later studied by Ramberg”. 
The observed image is the superposition of 
Figs. 3b and 3c (Fig. 3d). In most cases the 
part illustrated in Fig. 3c prevails over that 
shown in 3b because most of the incoherent 
waves are stopped by the aperture. When, 
however, the aperture is large, Fig. 3b is not 
negligible. 

(b) Dark field images. Under usual con- 
ditions dark field images are formed by the 
incoherent waves because the esential part of 
the coherent wave is stopped by the aperture. 
Therefore, the quality of images is indepen- 
dent of the fine directional adjustment of an 
illuminating system. The brightness of dark 
field images increases to a maximum as the 
specimen thickness increases. When, how- 
ever, the thickness increases beyond the 
thickness at the maximum, the brightness 
decreases. Photo. I illustrates the change in 
brightness with increase of thickness. 

When specimens are so thick that electrons 
cannot penetrate them, the incoherent waves 
disappear. Thus the coherent wave forms 
images even in a dark field. Under this 
condition, Fresnel fringes can appear in the 
dark field. The author believes that Boersch!” 
observed Fresnel fringes in a dark field under 
this condition. 


§5. Image Formation of Crystalline Speci- 
mens 


The image formation of a two-dimensional 
crystal was discussed by Boersch?. In this 


Fig. 3. Schematical drawing illustrating contour 


phenomena. 

(a) Specimen film. (b) Image formed by in- 
coherent waves. (c) Image formed by coherent 
waves. (d) Total effect. 


(c) (b) 


Photo. 1. Dark field images of carbon black 


shadowed with aluminum; magnified x 10,000. 
(Courtesy Prof. T. Hibi) 

(a) Thin supporting film, 

(b) Thick supporting film. 

In (a) bright rings are appearing on peripheries 
of particles with dark shadows, while in (b) no 
bright rings are appearing and shadows are 
bright. These contrasts are understood by the 
the help of Fig. 2, if we assume the thickness 
of specimens increases in the following order: 
(A) Shadows in (a), (B) background of (a), (C) 
peripheries of particles of (a) and shadows in 
(b), (D) background of (b), (E) particles of (b). 
Notations (A), ----,(E) correspond respectively 
to (A), --+-,(E) in Fig. 2. 
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section the image formation of three-dimen- 
sional crystals is outlined. 

(a) Bright field images. Let us consider 
a specimen of perfect crystal. When a 
primary wave falls upon a specimen, the 
small angle scattering appears the same as 
in amorphous specimens, but there is no z7- 
coherent part of elastic scattering. In the 
place of the incoherent part, Bragg reflections 
appear when Bragg conditions are satisfied. 
The disappearance of the incoherent part and 
the appearance of Bragg reflections are both 
due to the regular atomic arrangement in 
crystals. 

When no Bragg reflection is excited, images 
are formed by the coherent waves and the 
inelastic scatterings. An image formed by 


Photo. 2. 
x 6,000. 


Dark field image of mica; 
(Courtesy Prof. T. Hibi). 
The set of V-shaped sharp contours is due to 
imperfections in the crystal. 

Diffuse contours are contours due to Bragg re- 
flections. 


magnified 


the coherent waves is the same as the image 
of an imaginary specimen with a uniform 
refractive index (3.1) and an_ absorption 
coefficient «;. Since the absorption coefficient 
is less than (3.2) by «,, crystalline substances 
are more transparent than amorphous sub- 
stances provided no Bragg reflection is ex- 
cited. 

When a Bragg reflection is excited, the ab- 
sorption coefficient «; must be supplemented 
by a term caused by the Bragg reflection. 
Since this term, the extinction coefficient, is 
large for strong Bragg reflections, the image 
formed by the coherent waves becomes 
remarkably dark. This is the familiar 
phenomenon of extinction contours!” 

(b) Effect of imperfections. Although the 
incoherent part of elastic scattering disappears 
perfectly in perfect crystals, it appears to a 
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certain extent when crystals are imperfect. 
Since severely strained parts of crystals are 
remarkably imperfect, they appear dark in 
bright field images and appear bright in dark 
field images. The contours appearing in 
Photo. 2 are without a doubt due to imper- 
fections. These contours remain fixed when 
the direction of illuminating beam is changed 
and this fixing cannot be observed in extinc- 
tion contours. 


(c) Dark field images. Dark field images 
of perfect crystalline specimens are formed 
mainly by inelastic scatterings provided no 
Bragg reflections take part in forming images. 
Therefore, dark field images of crystalline 
specimens are less bright than those of 
amorphous. specimens, but they become 
anomalously bright when a Bragg reflection 
takes part in forming images. 

According to the kinematical theory of 
electron diffraction, the intensity distribution 
of (ihzh;)-reflection is given by!” 

| (2zzme/h?) VivO(b—h) |? (Gell) 
where V,, indicates (//i2h3)-Fourier coefficient 
of the periodic electric potential in the crystal, 
h the vector representing (i,h,h3)-lattice point 
in the reciprocal lattice and @ the function 
defined in (2.4a). This indicates that in form- 
ing images Bragg reflections are similar to 
the small angle scattering. 

(d) Images of thick crystals. When crystals 
are thick, the kinematical theory of diffrac- 
tion is not adequate and the dynamical theory 
of diffraction should be adopted. The most 
remarkable phenomenon explained by the 
dynamical theory is a set of equal thickness 
striations which are observed in images of 
MgO and other crystals'®-™., This phenome- 
non was explained by Kossel'™, Heidenreich 
and Sturkey” and later by Kato™. 

Boersch?” considered a crystal to be an ampli- 
tude grating as weil as a phase grating and 
he determined the absorption power of ampli- 
tude grating from the cross section of in- 
elastic scatterings. Recently, however, 
Yoshioka”? treated theoretically the absorp- 
tion of electrons by crystals and obtained a 
result which can be stated as follows: If a 
crystal is assumed to be a_three-dimensional 
amplitude grating, it has a property quite 
different from usual gratings, because Fourier 
coefficients of absorption power change with 
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the direction of the incident beam especially 
when Bragg reflections are excited. 

(e) Images of net planes. Even if an ideal 
objective were available, no information con- 
cerning atomic arrangement could be obtained 
when an image is formed solely by the 
coherent waves or solely by a Bragg reflec- 
tion. A net plane becomes visible only when 
an image is formed by both the coherent 
waves and a Bragg reflection.* An image of 
a set of net planes is produced by an _ inter- 
ference between the image formed by the 
coherent waves and that formed by Bragg 
reflection. This fact is made clear by ex- 
amining the wave field near the crystal (Fig. 
4). It is obvious that only one net plane is 
visible when one Bragg reflection takes part 
in forming an image. The net plane which 
is made visible is that which excites the 
Bragg reflection. Therefore to get a full im- 
formation on atomic arrangements many 
images formed by different Bragg reflections 
must be obtained. Crystal structures are 
revealed in principle by a complete set of 


illustrating the 


drawing 
interference of a transmitted wave and Bragg 


Fig. 4. Schematical 


reflection. Distance d between fringes satisfies 
Bragg condition 2d sin@=nA. 
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ideal images. 


$6. Exact Theory of Image Formation 


In this section the general view described 
in Sec. 3 is formulated exactly. For the sake 
of simplicity, the illuminating beam is assum- 
ed to be parallel and only thin amorphous 
specimens are treated. 

(a) Image of free atoms: Survey of 
Scherzer’s theory”. According to Kirchhoff’s 
theorem, the wave function on the image 
plane ¥(R) is derived from that on the back 
focal plane #a(r.) as follows: 
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&(R) 
image plane 


Fig. 5. Schematical drawing of imaging system. 


* Bragg reflections are actually coherent with 
the primary wave. However, the word “coherent 
wave” is used here as mentioned in Sec. 3b, not 
involving Bragg reflections. 
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V(R)=(1/2f M)\ sdra 

xexp [277(ra/AS)CR/M)|palra) (6.1) 

where f is the focal length of the objective 

lens, M the magnification and the integral 

over the area of the aperture which is placed 
on the back focal plane. 

When a single atom placed on the optical 
axis is illuminated by a plane wave parallel 
to the axis, du(ra) turns out as 

Palta)= OF )L0/20)i(sro) +2E(s) fe” (6.2) 

S=(27i ra AT) (6.2a) 
where 9, s and &(s) are already defined in 
Sec. 2, Ji(s7o) is Bessel function of the first 
order, and 7 is a phase factor determined by 
both the degree of defocus and coefficient of 
spherical aberration (see Scherzer, 1949). The 
first term in braces represents the primary 
wave diffracted by an aperture of radius 7% 
(Fig. 5). The second term represents the 
wave elastically scattered by the atom. 

Substituting (6.2) into (6.1) and assuming 
|R| less than My, we get 

Y(R)=(1/M)+7¥(R) 

Y (R)=(1/Af?M)§ adra 

exp [27d(ru/Af)UR/M)+i7]E(s) (6.3a) 
Thus the intensity on the image plane is pro- 
portional to 

PY*=(1/M)+@/M)\F>o—V) +0 Po*. (6.4) 
The first term is the background formed by 
the primary wave, the second term is the 
phase~ contrast and the third term is the 
bright image of the atom. The second and 
the third terms are small quantities of the 
first and the second order, respectively. If 
Born’s first approximation is adopted the first 
term contains an error of the second order, 
and thus the third term should be neglected. 
At the exact focus the second term vanishes 
because (s) is real under this approximation. 
Therefore, only defocused images can be 
discussed by this formula”. 

In the better approximation by Glauber and 
Schomaker?”, E(s) has an imaginary part 

Im{E(b)} = (1/24) E*(b' —B)E(b)d2,- (6.5) 
where the integral is over the whole solid 
angle of b’. Therefore, the second term does 
not vanish even in the exact focus. It can 
be proved that the third term (positive) com- 
pensates the second term (negative) at the 
exact focus provided the objective lens has a 
sufficiently large aperture with no aberration, 


(6.3) 
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This is evident because the incident wave is 
not absorbed in the atom and all the scattered 
rays converge on the image plane. 

Although Scherzer* neglected the third 
term, the bright image of atom, we take it 
into account because it is important for a 
perfect understanding of the image  for- 
mation. 

(b) Images of amorphous specimens. When 
the specimen is composed of many atoms of 
one kind the scattering by all the atoms in 
the specimen must be taken into account. 
Provided the condition of single scattering is 
satisfied, the wave function on the back focal 
plane can be obtained by summing up the 
second term in (6.2) 

Palra)= (L/P ){(70/20)Ji(sro) 


+7tE(s) >, exp (—2zibri)}e . (6.6) 


Then the wave function on the image plane 
becomes 


¥ (R)=(1/M)+2 > YR) 


Y (R)= (1/Af 2M) § dra 
x exp [272{1ra/AS)R/M) —bri}+ 77] Es) 
(6.7) 
If the arrangement of atoms in the specimen 
is at random, it is convenient to write the 
intensity on the image plane as follows: 


GE t= (11 DE) seals 
+(@/M)(>) ¥i1—>) Pe*)+ = Ves (6.8) 
t é es) 


(c) Images formed by the incoherent part 
of elastic scattering. The second term in 
(6.8) is the image formed by the incoherent 
part of elastic scattering. This term consists 
of the bright image of each atom in the 
specimen. To make this fact clear, let us 
write 


bri=(ru/f 2)(Ril[M)—&/2x (6.9) 
where R; is the coordinate of Gauss image 
of the zth atom and & is a small factor deter- 
mined by the axial component of r;.  Sub- 
stituting (6.9) into (6.7a), we get 
VY (R)=O/Af2M)§ sdra 
x exp [27¢(ra/Af){(R—R:)/M}+2(E+7)]E(s) 
(6.10) 
Thus, if the defocus due to € is neglected, 
we get 
Y (R)=V(R—-Ri) . (6.11) 
This shows that the bright image of the 7th 
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atom appears at R;. 

The bright images of atoms are not re- 
solved by present-day electron microscopes 
and very many atoms are involved in a 
volume resolved by present-day electron 
microscopes. Therefore, the fluctuation of 
atomic density in the specimen can be neg- 
lected and the summation in the second term 
of (6.8) can be replaced by an integral 

2|ViPN§o|¥i)?ar: . (6.12) 
This gives the image of the specimen formed 
by the atomic part of elastic scattering. 

(d) mages formed by inelastic scatterings. 
Let us denote the scattering function of the 
tth transition by £;(s;) and let us denote the 
wave function on the image plane which 
function results from the 7th transition of the 
the zth atom by ¥;,:(A), then ¥;,:(R) is calcu- 
lated by (6.10) where £(s) must be sub- 
stituted by £.(s;) and effect of energy loss in 
+, f and 2 must be taken into account. Since 
inelastic scatterings are incoherent to each 
other, the image of the zth atom can be stated 
as 

XP ie)? (6.13) 
where the summation is over all transitions. 

(e) Images formed by the coherent waves. 
For the same reason mentioned in (c) of this 
section, the summations in the third and 
fourth terms of (6.8) can also be replaced by 
the integral. Then, using notations defined 
in (2.4a) and (2.6), the first, third and fourth 
terms in (6.8) become 


w/w’ * = (1/M2) +(6/M\(e2—9*) + |v? (6.14) 
P8=(1/Af2M)s adra 

x exp [272(ra/Af )UR/M) +27) 

x (2rme/h?)VovO(b) . (6.14a) 


The formula (6.14) represents the image of 
an imaginary specimen which has a uniform 
potential V) and is perfectly transparent. If 
the imaginary specimen is considered from 
the beginning, the summation in (6.6) is re- 
placed by the integral and we get 

PY (ra) = (1/F ){ (70/20) Ji(s7o) 

+74(2xme/h?)VivO(b)} . (6.15) 

The equation (6.14) is readily derived from 
this equation. 

(f) Phase shift. Let us consider a speci- 
men with radius 7 and a thickness d. Then 
we get 
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@(b) =(d/v)§s exp [—2z7(br)|ds 
= (d/v)(1%/20) Aji (S70) . (6.16) 
Where the integral is over the area of the 
specimen. Then (6.15) becomes 
DP’ (ra) = (A/F) (170/20) Ji (sv) {1 + a(ad/A)( Vo/E)} : 
(Gn) 
Where £ is the kinetic energy 
E=(h?/2me)1/2?) . 
The term (zd/2)(V,/E) is the phase shift ¢ of 
the wave in the specimen. It coincides with 
the phase shift calculated directly from the 
equation 
G=2nd{(u/d4)—(1/a)} =(zd/a)(Vo/E) . (6.18) 
Assuming V,)=10 volts, E=50RkV and d=100A, 
we get ¢=0.47. Since formula (6.17) is valid 
only for small ”, the above example shows 
that (6.17) cannot be applied to a collodion 
film of thickness 100A. For thick specimens 
the term in braces of (6.17) must be replaced 
by 
exp [2(7d/4)(Vo/E)] . (6.19) 
(g) fect of absorptions. In treating images 
formed by the coherent waves the absorption 
coefficient (3.2) must be assumed for the im- 
aginary specimen, as mentioned in Sec. 3c. 
It is note-worthy that a formal calculation 
under Schomaker’s approximation automati- 
cally results in «.. According to (6.5), we have 
In{ E(0)}=(0-/24) ,  ¢e=S |) /?dQy . (6.20) 
Then, by (2.6) for the imaginary part of Vo 
we get 


Im{ V)}=(h?/2xme)(N/v)(oe/2a) . (6.21) 


Substituting (6.21) in (6.19) and recollecting 
(3.2), we get 


exp [—(N/v)o-d]=exp|[—ieed]. (6.22) 


This implies that absorption coefficient is 
given by ke. 


§7. Discussion 


An actual image of electron microscope is 
composed of images formed by the coherent 
and the incoherent waves. If the coherent 
wave is neglected, only the contrast due to 
the scattering absorption appears»), On 
the other hand, if the incoherent waves are 
neglected, only the phase contrast appears». 
This study explains both contrasts from a 
unified point of view in which an image of a 
specimen is built up from images of single 
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Tokyo University of Education, Otsuka, Tokyo 


(Received December 11, 1954) 


Piezoelectric absorption lines which had been found in the experiment 
of nuclear quadrupole resonance were studied in the frequency range be- 


tween 3 Mc and 700 Mc. 
but also in single crystals. 


These lines were observed not only in powder, 
The present experiment showed that they were 


neither due to resonant vibrations of individual crystals in powder nor 


due to harmonics of the natural vibration of a single crystal. 


The 


absorption was dependent on imperfection of crystal and related to very 


narrow region in a crystal. 


The following mechanism was suggested: 


There are regions where the velocity of the elastic wave is smaller than 


the outside. 
of total reflection at the boundary. 


$1. Introduction 


In the course of experiment on the nuclear 
quadrupole resonance of iodine nuclei, unex- 
pected absorption lines at sub-microwave 
frequencies (3 Mc~700 Mc) were found in silver 
iodide power. These lines were different from 
those of quadrupole resonances at least in the 
facts that they did not exhibit Zeeman effect 
and that their absorption was not due to 
magnetic component of rf field but due to 
electric component. 

It was searched what substance produced 
this absorption, and zinc sulphide, quartz* and 
barium titanate were found out. Furthermore 
single crystals of Rochelle salt and quartz (rock 
crystal) exhibited this absorption. These re- 
sults and some experiments on the nature of 
the absorption were reported briefly in the 
article “New absorption lines of crystals in 
sub-microwave region”. A similar absorp- 
tion had been discovered by Livingston at 
short-wave frequencies?**. In his paper on 
the nuclear quadrupole experiment of chlorine 
nuclei it was described that piezoelectric sub- 
stances under certain conditions gave rise to 
absorption spectra different from quadrupole 


lines, though further description was not 
made. 


Piezoelectric powders are well known to 
yield absorption lines due to the resonant 
vibrations of individual crystals and piezo- 
electric single crystals are also well known 
to yield absorption lines due to harmonics of 


the natural vibration, 


Then vibrations are confined within the region because 


We have attempted to study whether the 
absorption presented here can be interpreted 
by such mechanisms or not. Furthermore 
we have investigated nature of this absorp- 
tion and gave a suggestion on the mechanism. 


$2. Method of Detection 


The apparatus used for the experiment on 
silver iodide was a frequency modulated 
superregenerative detector with a transmission 
line tuned circuit. The method of detection 
was same as the experiment of nuclear quad- 
rupole resonance*), but the sample was placed 
at the voltage loop of the transmission line. 
The absorption lines were viewed on an oscil- 


Fig. 1. Pattern for the absorption of zinc 
sulphide powder. 


* At the symposium on Moiecular physics at 
Nikko, Japan, on Sept. 12, 1953, where the results 
on silver iodide and zinc sulphide were reported 
by the authors. Dr. N. Bloembergen informed us 
that Dr. Schwede had observed unknown lines in 
quartz powder at short wave frequency. 

** It was published in the Annals of New York 
Acad. Sci. earlier than ours. We knew it after 
our previous publication. 
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_ a : : Frequency range 1 dy yom 

Sample (Mc) , dT Ci@)) 

Agl Powder Sih 0 32 x10-5 

ZnS powder (fine grain) 24~500 — 4.6x10-5 
Ba(ClO;)o»H,O0* powder 20 ~500 = Ome Ome 

Rock crystal single crystal 3~550 = 0n654 10m 

single crystal 3~550 = 4, 0ix1054 


Rochelle salt 


The absorption in this substance was first detected by K. Torizuka 


(private communication). 


loscope, whose horizontal axis was swept in 
synchronization with the frequency modula- 
tion. Fig. 1 is a photograph of absorption 
lines observed in zinc sulphide. Since the 
spectra spreaded over very wide frequency 
range, four superregenerative oscillators were 
prepared in responce to the frequency ranges, 
10 Mc~50 Mc, 45 Mc~100 Mc, 150 Mc~350 Mc 
and 350 Mc~700 Mc"). Superregenerative de- 
tectors have a high sensitivity, but they have 
a disadvantage that there exhibit many side 
lines with the spacing of the quenching fre- 
quency. In order to determine the spectra 
precisely two simple regenerative detectors 
(autodynes) with LC tuning circuit were used. 
One was worked in the frequency range _be- 


900i 


+ 230V 


Pigee2. 
oscillator. 


Circuit diagram for the autodyne 
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Fig. 3. Pattern for the absorption lines of a single 
crystal of quartz. Five lines with wiggles are 
shown. The frequency was swept from the left 
to the right between 59.94 Mc and 60.08 Mc, 


tween 3 Mc~50 Mc and the other between 50 
Mc~120 Mc. The circuit diagram of the 
latter is shown in Fig. 2. A photograph 
taken with this apparatus for a single crystal 
of quartz is shown in Fig. 3. 


$3. Observed Spectra 


The absorption was observed in very wide 
frequency range. Spreading of the spectra 
for several substances are listed in Table I. 

The spectra in powder consisted of so many 
lines that the individual lines were not 
separated as shown in Fig. 1. Single crystals, 
however, displayed a spectrum which was re- 
solved into sharp lines as shown in Fig. 3. 
These sharp lines had the width below several 
kilocycles and accompanied wiggles. The fre- 
quencies of the lines were shifted by the 
change of temperature. The temperature 
coefficients defined by (1/y»)(dv/dT) are also 
listed in Table I. In addition to the substances 
listed in the table barium titanate, tartar 
emetic, CdS*, SbSI and I.0; showed this ab- 
sorption. 

Among many quartz crystals one showed 
very sharp absorption lines. It was a rec- 
tangular prism with dimentions 1.305 x 1.285 x 
4.260 cm’. On this crystal the lines of the 
spectrum was measured accurately between 
10 Mc and 120 Mc. A part of the spectrum 
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Fig. 4. Spectrum between 95 Mc and 98 Mc of a 
quartz crystal. 


* This substance was first studied by K. Shimo- 
mura (private communication), 
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is reproduced in Fig. 4, where weak lines 
are omitted. This spectrum was composed of 
two series of equidistant lines. One has a 
spacing of 410 ke and the other 283 kc. Al- 
though the spacings were slightely changed, 
these series extended in whole range. Beside 
these two strong series there were some weak 
series. Equidistant series were also observed 
in the spectra of other crystals. However, 
the spacings were not same as the above 
crystal, and different crystal by crystal. 
Similar results were also obtained on single 
crystals of Rochelle salt*. 


§4. Test on Powder Method 


For qualitative indication of piezoelectricity 
in crystal powder Giebe and Scheibe had 
developed in 1925 the following method®. A 
sample of grains of crystals were placed be- 
tween the electrodes of the condenser of 
oscillating circuit of variable frequencies. 
With a telephone receiver in the oscillator 
they heard clicks which were yielded when 
the frequency was tuned through natural fre- 
quencies of grains. This method is known 
by the name of the powder method. The 
circuit used in the present experiment is 
shown in Fig. 5. This apparatus consisted 
of two separate parts: an oscillator and a 
detector. Changing the frequency by the 
condenser C with a constant speed, clicks 
were observed with the oscilloscope or the 
telephone receiver. By this method an en- 
velope of the absorption lines due to the re- 
sonance vibration of individual grains were 


obtained. 

By crushing a natural rock crystal, grains 
of quartz were made. The grains were ar- 
ranged by classes of size with sieves. On 
each class an envelope of absorption spectra 
of grains was observed by this method. As 
shown in Fig. 6, the intensity maximum for 
the grains between 0.17 mm and 0.22 mm in 
diameter occurred at the frequency of 8 Mc. 
The frequency of intensity maximum was ap- 
proximately inversely proportional to the size of 
grains. The frequency spectrum, as shown 
in Fig. 6, indicated that the intensity decreas- 
ed more and more as the frequency was 
increased. But some absorption lines could 


| be observed by the aid of the super-regenera- 
i tive detector even at 200 Mc. 


This absorp- 
tion in a sub-microwave frequency was almost 
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independent on the size of grain and was 
rather faint for the smaller size. This ex- 
periment gave an evidence that the absorption 
was not interpreted by resonance vibrations 
of individual crystals. 


Fig. 5. Circuit diagram for the powder method. 
(The sample is placed between the electrodes 
of condenser C.) 


Size of Grains 
in mm 
2~5 
eS c : 
7) b O:8~ 1-0 
® C6 0:38~0-58 
_ 
= b d O17 ~ 0-22 
@ 
> 
= 
1e 
o 
a 
a = 
fe L Sas 
O 5 10 I5 20 
Frequency Mc 
Fig. 6. Observed absorption curves by the powder 

method. 


§5. Test on Harmonics of a Quartz 
Resonator 


A quartz resonator of one megacycle, which 
was 1.86 mm in thickness and 3.19x2.13 cm? 
in area, was tested by the autodyne detector. 
It yielded the absorption lines of 1 Mc, 3 Mc, 
5 Mc ---- with decending intensities as shown 


Those results and further experiments on 
Rochelle salt will be published by one of the 
authors (S. O.) in the Natural Science Report of 
the Ochanomizu University. 
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in Fig. 7. This quartz resonator showed 
weak absorption lines beside above series. 
The higher harmonics, as shown in Fig. 7, 
decreased so rapidly that the intensity of the 
15th harmonic was comparable to irregular 
weak lines. The quartz prism described in 
§3 had a natural frequency of 100 kc, which 


Intensity 


Relative 


O 5 10 15 20 
Frequency Mc 


Fig. 7. Absorption spectrum of the quartz 
resonator of 1 Mc. 


Fig. 8. 


was measured by the click method. In spite 
of such low frequency of the fundamental 
vibration the spectrum described in § 3 spread- 
ed between 3 Mc and 550 Mc with almost 
constant intensity. This fact could not be 
understood by harmonics of the natural vib- 
ration. 


$6. Effect of Oil Immersion 


When the samples were immersed in oil*, 
it was observed that almost every lines dis- 
appeared. This effect was seen in either 
powder or single crystal. The most interest- 
ing case was the quartz prism described in 
§3. When a small drop of oil was placed at 
one of the spots @ and 6 shown in Fig. 8, 
the series with the spacing of 410kc was 
completely extinguished. On the other hand 
an oil drop placed on the spot ¢ or d ex- 
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tinguished the series of lines of the spacing 
of 283 kc**. These experiments indicated that 
the vibrations were confirmed in very narrow 
region of a crystal. 


87. Effect of Imperfections in Crystals 


The absorption was different for each speci- 
mens. Among the studied twenty natural 
rock crystals, some of them showed strong 
absorption and some of them nothing. The 
absorption was also affected by thermal treat- 
ments or exposures of radiations. 


(i) Thermal treatment 

Commercial samples of silver iodide usually 
observed nothing at room temperature. When 
they were cooled below the ice point, they 
exhibited absorption gradually and at the dry- 
ice temperature the spectrum could be ob- 
served clearly. After they were heated above 
the transition point of 146°C, where the colour 
changed from light yellow to red, some of 
them were cooled by natural cooling, and the 
others by very slow cooling taking about 100 
hours. Then the absorption was tested at 
the room temperature. The former samples 
exhibited the absorption even at the room 
temperature whereas the latters did nothing. 

The same effect of heating was also ob- 
served in rock crystals. 

These results indicated that the absorption 
depended on inhomogeneity or imperfections 
in crystal. 


(ii) Exposure of radiations 

Since the absorption seemed to depend on 
the imperfection of crystals, effect of irradia- 
tion of rays were studied. It was shown that 
rock crystals which had no ability of the ab- 
sorption gained it by receiving the irradiation 
of X rays of about 1 hour with 5 mA at 30 
kV***, The irradiation of 7 rays of cobalt-60 
of 5 me during a week gave similar effect for 
a rock crystal. 

Phosphorescent zinc sulphide powder which 
was kept several days in dark seemed to be in- 
creased in the absorption by exposure of light. 

Absorbing ability which was gained by the 


* The oil used was a vacuum pumpoil. Carbon 


tetrachloride was also effective. 

** The lines connecting a with b and ¢ with d 
seemed to make an angle of about 60°, and to lie 
in the planes containing the crystal axes. 

We are indepted Mr. S. Annaka for the ex- 
posure of X-rays, 
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heat treatment or by the irradiation of rays 
decayed after several days. 
(iii) Transient noise 

When the absorption was studied on the 
sample of silver iodide which was changing 
the temperature, it was found a noise similar 
to the Barkhausen effect in ferromagnetic 
substances. This transient noise was also ob- 
served in zinc sulphide which was being ex- 
posed in light. Furthermore Rochelle salt and 
barium titanate yielded this noise during 
several second after the beginning of the 
observations. This noise seemed to be caused 
by rearrangement of internal structure of 
crystals. 


$8. Discussions 


In piezoelectric substances an oscillating 
electric field produces mechanical vibrations, 
which usually propagate through whole cry- 
stal as elastic waves. The experiment of the 
oil effect on the quartz crystal, however, 
indicated that the waves were confined in a 
small region. Furthermore the sharpness of 
the absorption lines required that the damp- 
ing of the mechanical vibrations was very 
weak. In order to confine the waves within 
a small region the medium could not be homo- 
genious. The effect of quenching after heat- 
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ing or the effect of irradiation of rays seems 
to be valid for the production of inhomo- 
geneity. The transient noise mentioned in 
the previous section directly indicated the 
existense of inhomogeneity. Therefore the 
crystals which give rise the absorption are 
considered to have imperfections in their 
natural states. The sharpness of the lines 
suggests that the elastic waves produced in 
a small region of the crystal are confined by 
total reflection at the boundary. This mecha- 
nism seems to be important in this absorption. 
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Adsorption and Surface Potential of Semi-conductors. 


Tarcete 


Photo-enhanced Adsorption of Oxygen and Change of Contact 
Potential of ZnS Phosphors with Illumination 


By Akio KOBAYASHI and Shinji KAWAJI 
Research Institute for Catalysis, Hokkaido University, Sapporo 
(Received January 22, 1955) 


When ZnS phosphor containing 10-2 Mol% of Cu was irradiated in oxygen 
gas by light with wavelengths lying within the characteristic absorption 
band of the host crystal, photo-enhanced adsorption and increase of the 
surface potential (decrease of the work function) of the crystal were 


observed. 


If we assume that the lowering of the potential energy of 


adsorption of oxygen is equal to the increased amount of surface potential, 


the photo-enhanced adsorption can be explained semi-quantitatively. 


The 


change of the surface potential of ZnS with illumination, (Ac.p.);, increas- 
ed with pressures of oxygen and decreased with temperature. 


Introduction 


§1. 


It is well known that there are a space 
charge layer at the surface of semi-conductors 
or insulators. If we irradiate one of those 
crystals with photons with wavelengths lying 
within its characteristic absorption band, 
electrons and holes created by irradiation will 
be separated from each other by the field of 
this space charge layer, hence the surface 
potential will be changed as a result of re- 
distribution of surface charge”. This change 
of the surface potential will give rise to photo- 
enhanced adsorption or desorption of gases on 
the crystal. 

Hedvall and his coworkers®) were studied 
on the desorption and adsorption of dyes on 
ZnS and CdS with illumination in liquid. We 
have studied the correlation between the 
change of the surface potential of ZnS due to 
irradiation and the photo-enhanced adsorption 
of oxygen preliminarily. 


§2. Procedure of Experiments 


1) Measurements of photo-enhanced adsorp- 
tion. 

The phosphor used was ZnS powder of 
Wurtzite type containing 10-2 mol% Cu ac- 
tivator. The apparatus for adsorption is shown 
in Fig. 1. The inner wall of a bulb made of 
ultra-violet transparent glass was coated with 
the powder of the phosphor of 1.0 gr. in 
weight. The inner diameter of the bulb was 
3.6cm. The total volume of the measuring 
vessel cut off by a greaseless cock was 32 cc. 


At the beginning of measurements, the 
vessel was evacuated for one hour at 400°C 
to 500°C, then cooled and oxygen gas was 
introduced into it from a gas reservoir through 
a liquid nitrogen trap. The pressures were 
measured with a Pirani gauge which had a 
sensitivity of 4x10-° mmHg per division for 
oxygen. An ultra-high pressure mercury 
lamp of 500 watts combined with glass filters 
was used as a light source. 

2) Measurements of contact potential and 
change of contact potential with illumina- 
tion. 

Fig. 2 shows the bulb used to measure the 
contact potential, c.p., and its change with 
illumination, (4c.p.)z, by the method of vibra- 
ting condenser. The vibrating reed was a 
grid of a Fernico metal sheet goldplated, 
which was welded with a tungsten rod of 1 
mm in dia. whose end was connected with 
the input of a preamplifier. The sample 
holder, made of a brass block of 3 mm thick 
and 8x10sq.mm. in area, had four cavities 
into which heaters of vacuum tubes were 
inserted. A nickel mesh mounted on the 
holder was coated with ZnS powder. The 
holder was fixed to the stem by means of a 
nickel rod of 2mm. dia. It was found easy 
to control temperatures of the sample over 
the range from —160°C upto 200°C by pour- 
ing liquid nitrogen into the stem-tube or by 
firing the heaters in the holder. Silicone 
grease was used for joint between the stem 
and the body of the bulb. 

At the beginning of measurements the bulb 
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GREASELESS COCK 


— 
LIGHT > 


WATER 
Fig. 1. 


was degassed by heating in an oven at 150°C 
for few hours at high vacuum, and moreover 
the filaments in the holder of the sample 
were fired to rise the temperature of the 
sample upto 300°C. Since the grid of the 
reed electrode removed about one half of the 
light, c.p.’s observed with illumination were 
mean values between those of irradiated area 
and dark area and thus the true (d4c.p.)z’s 
were estimated to be twice as large as the 
observed. A potentiometer was used to 
balance the c.p.d. with a relative accuracy of 
10mV.. The frequency of the reed was 310 
cps.. Gain of the amplifier was about 100 db. 

In the case of recording transient change 
of c.p., an electromagnetic oscillograph was 
drived by rectified current of unbalanced 
signal caused by irradiation. After cession 
of excitation, the decay of (4c.p.)z, which 
sometimes oscillated to the opposite sign in 
the case of ammonia ambient, could be deter- 
mined by making c.p. balance during excita- 
tion. When the decay was very slow, it was 
easy to trace manually the balanced potential 
and therefore to determine the sign of the 
decay. 


§3. Results of the Experiments 


The effect of irradiation on the work func- 
tion and photo-enhanced adsorption were ob- 
served only with the excitation by light with 
wavelengths shorter than 4000 A. Both of the 
effects increased with the intensity of radia- 
tion as well as the energy of photon and 
reached a saturation, when the crystals were 
irradiated with photons with wavelengths ly- 
ing within the characteristic absorption band 
of the host crystal. The radiation with wave- 


Apparatus to measure photo-enhanced adsorption. 
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Fig. 2. Bulb used to measure the c.p.’s and 
(Ac.p.)r’s. The inset shows a cross section of 
the sample holder. 
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Fig. 3. Oscillogram of (Ac.p.)n. 


lengths shorter than 2500 A must not be used. 
because this produced photoelectric emission 
giving rise to a confusion of the effects to be 
observed. We used therefore usually a glass 
filter transparent from 3000 A to 4000 A with 
a peak at 3600 A. The intensity of incident 
light might be enough to produce about 101° 
pairs of electrons and holes per sec. per sq.cm.. 

Time dependency of (4c.p.)n’s are shown 


ie, A. KOBAYASHI and S. KAWAJI 


iO 10" oe 10° 
PRESSURE OF OXYGEN IN mmHg 


Fig. 4. (Ac.p.), versus pressure of oxygen 
ambient. x measured at 23°C, PM measured at 
—35°C and @ at 100°C. 
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in Fig. 3. The (dc.p.),’s, which are twice as 
large as the observed for the reason mention- 
ed above, increased with pressures of oxygen 
and decreased with temperature as shown in 
Fig. 4. Fig. 5, shows the decrease of pressure 
with irradiation on the phosphor and its re- 
covery at darkening. The pressures decreased 
exponentially with time from 2x10-* mmHg 
to 8x10-*>mmHg with irradiation. In the 
case of hydrogen as well as ammonia no 
photo-activated adsorption or desorption was 
observed with illumination. 


$4. Discussion of the Results 


The increase of covering factor @ by ir- 
radiation can be calculated to be about 0.07, 
corresponding to the decrease of pressure 
from 2x10-% mmHg, provided that the ir- 
radiated area of the phosphor is about ten 
times as large as the semi-sphere of the bulb. 
We assumed in this case that one oxygen 
atom can be absorbed in ionic form on every 
unit cell of the cleavage surfaces of ZnS of 
wurtzite type. 

When ZnS crystal is irradiated with the 
light with wavelengths lying within the 
characteristic absorption band, electrons in the 
full band will be ionized to the conduction 
band and thus holes and quasi-free electrons 
will be created. Holes and electrons will be 
separated from each other by the field of surface 
space charge. Thus the concentration of 
holes increases at the surface to give rise to 
increase of the surface potential (decrease of 
the work function), (4c.p.);, since negative 
ions adsorbed on the surface produce such a 
field as shown in Fig. 6. Hence the potential 
energy of adsorbed oxygen ions decreases 
with the increase of surface potential by an 
amount of 4U, which is equal to (dc.p.), as 
shown in Fig. 7. As the decrease of the 
activation energy of adsorption with illumina- 
tion is denoted by a4U, the potential energy 
of adsorption decreases as much as (l—a@)4U. 

When an equilibrium sets up in the dark, 
we have the following equation, 


k(1—0)°p—kO?=0, (1) 


where k and k are rate constants of adsorp- 
tion and desorption respectively, @ is the 
covering factor in the dark, p the pressure 
in equilibrium. 
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When those with illumination are represent- 


ed by suffix 1, the equations may be as fol- 
lows, 


la=k exp (aAU/RT) , 


kv=k exp [(a—1)4U/RT] (2) 


When a steady state sets up in the case of 
illumination, we have 


ki(1—0)*tr—hi02=0 - 


(3) 
From Eq.’s (1), (2) and (3) it follows that 
1—8)0 FP p 
: SE ag (ATy , 
ae parc AU/kT) (4) 
where 
$:=0+0.07 , 
p=2x10-* mmHg , 
fi=8X10-° mmHg , 
A= 0N-EN: 
Solving Eq. (4) for 6, we obtain 
G=W:2es0nm Of. 


For the initial decay of pressure, we obtain 
for the decay constant c, 


dp_ sz A epiakt 
— ~*~ = —+k,1—0)’p—-k.? 
Ad v | (1 )*p Rk f 
‘Sian asl 

= — k(1—9) —— 

a) 2 ) exp ( kT ) 


cfi-en(—A)l 
Eee (5) 


where 


s=the irradiated area 200 sq. cm., 
v=the volume of the measuring vessel 32 cc.. 


The observed value of rt is 540 sec.. If there 


is no activation energy for absorption, k can 
be calculated to be 0.3 cc. per sec. per sq. 
cm.”), Putting the observed values of s, vandt 


into Eq. (5), we obtain a value of k so small 
as compared with that in the case of no acti- 
vation energy by the order of 100 or 1000. 


This shows k may have an activation energy 
of about 0.1 to 0.2 eV.. By similar estima- 


tion for k we obtain 2.5 eV for the heat of 
adsorption to be expected. 
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$5. Conclusion 


The photo-enhanced adsorption of oxygen 
on ZnS with illumination was attributed to 
the increase of the energy of adsorption of 
oxygen in an excited state of the crystal. 
We showed that this effect could be explained 
by increase of the surface potential due to 
irradiation. In the case of ionic adsorption, 
the electrostatic self-energy of the space 
charge layer at the surface of the dielectrics 
contributes largely to the energy of adsorp- 
tion. But even if there is no ionic adsorp- 
tion, the space charge layer is always formed 
by surface trap levels. Therefore, in order 
to compare the theoretical value of the heat 
of adsorption to the observed one, one must 
first measure the physical constants of the 
space charge layer with the method after 
Brattain and Bardeen’s experiments. 

Further experiments will be done to meas- 
ure the heat of adsorption, the activation 
energy of adsorption, the covering factor and 
the change of the surface recombination 
velocity due to adsorptive ions. 
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On Extraordinary Phenomena in a Non-linear 


Forced Oscillation 


By Akira SAKURAI 
Tokyo Electricul Engineering College 
(Received September 6, 1954) 


The non-linear forced oscillation represented by #—dF(a)/dx=p cos wt 


is discussed. 


Transforming this equation to the variational form, the 


Ritz method is applied to obtain the solution in the form of Fourier 


series. 


Concerning this solution, extraordinary points of two different 


kinds are distinguished. This method is applied to find the jumping 
voltage of a circuit containing iron reactor, and result obtained is in 
good agreement with Katano’s experiment. 


$1. Introduction 
We shall consider the non-linear oscillation 


of the foliowing type, 


%—dF(x)/dx=p cos wt , igh) 


where /(z) is assumed to be a simple known 
function. 

It is well known that there occurs a jump 
in the amplitude of 2 when, for example, p 
is increased gradually from zero, retaining w 
constant. Moreover, it happens  occasion- 
ally that 2 has successive jumps, if we increase 
pb further. These jumps are considered to be 
caused by modes of higher harmonics. This 
phenomenon was already studied by Hayashi” 
considering the stability of the periodic solu- 
tion of eq. (1). He obtained an equation for 
the extraordinary points, which correspond to 
the boundary of the stable and unstable 
regions. 

In the following sections, the same problem 
is treated by a different method. The ex- 
traordinary position obtained is almost the 
same as that of Hayashi’s. 


§ 2. Construction of the Solution by a 
Variational Method 


For the solution of (1) with the period 2z/o 
we have the following Fourier series expres- 
sion, 


w= >' {dn exp (nwt) +Gn exp (—inat)} , 
n=1 


(2) 


where dn is the unknown constant to be deter- 
mined and d@» its complex conjugate. 

Now we transform the equation (1) into the 
variational form as, 


| L sa F(a) 4 pe cos a dt. 
aie J 

(3) 
Substituting 2 from (2) into (3) and utilizing 
the relation, 


22 / o 
\ ened = {Om 2 
0 0 ? 


3G=0, c=| 


we have 

G=(22/){42?/2+F(a)+pe(zt2-/2}., (4) 
where {¥}, signifies the constant term in the 
expansion of ¥Y in powers of z, and 


zZ=exp @wt), 2=>) (Gn2"+Gnz-") , 
n=1 


e=t1o oS N( Anz" —Gnz-") . 


n=l 


It is readily seen that: 
{27/2)= >) OW Anan, 
n=1 


{p2(z+271)/2}o=p(ait+as)/2 . 
To find {F(a)}c, we put 


(5) 


B= Mh2e+aQiz 1+ >) (ane + an2z-*) 
n=2 


and expand the function F(z) in the vicinity 
of aiz+d,z-1 to the second order term, assum- 
ing the amplitudes of higher modes |a»| are 
small compared with that of the fundamental 
mode. Thus, 


F(x) =F(az+ G27") 
+4 s (Gn Z"+Gn2-™) Le (meee) 


at (1/2)4 S (An2"+dn oR (aetae"). 
(6) 


For convenience in calculation, we define the 
following quantities: 


274 
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{F(mz+&27})}.=M ; 
{z?"F’ (qz+da)27})}.=a 


122 FO (aig aie- 


Leon 

\te=Ban, (n=0,1, 2, ---), 
ez9) 

and stipulate that the quantity 8)8n, when- 


ever it appears, should be replaced by Bi4m. 
Then, we have formally 


{P@) t= M+> (@nA@n+GnQ_n) 
n=2 


+515 (anBnt Gn B-»)b F (8) 


2 n=2 


It is to be remarked here that M, asn, Bin 
are functions of a, @ and especially M is a 
function of aia only; and apparently 


Pos=Pr : GD) 


From (4), (5) and (8), G is finally expressed 
ase 


A=n— An, 


(C= at x wo” n? 2Andn+ : 


@ | n=1 


(a+ag)+M 


= EeS (Qn@n+ Gna -n) 
n=2 


(10) 


n=2 


== ; 12 » (anf n+ GnB-n) | sb 


Using the above expression of G, we can 
-) by the relations 


(11) 


determine @n, Gn (n=1,2,-- 


OG/Oan=0, OG/0Gn=0, (n=1,2, ---). 


§3. Determination of a, @ 


To determine a:,d; we neglect the terms 
including @n, Gn; thus G is reduced to 


G=(22/w){o%a.d, + Par +a)/2+M) . 
The equations 0G/da,=0, 0G/0G@,=0 become 
respectively, 


a Ae 8 ' (12) 

wa, +p/2+0M/0a, = 

Since M is the function of ad, we have 

OM/Oa=Ma,, OM/0a,=M'a , 

=d/d(aid,)-M(aids) . 

Now, subtraction of the equations (12), gives 
(4i—a)(w?+ M’)=0. 

It is apparent from (12) that o?+M’s<0 if 

px0. Hence, a=d&. This result indicates 


where 
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that the phase of the fundamental mode is 
equal to or has a difference of z from the 
phase of the exciting force. 

Further, using the relation (9), we have 


Qa) =an—Teal San=epneale (13) 

If we put a1=d:=x (w being real), (12) is 
reduced to 

way + p/2+M(xp7)x=0 , (14) 


by which we can determine x as a function 
of the given parameters ~,w. Accordingly 
Q+n, Bin can be determined as functions of 
Dp, o. 

Equation (14) corresponds to the familiar 
equation” which is obtained when the solution 
is represented by the equivalent harmonic 
motion. 


§4. Studies on a,, a, 


Introducing (10) into (11), we have 
on?an+t+ ant Bn > (GrBr+-4,B 1) =0 , 


want ant B—n >, (@,B,+4,B-+)=0 ) 
(yy Oyo OC 


or, considering the relations (7) and (13), 
OM? Gn + Ont ds (ArBn+r+GrBin-r|)=9 ) 


oN an+ ant, (ArBin—-rj +GrBn+r)=90 , 
WW Lg Oy 2 Re 
If we add and subtract the above equations 
and write 
Gn=an-tyn , 
we have 


=—ar|n’o" , 


an-+(1/n?w*) S (Bnort+Bin—ri)ar 
r=2 B 


Yn+ (1/2?) x (Bin—r| —Bnar)Yyr=0 ’ (16) 
N=, 135° 


Equations (15) contain a» only while (16) 
contain ym. Therefore, we can find x and 
Yn separately, considering w as a parameter. 


Now we put 
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4y=| 1+ (By +P1)/2?0? 
(Bi, + Bs)/3?0? 
(2+ Bs) /4?o* 


and denote by 4, the determinants which 
are obtained by replacing the (m—1)-th row 


of 4, by (a2/2?%w?, a3/3?w, ay/42w?, ---). Then, 
solving (15), we have 
tn — A, /A; ’ n=2, Oe a dic} (17) 


If we substitute the value of 2») obtained from 
(14) into the right side of (17), a»’s are deter- 
mined finally as functions of p,. However, 
it may happen that the value of a» is infinite 
when p and o (or 2) take such values as to 
make 4,=0, 4,7=s-0. Thus, we may see that 
there can take place extraordinary phenomena 


(Bi + B5)/2°0? 
1+ (Bo+ Bs)/3?0? 
(81+ 87)/420? 
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(B+ Be)/220? 
(Bi + B7)/3?@? 
1+(Bo+Bs)/420? 


of the sort of resonance in the neighbourhood 
of these points. Accordingly, 

4=0, 4,00, (18) 
give the condition for determining such ex- 
traordinary points. 

On the other hand, we can see from (16) 
that the values of yp’s are generally zero and 
so the phase of the higher mode is in general 
equal to or has a difference of xz from the 
phase of driving force as in the case of funda- 
mental mode. 

However, if 4:=0, where 


As= 1+(Bo—B4)/2?0? (81 — 85) /2?0? (82—B¢6)/2?a? 
(81—Bs)/3?w? 1+(8)—Bs)/32@? (81 — B7)/3?w? 
(B2— Bs)/4?0? (B:—B7)/42@?— 14+(Bo—Bs)/42o? eee |” (19) 
it is possible that the values of yn’s do not only odd harmonics appear in the stable 


vanish at these points. Accordingly, we may 
have a sudden appearance of imaginary parts 
and cosequently both the amplitude and phase 
of this mode may change there. This process 
seems to be somewhat different from the 
ordinary resonance phenomenon. 

According to Hayashi”, the periodic solu- 
tion of eq. (1), now under consideration, is 
not always stable and there is the region of 
unstable state, where the above-mentioned 
periodic solution loses its validity. But the 
conditions which give the boundary of the 
stable and the unstable regions obtained by 
Hayashi using Hill’s equation is found to 
coincide approximately with the conditions 
represented by (18) and (19). Namely, (18) 
corresponds to the boundary where the stable 
solution fails, while (19) corresponds to the 
boundary where the solution restores its 
stability. Moreover, Hayashi shows in the 
example with F’(2)=azv+bz2* that the con- 
currence of even harmonics is a salient fea- 
ture in the unstable region, on the other hand 


region. This fact may be in some way related 
to tne feature of the above-mentioned sudden 
appearance of imaginary parts. 

Now, let us consider the convergence of the 
infinite determinants 41, 4:™,4,. Generally, 
the infinite determinant 


converges, provided >} |a:;| converges. Since 
i,j=1 


the elements of 41, 4;%, 4. corresponding to 
aij (¢>1) are of the order of magnitude of 
(¢+1)-?, if ax and Bp are assumed to be of 
ordinary magnitude, 4;, 4, and 4, converge 
rapidly; and this fact is useful for the ap- 
proximate determination of their values. 

Thus we have the following expressions as 
the first approximation where a;; (¢, 7>2) are 
neglected, 


4:=1+(Bo+ Bi)/220?, 4, = ary/2?0? , 
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AOOZ0', RaQKAME ss 
4,=1-+(By— B,)/2?a? ‘ 
Then we have 
2= — at2|(2?w? + Bot Bs) , e3=a4=---=0, (20) 


and the extraordinary points are given by (18) 
and (19) as 


Ay2<0, 220? + 8)+8y=0 and 2°? w+ Bo—Bi=0. 


(21) 
In the second approximation where a;; 
(z, 73) are neglected, we have 
Sie eee (Bi + Bs)/2?0? | 
(Bi+85)/3?w? 1+ (Bo+ Be)/3?w? 
ae 1+(8)—Bs)/2?0? (Bi—Bs5)/2?0? | 
EB (81 —Bs)/3?w? 1+(PBo—Bs)/32w? , 
4,0=| a>|2? w? (Bi + B5)/2?a? 
3/30?  1+(Bo+Bs)/320? 
4,0 =| 1+(Po+8s)/2?a? Q>/2?? 
(P:+8s)/3*w? 3/320 
et) —— =e == () (22) 


§5. Application to the Circuit containing 
Tron Reactor 
Now we consider an electric circuit contain- 
ing an iron reactor which is driven by an 
input voltage Hsin wt as shown in Fig. 1. 


Fig. 1 

We assume that the iron reactor has the 
characteristics 

t=khib+ks¢° , (23) 


where z is the current and ¢ is the magnetic 
flux, ki, ks being constants. 

Katano” has designed this circuit as a 
stabilizer with the values k,=0.5, k;=650, 
L=0.11H, c=84 uF, where the first jump was 
of course avoided in the range to be used. 
However, he found a weak jump at a com- 
paratively large input voltage, which varied 
with w. It may be considered as the pheno- 
menon discussed in foregoing sections. Next 
we shall apply the formulae of § 4 to determine 


the jumping voltage. 
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First, we have from Fig. 1 
l=1-E ey, t =ca">/dt?., 
E’sin wt=(d/dt)-(@6+LD . 
Integrating the last equation and using (23), 


@+ {14+ Lki)6+ Lks6*}/Lo= —(E/Lew)cos ot . 


(24) 
If we compare (24) with (1) and _ put 
(1+ Zk,)/Zc=a, k;/c=b, then from (7) 
M = —a2y?—10b2y°/3 , 
a,=0 ; a3= —5bx,° ’ a,=0 ; 
As = —b2,° 5 A=az=:--=0, 
By=—a—30bm', fi=0, 
B2=—20bx*, B:;=0, Bs=—Sday' , 
BH RSs S04 
Then (14) becomes 
10b29° + (a—w*)ay + E/2LCwo=0 , (26) 


from which we can find 2 as a function of 
FE, w. The condition of the first jump would 
be derived from the double root of (26) as 
usual. But, with the values given above, 
there is no such a jump. 


—— Theoretical curve 
~ Katano’s exp. 


100; 


GO 247% (C/S0C) 


Bigs 2. 


The first approximation to the higher 
harmonics, now under consideration is given 
by (20), using (25) as, 

Ip =Spa= Woo =) 
Then, generally, we have no higher harmonics, 
but an exception may happen at the point 
given by (21) as, 
22m2— a—25ba,'=0 . 


Using (26), this equation is reduced to 
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jal ee A ECor NTN" 
= / 9 ( Lk; 


x(1+k,£L+07Lc), (27) 
where £; represents the effective value of 
FE sin ot. 

The equation (27) is exactly the same as the 
formula given by Katano which was derived 
by quite a different method. The curve of 
(27) together with Katano’s experimental data 
is shown in Fig. 2. 

In the second approximation, we have from 
(22) and (25) 

m=O a=5b07,/ So? —a 20025) 5 


2 


and 

4.= {1 —(a+25b29!)/2?2m?} {1 — (a+ 30b2791)/3?w?}. 
From these equations, we have two extraor- 
dinary points as 


2202—a—25bx)'=0, 320?—a—30ba,'=0 . 
The first of them is the same as the above- 
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mentioned first approximation. The second 
condition could not be verified experimentally 
since the circuit could not bear such a high 
input voltage. 

Moreover, it must be mentioned that if we 
proceed to the third approximation, the result 
obtained is rather wrong. This is probably 
due to the fact that the order of magnitude 
of ds, d@s,--*: becomes comparable with that 
of a2, --- which are neglected here. 


The author wishes to express his thanks to 
Professor I. Imai, Mr. Y. Katano and Dr. K. 
Munakata for their helpful advice and valu- 
able discussions. 
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The Transformation Equations between One- and n-Dimensional 


Spectra in the n-Dimensional Isotropic Vector or 
Scalar Fluctuation Field 


By Hiroshi TsuJ1 
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The transformation equations between one- and n-dimensional spectra 
in the mz-dimensional isotropic vector or scalar fluctuation field are 
derived, the well-known equations for three-dimensional fluctuation field 
being included as a special case. It is found that the transformation 
equation for m-dimensional vector fluctuation is of the same form as that 
for (x+2)-dimensional scalar fluctuation except for the constant coefficient. 
The spectrum equations for m-dimensional isotropic turbulence and for 
n-dimensional isotropic temperature fluctuations in the m-dimensional 
isotropic turbulence are also derived. It is shown that the spectrum 


equations for any m-dimensional isotropic fluctuations have the same 
form. 


§1. Introduction 


It is well known that the fluctuation field 
considered in fluid dynamics is a vector field 
(velocity fluctuation, i.e., turbulence in in- 
compressible fluids) or a scalar field (tempe- 


rature, density, or pressure fluctuation), and 
these actual fluctuation fields are always 
three-dimensional. 

Since the basic study of G.I. Taylor in 
1935, who introduced the concept of isotropic 


1955) 


turbulence and presented the first contribution 
toward the statistical theory of this type of 
flow, a considerable amount of work on iso- 
tropic turbulence has been made. Particular- 
ly, the correlation tensors between two velo- 
city components introduced by von Karman 
and Howarth”, and their Fourier transforms, 
i.e., the energy spectra, have become the 
basis for the further analyses of isotropic 
turbulence. The problem is then reduced to 
solving the Karman-Howarth equation for the 
propagation of the velocity correlation, or the 
spectrum equation. A similar analysis on 
isotropic temperature fluctuations in an_ iso- 
tropic turbulent fluid motion was carried out 
by Corrsin®. 

Although an actual fluctuation field is al- 
ways three-dimensional, the two-dimensional 
fluctuation field, in which the third dimension 
is extremely small compared with the others, 
may be used as a simplified model in geo- 
physical problems. With the object of ap- 
plications to geophysical problems, Ogura’®) 
derived the transformation equation between 
one- and two-dimensional spectra in the two- 
dimensional isotropic turbulence field. Recent- 
ly, Hama® gave the inverse relation of the 
formula obtained by Ogura and showed the 
similarity between the spectrum equations of 
three- and two-dimensional isotropic turbu- 


lence. 

Similar relations can be obtained in the case 
of two-dimensional isotropic scalar fluctuation 
field, which has not yet been treated by these 
authors. In this paper, however, a more 
general treatment is made, and the trans- 
formation equations between one- and m-di- 
mensional spectra are derived for the -dimen- 
sional isotropic vector or scalar fluctuation 
field, the equations already obtained for the 
two- and three-dimensional fluctuation fields 
being included as special cases. By using 
these transformation equations, the spectrum 
equations for m-dimensional isotropic turbu- 
lence and for m-dimensional isotropic tempe- 
rature fluctuations in the #-dimensional iso- 
tropic turbulence are also derived. Although 
it seems that the #-dimensional fluctuation 
field may find no application to the actual 
hydrodynamical problems, it is mathematically 
interesting to derive the general equations for 
n-dimensional fluctuation fields, and these 
equations would give the inclusive penetration 
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on the fluctuation fields treated in fluid dyna- 
mics. 


§2. The Transformation Equation between 
One- and n-Dimensional Spectra of 
n-Dimensional Isotropic Turbulence 
(Vector Fluctuation) 


The velocity correlation tensor for the two 
points separated by the space vector r (which 
is the #-dimentional vector defining the con- 
figuration of the two points) is defined by 

Ris(r)=ui(x)us(x+rn); (2.1) 
the dependence on time ¢ will not be shown 
explicity unless different instances are under 
consideration. Because of isotropy, the velo- 
city correlation R,;(r) is then an isotropic 
second-order two-point tensor and therefore 
has the form”®) 

RinN=AMnrj+ Bnd; ’ (2.2) 
in which 7 and 7 are the magnitude and the 
component of r, respectively, and A and B 
are arbitrary scalar functions of 72. Aand B 
are expressed in terms of the longitudinal 
velocity correlation coefficient f(7) and the 
lateral velocity correlation coefficient (7) 
introduced by von Karman and Howarth”, 
W,. 


AQ = LO 75, Bo\=9(ne, (2.3) 


in which w#? is the mean-square of any velo- 
city component, i.e., 


wu; = = UUs : (2.4) 
n 
From the continuity condition 
OR: 3(r) OR: (1) 
ef 0, ; 
Or; Or; ee) 
we find that 
(nt Av)+7 240 44 9B _9, (2.64) 
Or Y Or 
or 
n—-Ifin—gn}+r 220, 2.68) 


which shows that only one scalar function is 
needed to specify the velocity correlation 
tensor when the turbulence is isotropic. 

The general energy spectrum tensor @,;(R) 
may be defined as the (#-ple) Fourier trans- 
form R,j(r), i.e., 


ONO, ce Rune rar 7 (2.7) 
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in which Rk is the wave-number vector, dr is 
a volume element at the position r, ¢-=7/—1, 
and the integration is over all space. The 
transformed version of (2.7) is 

Rij(r)= [o,(bemrae ; (2.8) 


in which dk is a volume element at the posi- 
tion k in the wave-number space. 

Results corresponding to (2.2) et seq. can 
be established without difficulty for the spect- 
rum tensor. @,;(k) is an isotropic second- 
order tensor which depends on a single vector 
argument and can be expressed in the form”*® 

O1.j(R)=C(R)R:Rj+ DR) 0:5 , (2.9) 
in which k and k; are the magnitude and 
the component of k, respectively, and C and 
D are arbitrary even functions of k. The 
continuity condition 


RO, 3(R)=k;:0.;(R)=0 
then requires 
De —k?C . 


(2.10) 


(2.11) 


The energy density of zz; in the wave-num- 
ber space is 


O;:(k)=k?C+nD= —(n—1)R°C , 


and is a function of the wave-number mag- 
nitude alone. 


If the contribution to the energy # from 
the part of the wave-number space between 
the spheres of radii k and k+dk is expres- 
sed as I’(k)dk, then 


=|" Mibae = UiUi= 7 |b 
0 Nn n 


Drcr/2 


ie ee ; 
== a il kh? seed w= 1 > 
er I. (ml) cn: aol dk 


Ls ae oe ae es : 
ee 2 + Gc 
of (2/2) i k (k)dk , 
in which /'(z) is the Gamma-function. There- 
fore, 
m—1 2277/2 
hp=s . —= 1 RVC 
) n  I°(n/2) . ), 
or 
4 I'(n/2) FR 
Che wiles, S ; 
Cates sarge rc MLC I) 


The expression (2.9) for the spectrum tensor 
becomes 
Tels | Zin ERR) 


0; (R)= : 
ae Necle ela «Beet 


[R°0:35—R:k5| 5 
(2.13) 
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The longitudinal one-dimensional spectrum 
function /'\(k,), which is defined by 


i= =|" Puddle (2.14) 
0 
becomes 
Fi(ki)= 2 is uf (x) cos kirdr 
7 
=2\" wee \" Oidkint dkn 
a Qrr- 1)/2 n-2 
ht amedkg 
=2\ On(k Ne Phan 1/2} 4 
r'( ies F(k) 5 
: pk? 
i genera ana 
27D? Be abe 
r{(n—1/2} 
n 20 (n[2) _ ab F(R) 
Sey “7 T if {(n— 1)/2} SJR, jee 
- [R?—k,’] "i * dh : (215) 


This is the general transformation equation 
between one- and 2#-dimensional spectra of »n- 
dimensional isotropic turbulence. For ex- 
ample, for =2, 


= an: oN, 
7 ky 


Fi (ki)= [k?—k: ae ‘dk, (2.16) 


which is the formula given by Ogura”. For 


n=3; 


Fi)=3 b #O (e—kitWdk, 2.17) 
which is the well-known relation derived by 


Heisenberg”). 


§3. The Transformation Equation between 
One- and n-Dimensional Spectra of 
n-Dimensional Isotropic Sealar 


Fluctuation 


Consider the correlation between instantane- 
ous scalar fluctuations, @ and 0’, at two points 
in the infinite »-dimensional isotropic scalar 
fluctuation field. Because of isotropy, it is 
obvious that this must be a scalar function 
of the distance ry between the two points. 
Hence, we introduce 


M(n)=00' . (3.1) 
This is in contrast with the general velocity 
double correlation function, which is a second 
order tensor, though depending ultimately 
upon just a single scalar function. 


The general power spectrum function ¥ (k) 
may be defined as the (n-ple) Fourier trans- 
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form of M(y), i.e., 


PR) = a - [inne-rar. (3.2) 
(27)” 
The transformed version of (3.2) is 
Mo)=\wiye*ran ‘ (S53) 


If the contribution to 6? from the part of the 
Wave-number space between the spheres of 
radii k and k+dk is expressed as G(k)dk, then 


P= i G@ak= \ 


0 


oo 


4 |" Wind ee was, 


— co 
. 


Drrr/2 en 
= “7 _\ W(k)k"-1dk . 

Ss) ait oe 
Therefore, 


27/2 
G(k)=——— k" “'¥(k), 
I (n/2) 


or 
‘ I'(n[2) G(R) 
z — i. - 3 
Y (R) a ae tec (3.4) 
The one-dimensional spectrum function 


Gi(k1), which is defined by 


P=\" Gud) dhe 


0 
becomes 
Gis — Mo Spe ices 
7 Jo 


=2\" 


| W (k)dky--+-dkn 


oo 27" -1)/2 fs 
eee ed : hk dk’ 
2) B)* Fem—1/2) 
9 (7 P@/2) | Gk) axe pn 
= ; Drr/2 kro} I'{(n—1)/2} 
RO "dk 


2T'(n/2) \. G(k) 

Vn P{(n—12} Jey bY 
n-3 
-[R?—ki7] 2 dk. 

This is the general transformation equation 

between one- and 7-dimensional spectra of 

_ n-dimensional isotropic scalar fluctuation. For 

example, for n=2, 


(3.5) 


assis 


Z 
=- — dk , 
G,(Ri) Fi \" Te ca k 2 
and for 2=3, 
Gx(e)=\" OP at 
ky 


the latter of which is the relation obtained 
by Kovdsznay, Uberoi and Corrsin™”. 
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§4. The Inverse Transformation Equation 
between One- and _ m-Dimensional 
Spectra of m-Dimensional Isotropic 
Vector and Scalar Fluctuation 

In the preceding sections we have derived 
the transformation equations between one- 

and #-dimensional spectra, i.e., 

aed DING 2) oe 
nm—-1 Vx I{(n—1)/2} 
© nm—1 

: MO e-bay? dk. 2.18) 

for the #-dimensional isotropic vector fluctua- 

tions, and 


Fy(k\)= 
Ky 


G ae 2 
Ny xz I’ {(n—1)/2} 
: \. Ma) [e—h2] 2 dk ; 


nr — 2 
x, R 


(3.5) 


for the n-dimensional isotropic scalar fluctua- 
tions. By comparing (2.15) and (3.5), it can 
easily be noticed that the transformation 
equation for w-dimensional vector fluctuation 
is of the same form as that for (7+2)-dimen- 
sional scalar fluctuation except for the con- 
stant coefficients. 

Differentiation of (2.15) with respect to ki 
gives 

LgLar i ee 20 712) (ae 

ki dk, Vax eee me 

ie me eke]? dh 

From equations (3.5) and (4.1), we find that 
the transformation equation between G;(k;) 
and G(k) for n-dimensional scalar fluctuations 
and that between (1/k:)(dF\/dk:) and —nF‘(k)/k? 
for m-dimensional vector fluctuations are 
identical with each other. 

Next, let us derive the inverse relations of 
the above transformation equations. 
I) Case when the value of 2 is odd. 

In this case we put »=2p-++1 (p=1, 2,*-°). 
Equation (3.5) becomes 


(4.1) 


: 2p 4) ( GR eee 
=— —~—“ [k?—k,”|?-!dk. 
(4,2) 
Let us apply the operator 
1d | | 
ky dk, 
to both sides of (4.2) (p—1) times. Then we 


obtain 
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per a 4 (Gi)).---)) (2 *@-DP—2)- 2-1 A ee dh 


(p-1) 
‘ (4.3) 


Now, differentiating (4.3) with respect to ki, we get 


thaw Cid GAIN lg om a le SE cae 9. LPHD_ GB) 
dk | ky nae aa slag ae ‘)) ))I aC sane se VaP(p) Bee? 
—_—_——— 


(p-1) 


or 


VRAD) = kee aN d ie d 
2)®(p—1)(p—2)---- 2-1-1 (p+) dki| ki dki\ ky dh 


(GSC) 


Cp-1) 


Gh)=— 


This is the inverse relation of (4.2). By using the analogy between G(k) and F(R) mention- 
ed above, we can readily derive the inverse relation between F(k) and F;(k;), i.e., 


(—1)?1V xT (p) Eas d {4 d (4 d 


F})= Opt) p—1y(p—D---- 2-1 PGF) dky| ky dki\ ky dki 
Resear ca) raed dierz ee 
(Pp) 


II) Case when the value of is even. 
In this case we put n=2p (p=1, 2,----). Equation (3.5) becomes 


C= 52 aa Cw eke? dk (4.6) 


mare 
ky dk, 
to both sides of (4.6) (b—1) times. Then we obtain 


ld ( d (++ Geo ge(@))- 2 RCD? 2Cp—-3)20-5)- + a ual) 


Let us apply the operator 


ky dk, ky dk, ky dk, yy 1a lr (p—3) 
(p-1) G 
(Rk) ee 
\i 2p- 2 RB, = os (4.7) 
Solution of the integral equation 
_ ¢€) 
oe seme 
was given by Uberoi and Kovasznay™ by reducing it to the Schlémlich equation™, i.e., 
oe ela @:? , 

1 ge HO ae pon y |g ga HOME EN de. (4.8) 


Using (4.8), we can obtain the solution of (4.7) as follows: 


og) ic oe s) mel hal ge Bde Bed 
Gi 3 
> 5 B)@p—5).-+- 3 «1 Semen ae \ dh? [is [eS ee dh 
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( " iiss wh) ke—kdh , (4.9A) 


(p-1) 
or 
G(k)= ee Irn ee Sead d | 1 at d 
(2p— -3)( 2p— 5): zie oe xT (Dp) k dk, ky dk, ky dh 
LOC nye eT 
(Ga gel@)))--)) py meant Sa 
Cp) 


These are the inverse relations of (4.6). By using again the analogy between G(k) and F(R) 
mentioned above, we can readily derive the inverse relation F(k) and F,(k,), i.e., 


= (— IAD 3) pee ee ae oo 
2p(0p—3)\Qb—5)-s2-- BL 17 aT Gu parc WR dR ky dk, 
1 d 
(- ie an dP)) -)\} [mF “ak: (4,10) 
—_— YOO’ 
Cp) 
or 
F(k)= SpOp ROR 3) one ae i ae 
2p(2p—3)(2p—5) - Siar (p) dki\ ky dki\ ki dk 
i ies eS 
; (-- ee Vy heer dh, . (4.10B) 
(p+1) 


These are the inverse relations of (2.15). The inverse relations for two- and three-dimen- 
tional isotropic fluctuations obtained from the above general forms are shown below. 


a) Vector fluctuation: 
i) For two-dimensional case, 


Bl ak 
FH=—F\" des Ve —k? dk, , (4.11A) 
or 
lsat edt thd Aa 2, 
FD emo — ee Vane a 2 pPdki . 4.11B 
#) a A ar ky dh, FV ee aa) 
ii) For three-dimensional case, 
1 d te d 
F@j= 3 F 4.12 
®) Aaa dk. | ki ih De oe: 
b) Scalar fluctuation: 
i) For two-dimensional case, 
G(k)= aA alt Gil/k? 2 fe dk, , (4.13A) 
or 
Putt ae. me’ 
= —4 — G 2 dk, . .13B 
Gi) a Soy beak Coy Bee a (4.13B) 


ii) For three-dimensional case, 


Ga)=—| | . (4.14) 
ky=k 
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§$5. The Spectrum Equations in the n-Dimensional Isotropic Turbulence and 
Temperature Fluctuation Field 
The Karman-Howarth correlation equation” has been extended to -dimensional turbulence 
field by Corrsin'® as follows: 


0 


| of , n+l Of } (5.1) 
Ot 


Oh 
Va Or? yr Or)’ 


Gf + (n— 1) ae)" a ae int)” | = 200} 
in which hf is a typical triple velocity correlation coefficient shown in Fig. 1. A similar cor- 
relation equation for #-dimensional isotropic temperature fluctuations in the m#-dimensional 
isotropic turbulence is easily derived by extending the correlation equation given by Corrsin® 
for three-dimensional fluctuations: 


, 
2 ¢ 
Us u. Of ous 9 
r r 
Fig. 1. U2! Biceec: 00! u,00! 
bes (url be a ee 


© (0¢m)— SG gee + (n—1) a = 278% SLD I 
Ot | Or Y 


CT iy ae 5.2 
Or r Ors’ oe) 


in which a and s are the double and triple correlation coefficients (Fig. 2) defined by 


and 7 is the thermometric conductivity. 
Multiplying (5.1) and (5.2) by (2/z) cos (kiv) and integrating over 7 from 0 to infinity, we 
obtain the one-dimensional spectrum equations 


he 
2 Filbs, aye (a 1)] it Hill, ca | {hy Habe pay | 


= — 20) biti, t)— ory)” ki Fy (ky, bab ; (3) 


and 


k 
Z {Gi(Ri, t)}—2 {er*Sue, b(7—1) “el Sul’, t) ae 
k 
= —2r| beGlle, t)— in| ” a’ Ga(hy’, bake | : (5.4) 


respectively, in which the one-dimensional transfer functions are defined by 


2 ao 2 - 1 
fn FLi(ha, t)=— (2) \ h(r, t) sin kirdr , One +(n—-DRH(, t)= —2vkeF(k, t) , 
hSi (i, O= Coa NG ore and ss 
Bo) r 
| ©5)  06@,9_oese, 1-2 Gk), 67) 
respectively. If we apply the transformation ot 


(4.5) or (4.10) to (5.3), and (4.4) or (4.9) to in which the -dimensional energy transfer 
(5.4), we finally obtain the spectrum equations functions Hk, t) and S(k, t) are derived re- 
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spectively by applying the above transforma- 
tion to the one-dimensional transfer functions. 

It is found that the spectrum equations for 
any m#-dimensional isotropic fluctuations have 
exactly the same form, except for the numeri- 
cal factors in the second term. The similarity 
of the above spectrum equations suggests that 
the mechanism of the energy transfer and 
dissipation must be the same for any case of 
m, and therefore the m-dimensional isotropic 
fluctuation field can be treated in an essential- 
ly similar way as for the well-known case of 
three-dimensional field. 

The author would like to express his sincere 
thanks to Dr. F. R. Hama of University of 
Maryland for his suggestion of this problem 
and his valuable discussions, and to Prof. I. 
Tani and Prof. I. Imai for their advice and 
kind inspection of the manuscript. 
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Diffraction of Electromagnetic Waves by Circular Plate 


and Circular Hole 


By Yakichi NoMURA and Shigetoshi KATSURA 
Department of Applied Science Tohoku University 
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Rigorous solutions are presented of the problems of diffraction of plane 
electromagnetic waves by an infinitely thin, perfectly conducting, circular 


disk and by a circular hole in a plane conducting screen. 


The unique 


solution satisfying the edge condition is obtained from the two component 
Hertz vector, by the method of expansion in the hypergeometric polyno- 


mial. 


Total scattering cross section, the transmission coefficient, electric 


current on the disk, electric field in the hole, and electric field at the 
distant place are shown in the figure as a function of ka=2ra/A. 


Introduction 


§1. 

The diffraction of electromagnetic waves by 
a circular hole and a circular plate are solved 
by Bouwkamp” using the power series ex- 
pansion, Meixner and Andrejewski” using the 
spheroidal wave function. Levine and Schw- 
inger® calculated the transmission coefficient 
for the perpendicular incidence by the varia- 


tion method. Their results, however, are not 
sufficient since the variation method is de- 
pendent on the trial functions. The sphroidal 
wave function is not adequate to the extension 
to the complicated problem, for example, dif- 
fraction of spherical waves or that by two 
plates. Therefore we want to solve this 
problem by the method of expansion in the 
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hypergeometric polynomial, which succeeded 
in case of acoustical waves”. 

Our theory gives the complete solution and 
is valid for all frequencies. The convergence, 
however, becomes bad when ka=2za/A be- 
comes large. This situation is similar to the 
theory of spheroidal wave function. For 
ka>5, the approximate theory of Bekefi® is 
adequate which fits well to the experiments. 

The theory of circular plate and hole 
corresponds to each other, so the formulae 
for a circular plate and a circular hole are 
listed in the left and right side respectively. 


(a) Circular plate 


Case of circular plate 
EO=(E, cos a, Ei, —E2 sin a) 
x exp (—zkz cos a—-tkx sin a) , 


KOS 


k a : 
‘i (—E, cos a, Ey, E, sin a) 
e769) 


xX exp (—zkz cos a—ika sin a) , 


for all space. 
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§2. General Solution 


We consider an infinitesimally thin circular 
plate or an infinitesimally thin plane screen 
of infinite extent with a circular aperture. A 
rectangular coordinate system is chosen with 
origin at the center of the circle, and oriented 
so that the screen lies in the x y-plane. We 
consider a plane wave incident on the circle 
from the negative half space, with its plane 
of incidence x z-plane, angle of incidence a. 

The electromagnetic field of the incident wave 
(¢) and the reflected wave (r) is described by 
(Fig. 1) 


(b) Circular hale 


Case of circular hole 

EO= (E, cos a, — Fy, —E, sin a) 

xX exp (—zkz cos a—tk2 sin a) , 

: Rk : 
H®———(&, cos a, Ey, —E, sin a) 
LLwW 

x exp (—zkz cos a—tkx sin a) , 
E@=(—E, cos a, Ey, —E; sin a) 

x exp (kz cos a—tke sin @) , 


Gs 


HoO= AEs cosa, Fy, Ea sine) 


x exp (¢kz cos a—tkzx sin a’) , 


for negative half space. 


Here k=2z/4 is the wave number, the harmonic time dependence expzwt being omitted 


throughout. 
vector by 
GAT IMOL IU 
, 2 
Vo iad Otel 
LOW 


The electromagnetic field is assumed to be derived in terms of the Hertz 


E=—tk rot I , 


oe ee (2) 
Uw 


The Hertz vectors of the incident and the reflected wave are given by 
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one Ey ; at 
IT ep, ,Bs,0) exp (—tkz cos a—tkx sin a) , 
2\ cosa : 
‘ E Se 
Oo a 2 . Sy Seas 
re Ce se 1B. 0) exp (¢kz cos a—tkx sin a) , 
respectively. 
The Hertz vector of the diffracted wave is assumed to be given by 
W=(7,., IT,,.0) , | T=(+ 2, =I,, 9), (4) 
| (se sign ves 
lower sign 2<.0 
If we can make J/ satisfy the condition on the plane z=0: 
(1) 27, and Jf, are continuous 
> Oley ~ Of, 
i) LOG 7a. 2= ¥ 
(11) = az Ae (5) 
ea. OlT Orr Orr oir 
Gijon *<a,. ( ) -—( =) ( 2) --(4.") 
< OF a) eae, CH has OZ Eas o O20 seo 


then it is found that 


the electric and magnetic field of the diffracted 
wave for 7>a (outsides the plate) is con- | 
tinuous. 


The condition for the conducting plate, that 
the resultant tangential component of electric | 
field and the resultant normal component of 


the tangential component of the resultant 
electric field and the normal component of 
the resultant magnetic field are zero for 7>a, 
which is the condition for the perfectly con- 
ducting screen. The resultant tangential com- 
ponent of the electric field and the resultant 


' normal component of the magnetic field are 


continuous for r<a. 

The other condition for the hole, that the 
resultant tangential component of the electric 
field and the resultant normal component of 


the magnetic field are zero for r<a, the magnetic field are continuous for r<a, is 
expressed by | expressed by 
O (Oil, “Olly 0 fol O01 J 
pated (iets 00 Pati pe ae ge es Tt Re =0 , 
Ox \ Ox Oy )+ ail Ox Oy \tk Mea 
O/ Ol, Oily 0 (OT OMY? He B53 
pee —— zs creas Be Ty, +eTyO=0, 
Al Ox ' Oy + ma Ox ' dy +t see 1 
OMy OMe , ON OO _, 
Ox Oy Ox Oy ; 
for r<a; z=0. 
If we regard JJ as the sum of JJ; and //2, so that they satisfy 
MEAG ?, 2) = Tie, Y, 2Z)+1122(7, Y, 2) ’ T(r, %, 2=Wiy(7, %, 2) + Hoy(7, Y, 2) ’ (8) 
and for r<a, Mizlr, %, )=—T2(7, ?,0), Hiyl(r, %, )0=—Ty(r, %, 0) , (9) 
then (7) is transformed to 
0 OTT ox OTT ay 2 0 OTT yz oo) R211 =() OT ax = OTT xy (10) 
Ox ( ica Oy \k aes oy \ Ox . oy ea: Oy Ox 


From the third equation of (10) M22 and Izy are seen to be derived from U(x, y) by 
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, OU (a, 2 OU(a, 
IT ox, Y, 0)= Se ») ’ TTay(x, Y, Vs Oy p 
From the first two equations we see that U(x, y) satisfies 

Coe O27 
+PU=0. ql) | 
O2? as 2 | 
We expand the solution of (11) | 
Cs (On© sin m+ Un™ cos MP) In(kr) , (22) aI 


m=0 


where U,»™ and Un™ are unknown coefficients to be determined. Therefore, for va, z=0, 


JW OU EGOS 


227 = 3 P oa eas 
TT », Ox ar cos ene sin 
Ix © : 
= 9 {(U@ ,—U®,) sin m¢+ (U2 ,—U®.,) cos MP} Im(kr) , 
OU OU... 1 0U 
y= = ——— cos 13 
Tay ay = ay St me + , ap oo (13) 
4 2 YOR 4+TD 1) cos mP—(U® + U®,) sin mP}Im(Rr) ; 
where UMS M0 , -OAP=0" 


We can put the solution of the wave equation which satisfies (5) and (6) as 


ix 2 COS oS ae | 
wae e r . Dy ee An” Sn™(r, 2) COS MP , (14) 
ly it m= = 
— 
Lie Ree sin m?_ pss cos me =) 
i < 5 = = (Ue = Ue :) cos mg «(2 USPS SOR :) — mo foe Sul Z) 5 (15) 
LL 24 m= r= 


where 


ge ( a’)! ee ae (Fve =i ee =) dé. (16) 


By the Weber-Schafheitlin’s integral 


0S,” ae 
Oz. Fs eee =(" VE In(7 E) Insane Ede 


eet 


=0., (7>d) 


(5) is seen to be satisfied. It is evident that (6) is satisfied. 
From (9) for r<a, 


x, > An” Sn(r, 0) cos mY= —exp (—zke sin a) 
n= n= 


=i (2) Jnr sin a) cos mP , 


m= 
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where (2)=1 for m=0 

=2 for m>1. 
Hence 2 > An” Sy™(r, 0)= —(2)(—2)"'Im(kr sin a) . (18) 
And trom (13) 3, Ba” Sn™7, 0)=Jm(Rr) . (19) 


Now we expand the right hand side of (18) and (19) for r<a by the hypergeometric 
polynomial 


—(2)(—2)"Im(Rr sin @) mj S Ce, 
Tn(ker) eee oe 
where Qa (x) = y-m/2 iy In V x OJ +2N41/2 (E) dé 
0 Ve 


af 
__F'Q@n+n+1/2) F(m+n+1/2, —n; m+1; 2) 


~Y2an'l (m+) (21) 
Af (m+n-+1/2) 7m 5 2 a" ie ~\n — 2 
~/ oni intm+l ~ ors dx” eee, 
e) 
hake (| Goce 
a > 
then C— ie (2)(—2)"(27+-4n4+1) jmeon(ka sin a) , 
byt = j2 2 (Om-+4n+1)jmarn(ba) . (22)(A,) 
where ve meant) = Jim+2n+1/2(x A) 
Next we expand S,’"(7,0) in terms of 2,(x) by 
e sal é In( 77 E) InernorntB) 
“im 0 = ce a We= git/2 ys (G yu GD) (23) 
oe V &— (ka)? ‘i 
then a Jinan+1/2(&) Im +2v-41/2(&) 
Gn,v™=(Qm+4y+1 | a = ‘ dé ’ (24 A 
aM V &— (ka)? oe 
Hence x A," one > Gny™,™a)=> a” (8) ; (25) 
n= ey oi me v=0 n= =0 On™ 
Using the orthogonality of w,’(x), we have 
Sua ae (26) 


= By» — By™ 


The integral (24) will be evaluated in the next section. Denoting the inverse matrix of 
[Gry] by [Xnyv”], obtained from 


oy GEOG = ae (27) 


the unknown coefficients A,” and B,’” are determined from 


Ay m 


B,”™ =3 5 sate 4 ons” : (28) 
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§3. Calculation of Gry” and Xn,” 


We shall evaluate the integral Gny”. 


Wer P= hat O— hs 
then nv" = (2p—2g +1 Hi, ——tg2lD, Y} » (29) 
where 


~* ae (€)Jn- asus) d. 


; =e. J+ a+1/2(€ )Jn-a+1/2(€) -d (30) 
gD, q) ef VP—& Ee y 


Now we evaluate the real part 9:(p,q). The integral representation of the product of the 
Bessel functions is substituted into the integrand, and the integral representation of /’-func- 
tion is used, then 


ee cos 8) dé 


a /2 
= | cos (2qg@) (cos ar ao| 
27” Jo 


mt /2 
nb, M= =| cos 2q0 ao\ 
Tm Jo 


2s 9+2S54+1 
T'(=S).cos*0 |e dE. 


l'(2p+s+2) Ve—7 
After the integration over € and @ are performed, 


nd, a= \ (7/2)? *8*17"(—p—s—1/2)1'(—s)'(2p+28-+2) 
ee BY we Jo POpt+s+2)0(—p—s'(b+q+s+3/2)0 (b—a+s+3/2) 


where C is an integration path along the circumference of the right half plane. The sing- 
ularities of the integrand are only simple poles “=0,1,2,--- (—p—s—1/2=—y) As the 
residue of [’(—s) at s=—y is —(—)"/u! we have 


v eS (er Cui ps2 G (2 31 
WP, M= ar alL (1/2—)1 WM (p+44+3/2)0 (qtutDr(u—q+l) ie 


Next, we evaluate g:(p,q). Term by term integration of the series representation of the 
product of the Bessel functions gives 


= = (=) P(2p+2u+2)( Celajee see 2pt+Q2+1 
CE eat P(2p+H+20(p+q+u+3/20(p— seer ay (Gin o)p72"1d9 
ie (Ae P2P+ WADI PEMA! 
2 \2 pao HY P(2p+u42)0(p+q+u+3/2)0(p— —qt2+3/2)i'(p+u+3/2) 


(32) 


The series expansion of Xny”™ =(2m+4n+1)/(2m+4v+1)-Xyn™ as a power series of 
B=ka/2=7/2 is as follows. 


Xp =145~8 (2 3) a i6a(5 —— 
r 77 On 


+0.092228,+ 


—20.0152588° +-0.0183108®—20.021204 87 + 


Zz 2 ; 
en ee 8 go eae oe 


X2°= — ae B'+20.014551 8° + 0.0022519% +20. 004631087 + 


X30 = —0.0107858° —720.01289297 + 
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4 
Xo = 92448 95-+.0.004139684+40.016050°+ 
30 Adz 
Xy'=1-— ares 2 9 F)+20.052816 8° + 
Xu pe 1E pe 


ra 
X5,°= —0.000577208'+ --- 


X= —0. OOBLISAB 90 0016168°+ -- - 
Xi2°= —0.0317468?—0.0038480 81+ 


4 
Xo59 = 1 24 
77 6 
RE = = ES) 
: 85 ae 


X3°=0.0107858* —20.01289287 + 


ae 16 : : 
DMG 2—]— 2 =e 34 " 5 
00 a1 B 105 6*+720.241448°4- 
X= eS Bt+ 
X29°= —0.00057728! + - - - etc. 


§ 4. Edge Condition 


The unknown coefficients Uj; and Un@® are determined from the edge condition, that 
there is no energy source at the edge and no energy radiation from the edge. 

We require that the energy flow W from 
the surface of the torus whose center line is 
at the edge should tend to zero when the 
radius of the torus € tends to zero. Only 
the diffracted field is concerned with the 
energy radiation. 


(27 a 
Waal ao\" Sedo ; oe 
Therefore 
ae 4 R(Epllp— Ett) 
~(rot rot I1)9(rot I1)p—(rot rot M)g(rot Dg=O(E-1**) — («>0) 


is sufficient for W-0 when 6-0. Here € and @ are shown in Fig. 2. It is evident that 


(rot rot 17)g= —(rot rot J7), sin 8+(rot rot I7), cos @ , (33) 
(rot )»= — (rot 7),sin@+ (rot Z/),cosé, 
when €~0, 
where 
(HONE tHOE JID) = one cos P+ 5 ois sin ? Loe Ae sin g+k?ITz cos ? 
+o sin 9 3 oF cos e+— : _ a cos +k, sin? , 
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1 Ol. LOT. 1 oll 1 Os 
maid ae S/n ee ee COS sin g—k7/7, sin 
(ot rot );— ag cos ane sin ? rm Oe fo Oe 
1 o IT il oll, 1 Oly : il oO? Tes 9 -s | 
pees BCL y 8 as, ci “cos ¢+R' lly cos ¢ , 
r 0r0¢ se y Or oF Og erp Oe : | 
Ole 1 Ol. od Ue 1 OTT, 34 | 
Sy ee es —-—“cos¢, 
(rot rot 17), = a ae cas sin @-+p 2 on e+ Ove ~ (34) 
Gon) OM sin g¢— Oly COs & , 
Oz 0z 
(rot )y= OMT cos ¢-+ OU Y, (35) 
Oz Oz 
(otdh y= -( oe sin g+ oie cos 0)+( ot noses oe sin °) 


In the neighbourhood of the edge 


oo q 1 sii ; 
pet nee = 2 ce €° : 
(7, Z)=(—) Pe ar € sin 9 +O(é°) 
ris Yenall 1 ay 0 ; 
pee ee Ne 2 ve €0 
ar (7, Z)=(—) pee E cos 9 +O(E°) , 
02S;,™ a0 3 (A. II) 
UE = (SNe ~~ 7) SYP 
Ar? Gag) ay ae &-3/2 cos 5 +O(é-1/2) , 
O? Sn” = Ne 1 B= 3) a 3 -1/2 
ardz | , 2) ) 2a / a €-3/2 sin 5 O0+O(E71/2) , 
We put 
F,(¢) po {ec i sin me had 2 cos me 
pea (U2, -U®,)B,™ © (UJ@) U2 nm 
FeO VF aay yO fg URE U Ra) 9 ita Up) Ba i no 
uF k? ee * An” COS Me ‘ 
2 


then 


(rot rot J)g= =e sin 5 Fe cos ¢+fy sin ¢)+O(€-!/2) , 


(rot Iyp=—e-¥ cos oF sin g—F, cos ¢)+O(€) , 


il 0 0 
rot rot y= —€-/? cos —— —_(F + Fy sin g) + 
(rot rot IT )¢ ms cos 9 ve x CoS ¢+F, sin g)+O(E°) , 


1 : 
(rot D),= pee sin + Fe cos ¢+ Fy sin g)+O(E°) . 


Hence if we can make 
F’,(¢) cos ¢+ F,(¢) sin g=0 , (36) 


the term of order €-*/? vanishes and this is sufficient for the edge condition. (36) is trans- 
formed to 


k 


Sisin Gn le Sas ee SA 


m=0 n=0 


UG) B 0") 


— y sin il @ eS Roya Bem 
(me & (- Digs +209 ,B, ) 


m=0 n=0 
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+ cos(m+lyg & ay By A+ Pt Ui ,Br") 
0 2 


m=0 n= 2k? COS & 

> > S n Ey k (2 
— 2, cos (m—I1)e Di (—)” ( ——— An™+-——U® Bi"\=0 . 
m=0 n=0 2k? cos @ D) 
Moreover 

SS sin ING SS (—)"{ By (An™-1— Anmt}) +R (Br®™-1— Br™*})\U yO} 

m=2 n=0 

= a Ey \ 

+ >) cos m@e SI (—)” we a ToL AL Hee ey Bye m— SS Bi) ine “\ 
m=2 n=0 COS 


a sin Pe? s (—)"{Fi(2An"— An?) +k3(Br — Brn) U1} 


n=0 


a COS Y S Ceais eS (2An°+ An?) +h?(B,°—B,,?) mol 


oy — Gese A, kB, "0 | =e 


n=U0 COS a 
Therefore 
E, 
Un© a ke A,mIFA,™t 
UE LEY ore ie By, 3B, (m=2,3 4, a) u 
k? cos a (37) 
Ee 
UU, = ke DAG Ae U, @) on 1D Ant 
2 ce "Fay oho 0 aan oot . 
U, ave. 1288; he cosa, Bat 
k® COS @ 


Thus the unkown coefficients Un™ and Un™ have been determined from the edge condition. 


$5. Diffracted Field at Large distances 
From (14), (15), (37) the Hertz vector of the diffracted field is determined as 


Mh > | Cr™ cos mE+1C,™ sin me}Sr™(7, 2) , 
m=0 n=0 (38) 
y= . yy {:Dn™ cos MP+2Dn™ sin MP}Snr™(7, 2) , 
m=0 n=0 
where 
k Ey 
E m— “((J2 —[Yo B,™ = — A,” , 
Cn 9) ( m+1 m— ) Tae, cos a 
k 
Cp" = D) CON a Ohne Br” , 
k eae) 39 
Di =—, Tie Cag) By en” ; GY 
D,”= k U@® Uo Be m 
2 Minaians oh Sian ) ‘ 


We use the Kirchhoff solution of the wave equation 


tee) OU. Oe an 
= : a dS 40) 
uy An \{ Re! On nf On ( dit )| ” 


Here R’ is the distance between the point 
The integration is performed on the both 


to obtain the value of /J at a distant point. 
Q(r, 9) on the circie and P at the distant point. 


294 Y. NoMURA and S. KATSURA (Vol. 10 


sides of S*+ and S~ enclosing S (Fig. 3). 


Evidently 
C= (2 eee SF AEE) 
On Oz oz /S- On On eas On? Kos. 

R’=R—rssin 0 cos (—%p) 


(PQ=R’ is sufficiently large). 
Therefore 


= ere = "rar\" Es I(2 's E) Ineaner/ eae \" €Xp (tkr sin 8 cos (P—¥o)} 


. Hae COS 72G)+1C,™ SIN 72G5 lav 
1Dn™ COS MPGy+2D,™ SIN My : 
On the other hand 


exp {zkr sin 0 cos (g—¢ od. dQ )=27(2)"Im(kr sin oe sin my 


‘2 sin 7G 
e OSINGy sme’ 


|" rar J n(er sin a” ae EJn(Z vr (€) dé 


2 JSm+2n (ka sin 0 . 
gh ah u aoe Oye Sy le 2 Jm+on(ka sin @) . 


Therefore 


Cot Pe a s S Gym? C,”™ cos me+1Cn™ sin me 


—im+on(ka sin 
oe = sys 1Dn™ COS ME+2Dn™ sin my Posing Sin A), (41) 


If we neglect the term smaller than 1/R®, the electromagnetic field of the diffracted wave 
is given by 
Er=0, Eo=F IL 9, Vy 2H) 0 heey | Er=0, ype) 9 f Dis ER? TT 9, 
me ne meek | __ Re RB 
Hr=0, om ie Hoss then | Hr=0, ele He=F—— TI, Soe 


ITg= IT, CoS 0 cos ¢+IIy cos 0 sin ¢ , He=—IT,sin 9+11,cos¢ . (43) 


The energy flow from the surface of the sphere of radius R is 


= (Esl p— Eph) 
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Tt 
= Dental i 2 2 
= 5 Io +1 ol") 
The total scattered energy is 
el a3 a Te ie ee om 2 2) 
W=\ dgv\_ SR*sin ¢dé=——— dy\ sin 0dOR?{|T6|?+|IT¢|"} . 
; Q 2 fehesy Np 0 


When we confine ourselves to the case of normal incidence and linear polarization, 
ze 


a)o=— yj . other Va77—0) 
1A 
valesrart aah other A,”™= 
~ eV 0 
Ey 2 2 as 2E 


U,O= — St __* —= = Vib), 
= ("Bn Br?) 


n=0 


other Um, Un@=0. 
Using the series expansion of X,,” in B=ka/2, V(k) is expressed by 
5 By 22 ng 1088 


prt 3 4 
arg Semen teay 


Be°+--- 


Only the next terms are not zero in (39) 


Dib= FL (VBut+ Ant) =y/ 2 n” ’ 
2 a Re 
E 5 
1D? = = Cp? = a 2 oe m » 
E 
1 ae VB; 
From (28) and (47) 
8 256 oY og. 
0 2 4 DE 
Ag Page forte 
Ap== @?-+2.037458!—--- 
16 
[1 = er 5 
A, 10 Bre 


Aji =", P+3.8095 64 a 
16 
2 —____ 4 eo ate 
Ae 
A,?=0.0023098!+-+- 
From (43) 
Ey e7tkR 


acos @sin ¢ > (An Jon(ka sin 0)+ An? jonso(ka sin 8)) , 


oe RR n=0 


2 
7 

en te acos¢ 3 (An jan(ha sin 0)—An*jansolka sin 6) . 
7 


fee 1K n=0 


Substituting (49) into (50), we have 
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(44) 


(46) 


(47) 


(48) 


(49) 


(50) 
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DMS Gare yee Boal eras a 2 sin 0) pe B+ 0189 | 
i Sat eR. a COS 7 'SIN'Y =, {4 TATE: 9 
Fee oe oe ey a int) »— fA gs + ota’) |. 
Hoe | eg E te May ae 


The energy flow in (44) is expressed by 


g = 2REY @ 11%, 8) sin’g + Lik, 0) cos? 9} , 
uw FR? 


where 


Ii(k, 0) =cos*9 S (An jan(ka sin 0)+ Ar? jones(Ra sin 0))) 
n=0 


eenple me Tag sin) | 
=cos?4 akeate = sintd B?>+O(6*) | , 


Lh We | SrA nan Pee ee Earn 0) 


n=0 


hee Gt _ 4 ins) 6 ] 
Splte q sin’@ )s?+ (8*) | . 
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(51) 


(52) 


(53) 


The diffracted electric field at the distant point in the plane of incidence parallel to the 
incident electric vector orient to 6, irrespective of circular plate or circular hole, and its 
intensity distribution is given by 1//,(k, #) for circular plate or 1/7,(k, 6) for circhlar hole 
respectively. The diffracted field at the distant point in the plane of incidence perpendicular 
to the incident electric vector orient to ¢, and its intensity distribution is given by 1/J,(k, 8) 


— Za 


Fig. 4. J,(k, 6). 

Electric field in the plane parallel 
to HH}. 

Electric field in the plane perpen- 
dicular to HH, 


Fig. 5. In(k, @) 


Circular plate: Circular plate: 


dicular to HH. 
Circular hole: Circular hole: 


to Ei. 


Electric field in the plane perpen- 


Electric field in the plane parallel 
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for curcular plate or 1/7,(k, 0) for circular hole respectively. Figs. 4 and 5 show the rela- 
tion of % and /, to @ for various value of ka. 

Total scattering energy in (45) is 
2kE? 
a 


TLwW 


a/2 
w= | (i(k, 0)+1(k, 0)) sin dé . 
0 


Total scattering cross section of the circular plate o, which is half of the transmission 
coefficient of the circular hole 7, is given by 


a /2 
ee eee ee ACH Cae ET 
RE}? 2 70” Jo 
Jer 
2ua 
Sig, : 
=a Ge 5 324 O18 ) 
4 2 4 
= * (ka) [1+ °2 (ka) + O((ka) |. (54) 


The integrand represents the differential scattering cross section. The total cross section 
for small ka@ is proportional to 4~-* as the Rayleigh formula of scattering by small objects. 


§6. Electromagnetic Field on the Circular Hole and Plate 


The electromagnetic field caused by the diffracted field on the circular hole and plate is 
given by 


. 6) y 
E,=—E,; cos a exp (—zkx sin a) , | Bi =) ; 
| emo () 

Ey=—E, exp (—zkx sin a) , 

y 1 p | E,=—1tk aml 
E — 2 o OM2 , Oy | oe 5 : an 5 cs 

ee | Bo Ae id baat | £,=--E, sin a exp (—zkax sin a) , 
a re, Bu | H= = cos wexp(—ikesina), (65) 

eake PONCOS Jewey eo 

fs], = — 1h’ CHE: He = pede exp (—zkw sin @) , 

4 ae ann 02 Jez 20 oe 

ee | _ k/ 0 (0H, , Oly ] 

HT,=—F, sin a exp (—zkz sin a) , | H,= mal 02 ( Ox = ay a ‘ 


In the case of circular plate, the values of E., H,, Hy are equal to those of the resultant 
field. is the surface charge density due to the diffracted wave, and J,, J, are x, y-com- 
ponents of the surface current density caused by the diffracted field. Evidently the continuity 


equation 

zoo+div J=0 
is satisfied. The sum of the surface current density due to the diffracted field and that of 
the incident wave 


ae hag ie and AE 
Joz= +" pp, exp (—zka sina), Joy==——F, exp (—zka sin a) , 
LOW LLwW 


gives the total surface current density. 
In the case of circular hole, the values of /,, /,, 7. are equal to those of the resultant 


| field. 
The surface current density of circular plate and the electric field of circular hole are 


determined by 
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OlT = ~ tm m pete sk — > 

( dz J 2 cos mp-+Cy" sin me)oaz tr, —0) (56) 
OVI. = = m _ Moy OSn™ ==(f 

eae ie] (:Dn™ cos MP +2Dn™ sin MP) (r, —0). 
0z 6 = —0 m=0 n=0 Oz 

oS,™ ’ ; y 
an —0) for r<a is transformed to 
OS;,™ il -) is x 
Oz (7, —0)= a iva EIu( 7 E \InsaneriaB)d 


mp, V2 (m+n)! : ~~ <. 
P miP att F(m+n-+1, 1/2—n; m+1; x) 


Me 

a 

ee ain Dt 

SS LR | eh) = UL SD F —n* . 
see (1—2) min 1)2) (m+n-+1/2, —n; m+1; x) 
as 
a 
1 


2/12 ym —y/ 2 rntnty2, =n Wei) 


“pe m/2 Ves a” Sym+n(] —a)r-1/2\ | 57 
a Pati) da a Ste 


In case of normal incidence and linear polarization, the current density and the electric 
field are simplified to 


(ee aes iy/ © Exfelx) +id(x)} sin 29 , 
LW ad 
ie + B,= iy/ £ Byala) +ib(2) + (2) -+id(@)) 008 20} , 2) 
where 
ie a oe a n 0 2 i ; A 
ie SEC "A ,YF(—n, n+1/2, 1/2, 1—x)=a(z)+7b(z) , 
24 er “ 52) 
ae ei = ss (—)"AZ2F(—n, n+5/2, 1/2, 1—2)=c(x)+éd(x) . 
In this case 
Tira Ju=¥y/ =F, 
Lu 
Therefore 
oat ioe (=(24-d) sin?2¢ Ey, ? 
jé 7% ; —* | =(c? +d?) sin22¢ , 
| aie 1 Ey 
(60) 
JowtTy c = 2 2 
i" | =(b-1+dcos 2¢)?+(a+e cos 2¢)? , [Be 
én ( aia 9) E. =(b+d cos 2¢)?+(a+c cos 29)? . 
7 p 


The resultant total current on the line g=0 | The resultant electric field on the line e=0 
and g=7/2 is parallel to the y-axis, the direc- | and g=7/2 is parallel to the x-axis, the direc- 
tion of the incident electric field, and re- | tion of the incident electric field, and re- 


presented Be presented by 
J a ’ EP 
[ie "=(bE1+4+d?+(ate?  9=0 | B| TOtdiHate? — 9=0 
7 (61) 
and = (b1—d)?+(a—c)? ~=7/2 and = (b—d)?+(a—c)? g=r/2 


respectively. 
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front surface 


| ka=25 
oO. 0:25 0:45 0-65 ops —>5 y 
% : aa 
a= 20 SS 
; 
back surface ko2!O 
back surface 
5+ } 
54 
Fig. 6. Circular plate: Current distribution on Fig. 7. Circular plate: Current distribution on 
the radius perpendicular to F). the radius parallel to £}. 
28 
(ag 2 
4 4 | 
+5 
3- 2) 
Re) 


ere eave, ak 
pire te = Oe Oars OOO 2 MOET 8. O-=-F 1 0-25n 045 0-65 0:65 


Fig. 8. Circular hole: Electric field on the radius Fig. 9. Circular hole: Electric field on the radius 
parallel to FH. perpendicular to &. 
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Figs. 6 and 7 show the values of J? on the radius perpendicular (g=0) and parallel 
(y=7/2) to the incident electric field for the case of the circular plate. Figs. 8 and 9 show 
the values of |Z)? on the radius parallel (g=0) and perpendicular (gy=n/2) to the incident 
electric field for the case of the circular hole. 

The total amount of the diffracted energy flow on the upper surface of the circular plate 
or circular hole is equal to the scattered energy for z>0. 


w= i, ie = N(E.H,—E,HH.)2-+9rdrde 
0 J0 


>) a 27 ” : 
_1 EY? ES nH rdr\ exp (—zka sin a( a) dg . 
2 0) 0 fp D8) 4) area 
We use the Bessel series representation of exp (—zka sin aw), substitute (56) into (O/7,/0z).--» 
and integrate over ¢; then 


W= =F EY rR (2) se = iD’ \; Js(kr sin a) rar\" VERT E) Jone 
$=0 
--/2 us “Evani > (7)? Dy Di® Js+on(ka sin a) . ae 
xk Uw s=0 n=0 


>> 


Present 
Result 


PS ae 


L.S.(2) 


where M.A, = Melxner—Andrejewsk! 
L.S. = Levine — Schwinger 
Ka= ena 
0 05 I 5 2 260 1a Soyledy eas 5 if 


Fig. 10. Transmission coefficient of circular hole (half of the total scattering cross 
section of circular plate.) 


The transmission coefficient Z is 


°c 


amy mud ye Few S xX (—2)§ 3) Dy jes an(Ra sin a) (63) 


—- Be tng? s=0 n=0 


which is the half of the total scattering cross section. 
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In case of vertical incidence, the only term m=0, s=0 remains and ¢ is given by 


=~2,/25 Pe eo A! 
mz ak 


=e BL +O) 64) 


which is just equal to (54). 
i(k) obtained from the numerical calculation of Ay®, is shown in Fig. 10, together with 
the results of Levine-Schwinger and Meixner-Andrejewski. 


§7. Summary 


We put the Hertz vector of the diffracted wave as (4) and (8). They are given by (14) 
and (15). Unknown coefficients An”, Br”, Um and Un are given by (28) and (37). Here 
Xny™ is the solution of the simultaneous linear equation and Gny” are calculated from (29). 
a,” and 6,” are given by (22). The diffracted field at large distances is given by (41) and 
(42). The electromagnetic field and the current distribution on the circular plate and 
circular hole are given by (55) with the aid of (56) and (57). 

In this paper the incident wave is taken to be a plane wave; but in case of the spherical 
wave and of the diffracted wave from other body, the solution can be obtained as (14) and 
(15) with the aid of the same X,,” and with suitable change of a,” and bn”. 


Appendix I 


From the relation 


dad" 


dam La) EM a+ 1/2, — Ms, m+1; «)du=0 , 
0 az 


1 >N» ( 


— all’ +1'(n+1/2) 
~~ (m+2n+1/2)0P(m+n4+1/2) ’ 


N=N2=N 
we have the orthogonality 
1 . 
| a™(1—a)—/t6n,"(x)ny"(a)dz=0 (m23<N2) 3 
0 


P'(n+1/2)'(m-+n-+1/2) 
2(m+2n+1/2)n!P(m+n+1) 


1 
\ a2™(1—2x)- VL ttn™ (a) Pdz= 
0 
Hence we can expand the arbitrary function f(z) in the interval 0<2<1 


fa) 3 Cotenm(), 
where 
Cyn aV 2 aa Fe v4 * te enh ere 
Now let 


m 2) 28 
f(a)=a-” In PY x =(4) = Se ’ 


then we have 
Crs 5 (serCyey ee 14 Z (m-+2n+1/2) [2 2 {a™*(1—2)"-} da 
0 mi 


soo S!T'(m+s+1) eo 
2m+4n+1 = (yep mts |. ys tm] — eye 1/2da 


~Y/20n+i/2) S rim+s+1y(s—m! 
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_ 2m+4n+1 > eR a ec 
12 s=n (S— ee 
So ee 
= Saini 


Appendix II 


{= le Vv fone) exp (—7/2— p22)dé (a=<>0, o= 7) 


bs —7 
“a 27?) VIO 2A 72 Jing onest/2-V 22+ 72) EXD (—Az1)dd (€?—7?= 2?) 
S} = (—)8*8’22m +20 +1/2(999 + 2+ 1/2+2s)(m-+ 2s’) 


x Lim ent le+s) I'(m-+s’') Jin+2n+1/2 24+ 28 (7) Jin 2s’ (or) 
s! s/! aM 42M AT [2 (or) 


ln= I 77)" Inzane i/2+2s(A)Jm+2s(pa) exp (—2Az:)di 
0 


a \ mas Jamr2n+1/2 ‘ ae (x,Z1) 
m+n ! 
= (m+n) 72s . ae x 


i=o0 t!(m+n—t)! . 
Le i Sines n+1/2+28(A mes (oa) 
25 

0 


M+ 21 exp (—Aa)da . iE comedies 


J2tri/2 


Now using 
De SiGe Weare 


1 ; : 
Invi) =e A vl (n y)! : Qy pripreXP i) ae exp (=) ’ 
ex M = 


we have 


M+2n+28 ! M—-2U—-2S—1 z 2b+y 
ir 1 (m+en+2s+y)! ay = (ey ({ ‘d2)) 


V 2x veo Y!m+2n+2s—y)! va 
x [Fast Foxy (— er) +(—)-™ exp (—Aerté) al 
0 


M+IN+IS ! yY—-M—I2N—-2S—1 z 2b+v 
1 (m+ 2n+2s+ y)! = U ( heey (| ‘des) 


"V2n say vi @mt2nt+2s—v)l 
x | AV eG D PN (ym (V+ GHP eta 
(m-+2s') p™ +28" (97t 2s" ) prea 


Let p=1+2, then a and z are small quantities near the edge (Bigs 11): 


0+ (a: 42)? =2(abéz1) + O(2?, 2,2) 
Ve (2)? —(a1—1)}™ 4287 4 ea / pee (a +4)? —(Z1-+2) pm tes’ 
=a] a— (—1} +28 Wa@ria + (Ve Fa) | 
+O(a, 21) : 


Since the integration over z gives higher order terms of a+12, the lowest order term in /, 
is that for £=0, y=0, which is of the order of Vatiz,. Therefore 


Fe tects: Ce mu? 
T,=(—)§*5 mV eas +1/a+iz, )+O@wz221) ) 
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hence 


rn 1 Sa ae 
I= (=) V a V2—iz, +YVatiz, )Rin+2n+1/2(7)Rm( 07) +O(a@721) 5 


Here 


Ri@=(]) S CF2POtS 5, waa, 
é 3=0 Sy 


as shown in the end. Thus 


= ae (Veta, +Vattz, )+O@iz) . 


In 


Sue 2)— i" A E Im 08) Jma2n+i/2 2(€) exp (FY 2 — 7721) dé (220) 


VE? (y=ka) 
=I+K, 
Kail VED ar) oxy ey Bape) a, 


X and its derivative have no singularity near the edge o=1, 2:=0. Therefore near the edge 
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-) ve 7a a tag: Jace 
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i Wh pik os aly 
Soe eo aie eg Ole 1/8). 
RpREnT T8G Romammels  jatinassk Wi unt 


The proof for R,(z)=1: 
We consider the following expansion in the hypergeometric polynomial. 


Jv- 1/2(27) mn . V-1/29, v-1/2 —y7 
(er) 3/2 ~ gy=1/2 = Cs Us (x) =r), 


where 
C,”~ 1/2 = (2y+4s) fw) 


Puts) F(v+s, —s, v+1/2; x), 


CCV a SEA CET) 
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Taking the lim 7-0 in both sides 
: 1 a il Y (Quy +4s)I"(v+s)Jv+9s(2) 
2-12 P(y4+1/2) 22 sy VY 2s!Poti 22? 
‘Therefrom we have 
c yy oo ime 2s Ls 
Ry) =(+) DF ae a WES) 7 eet . 
\ 2 s<0 Ss: 
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Der Zundmechanismus im Dieselmotor (II) 


Von Kunio TERAO 
Technisches Laboratorium der Isuzu Motor A.G. 
(Received November 17, 1954) 


Following the previous report, many experimental results of the igni- 
tion in the Diesel-engine under various different conditions are obtained, 
and the idea of the ignition mechanism, which was proposed in the 
previous paper, is thoroughly discussed by the analysis of these results. 
The number of ignition point in the combustion-chamber is presumed by 
the ignition probability in unit time and an explained is given that this 
number is generally very few. As the special case, it is ascertained 
that at the Diesel-knock there is only one ignition point, from which the 


flame propagates very rapidly. 


$1. Vorwort 

Im vorigen Teil dieser Arbeit wurde die 
Wahrscheinlichkeit der Ziindung in Zeiteinheit 
bei der Verbrennung im Dieselmotor zu den 
Ziindverziigen gesucht und damit er6rterte ich 
den Ziindmechanismus im Dieselmotor. 

Dabei dachte ich folgendmassen: 

Wenn man den fliissigen Brennstoff in die 
Brennkammer einspritzt, wo die Luft adiaba- 
tisch gedriickt wird, verdampft der Brennstoff 
zuerst, sich mit der Luft durch das Diffusion- 
Phanomen mischend, und dann fangt die 
chemische Reaktion von einem oder einigen 
Orten an, die sich anfangs allmihlich vergré- 
ssert und nachdem ziindet, falls sie nicht 


schwindet. Deshalb ist die Wahrscheinlickeit 
der Ziindung in Zeiteinheit hauptsdchlich 
abhadngig von der Diffusion und Verdampfung 
des Brennstoffes, der Dichtigkeit, der Tempe- 
ratur der Luft, und der chemischen Reaktion 
der Mischung. 


Wenn der Ziindverzug nicht so gross ist, 
vergrossert sich diese Wahrscheinlichkeit mit 
der Zeit nach der Einspritzung des Brenn- 
stoffes, weil der Brennstoff sich allméahlich 
mit der Luft durch die Diffusion und Ver- 
dampfung mischt und die Temperatur ansteigt. 
Wenn der Ziindverzug so gross ist, muss 
diese Wahrscheinlichkeit beinahe konstant 
sein, weil der Zustand der Mischung gleichartig 


a 


a} 90 U min 
giin = 5".Vl0O.7 
mehge 0.0049 vr Spiel 


~ Luftmenge Q. 712 gr Spiel 
* Lutttiberschuf 10.16 


SENr PIPLD 

Motordrehzahl 590 U/min 

Einspritzbeginn 5° VOT. 

Grennstoffsmenge 0.0050 sr Spiel 

Luftmenge 0.488 pr Spiel 
1 j 


‘, (Lufttiberschug 6.8 


b) 
Nr. 33 a 
- Motordrehzaht 60) U min 
“inspritzbeginn Ea gS at 3 q-0 


rennstoffsmenge 0.0114 gr/Spiell 
uftmenge 6.486 er Spiel KZ, bs 


ufttiberschub 2.96 - 


JeN\o}o), Ihe 


wird. 

Andererseits hat die Kurve des Zusammen- 
hangs zwischen dieser Wahrscheinlichkeit der 
Ziindung in Zeiteinheit und der Zeit nach der 
Einspritzung des Brennstoffes stets einen Teil, 
wo diese Wahrscheinlichkeit beinahe Null ist. 
Diese Ursache muss die Vergrésserung des 
Ziindkernes sein. 

Da ich jetzt noch mehre Versuchsergebnisse 
bekommen konnte, will ich hier noch mehr 
iiber meine Uberlegung des Ziindmechanismus 
erkliren. Besonders will ich erklaren, dass 
es sehr wenige Ziindpunkte bei der Ziindung 
im Dieselmotor gibt, besonders nur einen beim 
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Mi a 3 4 
Motordrehzahl 606 U min 
Kinspritzbeginn 5 VLO.T, 
S Brennstoffsmenge 0.0117 gr Spiel 
s, Luitmenge 0.717 gr Spiel 
§Luttiibersc hak 4.31 


vs we 


600 Unit 


On VOOR. 


re 36 - 
fotordrehzabl —— 660 U4nin 
spritzbeginn: 30° VOT.” 
ee nee (0112 gr Spiel 
suftmenge 0,480 gr Spie 
ufttibersehus 3.01 pees 


Indikatordiagramm. 


Dieselklopf. 


§2. Versuchsergebnisse und Betrachtung 


Wie schon erwdhnt, besteht die Kurve des 
Zusammenhangs zwischen der Wahrschein- 
lichkeit der Ziindung in Zeiteinheit und der Zeit 
nach der Einspritzung des Brennstoffes aus 
drei Teilen: Im ersten Teile vergréssert 
sich diese Wahrscheinlichkeit mit der Zeit, 
im zweiten beinahe konstant fiir die Zeit und 
im dritten beinahe Null. Deshalb erklare ich 
diese drei Teile nacheinander. 

(1) Der erste Teil, wo sich die Wahrschein- 
lichkeit der Zundung in Zeiteinheit mit der 
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| 
Om xl0Sek. ; 
[ Abb. 69 
ve 6:0 WL /Nr28 
\Nr 34 Nr.35 
= Ps Or Nr.34 
s 4-0 
cee g 
2:0 
4:0 \ i 
e 2-0 000 4-Ox\OSek. 
Zeit nach Einspritzbeginn 
xl Sek’ Abb. 4. 
6-0 a 
Nr Ineas Zeit vergrossert und fast von der Diffusion 
ae / y “Nr 32 und Verdampfung des Brennstoffs ausser der 
“ ie ; Temperatur und Dichtigkeit der Luft und der 
a t . . Va Eigenschaft des Brennstoffes abhangt. | 
0 Zn ae = oo Abb. 1 zeigt die Indikator-Diagramme bei 
Za Cate iene : verschiedenen Zustiinden. In diesen Aufnah- 
men bedeutet V die Druckénderung in der 
Abb. 2. Vorkammer, D die Erhdhungsdnderung der 
Einspritznadeldiise, K den Kurbelwinkel, O.T. 
xl0Ser’ den Obertotpunkt und Z die Zeit. Abb. 2, 3, 
4, zeigen die Vergleichungen der Wahrschein- 
Noer lichkeiten der Ziindung in Zeiteinheit bei den | 
24-0; Nr.35 " a 5 A 
x verschiedenen Zustaénden, wo man die Indi- | 
Bie kator-Diagramme von Abb. 1 bekommen 
konnte. 
‘ Diese Zustiinde sind folgende: 
9 3-0 4-0 5-Oxl0 Sek, 
Zeit nach Einspritzbeginn 
Abb. 3. 
Versuchs- Nr. 11 28 al 32 33 34 35 36 
nummer 
Motordrehzahl 620 1210 590 590 600 600 600 600 U/min. 
Einspritzbeginn 10° 30° 5° be Dl Dia 30° Oe V.Ocle 
Brennstoffs- 0.0101 0-011 0.0049 0.0050 0.011 0,012 0,012 "-e7011 gr/Spiel 
menge 
Luftmenge 0.612 0.685 0.712 0.488 0.480 0.717 07/686" 07480 s 
Luttiberschuss 4,27 AL) M0). 6.81 2.96 4.31 4.03 3.01 
Temperatur bei 790 830 860 970 1000 870 950 1050 ake 
der Ziindung 
Druck bei der 28.0 Zon) 33.0 24.0 26.0 30.0 2S) 0) 23.0 kg/cm? 


Ziundung 


Ich denke hierbei hauptsichlich an drei 
Enfliisse, die die Neigung dieser Wahrschein- 
lichkeit beherrschen. Der erste ist das Mi- 
schungsverhdltnis, der zweite die Dichtigkeit 
der gedriickten Luft, der dritte die Tempera- 
tur der Luft. 


(a) Der Einfluss des Mischungsverhdltnisses: 

Es ist klar in der Aufnahmen der Indikator- 
Diagramme des Nr. 31 und Nr. 34, dass die 
Zahl des Berges der Verbrennungs-druck- 
anderung in der Vorkammer gleich derjenigen 
der Erhéhungséanderung der Einspritznadeldiise 


ist, z.B. bei Nr. 31 ist es zwei und bei Nr. 34 
drei. Es bedeutet vielleicht, dass der einge- 
spritzte Brennstoff nicht dauernd ausgeht, 
sondern sich unterbricht und die Verbrennung 
dem Einspritzzustand folgt. Néamlich die 
Menge des Brennstoffes in der ersten Stufe 
der Einspritzung wird zu der Zeit, wo die 
erste Steigung der Erhdhungsidnderung der 
Einspritznadeldiise eintritt, eingespritzt und 
brennt in der ersten Stufe unabhingig von 
dem spater eingespritzten Brennstoff, der sich 
nachher zusammen mit der Luft mischt und 
dem vorhergehenden folgt. 

Deshalb, wenn der Ziindverzug so klein ist, 
muss der Einfluss der eingespritzten Brenn- 
stoffsmenge klein sein, und wenn der Ziind- 
verzug SO gross ist, muss dieser Einfluss gross 
sein, weil die mit der Luft sich mischende 
Brennstoffsmenge mehr wird. Abb. 2 zeigt 
die Vergleichungen der Kurven der Wahr- 
scheinlichkeit der Ziindung. Bei Nr. 31 und 
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verzuge waren klein, wegen der _ vielen 
eingesaugten Luftmenge. Deshalb muss der 
Einfluss der Brennstoffsmenge bei diesem Falle 
klein sein. Ber Nr. 32 und Nr. 33 waren 
die beiden Luftmengen fast gleich aber 
geringer als Nr. 31 und 34, und die Brenn- 
stoffsmenge nicht gleich. Der Einfluss der 
Brennstoffsmenge bei Nr. 32 und 33 miisste 
grésser als bei Nr. 31 und 34 sein, aber meine 
Versuchsergebnisse zeigen es nicht so klar. 
(6) Der Einfluss der Dichtigkett der gedruck- 
ten Luft 

Da die Wahrscheinlichkeit der Ziindung pro- 
portional dem Quadrat der Dichtigkeit der 
gedrtickten Luft ist, wie im ersten Teil dieser 
Arbeit erwahnt, ist der Einfluss der Luft- 
dichtigkeit sehr wichtig, trotzdem der Dif- 
fusionsbeiwert umgekehrt prvportional dem 
Druck ist. 

In Abb. 2 war die Brennstoffsmenge bei 
Nr. 31 und bei Nr. 32 beinahe gleich und die 


Nr. 34 waren die beiden eingesaugten Luft- eingesaugte Luftmenge nicht gleich, sowie 

mengen einander fast gleich, und die Brenn- bei Nr. 33 und Nr. 34. 

stoffsmenge nicht gleich und die beide Ziind- 

Nr. 31 32 33 34 85 36 

Brennstoffsmenge 0.0049 0.0050 0.011 0.012 0.012 0.011  gr/Spiel 

Dichtigkeit der 0.0142 0.0098 0.0098 0.0143 0. 0084 0.0059 gr/cc 
Luft bei Ziindung 

Temperatur der 860 980 1000 870 950 1050 VK 


Luft bei Ziindung 


Trotzdem die Temperatur bei Nr. 32 hoher 
als diejenige bei Nr. 31 ist, ist die Neigung 
der Steigung der Wahrscheinlichkeit der Ziin- 
dung bei Nr. 31 als diejenige bei Nr. 32, sowie 
bei Nr. 33 und Nr. 34. So kann man wissen, 
dass der Einfluss der Luftdichtigkeit fiir 
diese Wahrscheinlichkeit sehr wichtig ist. 
Abb. 3 zeigt diese Sache bei friiherer Ein- 
spritzzeit. Dabei sind die beiden Luftdichtig- 
keiten minder als diejenige bei Nr. 33 und 
Nr. 34 und die Neigung der Kurven dieser 
Wahrscheinlichkeit auch geringer. 

Abb. 4 zeigt auch diese Sache bei verschiede- 
nen Ejinspritzzeiten. Die Neigung der Kurve 
ist die grésste, wenn die Zindung und die 
Einspritzung bei der hdchsten Dichtigkeit der 
Luft stattfindet. Wenn die Einspritzung zu 
friih vor O.T. gemacht wird, werden diese 
Neigung und diese Wahrscheinlichkeit klein 
und dabei wird es nicht ziindwilling. 


Warum die Neigung der Kurve der Wahr- 
scheinlichkeit der Ziindung bei Nr. 28 steiler 
als diejenige bei Nr. 35 ist, trotz der gleichen 
Einspritzzeit (in Abb. 4), ist, um Differenz 
der Stiirke der Diffusion wegen, weil die 
Motordrehzahl 1200 U/min bei Nr. 28 und 
600 U/min bei Nr. 35 war. 

(c) Der Einfluss der Temperatur 

Bei meinem Versuch war der Einfluss der 
Temperatur nicht klar. Die Temperatur der 
gedriickten Luft war immer dabei so hoch, 
dass man ihren Einfluss nicht finden konnte. 

(2) Der zweite Teil, wo die Wahrschein- 
lichkeit der Ziundung in Zeiteinheit beinahe 
konstant ist. 

Wenn der Ziindverzug nach der Einspritzung 
des Brennstoffes sehr gross ist, wird die Mi- 
schung der Luft und des Brennstoffes fast 
ganz durch das Diffusionsphanomen bewirkt 
und ganz gleichartig. Dann muss diese Wahr- 


308 Kunio TERAO (Vol. 10, 


scheinlichkeit der Ziindung beinahe konstant 
werden. 

Abb. 5 zeigt die Indikator-Diagramme bei 
grossem Ziindverzug. 

Bei Nr. 37 war die Einspritzzeit auf 30° 
vor O.T. und die eingesaugte Luftmenge sehr 


wenig. Der Ziindverzug ist sehr gross und S 
-4-0; X20 po 
jtordeeh ant 3 r -Oxid: | 
ardrebze x 505 Umi . . . | 
| eincaritebestin” 30. VOT. Ze Ie pale 
Ercan ene 0.0) : Zeit nach Etnspritzbeginn 
~ Luftiiberschué (a) | 
O | 
Lr Pip) 
-1-0 
~-2:0° 
oa xl0'Sex. 
et 315) 4-0! 
a PS 
= 3-0} Nr.39 
ir. 
eo =4-07 S20: 
co VB nop. egal Sah ae 
aes ees os a Pion 
Lufti@berschats_ 308 af 11-0 12-0 Pe Os 
Zeit nach Einspritzbeginn 
(b) 
wontonprscnaactitne thin . s Pe Ne Vv. SH 
: k 
gos amp sp, weppaanene dls ~ Baye Dp 
eee Le eae . ee 
(b) 
Nr. 6o 
= ae Joterdrehzah} 600 U min 
\ inspritzhexinn — 10° V.0.T. -4:O¢ 2:0 Nr.69 
Bo ee ems Oot 2 awn 
: e Luftmenge 0.613 gr Spiel 
oa Luttii Ge Won eee ae 60 7-0 oR 
Zeit nach Einspritzbeginn x10" Sek, 
©) 
Or 
Noa 
7 
7, 
={1K0) 
eto 
eae) 
z QO 
(S 3 -I 
(c) Sf xlOsek. 
Abb. 5. Indikatordiagramm. =20)! AO! Nr. 26 
2 . . . os . + eS) 
die Wahrscheinlichkeit der Ziindung in Zeit- < 
einheit vergr6ssert sich anfangs mit der Zeit =4-Or ~ 2:0) 
und wird nachdem konstant, wie in Abb. 6 a. 
Dies muss zeigen, dass der Einfluss der Dif- fe) 
é eihelie oer x 7, x 
fusion fiir diese Wahrscheinlichkeit sehr gross lG 20 24 xl0Sek. 
und beherrschbar ist. Zeit nach Einspritzbeginn 
Andere Ergebnisse der Berechnungen zeigen (d) 
auch diese Sache. Bei Nr. 39 ist die Einspritz- Abb. 6 
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zeit auf 60° vor O.T. und die Mischung muss 
in der Vorkammer bei der Ziindung fast ganz 
gleichartig werden. So ist die Wahrschein- 
lichkeit der Ziindung in Zeiteinheit konstant. 
Abb. 6 b zeigt dies. 

Bei Nr. 69 war der benutzte Brennstoff 
Gasolin, dessen Octanzahl 80 und Cetanzahl 
fast gleich Null ist. Wegen kleiner Cetanzahl, 
war der Ziindverzug dabei sehr gross. Bei 
Abb. 6d war die Motordrehzahl 1200 U/min 
und die eingespritzte Brennstoffsmenge sehr 
gering. Der Ziindverzug ist nicht so gross, 
aber die Wahrscheinlichkeit der Ziindung in 
Zeiteinheit beinahe konstant, weil die Dif- 
fusiongeschwindigkeit sehr schnell ist, wegen 
schneller Motordrehzahl. 

(3) Beim dritten Teil t, ist die Wahr- 
scheinlichkeit der Zundung in Zeiteinkert bei- 
nahe Null. 

Wie in der vorigen Arbeit erwahnt, kann 
man denken, dass dieser Teil zwei kleinere 
Teile hat: Der erste Teil ist hauptséichlich 
abhaingig von der Verdampfung einer minima- 
len Brennstoffsmenge, die notig fiir die Ziin- 
dung ist. Der zweite Teil ist hauptséchlich 
abhadngig von der anfénglichen chemischen 
Reaktion, die den fiir die Ziindung ndétigen 
Zindkern ausmacht. 

Wenn die Luft in der Umgebung des Brenn- 
stoffes niedrigere Temperatur und die gréssere 
Dichtigkeit hat, muss die Zeit, wo die Wahr- 
scheinlichkeit der Ziindung beinahe Null und 
auch von der Verdampfung einer minimalen 
Brennstoffsmenge abhédngig ist, langer sein, 
weil die Verdampfungsgeschwindigkeit lang- 
samer ist. Wenn aber diese Luft hdhere 
Temperatur und gréssere Dichtigkeit hat, 
muss die Zeit, die abhingig von der anfangli- 
chen chemischen Reaktion, und wo die Wahr- 
scheinlichkeit der Ziindung beinahe Null ist, 
kiirzer sein, weil die Reaktionsgeschwindigkeit 
schneller ist. 

Aber meine Versucnsergebnisse zeigen wie 
folet: 

Nr. Bl 32 33 34 


Dichtigkeit 0.0142 0.0098 0.0098 0.0143 gr/cc 
der Luft 


Temperatur 860 980 1000 S70) 2k 

der Luft 
To ins 2.8 ae AA Seats al NU 
Sek. 


Als die Luftdichtigkeit grésser wurde, wurde 
die Zeit, in der die Wahrscheinlichkeit der 
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Ziindung beinahe Null war, trotz der nied- 
rigerern Lufttemperatur, kiirzer. Das be- 
deutet, dass die anfiingliche chemische Reak- 
tion dabei ganz vorherrschend ist, falls die 
Temperatur fiir H sehr hoch und ihr Einfluss 
sehr klein ist. 

$3. Die Zahl des Ziindpunktes und der 
sogenannte Dieselklopf 

Es ist sehr wichtig, um den Verbrennungs- 
mechanismus zu analysieren, wieviele Ziind- 
punkte es bei der Verbrennung im Dieselmotor 
gibt. Es gibt einige Aufnahmen” der Ver- 
brennung in der Brennkammer des _ Diesel- 
motors, aber ich probierte von der Wahr- 
scheinlichkeit der Ziindung ausgehend, wieviele 
Ziindpunkte es dabei gebe. 

Wenn man den Zeitabstand von der fritheren 
Zundung zur nachsten und die Flammengesch- 
windigkeit messen kann, kann man die Zahl 
des Ziindpunktes wissen. 

Nun stelle ich 

SMP) . 
dar. Diese T bedeutet die Mittelzeit von einer 
Ziindung zur nachsten, die ganz unabhdangig 
von der fritheren ist. Deshalb ist der Zeit- 
abstand von einer Ziindung in einem Ort der 
Brennkammer zur nachsten, gewohnlich langer 
als diese J. Also kann man den minimalen 


Nr, aA” : 
600 U min 


Motordrehzahtl 
<< be) inspritzbeyinn 5° V.O.T 
rennstoffsmenge 0.0117 ur Spiel 
“= Luftmense 0,717 gr Spiel 
» Luftiberschuhh Ua Cee 


Nr. pola 
‘Motordrehzah! 600 UC imin 
Einspritzbeginn 30° V.Q.P. 
Brennstoffsmenge 0.0112 gr, Spiel 
Laftmenge 0.480 er Spiel 
_Lufttiberschal 3.01 


(b) 


Abb. 7. Indikatordiagramm. 
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Zeitabstand der Ziindung in Zeiteinheit be- 
rechnen. 

Andererseits, wenn man die Zeit, wo sich 
die Flamme anfangs in die ganze Brennkam- 
mer erweitert, als die Zeit von der Zundzeit 
zum maximalen Verbrennungsdruck in der 
Vorkammer ansieht, kann man diese Zeit in 
dem Indikator-Diagramm der Druckénderung 
in der YVorkammer finden. 

Abb. 7 zeigt die Indikator-Diagramme, 11 
denen die Druckénderungen in der Vor- und 
Hauptkammer gleichzeitig gemessen werden. 
H bedeutet die Druckéinderung in der Haupt- 
kammer und V diejenige in der Vorkammer. 
t bedeutet die Zeit, wo sich die Flamme in 
der ganzen Vorkammer fortpflanzt. 

Abb. 8 zeigt die Kurven des Zusammen- 
hanges zwischen der Zeit nach der Einsprit- 
zung und dem Mittelzeitabstand der Ziindung. 
Die Zustinde bei diesem Versuche sind wie 
gesagt. 


3.84:04-24:4 x10°sex, 
Zeit nach Einspritzbeginn 
() (b) 


ee Sailor 
8 20 22 x10 sek, 


Abb. 8. 


Bei Nr. 34 konnte man keinen sogenannten 
Dieselklopf héren. Der Dieselklopf ist ein 
Phainomen wie folgt: Wenn die Einspritz- 
beginn des Brennstoffes in die Brennkammer 
zu friih ist, oder die Cetanzahl des Brenn- 
stoffes sehr klein und unziindwilling ist und 
darum der Ziindverzug sehr gross ist, brennt 
die viele Brennstoffsmenge in einem Augen- 
blick und man hért ein scharfes Geriéiusch. 
Im technischen Gebiet erklart man _ nicht 
so klar, wie die Ziindung beim Dieselklopf 
funktioniert, und man sagt zuweilen, dass 
dabei die Ziindung im ganzen Raum der 
Brennkammer in einem Augenblick geschieht. 

Bei Nr. 34 sind die Zeiten, wo sich die 
Flamme in die ganze Vorkammer erweitert, 
alle etwa 1.0~1.4x10-8 Sek. Dafiir sind die 
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Zeitabstiinde der Ziindung fast alle etwa 0.5 
~0.210-% Sek., so muss die Zahl des Ziind- 
punktes in einer Brennkammer in einem Spiel 
des Motors minder als 7~2 sein. 

Andererseit sind bei Nr. 36, wo man den 
Dieselkiopf héren konnte, die Zeiten, wo sich die 
Flamme erweitert, weniger als 0.4~0.9x 107 
Sek., die Zeitabstinde der Ziindung fast alle 
etwa 1.5~0.3x10-* Sek.. Also muss die Zahl 
des Ziindpunktes minder als 3~1 sein. 

Diese Resultate miissen bedeuten, dass es 
bei der Verbrennung im Dieselmotor gewohn- 
lich nur einen oder einige Ziindpunkte gibt. 
Besonders bei dem Dieselklopf gibt es weniger 
Ziindpunkte als bei keinem Dieselklopf und 
vielleicht nur einen, weil die Wahrscheinlich- 
keit der Ziindung in Zeiteinheit klein sein 
muss. Gewodhnlich geschieht der Dieselklopf 
bei dem niedrigen Druck und der niedrigen 
Temperatur in der Brennkammer, oder bei 
der kleinen Cetanzahl und grossen Aktivitat- 
energie, und dabei ist die Wahrscheinlichkeit 
der Ziindung klein. 

Der Druckanstieg in der Brennkammer bei 
dem Dieselklopf ist deshalb so steil, (darum 
kann man den Dieselklopf hGren), weil die 
rasche Flammengeschwindigkeit von einem 
Zindpunkt gemacht ist. Da der Ziindverzug 
bei dem Dieselklopf sehr gross ist, mischt 
sich der eingespritzte Brennstoff mit der 
Umgebungsluft geniigend und wird fast ganz 
homogen und wird daher ein gleichmiéssiges 
brennbares Mischungsverhaltnis haben. Bei 
meinen Versuchen muss die Flammengesch- 
windigkeit in der Vorkammer in Hinblick auf 
der Weite der Brennkammer etwa 100~200 
m/s sein, falls sich die Flamme von einem 
Punkt erweitert. Solche Flammengeschwindig- 
keit kann man sich bei solchen hohen Druck 
wie im Dieselmotor und solcher homogen 
gleichmdssigen Mischung des Brennstoffes und 
der Luft denken. 

Dabei kann man auch denken, dass die 
erste Ziindung einen Einfluss auf den anderen 
Teil der Mischung hat, der beinahe homogen 
ist und noch nicht brennt, und es dort ziindet. 
Aber dies ist die sekundére Ziindung und 
man kann nur denken, dass die Erweiterung 
der Verbrennung in der Brennkammer den 
Druck und die Temperatur der Mischung 
erh6ht und darum es im anderen Teil der 
Mischung ziindet. Also ziindet es anfangs an 
einem oder einigen Orten und von dort pflanzt 
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die Flamme fort und man kann nicht denken, 
dass es auf einmal im ganzen Gebiet der Mi- 
schung ziindet. Andererseits kann die Wahr- 
scheinlichkeit der Ziindung in Zeiteinheit in 
Volumeneinheit des Teiles der Mischung, der 
noch nicht brennt, so gross werden, dass es 
dort ziinden kann, wenn der Druck und die 
Temperatur der Mischung so hoch werden. 
Aber, um diese Wahrscheinlichkeit so sehr zu 
vergr6ssern, ist es nétig, dass die Menge der 
Mischung so viel brennt, in Hinblick auf dem 
Zusammenhang zwischen dieser Wahrschein- 
lichkeit der Dichtigkeit und Temperatur 
der Mischung. Z.B. gleich nach dem Ende 
der Verbrennung, ist der Druck in der 
Vorkammer niedriger als der zweifache Druck 
der gedriickten Luft bei der Ziindung, wie in 
dem Indikatordiagramm Nr. 36, Abb. 1 f. 
Deshalb wird die Wahrscheinlichkeit der 
Ziindung in Zeiteinheit in Volumeneinheit 
héchstens zwei- oder dreifach, weil diese Wahr- 
scheinlichkeit beinahe proportional der Dichtig- 
keit der Luft ist und der Einfluss der Tem- 
peratur bei solch hoher Temperatur sehr klein 
ist, wie schon erwéhnt. Und auch wird der 
Teil der Mischung, die noch nicht brennt, 
minder mit der Reaktion der Verbrennung. 
Deshalb kann die Wahrscheinlichkeit der 
Ziindung in Zeiteinheit im ganzen Raum nicht 
so gross werden und es kann nicht an vielen 
Orten des Teiles der Mischung, der noch_ nicht 
brennt, ziinden, auch wenn die erste Ziindung 
einen Einfluss auf den anderen Teil hatte. 
Also beim Dieselklopf kann man denken, dass 
die Flamme anfangs von einigen, vielleicht 
nur einem ersten Ziindpunkt sehr schnell 
fortpflanzt, wenn es auch am Ende der 
Verbrennung an einigen Orten des Teiles, der 
noch nicht brennt, ziindet. 

Wenn es ziindet, nachdem der eingespritzte 
Brennstoff sich mit der Luft ganz mischt und 
eine gleichmissige Mischung entsteht, muss 
die Cetanzahl fast keine Einfliisse fiir den 
Dieselklopf haben, denn der Dieselklopf ist nur 
abhingig von der Flammengeschwindigkeit 
und unabhingig von der Ziindfahigkeit. Die 
Cetanzahl hat den Einfluss fiir Dieselklopf nur 
in der Zeit, wo die Mischung gemacht wird. 
Ist die Cetanzahl des Brennstoffs sehr klein, 
so ist der Ziindverzug so gross, dass die viele 
Brennstoffsmenge sich mit der Luft mischt 
und viele gleichmiéssige Mischungsmengen 
erzeugt werden, in der die Flammenge- 
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schwindigkeit sehr sehnell ist und der Die- 
selklopf entsteht. 

Auch der Brennstoff sich mit der 
Luft ganz mischte und ganz homogen wiirde, 
falls es zu diinn oder zu dick wiire, miisste 
die Flammengeschwindigkeit nach der Ziin- 
dung langsam sein und man kénnte den Diesel- 
klopf nicht héren. Abb. 9 zeigt die Indikator- 
Diagramme der Druck&énderungen in der 
Haupt-und Vorkammer, falls der Einspritz- 
beginn auf 340° vor O.T. (am Beginn des 
Saugtaktes) ist. Bei Abb. 9a ist das Mi- 
schungsverhdltnis diinn und es ziindet kaum 
in der Nahe des O.T.. Denn die Mischung ist 
zu diinn und die Flammen kénnen sich nach 
der Ziindung kaum fortpflanzen. Bei Abb. 9b. 


wenn 


Ly 


ie : 
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Indikatordiagramm. 


Abb. 9. 


ist es dicker als bei Abb. 9a und die Flamme 
kann sich fortpflanzen. Dabei konnte man 
keinen Dieselklopf héren. Und wie das Indi- 
kator-Diagramm zeigt, ist die Verbrennung 
in der Vorkammer anfangs langsam und 
steigt dann plétzlich sehr stark an. Diese 
Ursache ist vielleicht folgende: Da Druck und 
Temperatur der Luft anfangs sehr niedrig 
sind, ist die Flammengeschwinigkeit sehr 
langsam nach der Ziindung auf einem Punkt. 
Nach dem Druckanstieg wird sie aber sehr 
schnell, oder eine neue Ziindung an einem 
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anderen Punkt geschieht und die Flamme 
pflanzt sich dadurch sehr schnell fort und der 
Druck steigt auch rasch. 

Wenn ich das Gesagte wiederhole: 

(1) Es gibt nur einen oder einigen Ziind- 
punkte bei der Verbrennung im Dieselmotor 

(2) Besonders bei dem Dieselklopf gibt es 
vielleicht nur einen Ziindpunkt, von dem sich 
die Flamme sehr schnell fortpflanzt. 


(3) Wenn das Mischungsverhaltnis bei 
einem bestimmten Zustand zu diinn oder zu 
dick ist, falls die Mischung homogen ist, 


pflanzt sich die Flamme langsam fort, und, 
wenn es noch diinner oder dicker wird, kann 
es nicht brennen, weil die Flamme sich nicht 
fortpflanzen kann. 


$4. Zusammenfassung 


Im ersten Teil dieser Arbeit scheint der 
Ziindmechanismus bei der Verbrennung in der 
Brennkammer des Dieselmotors foleendmassen 
zu sein: 

(1) Zuerst mischt sich der eingespritzte 
Brennstoff mit der Umgebungsluft durch die 
Diffusion mit der Verdampfung. 

(2) Nach dem Stoss der Molekiile des Brenn- 
stoffes und des Sauerstoffes, entstehen einige 
Ziindkerne. 

(3) Einer oder einige dieser Ziindkerne ver- 
gréssern sich allmahlich und sie werden mit 
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einer grossenen Menge, deren entstandene 
Warme so gross wird, dass sich davon die 
Flammen fortpflanzen k6nnen, geztindet. 

Ich versuchte in dieser Arbeit diesem 
Gedanken noch weiter und genauer nach- 
zugehen, um andere Versuche und Beweise zu 
erziehen. Besonders konnte ich beweisen, 
dass es dabei nur einen oder einige Ziind- 
punkte gibt. 

Trotzdem gibt es noch viele Unbekannten 
im Ziindmechanismus, z.B. die Aktivitdat- 
energie, Diffusionsgeschwindigkeit, Ziindkerns- 
grésse, Verdampfung usw. So muss noch 
weiter iiber dieses Problem geforscht werden. 

Zum Schluss méchte ich Herrn T. Okazaki, 
Professor der Technischen Fakulltét der 
Tokyo Universitit, der mir w&ahrend der 
ganzen Zeit meiner Versuche Hilfe leistete 
und mir viele gute Ratschlage gab, danken 
herzlich ebenfalls Herrn Dr. M. Hirata, Pro- 
fessor der Fakulltét der Naturwissenschaften 
der Tokyo Universitit, und Herrn N. Terao, 
die mir auch viele gute Ratschlége gaben. 

Und auch danke ich herzlich unserm Direktor, 
Herrn M. Ito, und meinen Mitarbeitern, 
Herren T. Hori und S. Miyamoto. 
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Note on the Shift of Band Edge of 
Germanium with Temperature 


By Masao TomurA and Eizo OTSUKA 


Institute of Polytechnics, 
Osaka City University, Osaka 


(Received September 15, 1954) 


The separation #7, between the top of the valence 
band and the bottom of the conduction band of 
germanium varies with temperature according toa 
linear relation of H,(T)=E,(0)—8T.) The value 
of 8 obtained from conductivity experiment is 1.1 
x10-* eV/deg*) and almost equal to the value cal- 
culated from the deformation potential theory. 
The above value, however, is obtained on the as- 
sumption that the energy surface in the Brillouin 
zone of germanium is spherical and non-degenerate. 
Furthermore, the effective masses of electron and 
hole are put equal to the free electron mass. 

Recent calculations of the energy bands in 
momentum space) and observations of cyclotron 
resonance*)5) reveal the electronic band structure 
of germanium fairly well. According to these 
results, energy surface in the conduction band con- 
sists of six ellipsoids of revolution with the prin- 
cipal axes lying along the [110] type directions”) or 
eight along the [111] type directions»). On the 
other hand, there are three sets of nearly sphere- 
cal energy surface centered about #=0 in the 
valence band%). Though no definite model of the 
energy band structure of germanium is available 
at present, recently obtained informations of germa- 
nium will give some new value of 8. 

In the course of obtaining § from the well-known 
formula 

m4?=4CeC» exp(—Eg/kT) , (1) 
the state density factors C, and C, should be 
modified in order to satisfy the requirements aris- 
ing from the circumstances mentioned above. 
Allowing for the energy surface of the ellipsoids 
of revolution in the conduction band, C, is now 
given as ge(2nkT/h33/2mi2m, | . Here mp, and mnt 
are the effective masses of electron along the longi- 
tudinal and transversal axes of the ellipsoid of re- 
volution, respectively, and g, is the number of 
ellipsoids in the conduction band, i.e. six or eight. 
As for Cy, the nearly spherical energy surface in 
the valence band suggests the conventional form of 
state density. However, the valence band is triply 
degenerate at k=0 and only two values of effective 
Mass Mp,=0.04m and my.=0.30mp for holes have 
been observed in the cyclotron resonance experi- 
ment»). Hence, one of the effective masses ought 
to be allotted to two sets of energy surface and 
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the other to the remaining set. Accordingly, Cy 
becomes _ either (2nkT/h3)9/> 2a? + mil?) or 
(2nkT/hs)s/"(mi/? +2m3l?), since allocation of the ef- 
fective masses is unknown. Four combinations of 
C-Cy, therefore, should be considered separately. 
No calculation for the temperature dependence 
of carrier mobility in the case of non-spherical or 
degenerate energy surface has been made so far. 
However, the recent accurate measurement of Hall 
mobility reports p,=1.07 x 1087-18" for holes®). 
Then we may recalculate 7,2 in the data of John- 
son-Fan”), using the temperature dependent mobility 
ratio b=p,/unH, in lieu of the constant value of 
1.5 in their paper. We get a new value of 1.83x 
10-4 eV/deg for 8, as well as H,(0)=0.79 eV, ef- 
fective masses being put equal to the free electron 
mass. If we now employ m,;=0.08m and My,= 
1.3m) for electron, while, 7 ,,;=0.04mp and mp,= 
0.30mo for hole, allowing for the degeneracy factor, 
8 undergoes further modification. The values of 
the correction term 48 are listed in Table I to- 
gether with the modified values of 8 for each case 


Table I. The values of correction term JB 
and modified ~. 

No. Allocation 

of de- of 

generacy effective AB (eV/deg) B (eV/deg) 
in masses 

C-band in V-band 
6(3) 2m32+ mil? 2.2(2.5) x 10-4 4.0(4.3) x 10-4 
6(3) mil?+ 2mil? 1.4(2.0) 3.2(3.8) 
8(4) aml? + mi)? (253) 3.5(4.1) 
8(4) mil? 2m 1.4(1.8) 3.2(4.6) 


of the four combinations. If the energy minima of 
the ellipsoids in conduction band are situated at 
the zone boundaries, the degeneracy factor 6 or 8 
should be replaced by 3 or 6, respectively. The 
values of the mentioned quantities for these cases 
are also listed in parentheses. The new values of 
8 are seen to approach 4.6 x 10-4 eV/deg, which has 
been obtained from the optical method”. As well- 
known, the latter corresponds to the one at k=0, 
because of the optical data analyzed in the wave 
length region of “direct transition”. Our values 
derived from conductivity data may be taken to refer 
to the separation between the top of the valence band 
and the bottom of the conduction band. These 
two kinds of 8, of course, may not be expected to 
coincide, although the approach of their values 
seems to be rather natural. 
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On the Threshold of the Exciton 
Band in BaO 


By Masayoshi SAKAMOTO 
Department of Physics, Tokyo College of Science 
(Received December 1, 1954) 


It has been already known that the long wave 
region of the spectral sensitivity curve of photo- 
emission or photoconductivity in BaO is enhanced 
remarkably by the pre-irradiation of ultra-violet 
ray!)?)3), The author studied the increase of photo- 
conductivity at about hv=2.3 eV, when the wave 
length of the pre-irradiation was changed from long 
wave side to short one. 

The behaviours are shown in Fig. 1, where 4i= 
7—t% is the increase of the photocurrent, 7 is the 
saturated photocurrent after irradiation of 30 min. 
and 7% is the photocurrent just after the annealing. 
As seen from the figure, the current increases 
rapidly above the region of 3.3 eV. 

On the otherhand, Sproull and Tyler) concluded 
that the absorption band in 4.0~4.2 eV was due to 
the excitons and that the photocurrent found in 
BaO single crystal above 4.0 eV was due to the 
thermal dissociation of these excitons. 

Therefore, it is supposed that the photocurrent 
at 2.3 eV is due to the ionization of donors®). And 
the increase of this current may be interpreted by 
the temporary increase of the number of the donors, 
because the electrons released thermally from the 
excitons, which are created by the pre-irradiation 
of the ultra-violet light, may be trapped by the 
oxygen vacancies®), Therefore, the threshold value 
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of 3.3 eV in Fig. 1 may be supposed as the lowest 
energy necessary to create these excitons in BaO 
powder at room temperature, which corresponds 
3.9 eV measured by Sproull and his coworkers in 
the photoconductivity of BaO single crystal”. 


8 in arb.,units. 


ff Li=i-io 
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Fig. 1. The relation between the wave length of 
the pre-irradiation and the increase of the 
photocurrent. 


References 


1) B.D. McNary: Phys. Rev. 81 (1951) 631. 

2) H.B. DeVore & J. W. Dewdney: Phys. Rev. 

83 (1951) 805. 

3) M. Sakamoto: J.A.P.J. 23 (1954) 171. 

4) R.L. Sproull & W. W Tyler: “Semi-Conduct- 

ing Materials” (1951) p. 122. 

5) Kin-ichi Noga & Shoji Kawamura: 

(1952) 287. 

6) N. F. Mott & R. W. Gurney: “Electronic Pro- 
cesses in Ionic Crystals” Chap. IV. 

7) R.L. Sproull & W. W. Tyler: ibid. 


elensHlle ‘Cs 


J. PHys. Soc. JAPAN 10 (1955) 314~315 


Confirmation of the Existence of a 
Helium Double-Molecule 


By Taro KIHARA and Shobu KANEKO 
Department of Physics, University of Tokyo 
(Received February 1, 1955) 


One of the authors and his co-workers) recently 
analysed the second and third virial coefficients of 
helium above the Boyle temperature, for T>T,= 
26.0°K, by means of the Lennard-Jones model of 
the intermolecular potential. Their conclusion was 
that the two-body system of Het atoms has a dis- 
crete energy level (a bound state) while the two- 
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body system of He# has no discrete level (no bound 
state). 

The aim of the present note is to confirm the 
previous result by an analysis of the second virial 
coefficient at low temperatures T<2T, by means 
of the square-well model of the intermolecular 
potential, 


co for r<o 
Uir)=4 —€<0 for o<r<go 
0 for geomr , 


1.5<9<2.0, 


in which 7 is the distance between the centers of 
the monatomic molecules. 

The second virial coefficient B of Het, which 
obeys Bose-Einstein statistics and has zero spin, 
can be expressed in the form”: 


Bs Anh? \3/2 


“ah ~16\ mkT’ 


+2 Dievent (20+1)B, : 
Here # is Planck’s constant divided by 2x; m is 


the mass of a helium atom; &T is the Boltzmann 


Fig. 1. 


constant times temperature; and the summation is 
to be taken over even quantum numbers /=0, 2, 
+++» of the angular momentum. The B; is given 


by 
By=- 5( a, = exp ( = Sn) 


je Taw |, 
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in which 7, is the phase-shift defined by the 
asymptotic form 


Rr)~sin(7VmE [h—dln+7,) for 


TIO, 


of the regular solution of 

[ “ +7 (E-U)- A lrer)=0 ' 
Hi, fy, ++++ (<0) being discrete energy levels or 
the energies of bound states of the two-body sys- 
tem. In reality, at most one level, Hypo, is to be 
taken into account for helium. 

For the square-well potential the phase-shifts 7, 
can be obtained by use of spherical Bessel functions, 
and the discrete energy levels, if any, can also be 
calculated easily. 

Let us introduce the depth parameter) 


= (7-9 a yme ; 


If one or more discrete levels exist in the two- 
body system s is greater than unity; if no discrete 
level exists s is less than unity. The second virial 
coefficient for square-well potential then assumes, 
for each g and s, 


Anh? \3/? _ eskT 
B= (Cp) I), “Age Ve 


the function / being given in the table. 


3 S(c) for F(c) for f(t) for 
Seal s=1 S— 45 
g=3/2 G=Z =z 

Os5 —().380 —(0).384 —1.017 

1 —0.422 —0.453 —1.017 

Z —0.522 — 0.535 —1.132 

4 —0.551 —().456 —1.149 

6 —0.423 —().202 —0.983 

8 —0.174 0.153 —0.701 

10 (). sy 0.600 — (0.333 
12 0.559 ial 0.106 
14 1.059 1.65 0.612 
16 Be) 220 1.161 
18 2.16 POs 1.74 

Bis 3h ea 


Calculated curves of (mkT'/4xh)3/°B are compared 
in the figure with experimental results obtained by 
Keesom et al). The figure shows that the depth 
parameter s for the Het-Het system is within the 
range 1<s<4/3, which corresponds to the range 
3/4<s<1 for the He*-He* system. Thus we have 
confirmed the previous conclusion. 
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The Metabolic Turnover and the Mainte- 
nance of the Low Entropy Level 


By Motoyosi SUGITA 
Hitotubasi University, Tokyo 
(Received December 24, 1954) 


In the preceding paper) the metabolic turnover 
of F.E. (free energy) has been discussed. In the 
following the turnover of entropy and that of en- 
thalpy will be considered separately. 

Let G be the F-.E. of a living organism and yx 
and S be its enthalpy and entropy respectively. 
Then 


G=y-TS and G=;-TS, 
G is written in the form 


G29, 2372 Dew (1) 
where Z, and Z is the F.E. taken and excreted 
respectively, D is the chemical consumption of 
F.E. and W is the sum of the external work, W,, 
and the internal loss, Wy, due to friction and 
others, 

W=W,4+W;. 

In the preceding paper a special model of the 
organism was proposed, which is represented by 
Fig. 4 of that paper’, and according to that we 
have 


1:-2,=R+W+D,, (CZ 
where FR is the restoration of F.E. per unit time, 
which is done by the feedback of energy, and Dy 
is the loss of F.E. during the energy transfer. 
Then the basal metabolism, in which W,=0, may 
be written in the form 

(4, -—Zo)p=R+Wy+Dy, , 


and Z,—Z. is measured by gas analysis. 
From (1) and (2) we have 


Caraibi (3) 
where 

Dr DD, (4) 
is the depreciation of F.E. due to catabolism. (3) 
means that the depreciation is repaired by R due to 
anabolism. G>0 means the expanding reproduc- 


tion and G<0 the contracting reproduction of 
F.E. of our body. 


Now G<0 or R<D, during work and G>0 or 
R>D, during rest or sleeping. This is very im- 
portant from the view print of the science of 
labour, for the mean value of G is never negative 
to maintain the life of the laborer. The metabolic 
turnover of the energy part of G is, however, ra- 
ther simple (see Fig. 2) and its mean value may 
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be easily repaired, but the circulation of the entropy 

part is complicated, which cannot be easily repair- 

ed after severe work or illness. So that let us 

consider the metabolic balance of our entropy. 
The well known equation” is 


Spon aca (5) 
where S. is the entropy flow and S; the entropy 
production per unit time. Then 

S;=(D+ Wy)/T ) 


and : f (6) 
S.=S,-S,-Q/T . 
where S; and S, is the chemical part of the entro- 


py uptake and excretion respectively and Q is the 


Exaust of 
Positive Entropy 


(uptake of N,E,) 


The Entropy Level 
is stored by (8) 


we” 
pejas2x9 §1°F'N 


7a 
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Fig. 1. Balance of Entropy. 
heat flowing out of the body. 

Now let us modify our model as is shown by 
Fig. 1, in which r is the enthalpy part of R. Then 
we have 

D+Wy=-(R-1r)+D+R+W;-r. 

Therefore 
sRats Dah Wer Lo 
Af: it} i 
in which (D+R+Wy;-7r)/T means the apparent 
production of entropy or depreciation of N.E. 
(negative entropy) due to destruction of the mole- 
cular order, i.e. catabolism. The behavior of N.E. 
is also expressed in Fig. 1 by making use of the 
reversed arrows (-~-~->). (R-r)/T is the repro- 
duction of N.E. or the production of low entropy 
level, which is forced by anabolism, and_ this 
quantity must be subtracted as is showh in (7). 


S.= 
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The process of anabolism is drived by the power, 
which is the feedback from exergonic reactions and 
expressed schematically by the pump at D. From 
(5), (6) and (7) we have 


. R-r 
S= ——— 
T t (8) 
where 
y_ DtR+Wy-7 , Q / 
d= = -(S-S,4°5) (9) 


and it is extracted out of the apparent production 
of entropy (B) by the suction of the pump, if we 
take the model of Fig. 1. § may be also the de- 
preciation of the N.E. reproduced by the pump 
action. The remaining part of the reproduced 
N.E. is stored in E of Fig. 1. On the other hand 
E represents the entropy level of our body, which 
has the natural tendency to rise, if we take posi- 
tive entropy into account, but is maintained at the 
low level by the pump action. The low entropy 
level or the high N.E. of our body is thus main- 
tained. 


I 


Power of 
Pump 


Fig. 2. Balance of Enthalpy. 


S.+Q/T is called the uptake of N.E. by Schréd- 
inger2). Then S, might also be taken at toilet and 
S, be excreted at the dining room in the form of 
N.E.. There are scientists believing that the level 
of N.E. of our body would be maintained simply 
by taking N.E. from the external world. If so, 
the water in the tank might be also conserved by 
taking negative quantity of water. In reality we 
must take the pump action into account in both 
cases, N.E. and water in tank. 

Fig. 2 shows the balance of enthalpy. Let ya 
and xy be its uptake and excretion respectively. 
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Then 


X="11-v2-Wr-Q, (10) 
which is the important relation in physiology. 
From (5), (6) and (10) we have 


Gay-IS 27-70-17, 
again, if we put 
A=. -TS, 42 =2-TS2 . (12) 
According to our model, using (2) and (12) we 
have 


(11) 


x1 —yw=R+ W+Dy +T(S4 —S») 
=r+W,+Ps;, (13) 
where 
P,=R-7r+Wy+Dys+T(Si-S»2) , (14) 
is the enthalpy consumed as power for the entropy 
circulation, for the internal work etc.. Ps is ex- 
pelled ultimately as heat, but it is a part of Q, as 
is shown by Fig. 2 and also by (16). 
From (10) and (13) 


X=7T+P,-Qar-rp, (15) 


where 
rptPs=Q. (16) 
The details of the analysis will be given in this 
Journal. 
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The Ionization Potentials of Some 
Conjugated Molecules 


By I. Omura, H. BABA and K. HIGASI 


Research Institute of Applied Hlectricity, 
Hokkaido University, Sapporo 


(Received November 22, 1954) 


Since the method of molecular orbitals proved 
its usefulness in treating the problems of valence 
and chemical reactivities, the study of ionization 
potentials has increasingly gained its importance in 
the field of chemical physics. In the majority of 
conjugated molecules, where so-called x-electrons 
confer their characteristic properties, the energies 
required to remove one t-electron to infinity from 
these molecules are given by their first ionization 
potentials; and these energy values have often been 
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employed as important parameters in the theoretical 
analysis of the molecular properties.) 

In the present note the writers wish to report 
some results of their measurements on the appear- 
ance potentials which have recently made by the 
use of a mass spectrometer of the Hagstrum type.” 
The evaluation of these potentials was made ac- 
cording to Honig’s critical slope method.*) And 
argon was employed as the reference standard. 

The samples measured were carefully purified in 
this laboratory excepting that of cyclooctatetraene, 
which was kindly offered by Assist. Prof. I. Tanaka 
of Tokyo Institute of Technology in the purest 
form. 


First ionization potentials of conjugated 
molecules, eV. 


Present Values in literature 
authors 
Substance (Electron (Electron (Spectro- 
Impact) Impact) scopic) 
Benzene © 9.4640.1  9152420.08) 91240 
Toluene 9,150.1 9.23) 8.8270 
Pyridine 9.70+0.05 9.8 +0.25) — 
Cycloocta- 
tetraene 8.63+0.15 ——— —— 
Pyrrole 8.97+0.05 —— 8.908) 
Furan 9.00+0.1 9.05+0.02) 9.018) 
-hiophene 9.10+0.2 — 8.918) 


Upon the inspection of the table it will be seen 
that the appearance potentials reported here are in 
accord with the values of other investigators.45»67»8) 
There is no record in the literature concerning 
the ionization potential of cyclooctatetraene; and 
it may be of interest to note that the present value 
of 8.63eV is close to those of other unsaturated 
cyclic hydrocarbons, e.g. cyclopentadiene 8.58eV 
and cyclohexadiene 8.4eV, both of them being 
obtained by the spectroscopic method. But 
further discussion will be postponed until after- 
wards when the experimental details of the method 
of measurement will be fully reported. 

Grateful acknowledgement is made to Prof. K. 
Hirota, for initiating the present work. Thanks 
are also due to the Education Ministry for a grant- 
in-aid. 


References 


1) See for example S. Nagakura and J. Tanaka: 
J. Chem. Phys. 22 (1954) 236, 563. 

2) H. D. Hagstrum: Rev. Mod. Phys. 23 (1951) 
185; I. Omura: Bull. Res. Inst. Appl. Elec. 
6 (1954) 15. 

3) R. E. Honig: J. Chem. Phys. 16 (1948) 105. 

4) J. D. Morrison and A.J.C. Nicholson: J. Chem. 
Phys. 20 (1952) 1021, 


Short Notes 


(Vol. 10, 


5) A. Hustrulid, P. Kusch, and J. T. Tate: Phys. 
Rev. 54 (1938) 1037. 

6) W. C. Price and R. W. Wood: 
3 (1935)-43955 WaiGae Brice: 
(1947) 257. 

7) V. J. Hammond, Ws ‘GC: Price == Palicesant 
and A. D. Walsh: Discuss. Faraday Soc. 9 
(1950) 53. 

8) W. ©; Price and AC Ws Walshe 
Soc. (London) A179 (1941) 201. 


J. Chem. Phys. 
Chem. Rev. 41 


Proc. Roy. 


J. Poys. Soc. JAPAN 10 (1955) 318~319 


X-Ray Studies on Long Chain Compounds 
Solidified under an Alternating 
Electric Field 


By Mitsuo IDA 


Department of Physics, Faculty of Science, 
Kanazawa University 


(Received December 2, 1954) 


X-ray studies on long chain compounds solidified 
under an_ electrostatic field were performed 
systematically by Kakiuchi, but similar studies 
using an alternating electric field seem never to 
have been done by any author so far as the present 
author knows. 

It was expected that in special cases, the fibre 
structure of long chain compounds would be form- 
ed even under an alternating electric field, which 
was verified by X-ray diffraction. The X-ray from 
a copper target was radiated in a direction per- 
pendicular to the electric field applied to the 
sample. An alternating electric field was applied 
by the frequency of 60c/s or about 300kc/s. Be- 
sides, an electrostatic field was used for a com- 
parative study. The intensity of the field was 6-8 
kv/cm. 

It was found that the Debye rings obtained could 
be classified into three types, namely, type A which 
has intensity maximum in the direction of the field 
(Fig. 1.), and type B which has intensity maximum 
in the direction perpendicular to it (Fig. 2.) and 


the third type which has a uniform ring. The 
results can be tabulated as follows. 
The fibre structure shown by cetyl alcohol 


solidified under an electrostatic field can be ex- 
plained by the permanent diple moment of its 
microcrystals as in Kakiuchi’s opinion, while the 
fibre structures of other substances eventually be 
explained by the anisotropic induced polarization 
of their microcrystals. But the reason why there 
are three cases of A type, B type and uniform 
ring is not yet clear. Further studies are going on, 
and the details of the results will duly be reported. 


1955) 


Fig. 1. White wax. Fig. 2. White wax. 
(electrostatic field (60 c/s) 
Table. 
Electrostatic 

field 60 c/s 300 kc/s 
Paraffin A B? ee 
Cetyl alcohol A No No 
Palmitic acid 
(added with a few\ A B B 


\percent paraffin 


Cetyl palmitate 
(added with a few\ A A A 
\percent paraffin 


Yellow wax A B A 
White wax A B B 
Carnauba wax A B? B? 
Japan wax A No No 


No: uniform ring. ?: ambiguous. 


The author wishes to express his sincere thanks 
to Professor H. Shoji for his kind guidance. 
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Isotope Shift in Cd II 2 4415 


By Kiyoshi MURAKAWA 


Institute of Science and Technology, 
Komaba-machi, Meguro-ku, Tokyo 


(Received December 24, 1954) 


Using natural cadmium and a liquid-air cooled 
hollow-cathode tube operated by a very small dis- 
charge current, the author!) studied the hyperfine 
structure (hfs) of Cd II 44415 (445? P37. — 4d 958°? Ds5/») 
and found that the shift 114—116 is very small 
compared with the shift 112—114. In the mean 
time Hindmarsh, Kuhn and Ramsden*) (to be re- 
ferred to as HKR) and Woodward®) and Woodward 
and Speck) (to be referred to as WS) have worked 
on the same subject, using separated isotopes. 

The hfs of the odd isotopes would be a good 
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material for testing the perturbation calculation, so 
the hfs of 244415 has been analyzed more carefully 
than before. Fig. 1 shows as a summary the 
result of this investigation. In ref. 1, the intervals 
110—112, 112—114 and 114—116 were measured 
separately, but now all the intervals were measured 
at the same time, and the position of every com- 
ponent is referred to the common origin 110, be- 
cause 110 is best resolved. 

When we plot the effective quantum number n* 
of the xp *P3/. sequence (given in the article of 
Takahashi») against the term vaiue, we find that 
it is irregular at 9p ?P3y~. This will be probably 
due to the perturbation by 5d%6s6p ? P37. which lies 
somewhat higher than 9p ?P3/, at about 9000 cm-1, 
say. Since the multiplet analysis of the configura- 
tion 5d%6s6p available at present is incomplete, it 
is not possible to calculate the accurate mixing 
percentages of the wave functions. However, the 
wave function 5d%6s6p ?P3/. (in LS coupling) with 
the splitting factor 


Bees 2 62 7 
A(dsp ?P3/2)= g Us) + 63 "4 418 


Ap 
(for the d and p electrons the relativity corrections 
are neglected) will be the most remarkable one of 
those which affect the hfs splitting of the level 
4d 5p ?P3. A rough estimation combined with 
the measurement of the hfs indicates that 5p *P3/. 
of the odd isotopes has a splitting of around 0.05 
cm~! instead of 0.026—0.027 cm-! of the previous 
calculation which neglected the perturbation. The 
component ¢ should lie at about 0.152, and the 
observation does not contradict with this assump- 
tion. The splitting of 5d%6s??D5, was also re- 
calculated by a method to be described at another 
place. Assuming that the splitting of 5p?P3,. in 
Cd1!3 is 0.054cm7—!, the diagram was constructed, 
and the whole hfs pattern was determined so as to 
fit the observed intensity distribution as accurately 
as possible. The determination of 6 and a offered 
the largest difficulty, and the positions of these 
components given in Fig. 1 will perhaps require 
some corrections; but the present choice lowered 
the interval 112—114 to 0.046 cm~! from 0.054 cm=! 
Of Lert 

The present interpretation shows that a, 6 and ¢ 
should lie approximately equidistant. However, 
WS measured by photographic photometry the 
intensity ratio of the components a and } (WS 
assumed that c is so near to b that it is masked by 
b) and obtained 1.35+0.05, and concluded that this 
is to be interpreted as 1.40 which would result if 
the intensity of c were superposed on that of 0. 
This is not in agreement with the above-mentioned 
prediction, but the author would like to assume 
that the accuracy of the intensity measurement of 
WS is somewhat smaller and believe that the true 
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Fig. 1. Observed intensity distribution in linear scale (upper curve), hfs pattern 
deduced from it (calculated position is in parentheses) compared with the findings 
of HKR (HKR published the distances 110—i12, 112—114 and 114—116 separately, 
so the positions of 112, 114 and 116 relative to 110 were calculated here) and WS 
(middle diagram) and the transition diagram of the odd isotopes (bottom diagram). 
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intensity ratio would turn out to be a/0=14/9=1.56 

The measurement of the positions of 110, a, 108 
and 106 offered no difficulty, and essentially the 
same values as in the previous work are given 
in Fig. 1. The position of 106 shows a minor dis- 
agreement with WS. 

As a conclusion we might consider that the hfs 
of Cd II 44415 is not yet so satisfactorily studied, 
and further detailed investigations are to be desired. 
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Range-Energy Relation of Triton 
in the Nuclear Emulsion up to 10 Mev 
By Mitsuo Miwa and Katsumi KuRIlyYAMA 
Physics Department, Tokyo University 

of Education 


(Received February 1, 1955) 


Yery little has so far been studied experimentally 


on the range-energy relation of triton in the nuclear 
emulsion. We have studied the relation by making 
use of the experimental data obtained in the course 
of the study of excitation function of 7Li(yt)tHe 
reaction.) 


Table I. The range-energy relation of triton in 
nuclear emulsion. 

Ei (Mev) R (un) Ei (Mev) F (p) 
2.0 28.0 6.5 OORS: 
78) 36.8 a0 See, 
nO) 46.2 CS Ifa) 
Dad 56.4 8.0 OS 
4.0 67.3 8.5 PA fo) 
4.5 WE 9.0 232i 
5.0 28) ED 294.0 
0) 107.0 10.0 Ais X0) 
6.0 


123.0 


Lithium-loaded Ilford El nuclear emulsions were 
exposed to the bremsstrahlung X-rays from a 
betatron and the ranges of alpha and triton tracks 
were read separately in each alpha-triton pair. 
About 700 pairs observed in the study are plotted 
in Fig. 1, where the ordinates are the ranges of 
tritons and the abscissas are the ranges of alphas. 
An ideal curve relating the range of triton R; and 
that of alpha 72, of each pair can be drawn in the 
figure, although the observed points are scattered 
along the curve because of the heterogeneous nature 
of the photographic emulsion and the dependence 
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Fig. 2. The range-energy curve of triton in 


nuclear emulsion. 


of the energies of emitted particles upon the angle 
of emission with respect to the incident photon 
beam. However, since only the particles emitted 
nearly normally to the incident beam were plotted 
in Fig. 1, the variation of their energies with angle 
of emission is expected to be small in the present 
study. 

The relation between the triton #, and that of 
alpha Hy, of each pair, on the other hand, has been 
determined from the conservation of momentum 
and energy in the reaction. Again only the particles 
emitted normally have been considered. The range- 
energy (Ra—M.,) relation of alpha particles in the 
nuclear emulsion has been studied by many workers 


and is quite precisely known. One can therefore 
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easily find the missing link of the range-energy 
(R;—H,) relation of triton by connecting three 
known links of R;—Ra, Ra—Ha, and Ky — ly. 

The range-energy relation of triton thus deter- 
mined on the basis of that of alpha particle given by 
Rotblat» is shown in Table I and is also drawn in Fig. 
2, together with the same obtained by Yagoda®) from 
the range-energy relation of proton by using well 
known conversion formula. The ranges found by 
us are systematically a little larger than those of 
Yagoda for given energies. The accuracy of the 
range given above of course depends on the ac- 
curacy of the range-energy relation of alpha 
particle used as reference. The error introduced 
in drawing the curve of Fig. 1, however, will be 
less than a few per cent. 
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Energy Analysis of Electron Diffraction 
Patterns 


By Hiroshi WATANABE 
Hitachi Central Research Lab. 
Kokubunji, Tokyo, Japan 
(Received January 24, 1955) 


Recently Leonhard!) reported that he succeeded 
in obtaining energy spectra of electron diffraction 
patterns by means of a velocity analyzer of 
Modllenstedt’s type”). The author also obtained 
similar energy spectra by making use of a three 
stage electron microscope attached with an analyzer 
lens*®). 

Figure la shows a schematic diagram of the 
electron optical system of the author’s arrange- 
ment. A diffraction pattern on the back focal plane 
of the objective lens is imaged by an intermediate 
lens on a plane with a fine slit, and then the part 
of the projected pattern passing through the slit is 
analyzed by an analyzer lens. The pattern on the 
plane of the slit and the energy spectrum obtained 
in the analysis are shown schematically in (b) and 
(c) of Fig. 1; rings drawn by dotted lines in Fig. 
lc are due to the inelastically scattered electrons 
losing a certain discrete energy. 

Figures 2a and 3a are energy spectra of evaporat- 
ed gold foil and of molybdenite, respectively. For 
comparison, the ordinary diffraction patterns of 
these specimens are shown in Figs. 2b and 3b. It 
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Fig. 1. (a) Schematic diagram of the electron 
optical system. (b) Projected diffraction pattern 
on the plane of the slit. (c) Energy spectrum 
on the screen. 


is revealed by these photographs that the inelastic 
scattering occurs mainly in the directions of dif- 
fracted beams as well as in the direction of the 
incident beam. The electrons scattered inelastically 
in the directions of diffracted beams have suffered 
scatterings more than twice, elastically first (reflec- 
tion by net-plane) and then inelastically. These 
inelastically scattered electrons cause the diffused- 
ness of spots in electron diffraction net-patterns*). 

Figure 4 shows the intensity curve of the ordinary 
diffraction pattern (Fig. 2b) and that of the zero- 
loss line in the energy spectrum of gold (Fig. 2a). 


(a) (b) 


Fig. 2. (a) Energy spectrum of a Debye-Scherrer 
ring of an evaporated gold foil. (b) Debye- 
Scherrer ring. 


(a) (b) 


Fig. 3. (a) Energy spectrum of a spot pattern of 
molybdenite. (b) Ordinary spot pattern. 


aR A a SS St nent 


—— ordinary diffraction pattern 
----- zero-loss line of the energy spectrum 
Fig. 4. Intensity distribution curve of the ordi- 
nary diffraction ring (Fig. 2b) and that of the 
zero-loss line in the energy spectrum (Fig. 2a). 
The ordinate is expressed in arbitrary scale. 


Fig. 5. Energy spectrum 
of a diffraction pattern 
of aluminium. Arrows 
indicate the  promi- 
nences, 
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The latter curve represents the intensity of dif- 
fraction pattern formed solely by elastically scatter- 
ed electrons. It is noteworthy that the background 
of the latter curve is remarkably reduced as com- 
pared with that of the former curve. However, a 
considerably strong background still persists in the 
latter. As stated by Ichinokawa and Uyeda"), this 
background may be attributed to either the scatter- 
ing of electrons by imperfections in gold crystal- 
lites or the double scatterings of electrons in 
crystallites». 

Figure 5 shows energy spectrum of a diffraction 
pattern of aluminium foil. One can see two 
prominences indicated by arrows. Although their 
origin is not yet known*, it is worth noticing that 
the value of energy loss of electrons which is 
thought to be caused by the excitation of plasma 
oscillations®):3) depends on the scattering angle. 
Such prominences are also observed for magnesium 
foil. 

The author is indepted to Dr. N. Kato of 
Kobayasi Institute of Physical Research for many 
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helpful discussions. He is also grateful to Dr. B. 
Tadano and Mr. N. Morito of Hitachi Central 
Research Laboratory for their encouragement 
throughout this experiment. 
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* Note added in proof: It has been pointed out 
by Assist. Prof. H. Kanazawa of Tokyo University 
that these prominences might be caused by dis- 
persion of the frequency of the plasma oscillation. 
A detailed account will be published later. 
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A Calibration Measurement of Multiple Scattering of Slow 


#-Mesons by the Constant Sagitta Method 


By Shin-ichi KANEKO 
Institute of Polytechnics, Osaka City University, Osaka 
(Received January 17, 1955) 


Multiple scattering observations have been carried out on 103 slow 
cosmic-ray p-mesons coming to rest in G5 emulsions. The emulsions 
were coated, exposed and processed at a depth of about 17 m.w.e. under- 
ground. It is shown that the constant sagitta scheme recommended by 
the Géttingen group gives satisfactorily constant mean sagittae with in- 
creasing residual range at least in the region of velocity 0<p=<0. 46. 
Observations of 81 y»-mesons are also described which were done by the 
scheme based upon the Williams theory of scattering and upon the 
range-energy relation given by Bradner et al. The error introduced by 
the use of schemes other than that of Géttingen is discussed. The re- 
sults are compared with Glasser’s calibration experiment on 101 artific- 


ially produced slow protons. 


§1. Introduction 

In recent years, the constant sagitta method 
has been proposed”:”)>®) and widely been used 
by various workers to identify the heavy 
mesons and hyperons coming to rest in photo- 
graphic emulsions. A committee of the Padova 
Conference has recommended the method as 
a standard for the estimation of masses of 
slow particles®. The method has two im- 
portant advantages over the constant cell 
length method. First, the signal-to-noise ratio 
is constant and then the correction for noise 
can be made very simply and reasonably. 
Second, the number of available cells is great 
because it is possible to use decreasing cell 
length with decreasing energy of the particle; 
in the constant cell length method, the cell 
length which gives the scattering signal pre- 
dominating over the noise at high energy 
region of the track is too large at the lower 
energy region and so it makes a total number 
of available cells smaller than that obtainable 
by the use of the constant sagitta method. 

However, the mass value estimated from 
the observed mean sagitta depends strongly 
upon the cell scheme employed and upon the 
standard value of mean sagitta which is 
adopted. The relation between the relative 
error of the arithmetic mean value, D, of ob- 
served second differences of successive co- 
ordinates along the track and the relative 
error of the estimated mass, M, can be re- 
presented approximately by 


AM 4D 
—— + — 2,3 = 
M pee 


Therefore, a small deviation of the observed 


GL) 


D from the genuine value may introduce an 
appreciable error in the mass estimate. In 
order to avoid this disadvantage it is neces- 
sary not only to improve a statistical accuracy 
of sagitta measurement by the use of a scheme 
which gives a value of mean sagitta as small 
as possible within the limits of noise level, 
but also to use a correct cell scheme that has 
been carefully calibrated. 

This calibration of the cell scheme could be 
done by an extensive observation of the 
multiple Coulomb scattering of a group of 
particles known to have the same mass. y- 
mesons seemed appropriate for this purpose, 
since a /t-meson track of a given length covers 
a wider range of velocity than a track of a 
heavier particle of the same length. Also, a 
“-meson suffers greater scattering than heavier 
particles and so a larger number of cells can 
be measured. 

In the measurement reported here, 103 y- 
mesons having residual ranges greater than 
2000 microns were observed making use of the 
cell scheme recommended by the G6ttingen 
group”. Observations were also made on 81 
ye-meson tracks longer than 1500 microns by 
the scheme computed from the Williams theory 
of scattering”? and the range-energy relation 
given by Bradner ef al®. The results obtained 
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here, within the experimental uncertainties, 
show that the Gottingen scheme is correct at 
least in the region of velocity 0<P<0.46. 


§ 2. 


The mean angle of scattering between suc- 
cessive chords along the track can be express- 
ed by the equation 


D180 8 -#=(5)" 
t x 0.96 pv \100 ‘ 


The Constant Sagitta Schemes Employed 


(2) 


where pu is the product of momentum and 
velocity in Mev, ¢ is the cell length in microns, 


Ou 
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mw 


Cell length in microns, ¢ 
io) 


: | 
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3 |_| 1 | | 
fon Sn eh eee oe ee 
Residual range in microns, R 
Fig. 1. The cell schemes D=1.0 micron for p- 


mesons. Scheme I is based upon the Moliére 
theory of scattering and upon the range-energy 
relation of Géttingen. Scheme II is based upon 
the Williams theory of scattering and upon the 
range-energy relation of Bradner et al. It is to 
be noticed that only scheme I is calculated by 


an application of a 4D cut-off. 
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Fig. 2. The variation of the theoretical values of 


the scattering constants with residual range in 


the D=1.0 micron constant sagitta schemes for 
p-mesons. The curve marked a is the scatter- 
ing constant predicted from the Williams theory 
of scattering. The curves marked 0 and ¢ are 
predicted from the Moliére theory of scattering 


and are without and with a 4D cut-off, respec- 
tively. It is seen that the curves a and @ are 
very nearly the same. The curves a and e¢ 
were utilized for computation of schemes II and 
I respectively. 
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D is the arithmetic mean value of second 
differences in microns, K is the scattering 
constant for sagitta measurement in units of 
deg.Mev(100 microns)~1/?, and the numerical 
coefficient 0.96 is the smoothing factor which 
represents the correction for the fact that 
one observes a smoothed track taking into 
account the mass centers of the grains lying 
several microns on either side of the axis of 
the eyepiece scale as described in section 3. 
Then one has the relation 


—~ py \2/8 
=7).9( PD =— 
b ( aie 


which gives the cell scheme for any parti- 
cle. In this equation the quantity pv is ob- 
tained from an assumed range-energy relation 
at a given value of residual range, and K is 
obtained from an assumed scattering theory 
and is slowing varying function of residual 
range and cell length. Somewhat different 
schemes are obtained according to the use of 
combinations of various range-energy relations 
and scattering theories. 

Scheme I employed in this experiment is 
based upon the Moliére theory of scatter- 
ing?! and the range-energy relation given 
by the Gottingen group». Ata given value 
of the residual range, the quantities 8 and py 
are obtained directly from Table I of Géttin- 


(3) 


gen, and the scattering constant K with 4D 
cut-off at given values of @ and ¢ is also 
determined from Figs. 1 and 2 in the article 
reported by the Bristol group’. 

Scheme II is based upon the Williams theory 
of scattering and the range-energy relation 
given by Bradner e¢ al. Using the Williams 
theory, Voyvodic and Pickup™ have given 
the following expression for the scattering 
constant without cut-off for sagitta measure- 
ments: 


0.94% \12 
K=11.9}1+0.837 (1 oe) \ 
°F B+0.30 4 


Bradner e¢ al. have shown that the range- 
energy relation for singly charged particles is 
represented by the simple power law formula 

E=0.251 Mo-419 720-581 (5) 


where £ is the kinetic energy in Mev, R is 
the residual range in microns, and M is the 
mass of the particle expressed in proton mass 
units. The substitution of these relations into 
Eq. (3) leads to an explicit formula for cell 


- 
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scheme II. 


Schemes I and II were computed at D=1.0 
micron for mesons and the results are 
shown in the Appendix and in Fig. 1. 

The values of the scattering constants 
predicted from the theories of Williams and 
of Moliére are very nearly the same as shown 
in Fig. 2. It is then concluded that the dif- 
ference between the slopes of the two cell 
schemes shown in Fig. 1 can be ascribed to 
the difference between the range-energy rela- 
tions employed. 

In an observation of a single track, a short- 


er cell scheme, for instance D=0.5 microns, 
should be employed in order to obtain a bet- 
ter statistical accuracy in the mass estimate. 
However, the object of the present measure- 
ment is not to estimate the mass values of 
the individual particles, but to study a range- 
dependence of sagittae averaged over a num- 
ber of particles. Thus, it should be suitable 


to use the scheme D=1.0 micron which gives 
a quite large value of the signal-to-noise ratio. 


§3. Experimental Method 


Ilford G5 emulsions in gel form were 
coated, exposed and processed at a. depth 
of about 17 m.w.e. in an underground railway 
tunnel in Osaka. The dimensions of the emul- 
sions were 3 inches by 3 inches by about 500 
microns. They were prepared to measure 
the number of slow “-mesons and to observe 
the nuclear disintegrations produced by fast 
yw-mesons at this depth!®. The plates were 
exposed vertically in a desiccator where the 
temperature and relative humidity were kept 
within 25°~30°C and 40-50 per cent respectively. 

A number of 1500 microns or longer tracks 
of “-mesons coming to rest were selected. A 
few tracks of z-mesons giving rise to z-y 
decays or o-stars at the ends of their ranges 
were rejected. It is then clear that the ac- 
cepted tracks were almost completely com- 
posed of only /-mesons. 

Scattering and residual range were measure- 
ed by means of a Cooke, Troughton, and 
Simms M4005 Nuclear Microscope. The plate 
was placed rigidly on the stage of the micro- 
scope in such a way that the track to be ob- 
served was nearly parallel with the direction 
of stage movement (X-axis). The inclinations 
of the tracks to the X-axis were kept within 
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20° in all the sagitta measurements. Residual 
ranges and cell lengths were measured by 
readings of the screw micrometer for stage 
motion. The y-coordinates of the correspond- 
ing points on the track were determined by 
the eyepiece graticule allowing for smoothing 
of grains within several microns on both 
sides of the scale in order to minimize the 
error due to random deviations of individual 
grains from the true trajectory of the particle. 

Because the tracks were very long, it was 
usually impossible to observe an entire track 
from an ending point to an entering point by 
only one setting of the plate. This is obvious- 
ly due to the two reasons: one is the large 


Fig. 3. Diagrams illustrating examples of succes- 
sive settings along tracks showing large devia- 
tions due to (a) a single collision and (b) 
multiple collision. Points such as P3 and P, 
adjacent to a point of large deviation are 
measured in both settings. This procedure does 
not exclude any large angle scatterings. 


angle single scattering (Fig. 3a) and the other 
is the C-shape of the track which results 
from the successive occurrence of a number 
of small angle scatterings in favour of only 
one direction (Fig. 3b). Thus, tracks with 
large deflections were divided into several 
sections and each section was Observed sepa- 
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rately in an appropriate setting of the plate. 
For example, in Fig. 3 the y-coordinates of 
points P;, P2, P;, and P, were measured in 
setting “A” and those of P3, Ps, Ps,---- were 
measured in setting “B”. Thus, points such 
as P,; and P, adjacent to a point of large 
deviation were measured twice. By this 
procedure the available number of second 
differences is just two less than the number 
of observed points for any track, and the 
large angle scattering is properly included in 
the scattering distribution. 
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Fig. 4. The distribution of track lengths of the 
observed y-mesons. Solid histogram: 103 p- 
mesons observed by scheme I; Dotted histogram: 
81 y-mesons observed by scheme II. 


400 


Number of second differences 


30-25 20-15 -10 -5 0 5 10 5 20 25 30 35 
Second difference in scale divisions 


-35 


Fig. 5.. The frquency distribution of 8538 second 


differences with 4D cut-off observed by scheme 
I. The solid curve shows a Gaussian distribu- 
tion which has the same standard deviation and 
the same area as the experimental histogram. 


The mean value of observed second dif- 
ferences usually includes the so-called noise 
level, which is, in a measurement with short 
cell lengths as in this experiment, mainly 
composed of the reading error and the error 
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due to the fluctuation of individual grains 
about the true trajectories of the particles. 
If one assumes that the distributions of the 
genuine and spurious scatterings are Gaussians 
and that these two quantities are independent 
of each other, then one has 


D>, ;= D’+ Di, ’ (6) 
where D.ys, D and Dn are the mean values 
of the observed, genuine and spurious second 
differences respectively. If one denotes the 
mean second differences observed with the 


cell lengths of ¢; and # as D, and D,, then 


the mean value of noise level Dn can be ob- 
tained by the relation 

ae Ay p= PND 

p22 Pi hb Dd: ( (7) 

t,3—4,3 

The experimental determination of D, was 
made making use of observations with two 
cell lengths, 4,=10 microns and #,=50 microns, 
at the region R>3000 microns of four proton 
tracks found in the plates. Thus, it was 


shown that D,=0.082-0.004 microns. In the 
observations of “mesons, however, the in- 
clinations of the tracks to the X-axis were 
usually greater than the inclinations of the 
proton tracks mentioned above, so that the 
noise level for the “-meson tracks could pos- 
sibly be somewhat greater than that for the 
protons. On account of this, the upper limit 


of the observed noise level, D,=0.086 microns, 
was tentatively employed as the mean noise 
for the tracks of “-meson. All the measured 
values of mean second differences were cor- 
rected for noise using this value and Eq. (6). 
It is to be noticed, however, that the argu- 
ments given in sections 4 and 5 do not depend 
at all sensitively upon the value of the noise 
level, since the signal-to-noise ratio is quite 
large and also since the arguments are based 
mainly upon the general variation of mean 
sagitta and are based to only a very slight 
extent upon the individual values of mean 
sagittae. 

It was also shown that the spurious scatter- 
ing due to emulsion distortion was exceeding- 
ly small for these low energy tracks. Thus, 
the effect of distortion was completely neg- 
lected. 
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§ 4. Experimental Results 


(1) Scheme I. 

Scheme I was applied to 103 -meson tracks 
whose ranges were greater than 2000 microns. 
The solid histogram in Fig. 4 shows the 
track length distribution of these particles. 

A total of 8649 second differences along the 
tracks was obtained. The frequency distribu- 
tion of 8538 second differences with a cut-off 
four times the resultant mean second difference 
is shown in Fig. 5. A Gaussian curve having 
the same standard deviation and the same 
area as the experimental histogram is shown 
by the solid curve. The histogram shows a 
somewhat more peaked distribution than the 
Gaussian. The measure of kurtosis, the 
fourth moment divided by the fourth power 
of the standard deviation, for the histogram 
is 3.25+0.05, and this is somewhat greater 
than the value 3.00 expected for a Gaussian 
curve. The fact that the scattering distribu- 


tion is more peaked than the Gaussian has 
been predicted theoretically by Moliére!? and 
confirmed experimentally by several workers 
on high energy particles!?>!». 

The resultant mean of second differences 
Ap- 


without cut-off is 1.113-+-0.012 microns. 
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plying a cut-off at four times the resultant 
mean, one has D=1.043-+40.011 microns, which 
corresponds to 94 per cent of the resultant 
mean. This ratio between the mean second 
differences with and without 4D cut-off is 
consistent with the values predicted from the 
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Fig. 6. The mean second differences versus the 
cell number for scheme I. The errors shown 
on the experimental points represent the standard 
deviations of the second differences. The solid 
straight line represents the best fitting line with 
the experimental points determined by the 
method of least squares taking into account the 
statistical weight of each point. 
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The solid lines are those drawn by the method of least squares. 


(b) scheme II. 


The mean second differences versus the residual range for schemes IJ and I. 


(a) scheme J; 
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theories of multiple scattering? '. 

If the employed cell scheme is correct, it 
is of course expected that the mean values of 
observed second differences should fluctuate 
statistically about the predicted mean value. 
In Fig. 6 are plotted the mean values of 


second differences with 4D cut-off along all 
the 103 tracks computed at each cell numbers. 
The best fitting line is drawn by the method 
of least squares taking into account the sta- 
tistical weight of each point of observation. 
The slope of this line is (0.14+3.84) x10~*, 


which shows a satisfactory constancy of D 
to the cell number JN. 

In order to facilitate a comparison between 
the results obtained by schemes I and II, the 
mean second differences are also plotted 
against the range as shown in Fig. 7(a) and 
the best fitting line is then drawn. Denoting 
the equation of this line as 


log D,=log Do+m log R } 
or D,=Dy1-R™ ; 
one has 


Dy: =1.0790.055 microns 
gn, = —0.00550.0075. 


This value of the slope 22, can also be re- 
garded as zero within the statistical limits. 
Therefore, it seems that within the experi- 
mental uncertainties cell scheme I is correct 
at least in the region of 0<R<4500 microns. 


(2) Scheme II. 

Previous to the publication of the paper of 
the G6ttingen group”, cell scheme II has 
been employed to observe 81 “-mesons some 
of which are the same tracks as those ob- 
served by scheme I[. The track length dis- 
tribution of these 81 mesons is shown by the 
dotted histogram in Fig. 4. 

An analysis similar to the one discussed 
for scheme I has been carried out for scheme 


(8) 


Il. The mean second differences with 4D 
cut-off are plotted against residual range in 
Fig. 7(b) for scheme II. Here, 
Do2.=0.845+0.052 microns 
m= (0.0196-0.0094. 
This value of the slope ms: suggests that the 
mean sagitta observed by scheme II increases 
with increasing residual range. 


§5. Discussion and Conclusions 


Cell schemes I and II shown in Fig. 1 can 
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be represented approximately by the simple 
power formula 


Ei Sree 28 (scheme [) (9) 
=n OO ee (scheme II) , (10) 
in the region of 0<R<10! microns. Since 


the mean sagitta at a given value of the 
residual range is approximately proportional 
to the 3/2 power of a cell length, the ratio of 
mean second differences to be expected by 
the use of schemes II and I at a same range 
is given by the relation 
D>/[D,=0.807 R°-°* . (11) 
In fact, the analysis given in the preceding 
section results in 
D2/D1= (Do2[Do1)R” ; 
Do2/Do1=0.783+0.063 , 
Mm=M,—m,=0.025+0.012 , 
which agree reasonably with the values in 
Eq. (11) expected from the direct comparison 
of the schemes. As _ stated previously, it 
seems that scheme I is correct within the 
experimental uncertainties. It is then expect- 
ed from Eq. (11) that in scheme II the mean 
second difference should show a slight in- 
crease with the residual range. In general, if 
one uses a scheme given by the relation 


i=kR", (13) 


then one should expect the range dependence 
of the mean sagitta to be 


D= enue” : 
3.54 


It is to be noticed that this slight depend- 
ence on range may introduce a serious error 
in mass estimates. For example, in scheme 


II the values of D at R=100 and 3000 microns 
are about 6 and 15 per cent greater than the 
value at R=10 microns respectively. Re- 
membering Eq. (1), it is clear that this trend 
can lead to appreciable systematic errors in 
mass estimates. It seems, therefore, that the 
use of the correct cell scheme is essential 
even in a study of a single track. The pre- 
sent calibration was done in the region of 
0<R<4500 microns which corresponds to the 
region of velocity 0<$<0.46. Thus, the cell 
scheme given by the Gottingen group can be 
recommended at least in the region of velo- 
city 0<PS0.46. 

Recently, Glasser! has observed 101 arti- 
ficially produced protons in the region of 0< 


(12) 


(14) 
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R<2500 microns making use of a constant 
cell length (¢=50 microns) and has obtained a 
new range-scattering relation from which he 
has proposed the constant sagitta relation 


0.405+0.011 
mere 
ty 


where % represents the initial cell length. 

It is apparent that this scheme differs con- 
siderably from scheme I given by Eq. (9). 
Perhaps this marked discrepancy can be ex- 
plained by the difference of conditions between 
Glasser’s experiment and the present one. 
Since the former was done on proton tracks, 
the effect of increased path length due to 
scattering in a given cell should be smaller 
than that in the case of “-mesons, as should 
also be the effect due to inclinations of the 
tracks to the X-axis. It is evident, however, 
that these effects should be negligibly small 
except in very low energy regions. On the 
other hand, since Glasser used a constant cell 
length, the signal-to-noise ratio in his measure- 
ments should decrease with increasing residual 
range. This should introduce an additional 
uncertainty in the value of the slope of the 
range-scattering relation; indeed, a_ small 
variation of the value of the noise level would 
affect considerably the value of the slope and 
so also the value of the exponent in the 
constant sagitta relation (15). In the present 
study, however, since the signal-to-noise ratio 
remained constant, contributions from the 
noise level are very small and have nearly 
equal weights to all the mean sagittae. It is 
then concluded that an uncertainty of the 
slope due to the noise level is exceedingly 
small. It is also to be noticed that the pre- 
sent calibration covers the region of velocity 
0<8<0.46 while Glasser’s covers 0<8<0.22. 

The Gottingen scheme*®) was based upon 
the Moliére theory of scattering and upon the 
range-energy relation computed by the Gottin- 
gen group. Moliére®:! has carried out an 
exact calculation, without making use of the 
Born approximation, under the assumption 
that the distribution of the atomic electrons 
can be represented by the Thomas-Fermi 
model and has obtained a result which should 
be valid for all values of 7=Z/1378, where Z 
represents the atomic number of the scatter- 
ing material. The scattering distribution in 
the low energy regions should not be affected 
by the finite size of nucleus which is not 


(15) 
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taken into account in the Moliére theory 
Hanson e¢ al.‘ have shown that the experi- 
mental scattering distribution of 15.7 Mev 
electrons can be well represented by the 
Moliére theory. Therefore, it seems very 
improbable that the scattering constants com- 
puted from the Moliére theory are very much 
in error. 

The range-energy relation of Gottingen was 
computed using the experimental results of 
Bradner e¢ al.®, Rotblat!, and Catala and 
Gibson and it was found that the theoreti- 
cal relations of Vigneron? and Menon and 
O’Ceallaigh?? were in good agreement with 
it. Comparisons between various theoretical 
and experimental range-energy relations were 
also made by the Rome group” and it was 
shown that the relations of the Gottingen 
group and Vigneron agreed well with the ex- 
perimental data within the experimental un- 
certainties in the region of proton energy less 
than 200 Mev. This evidence supports again 
the view that the Gottingen scheme is the 
most reliable one at present. 


The arithmetic mean value, 1.043-+-0.011 


microns, of all the second differences with 4D 
cut-off observed by scheme I is greater than the 
predicted value of 1.000 micron by about 4 
per cent. However, taking into account the 
fact that the emulsions used in the experi- 
ment were prepared from G5 gel, it may be 
possible to ascribe this discrepancy to some 
difference of the stopping power from that of 
the ordinary G5 emulsion. Since only one 
y-meson from the characteristic z-“ decay 
came to rest in the emulsion, a calibration of 
the stopping power cannot be made by ob- 
serving z-“ decays. However, since it is 
thought that the difference, if any, of the 
stopping power from that of the ordinary G5 
emulsion is not large, only the numerical 
factor in the range-energy relation would be 
affected as pointed out by Menon and O’Ceal- 
laigh??. This could lead to a slight variation 
of the numerical constant in the constant 
sagitta relation (9), but the range-exponent in 
the relation would remain unchanged. Hence, 
it seems that the arguments mentioned above 
on the range dependence of the mean sagitta 
are valid even if there exists some difference of 
the stopping power from that of the ordinary 
emulsion. The small discrepancy of the over- 
all mean second difference may, on the other 
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hand, also be explained by a possible error in 
the value of the scattering constant employed. 

Fig. 8 shows the distribution of the mean 
second differences with 4D cut-off of indivi- 
dual tracks of the 103 “-mesons and a Gaus- 
sian curve with the same area and the same 
standard deviation as those of the experi- 
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Fig. 8. The distribution of mean second dif- 


ferences of 103 y-mesons and 5 protons as 
measured by scheme I. The solid curve repre- 
sents a Gaussian fitted with the distribution of 
103 p-mesons. 


mental distribution. It is indicated from this 
figure that the mean second differences of the 
individual tracks of a known type of particle 
are, in fact, widely distributed about the value 
predicted for the particle. In the figure are 
also shown the five protons (A>2000 microns) 
observed by scheme I, and the mean second 
difference of these protons is in excellent 
agreement with the predicted value.* 
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* Note added in Proof: The observed 103 p- 
mesons are composed of y-e decays and g-mesons. 
The x-meson contamination in the 103 tracks can 
be estimated to be at most one per cent on the 
basis of the frequency of slow z-mesons relative 
to w-mesons underground and their zenith angle 
distributions!3), Of the five observed protons, only 
one track originated from a disintegration star in 


the emulsion and the other four tracks entered the 
emulsion. 
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Appendix. The Cell Schemes Employed 
The following tables give the cell length ¢ microns which has been 
employed at the residual range & microns in this experiment. 
(a) Cell scheme I. 


(ee a ae: Oe ane ey ones | Ra Gat 
10 8 683 37 1947 53 3630 67. | 5656 78 7979 88 
18 10 720 37 2000 54 3697 67 | 5734 78 8067 88 
28 11 757 38 2054 55 | 3764 68 | 5812 79 ~'| 8155 89 
39 13 795 39 2109 55 | 3832 68 | 5801 79 | go4a 89 
Bo: iar. si MLngae Og 2164 56 | 3900 68 | 5970 80 8333 89 
66 16 873 40 2220 56 3968 69 6050 80 | 8422 90 
82 17 913 41 2276 57) 4087-69") 16130. 80"! “1m 8512. 90 
99 18 954 41 2333 57 4106 70 | 6210 81 | 8602 90 

1719 995 42 2300 58 | 4176 70 | 6291 81 | 8692 91 

136 20 1037 43 2448 58 4246 71 6372 81 | 8783 91 

156 22 1080 43 2506 59 | 4317 71 6453 82 8874 91 
178 23 1123 44 2565 59 4388 71 6535 82 8965 92 

201 24 1167 44 | 2624 59 4459 72 6617 82 9057 92 

295 25 1211 45 2683 60 4531 72 6699 83 9149 92 

250 26 1256 46 2743 60 | 4603 73 6782 83 9241 93 

276 26 1302 46 2303 61 4676 73 | 6865 84 9334 93 

302 27 134ga7 “Segal Er '| -a749 473 6949 84 9427 93 

329 28 1395 47 2925 62 | 4822 74 7033 84 9520 94 

357 29 1442 48 2987 62 4896 74 7117 85 9614 94 

286 30 1490 49 3049 63 4970 75 7202 85 9708 94 

416 31 1539 49 | 3112 63 5045 75 7287 85 9802 95 

447 31 1588 50 | 3175 64 | 5120 75 | 7372 86 9897 95 

478 32 1638 50 | 3239 64 5195 76 | 7458 86 9992 95 

510 33 1688 51 3303 65 5271 76 7544 86 

543 34 1739 51 3368 65 | 5347 77 | 7630 87 

577 35 1790 52 3433 65 5424 77. | 7717 87 

612 35 1842 52 | 3498 66 | 5501 77. | 7804 87 

647 36 1894 53 3564 66 | 5578 78 7391 88 


(6) Cell scheme TT. 


FR t R t R t R t R t R U 
WO ¢ 648 34 1872 50 3514 63 5505 «74 7796 84 
k= BS 682 35 OZ Za Ol. 3577 64 5019" 75 7880 84 
26 10 TAT, 335 TOTS OL 3641 64 9654 75 7964 85 
36 12 faz 36 2024 52 3705 64 O29 ao 8049 85 
48 13 788 37 2076 52 3769) 65 5804 76 8134 85 
61 14 825 37 2285) 99 3834 65 5880 76 8219 86 
Ge Ue 862 38 ZAS1s 93 3899 66 5956 76 8305 86 
90 16 900 38 2234 54 3965 66 6032 77 8391 86 

LOG my, geiss ais) 2288 54 4031 66 6109 77 8477 87 

123518 | 977 40 | 2342 54 4097 67 6186 77 8564 87 

TATE Lo 1017 40 | 23905 EDO 4164 67 6263 78 8651 87 

160 20 1057 41 2451 55 4231 68 6341 78 8738 88 

180 21 1098 41 2506 56 | 4299 68 6419 78 8826 88 

DOI 22 | 139; 42 2562 56 4367 68 Oy 8914 88 

hs, Vs 1181 42 2618 57 4435 69 6576 79 9002 88 

246 24 1223 43 2O(O— ov, | 4504 69 6655 79 9090 89 

ZLOmeco 1266 43 Zlol Oo 4573 69 6734 80 SITS) 3) 

295 25 | 1309 44 2790 58 4642 70 6814 80 9268 89 

320 26 1353 44 2848 58 LV AWA) 6894 80 io OO) 

SAS Ail 1397 45 2906 59 4782 71 6974 81 9447 90 

28 1442 46 2965 59 4853 71 7055 81 easy Sv 

ot 28 1488 46 3024 60 4924 71 7136 81 9627 91 

429 29 1534 47 3084 60 Ay (0 WAM ey ales QM 

458 30 1581 47 3144 61 5067 72 1299) 182 wee). Sal 

488 31 1628 48 3205 61 139 72 7381 82 9900 91 

Oo 1676 48 3266 61 S21 WS 7463 83 WEL Gye 

250 32 1724 49 vo2t 162 5284 73 7546 83 

582 33 1773 49 3389 62 5357 «74 7629 83 

615 33 1822 50 3451 63 5431 74 7712 = 84 
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Directional Correlation of the Ti‘® Gamma-Gamma Cascade 


By Takeo HAYASHI, Mitsuhiro KAWAMURA 
and Atsushi AOKI 
Department of Physics, Saikyo University, Kyoto 
(Received January 20, 1955) 


The directional correlation of successive gamma-rays from Ti‘® was 
measured using RCA 5819 photomultiplier tubes with Nal(Tl) scintillation 


crystals as the detectors. 


more than 50,000 genuine coincidence counts at each angle. 


The measurements were made by counting 


It was found 


that the successive gamma-rays were both quadrupole and the spins of 
the ground, ist and 2nd excited state should be 0, 2 and 4, respectively. 


$1. Introduction 


The measurement of gamma-gamma direc- 
tional correlation has been proved to be a 
valuable means in determining the spins of 
low-lying nuclear energy levels and the radia- 
tion character of transitions between states. 
The directional correlation of the gamia- 
gamma cascade in Tit® was measured by 


Sc° 


(85 days) 
~99-5% 
0-36 Mev 


Fig. 1. Decay scheme of Tit. 
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f Na ] (TI) 
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N 
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Fig. 2. Arrangement of source and detectors. 


Brady and Deutsch” in 1950, using the select- 
ed 931A photomultiplier tubes and naphthalene 
blocks as the detectors. However, since their 
first attempt no other works on Ti*® have 
been reported and the development of scintil- 
lation counting techniques has been remark- 
able in the past few years. Our work was 
undertaken to find out the correlation in the 
case of Ti*® with more improved conditions. 

In the present experiment the gamma-rays 
were detected by RCA 5819 photomultiplier 
tubes and Nal(T1) scintillation crystals, and an 
aqueous solution of ScCl; was used as the 
source, because the influence of electric and 
magnetic field on the angular correlation 
should be expected rather small in the liqui- 
fied source material”. The precision of the 
measurement was improved by our counting 
more than 50,000 genuine coincidence counts 
at each angle. 

The decay scheme of Ti", the daughter 
nucleus of beta-active Sc‘*, is shown in Fig. 1. 


§ 2. Experimental Procedure 


The RCA 5819 photomultiplier tubes mount- 
ed with thallium activated sodium iodide 
crystals of 1x1lx2cm were arranged as 
shown in Fig. 2. The crystals were pro- 
tected with tapered lead shields of sufficient 
thickness from spurious coincidence counts 
caused by scattered and annihilation gamma- 
rays. The source material obtained from Oak 
Ridge National Laboratory was ScCl, in HCl 
solution. Its radiochemical purity was more 
than 99.0%. The source was prepared by 
dropping the solution into a 1 mm diameter 
hole in the glass source holder. The surface 
of the solution was covered with thin layer 
of Apiezon oil to minimize evaporation of the 
solvent. The distance between the source and 
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Fig. 3. Electronic block diagram. 


the front face of each crystal was 3 cm. 
Since the slightest asymmetry in the source 
position affected the observed correlation, the 
setting of the source was performed with 
keen precautions. 

The electronic components of the two count- 
ing channels and coincidence circuit are shown 
schematically in Fig. 3. The coincidence 
circuit used, consisted of multivibrator pulse 
shapers and a 6SN7 mixer tube, has the re- 
solving time of 2.8x10-‘ sec. The accidental 
coincidence rate was determined by delaying 
the pulses in channel from fixed counter by 
lv sec, and was found to be about 30% of the 
total coincidence rate. The reliability of 
whole apparatus was tested previously using 
Ni®? gamma-gamma cascade’). 


§3. Correction for Finite Angular 
Resolution 


Since the theoretical formula of the angular 
correlation has been obtained for the case in 
which the detectors for two radiation subtend 
infinitely small solid angles at the source, it 
is neccessary to modify the theoretical cor- 
relation, in order to compare our result of 
finite angular resolution with the theoretical 
The original theoretical formula is 


W(0@)=1+0.1250 cos? 6+0.0417 cos‘ @ , 
for 4(Q)2(Q)0, (1) 


where 4, 2 and 0 are the spins of the 2nd, 
lst excited and ground state, respectively, Y 
is abbreviation of quadrupole radiation and 
6 is the angle between the two radiations. 
According to the calculation of Rose®, this 
formula has been corrected for the case of 
our geometry, taking into account the absorp- 
tion of the Ti‘® gamma-rays in such crystal, 
as follows: 


W(0)=1-+0.1239 cos? 0+0.0380 cos! 0. 


one. 


(2) 


Table I. Experimental data and corrected 
theoretical values for 4(Q)2(Q)0. 
6 Woe) We) 
experimental theoretical 
90.0° 1.000 1.000 
Maas)” 1.019+0.006 1.019 
disonOg 1.077 +0.006 1.071 
Seon 1.126-+0.007 1.133 
180.0° Ae Sipe OOO 1.162 
Js (16 
W(@) | 
Meti2 
+08 
04 
00! 
90° N25? (S52 I57-5° 1.80° 
Fig. 4. Experimental values and corrected 


theoretical curves for 4(Q)2(Q)0. 


90° 112-59 [352 6 157-5° 180° 


Fig. 5. Theoretical correlation curves for some 
spin values and multipole orders. 
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§ 4. Results and Discussions 


The data were obtained at five angles be- 
tween 90° and 180°, and more than 50,000 
genuine coincidence counts were taken for 
each measurement. In Table I and Fig. 4 
the results of these measurements and the 
corrected theoretical values for 4(@)2(@)0 as- 
signment are summarized. Theoretical cor- 
relation curves for some possible spin values 
of 2nd excited state and multipole orders of 
lst gamma-rays are also shown in Fig. 5. 
Our results are in good agreement with the 
theoretical values for 4(Q)2(@%)0. Thus, we 
arrive at the conclusion that the successive 
gamma-rays in Ti*® are both quadrupole and 
the spins of the ground, lst and 2nd excited 
state should be 0, 2 and 4, respectively. 

The present results are consistent with that 
of Brady and Deutsch”, while the existence 
of the isomeric state reported by Nag, Sen 
and Chatterjee? seems rather doubtful. 


Kiyoshi MURAKAWA 


(Vol. 10, 


The spurious coincidence counts due to scat- 
tered gamma-rays were roughly estimated to 
be less than 0.06% of the genuine coincidence 
counts and the one due to annihilation gamma- 
rays less than 0.01%.” Therefore the effect 
of the spurious coincidence counts is consider- 
ed within the statistical error. 

We should like to thank Prof. K. Kimura 
and Prof. S. Shimizu of Kyoto University for 
their kind encouragements and suggestions. 
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Hyperfine Structure of the Spectrum of Mn I 


By Kiyoshi MURAKAWA 
Institute of Science and Technology, Komaba-machi, Meguro-ku, Tokyo 
(Received January 14, 1955) 


The hyperfine structure of the lines Mn I 45432, 45395 and 24034 was 
measured, and the quadrupole moment of Mn was calculated to be 


(0.4+0.2) x 10-4 cm?. 


§ 1. Experimental Arrangement 


The nucleus Mn®* (nuclear spin=5/2) is 
anomalous in that it does not follow the single 
particle shell model, and the investigation of 
its quadrupole moment (Q) would be im- 
portant. The present article describes the 
result of the determination of @ by the opti- 
cal hyperfine structure (hfs) method. An 
abstract of the result! was published in 1953. 

The hfs of the spectrum of Mn I has been 
studied by several authors»-® but they detect- 
ed no deviation from the cosine interval rule 
in any level of Mn I. In the present investi- 
gation 45432, 25395 and 24034 were selected 
as the most adequate lines for detecting the 
quadrupole effect. 


As usual, a liquid-air cooled hollow cathede 
discharge tube was used as a light source, 
and a Fabry-Perot etalon was used in order 
to resolve the hfs. Some of the interference 
patterns are reproduced in Fig. 1. 

In measuring the hfs of 45432 it is import- 
ant to keep in mind the fact that another line 
lies very close to the longer wave-length side. 


§2. Result 


The result of the measurement is shown in 
Fig. 2. All the lines studied have a common 
final level 3d° 4s? °S;/. which is a ground level 
of the Mn I atom. Since this configuration 
is known to be a typical example of an ZS 
coupling, we may expect that both the interval 
factor A and the quadrupole constant B of 
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A 5432 does not appear with sufficient intensity on this plate. 
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TTT | | 0.0207) 2— 1 2061 
ety 1 | 0.042 abcd 
abcdef a bcdef 
sda ||| | | | 
Fig. 2. Hfs and transition schemes of the three lines studied. 
Table I. Hfs of Mn I levels. Q from the value of B. It is known that the 
ae configuration 3d° 4s 4p is of LS coupling, so it 
Perel (em-1) (10-%cem=1) (10-%4cm?) iS Convenient to start the calculation in the 
36482 0S, 5 0 MMs SORES eee: The matrix elements 
3d®48(7S;)4p 8Pz/. 0.91995  —0.0066 0.43 of 3cos? @—1 for the p electron are given in 
3d°48(7Ss)4p Pa 0.02097 0.0042 0.48 Table Il. The notation used here is the same 
3d548(7S3)4p ©Psj 0.02350 0.0062 0.39 as that of the book of Condon and Shortley®. 


this level vanish. A slight amount of the 
wave function 3s 3d? 4s? 5s°S5/2 will probably 
be superposed on the wave function 3s? 3d° 
so that it is possible that the ground 
However, 


4s? Sy 
level has a small splitting factor. 
in the present experiment it was not possible 
to attain an accuracy to detect this splitting, 
so that it was assumed that A=0 for the 
ground level. With respect to the constant 


B, we may, with safety, assume that B=0 
' for this level. 


Then each of the hfs splittings 
of the lines listed in Fig. 2 represents directly 


the splitting of the respective initial level. 
| The values of A and B for each level are 


listed in Table I. 
We have to calculate the quadrupole moment 


R’ and S are relativity correction factors 
according to Casimir”. 

The wave functions in ZS coupling are at 
first expressed in the SEM; M,, representation 
and then by the antisymmetrized products of 
one-electron wave functions in the slm,m, 
representation. Then the matrix element of 
3 cos? @—1 for each level of the configuration 
d’s('S;3)p can be integrated by the use of 
Table II, and we get: 


(§P7,2|3 cos? 0—1|®P7/2) =(8/105)(R’ +6S) 
(®Ps/2|3 cos? 0@—1]|®Ps/2)=(1/147)(13R’ —34S) 
(°P372|3 cos?0—1|°P3/2)= —(2/25)R’ . 
For Mn® we have Z=25, Ze*=21 and R’= 
102, S=1.03, H=L0) and €4))=265, “Put= 
ting these values in the above derived formulas 
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Table Il. Matrix elements of 3 cos’@—1 for the p-electron 
in the m,m, representation. 


(1+]3 cos’e— 1|1+)=(—1-|3 cos’ —1| —1-)= —(2/5)R’ 

(1-|3 cos?e—1|1-)=(—1*]3 cos’e—1| —1+)=(2/15)(R’ — 4S) 
(0*|3 cos?e—1]0*+)=( 0-|3cos?e-1| 0-)=(4/15)Ue’ +28) 
(1-|3 cosa —1|0+)=(—1+|3 cos*e—1| 0-)=(2V 2/15)’ —-S) 


and in the fundamental formula 

ST G0 

€ >) (3 cos? 6—1) 
<IN9SS < 105 2- 
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Theoretical Study of Residual Resistance of Binary Alloys 


containing Foreign Atoms in small Concentration 


By Hiroshi FusJIwARA 
Department of Physics, University of Tokyo 
(Received January 29, 1955) 


The increase of electrical resistance due to the substitutional impurities 
of di- or trivalent metal for monovalent metal in dilute solid solution is 


calculated. 


In the present paper, two steps are taken as follows: 

First, a modified screened Coulomb field is exactly obtained from the 
Thomas-Fermi equation by numerical integration, and second, for the 
calculation of the cross section, the method of partial wave is used, 


instead of the Born approximation. 


The agreement of theoretical results with experiment has been greatly 
improved by this method in comparison with the results obtained by the 


use of the Born approximation. 


§1. Introduction 


In an alloy which contains foreign atoms in 
the form of dilute solid solution, the dissolved 
atoms form impurity centers around which 
the charge distribution of electrons deviates 
from the periodic one which is characteristic 
of the pure solvent metal. For example, if a 
small quantity of divalent metal Cd is dis- 
solved in the monovalent metal Ag, both Cd 
and Ag exist in the ionized states Cd+* and 
Ag?* respectively, and since the former ion 
Cd** has one excess positive charge compared 
with the latter Ag*, the conduction electrons 
are attracted to the impurity center so as to 
screen the excess charge. 

It is important to find the non-periodic 
charge distribution around the impurity atom 
for the theoretical interpretation of several 
physical problems concerning alloys, including 
electrical resistance, heat of solution, etc.” 

The pioneer work in this field was done by 
Prof. Mott” by using the Thomas-Fermi 
method, to be referred to as T. F. method 
hereafter, to determine the charge distribution 
around the impurity atom in the dilute solid 
solution in which the atomic valency of the 
impurity atom is different from that of the 
solvent metal. Prof. Mott applied his result 
to the calculation of the increase of the elec- 
trical resistance due to these dissolved foreign 
atoms. He treated the additional potential 
Vir) around the foreign atom as small, and 
simplified the equation by linearization which 
yielded the solution V(7)={Ze? exp (—qn}/7 


as a screened potential; here g means the 
screening constant and Z is the difference be- 
tween the atomic valency of the solvent and 
that of the dissolved metal (in other words, 
Z+1 is the number of electrons outside the 
closed shell structure in the dissolved atom). 

Further he calculated the scattering pro- 
bability using the Born approximation. The 
calculated value of the excess resistance ob- 
tained by this method, however, was much 
greater than the experimental value and it 
was found that it was necessary to increase 
the theoretical value of gq by a factor 2 in 
order to make the calculated value agree with 
the observed one. 

In view of these circumstances, it seems to 
us desirable to carry out the calculation of 
the screened potential V(7v) and of the excess 
resistance due to the impurity atoms, based 
on the T. F. method as faithfully as possible 
without introducing the approximation men- 
tioned above, and also to see how far the 
disagreement between the theory and experi- 
ment can be diminished. This paper presents 
the results of our study made along this line. 


Recently, several authors tackled this pro- 
blem without using the T. F. method; Shino- 
hara® and Friedel® treated this problem by 
examining the modification of the wave func- 
tions of individual stationary states due to 
the impurity center and then evaluated the 
screened potential self-consistently. Shinohara 
took into account the exchange effect and 
Friedel explicity introduced the idea of bound 
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state which exists below the lowest level of 
the Fermi distribution, and calculated the 
electronic state by the phase shift. 

But in this paper, we started from the 
T. F. equation straight-forwardly. We treat- 
ed the case in which the di- or trivalent metal 
is a substitutional impurity for monovalent 
solvent metal. 

By neglecting the exchange interaction 
among electrons, we obtained the screened 
potential by carrying out numerical integra- 
tion directly from the T. F. equation instead 
of solving the equation approximately by 
linearization as was done by Prof. Mott. And 
for the calculation of the scattering cross 
section, we used the phase shifts in the partial 
wave for the lower order, instead of the Born 
approximation. 


A. Modified Screened Potential 


§2. Fundamental Equation 


In the dilute solid solution which consisted 
of two metals with different atomic valencies, 
the whole charge distribution is not uniform 
on account of the substitution of the foreign 
atom. For treating this problem, we can use 
the T. F. method at least for the first ap- 
proximation, and, for the present, since the 
effect of exchange interaction which has some 
effect on the electron density around the im- 
purity atom is neglected, the T. F. method can 
be used in its original form. 

Let us regard the excess positive charge 
which represents the difference between the 
atomic valency of the dissolved and that of 
the solvent metal, as a point charge localized 
near the nucleus of the impurity atom and 
suppose that the rest positive charge is dis- 
tributed with a uniform density o. in the 
space for the first approximation. 

Then the electrostatic potential @(7) around 
the dissolved atom is now determined from 
the following Poisson equation: 

y-O=—470,+47e-n(7) , Gi) 
where (7) is given by the equation: 
Nr) = (82/3h>)(2meD(7))?/2 . (22) 

We assume the radial symmetry and intro- 
duce new dimensionless variables ¢, « which 
are related to @, 7 in 


aop=xO ’ 


VH=Q2% , 


(3a) 
(3b) 
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where a; and a» are, respectively, 
913/374 By @3 
en 
and 
ne 8-H | 
23/3774 3 
Bohr radius). 
Then we may write the equation (1) in a 
simplified and dimensionless form: 


=())885am > (4b) 


(an: 


of =f (5) 

Here, A is a new constant which did not 
appear in the treatment of atoms. It depends 
only on the kind of the solvent metal and is 
given by: 


w= VEN) 
4 Z 7 To , 


where Z and % are atomic valency of solvent 
metal and atomic radius of the same atom 
respectively. 

If we denote by Z the difference between 
the atomic valency of the dissolved and that 
of the solvent metal, the boundary conditions 
to be satisfied by the potential ¢ are given as 
follows: (since the solvent metal is monovalent, 
Z=1 corresponds to the case where the sub- 
stitutional impurity is a divalent metal.) 


o=Z, 
, GAzx. 


(6) 


(7a) 
(7b) 


WW) ¢ 


4 p= eS) 


§3. The Solution of the Equation (5) 


At first, we shall consider the form of 
solution # in the neighbourhood of z2=0. 
Since $’’ is infinite at the origin according to 
the equation (5), it is impossible to use the 
Taylor expansion near the origin; instead, in 
accordance with the treatment of Bush and 
Caldwell®, we use an expansion (8) in the 
power series in 2!/?: 

P= Z+ Cr+ 0329/2 + Cy? trees, (8) 

Inserting (8) into the equation (5) and _ tak- 
ing the boundary condition (7a) into account, 
we obtain the following expansion (9) which 


is valid for small x with one undetermined 
coefficient cz: 


$=Z+evet(4/3)Zy/ Zo?+(2[5)er/ Za? 
+(1/6)(2Z2— A234... (9) 


Choosing several different numerical values 
for the starting slope c. at the origin, we 


obtain @ by performing numerical integration 
from the origin to large x for each value of 
C2. 

The behaviors of the variation of ¢ with 
c, thus obtained are shown in Fig. 1. In this 
figure, the solvent metal is Ag and Z=1. It 
is found that there is only one solution of the 
equation (5) which satisfies the boundary 
condition (7b) together with (7a). 

Let the numerical value of ce. corresponding 
to such solution be 7%. When 2 is large, we 
assume that ¢ can be written asymptotically 
in the form: 


p=Axty, (10) 
y being small. Inserting (10) into (5) and 
neglecting the terms higher than the second 


order of y, we obtain the linear differential 
equation: 


(11) 


to| co 


Y= VAY. 


The solution of (11) with two integration 
constants B; and B, is: 


y= B, exp (- VA : ) 


+B, exp(+y/ 31a ' ) : 


From the numerical values of ¢ for large z, 
B, and B, are determined for each assumed 
value of c,. For the correct solution which 
satisfies the boundary condition at z>oo, B, 
becomes zero as zoo. In this way, c. and 
B, which correspond to the correct solution, 
which are denoted by mm) and a; respectively, 
can be determined by inter- or extrapolation. 
From the above statements, @ can be ex- 
pressed in the following form: 
(a) in the region where z is small 


6=Z+mgr+(4/3)Zy/ Ze? +(2/5)moyf Z 09”? 


(12) 


+(1/6)(2Z2— A3/2)a + +--+, (13) 
(b) where x is considerably large 
o=Azt+ay exp(—/ 3VA . x | : (14) 


To simplify our further analytical calcula- 
tion of the scattering processes, it seems to 
be more convenient to put these formulas 
(13) and (14) in one expression over the whole 
region of a. 

After several trials, it is found that ¢ may 
be approximately given by appending the ad- 
ditional term to (14), such as: 
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d=Azta, exp(—)/ 3a : ) 


+(Z—ay) exp (—Bo’x)+ a/x exp (—B;/z). 
(15) 
In this case, we can keep our errors which 
may arise from the analytical approximation 
of @ within 1%. 

As is seen from (7b), when 7 tends to oo, 
the potential @(7)=(e/7)¢(7/a2) becomes a con- 
stant value eA/a,, but as for the potential 
which can be used in the scattering problem, 
we must take such one as tends to zero as 
y—>co, So our required potential @)(7) can be 
obtained by shifting the origin of @(7) about 
eA/a, as follows: 


Fig. 1. The behaviors of the variation ¢ with 
cy. Solvent metal is Ag and Z=1. 


ecrmt[no( yao) 


+(Z—a)) exp (—f2r)+ avr exp (Bar) | , 
(16) 
83" 


and $;=-—— 
a2 a2 Q2 


(17) 
From the value of A in (6) and of a, in 
(4b), the coefficient / iva a, of the ex- 


ponent of the first term in (16) agrees with 
the screening constant gq which was obtained 
theoretically by Prof. Mott, so, hereafter, our 
screened potential V(v) can be expressed as 
(18) by the use of this q. 


Vir) =(e/r)lax exp (—g7)+ (Z—a) exp (— 27) 
+anr exp (—f37)]. (18) 
To compare our modified screened potential 
with; thatof | Prof. Mott’s type (.e., a:=Z, 
a,=0 in (18)), these two curves are shown in 
Fig. 2. For convenience, we plott the two 
curves in the dimensionless coordinates (2, ). 
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In this figure, our curve is markedly below pa cme (21) 
that of Prof. Mott’s near the origin, especially Wet 
in the case of Z=2. Introducing the phase shifts €, given by 


This indicates the fact that the charge dis- the Born approximation, f(#) can be written 
tribution in our case is more concentrated 


near the origin than in the case of Prof. 
Mott. fO=3 aPC me nCLe )P,(cos 8) 

The values of A, mm, a1, as, B2. and 3 2 : fi 
which we obtained are tabulated in Table I +S (22+ l)[{exp (224) —1} —27€:] P(cos a . 
and Table II respectively. The solvent metals in (22) 
are Ag and Cu, and we take the case of Z= 


as 


The first series on the right-hand side can 
be summed up by substituting the formula 
for €; and we obtain 


IL euavel 2: 


__ 2m sin Kr 
Voie 
Fe eee ae (1) eA yar 
+35 x (27+1)[{exp (2741) —1} — 2207] 
1=0 
<Ei(Cosias (23) 
where 
K=2k sin 36 . 
In (23), the first term on the right-hand 
O | a 5 4 side represents the scattering amplitude by 


the Born approximation, and the second term 
Sa AS de renga me EC is the correction term arising from the dif- 
a ‘ ference between the Born approximation and 
— ~=Axr+a, exp(- if > Was 7) the exact formula. 
(2) Calculation of ©: 


+(Z — a1) exp (— B2’a) +-a2'a” exp (83/2) 
- Ax+Z exp (—qaxv) (Mott) The phase shifts of the Born approximation 
€, can be calculated according to 
B. Residual Resistance due to the mm {= 
Foreign Atoms ate " LeU secs, ee 

§4. The Calculation of the Cross Section |= where V(7) is given by (18). 

by the Use of the Method of It can be easily integrated by the use of 

Partial Wave the following formula involving the Bessel 
(1) General Formula functions: 


Now we shall consider the elastic scattering hae [Fisker Pdr =— moe nee g a 
of electrons by a foreign atom which is re- 0 ih 2k? 
presented by the modified Coulomb field V(7) [enter J bre (1 B.? ) 

: "| Iisiy2 *dr=— orn i 2 
obtained above. For the calculation of this Ui Fe7 he uy oy 
cross section, we will use the method of par- \: e-83"[ iar p(kr)Prdr= Bs Lee: 


tial wave. tk? dX 
If y: is the phase shift of the /th order B3” 

; ; i X=1+ 
partial wave, the differential cross section Ee 
I(0) is given by where Q(X) denotes Legendre function of 

10)=|f(O?, (19) the second kind. 
Thus we obtain 
where 1 
ii | cel faa (r+) 
F(O)= 5, d(2l+1{exp2im)—1)Pi(cos 0), aa+k\"™ \ * 2h 
1=0 


f igi )Q,; 2 a8 d 
7 +(Z—an)@(1 +52) 4 28s (xh, 
and (26) 


| 


| 
| 
| 
| 
] 
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Table Il. The values of coefficients ,%2, 9, Bo 
Table I. The values of A, mp. and 3. aii 
z |sot | t} A372 | | geile Oe Sol-_ | 3y, | 
olven Be A m Ney VG | VAN moat ‘ ae A , 
| | 0 ly 9 A vent. Oy | Oe | 2 V A/a) Bz | Bs 
: Ag | 0.0762 | 0.1798 | —1.4939 | 0.7975 ; Ag 0.7476|-0.491 Lot 4.70.7.90 
Cu | 0.1093 | 0.2286 | —1.4615 | 0.8469 Cu 0.7724|-0.448 1.81 4,807.47 
2 Ag | 0.0762 | 0.1798 | -3.9278 | 0.7975 2 Ag /1.2804/—1.408 | 174 4.707.90 
Table II]. The values of 7, and ¢, * (l=0,1 and Dye 
- : —_ aes : 9 ; : 
Zi Solvent | No H1 Ne ¢0 Ci ¢2 
Ag —0.4761 —0.1021 —0.0243 — (0.6995 —0.1181 —0.0250 
1 | (0.5430) | (—0.1302) | (-0.8522) | (—0.1517) 
Cu | —0.4666 | —0.1062 — (0.0276 — 0.6885 —0.1249 ~ 0.0284 
3 | 
; 163 —0.6649 | —0.1664 — 0.0354 ~1.2603 ~ 0.2048 —0.0428 
| (-0.8180) | (—0.2307) (ade 7044), (—0.3034) 


* The values in the round brackets are 
in Prof. Mott’s case. 


For the purpose of calculating the residual 
resistance of alloys, we are interested only 
in the scattering of electrons at the Fermi 
surface, so that the energy of the electron 
(1/272)h?k? is to be equated to the Fermi 
energy and we obtained k7=(97/4)!/2, where 
7% 1s the atomic radius of the solvent metal. 
Hence we have 


2Zrmv_ 1.92 
hier 
Since £; is found to become small fairly 

rapidly as 7 increases, €; are given merely 

(Wie) 160) (= 

(3) Calculation of 7, 

The radial wave function %; 
partial wave is 


k= (27) 


for the /th 


he SR SOLS, (« Ur) Ui- = aa 
dr’ ig the 
(28) 
If we put 
Misi RAGA) & (29) 
the equation (28) reduces to 
Ga t| Ue) =f is 2th, (30) 
ar 
where 
k?=(1.92/m)? and U(n)=(2m/h?)V(7). (31) 


In the region where x is so large that the 
condition 


p-MEY|> Ue, (32) 


calculated by the use of screening potential 


is satisfied, the solution of (30) can be written 
in the form 

Rin=7?(CiJiasi(RnN+ DiS -41/2)(RP)) . 

(33) 

When we perform the numerical integration 
of the differential equation (30) from the 
origin to large 7 starting with the initial 
condition Ri(7v)ecr'*! at the origin, C; and D; 
are determined from the solution thus ob- 
tained, fitting it to the expression (33) for the 
large values of 7 where the condition (32) is 
satisfied. 

Then the required phase shifts 7, are given 
from these values of C; and D, as follows: 


=(—1)' tan“! (Di/Ci) . (34) 


The phase shifts €, and y, calculated in the 
manner mentioned above are tabulated in 
Table III. In this table, 7, are given for J/= 
0, 1 and 2 only for the same reason in ¢€; 


(4) Cross Section I(@) 
Let us represent two terms in (23) by fi(@) 
and f,’(8); 


F(0)=fi(O) +f (A) , (35) 
where 
a ee sin Kr 
Ai(9) Fi \ V(r) = rdr , 
(= + & (+ DU{exp 2in)-1}— 21] 
22k i=0 


x Pi(cos @) . (36) 
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In f'(0), we neglect the terms for /=2, and 
moreover, since y: is comparatively a small 
quantity, exp (2zy,:)—1 is replaced by 2z7,— 
29:7 and so a reduced to 


tr MCE ite 0 —1)—22] 
+ 3[(e24%71—1)—276,] cos 0} 
= op isin 270 —269+6(y1—£1) cos 8) 
—£- {cos 2no—1—6717 cos | 
=f 9)—if(9) ; (37) 
where 
AiO) 5 [sin2yy)—26)+6(y71—€1) cos 8}, (38) 
and 
(OZR 5p (oS 29 —1—6y1? cos 6] . (39) 
Hence, i ) will be expressed in the forms: 
F(A=fi(O)+fo(9)—tf3(9) . (40) 
Then the cross section J(@) is 
T0)=|f (A)? 
=f2(O)+2fi(0) AO) +{F2(O) +F5(9)}. 
(41) 


and the total cross section ¢ which is effec- 
tive for our case is given by 


r=2n\" [(@)A1—cos 8) sin 6dé . (42) 

0 

Substituting (41) into (42), we have 
=2n{ht+ » +13} ’ (43) 


where J; are 


Ihe \" Ffi2(@)(1—cos 8) sin 0d , 
0 

I= \" 2-fi(8) f2(0)(1—cos @) sin 0d8 , 
0 


i= \" {F2(0) +f2(0)}—cos 6) sin 640. (44) 


We can neglect the third term in the ex- 
pression (18) of V(v7), because this term is 
small except for the very small values of 7, 
so fi(@) becomes 


Si()= 


aaa. [a: exp (—qr) 


HZ aexp eae 


K 
i afta ABO a 
~  # | 2 —cos 8)+¢? 
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1 
Hee) Sat cos OBE |. 


(45) 


Then J; are 


fame Va) a 
so he ) okt (Io (1+ os i 
+ (Za) log € + or Digs )} 
2ai(Z—a) a(1 1 
(q—B) {elo # ) 


‘tog (1+ le (46) 


with 
a Me yeh 
Br ee) oe ees 
Se ee 1 ale 
1th Wess eee Te | 
X (71 +7et)tdt , (47) 
I;= Ae Al, (rite 7eby Ga 7ab) leat (48) 
by expressing f.(0) and f3(@) as 
F(9)=(1/2R)(71+721—cos 8)) , 
FO) = (1/2k)(73+74(1—cos 8)) , (49) 
and putting 1—cos #@=¢. (50) 


I; which are obtained in the manner stated 
above and also 4+/.+J/; and the total cross 
section o are tabulated in Table IV. For the 
sake of comparison, we calculated the integrals 
I, for the case of screened potential of Mott’s 
type, Vir)=Ze? exp (—q7)/r using the method 


Table IV. The values of J; and o* 
(unit of 10-16 cm?) 


SRE | Tera 

vent |% | 4 ie Asal Dig | 
| 0.474 | —0.452 | 0.161 | 0.183 | 1.15 
| 1 |(0.714)|(—0.750)| (0.290) |(0.254)| (1.59) 
- {0.714} {0.714}| {4.49} 

J peal } 

| 1.529 | —2.033 | 0.923 | 0.419 | 2.64 
2 | (2.856)|(—4.492)|(2.094)|(0.458)| (2.88) 
{2.856} | {2.856}| {17.96} 
Cu | 1 | 0.353.) —0.330 | 0.118 | 0.141 | 0.89 


* The values in the round brackets are obtained 
by the use of values which are tabulated in 
the round brackets in Table III. And the 
values in the braces are those obtained in the 
case of Prof. Mott. 


of partial wave. These values are also in- 
cluded in the second row of this Table. 
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§5. Increase of the Electrical Resistance 
due to the Foreign Atom 


If we denote by p the atomic ratio of dis- 
solved metal to the solvent one, the increase 
4p of the electrical resistance due to the sub- 
stitutional impurity is given by 

4o=(mo/e)p-o , (51) 
where v can be expressed by 7% through the 
relation (27). Substituting the numerical 
values for the universal constants and express- 
ing o and 7% in the units of 10-!*cm?, A re- 
spectively, we obtain 
(52) 

As the standard concentration, we take 
p=1/100. 

Hereafter, we denote 4g which is calculated 
from the formula (52) by (4p)p-s. 

Of course, 4p can be calculated entirely 
from the phase shifts 7 by the formula: 


z ae Sy [(27+1) sin 7 
ER i=0 
py 


—2/] sin 1°SIN 41-1: COS (y1—71-1)], (53) 


4o=78-p-(o/7%) microohm.cm 


4p 


if the numerical values of the phase shifts 7 
are available up to sufficiently large 7. We 
evaluated 4o by this formula including /=0, 
1 and 2, and it is denoted by (4p)p.p, for the 
sake of comparison with (4p)p.s. 

Calculated values of (4p)p.s and (4p)p.p for 
both cases of screening potential (18) and 
Mott’s type, are tabulated in Table V together 
with the experimental values”. 


Table V. Tables of Ag (unit of microohm. cm) 
The values in the round brackets and braces 
have the same meaning as in Table IV. 


| Calculated (Ap) | 


Solvent | Z | (Ao)ps (pee Exp. value 
0.56 0.63 Cd in Ag 0.38 
head, (05,79) (0.82) | Znin Ag 0.62 
{2.20} 
a 1.29 1,45. | Invading. 1478 
2 (e411) (1.76) | Gain Ag 2.28 
{8.80} 
Cu 1 0.50 Ox5S Calin’ Ca w0eZ 
Zn in Cu 0.34 
(1 atomic percent) 


It is to be noted that the difference between 
(Ap)p.s and (4p)p.p are rather small, so that 
the convergence of the series (53) must be 
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fairly rapid. 


§6. Result and Discussions 


From Table IV, for example, in the case of 
Ag and Z=1, it is found that: (i) The terms 
I, and /, almost cancel out each other and the 
most effective term to o is J; which is much 
smaller than % and J, (ii) The values 7; in 
the second row are larger than the correspond- 
ing values in the first row. And also it is 
found from Table V that our calculated values 
of 4p, either from (52) or (53), agree fairly 
with the experimental ones. 

As stated earlier, our processes of calcula- 
tions are different from Prof. Mott’s treat- 
ment in the following two points: (i) we 
solved the non-linear differential equation of 
T. F. exactly by numerical integration and 
obtained the modified screened potential, (ii) 
we did not use the Born approximation in the 
scattering process but employed the method 
of partial wave. 

Putting those manners of treatment together 
with our results, we obtain the following con- 
clusions: 

(7) Even in the case of our simple model 
without considering the exchange interaction 
between eletrons, our calculated value 4g 
would be in fairly good agreement with the 
experimental one, if we apply the method of 
partial wave correctly to the scattering pro- 
cess instead of using the Born approximation. 

The effect of exchange interaction between 
electrons is now being studied and will be 
reported shortly. 

(ii) In 4o, the difference between the values 
of the second and the third rows in Table 
V is much greater than that of the first 
and the second rows: i.e., the main im- 
provement in our treatment comes from the 
use of the phase shift method instead of the 
Born approximation rather than the exactness 
of the potential Viz). 

(iii) So, the disagreement between the 
theoretical and observed values of 4p which 
appeared in Prof. Mott’s treatment must be 
mostly due to the inaccuracy of evaluating 
the scattering process. Therefore, if we want 
to take other corrective effects, i.e. the ex- 
change interaction in the stage of a more im- 
proved approximation, it is still more neces- 
sary to discuss the reliability of the method 
used in resolving the scattering problem. 
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(iv) As is well known experimentally, do 
is proportional to Z?. Since the potential is 
nearly proportional to Z, this relation appear 
at first sight to be easily accountable by ap- 
plying Born approximation to the scattering 
problem. However, this explanation of the 
proportionality of 4p on Z cannot be a satis- 
factory one, because the use of Born appro- 
ximation is highly questionable in our treat- 
ment as discussed above. According to our 
method, 4p is decidely underestimated for the 
case Z=2. The reason for this discrepancy 
is still to be investigated in our further studies. 

(v) The method which we have used in the 
present paper can not be account for the dif- 
ference of the values 4o due to the kind of 
the dissolved atom of same valency. This 
shortcoming of our treatment is due to the 
fact that we have neglected the details of the 
charge distribution due to the core electrons 
of dissolved atoms and have regarded the ex- 
cess positive charge due to the dissolved atom 
simply as a point charge. 

We hope to take into account, in our fur- 
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ther study of this problem, the fact that p+ 
is a function of space which takes different 
forms depending on the kinds of the solvent 
and the dissolved atoms. 


§ 7. 

The author wishes to express his sincere 
thanks to Prof. M. Kotani who suggested this 
problem and under whose kind guidance and 
encouragement the present work was carried 
out. 
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Theory of the Specific Heat of Graphite II 
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The previous theory by the author and Nagamiya (1951) is improved 
in this paper by introducing the shearing elastic constant C44, Which is 


estimated by a procedure similar to that employed by Brennan. 


This 


shearing elastic constant couples the two types of vibrations, those 


normal to the hexagonal layers and those parallel. 


The theory shows 


that below 10°K the deviation from T? law becomes appreciable and the 
range of transition from 7” to T? laws appears at a few degrees absolute. 
The calculated values agree with the experimental ones over the whole 
temperature range below 60°K. Comments are given on recent other 


theories. 


$1. Introduction 


In 1951 we presented a theory of the specific 
heat of graphite based on a semi-continuum 
model. Since then, two elaborate experi- 
mental works have appeared, of which one is 
the measurements by DeSorbo and Tyler” and 
the other quite recent ones by Bergenlid, Hill, 


Webb and Wilks®. The temperature range 
covered by the former is from 13° to 300°K, 
in which it was found that the specific heat 
follows a T? law from 13° to 54°K. The 
latter covered the range from 1.5° to 90°K, 
in which a deviation from the T? law was 
found below 15°K, increasing gradually with 


/ and corrections. 


1955) 


decreasing temperature; at the lowest temper- 
ature of the observation, the specific heat 
curve was found to conform to a T2‘ law. 
Theories also have been presented®) which 
predicted a T* law at low or moderately low 
temperatures. However, these theories have 
been criticized, because they contain some 
unsound basic assumptions.”>® 

In our previous paper, we developed a semi- 
atomistic theory of the lattice vibrations of 
graphite. We considered the graphite crystal 
as a system of thin elastic plates spaced ata 
constant distance, and assumed compressional 
elastic couplings between adjacent plates. We 
calculated the elastic constants of each plate 
from the force constants of the benzene mole- 
cule, with certain modifications, and from the 
specific heat curve itself, while we estimated 
the coupling constant from the measured com- 
pressibility. A simplification made in our 
calculation was that the shearing coupling 
between plates was entirely neglected, which 
resulted in the complete separation of the 
lattice vibrations into two independent parts, 
namely the bending vibrations, in which the 
displacements occur normal to the plates, and 
the extensional and shearing vibrations of the 
plates, in which the displacements occur 
parallel to them. Each of them gave rise to 
a T? law at low temperatures. Evidently, this 
simplification is serious for long waves; in 
particular, we obtain an apparently unreason- 
able result in the limit of an infinitely long 
wave, that is, for a static shearing strain 
caused by a relative displacement between 
adjacent plates, that the crystal does not resist 
to this deformation. This point was criticiz- 
ed by Krumhansl and Brooks. We therefore 
take account of this shearing coupling in the 
present paper. Also, our previous calculation 
was inadequately fitted to experimental points 
at high temperatures, because the available 
data at low temperatures at that time were 
only those given by Nernst® in 1911; this 
point also is improved in the present calcula- 
i tion. We shall estimate the constant of the 
- coupling of the shearing mentioned above by 
a method similar to that employed by Brennan” 
4 in his calculation of the interlayer binding of 
| the graphite, with appropriate modifications 
It will be shown that, those 
} frequencies of the lattice vibrations which are 
+ important in the temperature range covered 
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by DeSorbo and Tyler are little affected by 
the introduction of this shearing constant, 
while a deviation from the T? law becomes 
appreciable only below this temperature range. 
It will be seen that the present calculation, 
which was done independently of the measur- 
ments by Bergenlid, Hill, Webb and Wilks, 
accords reasonably well with their results at 
lower temperatures. 


§2. Equations of Vibration 


In I, we have started with the following 
equations of vibrations: 


OP tn 1BY O72 i Ou, 
aE tae Pies 1 1 
af ~ p’(1—o) ie SBN 
il 0?2v 
I 1 n 1 
15 (+9) eal (1a) 
O2Un 1B 1 0?0n . O7Un 
Ben ee eae eM 
ae p’—o) tex CE eae 
O7u 
(Teg) eae 1b 
+5 +¢) ae (1b) 
O"Wn _ ie PW n a) 
ar? Out | dary? ' yt 
+/?(Wns1+Wn-1—-2Wn), (Ic) 


where tn, Un and wn» represent the displace- 
ments of a material point (2,y) in the m-th 
layer in the 2-, y- and z-directions, respective- 
ly. (la) and (1b) are the equations of the ex- 
tensional vibrations of a thin plate®; EH’ and 
o’ are related to the Young’s modulus £, the 
volume density o and the interlayer distance 
c of the graphite by #’=cE and o’=co, and 
o is the Poisson’s ratio. (lc) is the equation 
of the transverse vibration of a thin plate”, 
except for the second term on the r.h.s., 
which cares for the elastic interaction between 
neighbouring plates; «? is related in a certain 
way to the bending modulus of the plate. In 
the atomistic theory of vibration, we might 
assume that the potential energy of a bent 
honey-comb net plane of the graphite is given 
by a constant multiple of the sum of the 
squares of the atomic displacements, each of 
these displacements being measured from the 
plane which passes through the three neigh- 
bours of the atom considered. The force 
constant in this potential energy corresponds 
to the bending modulus of the thin plate in 
our continuum model!™. 

We shall modify the above equations by 
taking account of the shearing stress. For 
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A n 
C n-| 
(Q) 
Fig. 1. (a) equilibrium state. 


(b) Shearing state. The figure shows the 


shearing angles. 
small interlayer shearing strains the strain 
energy ¢ can be considered to be independent 
of other strain energies. It may be assumed 
to be given by the following sum of the 
squares of shear angles produced at each 
layer: 


eS Unsi—tUn | OWn \’ 

4 4 =(({( (6 mm a) 

Un — Un — OW n 2 Un+e1— OW», 2 

a G = Ox y+( Cc 7 Oy ) 
Un—VUn-1 OWn 2 

EA eae 

Beare ee 


The kinetic energy T is 


HAG CD 


(2) 


OWn 
d. ’ 
+ (7) heeds 3) 
so that, applying Hamilton’s principle, 
by 
al (T—yat=0, (4) 
fy 


we obtain the following equations: 


Fe s. @nsschUdaie-20u) 
+E (Opt), oy 
Tan ¢( Tia +n) pas 


where €=Cy4-¢/p’=Cu/o. By adding the r.h.s. 
of (Sa), (Sb) and (5c) to the r.h.s. of (1a), (1b) 
and (lc), respectively, we obtain the new 
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equations of vibrations: 


OUn _ ee { seas’ (1 2)" 0? is 
Or p’(1—o?) | a 
ae : g ite) o” is mi & (Un+itUn—-1—2uUn) 
: (ee 6a 
AB Hoa at FE Say Sieg oo) 
O2Un 1B! { un 1 0?Un 
3 Zs l—o = 
Ai Tphll-aaBel Oe Mos We ee 
+5 (140) = ls a a Mee 
' € OWn+1 a 6b) 
ma a Oy Oy 7? ( 
PW _ ; O*Wn 9 O*Wn =e 
62°C ( Ox" cy Baroy? Oy* 
0? n Oo vi 
+ L2(Wans1+Wn-1 2Wn) lee = a ) 
‘%. be OUn—-1 OUn+1 =) 
ti 26. Vor Ox i Oy Oy ; 
(6c) 


In these equations, V{E’/o’(1—o?)} is the 
velocity of the longitudinal wave in the plane 
of the layer and will be denoted as vw. The 
velocity of the transverse wave, uw, iS 
nV (1-0) /2}= V{E’/20'(1+ 0)}. 


§3. Solution of the Equation of Vibra- 
tions 


By the usual substitution 


un=U-exp{2rila,e+oyy+omc—vt)} , 


Un= V-exp(2ri(o,x+oyy+omnc—vt)} , 
Wn= W-exp{2ri(o.a+oyytomc—vt)} , 


(7) 


we obtain the following simultaneous equa- 
tions: 


[v2{o.2+(1/2)(1—o)oy?} 
+(€/e?x*)sin2xco,—v2]U 
+{(1/2)(1+ a)oz0y02]V 
+[(€/2zxe)oz sin 2xco,|W =0 , 
[(1/2)(1+4)o2oyv7|U+ [v2-{0,? +(1/2)(1—o) oy?} 
+(€/e?x?)sin?7c0,—v2|V 
+[(€/2zc)oy sin 2xco,;.W=0 , 
((€/2nc)o. sin 2xcoJU+[(€/2xc)oy sin 2xc0.]V 
+ [4774027 + 6y?)+ (42/2?) sin2xc0, 
+€(62?+oy?)—v?]W=0. 


(8) 
We expect € to be small, so that we first 
neglect the non-diagonal terms such as 


1955) 


Ww 


© ier. : S 
A ( ; ): sin 2zco-| V 
Z27C Oy 


in (8). In this first approximation, the secular 
equation gives the following three roots: 
Yip? = U(x? + dy”) +(C/z2c?)sin? x00: , (9) 
Yoo" = U1" (627 + by?) +(€/z?c")sin2xco, , (10) 
39 = 477K7(02? + oy)? +(42/z?)sin2 200, 
+€(62?+0y") . (11) 


Thus, in this approximation, the lattice vibra- 
tions separate themselves into three parts. 
The complete separation of (8) can be effected 
by the transformation matrix 


SE BE 0 
Vortoy Voto, 
—Oy Or 
i aya eae ie 
V 62? +6,y? Vo2+0/ ( 
0 0 1 


We apply this transformation to the original 
matrix of (8) and have 


V9" 0 0 


SS jeeps 
0 Loo? SV aFto/ sin 2zco, 
oC 
di a ee J 
0 GV Jad te sin 27Coz Vo? 
2nc 


(13) 
As the result, we obtain the exact solution 
VyYP=Vio" , 
Yo” it 
Pcs (ghey 943 
it D) { Y20" + Y30 
£V Onn v8) tC] PONG 04? sin 20, 
(14) 
This result shows that only the longitudinal 
intra-layer vibrations couple with the perpend- 
icular vibrations, i.e. the bending vibrations 
of the layers, but that the transverse intra- 
layer vibrations do not couple with them. 
From (14) it is seen that the effect of the 
non-diagonal elements of (13) on the dif- 
ferences y22?—v2? and v3?—v3” is the greatest 
when yx=v2y. The latter equality holds on 
the surface of revolution in the o-space given 
by 
ArK?(o22 + oy2)?—(vrP2—C (627+ dy) 
+(1/n?)(w2—C/e*)sin’xco,=0 , 


which is, in another form, 


iret) 


O77K* 


(15) 


Ox? +07" = 
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tY {(v?—C)?—16«2(2—C/c2)sin2xco2}]. (16) 
If we compare the two terms under the square 
root symbol of (16), whose order of magnitude 
can be seen from Table I, we see that the 
first term, (v2—C)?, is more than one hundred 
times larger than the maximum value of the 
second term 16«?(#?—€/c*)sin’zcoz, since v2~ 
4x 10 cm?/sec? and 4k4“~3 x 10!! cm/sec. The 
upper sign of (16) thus corresponds to the 
wave number (6,?+o6y?)/?~wu;,/2xn~0.5 x 108 
cm7!, which, however, is too large to come 
into our consideration when we are concerned 
with the specific heat at low temperatures. 
Therefore, we take the lower sign and have 
approximately 


AES Ta i 
x sin?xco.—— SIN?7Co;. 
Vy" 
(17) 


On this surface of revolution we obtain from 


(14) the maximum correction to v9? and 39” 
as 
Vek 4,2 sin 2nco, 
mC 
‘ ei?) 
LE (dx? +0,?)—~ COS nCoz 
LC 
Emel Le 
av — sin’ 260 ,°-— COS 26024, 
AG V1 


which, apart from the factor cos zeo;, is some- 
what larger than €(0,?+ 0,7) of (11) and some- 
what smaller than €/7c?-sin?zco, of (10), since 
vi/ue is about 5 (see Table I). However, when 
we go out of the surface (16), the effect of the 
second term in the square root symbol of (14) 
rapidly decreases. The effect is important 
only within the domain of the o-space bound- 
ed by the two surfaces, 


29” — Y397 = cE _ Vo2+o,2'sin 2xco,, (18) 


on which the two terms under the square 
root symbol in (14) become equal to each 
other. But these surfaces are close to (17) if 
€ is small compared with vw? and yw?c?. For 
small values of oz, oy, oz, for which the effect 
of the shearing force is most important, (18) 
reduce to circular cones given by 


V 62+6,? 


-f 228 


t+ 


or ee Se, 
TV v2 le— (v2 + Were ) ie 
(19) 
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if €? is neglected in comparison with w/71°c? 
and further in (19) € neglected in comparison 
with wv? and yv’c?. On the other hand, (17) 
reduces for small values of oz, dy, az to 


=a [WOE LC 
Var tap Beka. or. 


U 


(20) 


Therefore, the zone in which the correction 
under consideration is practically important is 
a thin conical region bounded by the two sur- 
faces given by (19) near the origin of the o- 
space. We see therefore that the differences 
vy2—yoo? and v32—vy92 are pronounced only in 
a negligibly small domain of the o-space. 
Therefore, in computing the specific heat, we 
can use the approximate formulas (9), (10), 
(11), instead of the exact ones (14), and com- 
pute the frequency distribution functions. The 
coupling between the two types of the vibra- 
tions, which were separated in the treatment 
of our paper I, has now resulted in the €- 
dependent terms in these approximate fre- 
quency formulas. The coupled waves have 
directions of polarization different froin those 
of the waves in paper I, but obviously the 
directions of polarization are not important for 
the specific heat. 


§4. Frequency Distribution Functions 


In §3, we have obtained approximate fre- 
quency formulas (9) and (10) for the first two 
types of waves, whose polarization vectors lie 
nearly in the planes of the layers. For these 
waves the contours »y=const. are surfaces of 
revolution about the o.-axis in the o-space. 
The volume of the o-space enclosed by one of 
these surfaces for »yZy,, where ve=V/ €/ne, 
is given by 

(1/ne)sin- (v/v z) 
v=" | 
0 


=| (=v sin*neg, de. , 
ie 


OL), 


(21a) 
For v>y,, the contours »=const. cross the 
boundaries o,=+1/2ce of the Brillouin zone, so 
that we have to calculate the volume of the 
space bounded by v=const. and o,=+1/2c. 


sin-1{1/V(1+ ¢2/16n2x2v2)} 
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This is 
1/2 
Viv)= = \ apietre. sin’zcoz)doz, (v=vz) 
0 


(21b) 


In (21a) and (21b), vw stands for % or wm, ac- 
cording as we take either (9) or (10). The 
frequency distribution functions are obtained 
directly from (2la) and (21b) as follows: 


VON= oy sin ae wei, oe 
VC Vz 
{j= es (vv), (2b) 
vc 2 
where V denotes the atomic volume. For 


very low frequencies (v<vz), (22a) reduces to 


AV @ a8 
[i> 5 (23) 
UvCv, 
which gives rise to a specific heat proportional 
to T* at very low temperatures. In paper I, 


€ has been neglected, and hence (22b) has 


been used in the whole frequency range, so 


that the specific heat due to the intra-layer 
waves was proportional to 7? at low temper- 
atures. The introduction of € has an effect 
on fiv) only in the range of low frequencies, 
Vy. 

We shall distinguish the functions f(v) for 
vy, and wm by fi(v) and fi(v), respectively. 

For the third type of waves, the frequency 
is given by (11). The volume of the o-space 
enclosed by a surface »y=const. alone, when 
yZu/z, and that enclosed by this surface and 
the planes 6,=+1/2c, when v>y/z, are given 
respectively by 

(1/ne)sin-1(v/v,") 


1 
vo=—_| [V{(2+0?/162%e*)—v.”? sin?xco,} 
0 


—C/4nnldoz, (vv), (24a) 


and 
1 1/2¢ : 
Y= | [V{(? +. 67/162) —»,/?sin?xco,} 
0 
—C/Ark]do: , (24b) 


where v,’=y/z. The frequency distribution 
function f;(v) is obtained as follows: 


(v= vz’) ’ 


B= er 


ge wef type <n ae es 
z — vie 1 tn eee 2 
: V{ ( Ve ) ( E: 16772 y? )sin e} 


OP (25a) 


dy 


A= (Ut ae 
7 


: ) ae 
KC 1672? p? 0 y{i- iG ee ee Cpe pe 


(25b) 


16702K2 v2 
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The integrals of (25a) and (25b) are elliptic 
integrals of the first kind and so can be ex- 
pressed by the usual notation as 


F(sin71{1/Y (1+ €2/1672«2v2)} , 


(v/v {1 +€7/1672x2y2}1/2) (26a) 

and 
K({v2/v} {1+ €2/16722x2v2}- 1/2) , (26b) 
respectively. For high frequencies, for which 


4xxv>€, the above integrals reduce to K(»/v.’) 
and K(v,//v), respectively, and (25a) and (25b) 
reduce to (21) and (22) of I (see also Fig. 3 
of I). The introduction of € affects f,(v) over 
a wide range of frequencies, as seen from 
(25a) and (25b), but the effect is greater for 
lower frequencies than for higher frequencies, 
and, in particular, it is practically negligible 
in (25b). For low frequencies, €/4zx<v<v/’, 
(25a) reduces to f3(v)=(V/2«cyv.’)-v, and this 
gives rise to a specific heat proportional to 


T’. For still lower frequencies, 4zxnv<€, (25a) 
reduces to 
hy) = Bi i ae (27) 
cl vz 


which should give rise to a specific heat pro- 
portional to J* at very low temperatures. 

The estimation of the temperature at which 
the transition from the 7? law to the T? law 
occurs can roughly be estimated by putting 
kT=hy with either v=v(=7/ € /nc) or v= 
€/4xx. From the former one obtains T=@, 
=26.7°K and from the latter T=2.13°K (see 
Table I). We expect therfore a_ gradual 
deviation from the TJ? law below 26.7°K and 
a rapid deviation below 2.13°K. 


§5. Calculation of the Specific Heat 


As has been shown in I, the electronic 
specific heat and the C,—C, correction con- 
tribute a negligible amount to the specific 
heat of graphite in the range of temperature 
T<90°K, to which we shall confine ourselves. 
Therefore, we can leave them out. We 
derived in I the formula of the specific heat 
due to the vibrations parallel to the layers by 
the method analogous to Debye’s three-dimen- 
sional theory, and obtained approximate for- 
mulas for high temperatures and for low tem- 


peratures. For the latter the formula was 
c=2R{ 270% 
ay: er —1 


—6x > etl 2 
n=l n 
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where R is the universal gas constant, 7= 


Q/T and 
5 EVE TAR AN te a 
on ve | See 


(see Table I). 
Here N denotes Avogadro’s number. 
The distribution functions derived in § 4 for 
these vibrations differ from those in I only in 
the low frequency range, v<y,. Therefore, 
we shall treat the difference as a correction 
to the previous formula. The corrections to 
be added to the previous frequency distribu- 
tion functions are 


AV (z | -( y ) 
——— yj —sin-1 ( — 
U2C , Vz 


awAVs (eee sees lf 27. 
VPC a eae ( ) 


for the transverse and longitudinal vibrations, 
respectively. Accordingly, the correction 4C 
to be added to C of (28) is 

= ay 1 


1 : 
G i Oye 


x (osm v)-B( oe Ve » (30) 


where / denotes the Einstein function, and 
a=vy/v, and @,=hy,/k. 

The formula derived in I for the specific 
heat due to the vibrations normal to the 
layers was 


= wee |\2K@) =k, (5 de 
TCK 0 Te 


+\"KC, )-2( oe ae | 7G) 


where z=»y/y,/ and @,/=hy,'/k. The corres- 
ponding frequency distribution function is 
given by (25a), so that, replacing A(z) in the 
first integral of (31) by (26a), the correction 
to (31) is approximately 


= VN al Ka) Pisin (UV (+20 /2°)) 


(29) 


and 


AG= 


AC’ 


TCK 
mL taatlat}))-B( SE" \ae (32) 


where 2=Cv,'/4zk. 

The numerical values of all the constant in 
the above formulas, except €, were determined 
in I, but some of them have been revised in 
the course of the present calculation. The 
estimation of € will be postponed to the next 
section. Table I shows such numerical values 
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Table I. 
oem nt ab I v(t 1 Wye 
(A) V,=1.23 x 106 cm/sec ) G= ] pia ea) 
¥,=2.10 «108 cm/sec J — 2480°K 
V=5.285 cm3/g.atom 
Je n/n. / Ox 10sec 6, =fy7! / b= Ns0 nas 
c=3.35x10-8 cm pe=3.92 x 10° cm/sec 
(B) *=0.611 x 10-? cm?/sec? 
¢=0.344 x 1019 cm?/sec? h(¢/4nne)/k=2.13°K 
vz=V ¢/nc=5.57 x 101/sec @0,=hy,/k=26.7°K 


Table II]. Results of the numerical calculations of the specific heat of graphite in cal/deg. atom. 


Y | 0 } Calc. value 
ing 86 Com cr cami goit.| ob ep he | | tap. 
(28) ge CO) CAG! “sla CZ) +AC?! £0 ca (a) | (b) | x 105 modified* 
err ~|p.0810 0. 053660. 05376, | | 1.50 0.05157 
ion | (0.08 80 (0.0'2120.0#220 | } 2.12 | 0,013 
1.5 (0.0527 0.05530. 04580 0.0136 2.58 | 0.04342 
B tard | (0.0578 0.0? 1080.03 116 0.0!72, 2.90 | 0.04730 
3 | 0.04234 0.03 22610. 03289 0.0920, 3.21 0.08205 
4 | (0.0580 0.03494/0.03552 0.0840 3.45 0.08416 
aie (0.03427 | 0.072140.02257 |0.0722, 4.01 | 0.07212 
10  0.089310.081860.03745|0.02361, 0.0%210.023400.02415 | 0.0834) 4.16 | 0.02356 
15 0.022100.0#21 0.02189)0.02862 0.0%310.08310.0102 0.0102 0.0291 4.53 | 0.02928 
30 0.028380.0#22 |0.0%8160.0370 0.03700.0363 /0.0445 0.0442 | 4.94 | 0.0427 
45 0.0189 0.0322 [0.0187 |0.0821 0.021110.0810 |0.0997 0.0998 4.93 
60 0.0385 0.0323 0.0333 0.136 0.0212/0.135 [0.168 0.167. 4.67 
75 (0.0524 0.0823 0.0522 0.184 0.0°1310.183 0.235 0.250 4.18 
90 0.0754 0.0823 (0.0752 |o.234 | 0.0714)0.233 [0.308 0.388 3.80 


(a) DeSorbo and Tie (1953). (b) Bergenlid, Hill, Webb and Wilks (1954). 
* Calculated values with the use of c4,=2.34x10!0 dynes/em?, which is three times larger 
than that used in the calculation of Ceorr and C’corr. (See § 6). 


them with the new value of c (3.35 A); in 
I we used c=3.40 A. x, which relates to the 


ne bending elastic constant has been determined | 

- we by making the calculated specific curve fit — 

g il the observed one, as in I, but this time its 

g va value was revised by making the fit at rela- | 

3 tively low temperatures. The final results | 
8 Z of the calculations are tabulated in Table II 
S “4 DeSorbo & Tyler (1953) along with those observed by DeSorbo and 
° Bergenlid et al (1954) Tyler and also those observed by Bergenlid, 


— Present calculation 


Hill, Webb and Wilks, the latter being obtained 
from a smooth curve which fits the measured 
San Sere ae CNS. 
From this table and Fig. 2 we see the 
following interesting features: 
of the constants. The method of eatimating (a) The agreement between the calculated 
the constants of the group (A) has been and observed values is excellent in the temper- 
described in I. We have corrected some of ature range from 15° to 60°K, where the 7 


--- Present calculation, modified 


ges ye 


O55) 


law holds almost accurately. 

(b) Above 60°K, the calculated values be- 
come lower than the observed ones. This is 
due to the failure of our continuum model, as 
will be discussed in the last section. 

(c) Below 10°K, a deviation from the T? 
law in the calculated curve becomes gradually 
apparent, but the observed curve due to 
Bergenlid, et al. lies somewhat lower than that 
calculated for T<c15°K. If we use a value of 
the shearing elastic constant, c,,, three times 
larger than that given in Table I, the cal- 
culated curve is in complete accord with the 
observed one. As one will see in the next 
section, our estimate of the value of cy, is a 
crude one, so that a factor of three can be 
inside the error of the calculation. But it is 
to be noted that the temperature at which a 
transition from J? to T* law occurs is in the 
neighbourhood of a few degrees absolute both 
in calculated and observed curves. 


§6. Estimation of the Elastic Constant 
of Shearing 


Since there is no available experimental 
value of cy,, we shall derive it theoretically. 
Brennan has calculated the repulsive energy 
between adjacent hexagonal layers from the 
interaction of ZCAO molecular orbitals in the 
two layers. The van der Waals attractive 
energy has been determined by making the 
energy minimum fall at the observed value of 
c, namely 3.37 A. Using the effective nuclear 
charge Z*=2.03 and the effective quantum 
number »*=1.944 proposed by Kohlrausch, he 
calculated the interlayer binding energy and 
compressibility. The calculated value of the 
latter was in satisfactory agreement with the 
experimental value. Unfortunately, however, 
there are errors in his calculations, which 
seriously affect his numerical results. One of 
the errors is in his formula (18) for the inter- 
layer binding energy per mole, U. Denoting 
the interaction energy between one layer and 
the rest of the crystal by 2#, U can be 
written 
U=(1/2)(N/ME , (33) 
where » is the number of unit cells (each 
containing two atoms) in a layer. The 
numerical factor in (33) is 1/2, instead of 1/4 
as in Brennan’s paper. Another error is 
found in his formula (14) for the attractive 
term EZ, in FE. Denoting by F(sc) the attrac- 
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tive energy between a unit cell of a hexagonal 
layer and a layer at a distance sc from that 
cell, Hy can be written 


Es=n > Fise) ; (34) 
instead of Brennan’s formula, 
E.=n> sl(sc) . 
(34) leads to = 
Fa Rae ele (35) 


where o is the number density of atoms in a 
layer and A the constant of the van der 
Waals energy; the sum in (35) was »1@,1/s? 
in Brennan’s paper. Using the above correct 
formulas and Kohlrausch’s value of d= Z*/n*, 
we obtain numerical results which are quite 
different from those of Brennan. The first 
row of Table III shows our results. The 
calculated value of the elastic constant, c33, 
or approximately the Young’s modulus 
perpendicular to the layers, H,, is seen to be 
more than twice larger than the experimental 
one, and consequently than Brennan’s result. 
On the other hand, if we used Slater’s! value 
of 0 we would have obtained too small a 
value of &, (which is not given in Table III). 


Table III. 
A (he Up U_ FE, (or 1/8*) 
(atomic (10 dynes 
unit) (& cal/mole) /cm?) 


“Kohirausche 604-4.=21-46:13,43 a8.0s0n7o2 
SCF 309.3 -10.98 5.75 —5.23 0.614 
experimental 0.356* 


The overlap integral for the Kohlrausch wave 
function is about twice as large as that for 
the SCF (self-consistent field) wave function 
at the actual interatomic distance, while the 
overlap integral for the Slater wave function 
is about half the latter. Since the repulsive 
energy may be supposed to be proportional 


* Brennan’s 1/8 was calculated from 

i G2 GALL 
 @z2’ 
which is to be equated to our #, in I, where 
EF, is defined as the Young’s modulus perpen- 
dicular to the layer. In I we have estimated 
Hi, from the compressibility data and the 
estimated value of the Young’s modulus parallel 
to the layer EH and that of the Poisson’s ratio 
o. The result was #,=3.56x 10" dynes/cm 
(3.60 x 1011 dynes/cm? in I is corrected), 
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to the overlap integral, it may be reasonable 
to choose 6 so as to give the value of the 
overlap integral at given interatomic distances 
equal to those calculated by the SCF wave 
function. 

With the aid of the formula and tables given 
by Mulliken, Rieke, Orloff and Orloff!) we 
obtain in this way values of 6 as shown in 
Table IV. Then, by use of these 0’s we can 
calculate the repulsive energy between two 
atoms separated at a distance 7, by changing 
the energy and distance scales, from the table 
prepared by Brennan. The results thus 
obtained are given in the fourth row of Table 
IW. 


‘LablemelVic 
p=O0'r ff 8 10 12 
0 SHOR Ves OSmls 225 1.195 
r(atomic unit) 5.109 6.130 8.163 10.042 
Fy (a.u.) 0.02077 0.00665 0.00042 0.00002 
Eau (a.u.) 0.02077 0.00665 0.00042 0.000018 


We can express the repulsive energy as a 
function of the distance between two atoms 
by an approximate formula: 


Eua=0.5153 exp (—0.22237—0.0795177) . (36) 


The values calculated with this formula are 
given in the last row of Table IV. Summing 
up all the contributions from the neighbours 
in the adjacent layer, the total repulsive 
energy can be expressed as a function of the 
interlayer distance c, as follows: 


Epr=2.754 exp (—0.15769c—0.08287c?). (37) 


Putting c=6.33 atomic unit (3.35 A), we obtain 
the value of Ur given in Table III. 

The value of &, obtained by this calcula- 
tion, given also in Table III, is about three 
quarters of that given by Brennan, but it is 
1.72 times larger than the experimental one. 
The value of &, employed in our calculation 
of “is the experimental one. However, in cal- 
culating the shearing elastic constant, ci,, we 
shall use the formula (36). 

Let ¢:; denote the potential energy between 
atoms z and 7 at a distance 7%; in the crystal. 
According to the theory of lattice dynamics, 
Cy is given by the following formula: 


N O? Gi5 ; 
Cu OPE 38 
ay 2, ~ Aa 7H (38) 
where a and b are the two atoms in a unit 


cell of a layer and 7 runs over all atoms 
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in the crystal. On account of the equilibrium 


condition, 
OGi5 dis Zs” 
“23 = Su 8) eee 
oo, 2 jy ar vi 
(39) 
at a given distance between the layers, (38) 
reduces to 
Ice Al 
= i i ; aa Pij- 
oo WV, eras P dP ee ; 
(40) 


In our case ¢i; has the following expression 
in. atomic units: 


see 3 


Vines ares +0.5153 


-exp (—0.22237—0.0795177) . (41) 


The van der Waals term falls slowly with 
increasing distance, so we evaluated the 
corresponding terms in (40) one by one for 
ris ZV (C?+36a?) for the directly neighbouring 
layers, one by one for 7;;2//(4c?+36a?) for 
the next neighbouring layers (a=1.42 A= 
2.68 a.u.), and we evaluated the contributions 
from further atoms by replacing the summa- 
tion by integral. The final results thus ob- 


tained are 
C44 =0.781 x 101° dynes/cm? , 
=Qi022 0a. 5 
and € =0.344 x 10!° dynes/cm?. 


The repulsive energy may also be calculated 
from the band theoretical standpoint, for in- 
stance by using the method of tight binding 
approximation. The graphite crystal may be 
considered to be composed of C‘* ions situated 
at the lattice points and three o electrons per 
atom and one z electron per atom. The 
energy of the o or z electron with a given 
wave vector can be expressed approximately 
by using the resonance energies. Adding the 
total energy of the electrons to the total re- 
pulsive energy between C** ions, we obtain 
the total repulsive energy of the crystal, which 
corresponds to Ur obtained above. A shear- 
ing deformation of the crystal would give rise 
to the deformation of the Brillouin zones and 
also to the change of the values of the re- 
sonance energies. If we can estimate the 
change of the values of the resonance energies 
for a given shearing deformation, we can 
calculate the change of the total repulsive 
energy of the crystal, by summing up the 


| 


| large quantities which correspond to 


of the constants used 


‘layers. 


1955) Theory of the Specific 
contributions of the change of energy of the 
electrons redistributed in the deformed Bril- 
louin zones and adding to this the change of 
the total repulsive energy between the C+ 
ions. The resonance energies of the xz and 
o electrons for the nearest neighbouring atoms 
in a layer can be estimated from the shape 
of the Ka emission band of graphite. How- 
ever, the estimation of the resonance energies 
for two atoms separated at a farther distance, 
which are needed for the estimation of c4,, is 
very difficult. Therefore, this method of 
estimating the repulsive energy seems to be 
impractical. 

We make here a remark about the effect 
of the shearing deformation on the energy 
band structure. If the shearing deformation 
of the crystal gives rise to an overlap of the 
energy bands, the electrons will redistribute 
themselves in them. Then, we must take 
this effect into consideration in estimating the 
change of the repulsive energy. However, it 
can be verified that the shearing deformation 
of the crystal does not give rise to any over- 
lap or gap of the energy bands. 


§7. Discussion 


Our theory so far developed can interpret 
the specific heat of graphite in the temperature 
range from 60°K down to extremely low tem- 
peratures. In particular, if we use a value 
of the shearing elastic constant three times 
larger than that estimated in §6, the agree- 
ment between theory and experiment is very 
satisfactory. This elastic constant has been 
estimated as a small difference between two 
the 
second derivatives of the repulsive and attrac- 
tive energies. Therefore, its value is sensi- 
tively affected by a slight change of the values 
in the calculations, 
especially by that of the effective nuclear 
charge of the carbon atom. Thus, the value 


we obtained is correct only in its order of 


magnitude. 
The discrepancy between the theoretical and 
observed values of the specific heat above 


-60°K appears to be due to the approximate 
nature of our continuum treatment of the 


For small wave numbers the fre- 
quencies of the lattice vibrations are correctly 
given by the continuum treatment, but the 
situation for large wave numbers may be 
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different. An atomistic treatment of the 
lattice vibrations of graphite has been done 
by Yoshimori and Kitano in our University 
(and will be published soon), which shows 
that the frequency distribution function for 
the vibrations normal to the layers is consider- 
ably different from that of the present cal- 
culation for higher frequencies. The former 
increases more steeply than the latter with 
increasing value of the frequency ; accordingly, 
the specific heat curve calculated atomistically 
is higher than that calculated in the present 
paper for temperatures higher than 60°K. 

We shall make some remarks on the theories 
presented recently by several authors”. In these 
theories the elastic constants used in them 
have not been legitimately estimated with re- 
ference to characteristic properties of graphite, 
but they were merely so chosen as to make 
the theoretical values of the specific heat fit 
the observed ones. One of these theories, due 
to Rosenstock”, may be regarded, ina sense, 
to be equivalent to Gurney’s®. Both authors 
neglected the interactions among the layers 
and also neglected the contribution from the 
vibrations parallel to the layers. A more 
serious objection to these theories is that they 
tacitly assumed a ‘surface tension’ of the 
layers, because they assumed a quadratic 
form of the normal displacements of atoms 
for the potential energy. 

Krumhansl and Brooks® have taken the 
interlayer interactions into consideration and 
derived the following frequency formula for 
the vibrations normal to the layers: 

y?= A(o,?+o0,?)+B sin’xco; . (42) 
Further they assumed that the same formula 
with different constants is applicable to the 
vibrations parallel to the layers. For these 
vibrations Eq. (9) or (10) of the present paper 
has just the same form as (42). However, 
the first term in our theory has been derived 
from the ‘strong’ restoring forces for the 
intra-layer motion and the second term from 
the ‘weak’ shearing forces acting between 
the layers. Moreover, we have shown that 
the validity of the approximate linear forms 
of the distribution functions fi(vy) and flv) 
over a wide frequency range, which is respon- 
sible for the T? law of the specific heat over a 
wide range of temperature, are due to high 
values of the velocities 2; and vw and a very 
low critical frequency v,. As ragards the 


356 Kozo KOMATSU (Vol. 10, 


normal vibrations, the circumstance is quite vibrations. 
different. In this case our equation is (11), 
instead of (42). If we can omit the first term 
on the r.h.s. of (11), we obtain (42), but this 
is possible only for very long waves, since € 
is small. Thus, we see that the apparent 
success of Krumhansl-Brook’s theory, as ex- 


In conclusion, the writer wishes to express | 
his cordial thanks to Professor T. Nagamiya | 
of Osaka University for his continual kind | 
advices and discussions. 
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Susceptibility-temperature 


relation for 


the compound FeTe was 


measured over a range of temperatures between liquid air and 1150°C. 
Evidence was found of an antiferromagnetic character in the region of 
temperatures below 500°C, the molal magnetic susceptibility having been 


expressed by y=0.92/(7'+ 220). 
was estimated to be 2.72. 


The effective number of Bohr magnetons 
The susceptibility dependence on temperature 


in the region beyond 600°C showed evidences of the feeble constant 
paramagnetism and an anomaly at 815°C, which is the melting point of 


this compound. 


A tentative interpretation of these magnetic properties 


is given in terms of an electronic configuration of Fe. 


$1. Introduction 


Among the compounds in which one com- 
ponent is a transition metal and the other an 
element of the oxygen group, there are many 
substances which crystalize in NiAs type. 
FeS, FeSe, FeTe, NiTe, CoTe, etc. are such 
examples’. The magnetic properties of such 
substances, except FeS”, have so far not been 
measured precisely. Since some of the 
magnetic properties of these substances may 
be characterized by the crystal structure and 
by the ionic valencies of the constituent atoms, 
it may be interesting to study FeSe and FeTe 
along with FeS. A study of FeSe has quite 
recently been reported by Hirone and _ his 
coworkers” and it was shown that its magnetic 
properties are, to some extent, similar to those 
of FeS. 

Data of the magnetic properties of FeTe 
are yet very few. It might be due to the 
following reason: in this case, a slight amount 
of oxygen, which is inevitably contained in 
the compound, results in some magnetite-like 
substance as an impurity whose magnetization 


| is so strong that the proper feeble magnetism 
1 of FeTe becomes wholly covered. 


Therefore in order to study the thermo- 
magnetic properties of FeTe of stoichiometric 
content, we intentionally added in the present 
work small amount of Mn as deoxydizer in 


the course of preparation of this compound. 


The work reported below was carried out, 
using the samples thus prepared, in order to 


i find out the magnetic properties of FeTe. 


§2. Experimental Arrangement 
A magnetic balance of a_ self-recording 


type” was used for the measurements of the 
susceptibility. | Variation was detectable to 
one percent of milligram, i.e., the precision of 
the present susceptibility measurements is 
usually 42%. 

For the temperature measurements, a junc- 
tion of copper-constantan was used in the 
region below room temperature and a Pt-PtRh 
one in the higher temperature region. The 
latter was calibrated at the temperatures of 
the ferromagnetic Curie point of Ni (357°C), 
of magnetite (578°C) and of Fe (780°C), and 
also at the melting point of Te (452°C). The 
errors in the temperature measurements are 
estimated to be less than +3°C. 


§3. Preparation of Samples 


The Te (99.9% pure) was distilled in vacuum 
(10-° mmHg) three times in succession. Pow- 
der of reduced iron (99.96% pure) was heated 
in hydrogen stream at 650°C for two days. 
A mixture of the powders of these materials 
with the desired proportion was sealed in an 
evacuated silica tube, 3 mm in diameter, which 
was heated in a furnace for some ten hours 
at 1100°C and then cooled at a rate of 90°C 
per hour. The product was a solid material 
with a silvery appearance. Each sample was 
carefully left in the evacuated silica tube after 
preparation and never exposed to air through- 
out the experiment, as otherwise it would 
have suffered from the effects of oxygen. 


§4. Results of Experiment 

The results of the susceptibility measure- 
ments are given in Table I and Fig. 1. In 
the case of a sample which had suffered from 
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Susceptibility as a function of temperature. 

a sample of stoichiometric content of FeTe, which actually contains some 
magnetite-like impurities owing to oxygen inevitably contained in. 

samples of stoichiometric content of FeTe to which Mn (2% of the total 
mass of the sample) was added as deoxydizer in the course of sampling. 


Molal susceptibility and its reciprocal 


a sample of stoichiometric content, 
which actually contains some ferromagnetic 
impurities due to oxygen inevitably contained 


a sample of stoichiometric content 
of the total mass of the 
sample) was added as deoxydizer in the course 
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the effects of impurity oxygen, we usually 
got a curve similar to Curve A, which shows, 
at a glance, a striking resemblance in the 
form to that of Fe;0;. It may be supposed 
that a slight amount of oxygen which had 
inevitably been contained in the materials 
reacted with Fe in the course of sintering to 
form magnetite-like substances as impurities 
in the compound. In spite of their slight 
amount, their ferromagnetic magnetizations 
appear to be strong enough to cover the proper 
magnetic properties of FeTe, which is rela- 
tively weak. 

As Mn is commonly used as a deoxydizer 
in metallugical procedures, it is expected that 
an adequate amount of Mn added to the 
material would diminish the effects of the 
impurity oxygen. So we prepared two kinds 
of samples, those to which 2% mass of Mn 
was added and those whose composition is 
expressed as Mnyo.95Feo.95Te. The results of 
the susceptibility measurements for these 
samples almost coincided with each other. 
They are shown in Table I and by Curve B 
ha TRS Ah 

As stated above, a curve similar to Curve 
A was usually observed in the case where 
the sample had suffered from effects of im- 
purity oxygen. Sometimes, when the ferro- 
magnetic effects were supposed to be very 
weak, a curve which nearly coincides with 
Curve B was observed. Thus Curve A is in 
general not reproducible, while Curve B is re- 
producible and must represent the real pro- 
perty of FeTe. The difference between Curve 
A and Curve B is plotted in Fig. 2 and is 
compared with the susceptibility curve of 
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Fig. 2. Curve C: difference between the values 
given by Curve A and Curve B of Fig. 1 (at 
corresponding temperatures). 

Curve D: the magnetization of magnetite as a 
function of temperature in arbitrary scale. 
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function of temperature. 


Fe;0, (which was observed separately) reduced 
to about 0.1 percent in the scale of the ab- 
sissa. It can be seen that these two curves 
are quite similar to each other, showing the 
correctness of our interpretation. The slight 
difference probably comes from the effects of 
the ferromagnetic phase of FeO””*, 
According to the evidence mentioned above, 
it is clear that the added Mn has certainly 
acted as deoxydizer in the course of sintering, 
the composed impurity in this case being MnO 
(antiferromagnetic) instead of ferromagnetic 
This MnO should have negligible 


sample, because of the smallness of its mass. 
Corresponding to Curve B, plots of the 


- reciprocal of magnetic susceptibility against 


temperature are shown in Fig. 3. They lie 
on a straight line in the temperature region 


_ below 570°C, the extrapolation of this straight 
| line crossing the temperature axis at —220°K. 
The molal 
temperature region can be expressed as 


magnetic susceptibility in this 


yu=Cl(T+0), where C=0.92, 0=220°K. 


The effective number of Bohr magnetons, ), 


is computed from this value of the Curie con- 
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Fig. 4. The susceptibility of FeTe as a function 
of temperature. 


Dotted line: samples of stoichiometric content 
to which Mn (2% of the total mass of the sample) 
was added as deoxydizer in the course of 
sampling. The kinks of the curves have been 
precisely checked by the self-recorded curves. 
(The same is done in other figures.) 


stant to be 
D=1/3RC [Nen=2.72 , 

where “sz is the Bohr magneton, N the 
Avogadro number and R the gas constant. 
This formula suggests that the stoichiometric 
FeTe is antiferromagnetic. The Néel tempe- 
rature, however, could not be observed in the 
temperature range of the present measure- 
ments, and so it may be lower than —190°C 
if it does exist. 

In the region between 600°C and 800°C, 
the susceptibility of this compound is feeble 


* In our previous study on the magnetic pro- 
perties of FeO, it was found that pure FeO, which 
is antiferromagnetic, existed only in the temper- 
ature region above 700°C, and changed into some 
magnetite-like substance at lower temperatures 
below 700°C. We called this state ‘the ferro- 
magnetic phase of FeO’. The anomalous peak at 
—loJa©  otmCurvereAune Higas laisse faGtecan 
evidence of the ferromagnetic phase of FeO. 
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and ‘constant; mts" valtie as abouts ails? 
e.m.u./gr. However, a sudden rise of suscep- 
tibility is found at 815°C, which is followed 
by an anomalous hump. The temperature of 
the maximum of this hump is found at 915°C. 
These behaviors, which are shown with a 
magnified scale in Fig. 4, are observed with 
a good reproducibility. Both the samples to 
which Mn has been added and to which it 
has not been added show the similar anomaly, 
as seen by the upper curves in this figure. 
Other curves in the same figure show the 
anomalous behaviors of the susceptibility of 


[Ss 


2 . 
fe) 01 O2e 03 20-405 
EXCESS CONTENT OF Te, 6 


SUSCEPTIBILITY, % 10° 
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Fig. 6. Magnetization as a function of 
field strength. 
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FeTei,s, where 6 is the excess content of Te. 
The features of these curves may be as 
follows: 

i) Increase in Te content lowers the tem- 
perature of the maximum of the hump, 
particularly for small values of 0. 

ii) Also, increase in Te content lowers the 
height of the hump, and the hump reduces 
to a mere slope for 0=0.2. 

It is not to be expected that the excess Te 
is uniformly solved in the material for all the 
values of 6 investigated. In order to see the 
extent of the solubility of Te, the value of 
the feeble constant susceptibility for d<0.15 
is plotted against 6 in Fig. 5. It shows a 
jump at a value of 6 smaller than 0.1. This 
suggests that the limit of the solubility of Te 
is as much as 5% (atomic) in this temperature 
range. Further, results on the magnetization 
dependence on field intensity are shown in 
Fig. 6 for several temperatures. The relation 
is quite linear. The results of susceptibility 
measurements on Te are shown in Fig. 7 for 
reference; an anomalous drop of its diamag- 
netic susceptibility is found at 452°C, which 
corresponds to the melting point of this ele- 
ment. 


$5. Discussion of the Results 


In several compounds of Fe the magnetic 
properties have been interpreted assuming that 
only the spin of Fe ions is effective, so we 
assume in the following discussions that the 
spin of Fe** alone contributes to the anti- 
ferromagnetism of FeTe and that the Fe*+* 
preserves the spin magnitude in its free state, 
S=2. The effective number of Bohr magne- 
tons should be 1/4S(S+1)=4.91, while the 
experimental value is 2.72, which corresponds 
to S~=l. We may therefore conclude that 
there are two unpaired electrons or holes in 
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the 3d shell or 3d band of Fe in FeTe. The 
atoms Fe and Te in free state possess electro- 
nic configurations (3d)® (4s)? °D, and (5p)43Py, 
respectively, and in ionic state, Fe++ and 
Te~- possess (3d)* and (5p)*, respectively; 
the value of S equal to 1 appears to indicate 
that two of the (5p)* electrons in Te-- are 
transferred to 3d orbits of iron, resulting in 
(3d)§. If this is the case, the compound FeTe 
is an electron compound rather than an ionic 
compound. It is not unreasonable to consider 
of FeTe an alloy character, since Te is known 
to be more metallic than other elements of 
the oxygen group. 

In some binary alloys in which one com- 
ponent is a transition element, the transition 
metal atoms are known to act with zero ora 
negative valency; for example, the magnetic 
properties of Ni-Cu alloy® are well interpreted 
by the assumption that Ni atom absorbs 0.6 
electrons at maximum from the 4s and 3d 
state of Cu atom, that is, the valency of the 
Ni is apparently negative. Also, in some 
electron compounds of transition metals with 
metals of higher valencies, the transition 
metal atoms appear to possess a negative 
valency, as have been recently studied ex- 
perimentally by Raynor® and theoretically by 
Jones”. In other words, when alloyed with 
metals of relatively high valency, the transi- 
tion metal atoms will absorb electrons from 
them. A similar circumstance might possibly 
be expected in the case of FeTe. 

Another possible interpretation may be that 
Fe atoms in FeTe form a metallic antiferro- 
magnet as in the case of metallic Cr. In the 
latter case, neutron diffraction experiment!” 
yielded a much smaller value of the magnetic 
moment per Cr atom in the metal as compar- 
ed with the magnetic moment of the free Cr 
atom. Similar circumstance may be expected 
for the Fe++ ions in FeTe, since metailic ions 
in the crystal of NiAs type are known to 
have metallic binding with each other to some 
extent. 

Between 600°C and 800°C, FeTe has a fee- 
ble constant susceptibility. (This is similar 
to the cases of CoTei.s 1! and NiTe’”.) It 
is known! that the susceptibility of some 
alloys is expressible by the formula y4=k+ 
C/(T—0), where k is a paramagnetic term 
independent of temperature and is connected 
_ with the electronic interaction between the 
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solute and solvent atoms. The susceptibility 
of FeTe in the temperature range in question 
may correspond to the constant k, the second 
term C/(T—@) being regarded as negligible. 

In the specific heat measurements on a sam- 
ple performed roughly by the authors, anoma- 
lies in specific heat have been found at 540°C 
and at 850°C. This anomalous heat at 540°C 
may be correlated to the evidence of a magnetic 
transition or a change in crystal structure 
which results in the dissimilarity in the magne- 
tic character in two temperature regions, name- 
ly above 600°C and below 500°C (see Fig. 3). 
The anomalous heat at about 850°C as well 
as the appearance of the sample at tempera- 
tures higher than this temperature strongly 
suggests that 850°C is the melting point of 
this compound, so that the anomalous suscep- 
tibility in the vicinity of 850°C (see Fig. 4) 
should be due to the melt. Usually a sub- 
stance of a_ strongly anisotropic character 
shows some anomalous susceptibility at its 
melting point. For example, it is known that 
Te is strongly anisotropic, and our observation 
shows a decrease in its diamagnetic suscep- 
tibility at its melting point (see Fig. 7). FeTe 
may be a similar case. 
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After giving a brief review of the principles of the theory of the 
junction transistor, the emission efficiency of an efficient emitter is 
calculated in the electrostatic potential-imref scheme by extending the 
boundary conditions so as to apply to the case of the moderately high 


injection level. 
is sketched. 


The electrostatic potential-imref diagram for this case 
The obtained efficiency decrease is about one half of 


Webster’s”) and is the same as Rittner’s*) but the input characteristics 


are different from the latter. 


§1. Introduction 


Theories» of a junction transistor had been 
concerned only with the low injection level 
Operation. Recently some authors?” pointed 
out various effects of the injected carriers 
into the base region on the characteristics of 
a junction transistor. One of the effects is 
the deterioration of the emission efficiency of 
the emitter junction which decreases the cur- 
rent amplification factor of a transistor. An- 
other is the buildup of the electric field in 
the base region which enhances the current 
amplification. These problems will be treated 
in the standpoint of Shockley’s electrostatic 
potential-imref (or quasi-Fermi level) scheme. 
Only a p-n-p junction transistor of good emit- 
ter efficiency will be treated. 


§2. Recapitulation of the Theory of 
the Junction Transistor 


In this section we shall present a brief re- 
view of the theory of a junction transistor. 

According to Shockley”, current voltage 
relations in an aggregate of semiconductors 
can be treated by solving the following equa- 
tions: 


Ab=—(4nq/x)(Na—Natp—n) , Cy) 
(Poisson’s equation) 
n=n. exp [q(P—Pn)/kT] , (2) 


(quasi-Boltzmann distribution for electrons) 
p=ni exp [q?n—Py/kT] , (3) 
(quasi-Boltzmann distribution for holes) 


Tn=—Glnn grad Pn , (4) 
(definition of current density of electrons) 
i= —QLyp grad Py, ( 5 ) 


(definition of current density of holes) 


I=I,+In—(«/42)(0/02) grad  , (6) 
(definition of total current density) 

On/Ot= —(n—M)/ta+Q7! div In , (7) 
(continuity equation for electrons) 

Oplot= —(p—fo)/t»—Qqr} div Ip, (8) 


(continuity equation for holes) 


where ¢ is the electrostatic potential, ¢ the 
imref or quasi-Fermi level, I the current den- 
sity, “ mobility of carriers and subscripts p, 
m, 0 and z refer to holes, electrons, thermal 
equilibrium and an intrinsic semiconductor 
respectively. External voltages applied through 
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ohmic contacts are equal to ¢ there, toward 
which ¢, and ¢, approach at the contacts, 
corresponding to the normal carrier density 
there. Effects of body resistances, for ex- 
ample, of the base spreading resistance, in a 
transistor, appear as variation of imrefs in 
homogeneous regions. These equations are so 
complicated that they have been manipulated 
by using approximate methods. 

In homogeneous regions, i.e. base, emitter 
and collector regions Eq. (7) or (8) is solved 
for the carrier density with appropriate bound- 
ary conditions under the following assump- 
tions»: 

(a) electrons and holes disappear by mutual 
recombination at identical rates: 


(D—Po)/tn=(N—M) [tn , Gy) 

(b) space charge neutrality is preserved at 
every point: 

p—n+Na—Na=0. (10) 
Current densities are given by Eqs. (4) and (5). 

Boundary conditions for Eq. (7) or (8) are 
dependent on the electrostatic potential and 
the imref at the boundary, which, in turn, 
are determined from », p, I, and I, by using 
Eqs. (2), (3), (4), and (5) and contain boundary 
conditions as parameters through carrier 
densities. Namely they are determined self- 
consistently. It is usual to estimate ¢, and 
¢,» from physical arguments. As aids to these, 
ratios of d?/dzx, dgn/dz and d¢,/dx to each 
other are calculated in the Appendix A. 

Problems in homogeneous regions have been 
treated by many authors, whereas the bound- 
ary conditions have been left almost untouch- 
ed since Schockley. The next section will 
concern chiefly with this. 

Only those junctions are treated whose 
transition regions are so narrow that ¢» and 
%» have the same values respectively on the 
both sides of the junction”. Orders of mag- 
nitude of imref differences across the emitter 
transition region are evaluated in the Appen- 
dix B. 


§ 3. Calculation of Emitter Efficiency 


The electron and hole densities, 21, Pai, 
mz, Pex on the base sides of the emitter and 
collector junctions can be expressed by the 
electrostatic potentials and the imrefs there: 


Ngi=N; EXP [a(¢i—Pn1)/RT] , (11) 
Ng2.=Ni EXP [q(¢2—Pn2)/kT] , (12) 


Emitter Efficiency of Junction Transistor 


363 
pu=m exp [qYrn—Pv)/kT] , (13) 
Pa.=Ni EXP [Q(Pr2—¢2)/RT] , (14) 


where subscript B refers to the base and J 
and 2 to the emitter and collector ends of the 
base region. By the electrical neutrality con- 
dition the following relation exists: 


N= +p—fp - (15) 
Eqs, (11), 3), G5). and (2),.(14), 5 )Jleadmce 


2,7 eXp [d(Pri— Gnr)/RT |= Paizo t+ Psi—Peo) ; 
(16) 

2” EXP [G(Pn2—Pn2)/RT |= Pax(N20t+Ps2.—Pxa») - 
(17) 


These are the boundary conditions extended 
for the high injection level and, if pz is small 
compared to mz, reduce to that derived by 
Shockley: 


Ps=Px exp AC a Pn)[kT | . 


when use is made of the relation mz) Pz9=7:?. 


(18) 


EMITTER al ofa COLLECTOR 
8 Sa 
% (a) oR 


Milli Volt —> 


-500 


(b) 


Electrostatic potential-imref diagram for 
a properly biased p-2-p junction transistor. 
The lefthand side scale is appropriate for 
material parameters and temperature cited in 
reference 3) and for V=10 or Z=4.1. The 
diagram is quantitative only on the sides of the 
transition regions. 


Fig. 1. 
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For a properly biased p-n-p junction tran- 
sistor we get the diagram as shown in Fig. 
1 (b). In the emitter and collector regions 
the density of the injected minority carries is 
small and the schema then becomes the same 
as Shockley’s. 

Since, in the base region, the electron den- 
sity ” is large and the electron current In, 
which is nearly equal to that across the emit- 
ter junction is small, we can regard %, as 
nearly constant throughout the base region, 
as seen from Eq. (4). The relative magnitude 
of 0¢/dzx to d¢v,/dv and d¢v,/dz is evaluated in 
the Appendix A. 

The current through the base lead, which 
is produced by electrons, supplies, together 
with the saturation current through the col- 
lector junction, the recombination current in 
the base region and the electron current 
through the emitter junction. If this current 
can be assumed to be small and mz,» large, ¢ni 
and Yn». become equal to the voltage applied 
to the base contact by Eq. (4). This assump- 
tion is equivalent to neglecting the so-called 
base spreading resistance. By the way it 
should be noticed that “IR drop” through 
the base must be calculated by integrating 
Eq. (4) in which the effect of the conductivity 
modulation is taken into account through 
employing # instead of m. 

For a “good junction”, gn and ¢» have the 
same values on the both sides of the junctions 
respectively as mentioned in Sec. 2. There- 
fore we have 0¢y'=d¢9=Gn1—Gm and d¢,’= 
OPc=Pp2—Ynz Where 0¢n’ and 0¢-’ mean the 
externally applied voltages at the emitter and 
the collector contacts. Then from Eq. (16) 
we obtain 


[22 P SS WF (19) 
where P=pai/nzy , V=(Dao/2zo) EXP (COC n/RT) 


and pz, was neglected compared to mz, and 
from Eq. (17) we can obtain 


Pp.=Pxo CXp (Gd¢./RT) , (20) 
for the highly negatively biased collector, 
which is the same as Eq. (18). 

Eq. (20) showing that pz. is small and the 
electrical neutrality condition lead to mg.=”zp. 
With Ynz=%, Eq. (12) reduces to 

Mno=Ni EXP [G(f2—Go)/RT] , 
therefore 


(21) 


fr= Yo . (22) 
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Eq. (11) gives 

Npo+Pri—Pao= Neo EXP (QOP/kT) . (23) 
Since py; is comparable to 2g, 6 is appreci- 
able, namely the electric field in the base 
region can not be neglected and aids the hole 
flow with the result of the dereased recombi- 
nation, therefore the increased current ampli- 
fication as pointed out by Webster and Rittner. 
The same value of 6% can be obtained by 
using Eqs. (39) and (40) in reference 3). See 
the Appendix C. 

Y» can be evaluated by which was already 
calculated by Webster” and Rittner.* 

In the case of the negligible recombination, 
negligible 7, compared to J, in the base region 
and the highly negatively biased collector, the 
following relation between the hole current 
through the emitter junction Jz» and zi, 
which is Eq. (46) of reference 3), is obtained 
from Eqs. (4), (5), and (20) 

2P—In(1+P)=Z, (24) 
where Z=w/Jayp/(DpnmqA), w the width of the 
base region and A the area of the emitter 
junction. 

In the emitter region the conditions of low 
injection level prevail. As a result the elec- 
tron flow into the emitter region can be ex- 
pressed by Shockley’s formula: 


Jan=(AgqDn/Ln)(na—Nne) 
= (AgnaoDn[Ln)lexp (qd¢ 2/kT)—1) 
= (AgnapDn/En)[(20/P20.)V—1] , (25) 
where Z is the diffusion length and the sub- 
script & refers to the emitter. Note that, in 
the emitter region, the analogue of Eq. (19) 
must have d¢”2 which is a function of the 
analogue of P, because dy/dx and d¢,/dz are 
comparable in the emitter region at high in- 
jection level. See the Appendix A. 
Eqs. (19), (24) and (25) lead to the follow- 
ing equation 


GJ an|dJ ap ae (dJan[adP)|(dJap/dP) 


=(63W/onLn)(1+P) . (26) 
Therefore we have, as a “fall-off factor”, 
(A= ee (27) 


where P is a function of Z by Eq. (24). This 
is plotted in Fig. 2 together with Webster’s 
approximate fall-off factor 1+Z. Our value is 
about one half of Webster’s. 

Eq. (26) can be obtained by replacing the 
hole-injected base with the virtual base whose 
majority carrier density is equal to that which 
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the real base has at that injection level on 
the emitter end, according to low injection 


level formulae. Namely 
Puy =n?/ne) =Pe/(14+P) , (28) 
hence 
Pe =pm=Day exp (GOP n/kT) 
=p V/(1+P) , 
1.€., 
Pe PS Vi. 


where the prime refers to the virtual base. 
This method resembles that employed by 
Webster. 


§ 4. Discussion 


Injected holes into the base region have 
double effects on the characteristics of the 
junction transistor, i.e., the buildup of the 
electric field which increases the current 
amplification factor and the decrease of the 
emissicn efficiency of the emitter junction 
which decreases the current amplification 
factor. As a result the current amplification 
factor passes through a peak when the emit- 
ter current is increased. 

Webster treated the latter problem with 
conception of the “conductivity modulation ” 
by multiplying oz, in the low level dc formula 
Tanl Jap =6,W0/drLn With 

(22a) +Pa1)/Ne)= 1+P. (29) 
This procedure seems to be an over correction, 
for since /J#, itself is the cause of the con- 
ductivity modulation it might have taken into 
account the effect doubly. It seems that the 
modulated conductivity would be responsible 
for the efficiency of the incremental emitter 
current, therefore that the above correction 
would be to be made to the ac formula 
OS « nlOJ ap = oxw/o aLn , 
which leads to Eq. (26). 
According to Rittner, the hole injection into 


the base is not influenced by the injected 
holes into the base: 
Va (30) 


and the electron injection into the emitter is 
increased, which was expressed quantitatively 
by replacing 2, in Eq. (25) with 


Ano CXP [Gd¢n/RT\(1+ pai/nw0) 
=(2n9Nn0/P2o(1+P)V. 


From Eqs. (24), (30) and modified (25) we get 
BJ an| ad] ayp=(WwWox/Lnon)(1+P) : (31) 
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This is the same as Eq. (26). 

His boundary conditions* were obtained by 
subtracting the emitter-base biasing voltage 
from the diffusion potential at the emitter 
junction and making the “standard assumption 
of rectifier theory” that even while current 
flows the drop in carrier density across the 
junction is still given by a Boltzmann factor 
involving the altered potential barrier which 
is equivalent to constancy of imrefs in the 


FALL-OFF FACTOR —> 
Dy) 
(e) 


O 10 20 


Fig. 2. Fall-off factor versus emitter current. 
The arrow shows the bias point where 2,= 
pnol0~* for material parameters from reference 
3), which is a measure of the validity range of 


Shockley’s formulae in the emitter region. For 
Ny=Ppo10-3, r=—60. 
transition region as is seen as follows: Eq. 


(11) and its analogue on the emitter side of 
the emitter junction: 

nn=nm exp [qPu—Enay/RT] , 
lead to 

Nn=Nn exp [q(ba—Yr/RT] , (32) 
because of Ynw=Yn1, and the similar one for 
holes. The difference from ours is that he 
equated the voltage applied to the base con- 
tact to that on the base side of the emitter 
junction. He would have had the same volt- 
age at the collector end of the base region 
with equal appropriateness (the reason for the 
former choice was not given explicitly), which 
leads to our boundary conditions owing to d¢. 
Intuitively speaking, the change in the base 
region should influence the hole injection into 
the base region which is determined by pro- 


This is based ona private communication from 
Rittner. 
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perties of the base material at low injection 
level rather than the electron injection into 
the emitter region which is independent of 
these at low level. 

Since the emitter current is mainly composed 
of the hole current, the current voltage rela- 
tion at the emitter is different for two cases, 
Eqs. (19) and (24) for ours and Eqs. (24) and 
(30) for Rittner’s, and is plotted in Fig. 3. 
The input impedance for the former is higher 
than that for the latter. 

It is a pleasure for the writer to express 
his sincere thanks to Dr. E.S. Rittner and 
Dr. W. M. Webster for critical reading of the 
manuscript; to the former the detailed infor- 
mation about his method of obtaining the 
boundary conditions, as a result of which the 
above-mentioned interpretation of Shockley’s 
conclusion has become possible; to Mr. M. 
Hatoyama of the Electrotechnical Laboratory 
for criticizing the notations in the paper and 


300 


100 


O2 
30 10 | O2 
sr me 
Fig. 3. Emitter characteristics of a junction 
transistor at high injection level with the 


collector highly negatively biased. 


to Mr. K. Kambe for his kind pains for 
publishing the paper. 


Appendix A 
In this Appendix d¢/dz, dyn/dx and dy,/dz 
at the same position are compared each other 
as an aid to sketch the electrostatic potential- 
imref diagram. The ratios for different 
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regions have been already evaluated in re- 
ference 1). 

Electron and hole currents, In, Ip, are, re- 
spectively, sums of diffusion components 


Tna=qDn(dn/dz) , (Al) 

Ina=—qD,(dp/dz) , (A2) 
and of drift components 

Ing = —GUnn(db/dx) , (A3) 

Ins = —Qtnf(d}/dx): (A4) 

In=Ina + Ing ’ (AS) 

1) by dard bee (A6) 
In homogeneous regions we have 

dn|[ dx=dp/dz , (A7) 


from the electrical neutrality condition, Eq. 
(10). 

From these equations and Eqs. (4) and (5) 
we obtain 


~~ =r=) — — A8 
Ik f @ de y/dx : ( ) 
== ‘ AY 
Ina dp| da : ( 
Ing _ re (A10) 

Ins Dp 

where D/L MG, ; 
Therefore 


Tn=Tlp=T Tat lop) 


1 dp/dx lp 
== = _—_, aa ae 
r( b dn/dx Ms b : r) 
& 1 dpidx We 
rf Bande enema Ins | 
namely 
In _ denidx _ (dp/dx)|(dn/dx)+pin (Alla) 
Ing Gdb|/dx  (dp/dx)/(dn/dxz)+6/r ’ 
and 
dpjdx ~~ 1+b/r ’ (ALD) 
in a homogeneous region. 
The similar manipulation leads to 
Lae AG »|dx _ (dn/dx)/(dp/dz)+n/p (Al2a) 
Ing = db/dx ~~ (dn/dx)|(dp/dz)+7/b ’ 
and 
@p|dx _ \+n/p (A12b) 


dfjldze — 14+7/b 


In a homogeneous region, if electron and 
hole currents are in the same direction, deri- 
vatives of ¢, Yn and ¢%, are of same sign. 
This implies the drift current flows in the 
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same direction with the total current. If the 
gradient of the carrier density is favorable to 
the increase of the electron current, the hole 
current is decreased and vice versa. 

As an example of use of the above relations 
we shall discuss the case treated in the text. 
The important quantity is the ratio of imref 
gradient for the majority carrier to the poten- 
tial gradient. We regard 7 is nearly equal to 
Ann|[dTay . 

In the emitter region of p-type, 


deride _ if 
dd/dz 
and in the base region of n-type 
dGn/dx ii p i 
ee | ee | Al5 
db/dx ~ \ n ) b ( ) 
This shows that in the base region the con- 
stancy of the imref for electrons is more 
fairly well preserved at high injection level 
than that for holes in the emitter region. 


(A14) 


Appendix B 


The Appendix B compares the imref dif- 
ferences with the electrostatic potential dif- 
ference across the junction. We shall neglect 
the recombination in the transition region. 

In the positively biased emitter junction the 
electron density is increased monotonically 
from the emitter to the base regions. Hence 
the imref gradient for electrons is at maxi- 
mum on the emitter boundary of the transi- 
tion region. There we have 


Tan~(QDn/LZn)na , (A16) 
from Eq. (25) and 
LTan=—Qt'nna(dGn/dz) . (A17) 
Then 
dGn|/dx~—(RT/q)A/Ln) , (A18) 
or | 
Agn~—(RT)(W/Ln) , (A19) 


where W is the width of the transition region 
and depends on material parameters, the con- 
struction of the junction and the applied 
voltage. For a “good junction”, 4¢, must be 
smaller than other involved voltages. Similar- 
ly the maximum of d¢,/dxz occurs at the base 
side and we obtain 


de y[dzx~—(kT/qyA/w) , (A20) 
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4Gn~—(RT/q)W/w) . (A21) 
The junction used in a usual transistor 
must be and is of this category. For example, 
—(kT/q)(1/w)=5 volt/cm, 
—(RT/q)\/Z£n)=25 volt/cm, 
W=2yal0msatemne 
are the values for the junction in reference 
3) and for the potential difference of 200 mV 
across the junction, which show this is a 
fairly good one, if one takes into account 
d¢r/dzx and dg,/dx in average are smaller 
than the above values by several orders of 
magnitude. 

Similar arguments apply to the collector 
junction but one must take care of the fact 
the currents are almost independent of the 
smallest carrier density across the junction. 


Appendix C 
The calculation of 6¢ is straight forward. 

From Eqs. (39) and (40) in reference 3): 

_ ab _ Ip—qDy(dp/dx) 

dx QUy»p 

dp qD,y 2p+Nz0 

= — i A23 

dx ths pt+nzo ‘ ( ) 
under the assumption of negligible J, com- 
pared with J, which is equivalent to constant 
Yn in the base region, the following equation 
is obtained, 


(A22) 


pay GD fla 
da dp dx @Qty»2p+nzy’ 
hence 
Ce (A24) 
dp gd P+Nz 
Integrating this, we have 
op= ee (db|dp)dp= - In (LP), 
0 
(A25) 


which is the same as Eq. (23) with pao negli- 
gible compared to 7a. 
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After limit of strain hardening, fatigue crack was assumed to form 
as a result of large tensile stress by a piled-up group of dislocations 
plus externally applied tensile stress component, with the aid of other 
stress concentration factor associated with the obstacle or inclusion itself. 
Nucleation theory was applied to the initiation of the crack. The 
theoretical S-N curve is in quantitative agreement with the data. The 
scatter of the number of cycles for fracture, which is an inherent 
characteristic of fatigue fracture, is, mostly if not wholly, explained as 
a stochastic phenomenon associated with nucleation process of the fatigue 
crack. The theoretical temperature dependence of fatigue strength is 


in fairly agreement with the data in literature. 


$1. Introduction 

The fatigue process is divided into three 
stages. The three stages are: 

Stage 1. From the instant of the applica- 
tion of stress to the saturation or limit of 
work hardening. 

Stage 2. From the saturation of work 
hardening to the initiation of micro-crack or 
the growth of the preexistent sub-micro-crack 
as a result of piling up of dislocations at 
obstacles in the severely cold worked regions. 
This stage was assumed as a _ stochastic 
process)”® associated with nucleation process 
of crack. The micro-crack formed in this 
manner may cease to grow further by nuclea- 
tion process after it has grown into size by 
some amount larger than the critical size, 
since plastic flow is then expected to occur 
around the crack and relieve the stress con- 
centration at its apex. 

Stage 8. During which the crack of this 
large size may propagate by the process other 
than nucleation process, possibly by 
OROWAN’s mechanism”, and finally result in 
rupture of the whole cross section of the 
specimen. 


§2. Dislocation Model of Fatigue Fracture 


The dislocation theory was first applied to 
the problem of fatigue fracture by Machlin®. 
His theory concerns on the growth of the 
preexistent sub-micro-crack in pure metals. 
MOTT® and STROH” suggested that the in- 
itiation of crack will occur as a result of pil- 
ing up of dislocations at obstacles. In their 
theory, the initiation of crack was wholly 
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attributed to the tensile stress near a piled-up 
group of dislocations caused by the externally 
applied shear stress only, that is, the criterion 
is the maximum shear stress. There, how- 
ever, are many evidences®”)** that the endur- 
ance limit is not determined by the maximum 
stress only. Hence, the applied tensile stress 
component was taken into account in this 
theory proposed. 

The saturation of cold working? was as- 
sumed to correspond to the state of piling-up 
of dislocations at an obstacle such as a grain 
boundary or a precipitate. Suppose that the 
specimen is under axially applied uniform 
tensile stress range S. Then there exist 
tensile stress og (=Ssin?¢) normal to and 


Fig. 1. Dislocation model of the initiation of 
fatigue crack. 


* Now at Department of Mechanical Engineering 
Tohoku University, Sendai. 


** The theory proposed herein concerns the 
fatigue stress above the endurance limit. The 
nature of the fatigue strength, however, does not 
seem to be essentially different from the endurance 
limit as far as the stress condition for fatigue 
fracture is concerned. 
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shearing stress te (=Ssin ¢ cos ¢) in the slip 
plane XX making an angle ¢ with the speci- 
men axis ZZ. (Fig. 1) If 2 similar edge dis- 
locations moving on this slip plane XX under 
shearing stress te are piled-up against at an 
obstacle, then large tensile stress of the order 
of wry arises!» near a piled-up group of dis- 
locations. Consequently, the total tensile stress 
on the plane YY normal to the slip plane XX 
at the locked dislocation is the sum of dvsz/2 
+nte,* which is considered as determining 
the fracture of metals instead of shearing 
stress mt» only as assumed by MOTT® and 
STROH®. The value of odose2.+nt, has a 
maximum on the plane with ¢», which satis- 
fies the condition: 
0/09 | Oe+z/2+nte|=0. (,) 
Hence, if the effect of thermal fluctuation is 
neglected, the condition of fatigue fracture 
will be given by 
(2) 


Since ” is proportional to shear stress tym, 


Oom+x/2+NTom=Constant . 


m=Chytem where C) is constant!». Hence Eq. 
(2) is written as: 
Som+x/2+ Cotem?=constant . (G3) 


It is interesting to note that Eq. (2) is for- 
mally the same as the hypothetical formula!” 
proposed for the criterion of endurance limit 
of mild steel. 

The temperature dependence of fatigue 
strength of steel, however, is appreciable!?™. 
This seems to indicate the effect of thermal 
fluctuations. The effect will be taken into 
account by regarding the initiation of fatigue 
crack as a rate process. The application of 
the rate process theory to the fatigue fracture 
was previously carried out without speculating 
as to the detailed nature of the unit process 
in order to explain the observed scatter 
characteristic?» of the number of cycles for 
fatigue fracture.** In the following section, 


fatigue fracture will be treated from the 


standpoint of nucleation theory’. 


§3. Nucleation Theory as Applied to 
Fatigue Fracture 


There is other stress concentration factor q 
than that by piled-up dislocations described 
above. g may probably be that arising from 
the obstacle. or inclusion itself against which 
dislocations are piled. The crack will firstly 
nucleate at the region where this stress con- 
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centration is largest.*** In the nucleation 
theory of fracture of solids, therefore, atoms 
which are near those weak spots with stress con- 
centration should be preferred!” (heterogeneous 
nucleation). Although the stress concentration 
factor must be characterized by distribution 
function, a single value, gq, is taken as the 
average value as a first approximation. 

The nucleation rate, J, is the net rate per 
volume of the following bimolecular reaction: 


Betta S Bis, 


Obstacle or Inclusion 
l 


SS 


Frank-Read ae 
, Source 2 ae " 
CG 
t\/la, Zp ete 
crack 
Fig. 2. Dislocation model of thc initiation of 


fatigue crack as affected with the stress con- 
centration due to the obstacle or inclusion itself. 


where 7* is the number of atoms in the 
nucleus of critical size. If JZ is very small 
compared with the equilibrium number, Z7*, 
of nuclei, then the steady concentration of 
nuclei does not differ appreciably from the 


* The tensile stress caused by a piled-up group 
of dislocations has a maximum on the plane YY 
making an angle (703°) with slip plane XX.D 
In the present theory, however, @ was assumed to 
be 7/2 for convenience. For precise calculation, 
this maximum vale of tensile stress and 704° should 
be used for mtg and 1/2 respectively. 

** When the papers (references: (1) and (2)) 
were written, the author was not aware of the 
papers by Machlin®), who had already applied the 
rate process theory to the problem. After having 
the opportunity of reading it recently by courtesy 
of Dr. Machlin, it was found that there are con- 
siderable differences in both treatments. In the 
author’s treatment, for example, the process was 
regarded as stochastic. 

** In §2 and §3 the stress concentration factor 
G1 for Com+a/2 and gg for te,» are assumed to be 
equall in a first approximation, and are denoted by 
gq. In general, however, gj may be much larger 
than qg, as seen from Fig. 2, even when the stress 
concentration factor gd, at the place where the 
Frank-Read fource!® is started to operate is the 
same order of magnitude as q, at the place where 
the crack is initiated in the neighbourhood of the 
obstacle or inclusion. Hence, Eq. (2) should be 
written as: 

WF em+1/2+G2NT om = constant (2)! 
and therefore the number of piled-up dislocations 
may be much larger than 2 in Table I calculated 
by Eq. (15) as many times as qi/q. 
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equilibrium number 

Zikt=Zexp(—AF#/kRT) , (4) 
where 4Fi* is the maximum free energy 
necessary for nucleus formation, Z is the 
number of preferred nucleation sites per 
volume in the system, K is Boltzmann’s con- 
stant, and T is absolute temperature. If the 
free energy difference between the activation 
complex and the mean of 4F7* and 4Fi*+1 
will be represented by 4/*, the rate of the 
forward reaction for crack nucleation may be 
given by 


I* =LZMRT/h) exp (—4fi*/RT), (5) 


according to the theory of absolute reaction 


rates'!®, Here LZ is the order of unity, h is 
Plonck’s constant. 4f,* is expressed by the 
equation: 


Af,* =Af* + 3(4F 4+ 4 Fi*.1)—4Fv* 

=Af*+4d(4F,*)/d . 
4f* is the free energy of activation for 
separating a pair of atoms as the edge of the 
crack moves between them. When the effect 
of the work done by applied tensile stress Ty 
upon 4f* is taken into account, then Eq. (5) 
will be modified as: 


I*==Z(RTIh) 


Ge POL aC B®) 
Ley] fe ek eM Sea aye 
SaAD ( Ny aad ye ; 


(6) 
where the elastic energy contribution by 
applied tensile stress JT) is considered, and v 
is atomic volume, and E is Young’s modulus. 
Assuming that 

v@T?/2ZERT >d(4Fi*)/kRTdi , 
Eq. (6) becomes 


I*~ZART/h) exp Ke Leese vs aT | . 


(7) 
The rate of reverse reaction for crack nuclea- 
tion can also be written 


-~ZHkTIh) exp| (—4 peal te) vk er | 
(8) 


by the similar treatment. From Eqs. (4), (7) 
and (8), the net forward rate of crack nuclea- 
tion becomes approximately, therefore, 


[=I*—I-~Z(kTIh) 
x exp | (-4r" res y aT | (9) 


Takeo YOKOBORI 
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neglecting exp(—vq@’?Ty?/2ERT) compared with 
exp(+0q@T,?/2ERT) . | 

The loading cycle is assumed as sinusoidal | 
curve: P=S sin (2zwt/60), where is the 
frequency of repeated loading cycle per | 
minute, and ¢ is time in second. If, under 
the same stress system as in Fig. 1, notations © 
P, o¢ and ty,’ are used crrresponding to S, ow 
and ty respectively, then J) is represented by 
0 om+2/2+NT om ; 

The net work associated with the formation | 
of a circular crack of radius 7 may be written 
as a first approximation: 


4F= 2r0r —8(1 er vy?) 73 [(Go’ om+ [2 + nt’ gm)? 
+ C(qnt’ om+z/2)?|/3E ry (10) 


where gp is the solid surface tension, 
Poisson’s ratio. The second term in Eq. (10) 
is the decrease in strain energy for the case 
where the tensile stress 6’gmsz/2+7t’ om iS | 
normal to and shearing stress t’ym4z/2 1S On 
the crack plane YY. C may be of the order 
of magnitude of unity. As the estimation of 
the exact value of the constant C in the case 
of shear seems to be more difficult than in 
the case of tension, the term C(gnt’om+z/2) iS 
assumed to be of the same order of magnitnde 
as the term (@o’om+z/2+Qnt’ om)? and equal to 
it for simplicity. 4F has a maximum 


AF = 7 0° E?/24(1 aa v?)?q*(o’ om+ t/2+ NT vm)* , ais) 
at v=r*=79E/4q(1—v?)(6’ omax/2+Nt’ ym)?. 


Since for crystals plastic deformation will 
always occur during the initiation of crack, 
the energy associated with it must be added 
to the surface tension op. This effect is not 
considered here for convenience, and Eqs. (10) 
and (11) may be only a first application. The 
results, however, does not seem appreciably 
affected at least qualitatively. 

For fatigue of metals, the nucleation rate, 
Ia, averaged over working half cycle will be 
concerned instead of JZ in Eq. (9) which 
corresponds to constant applied stress P. Ja 
is approximately obtained taking the average 
value of stress, S,=(2/z)S, over working half 
cycle instead of P in Eq. (9), and using the 
notations og’’ and tg’ instead of those of a,’ 
and ty,’ respectively». The average valve, 4, 
over working half cycle of the nucleation rate 
of crack per unit cycle per specimen is re- 


y ise} 
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Table I. 


density of dislocations. (=10!2/cm?) 
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The numerical values used for the calculation of Say curves from Eq. (15). 
H=2x10" dyne/cem?, v=0.28, Af*=2.72 x 10-” ergs/Mol. 


Z is assumed as order of 


The number 


Stress concent- 


} Type of of piled-up Surface tension Specimen volume 
Material testing aijonauene ration factor 0 
os gd dyne/cm cm’ 

0.19% carbon Haigh’s tension 5) 37.6 150 0.05 
steel compression (atyS=2a3Re0? 

dyne/cm?) 
0.41% carbon Ono’s uniform . 3 48.6 300 0.144* 
steel rotary bending (at S=3.6x109 

dyne/cm?) 


* 


The volume was calculated by assuming as the hollow cylinder with the same diameter 


(lcm) as that of the specimen, and with the thickness of 0.1mm. 


lated Ja by the relation* 
LAN) = Vind , (12) 


where N, is the number of cycles measured 
from the end of Stage 1, and V is the volume 
of specimen. The mean number of cycles for 


fracture, N, is related to # by 


Nw=Vz, (13) 
From Eqs. (3), (9), (12) and (13), we find 
v 9 wt 
Dp FO ome ast Corny 
A — 
46 Cae + Cyt y2)t 
=4f*—RT log( SOV ERT Nn) , (14) 
hw 
where A=7' 0° E?/6(1—y?). 


In the case of reversed uniform tension- 
compression stress range S (mean stress zero), 
SF om+nja + Cot gm Can be expressed by the term 
of S only. For simplicity, assuming on, 2/2 


equal to t7,,(=(2/z)(S/2)), Eq. (14) is written 
as 
2 4 
EM ey tS 
27° E 7 4q'(1+ ~ 's) St 
7 
=Af*—kT log eau) ‘ (15) 
w 


§4. The Comparison of the Theory with 
Experiments 

(1) S—N curve. The theory described above 
concerns on the initiation of micro-crack or 
the growth of the preexistent sub-micro-crack, 
that is, the initiation of Stage 3.** From the 
statistical analysis of the experiments?»®!” 
the duration of Stage 2, however, is expected 


to be much longer than that of Stage 3. 


Hence, Nj, the number of cycles for the in- 
itiation of micro-crack derived from Eq. (15) 
may be assumed to form a considerable or 
probably greater part of N, the number of 
cycles necessary for the complete fracture of 
the specimen. That is, the relation between 
S and N may be very similar to that between 


S and N,, and it is justified to compare the 


calculated S—N, curve from Eq. (15) with 
the observed S—N curves. Since the experi- 
mental curves are not precisely determined 
due to the scatter of number of cycles for 
fracture, the S—N curves determined by 
statistical experiments?!" were taken for 
comparison. In these experiments, two kinds 
of steel were tested, one for Ono’s uniform 
rotary bending,*** and the other for Haigh’s 
tension-compression, and the number of speci- 


* If » changes with ‘the number of cycles 
possibly due to the structural change or the in- 
crease of stress), the value 7 averaged over a 
interval of repeated cycles concerned will be used 
instead of p. 


** In the theory described above the initiation of 
a single crack nucleus are regarded as_ rate-deter- 
mining in fatigue fracture process. It seems more 
reasonable to assume that Stage 3 begins when the 
number of micro-cracks nucleated in a given region 
reaches some critical value or when this consecu- 
tive events occur at the apex of the submicroscopic 
crack already nucleated during fatigue process. 
The treatment must be suitably modified, but the 
result may be qualitatively uneffected. This idea 
is not inconsistent with SINCLAIR and DOLANS’ 
conclusion”) that the formation of submicroscopic 
crack is initiated at a relatively early stage of the 
total fatigue life. 


*** Tn the case of rotary uniform bending when 
the stress is not uniform through the cross section, 
some modification will be required in the theory. 
In this article, however, the theory was applied 
directly, since the results are believed to be 
essentially unaffected. 
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mens tested are from about seventy to 
hundred at each stress range. Taking numerical 
values as shown in Table I, the S—N, curve 
calculated from Eq. (15) were shown as solid 
curves in Fig. 3. The comparison of the 
theory with experiments is satisfactory. 


(b) 


Fig. 3 (a) (b). The comparison of the theoretical 
and the experimental S—N curve. The coord- 
inates of stress range are plotted in logarithmic 
scale. Fig. 3. (a) 0.19% C steel?) 

Fig. 3. (b) 0.41% C steel) 
Hollow circle denotes the mean fatigue life of 
about 70 to 100 specimens per stress range 
statistically obtained as N=1/y by calculating 7 
from logjoP versus N curve*), where P represents 
frequency of survival. Solid circle denotes the 
fatigue life of a single specimen. 


It is interesting to note that the S—N curve 
predicted by the theory has a point of inflec- 
tion and bends toward the stress axis at 
shorter life. Although a single process does 
not seem to cover from the endurance limit 
to the static yield stress range, the S—N 
curves determined by statistical experiments 
by EPREMIAN and MEHL? follow such 
tendency. 

In a narrow range of stress level, the stress 
term in the left hand side of Eq. (15) is 


roughly approximated by logio(CiS)/%. Eq. 
(15) simplifies then to 
WN, = = oh * — B/T 
Ni=Caeer OS) ee 


where B=1/2-3ak and C=C,/exp(2.32a4/*). 
It can be seen from Figs. 3 (a) and (b) the 
experimental curves are approximately ex- 
pressed by the linear relation between log S 


Takeo YOKOBORI 
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and log N predicted by Eq. (16) in a narrow 
range of stress level. 

The value of surface tension p obtained by 
fitting the theory to the data is one order of 
magnitude less than the value in literature.*” 
However, if the crack nucleus is assumed to 
form preferentially at the grain boundary, 
this small value seems to be interpreted from 
the variation of grain boundary tension with 
orientation”. 

The value of 7* calculated, for example, 
corresponding to Fig. 3 is found to be about 
6 to 44 for stress range of about 25 to 19 
kg/mm?, and of not unreasonable order. 

In the case of non-ferrous metals where 
large plastic flow occurs, ” is assumed to be 
much larger and g smaller. In such case Eq. 
(14) approximately reduces to 


NT m= constant , (17) 
which is the criterion by MOTT® and 
STROH®. Experiments” shows that the 


fatigue strength of brass is determined by the 
maximum shear stress, and supports the 
theory. 

It is also interest that there seems to be 
the possibility to determine the _ relative 
magnitude of the overall stress concentration 
in such manner as described above. In steel, 
the number of piling-up dislocations is found 
to be small, and the contribution by them to 
the overall stress concentration factor is 
smaller than the contribution by the other 
stress concentration factor q associated with 
inclusion, etc. 

(2) The scatter of fatigue life. A con- 
siderable or greater, if not whole, part of the 
scatter of the number of cycles for fracture 
can be interpreted as due to the thermal 
fluctuations associated with nucleation process 
of crack similarly as other type?#22526) of 
failure phenomena. The nucleation rate 
obtained from experimental data when the 
process was regarded as a stochastic process 
associated with nucleation is found® to have 
approximately the same type of dependence 
upon stress range as indicated by Eqs. (13) 
and (16). 

The fatigue is believed not due to cold work 
only on the basis of the observation?’ that 
microscopically visible crack does not form 
during or immediately after the termination 
of work hardening process, but only after an 


1 established by statistical 


1955) 


additional period of cyclic loading. The 
observation, however, is consistent with the 
theory described above, since an additional 
period after the termination of cold work 


corresponds to N, in Eq. (15), that is, Stage 
2 associated with statistical lag in nucleation 
process. (See, for example, ref. (1)). 

Another factor contributing to the scatter 
may be the statistically distribution of stress 
concentration??? and inhomogeneity of the 
applied stress system??. The problem remains 
to determine the relative magnitude of the 
influence of these factors upon the scatter of 
fatigue life. 

(3) Temperature dependence of fatigue 
strength. Since strain aging seems to take 
place above room temperature, it is more 
reasonable to compare the theory with the ex- 
periments below room temperature. If the 
approximated Eq. (16) is solved for S, the 
temperature dependence is given by 


loginS= —logip9C—(D/B)T 


where D=logi(60VZRTN,/oh). The values 
of B and logi,C obtained by fitting Eq. (16) 
to experimental S—N curves (Fig. 3a) in the 
mange of N from®* 10° ‘to*10" are’ 1.2.x 10*°K 
and —1.34 respectively. Taking B=1.2 x 10*°K 
and logispC=—1.93 or —2.18, the calculated 
S—T curves are in fairly agreement with the 
experimental relation between fatigue strength 
at 10’ and temperature'’?™ (Fig. 4). 

(4) The influence of the frequency on the 
fatigue life. The dopendence of the number 
of cycles for fracture on the frequency is 
qualitatively the same as that by Machlin’s” 
theory, that is, log N will be linearly related 
to logw. Although the experiments in liter- 
- ature seem to show this tendency qualitative- 
ly, the more data are required for check. 

(5) Size effect. Increasing of the length of 
the specimen results in increase of the total 
4) number, ZV, of preferred nucleation sites, and 

therefore, may be expected to shorten the 
fatigue life as seen from Eq. (15). It is 
experiments by 
WEIBULL” that the longer specimen has the 
| shorter fatigue life than the shorter specimen. 


(18) 
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Time Lag in the Self-Nucleation 


By Hiromu WAKESHIMA 
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An approximate but simple and general treatment of the time lag in 
self-nucleation is given. In this method the relation to be satisfied ap- 
proximately by the rate of nucleation in non-steady state is obtained and 
solved without first seeking the distribution of embryos. This calcula- 
tion, when applied to the problem of condensation of water vapor in a 
high degree of supersaturation, gives a time lag of the same order of 
magnitude as that obtained by Probstein who solved the problem in 
ordinary way. Time lag of self-nucleation in the case of transformation 
in a solid is also computed. Certain limitation has been set therefrom 
to the validity of the notion of “athermal nucleation” as proposed by 
Turnbull et al., which presumes a large temporary lagging in the change 
of embryo distribution when, e.g., metals are quenched in phase _ trans- 


formations. 


§1. Introduction 


The stationary Becker-Doring’s theory of 
nucleation seems to fail in some cases to 
predict rightly when the condensation of water 
vapor occurs in a very rapid expansion in a 
supersonic flow of moist air”. In connection 
with the solution of this problem, the non- 
steady equation for the self-nucleation in a 
highly supersaturated vapor was solved by 
R. F. Probstein”?? under a special simple initial 
condition. But this condition, i.e., that initial- 
ly no embryo exists in the gas, does not seem 
to correspond to the actual circumstances of 
the experiment. Embryos are not necessarily 
of smaller concentration in the initial state 
than in the final state where the temperature 
T is lower. The equilibrium number density 
N(g), of embryos containing y vapor molecules, 
is larger, at least in the region of small g, 


in the former than in the latter®. 

On the other hand, D. Turnbull et al.» 
introduced the notion of “athermal nucleation” 
in connection with the problem of transform- 
ations in solids by a rapid temperature change. 
They imagine that the initial distribution of 
embryos at the new temperature does not 
differ much from that corresponding to the 
old temperature, i.e., the time available is 
insufficient for the embryos to shrink or grow 
to their stationary concentration in such cases. 
This situation, they presume, brings about a 
special transient process, the so called “ather- 
mal nucleation” which can clearly be dis- 


tinguished from the stationary state of 
nucleation, “thermal nucleation” in their 
terminology. Their concept of “athermal 


nucleation” therefore implies that the time lag 
cannot be neglected, by far, as compared with 


ae 
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the time elapsed by the temperature change. 
However, this presumption should be verified 
theoretically as well as experimentally. In 
view of these circumstances it is desirable to 
get a solution of this problem which is widely 
applicable, if it gives a rough estimate of the 
time lag. 

In the following, an approximate but simpler 
and more general expression for the non-steady 
rate of nucleation than those hitherto obtained 
will be reported, which can be derived with- 
out first solving the complicated proble mof 
the non-stationary distribution of embryos. 


§2. Derivation of the Expression for 
the Time Lag 
The number density /(7) in non-stationary 
state, of embryos containing g vapor mole- 
cules, satisfies the following equation” 


be 00. SELB 

DigN(g) ag Keie —I(g) , 
where D.g) means the probability with which 
an embryo of size g captures a molecule in 
unit time and J(g) the net number of droplets 
passing from size g—1 to size gy per cm? per 
sec. Now for the equilibrium density, N(y), 
we have” 


(1) 


N(g)=N-exp (—4¢/kT) 
with 46=(or—bng tHe” , (2) 
where N denotes the number density of 


separate molecules, ¢; and ¢,,; the bulk free 

energy per molecule in phase I (metastable) 
and in phase II (stable) respectively; ““ means 
| the surface free energy per a surface molecule. 
'From Eq. (1) and Eq. (2) the following equa- 
tion can be obtained, 


ine OAd 


1 ; 
+=—-D(9)f (9): 
re ae 
(oss) 
‘Using this equation and an obvious relation 


_ Of(g) _ Og) (4) 
ot 0g ” 


Dig Er ay PF ay ) a 


‘This is the equation which Probstein? and 
others solved under special simple conditions 
, ito get the rate of nucleation in non-steady 
‘state, U(g*)=/*, making also use of Eq. (3). 


—I(g) =D(g) 


'we have 


Of. o ( 
Of 09 


i 
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g* means here the value of g corresponding 
to the peak of free energy barrier, i.e., to 
(0/0q)4¢=0 

Our procedure starts from the calculation 
of the integral 


e G 
al 19) ag, (6) 
Ng) Ja DDNY) 
which is obtained from Eq. (1). Here G is a 
value of g sufficiently larger than g*; we 


imagine to take the droplet of size G out of 
the system under consideration, in exchange 
for separate molecules of the same total 
amount, just in a way similar to that given 
by Frenkel®. This means that we assume 
the number density of nucleus to be zero at 
the size G. Now the right hand side of Eq. 
(2) can be expressed as M(g*) exp [xy*(g—9*)?/ 
2kT] in the vicinity of g*, where y* denotes 
the value of —[(0?/0g?)4¢]*= (2/9) ug*- 4/2; here 
and hereafter the notation with suffix * means 
quantities at g=g*. The integrand of Eq. (6) 
have appreciable contribution to the integral 
only in the vicinity of g*, because 1/N(g)= 
1/N(g*)-exp [—x*(g—9*)?/2kT] has a _ sharp 
maximum at g*. Therefore /(g)/D(g) can be 
replaced by 


paar uF E) 
een 


Furthermore it is apparent that we can ap- 
proximately substitute the limit of the integral 


(9=0e) 


(7) 


by —oco and +o. Thus we have, integrating 
Eq. (6), the relation 
Cy LI) Dee 
Ng) D*N* ay 
0? Sep 
“ECS a) 
[4 ss lL agAD J 2% ie) 


As D(g) can be expressed as Ag?/*, it is shown 
that 


Pt ae )t =(og2) ~aeel og) 
(9) 


The left hand side of Eq. (8) will be nearly 
equal to unity for a sufficiently small value 
of g. Therefore if (kT/27*)(0l*/99*?) can be 
neglected compared with /*, which usually is 
the case, we have in the stationary state, 
where from Eq. (4), 0//Og=0 and 0?1/09°=0, 
the rate of nucleation Js)* 
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1 2nkT 7 x 
— — whe " 
; mac! ep 


or Ig = D*N/ ae (10) 


This is the relation first derived by Zeldo- 
vich». But actually the term mentioned above 
may not be neglected in some cases and then 
we have to use, instead of Eq. (10), the rela- 
tion 

L*= DENN eae UY al et (11) 

ey Leb (RT /2°*)( 10/99) B 
Now for any continuous function ¢(g,t), we 
have generally 


aa aot +(3 ae (12) 
dt Ot Og dt 


where ¢*(¢) means the function ¢(g*(¢), 2Z). 
Using this relation and Eq. (4) as well as Eq. 
(3), we have, for the second term of Eq. (9), 


ar \*_(af\*_af*_( Of \* dg 
ora bee ea geal (ore 
ds Dele gs 
ah IDES Gh 
When we take the integral of Eq. (6) between 
g* and G, it is obviously equal to half the 
value of Eq. (8), t.e., fit=N*/2> Krom this 
relation and the equation 
N*=WN-exp (—wg*?/3/3kT) we get 
Chee 1 aN ih 3 ag*= * 
ea 
So far as we consider down to a limit, say 
PTX 107 222N DTG okF )45910-2 
~N* D*x10-?, then we have 
af */dt~(x*/2RT )g* x 10°I*/D*)(dg*/dt). 
Thus the term (kT /2x*)(4/39*)(0L/0g) contain- 
ed in Eq. (8) is neglegible compared with /* 
if dg*/dt is to a certain degree smaller than 
D*. This degree depends upon the magni- 
tude of kT /x* as well as that of g*. The 
first term in the bracket on the right hand 
side of Eq. (9) can be transformed, using Eq. 
(4), Eq. (3) and Eq. (12), as follows 


(BY 48 ($F 1GDF 
Ah) a 
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Now we have from Eq. (5) 
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D* dt 
OD yn a ae cee 
2RT D* dt | D* dt ' 3 ¢ 
ea dees ae | 
19? |= ee 14) | 
"oT ee dt oe 


Estimation of the order of magnitude of all, 
the quantities in this equation as done above, | 
shows that the last term of Eq. (13) can be. 
neglected also if dg*/dt is sufficiently smaller. 
than D*. When such a condition is satisfied, | 
we have, instead of Eq. (10), as the non-| 


steady ae 


wBn ype ans a en Bi) | 
<9 2By*” dt | 


which we can put, using Eq. (11), into the. 

form | 
I* Wie LD 3 Bt dade : ee (15) 
D* D*~ 2By*D* dt 

If we denote /*/D*=F(t), I;*/D*=F;(t) and 

$4=2By*D*/kT , then we obtain 

dF/dt+$,F=6,F; , (16) 
which gives a general solution | 


t 
r=e(\ oyF’se? dt +F,) 
£0 


with o-\ budt . (17) 
m1) 


Computing Eq. (17) with given ¢,(¢), F;(¢) and 
Fy, we can obtain 7*, the rate of self-nuclea- 
tion in non-stationary state. If we define an_ 
“effective time lag” t. which satisfies 


Fy )=FKit+t.)=FO)+ (dF/dt),-te , 
we have 
Otel or “te=RD 2D ys. (18) 


This quantity will serve as an approximate 
measure of the magnitude of time lag in the 
self-nucleation. 


$3. Some Properties of the Solution 


When the rate of nucleation is 0 at ¢#=0 
and a constant value of /;* and ¢, is given, 
then Eq. (17) becomes very simple, namely 


F=F;(1—exp (—¢,2)) . (19) 

It is interesting to note that this expression 
is similar to that obtained by the author pre- 
viously® with another assumption (we will 
call this the previous assumption in the fol- 
lowing). In that case ¢, in Eq. (19) is just 
* 


Here »/T was approximately treated as a con-_ 
stant, for simplicity, 
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half the above value. In Fig. 1 both curves 
computed with Eq. (19), each corresponding 
to the case considered by Probstein, i.e., the 
case of nucleation in a supersaturated water 
vapor, are given together with his curve”. 
We see from this figure that the time lag is 
of the same order of magnitude, but some- 
what smaller in our cases, especially in this 
calculation. Moreover the tendency of change 
in the rate is very different in the initial 
stage of the process. This difference is not 
unexpected. Because Probstein assumes in his 
calculation that there exist no embryos at the 
oeginning; therefore embryos must grow step 
by step from size g=1 to g=g* before the 
qducleation begins, while in our case only the 
condition 

—i*=D*(@f /og)*=0 at <=0, but f(9)=N) 
‘or small g, is assumed. In the previous as- 
sumption most of the process under consider- 
ition is looked upon to lie in a region where 
‘ircumstances come near to that of stationary 
tate and therefore part of the change 0/f /0t 
jn the vicinity of g*, due to the gradient of 
\J-0f/09, can be replaced by that in thesta- 
jionary state; that is the condition, 
0 (p of ee D Ba Df 
| 0g Og Og\ Og kT 
jolds, fs being the stationary distributjon of 
There, stress was laid upon the 
| in the magnitude of f(g) in the 
ficinity of g* and not in the slop of f(g), 
\hile here the change in the slop is emphati- 
jilly considered. Which of these stand points 
js better to the actual circumstances will 
dot be discussed here. The important result 
% that whatever the initial condition may be, 
%e stationary state will be established within 
fe time interval of the order of magnitude 
)~10r. , when ambient condition is kept con- 
jant. 

\This conclusion is valid, as stated above, 
en g* is a function of the time also, so far 
4) the change in g* is not too rapid. kT /2x*, 
4* and g* for the case taken up by Prob- 
“sin® are 6.40, 7.28x10%/sec and 15 respec- 
ely and the argument stated in §2 shows 
Jat dg*/dt<2.15x10* when the neglected 
4-ms are less than 10 percent of those not 
diglected. But this does not necessarily mean 
‘at the time lag becomes far more prominent 
“hen the rate of change of the ambient con- 
jion exceeds beyond this limit. 
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On the contrary it seems natural to suppose 
that the time lag remains to be of the same 
order of magnitude as that given by Eq. (17), 
even in the region where an _ appreciable 
change of conditions takes place in a time 
interval of, e.g., te. In fact, if it is assumed 
that the actual continuous change of g* can 
approximately be replaced by a_ stepwise 
change with infinitesimal jumps, then the 
solution is shown to be that of Eq. (17). Let 
the actual continuous change of g* between, 
e.g., =0 to t=z¢ be replaced by a series of 


steps corresponding to 1%, g.*----- respective 
wof® 
08 1&9) 
L prev. 
Z 2 Prob, 
06 
04 I 


6 8 10X/Ose¢ 


At t 


ignees. 


ly, each with equal duration 4¢, as shown in 
Fig. 2. Fs; and ¢, corresponding to each step 
will be denoted by Fs, by; Pe, Oye} 
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Then for the first step we have, from Eq. 
(19), the final value F, satisfying 


F,=F{1—exp (—$4142)}+ Fo exp (— $442). 
If we take as the initial value of F in the 
second step the final value in the first, we 
will get 

Fy= F.{1—exp (—¢4242)} + Fi exp (— $3240) 

=exp {—(byit by2)Ad} 
x [Fa{1—exp (—$yodd)} 
x exp {(b1r +b xx)4t} 
+ Fy{1—exp (— $4142) }exp (b4142) + Fo] 


The general expression is 
nm n 
1B XG (—% taidt)) > Ps{1—exp (—¢4:42) 
t=1 t=1 


x exp (= bud) =) P| : 
pail 


or for sufficiently small 4¢ satisfying 
exp (—¢,:4)=1—6,i 41, 


Fa=exp(—5 tad) x bil si 
i=] 


t=1 
x exp ( SY xslt) at+Fo| ) 
j=l 


Consider the limit 4-0, then we have 


F=exp (—\eaae) (ar exp (es at) -dt 
+f | ; 


namely the solution given by Eq. (17). By 
this argument is not meant, of course, the 
proof that Eq. (17) be valid however rapidly 
the surrounding condition varies; it simply 
suggests that the order of magnitude of the 
time lag given by Eq. (17) is not erroneous, 
so far as the actual continuous change in 
ambient condition can approximately be re- 
placed by the stepwise one, which assumption 
does not seem to be unnatural from physical 
point of view. 


§4. Result of the Theory for a Case of 
Nucleation in Solids 


Next we will proceed to the application of 
our theory to the problem of nucleation in 
solids and take up the simplest case we can 
consider; the transformation in a_ binary 
metallic system with a complete solid solu- 
bility at higher temperatures and a miscibility 
gap at lower temperatures. The stationary 
nucleation in such a transformation was first 
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discussed by Becker”. Using Bragg-William’s 
approximation in the treatment of interaction 
between atoms, he derived the free energy of 
the solid solution per atom as a function of 
the composition, the result being 
$(c)= VZc(1—c)+kT {ce Inc+(1—e) In(1—o)] , 
(20) 
where c is the relative concentration of oné 
component atoms A (the other will be denot- 
ed as B), Z the number of nearest neighbors 
yaya! | VA Vae—(1/2)(Vaa+ Vez), Vaz, Woy anc 
Vnz being the respective energies of pairs of 
atoms. From the condition (0/0c)¢(c)=0, the 


equation 
| 


Liles oll bo ol 


In(l—o/e ZV 
is obtained which gives the phase diagram 
and its solution c; and c, satisfy the following 
relation 


Cie, Of | 66. 


Furthermore Becker assumed embryos t 
constitute a simple cubic lattice with equa 
edge length and calculated the free energ 
for the formation of such an embryo of edg 
length @ in atomic unit and of concentratio 
c, of A-atom, in the mother phase of cor 
centration c, the result being 


Considering the relation g=a’, it is easy 
obtain, from the comparison of this equatio! 
with that in Eq. (2), such quantities as /, 
or y* that are necessary for the computati 
of the time lag. But Becker gave only thi 
relative rate of nucleation and, to calculat 
D*, we have to use the theory of absolut 
rate of reactions as was done previously® 
Now before we apply this treatment to th 
case mentioned above, i.e., nucleation in bina 
systems, we have to make some preparation} 

Suppose our meta-stable binary alloy (phase | 
consists of two metallic components A and | 
with an average relative concentration ¢ « 
A-atom and there appears in the alloy embryé« 
of a stable phase (phase II) with concentr! 
tion c,. Consider a cluster which includes} 
atoms of phase II and let the probabilit 
with which A-atom of phase I on the inte 
face between two phases penetrate throug 
the boundary in unit time, be B4 and t 
probability for reversed transition aya. C 


i 


| 


‘ 
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responding probabilities for the jump of the 
B-atoms will be denoted by 8s and agz re- 
spectively (see Fig. 3). Then in order that 
the growing cluster remains to be of the same 
composition on the average, the following re- 
lation must hold for any value of q. 


= C1B.4—CrQg 4 as C2 (24) 
(1—e1)Bs—(1—cz) agp 1—c 

From this condition and that of equilibrium 
}in A and in B for the embryo distribution 
\Nig), namely 


N(g—1)s(g—DeiBs=N(9)s(9)era@94 , 
N(g—1)s(g—1)1—c:)B2=N(g)s(g)(1—ex)age , 
(25) 


}we have 


AgA= Agp=—Ag 
A (aT 
2 1—e, 
{s(g) means here the number of atoms on the 
surface of a cluster containing g atoms. In 
ja non-steady state there will be the net num- 
|ber of embryos J4(g) passing from size g—1 
|to size g per cm* per sec, through addition of 
Jone A-atom, and also /,(g), through the in- 
tcrease of one B-atom. And it is easy to show 
that these satisfy the relation 


se 
c 


‘and (26) 


s \_ nN, A 
AQ=N(g)s(Q)eiB4 ag eat : | 
a (£9) f 
_ sz (g)(1—c,)B : 
L(Q=N sg) 1—e) 2 aN) $’ 
(27) 
Yrespectively. The total flow /(g)=li(g)+l0(9) 
jsatisfies therefore Eq. (1) in which D(g) should 
de replaced by D(y)=s(9){c1B4t+(1—e1)Bz}, 
iwhich becomes from Eq. (26) 
| 1—c, 
1—c, Bx : 
(28) 
ccording to Eq. (26) the last two equations 
fire identical. From Eq. (22), we have fur- 


D(g)=s(9) Ba or Dg)=s(9) 


(29) 


‘We assume therefore, in accordance with the 
Gheory of the absolute rate of reaction 


feast 


ae gy exp (—ay*/kT). ~(80) 
C2 Cy h 


Jere 4f*, the average free energy of activa- 
ion for the capture of one atom by an embryo, 
an approximately be evaluated from the 
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diffusion measurements for the atoms in the 
alloy. As for s(y), we have s(g)=6a?. Thus 
we are prepared to the computation of D(g*) 
and consequently, of t-, the time lag of nu- 
cleation, from known experimental data. 
Actual calculation was carried out for the 
case of nucleation taken up by Becker, i.e., 


10 


700° 7000° 
Fig. 4: 


the nucleation in a solid solution in which the 
miscibility gap closes at 1500°K. Particulary 
the case of concentration of 15 atomic percent 
which is unstable below 1200°K was consider- 
ed for computation. Becker tried to compare 
the results of his theory of nucleation with 
the experimental data for Au-Pt alloy obtain- 
ed by Johanssen and Hagsten”, and for this 
alloy, diffusion data give an activation energy 
of 39,000 cal/mole. We assumed, with Becker, 
this value for the calculation. In Fig. 4 the 
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value of te as computed with Eq. (18) is given 
together with the absolute rate of nucleation 
I* as well as g*, as a function of the tem- 
perature. We see from this figure that t, is 
of the order of magnitude 3~5x10-° sec in 
the region where /* has a reasonable value. 
Therefore, at least in such a transformation, 
it is unlikely that the time elapsed by the 
temperature change during an usual quench- 
ing, is insufficient for embryos to shrink or 
grow to their stationary concentration. This 
conclusion will not be essentially altered even 
when we examine the limit of the validity of 
our formula (17). The discussion mentioned 
in §2, when applied to this case, gives, e.g., 
at higher temperatures than 1000°K (in the 
region mentioned above), the result dg*/dt< 
10‘; this means that nearly to the limit of 
~108 deg/sec, Eq. (17) would approximately 
be valid. Thus some doubt is cast upon 
the applicability, at least in such cases as 
considered here, of the concept of “ athermal 
nucleation ” as proposed by Turnbull et al.®”, 
on the ground that the magnitude of time lag 
is not compatible with their presumption. On 
the other hand, this concept will retain its 
value when the time lag is far more pro- 
minent, namely in the situation which is ex- 
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pected in the case where 4f* is much larger 
or nucleation attains a considerable amount 
at temperatures much lower, than in the casé 
taken up here. | 

In conclusion the author wishes to express 
his gratitude to Dr. I. Syozi and other col: 
leagues in our institute for fruitful discussions. 
He is indebted also to Prof. T. Nagamiya of 
Osaka University for advices and criticism. | 
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Combining with a thermodynamical definition, an extension of Hara- 
sima’s statistical-mechanical method to calculate the plane surface tension 
leads to general expressions for the surface tension of cylindrical and 
spherical interface. A new definition of “surface of tension” is introduced 


examined. 
| 


L $1. Introduction 


The general statistical-mechanical theory of 
» surface tension of plane interface has been 
developed by making use of two different 
methods: one, the mechanical method, was 
used by J. G. Kirkwood and F.P. Buff and 
H. S. Green”; and the other, the thermo- 
dynamical method, by A. G. MacLellan® and 
A. Harasima®. In the case of plane interface 
the two methods lead to the same result. 

The case of curved interface, however, pre- 
sents many special difficulties to be overcome, 
and the crux of the special difficulty lies in 
the ambiguity of the definition of surface 
} tension. For example, the word “surface” 
thought of in the concept of “surface tension” 
\ implies a geometrical surface, but any actual 
| interface consists of a heterogeneous transition 
zone with at least several atomic layers. So 
there always exists an essential ambiguity of 
the position of interface, which causes an 
jambiguity of the value of surface tension in 
the case of curved interface. Furthermore, 
there can be as many kinds of surface ten- 
sion as there are methods to define it; and 
‘there is no reason that they would lead to the 
‘same result, insofar as the definitions are 
mutually independent. 

The case of cylindrical interface has recent- 
ly been examined by T. Segawa and E. Tera- 
moto” under certain assumptions, with the 
application of the two methods mentioned 
‘above. Without such assumptions, in this 
article we will apply the two methods to the 
cases of spherical interface as well as cylindri- 
cal interface. The details of the methods are 


| 


and the familiar Kelvin relation is derived more strictly by using this 
definition than by the traditional method. From the point of view of 
this definition Tolman’s conclusion on the curvature dependency of 
surface tension turns out to be questionable and necessary to be re- 


different from those developed by T. Segawa 
and E. Teramoto”. 

In this paper an extention of Harasima’s 
method” is made and applied to the cases of 
cylindrical interface and spherical interface. 
First, the thermodynamical definition of sur- 
face tension referred to an arbitrary Gibbs 
dividing surface® is given by the Gibbs funda- 
mental equation, which is restricted by the 
special condition that the cuyvvature of the 
interface must be kept constant in performing 
the virtual variations in the conditions of the 
given system. Second, statistical-mechanical 
expression is obtained by applying the Born- 
Green method” for the change in the Helm- 
holtz free energy of the system. Combining 
these two results we obtain the desired 
statistical-mechanical expression for the sur- 
face tension of curved interface referred to an 
arbitrary dividing surface. Then if we choose 
the location of the dividing surface so as to 
give the minimum value of the surface ten- 
sion, we reach the Kelvin relation. So this 
dividing surface is what Gibbs intended to 
call “surface of tension”; thus Gibbs and 
Tolman ef al.Y©®® seem to have made a 
mistake, at least, in the concept of “surface 
of tension ”. 

The above-mentioned treatment is carried 
out in parallel in both cases of cylindrical 
interface and spherical interface. The me- 
chanical method and the curvature dependen- 
cy of surface tension will be reserved for 
treatment in the following series. 
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* The main content of the present paper was 
published in the Japanese publication: Busseiron 
Kenkyu, No. 74 (1954) 60; ibid., No. 77 (1954) 75. 
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§2. Thermodynamical Considerations 


We consider a system of particles, which 
consists of two effectively homogeneous phases 
designated as a- and §-phase respectively in 
contact, and consists of the inhomogeneous 
layer (to be called “ surface layer ”) formed by 
this contact. Corresponding to an arbitrary 
infinitesimal virtual variation in the state of 
our system, the change in the total Helmholtz 
free energy, F’, is according to Gibbs funda- 
mental equation”, given by 

OF = —S6T+ud0N—pad Vi—pedVet7e0A 

+C,0¢,+ C.dc, 3 ( 1 ) 
in which S, T, 4, pa and pp denote respective- 
ly the total entropy, the absolute temperature, 
the chemical potential, the hydrostatic pressure 
of the homogeneous a@-phase and of the homo- 
geneous 8-phase; and Va, Vs, A, cq and c 
denote respectively the volume of a- and §- 
phase separated by an arbitrary Gibbs divid- 
ing surface, the area of the dividing surface, 
and its two principal curvatures. 


Fig. 1. 


Here we shall specify the particular varia- 
tion in the state of the system to be treated 
by the requirement that we start from a state 
of equilibrium and make infinitesimal arbitrary 
variations in Va, Ve and A, keeping the tem- 
perature T of the system, the total number 
of the particles of the system, N, and parti- 
cularly the curvatures of the surface layer un- 
altered. Then Equation (1) is reduced to 


dF =—padVa—ppdVe+70A . (2) 


Now we define a “surface tension” of the 
system, with respect to the corresponding 
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dividing surface, by the coefficient 7 in Eq. | 
(2). We should note that such a surface ten- 
sion depends not only on the variation in the © 
Helmholtz free energy of the surface layer | 
but also on the choice of the location of our | 
imaginary dividing surface. 


§3. Geometry of Surface Layers and | 
Thermodynamical Expressions 
for Variations 


A. the Case of Cylindrical Surface Layer 
Here we shall limit the treatment to a | 
“surface layer” having cylindrical form, with | 
the effectively homogeneous phases located on | 
its opposite sides, the so-called interior phase 
being referred to as a-phase and the exterior — 
phase as #-phase. To apply Eq. (2) to our 
system, it seems to be a necessary condition 
that we should further limit the treatment to 
a sectoral portion of the above-mentioned 
system. So we shall imagine a vessel witha 
sectoral cross-section and axial length, 7, which 
contains the sectoral portion of the system. 
Now let us consider an arbitrary Gibbs divid- 
ing surface with radius @ within the cylindri- 
cal surface layer of physical inhomogeneity. 
Hence we can get the following relations: 


Va=la?@/2., (3 } 
Va=l(b?—a?)0/2 , (4) 
A=la@ , (5) 


where 6 and @ denote respectively the radius 
of the vessel and the angle spanned by the | 
sectoral cross-section of the vessel. (Fig. 1) | 

Then the infinitesimal virtual variations | 
considered in Eq. (2) will be reduced to the | 
infinitesimal variation in @ alone, for we| 
should keep the curvatures constant. Thus | 
Eq. (2) will be reduced to 


(OF /00)00 =1| —( pa—Pp)a?/2—ppb?/2+7a]d0. 
(6) 
Hence we obtain the desired thermodynami- 


cal expression for the surface tension of 
cylindrical surface layer: 


1=@"'[(ba—bp)a*/2+ bpb?/2+1- (OF /0)). 
(7) 


| 


B. the Case of Spherical Surface Layer 

The above treatment of the cylindrical sur- 
face layer can be readily extended to the case 
of a spherical layer. In this case the surface 
layer has spherical form, so we restrict our-. 
selves to a special portion of the spherical 
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system to apply Eq. (2) to this case. We 
imagine that the portion is contained in a 
vessel, which is expressed by the following: 
0<r<b; O1<0<0.; 0<e<0, (8) 

where 7, @ and ¢ are polar coordinates, the 
origin of which is located at the center of the 
curvature of our surface layer, and r=), 
6=0;,, 0=0., ¢g=0 and g=2 denote respec- 
tively the surrounding inner walls of the 
vessel. (Fig. 2.) 

Corresponding to Eqs. (3), (4) and (5) we at 
once get the following equations: 


Va=(a/3)(cos O;—cos 02)0 , (9) 
Ve={(b°—a@*)/3}(cos O:—cos 93)Q, (10) 
A=a*(cos 9;—cos A2)0. . ite) 


Here again v=a denotes an arbitrary Gibbs 

dividing surface. Corresponding to the in- 

finitesimal variations considered in Eq. (2), 

we take the infinitesimal variation in Q alone. 

Then we get the following equation: 

(OF /0Q)6O0 =(cos G1—cos O:)[—(pa—pp)a?/3 

—peb*/3+ra?|60. , (12) 

which corresponds to Eq. (6). 

Hence: for the surface tension of spherical 
surface layer we get the following thermo- 
dynamical equation: 

r=a-*|(pa—Pp)a’/3+ peb*/3 
+(0F/0Q)/(cos O;—cos O2)| . 


$4. Statistical-Mechanical Expressions for 
OF JOO and OF /0Q 
The Helmholtz free energy F of our system 
is given by 


3M /2 
ett (eee) Q, 
y? 


N 
pul | lis Jexp(—/kD) Hide, (14) 
N:! v tat 


in which V and x denote respectively the 
total volume of the system and the position 
vector of the z-th particle, and @ is the poten- 
tial energy of the system which we assume 


N 
to be of the form O= 2 bis - To calculate 


OF/0O and OF/0Q, we are going to make use 

of the Born-Green method as used by Mac- 

Lellan® and Harasima* in their treatments 

of plane surface layer. 

A. @0F/00: the Case of Cylindrical Surface 
Layer 


A Statistical-Mechanical Theory of Surface Tension 383 


In this case we use cylindrical coordinates: 
(Fig. 1.) 


ax = pid pdb dz *(@=1,°2,--, NY). (15) 
Let us introduce a new variable &;: 
6;=O08, (O61) : (16) 
Then 
abel 3e) N ee 
= Nf fi pidoide;| 
1 IN 
ee a exp (—@/kT) 11 dé; . (17) 
0 t=1 


Here we note that the distance Ri; between 
i-th and j-th particle can be written in the 


form 

Ris=V 02+ 020105 cos [OE —Es)] + (Zi —29)”. 
(18) 

Then we obtain, with the use of the defini- 

tion of the pair distribution function m(x™ x), 

A ye tsles 30 \ une x@>) 
V 
x dbrz p10x{0:—02)sin1— 9») progy, 
dR 


Ry 
(19) 


Assuming that the edge effect of our system 
is negligible, we may write: 
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m (x) =m (01); mx, x)= 22(01, Riz), 
(20) 
Rea LO , (21) 
where 2; denotes the number density of the 
system. 
Then introducing relative coordinates and 
considering symmetry, Eq. (19) can be ex- 
pressed as follows: 


OF b 
m= E\ edos| milos)kT 
a0 \\0 a mon 
1 dbi2z 0102012 SiN Ary | 
——\\ \72(01, Riz) ee Rak 
af fron Ringe ST ds 
(22 
where 
O12=02—-), a (23) 


Here we may define the effective tangential 
component of the point function pressure 
tensor Pr(pi) by the following equation: 


Pr(pr)=m(o)kT 
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range of the intermolecular forces, we may 
put 
(25a) 


where 21, means one component of relative 
coordinates with lateral direction. Then 


Pr(o1)=mi(or)RT 


2 

_— alee Ru) oe Rp, dhe 
Here we note that Eq. (24a) for pr is identi- 
cal in form with that given by J. G. Kirkwood 
and F. P. Buff for plane surface layer. 
Therefore we understand that the difference 
between the plane pr and the cylindrical pr 
is solely hidden in the number density and 
the pair distribution function so far as Eq. 
(25a) is valid. 


B. OF/0Q: the Case of Spherical Surface 
Layer 


Aip=12 ’ 


(24a) 


In this case we use polar coordinates as men- 


ri SE tioned in §3. A., so (Fig. 2.) 
—\ | fue Ry) 2o2 Aut op., ; (24) . : ; oe ; 

2 aR, Ry dx%=r? sin Oidrid0idy, G=1, 2,----; NN). 
where (26) 
Le = 60g dm Sooein Os, (25) Again introducing a new variable 7;: 

If we can assume that the radius of the sur- P= ON: (O<7:<)). (27) 
face layer is large enough compared withthe Eq. (17) becomes 
OXY N it if IN 
Qe sal “ II 7,7 sin ndriasi\ Sees | exp (—@/kT) I dy: . (28) 
N! t=1 0 0 t=1 
Considering the following expression for the distance Ri; between z-th and j-th particle 
Ris=Vr?+r7—2nrjlsin 0; sin 0; cos {Q(yi—75)} +08 0; cosds] > (29) 
we get 
OH NETS. il ay yay) biz 172(P2—$1) Sin A; sin 42 sin (Y2—¢1) 
EI ed aa eee 2) CEN a LONE 28 24 2 i Dy) 
a0 0 30 [fre Y) dRes Ris dxPdx®™, (30) 


which corresponds to Eq. (19) in the cylindri- 
cal case. 

Again we may assume 

m(x™)=91(71);  ne(x™, x@)=m2(71, Ric) . 

(31) 

Here we should remark that Eq. (30) is not 
reducible to the one corresponding to Eq. (22) 
by making use of relative coordinates. 

In fact, if we put 


Pi2=P2—-F1;  O2=0.—-H, (32) 
Yi2=71(Y2—G1) Sin 0 , (33) 

%12=72 SIN O, sin (Y2—¢1), (34) 

we find vi, is dependent on 6,;. But, here 


again if the radius of the surface layer can 
be assumed large enough compared with the 
range of the intermolecular forces, we may 
put 


Yi2=AM12. (35) 
Then 
OF 
ax = —(cos O1— cos Oz) ede m(n)kT 
00 * 
A. ae diz X12" f 
2 [freee Ru) Rs ine dR. | : (36) 


In this case we may define the tangential 
component of the pressure tensor pr by the 
following equation: 
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Dr(ny)=m(m)kT 
i adie X19" 
—— | \ \%2(71, Riz) ——— —— 2 
5 \\) (1, Riz) aki Re (37) 
So again we find that pr in the case of 
spherical surface layer is identical in form 


with that of plane surface layer, provided that 
Eq. (35) is valid. 


§5. Statistical-Mechanical Expression for 
Surface Tension Referred to an 
Arbitrary Dividing Surface 

A. the Case of Cylindrical Surface Layer 

Substitution of Eqs. (22) and (24a) into 

Eq. (7) gives the desired expression for the 

surface tension of the cylindrical surface layer: 


b 
(—aa ' (ps—Pr(o1))oi1doi+(pa—Pa)a/2 , 
0 


(38) 
or 
T= | bes Prla+2)\L-+c2)de : 
Pap=Pall1—A(z)]+peA(z) , 
c=lfa; A@=0, .2<0: (AG)=1, 250, 
(38a) 


where z is a coordinate directed outward from 

the arbitrary dividing surface of curvature c, 

and A(z) is the unit step function. 

B. the Case of Spherical Surface Layer 
Substitution of Eqs. (36) and (37) into (13) 

gives the desired expression for the surface 

tension of the spherical surface layer: 


r= al (by —Drlri)ritdrs + (ba Poa , 
0 


(39) 
or 


r= [dae —pr(a+z))(1+cz)*dz , 


Pap=Pall1—A(z)]+peA(z) , 
c=1Ja;. A(z)=0, 2<0; A)=1, z>0. 
(39a) 

Putting aside the undermined value of curv- 
ature, c, of the dividing surface, Eq. (39a) is 
identical in form with the formula suggested 
by R.C. Tolman® and F. P. Buff® in their 
thermodynamical treatment of the spherical 
surface layer, and in this paper we have the 
statistical-mechanical expression for pr in Eq. 
(37). 


$6. Surface of Tension and Final Results 
Eqs. (38) and (39) show that the surface 
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tension of curved surface depends on the choice 
of the location of the dividing surface even 
if all the physical quantities of the system 
are fixed. 

Now we define the radius of “surface of 
tension” by such a value as to give the 
minimum value of surface tension when the 
whole physical state of the system is kept un- 
altered. This definition of “surface of ten- 
sion” is different from that given by Gibbs 
and Tolman. It should be noted that our 
definition always guarantees both the existence 
of “surface of tension” and the familiar 
Kelvin relation. 


A. the Case of Cylindrical Surface Layer 
From Eq. (88) we get 


b 
or -a (Pe—br(p.))rdor+(ba—Be)/2. 
a 0 
(40) 
Putting 07/0a=0, the radius, as, of “surface 
of tension ” is given by 
i) 1/2 
as=| 2| (Pe—Pr(o)mdosi(ba—be) | ; 
0 
(41) 


Substituting Eq. (41) into Eq. (38), the desired 
expression for the surface tension referred to 
our “surface of tension” will be reduced to 


r=2as-'| (Ps Polo)order ; (42) 
0 


or to the familiar Kelvin relation: 
7=aAs(pa—Pp) , (43) 


or to 


r= [dee —pr(as+z))\1+¢s2)dz , (38b) 


where 
Cs=l1as . 
B. the Case of Spherical Surface Layer 
From Eq. (39) we get 
or = -2a-4| " (bp—br ry) 2dr: + Da—Pp)/3. 
(44) 
Putting 07/da=0, the radius, as, of “ surface 
of tension ” will be given 
as=| 6 | (Pa—Prinirtdnil(be—Pe) i 
(45) 


Substituting Eq. (45) into Eq. (39), the desired 
expression for the surface tension referred to 
our “surface of tension” will be reduced to 
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b 
r=3as~*| (pe—pr(n)) re-dn ) (46) 
0 
or to the familiar Kelvin relation: 
7=as(pa-—pp)/2 , (47) 


or to 


if =|\(bus pr(as+2))\ A +esz;dz , (39b) 


where 


CC l/as 3 


§7. Conclusions 


It will have been appreciated that the 
derivation given for the familiar Kelvin rela- 
tion (43) or (47) involve the assumption that 
the radius of the corresponding surface layer, 
compared with the range of the intermolecul- 
ar forces, is large enough that first, the 
thermodynamical definition, Eq. (2), of surface 
tension is applicable and second, Eq. (25a) or 
(35) is accurate: and that the radius of “ sur- 
face of tension ” should be defined by Eq. (41) 
or (45). Under such assumptions, we have 
obtained the general expression in §5. and 
§ 6. for surface tension of both cylindrical and 
spherical-surface layer. From Eqs. (41), (38b), 
(45), and (39b), it should be noted that the 
surface tension depends partly on the radius, 
as, of the “surface of tension” and partly 
on the tangential component, p7, of the pres- 
sure tensor. 

The conclusion given by R. C. Tolman®!©1) 
that the surface tension of small drops de- 
creases with increasing curvature was based 
on an assumption which ignores the curvature 
dependency fag and pr, and especially on the 
fact of ill-defining the “surface of tension ”. 
From the stand-point of the molecular theory, 
Pap, Pr and as could be calculated only if the 
number density and pair distribution function 
were exactly obtained, but this is the real 
crux of the problem. At the present stage of 
statistical mechanics we cannot but make use 
of the mathematical surface of discontinuity 
as the approximation for the actual distribu- 
tion functions as done by J. G. Kirkwood and 
F. P. Buff in the case of plane surface layer. 
Re-examination of the curvature dependency 
of surface tension by such an approximation 
will be presented in the following series. 
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Putting it briefly, the essential key to solve 
the surface tension is solely hidden in the 
distribution functions; and this paper has 
presented the general expressions for the sur- 
face tensions of cylindrical and spherical sur- 
face layer in terms of these unsolved distribu- 
tion functions. 
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The use of miniature receiving tubes as electrometer tubes with large 


voltage gain and low grid current has been investigated. 


have been found to be appropriate. 


6AK5 and 384 


The grid current of a 3S4 has been 
reduced to 1x10-%A by proper treatments. 


Under the condition, the 


voltage gain of 20~40 has been measured. 


$1. Introduction 


The presence of grid current gives a limit 
of sensitivity in any type of vacuum tube 
electrometer. This is true even for the 
dynamic condenser electrometer, because it 
is impossible to discriminate the low frequency 
component of the fluctuating grid current 
from the signal. As the noise in a high input- 
resistance circuit mostly comes from the shot 
noise due to grid current, the reduction of 
noise requires the reduction of grid current. 
Various types of electrometer tubes are known 
with low grid current of 107~8~107-!® A. 
Although these tubes are favorably used in 
current amplification, they do not give good 
performance in voltage amplification. 

It was noticed* by one of the authors that 
one can measure smaller current by a kind 
of dynamic condenser electrometer than an 
usual d.c. current amplifier. It was suggested 
to use a miniature pentode such as 6AK5, 
because the tube is smal! and it can hold a 
better vacuum, and has better insulation be- 
tween electrodes and high transconductance 
at lower anode voltage. Later, 354 was re- 
commended by Hay”, who selected this type 
of tube because of its smaller power consump- 
tion and larger power dissipation. The grid 
current of the order of 10-7" A with an am- 
plification factor of 150 was given by Hay, 
however no information about the grid current 
characteristics has been reported. 

In this paper some precautions in measur- 
ing the small grid current and methods to 
reduce grid current are discribed with experl- 
mental verifications. 


§2. Experimental Procedures 


The grid current as small as 10-?~10-" A 
can be measured from the rate of drift in 


the floating grid potential. The circuit diagram 
of this method is shown in Fig. 1. Though 
the preliminary experiment was done in an 
unshielded room, the later observations have 
been carried out in a_ well-shielded room.** 
All the necessary d.c. powers are supplied by 
well-charged batteries. A suspension type 
microammeter is used to avoid irregular 
movement of the needle in measuring the 
anode current. The tube is suspended in a 
light-tight shield chamber by thin wires 
directly soldered to the pins in its base. The 
grid circuit is switched inside the chamber by 
a cross contact of a thin wire with another 
short one soldered on the grid pin of the tube. 
This switch has negligible capacitance between 
its electrodes. 

All the d.c. supplies must be turned on at 


JMiker, dy 


Circuit diagram. 


* Koichi Shimoda: Tokyo meeting of Phys. Soc. 
Japan: April 1949. 

** A small room shielded perfectly by copper 
plates soldered together on walls and floor. 
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least one hour before starting the measure- 
ment. After giving proper negative charge 
on the grid, the floating grid potential drifts 
towards the equilibrium potential at a rate 
determined by the grid current. Anode 
current is measured with time and plotted as 
shown in Fig. 2. Since one can know the 
grid characteristics, /,—V,, of the tube at the 
same operating voltages, grid voltage, Vy, as 


GRID VOLTAGE 


S iy: -0-5V 
, 


=| 
-. 


6 hrs. 


O | 2 3.4 5 
TIME 


An example of plotting. 


Bree, A, 


— 


(a) 


Grid Voltage 


Grid Current 


slave(byoy+id) < 


positive <— | —> negative 


(b) 


Fig. 3. Types of grid current components. 


a function of time is obtained. Thus one can 
find the grid current, /,, from the equation 


dV, 


I,= (Cree aa), 
& dt 
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where Cin is the total input capacitance. The 
total input capacitance of the tube under the 
operating condition is obtained by double 
measurements with and without a_ small 
standard condenser connected between the 
grid and cathode. 

Tubes have been coated by silicone SC-87 
of General Electric Co. Ltd. according to the 
techniques described in ref. 2. 

Grid current consists of various components. 
They may be classified into four types (a), 
(b), (c), and (d) as shown in Fig. 3. 

The component (a) is the only “negative ” 
component among these four, which is attri- 
buted to the flow of electrons from cathode 
by their thermal energies. 

The component (b) is the positive current 
changing in proportion to the anode current 
when the other electrode voltages are main- 
tained constant. The lower the anode voltage 
or screen voltage the smaller this component. 
This is due to positive ions produced from 
the residual gas by collisions of electrons and 
soft X-rays from the anode. Photo-electrons 
emitted from the grid by soft X-rays also 
contribute to positive grid current which may 
be included in (b). 

The component (c) is characterized by a 
rapid increase with negative grid voltage and 
is proved to be due to positive ions emitted 
from the cathode. 

The component (dj is nearly independent of 
grid voltage and can be attributed to photo- 
electrons ejected from the grid as a result of 
incident light coming from the cathode and 
outside of the tube. Also leakage current 
along the surfaces of insulators inside and 
outside the tube causes such current. 

The actual grid current is a resultant of 
these components, which is illustrated typi- 
cally by the dotted curve in Fig. 3. Fortun- 
ately, positive ions and light emissions from 
the cathode (the components of type (c) and 
(d)) are reduced more rapidly than electron 
emissions by decreasing filament temperature. 
The other components in type (d) are not in- 
herent in the operation of the tube, and can 
be eliminated by proper treatments without 
causing any effect on the operation of the 
tube. After all, if one get a curve consisting 
of two components (a) and (b) as shown by 
the broken curve in Fig. 3, one can not expect 
the reduction of grid current without consider- 
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able loss of gain. Therefore one must look 
for the optimum anode and screen grid voltage 
in order to get a compromise between an 


appreciable voltage gain and the smallest 
possible grid current. 
LA 
6AK5 
Silicone-coated ye 
Cin=5 pF a 
410% 
= 
re) 
(b) &(c) se 
26 
Zz 
<9 
| Jo 
| (a) 

= 
Zz 
lJ 
oc 
=) 
= 5 am 
=) 
a 
oO 
410 _ 

xl0'*a 


! L | 
=|-5 = -0: 
GRID VOLTAGE 


Fig. 4. Grid current and grid characteristics of 


6AK5. 
(a) Vi —4 Vie Vas ge 2V Vs 
»=4000, 7»=70Mo at F. 
(Din pHa, Veg=42V, Vp lOV- 
jo= 200, Pp—oMorat FE” 
(Gin Vinz=SNG Veo=43V = View 
(ise — SV. Viegg—40V5) p= 0NE 
(e): At the same operating conditions as (b) 
except in a hunid air (July 13, 1954). 
(f): (e)—(b); Leakage current due to humidity. 


§3. Results of Measurements 


Fig. 4 shows the grid current characteristics 
of a single specimen selected from ten RCA 
6AK5’s, together with corresponding anode 
currents. The tube is operated at the fila- 
ment voltage of one-half or more of the rated 
value and at the screen grid voltages of about 
40 V. The effects of filament voltage and 
anode voltage upon grid current and anode 
current are also shown. Comparing points at 
equal values of anode current, it can be seen 
that a small change of filament voltage does 
not cause any appreciable variation of the grid 
current. However, a decrease in anode voltage 
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results in a sensible reduction of grid current. 
In order to take precaution against leakage, 
silica-gel was put in the chamber during all 
the measurements except in the case (e). The 
leakage current on the glass surface was found 
to be less than 10-4A even at high humidity 
(about 90%), corresponding to a resistance of 
more than 4x10'"Q between the grid pin and 
the anode pin. 


3S4 No.! and 2 BA 
Stlicone-coated ailS) re 
Before baking Zz 
Half filament id 
used ~i0& 
re) 
a 
4°9 
qt 
O 
= 
ZZ 
id 
a] 5 = 
O 
5 f a 
nese ee 7 = Y 
y lOx 


ae 
” mek 
Menge 


a 
x 
On 

on 


i == | 
-2 -1-5 -IV 
GRID VOLTAGE 
Fig. 5. Grid current and grid characteristics of 
silicone-coated 3S4 (before baking). 
No. 1. 
WEG, VASO, Was2y 
-~-»-»-»- At the same operating conditions. 
as above except in a humid air 
(July 23, 1954). 
----&---%- Leakage current due to humidity. 
No. 2. 
—o—o—_O—- Ve —=O0NE Vang =O, Vp=6V. 
-o--o--o-- At the same operating conditions 
as above except in a humid air 
(July 31, 1954). 
“6-0--0> Leakage current due to humidity. 


Two 3S4’s, No. 1 and No. 2, were silicone- 
coated and their grid currents were measured 
in the chamber dried with silica-gel. Not a 
little component of type (d) appeared in 
their grid current curves as shown in Fig. 5. 
The grid current of another specimen (No. 3) 
which had not been coated, was measured 
after washing with alcohol and ether, enclosed 
in the chamber with silica-gel, left for a day 
and heated with rated filament voltage for 
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Fig. 6. Grid current and grid characteristics of 
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(c): At the same conditions as (a) except in 


a humid air (Oct. 4, 1954), 


(d): (c)—(a); Leakage current due to humi- 


dity. 


Grid current and grid characteristics of 
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several hours. The result is shown in Fig. 6. 
The grid current of the order of 10~%A has 
been attained. The curve seems to be an 
almost typical one, showing that there is no 
appreciable leakage current. Then the first 
two 3S4’s, No. 1 and No. 2, were baked at 
200°C and 170°C respectively, for several 
hours. No. 1 was damaged, showing evapora- 
tion of getter and extinction of thermionic 
emission. The result for No. 2 is shown in 
Fig. 7. The grid current of about 1x10-¥A 
or less has been obtained, together with the 
voltage gain of 20~40. For example, at point 
A, grid current is less than 8x1071*A, and 
the amplification factor of 150 and the plate 
resistance of 5MQ give the voltage gain of 
35, provided load resistance is taken as 1.5MQ. 
It takes several hours for measuring a full 
curve of grid current of this order, but no 
effect of variations of supply voltages was 
experienced. Comparing Fig. 5 and Fig. 7, 
one can see the change of leakage current by 
humidity. The resistances between the ad- 
jacent pins of 354 were measured to be 2x 
10°Q, in July (humidity=90~100%) and 
2x«10"%Q in October (humidity~504%). 


§ Discussions 


One may conclude from these examples 
that it is necessary to bake the tube in the 
process of silicone-coating as usually recom- 
mended. Naturally, silicone-coating does not 
improve substantially the final result, but it 
can serve to simplify procedures for avoiding 
leakage current. Since we have reduced the 
grid current to as small as 1x10-A it is 
necessary to keep leakage current less than 
the grid current by any means. It is not 
unreasonable that 3S4’s have so small grid 
currents comparable with those of excellent 
electrometer tubes, if one takes into account 
large maximum power dissipation and low 
filamentary power consumption of the tubes. 
The tube, 384, operates satisfactorily as a 
voltage amplifier with the anode and screen 
grid voltage less than 10 volts. It should be 
particularly noted that the small grid current 
is obtained without space-charge grid, thus 
enabling us to get a considerable voltage 
gain. Perhaps the only defect of this tube is 
its larger input capacitance of about 7pF. 
However, the loss of sensitivity by larger 
capacitance is overcompensated by larger 
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voltage gain. Some residual constant com- 
ponents of grid current are found at the foots 
of the curves in Figs. 6 and 7. It might be 
caused by leakage across residual water film, 
leakage across inner surface or natural leakage. 
However, little reduction in grid current could 
be expected by endeavouring to remove these 
leakages. Further improvements in the effec- 
tive use of 3S4 or its equivalents as an elec- 
trometer might be expected along the follow- 
ing lines. 

1. Higher degree of vacuum. 

2. Top-cap grid connection. 
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3. Larger mutual conductance if larger 
input capacitance is tolerable. 
We are now planning to use 3S4 tubes for 


an electrometer with high sensitivity. 
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The Direct Current associated with Microwave 


Gas Discharge between Coaxial Cylinders, IV 


By Kenji MITANI 
Yoshida College, University of Kyoto 
(Received December 1, 1954) 


The author has devised a new double probe method to investigate the 


microwave gas discharge. 


In this method, the electrodes of the cavity 


themselves can be used as probes, as he has practiced in the previous 


papers))”)3), 


Brown’s theory of the microwave discharge has applied to 


this method and a good agreement between theory and experiment has 


been found. 


$1. Introduction 

In the present paper, the author treats the 
case when a d.c. voltage of several volts is 
applied to the central wire against the outer 
cylinder of the coaxial type cavity resonator 
in which a microwave gas discharge continues. 
In the previous paper, Part III*®, the author 
has shown that the direct current flowing in 
the outer circuit should be interpreted as a 
probe current of the double probe method”, 
and has been able to determine the electron 
temperature and the electron density in the 
discharging space on the basis of the idea 
originated by Langmuir®®. 

However, being not contented with the 
treatment of this current on the basis of the 
said idea, the author has applied Brown’s 
theory?®, because the direct current in the 
author’s case?” is produced by zero applied 
d.c. voltage in the probe current circuit. 


Thus, with the intention of deriving the form 
of the probe current in question from Brown’s 
idea, the author has tried to obtain the elec- 
tron density from the fundamental equation 
of the microwave gas discharge when a small 
d.c. voltage is applied and then the probe 
current as the difference between the gradi- 
ents of this electron density at both elec- 
trodes. However, in the case of coaxial 
cavity resonator, to carry out calculation has 
been found to be very difficult, so the author 
has performed the calculation for the case of 
a parallel plate cavity resonator and more- 
over, aS we now have the case of the weak 
discharge on the grounds as will be discussed 
later, the space charge effect can be neglect- 
ed. A good agreement between theory and 
experimental results has been found. 
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§2. Theory 


As shown in Fig. 1, a microwave steady- 
state weak gas discharge is held between the 
parallel electrodes G and G’ which are 
mutually electrostatically isolated. To simp- 
lify the problem, we assume the gap length 
L between these electrodes is very small in 
comparison with side dimensions. In this way, 
we can treat this problem as one-dimensional. 
Now we fix the coordinate origine at one 


aie 


0) 


Fig. 1. The basic diagram of the experiment. 


electrode G and take z-axis perpendicular to 
the electrodes. Between these electrodes, a 
d.c. voltage V, which can be varied in 
magnitude, is applied independently of the 
microwave gas discharge and this d.c. potential 
produces the d.c. electric field Hae in the 
direction of the z-axis. 

The current densities /"+ and 7/’_, when a 
small d.c. field is applied, respectively are to 
be given as follows, 


a= Sy Facts ’ ( 1 ) 
dz 

ey ee ) (2) 
dz 


where D’s are the diffusion coefficients, /’s 
the mobilities and the subscripts + and — 
refer to the positive ions and the electrons. 
Combining these equations with the steady- 
state continuity equation div =», we obtain, 


Doe 1, Fy +n_=0, (3) 
DON 1 Ea tyn_=0, (4) 
or 


where vy is the volume rate of production of 
new positive ions and of electrons per an ex- 
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isting electron. (5) and (6) are the desired 
fundamental equations. 

The boundary conditions require the con- 
centrations of positive ions and of electrons 
to be approximately zero at the surfaces of 
electrodes. Subject to these conditions, the 
solution of Eq. (6) becomes: 

j z [BLN fe 
j= C sin n7-exp( — Wik =) ; Gip) 
where C is a certain constant and also we 
have used the relation V=EaZ£. Further- 
more, Eq. (6) gives the following relation: 


v 7 2 lore a 
ANE foal EN er teceest eh? 8 
ee (8) 
By using (7), Eq. (5) gives the following solu- 
tion, 
LKOIE- 


re 


| (x*—ala+b)} sin zZ-exp (—aZ)—7(a+b)- 


Ee es ay. aZ) sleet tN a) 


{ 1—exp(b) 
exp (—a@)+exp = 
4+ eae 7 1eoo 
where 
VV iV 
= j= 
pe D, um) 
and 
z= = (11) 


The constant C contained in (7) and (9) can 
be determined as follows. We can consider 
the total number of electrons between the 
electrodes G and G’ is approximately constant 
even if a d.c. potential is applied to them, 
provided that it is small. Now we denote 
the number of electrons between the unit 
areas of both electrodes with N, then N/LZ 
gives the mean concentration 7 of electrons. 

Using (7), this number JN is given as follows, 


N= || n-de=nCL(1-+exp (—a))(n?-+a?). (12) 


So we get, 
C=n(n?+ a’)/7{1+exp (—a)} . (13) 
This relation leads to the following results 
from (7) and (9): 
N_=No(2?+ a*) sin 7Z-exp (—aZ)/ 


m{1+exp(—a)}, (14) 


and 


1955) 


77+ @? 


N,=7n — 
si : {x?+(a+by}{1+exp (—a)} 


il : 
| {r- a(a+b)|-sinnZ-exp(—aZ)—2a+b)- 


IF exp (—a) 


cos 7Z-ex 1Z, ) -eX 
| Di —@ ea exp (bZ) 
exp (—a)+exp (d) 
: 1—exp (0) ie ae) 
where 
r=D_/D, . (16) 


In Eq. (15) we have used the following rela- 
tion, (see Eq. (8)) 


vi? Dz 


aie Deh yes 
been Dip ces fe an 

Now, the current J flowing in the outer 
circuit is related to the current densities J", 
and J’_ as follows, 

J= AGE, enol +)e-x} 

—{T'-)z-o t+" —)z-z}], (18) 
where A is the discharging area and e is the 
charge of an electron. Also (J"),-»9 and (J"),-z 
denote respectively the values of /’ at z=0 
and z=Z (i.e. the surfaces of the electrodes 
G and G’.) 

When we calculate respectively the current 
J. by positive ions and the current J_ by 
electrons from (1) (2) (14) (15) and (18); they 
have the same form as follows, 


faye mene: (e+a)tanha. (19) 
So the total current J becomes 
J=Ji(?+a")tanha , (20) 
where 
Jo=2meAD_/L . (21) 


This is the desired theoretical form of the 
current J in the outer circuit. When the gas 
pressure and the microwave power are con- 
stant, J is to be function of the d.c. voltage 


V alone. From Eq. (20), we get the follow- 
ing relation: 
eh) 2V. 
aan: y 


=2a{8e tanh «+(n2?+ 427) sech?x}/ 
(72+427)tanha, (22) 
where 
x=U_-V/4D_=a/2 . (23) 
The curve ¢ in Fig. 2 shows that the 
current J is linearly proportional to V at first 
and then gradually to the square of V. Fig. 
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3 shows the curve of the following equation 
acquired from (20), 
Y= I /Jo= (x? +427) tanh x. (24) 
In this way it is found that the current J 
corresponds to the probe current in the double 
probe method but has no saturation as the 
ordinary probe current?®, 
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Fig. 2. The curve ¢ as the function of 2. 
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Fig. 3. Characteristic curve of the probe current 
(24). 


§3. Experimental Procedure and its 
Results 

As shown in Fig. 4, the discharge tube 
has two plane electrodes G and G’, whose 
areas are respectively about 3x107-'cm? and 
whose gap length Z is about 0.lcm. The 
used gas was Ar labeled 97% and so it was 
not purified any further. The wavelength of 
the microwave power was about 11.5 cm. 
The discharge tube was connected to the 
Lecher line coupled to the magnetron of the 
maximum output power about 200 watts, and 
it constituted a resonant circuit with the 
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Fig. 4. The cross section of the discharge tube 
used in this experiment. 
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Fig. 5;. The probe current J for p=11.6mmHg. 
——: Theoretical curves. 
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Fig. 5,. The probe current J for p=11.6 mmHg. 


—: Theoretical curves, 


(Vol. 10, 


im 
p= 17.3 mmHg 


Gal. Reading —_» J 
3 


OF 4: 6 eo cioee 
—_Y V volls 


Fig. 6. The probe current J for p=17.3mmHg. 
——: Theoretical curves. 
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Fig. 7. The probe current J for p=36.4 mmHg. 
——: Theoretical curve. 
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Fig. 8. The probe current J for p=42,6 mmHg. 
——; Theoretical curve. 
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Table I. The values D_/j»_ and the electron temperatures 7, for 
the various gas pressures. 
p(mmHg) 11.6 2 Nedee 36.4 nf 42.8 
(ae, ae Le ce TK | D_jpe | TK | De in | eK se 
| ‘Zz ie i een : x ; “~ x | 
Defy | (I) 0.84 | 9 ,800 | | Wen 0.88 | 10,000 | 0.69 | 7" 100 | 0. 63. 7 “400 
and | (II) 0.92 | 11,000 | (II) 0.73 | 8,500 | | | | 


fhe | (III) 0.96 | 11,000 | 


I Db ice bt | 


Table H. The values of Jo corresponding to the 
experimental conditions shown in Table I. 


Le: 17.3 36.4 42.8 
No. Jo No. Jo No. Jo No.) Jo 
I |0.20|1 |0.14/1 |0.38|1 |0.18 
HW O.17 | 30 0224 leteas 
III | 0.20 eal 


Lecher wires. In order to apply a d.c. voltage, 
one electrode G’ of the discharge tube was 
condenser-coupled to the Lecher lines. 

We have measured the current J for the 
various voltages of the d.c. potential -while 
keeping the discharge state constant. In Figs. 
51, 52, 6, 7 and 8, the signs O and @ denote 
the experimental values obtained in this way 
and the solid lines the theoretical values ; 
Figs. 5; and 5. correspond to p=11.6 mmHg, 
Fig. 6 to =17.3mmHg, Fig. 7 to p=36.4 
mmHg and Fig. 8 to p=42.8mmHg. These 
experimental values have very different curves 
from what may be expected in the case of 
ordinary glow discharge. 


§4. Discussions 


We name the adjoining values of d.c. 
voltage in these experiments by V; and Vis: 
and the corresponding d.c. currents by J; and 
Jiai, and also we set 4V=Visi-—Vi, and 
AJ=Jisi—Ji. Then the values of the function 
@ corresponding to each d.c. potential can be 
obtained from the experimental data accord- 
ing to the beets sisarege! 


i reCiae es aes a 
From Eqs. (22) and (25), we obtain the values 
of z and V corresponding to the same values 
of the function by use of Fig. 2. Then we 
can get D_/v_ from Eq. (23) independently 
on Jo or %. 


Table I shows the values D_/#- obtained 


in this way. Accordingly, by suitable selec- 
tion Jo, we can get the semitheoretical values 
of J from Eq. (20). The solid curves in Figs. 
91, 92, 6, 7, and 8 are obtained in this way 
and show the very good agreement with ex- 
perimental values. In these curves a denotes 
DS ee 

The values of Jy are shown in Table II; 
wherein, their units are arbitrary but their 
order is about 10-°~10-7A, as the current J 
has been measured by suitably adjusting the 
sensibility of the galvanometer whose maxi- 
mum sensibility is 28x10-8A. Moreover, the 
values of Jy) are somewhat scattered and it 
seems to be because the microwave powers 
are different in each case. 

When we assume that the electron possess 
the Maxwellian energy distribution, D_/“#_ 
relates to the electron temperature 7, in the 
following form:!” 

Dafprekl ey (26) 


where k is Boltzmann’s constant. From this 
equation and the experimental data D_/s- 
listed in Table I, the electron temperature 
can be determined. These values are also 
given in Table I and plotted in Fig. 9. In 
this figure the value on Ar at f=1mmHg 
and 24=1.7m obtained by Kojima and Taka- 
yama!» is also plotted for reference. The 
dependency of the electron temperature on 
the pressure shown in this figure is almost 
the same as the curves given by Engel!” and 
others!®, but as a whole the electron temper- 
atures obtained by us are small. This is 
thought to be originated from the fact that 
this discharge is weak. 

Here we consider the mean electron con- 
centration . This is to be obtained from 
Eq. (21). The values of Jo which are neces- 
sary to calculate are given in Table Il. As 
stated above, the order of these values is 
about 10-°~10-7A. The discharging area A 
in (21) may be different in each case and 
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further we could not measure these areas so 
accurately in our experiments. But we could 
observe that these areas extended almost 
over the whole area of the electrode, so we 
now use the electrode area (3 x 10~! cm”) itself 


20000 
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Fig. 9. The electron temperature 7, versus 


pressure p on Ar. 
@: Kojima’s value. 
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Fig. 10. The spatial distributions of positive ions 
and of electrons. 
---— positive ions, —— electrons. 


as A. The gap length Z is about 10-1cm 
and D_ is about 3x10°cm?’sec-!. Then we 
can get m==10’cm7*. This is considered a 
reasonable value for a weak discharge. 
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As mentioned before, the J—V curves obtain- | 
ed in our experiments have had the forms | 
very different from what may be expected in | 
the normal glow discharge. On the other. 
hand, Honda, Takeda, Tamagawa and Kihara’ 
have reported in their paper that the weak | 
discharge can occur easily in the high fre-- 
quency discharge. Following their theory, it 
can be expected that in the microwave region | 
the discharge of this type can occur more 
easily. 

By developing a theory on these grounds, 
the author has been able to obtain such J—-V 
curve that fits very good to our experiments 
and at the same get reasonable values of 
electron temperature and mean electron con- 
centration. 

Finally we consider the spatial distribution 
of positive ions and electrons. Here we con- 
sider the following points: For the Max- 
wellian energy distribution, D,/“u, has also- 
the following relation 

D4 /Us=kT./e 
where T, is the positive ion temperature and 
can be approximately regarded as the room 
temperature, so we assume /4,/D,=40. And 
also for convenience we take “_/D_=1 (this 
corresponds to 7,=1.17x10*°k) which value 
falls very near the experimental value above 
mentioned. In this way Eqs. (15) and (14) give 
the spatial distributions of positive ions and 
of electrons as shown in Fig. 10. This figure 
and Eq. (15) show that the positive ion con- 
centration is nearly v= D_/Dx times as large 
as the electron concentration. 


$5. Conclusions 


The author has developed the theory of the 
d.c. current associated with the d.c. potential 
which is applied between the electrodes of 
the resonator, one of which is electrostatically 
isolated when between the electrodes a micro- 
wave steady-state gas discharge is held. And 
we have found that the observed values are 
in very good agreement with the author’s 
theory and we have been able to determine 
the electron temperature. 

In conclusion, the author gratefully acknow- 
ledges his indebtedness to Professor K. Honda 
of Tokyo University and Professor S. Kojima 
of Tokyo University of Education for their 
encouragement and helpful discussions. The 
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Continuing the previous work I (J. Phys. Soc. Japan 9 (1954) 611), the 
author discusses the frictional force on an arbitrary cylinder which is 
started to move suddenly from rest with uniform velocity W in the 
direction of its length. By using the WKB method, a new asymptotic 
expansion formula in powers of V,y¢/R is derived for the frictional drag 


wea bl sped 
Re OS 


= )| +O((vt)8/) 


where » is the kinematic viscosity, t is the time measured from the start, 
R is the local radius of curvature of the surface measured inwards, and 
ds is the line element along the surface. The first approximation gives 
the naturally expected value »W/Vx,yt for the frictional drag per unit 
area, which is the same as that for a flat plate of infinite breadth. As 
far as the second approximation the total frictional drag on the cylinder 
is the same as that on a circular cylinder with the same perimeter, and 
is in accord with the results recently obtained by Batchelor. The effect 
of the variation of the curvature along the surface on the local friction 
first appears in the fourth order of approximation. The correction due 
to the presence of corners is made in the second approximation, and some 
errors in Batchelor’s paper are corrected. For the intermediate value of 
vt the drag calculated by these formulae shows a good agreement with 
that calculated by the formulae in powers of (vt)~! as given in I. 
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sect 1 e i Vvt 
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§1. Introduction 


In a previous paper (J. Phys. Soc. Japan 9 
(1954) 611), the author studied the motion of 
an incompressible viscous fluid generated by 


a cylinder of arbitrary cross-sectional form 
which is started to move suddenly from rest 
with uniform velocity W in the direction of 
its length, assuming a?/(vz) to be small, where 


shes" 


a is the characteristic length of the cross- 
section, v is the kinematic viscosity, and # is 
the time measured from the instant of start. 

Thus, the asymptotic solution in powers of 
a’/(vt) was obtained correct to the order of 
a?|(vt) (the second approximation). 

Now, it will be natural to expect that the 
solution will give a smooth matching with the 
solution valid when @?/yt>1. Indeed this was 
verified clearly in the case of a flat plate of 
finite breadth”, and to some extent in the 
other cases». In view of the importance of 
the effect of the curvature as well as of the 
edges and corners of the surface of the cylin- 
der, the author has studied a new asymptotic 
expansion formula in powers of 7/y¢/R, cor- 
rect to the order of vt (the fourth approxima- 
tion), assuming 1/yz¢/R to be small and using 
the WKB method, where R is the local radius 
of curvature of the surface. 

After the completion of the work, the 
author became aware that the same problem 
had been treated by Batchelor. Although 
his results are in accord with the author’s, 
his methods of derivation, which depend 
greatly on the physical intuition, are different 
from the author’s. Moreover he gives only 
the first approximation correct to the order 
O(1) for the case when a@?/(vt) is small, and 
the second approximation correct to the order 
O(1) for the case when Vt is small: 
Thus the matching of these two separated 
regions does not seem to be very good. 

In the same paper, Batchelor discussed the 
effect of the existence of corners in the 
cylinder cross-section when 7/yz¢ is small, on 
the basis of the corner correction formula for 
a corner of exterior angle z+a, namely: 

uUWK(a)=E(n+a), aul) 
which had been calculated by the author® 
and Sowerby” and Cooke™. He pointed 
out a peculiar result that the total friction for 
a regular polygon with N corners does not 
give the drag appropriate to a _ circular 
cylinder as N->co, which contradicts our 
common view. 

Further, his result for the skin friction on 
a flat plate of finite breadth, (Eq. (21) and 
Fig. 2) does not agree with the result obtain- 
ed by the author” a few years ago, which 
gives a smooth matching with the values for 
a’<vt even in the intermediate region. 
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The origin of this discrepancy seems to lie 
in his erroneous treatment of the corner cor- 
rection. From the derivation, it is obvious 
that & represents the excess of the skin fric- 
tion for one side of an angle. When the 
total friction is discussed, it must be multi- 
plied by 2 taking into account the presence 
of two sides for one corner. In Batchelor’s 
paper this is not taken into account. 

In this paper the author derives the general 
formula for the frictional drag on the cylinder 
of arbitrary cross-sectional shape with no 
corners, correct to the fourth approximation, 
assuming 1/yz¢ to be small. The WKB method 
is used for its derivation. The author believes 
that the present problem is an interesting 
example of the application of this powerful 
method. The correction due to the presence 
of corners is made in the second approxima- 
tion, by use of the values of corner correction 
previously obtained by the author®. The 
drag calculated by these formulae shows a 
good agreement with that calculated by the 
formulae in powers of a?/(vt) in I, for the 
intermediate values of @?/(vz). It is confirmed 
that the total friction for a regular polygon 
with N corners tends to the value for a cir- 
cular cylinder as Noo, 


§2. Fundamental Equations 

The equations of motion and continuity 
possess a solution for which the velocity com- 
ponents parallel to the w- and y-axes vanish 
everywhere, provided that w, the velocity 
component parallel to the z-axis, can be found 
as a function of x and y satisfying the equa- 
tion: 


Wi=VAW=y(WretWyy) , (2.1) 
subject to the initial condition: 
d=w/W=0 when 7¢=0, (222) 


and the boundary condition (when ¢>0): 


=1 at the surface of the cylinder: S, 
b=w/W (2.3) 
—0 as 22+y?>0, (2.4) 


Multiplying (2.1) by e~”, integrating with re- 
spect to ¢ from 0 to oo, and using (2.2) we 
obtain 

(4—k?)¢*=0 , (2.5) 


where ¢* is the Laplace transform of #, so 
that 


Sa, y, p=\" se, u, De-Ptdt’ (2.6) 
0 


1955) 


and 


k?=p/v (Re p>0). Gr) 

From (2.3) and (2.4) it follows that the bound- 
ary conditions on the function ¢* are 

g*—i1/p on S; (2.8) 

p*—0 (2.9) 

On account of the relation (2.7), the solution 

of (2.5) when |k|->o (0<largk|<z/2) will 

be investigated. For this purpose, since it is 

not permitted to neglect 4¢*, we shall adopt 
the WKB technique». Thus, putting 


aS iar Y7—.co), 


*=(1/p) exp {kd(x, y)} (2.10) 
in (2.5) we obtain 
k*(grad ¢)*+k4¢—k?=0. (2.11) 


As will be seen later the second term may be 
neglected compared with the first term, if 
|k|R is large and if there is no corner on §S, 
where R is the local radius of curvature of 
S. Thus, (2.11) reduces to 

(grad ¢)?=1, (2.12) 
while the boundary conditions (2.8) and (2.9) 
become respectively 

~=0 


on S, (2.13) 


and 

0¢/0On=¢n<.0 on S, (2.14) 
where m denotes the outward normal to S. 
The condition (2.14) exactly reflects the 
boundary layer nature of the problem. For 
when 1/yz¢ is small, the thickness of the 
region in which ~ is not small, compared 
with unity is so small that in the vicinity 
of the surface ~ rapidly tends to zero, and 


hence ¢ shall be negative there. This im- 
mediately gives (2.14). 
From (2.12)—(2.14) we obtain 
in=( ae ey ue (2.15) 
On / surface 
and 
_ ¢=—n, (2.16) 


in the vicinity of the cylinder, where bn 
denotes the value of ¢» on the surface. 

The quantity of the greatest practical inter- 
est is the frictional force per unit area on the 
surface, t. Its Laplace transform is given by 

T= —/lWn* = (“W/p)k exp (kb) =HW]/// vp - 

(2.17) 
Hence, by use of the formula for the inverse 
Laplace transform 
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Lp or j= lf at , (2.18) 

we have 
tT=UW/V/avt - (2.19) 


This is the value given by Rayleigh for a 
plate of infinite breadth, which is what we 
should have expected when the thickness of 
the boundary layer is small compared with 
the radius of curvature R of S. 

Further, the velocity distribution near the 
cylinder is obtained as 


w/W=p=L-[¢*)=L-*[(1/p) e *"] 

=1l—erf (n/2// yt) , (2.20) 

which is also appropriate to a flat plate of 

infinite breadth; and the normal derivative of 

(2.20) at S again gives (2.19). 

Higher approximations may be obtained by 
expanding @ in the form: 

C= Rabin . 


m=0 


(2.21) 


Introducing this into (2.11) and equating the 
same powers of & it is found that 


(grad ¢))?=1, (2.22) 
(grad $)-grad $1)= —34¢o, (2.23) 
(grad ¢o-grad $2) = —3[4¢1+(grad ¢1)"], (2.24) 


eee eee 


(grad ¢)-grad ¢m)=—2[4dm-1 


+ S(grad 5-grad ¢m-_s)], (2.25) 
ie 


Orthogonal Curvilinear Coordinates 
and the Solution at the Surface 
of the Cylinder 


To solve (2.22) etc., it will be convenient 
to introduce an orthogonal curvilinear coordi- 


€ = const 


[prey A, 


nate system (&, 7), where the line element of 
length di is given, as shown in Fig. eeby 
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dP? = a? d&?+ Bdy?=dn'?+ds? (a, B>0). 
(3.1) 
Let the line elements on the 7-curves (y= 
const) and the s-curves (&=const) be denoted by 
dn=ad£ and ds=8dy, respectively. For this 
coordinate system, all the 7-curves are normal 
to the boundary of the cylinder cross-section, 
which corresponds to a_ particular s-curve 
E=£. 
Now we have 
0/On=0/(a0E) , O/Os=0/(BOn) , 
(grad $;-grad $5)=(1/a@B)( biehicet+ binh jn) 


(3.2) 


=PinP jin + Piss ) (Geo) 
1 B Ob), O(a Ob 
40 saloela o tana on )} 
=PnntkbantdsstAds 5 (sie) 


where « and 4 are respectively the curvatures 
Of the curvessé=const, and “y7=cotsta, ‘x A 
and the corresponding radii of curvatures R, 
op are given by”? 


k=1/R=(1/aB)Bz, 2=1/0=(1/aB)ay, (3.5) 
and we have the relation: 
Kn+As=—k?—2? , (3.6) 


Here it should be noted that the operations 
On=0/0n and 0;=0/0s are not commutative 
and satisfy the following commutation rule 
derived from (3.2) and (3.5): 


bsn—Pns=Onbs— Osbn=—Kkbs4 -Aobn ) (SEL) 
or 
[On, On\|= —KOst+ 2On . Gh) 
Now we have 
T* = — 1tWn* = —LWk/D)On*® 
=—~ww>s yO-D2f- C+D 2G yy, (3.8) 
j=0 
Hence 
(v£)G-D/2 0; : 
c=—nWS s) , 3.9 
wera Se 


where use has been made of the formula: 
L“[p-y=2-4P(q@) — (q>0). (3.10) 
dim can be easily obtained by noting the rela- 
tion: 
6;=0 or 5s =0 5 
as derived from (2.13). 


Thus for the first approximation we have 
from (2.22) 


(3.11) 


don? + b3s27=1 5 (Ga) 


On account of (3.11) and (2.14), @yn is given 
by 
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Pon=(060/ON)surtace=—1 « (3.13) | 

This is the result already obtained in § 2. | 

Differentiating (3.12) with respect to 2 we_ 

obtain | 

PonPonn+ GosPosn=O0 , (3.14) | 

which gives, on introducing (3.11) and (3.13) | 

into (3.14), 
Coun 0 . 

By (3.7) and (3.13), we have | 

osn= Pons—KbostAgon=—A (3.16) | 

Successive applications of commutation rule | 

(3.17), as well as (3.13), (8.15) and (3.16) give| 


(3.15) | 


Vien =O (3.17), | 
Onin Eh (3.18) 
Comme (3.19) 
hosnsn=KA2+KAs+KsA—Asn ; (3.20); | 
Possnn=3kA2+ 2KAstKshA—2hdn—Asn - (3.21) 


Differentiating (3.14) with respect to once 

or twice, and using (3.13)—(3.19) we obtain 
fonnn =A, (i272) 
donnnn= —3ki7?+3Adn - ews 


These formulae are useful in the derivation 
of the higher approximations. 


§ 4. The Second Approximation 


From (2.23), (3.3) and (3.4) the equation for 
#, is expressed as follows: 


donPint dosPis= —3[donn+tebont+ Poss+ Xo] ) 
(4.1) 


which gives, on account of (3.11), (3.13) and 
(3.15)} 


éin= — (4.2) 


Introducing (4.2) and (3.13) into (3.9) we ob- 
tain the second approximation to Tt: 


c/uW=1/1/nvt =1/2R . (4.3) 


This is the same as the friction on the cir- 
cular cylinder of radius R as far as the 
second approximation and is in accord with 
Batchelor’s result. 

The total friction D on unit length of an 
arbitrary cylinder without sharp corners is 
obtained by integrating (4.3) over the bound- 
ary S 


; ao 
(p= oe 
ae oe ei ie as | 


(4.4) 


where Z is the perimeter, and dé is the angle 
between the adjacent tangents of S. This is 
the same as the drag on a circular cylinder 
of radius Z/(2z), and consequently the fric- 
tional drag on any arbitrary cylinder is the 
Same irrespective of the cross-sectional form, 
if the perimeter is the same and R/v/ vt is 
uniformly large. 
Batchelor’s result. 
Next, using (4.2) and (3.7’) we obtain 


This too is in accord with 


pisn=—3Ks—3K1 ’ (4.5) 
(4.6) 
Also, differentiation of (4.1) with respect to 
nM gives easily 


Pissn= —3Kss—Ksh—3kAs—xi?. 


dinn =ik, Gen) 
(4.8) 


where use has been made of the relation 
(3.6) and its normal derivative: 


Pinnn= —K+436¢224+3K52 5 


(4.9) 


KnntdAsn= —2kkn—2)dn 


$5. The Third Approximation 
From (2.24), (3.3) and (3.4) the equation for 
gé2 is expressed as: 
phonhont Poshos= —3lPinn t+ KGint GisstAPis 
+ in? + bis’] ; (5.1) 
which gives 
Gon= Hbinn+Kbint din? : (Ge) 
Substituting for ¢in and inn the values given 
by (4.2) and (4.7) respectively, we obtain 


- 1 Led 
ees Denes 5.3 
eae <a ies ey 
Thus, (3.9) becomes 
Sor eying aly) Voi yl (5.4) 
LW VWnvt 2R M4/ x R?° 


As far as the third approximation t/(“W) is 
determined by the local radius of curvature 
R, and is the same as the friction on a cir- 
cular cylinder of radius R. This result seems 
to be rather surprising. 


§6. The Fourth Approximation 

Let us proceed to the fourth approximation. 
From (2.25), (3.3) and (3.4) the equation for 
¢; is given by 

PonP3an+ pos3s= —3[ bonntKgbont+ Pass+ Aogrs 

+2¢inbant2dishas] - (6.1) 

Taking account of (3.11), (3.13) and (5.3), we 
obtain from (6.1) 


P3n a= td2nn . 


(6.2) 
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Differentiating (5.1) with respect to 2 we ob- 
tain easily 


donn= Sat (Shes) ) (6.3) 
where we have used (4.2)—(4.8) and (3.6). 
Introducing (6.3) into (6.2) we have 


ee Let 0 
(«3 iSO) eee 7 —_—({ — 
gr et kate) 


(6.4) 


Substituting (6.4) in (3.9) and remembering 
(5.4) we find 


Toe herar 
UW Vnvt | 2R 4/2 R 

2 (Lowe. 8 
This shows a very interesting result that the 
total frictional force is perfectly determined 
by the value of the local radius of curvature 
as far as the order of O(//yz), and that the 
effect of the variation of the curvature along 
the surface first appears in the fourth appro- 
ximation. When there is no corner or abrupt 
change of curvature along the cylinder cross- 
section so that R/1/yt is uniformly large, 
(6.5) will provide a good approximation to the 
truth. Thus, in order that (6.5) may be uni- 
formly valid throughout the whole surface, it 
will be necessary that R should be of the 
same order of magnitude throughout the whole 
surface. We may also note that the last 
term of (6.5) contributes nothing to the total 
frictional force; 


Solera 


Thus, the total frictional drag on unit length 
of the cylinder is given by 
D IE, 
UW Vavt 
Vvt fds, vt fds 


P3n io 


(6.6) 


+7 


Tyre Re ee 


where we have used (4.4), (6.5) and (6.6). 


(6.7) 


§7. Correction due to the Presence 
of Corners 

In the vicinity of the corner where R is 
zero or small compared with 7/yz (6.5) ceases 
to be a valid approximation to the truth. If 
/vt is so small that the influence of the 
corner is limited to a region over a distance 
of order 7/yzt, the above analysis will apply 
to the region not near the corner, and the 
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region near the corner may be treated as if 
it were one of a bent flat plate. In parti- 
cular the excess of the total friction per unit 
length of the cylinder, due to a corner of ex- 
terior angle z+a, over that for one side of 
a plate treated as though there were no corner, 
is given by 
KWEa)=B(n+a)=|"(+ 


0 


_ “Ww )as 
V rvt ; 
(Ca) 


for one side of an angle. The values of K 
or & have been calculated by the author”, 


uy 


and Sowerby”! and Cooke™, and are shown 
in Fig. 2. If the boundary of the cross-sec- 
tion is constituted only of N straight line 
segments of length L;>1/yt, we can write 
down the total frictional drag per unit length 
of the cylinder as 


eres Li OE 
BW ae apt See tate) 


(Av, v41=Qy,1) , (7.2) 
to the order of (1/y¢/Z;)°. The first term 
corresponds to the uniform drag for a flat 
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plate of infinite breadth, and the second term 
is the excess due to the presence of the 
corners, the factor 2 being due to the pre- 
sence of two sides for each corner. In 
Batchelor’s paper this point seems to be over- 
looked. 

For a regular polygon with N corners, we 
have a@;,j41=272/N, so that 


Ne 2S —— 
2» K(aj,j41)=2NK(27/N ) . G3) 
j=l 
This takes a minimum value 2 for N=2 (a 
flat plate) and the total frictional drag for a 
flat plate of width 2z/ to the order of (Z/,/ vt )° 


1S 
ae 
Pil “Paha eee le 


This is in accord with the result of the pre- 
vious paper” for a plate of finite breadth. 

The value of (7.4) increases with N and the 
limiting value for N—c9 is obtained as follows. 
According to the author’s paper” 


(7.4) 


K(a)= an ost sin BL 
7 Tc 2 
when t+a>z/2, 7-5) 
where 
tae = | “ utgh w cosh Be 
ma’ » cosh 28u—cos Bx ; 
and 
Ke-1=7/4, K(0)=0. 
From (7.5) we have for a~0 
Kia)~a(“*) a a dp ) (4) 
da }a=0 da /u=0 dg p=1 
8a 1 ( 2? sinh? 
i ee cosh® du | ; 
(7.6) 


The infinite integral in the bracket is easily 
evaluated by taking the integration path —co 
—+ oo and zi—w—7i+00, as 


° 4? sinh? « ; 2 sinh2 
—, du=2ni Res. aera 
0 cosh® # cosh? 4% 


7 sinh? 
a Z ee 
, bag Wee 5 a “l 3 
=271 a aes SOME met 
nil 4i\ 2 Se i a tee 
Substituting (7.7) into (7.6) we obtain 


K(a)=a/4+O(a?). 


Hence (7.3) becomes as N=2rla—> 0 


1955) Rayleigh’s 


(7.9) 


hyin2s a 1 O(a) |= ZC , 
a0 aay ak 

which is the value appropriate to a circular 
cylinder, as should be expected. It might be 
thought that when N tends to o, adjacent 
corners would be within a distance of order 
Vyvt from each other. This indeed was 
Batchelor’s opinion. However, it can be 
shown that this distance must be multiplied 
by a factor which tends to 0 when a-—0 and 
tends to o when a->—z. 

The case when corners are separated by 
smooth curves with length of 1/y# or more 
and curvature of order 1/R~1/;/vt or less 
can be treated by the same reasoning as 
Batchelor’s. The curvature correction must 
be added to (7.2), which is found from (4.3) 


and (4.4) as 
co jt WV 
LW > | Ro as— (22 —>' ais.s01) * 
j=l j D ds 2 j=l 


(7.10) 


The total frictional drag D per unit length of 
the cylinder to the order of (7/y¢/Z;)° is then 


D 1é N 
= 2, * K( 1 ee aE a 
UW oV/ xvt oe Zl As.4+1) 


taj,jei], 
eae) 

where Z is the perimeter. 

Elliptic Cylinder 


As an illustrative example, let us consider 
the case of an elliptic cylinder treated in I: 


(8.1) 


whose major and minor axes are respectively 


§8. Numerical Example. 


z=a(1+o*)cos 6, y=a(l—o?)sin 6, 


2a(1+o7) and 2a(1—o?). Its perimeter Z and 
radius of curvature R are given by 
a2 20 
L=4a\ Od0=4all +0? »E( “ih (8.2) 
0 {+o? 
and 
R=aQ2"/1—o') , (8.3) 
where 
@=1—267 cos 20+6' , (8.4) 


and E is the complete elliptic integral of the 
second kind. 

Introducing these expression into (6.5) and 
(6.7) we obtain 


at a (l=o*), malate V ut 
uW nt 2032 4/%nr®@ a 
tee tt Praea o) 


808? 


Problem for a Cylinder of Arbitrary Shape, IT 403 


x {40°—(1+0*) cos 20 —2o? cos 46}] 


roa (8.5) 
a 
and 
- D: =a ras b er il -& Gy yee 
QnuW Wart!’ 2 4/n 
Govt spall ) : (8.6) 
8 @& a 
where 
L=L/(2zn) , 
2nG. a @- 5/26 


4 20 
re al taton(, ae) 


-a-won(@t)) 


onG,= 4(1—o4) i. 


/2 

O-*dé 
0 
riseos 
ao} [1+804+0%] , 
and K is the complete elliptic integral of the 
first kind. 


For an elliptic cylinder of thickness ratio 
1/2, we have o?=1/3, and hence L=1.028, 
G.=1.584, G;=3.384. Table I and Fig. 4 show 
the numerical value of (8.5) in this case, 
where we take a/1/y{=1 (beyond the region 
of convergence) and a/1/y¢ =5 (a little beyond 
the region of convergence at the end of the 
minor axis where R/1/y¢=0.6) in order to 
test the validity and usefulness of the asymp- 
totic formulae (8.5) and (8.6). In the former 
case divergence of (8.6) is evident near the 
end of the major axis. We see, however, 
that the convergence is good near the end of 
the minor axis and a good agreement is ob- 
tained with the values calculated in I, by 
assuming a/j/yti<l. In the latter case the 
convergence is good except in the region near 
the end of the major axis. The effect of the 
last term of (8.6) corresponding to 07(1/R)/0s* 
is considerably great, so that the non-uniform 
and asymptotic character of the convergence 
of our expansion will be evident. For practi- 
cal purposes it may be convenient to take 
only the first two terms or to use the exact 
value of ct for a circular cylinder of radius a 
taking account of this asymptotic character 
of our expansion; here the formulae given in 
I will be conveniently employed as a check. 


=2n (8.7) 
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Table I. Frictional drag on an elliptic cylinder of thickness ratio 1/2. 
a/Vvt =1 
Ist 2nd 3rd 4th without 
g° approx. approx. approx approx. 0>(1/R)/s” alVty <1 
(1) (2) (3) (4) (4) (1) 
0 2.064 0.795 —3.42 4.170 1.406 
9 ONS 0.887 —0.08 3.340 1859, 
18 1.592 0.996 3.338 2.082 1247 
Ay 1.293 0-993 3.116 1.380 1.120 
36 1.080 0.930 ZalaZ 1.068 1.007 
45 0.564 0.944 0.862 1.470 0.917 OF 917 
54 0.858 0.809 e120 0.835 0.850 
63 0.805 ORvine 0.942 0.787 0.803 
72 0.774 0.749 0.853 0.758 Osa 
81 On(a7 0.736 0.810 0.743 OM/Da 
90 0.752 0.732 0.798 0.738 0.747 
al Vv§ =5 

0 A oeh 4.067 3.898 4,202 

9 4.170 3.964 32932 4.063 

18 3.849 3.730 3.823 Sao 

Pf 3750) 3.490 Se5TD 3.505 

36 S.03T, 3.307 SeoOD Seals 

45 2.821 3.200 3.184 3.208 3.186 

54 Be MNS} 3.105 copula ire) 3.106 

63 3.062 3.056 3.062 3.056 

(G2 3.031 3.026 3.030 3.026 

81 3.014 3.010 3.013 3.010 

90 3.008 3.005 3.007 3.005 


@s 


lOZ ZO ZOF4AO2 50% CON 1O8O 1902 
Fig. 4. Frictional drag on an elliptic cylinder of 
thickness ratio 1/2. 


Fig. 5 and Fig. 6 show the values of (8.6) 
for an elliptic cylinder of thickness ratio 1/2 
(o?=1/3) and for a circular cylinder (s?=0), 
together with the values obtained by using 
the formula (7.7) in I, The values when 


Fig. 5. 


Total 
cylinder of thickness ratio 1/2. 


frictional drag for an elliptic 


alV/vt—0 are nearly the same for the two 
cylinders. 

Fig. 7 and Fig. 8 reproduce Fig. 2 and Fig. 
1 of the previous paper, which give the 
values of at|(“W) and D/(2xuW) for a plate 


of width 2a; these values were calculated by 
using the formulae which are the same as 
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iB 
i 


oe. 
O LO AW/VE 2:0 
—_— 30 SO AG 56 Fig. 8. D/(2xuW) for a plate of width 2a. 
— a/Vvt<l, -—— a/Vy¢>1. 


| Fig. 6. Total frictional drag for a circular 
cylinder of radius a. ° ...Exact value. 


PoE 
ae oe be 
|} 


From these examples it will be seen that 
our formulae are useful when R/1/y¢ is uni- 
formly large; here it should be stressed that 
even the presence of corner is allowed for if 
the appropriate correction is made. 

In conclusion the author expresses his 
cordial thanks to Professor Isao Imai for his 
continual guidance. 
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The steady slow motion of a circular cylinder in a semi-infinite viscous 
liquid bounded by a plane wall is discussed on the basis of Oseen’s line- 
arized equations of motion, assuming that the cylinder is moving parallel 
to the bounding wall. The forces acting on the cylinder are calculated 
to Lamb’s approximation. By carrying out detailed numerical calcula- 
tions, it is shown that at sufficiently small Reynolds numbers the drag 
on the cylinder is of the Stokes type, as in the case of White’s experi- 
ments on metal wires moving with low speeds in a viscous liquid bounded 
by two parallel plane walls. 

It is also shown that the cylinder experiences a repulsive force from 


the bounding wall. 


§1. Introduction and Summary 


The steady slow motion of a sphere in a 
semi-infinite viscous liquid bounded by a plane 
wall was discussed by H. A. Lorentz”, J. 
Stock» and H. Faxén®. As far as the present 
writer is aware, however, no detailed discus- 
sion has yet been carried out on a similar 
problem for a circular cylinder. The object 
of the present paper lies in the discussion of 
the latter problem. 

Thus, the steady motion with low speed U 
of a circular cylinder in a semi-infinite viscous 
liquid parallel to its bounding wall is discussed 
on the basis of Oseen’s linearized equations 
of motion, by developing an analysis similar 
to that in Faxén’s treatment of the sphere 
problem. 

The formulae for the components of the 
force, parallel and perpendicular to the bound- 
ing wall respectively, acting on the circular 
cylinder are obtained to Lamb’s approxima- 
tion. By carrying out detailed numerical 
calculations, it is thus shown that the drag 
on the cylinder is of the so-called Stokes type, 
as in the case of White’s experiments’? on 
metal wires falling with low speeds in a 
viscous liquid bounded by two parallel plane 
walls; namely, the drag is independent of 
either of the two Reynolds numbers R(=Ud/v) 
and R*(=Ub/v), where d is the diameter of 
the cylinder, 6 is the distance between its 
centre and the wall and v is the kinematic 


viscosity of the liquid concerned. 


It is also shown that as in the case of a 
sphere, the cylinder experiences a repulsive 
force from the bounding wall. 

The writer wishes to express his cordial 
thanks to Professor S. Tomotika for his 
guidance and encouragement throughout the 
present work. The writer’s thanks are also 
due to Professor K. Tamada, Osaka City 
University, for his invaluable discussions. 


$2. Method of Solution 


Suppose that a circular cylinder of radius a 
is moving, with constant slow velocity U, 
from right to left in a semi-infinite viscous 
liquid at rest parallel to its bounding plane 
wall. Referring to rectangular coordinates 
Oz, Oy with its origin at the centre of the 
cylinder, where the z- and y-axes are taken 
parallel and perpendicular to the wall respec- 
tively, the fluid at infinity flows, with con- 
stant velocity U, past the cylinder at rest in 
the positive direction of the z-axis (Fig. 1). 
In this case the bounding wall should also 
move, with the same velocity U, from left to 
right in its own plane, so as to satisfy the 
boundary conditions. 

The stream function ¥ may be written as: 

P=Uyt+¢, (2.1) 


where # is the stream function for the per- 
turbation and is connected with the components 
of the perturbation velocity as: 

u=O0¢p/oy, v=—d¢/Oz . (2.2) 


Oseen’s linearized equations of motion for 
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the two-dimensional steady motion of an in- 
compressible viscous fluid reduce, in this case, 
to 


A(A—2k0/Ox)p=0 , 
where 
ee 
and 4 stands for 0?/02?+0?/0y?. 


Liane ale 


The solution of (2.3) can be written in the 
form: 


p=ht+d , (2.5) 

where 
Ad,=0, (2.6) 
(4—R’\(e“**d,)=0. (2.7) 


According to L. N. G. Filon®, the appro- 
priate solutions of (2.6) and (2.7) which satisfy 
the boundary conditions at infinity are given 
respectively by 


$= Ay Inrv+Bo0 
16 Sr An cos n0+B,sinn0), (2.8) 
and is 
ds =aye™*K (kr) 
tb er BG r+ Kier cos O}ekr e809 


+e* x Kil(kr\(an COS NO+by sin nO) , 
n=1 
(2.9) 


where x=7cos 8, y=rsin 6, and 
b=—B,y . (2.10) 
K,(a) is the modified Bessel function of the 
second kind. The condition (2.10) ensures 
that the stream function ¥ is one-valued and 
continuous throughout the whole field of flow. 
If we confine ourselves to Lamb’s approxima- 
tion, it suffices to take only the first two terms 
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in (2.8) and (2.9) respectively. 
u=Apr-!sin 0+ Bor} cos 0 
—kae™kK (kr) sin 6 
+khye*®*{Ki(kr) cos 0+ Ko(kr)} , 
v= —Apr-1 cos 0+ Bor sin 0 
+ kaye**{Ky (kr) cos 0—K,(kr)} 
+kbye"*Ki(kr) sin 0. 


respectively in integral forms as: 


ine is 
Se 12 ee ee 


1 °° 
eMKa(kr) = 5 | 


—oo 


exp (Zax—|al|y|)da+C., 


= SO elk: . 
0 
(2.12) 


where C; is an appropriate constant so chosen 
as to make the integral convergent, and 


a? + Qika (@=/-1). 
It is readily found that Re(A))>0. 
Differentiating (2.12) with respect to zor y, 
we obtain 


tliat yea exp(iax—|ally|)da , 
2»), eed 

ain a H exp (tax—|ally|)da , 

r Te i Ses 


x exp (Zax—Ay|y|)da , 


et Ki (kr) sin 0=- 7 4 | 


Ng ie exp (tax—Ay|y|)da . 


(2.13) 


If we substitute from (2.12) and (2.13) into 
(2.11), we obtain integral expressions for the 
components of perturbation velocity in the 
forms: 


X exp (¢ax—|ally|)da 


Hla tt 


xX exp (taz—2o|y|)da , 


oo" Gate) 


x exp (Zav—|ally|)da 


We then have 


(2.11) 


Now, In7 and e**K,(kr) can be expressed 


| 
| 
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ay +14 by) 


- 

Xexp (Zaz—Ay|y|)da . 
(2.14) 

Further, making use of the relations: 

e™* = I)(kr)+2h(kr) cos 0+--- , 

e™ cos 6= (kr) +{h(kr)+I(kr)}cos 0+-:+ , 

e™ sin 6={)(kr)—J.(kr)}sin O6+--- , 

_ where J,(x) is the modified Bessel function of 

the first kind, and introducing the conjugate 

complex velocity w=u—izv, we obtain from 

(2.11), on neglecting all terms higher than 


| R272, 
(5 tr+in"S ay 


(2.15) 


where 7=0.57721--- is Euler’s constant. 

In order to satisfy the boundary conditions 
on the bounding plane wall, we now super- 
pose, as done by Faxén in the case of sphere 


problem, a flow due to images, which is 
defined as: 
YE —-<co 
x exp {(tax—|a|(y+2b)}da 
=a Aofx(a)exp {iaxz—Aj(y+2b)}da , 
al tafi(a)exp {(tax—|a| (y+2b)}da 
= ne taf,(a) exp {(tax—i(y+2b)}da , 


(2.16) 


_ where b denotes the distance of the centre of 
the cylinder from the wall (see Fig. 1), and 
| f(a) and f(a) are unknown functions to be 
- determined by the under-mentioned boundary 
- conditions. 

The conjugate complex velocity w*=u*—iv* 
for the superposed flow due to images can be 
_ written as: 


w= |" (ja| +ayfia) 


xexp {iaz—|a|(y+2b)}da 
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il oo 
5 | (Aotayfi(a) 


x exp {zax—|a|(y+2b)}da. (2.17) 

Since the conditions at infinity are already 
satisfied automatically by w and w* as given 
respectively by (2.15) and (2.17), we have only 
to consider the boundary conditions on the 
bounding plane wall y=—d as well as at the 


surface of the cylinder. They are 

(1) (w+tw*)y-1.=0 , (2.18) 
Or tu ye2a=0 >. We pear (28a) 
and 

(il) (wW+w*)p-a=—U , (2.19) 


§3. Determination of the Functions 
fila) and f(a) 

Inserting the values of uw, v and u*, v* as 
given respectively by (2.14) and (2.16) into 
(2.18a), we get 

ie ete {— Ay 4 2 By la f(a} 

Ee |a} 


x exp 
a 


=D al)+ {api 8b)—2uhted} 


x 6 ~bio) \ta=0 ; (3.1) 


ee (—dlal)+ 4-89 ay—by~iafleo) 
0 


x exp (—bip) \dae=0 ; (eZ) 

In order that these relations are satisfied 
for all values of w, the quantities in the square 
brackets must be identically zero. Thus, the 
functions f(a) and f(a) so far undetermined 
can be expressed in terms of the unknown 
constants Ay, By, a and dp as: 


AAG ye Ro ue 
jar ef -Het ag, bla 
a ; {pAtehe | tt ba 


xexp {—b(A—|a'])} , 
; 1 (.A+la| dot lal p 
fila)= , \ 5 Ay la } 
x exp {b(Ay— | a@|)} 
1 {fist lel, Wot lel*,,| ; 
2k ; : 


Ana ae 


(3.3) 
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Inserting these expressions into (2.17) we ‘ee 
have 0 a 
w* = ahs (Agta) ~ exp (—2ba+iax—ay) \da x exp (Wa ba) tax 2) | 
2k 
7 “(Ag ta)® 
S55 ahs ota? exp (—2ba+tax—ay)da Tp fa \ Rae 
R 
xexp (—2bAp t+tax—dyy)da 
tay +a) / E 7 
k KC : aes +a)(do’ —@) 
xexp {—b(Apta)+iax—ay}da u Ay & 
ees: i Aol — x exp (2040 —iae—20'phda | 
k 
© 3 
xexp {—b(Ay ta)+iax—ay}da — 2, (do ay 
4k 0 a 
+ Fl ae or ee x exp (—2bAy tiax—Aoy)da 
co 2 iy Y | Me whes 
xX exp ONG ee +| ic otaene) 
0 
Ag? — a? 
a0 Fa x exp (—2biy’ iar — Ae ghar | ; 
x exp {—Bdo’ +a) tax ayy dar| ' (3.4) 
where A)’ =1//a?—2ika - 
+5] Foe a)? Putting a=RkB, A=1/ +278 and 
2k ya i’ =1/f?— 278, this expression for w* can 
xexp {(—biAy+a)+iax—dAyy}da also be rewritten as: 


wr oh, OT By exp (—2hbe 4+ ahaa eeade 


B 


2 ea oes exp (—2kb8-+ikBu—hpy)dB 
—idy \i (A+B) exp {—kb(A+8) +2kBa—kBy}dB 
MG f ee exp {—kb(A+ 8) +7kBe—kBy} dB 
+t i‘ ae ea kB(A-+ B)+ ékBa —kdy)}dB 
(" rg eXPL RU +B)— ihe —hX'y) dB | 
rn Al \ & ae exp {—kb(A+8)-+akBu—kay}dB 
+[ =e a ROA+ 8) —ihe—Ri’ a8 | 
mal \. ee exp (—2kbA+ ikBa—kiy)dB 
a os ®) exp(—2kb,! —ikBa— — hi’ | 
wal \. ae exp (—2kbA-+ tkBa—kly)dB 


xv 
+/"¢ Sa et —® exp (—2hb1 —ihBae bay 3 | (3.5) 
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Using the obvious relations: 
“=F COS g=—r(elt+e-#) > y=rsin 0=— 5 irce’—e-") , 
we have 
exp (kBx—kBy)=1+2kBre"+--- , 


ee (éhBe—Riy)=1— thr A— Bye" + 74 tkr(A+Be+--* , es 
exp (—thBa—hi'y)=1—4 thr’ + Be" + thera! Bebe | 


Thus, inserting these expressions into (3.5) and retaining only constant terms as well as 
terms involving e-, we obtain, on neglecting all terms higher than k?7’, 


ns (tg. oN (Ar) pag 
: =( ee \\. = exp (—2k08)dB 


— ta [are exp {—kb(A+8)}dp 
0 


— by |e pb(A+B)} dB 


0 
ie oe eae (—Rb(A+8)}dB t ei exe wos’ +8)h8 | 
0 0 
+43 |. BY exp (—noa+8))d8+|" i exp {#010 +8} | 
0 0 
tao [ (7 A+B) af" GB! = 8) Rb)’ | 
F at FP exp (—2kbi) dB i ey exp (—2kbr dB 
ae | A+B) exp (—2kba) de hs ABFA B) exp (—2kb,’)a8 | 
4 0 B? 0 & 
+ hre-'e} — Sa if sk pa a) {—kb(A+8)dB 
0 
-\ a+ 8 a (hoa +8) | 
0 
= zh eee exp {—kb(A+8)} dB 
0 


asf (eee =s) 2kbA)d 
T 8 | 0 AB a - 
-|" Cae Cie (— 240d | 
0 XB 
al ie (A+BYO—B) oxy (—2kbA)dB 
8 0 B° 
2 \; ee exp (—2nbi’ a |} Cy 
0 


the above expression can be evaluated by use of the follow- 


Various definite integrals in ) foll 
nsformations, and their derivatives 


ing integrals, which can be obtained by appropriate tra 
with respect to 2, 


|e e7 8 dB= ate e!*{ Jo(w)—tYo(a)} , ae e-dB=i en *{o(a)+7Yo(x)}» 


0 
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“1 g-anag+| "4 e- 2 dB=2Ki(e) , Mex raat. 1 gdp = —in{y(a)—Lola)} , 
0 a on 0 A 0 A 
an’ =2U = a ‘4 U - ig f =hi(a). 
\ ae e du= g(a) ’ \ PA € Uu 1 (a) 


Thus, we have finally the expression for w* in the form: 


_ = Ay] si —go(kb) + ‘ { Jo(2kb) + Jo(2kb)} cos 2kb+ 7 {Y(2kb) + Yx(2kb)} sin 2kb 
ia 


ere ae . 
+2 | - Akh? = rie (kb)+ hy (kb) +7 Jol 2kb)-+ Jo(2kb)} sin 2kb 


- 1 02RD) + Y2(2kb)} cos 2Kb | | 


oe [- > + Il b)+ held) —™ { Jo(2hb) + Ju(2RD)) sin 2kb +* {Val 2hb)+ Yo{2kb)} cos 2RD 


— aap 7b) + gold ay { Jo(2kb) + Jo(2kb)} cos 2kb 


+7(% 9(2kb) + Y2(2kb)} sin 2kb | | 


en | — (kb) + 9k) tan {fo(2hb) —Le (Qhb)-+ In 2kb) — Le (2hb)— a 


Hi [pas Melina ann gr 
ako? ‘ 
4b, E mit 3 Opa 5-K(2kb) — Fu bb) Ia(kb)— 5 {B(2kb)— La(2kb)— =| 


+7 wt galkb) — Then) Lo(2kb) + Jo(2kb)— L.(2kb)— "| 


kb 
+ikr e7 ef ie Ad — 5 annie a: gilkb)+92(kb)| 
os 2 
+5 al K,(2kb)-+ K(2kb)-+— ee +r { h(2kb)—La(2kb)—— | 
+5 by = 7 {1u(2hb) —Ly( 2b) + 13(2Rb)— —Li 2K) —2} |, (3.8) 
where Jn(z) is the Bessel function of the first Be Ciaisina =o ee: 
kind, Y,(a#) is Neumann’s Bessel function of We Meare a ey Se o 
the second kind and L,(2) is Struve’s function® © (6; 4S) ; x. 
of a argument defined as: -F1 iz) Cos #+Si(#) sin saan, sina, 
NM+2M+1 3.10b 
ie) ae (3.9) ae 
>, Fon 43/2) )P(n-+m+3/2) ° n(a)=| 4 ee 
24] 
Also, the functions gn(z) and hp(x) (m=1, 2) se 


are given by = —Ci(x) cos x—Si(z) sin x ty sin 2, 


G(x) = i = rel edu (3.10) 
ho x)= We a eK et dy 
= Ci(x) sin 2—Si(a) cos c+— cosz ; o (w?+1) 
2 1 
(3.10a) 1 ote 5 {ci sin «—Si(z) cos a 


Soe rU 7 
Glu) = i, Getip® du ae cos:rh , (3.10d) 


1955) 
with 


cos 2/220 . 


ee [sin Win = =i 
0 


x 


em hy) 


§4. Determination of the Constants Ap, 
‘Bas Qo and bo 
The constants A», Bp, a@.and & can be 
determined by inserting from (2.15) and (3.7) 


into (2.19). Thus, writing, for the sake of 
brevity, 
F\(kb)= —gi(kb) 


oa 


ws x {Jo(2kb) + Jo(2kb)} cos 2kb 
+ 7 {Yo(2kb)+ ¥s(2kb)} sin 2kb 


“s Ff (2kb) Lal 2kb) + L(2kb) 
Ak 


—L,(2hb)— (4.1) 

F.(kb)= sass + In(kb)+- 5 K,(2kb)—, 1 ie.(2kb) 
= i. { Jo(2kb) + Jo(2kb)} sin 2kb 

se. ; { Yo(2kb)+ Y2(2kb)} cos 2kb, (4.2) 


F,(kb)=2ho(kb) +2 5 y(2kb)—La(2kb) Ta 


(4.3) 
and 
S=7-+ln (ka/2) , 
we have, after some calculations, 
A=Ay , (4.4) 
b=—B , (4.5) 
Ao 
. Sea F (kb) U 
~ (1/2—F (kb) P—{F(kb) PP {S+Filkb)y ke’ 
(4.6) 
By 
y 1/2—F (kb) + S+Fi(kb) 2, 
= 2—F (kb)? —{F (kb) PP {S+ Fk) P 
aes 


The relation (4.5) has been obtained again 
independently of (2.9). 


§5. The Lift and Drag Experienced by the 
Cylinder 


Now, it is easily shown that, as in the case 
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of a cylinder immersed in an unlimited stream 
of viscous liquid as treated by Filon®, the 
lift Z and the drag D experienced by the 
circular cylinder under discussion per its unit 
length can be expressed as: 

L=2r oA, Ga) 

Deano By; (5.2) 
where p is the density of the fluid concerned. 


Hence, if use is made of (4.6) and (4.7), we 
have 


1 ae ee AE 

aU {1/2—F (kb)? —{F (kb)? —{S+F(kb)}2 ’ 
(5.3) 

D 47-{1/2—F5(kb) + S-+Fo(kb)} 


wU  {1/2—F (kb) }? {Fy (kb) 2—{S+F, (kb)}2? 


(5.4) 


yt being the viscosity of the fluid. 

When the bounding plane wall recedes away 
to infinity from the centre of the cylinder, 
the value of kb tends to infinity and our case 
is reduced to Lamb’s case of a circular 
cylinder in an unbounded stream of viscous 
liquid. The value of ka is, however, kept to 
be small. 

Making use of the asymptotic expressions 
for the Bessel functions Jn(z), Yn(v) and K,(x), 
together with 


eet 
TZ m=0 


oe Stee 2 — 2p—1 
sa P(n+1/2—m) 2/2)" Une: Ms 
(535) 


and 
sin w 


Cj 
wv 


Si) 
we easily find that 
lim Fi(kb)-0, lim F.(kb)-0, 
kb 


kb 00 


Thus, we have ultimately 


lim F3(kb)-0. 
kb>oo 


(5.6) 


fwavyillan t/2=xeaindkalo a 

As should be expected, the latter result is in 
perfect agreement with Lamb’s formula for 
the drag experienced by a circular cylinder 
moving steadily at low speeds in an unlimited 
viscous liquid. 

On the other hand, in case when the value 
of kb becomes small subject to the restriction 
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Table I. Values of D/p~pU 
By (5.8) By (5.4) 
—_— — 
eine Aide 0.04 “02 045 91 
EL a 0 0.002 0.004 0.02 
2 9.06 9.07 9.07 9.07 9.08 9.26 O25 9 Ona 
4 6.04 6.04 — 6.05 —_— OnoZ — 8.21 
S 5.46 — 5.46 — 5.49 — 6.23 — 
10 4.19 4.20 4.20 4.21 4,24 4.65 yz, —_ 
20 Saal — — — 3.50 4.06 — 6.47 
40 2.87 | 2.87 — Pros — — 4.41 6.33 
50 Dass — 2eAd — ene 
80 2.48 — — = — — = 6.29 
100 eit 2.38 2209 Dye VA 2.68 OADD Amos) — 
By (5.6) eZ, 1.67 Pe We 2.41 3.48 4.31 6.28 
F\(kb)=— 5 HO + OCR" 
Fy(kb)=— —7—In kb+O(k?b?), 
F(kb)=Q(R70") . 
Thus, we get ultimately approximate 
formula for Z/“U and D/vU, which are valid 


0-005 0-0l 


(o) 
0-00| 


0:05 O-| ny (xs? Ml 


Fig. 2. Drag coefficient D/,»U plotted against 
Reynolds number R. 


— calculated by (5.4) 
---— calculated by (5.6) (Lamb’s formula) 


b>a so that all terms higher than k?b? can be 
neglected, we can make use of the following 
approximate formulae: 


Si(kb)=kb+ O(R'b?) , 
Ci(kb)=7+1n kb+O(R?6?) . 
Then we get 


gilkb)=Rb(7 + In kb) —kb-+-5 + O(b?) ; 


Iy(kb) = —(7+ In kb) + 5 Rb +O(R2b?) , 


(ip eee +B?) . 
gt 
Further, making use of these expansions 
together with the well-known expansion 


formulae for the Bessel functions as well as 
for the circular functions, we have 


for sufficiently small kb and ka, in the forms: 


IL fle 2rxka(b/a) (5.7) 
vwU  {1/2—1n (2b/a)}?—1/4 ’ ; 
D 4r (5.8) 


nU In (2b/a) 


§6. Numerical Discussions 


The values of the drag coefficient D/“uU 
have been calculated by using the three 
formulae (5.4), (5.6) and (5.8) respectively for 
various values up to unity of the Reynolds 
number R(=Ud/v=4ka) as well as for various 
values ranging from 2 to 100 of the ratio b/a. 
They are given in Table I and are also 
plotted in Fig. 2 against PR. 

As far as the writer is aware, there seem 
unfortunately no available experimental data 
which may be directly comparable with our 
theoretical results. In the paper already cited”, 
C. M. White has given the results of his ex- 
periments with metal wires falling sideways 
in viscous liquids between two vertical parallel 
walls. According to his results, the drag 
coefficient D/“U of wires falling, at very low 
speeds, midway between the walls is, when 
properly corrected for end-effects, independent 
of the Reynolds number R, while, at higher 
speeds, the drag coefficient becomes indepen- 
dent of the distance b of the centre of the 
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4D) 
peu) 
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5 
O5 5 To) “50, 100 
a 


Fig. 3. Drag coefficient D/uU at very low speeds 
(R~0) plotted against v/a. 
I: case of single wall; calculated by (5.8) 
II: White’s case; calculated by (6.1) 


2 S45 L6 a8 310 20, 30 4050 


alo 


Fig. 4. Lift coefficient Z/y,U plotted against b/a. 


calculated by (5.3) 
x--x calculated by (5.7) 


cylinder from the walls, thus agreeing with 
the well-known Lamb’s formula for the drag 
coefficient of a circular cylinder moving in an 


unlimited mass of viscous liquid. For the case 
of very low speeds, White has deduced an 
empirical formula for D/“U, which, in our 
notations, may be written as: 


DD sends, 
wU jog (b/a) © 

It is worth noticing that, as can be seen 
from Fig. 2, the drag coefficient D/xU in our 
case is, at very low speeds, independent of 
the Reynolds number R, the formula (5.8) 
corresponding to the above White’s empirical 
formula (6.1). 

The values of the drag coefficient D/“U as 
calculated by the formula (5.8) are plotted 
against the ratio b/a in Fig. 3, where those 
calculated by the formula (6.1) are also shown 
for comparison. 

As an addendum, the values of the lift 
coefficient Z/uU as calculated respectively by 
the formulae (5.3) and (5.7) for three values 
of the Reynolds number FR are shown in Fig. 
4 against the ratio b/a. 

It will readily be seen that the cylinder 
experiences a repulsive force from the bound- 
ing plane wall, as in the case of a sphere 
moving in a semi-infinite viscous liquid along 
its bounding plane wall. 


(6.1) 
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Intensity Variations of Electron Diffrac- 
tion Patterns from Metal Films 
of Various Thicknesses 


By Shigeya KUWABARA 
Faculty of Science, Hiroshima University, 
Hiroshima, Japan 
(Received March 2, 1955) 


It is well known that there are many of electron 
diffraction phenomena which should be interpreted 
according to the dynamical theory of diffraction. 
However, the kinematical theory may be applied 
for samples made up of very small crystallites. 
The critical limit of applicability of the two theories, 
which is important for the application of electron 
diffraction to the crystal structure determination, 
has been studied theoretically and experimentally 
by many workers. Pinsker?), for instance, stated 
that the kinematical theory can safely be applied 
for films composed of crystallites smaller than~ 
LO secon: 

In the present work an intensity measurement was 
carried out on Debye rings from metal films of 
various thicknesses. Films investigated were 
aluminium, silver and gold obtained by vacuum 
evaporation substrates. Random 
orientations of crystallites in the films were proved 
experimentally with special precautions. The ex- 
perimental procedures in the present work were 
almost the same to those of Kimoto*). 

The results were as follows: 

(1) When the crystalline films were very thin 
the kinematical theory was applicable; however, 
the theory was also applicable for thicker films 
when the evaporation speed was smaller and the 
temperture of the substrate was lower. 

(2) The intensity anomaly of (200)-reflexion was 
observed in the case of silver and gold when the 
films were very thin, in accordance with the other 
investigators.3)») 

(3) When the thickness of the films was in- 
creased gradually, at first the reflexions of lower 
indices showed the dynamical intensity, and fillany 


on collodion 


all the reflexions showed the dynamical one. 

(4) When the films were very thick, the back- 
ground of the patterns became strong and the 
diffraction rings became broad as the result of 
incoherent scattering. 

(5) A close relation was found between the grain 
size estimated by Scherrer’s formula and the limit 
of applicability of the two theories: i.e. the | 
kinematical theory was applicable for the crystallites 
smaller than the size shown in Table 1 within the | 
errors of few Angstroms. 


Table 1. The range of application of the kinema- 
tical theory (accelerating potentials, 40 KV). 


Substance Al | Ag Au 


Grain size | <68A | <29A | <27A 
} | 


| 
| 
| 
| 


The range of appicability of the kinematical 
theory seems to be determined not by the thickness 
of the films but by the grain size of crystallites. 

Finally, the author wishes to express his hearty 
thanks to Prof. H. Tazaki of this University for 
his encouragement and also to Prof. S. Miyake of 
Tokyo Institute of Technology and Prof. R. Uyeda 
of Nagoya University for their fruitful suggestions 
and advice given in the course of the study. 
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The Zeeman Effect in Ammonia Microwave Spectra 


By Yosiharu TorIzuKA, Yuzo KOJIMA and Tosihiko OKAMURA 
Research Institute for Scientific Measurements, Tohoku University, Sendai 


and Kozo KAMIRYO 


Uda Laboratory, Research Institute of Electrical Communication, 
Tohoku University, Sendai 


(Received December 17, 1954) 


The microwave Zeeman effect of NH; inversion spctra was investi- 
gated at strong magnetic field to observe molecular g-factor in the 


d2coupled state of spin-rotation interaction. 


sihemresultmonmed ihe), 


line shows the transition from Zeeman effect to Paschen-Back effect 


near 10,000 oersteds. 


The obtained molecular g-factors for several dif- 


ferent JK value give some information on g-factor of NH; both parallel 
and perpendicular to the molecular axis. 


$1. Introduction and Experimental Preo- 


cedure 


The microwave Zeeman effect in the inver- 
sion spectra of NH; has been investigated 
by several workers!-?-*-+) at relatively low 
magnetic fields of several thousand oersteds. 
But at such fields the decoupling of the spin- 
rotation interaction is unsatisfactory, as sug- 
gested by C.K. Jen*®. 

We attempted to study the Paschen-Back 
effect of N'*H; at a strong magnetic field in 
the complete decoupling state, in which the 
molecular g-factor of N'*H; should be observ- 
ed, unaffected by nuclear g-factor of N*. 

In order to investigate the Zeeman effect 
of microwave spectrum at a strong magnetic 
field, a 10-ton electromagnet having ring- 
shaped pole pieces was constructed. And for 
the absorption cell, a K-band waveguide of 
about 2 meter length was circularly bended 
at a diameter of 70cm and placed between 
pole pieces described above in such a way 
that the narrow side of waveguide wall 
would be perpendicular to the static magne- 
tic field. Thus the magnetic field up to 15,- 
000 oe, perpendicular to the r-f electric field, 
was easily applied to the full length of 2- 
meter absorption cell when the width of pole 
face was 4cm and the gap between two pole 
pieces was 1.55 cm. The uniformity of 
magnetic field was within 0.4% along the 
longitudinal axis of the absorption cell. 

The common sweep method was employed 
to observe the spectral line of N'H,; the 
third harmonics from the output of a type 
723 A/B klystron was generated by a crystal 


inultiplier as the source of radiation. 

In order to measure the frequency differen- 
ces between separated Zeeman components, 
two methods were employed. The frequency 
modulation of the klystron source by a5 Mc/ 
sec quartz crystal oscillator produced images 
of the spectral lines spaced by the modulat- 
ing frequency, namely, at the intervals of 5 
Mc/sec, so the frequency differences between 
the separated Zeeman components could be 
measured from these 5 Mc/sec scales in oscil- 
loscope photograph. 

A variable frequency oscillator was used 
for another method, in which one could vary 
the modulating frequency so as to make 
images from adjacent lines coincide with one 
another, and could read the frequency dif- 
ferences directly from the frequency of oscil- 
lator calibrated by means of the standard 
frequency of 4 Mc/sec of JJY. The results 
by both methods were in agreement within 
experimental errors. Whole setups of ex- 
perimental apparatus are shown in Photo. 1. 

The pressure of NH; gas in the absorp- 
tion cell was kept at about 10°?>mm Hg _ dur- 
ing the experiment in order to make observa- 
tions under suitable conditions. 


Theoretical Background and Experi- 
mental Results 


The molecule in the ') ground state has 
very small magnetic moment due to molecular 
rotation. It is possible to detect small fre- 
quency splitting with microwave Zeeman 
effect as follows: 

4v=9(o/WA , 


§ 2. 


(1) 
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Photo. 1. The microwave spectroscope for measuring 


and Paschen Back effects. 


where 4y=difference between the frequency 
of a Zeeman component and that of the 
undisplaced line, “»=nuclear magneton, g= 
gyromagnetic ratio. 

On the other hand, magnetic moment of 
nuclei is often strongly coupled with molecu- 
lar axis. 

In N'*H; there exists an interaction between 
nucleus and molecular axis. In the absence 
of an external field spin-rotation coupling is 
still in effect. 

The Zeeman effect on the resulting hyper- 
fine pattern has been treated theoretically by 
Jen». When the Zeeman energy is smaller 
than the spin rotation coupling, the unperturb- 
ed state is labeled by J, J, F, M, where J= 
angular momentum quantum number, /=/J 
+i, J+J—1,----, J—i+1, J—lI and_M=F, 
FF—],----, —F+1, —F. The total hamiltoni- 
an +, including the interaction with an ex- 
ternal magnetic field, of a molecule having a 
molecular g-factor and single nucleus coupled 
with the molecular axis, is 


CE =A 1— Gace fo J A—Ome fol, (2) 
where gmoie=g-factor of the molecule along 
J; QYouw=g-factor of the nucleus coupled 
with molecule, J, I=vector operators of J, J. 

The interaction energy stated by Jen is 

AW=—MH(a3 Jmoiet+ @1 Jac), C37) 
where 


as=[FR+D+II+)—-1I4+1)/2FF +), 


Zeeman 


a;=[(PF+14+/04+1)—-JJ4+1))/2FF +1). 
For the Zeeman splitting of N!*H; inversion 


spectrum, splitting of Zeeman component 
takes the following form for the central 
line. 
Were 4 MoH | Jmole + Jnue 
h 2, 
rele Gs D=J70 +1) (Smole — Jnue) 
F(F+1) 2 s 


(4) 
where selection rules for o transition of NH, 
inversion spectrum are 


AJ=0,.4 AM=21,  AF=0. 


When the magnetic field is so strong that 
spin-rotation coupling breaks down, the split- 
ting of the Zeeman effect changes to Paschen- 
Back effect. 

Paschen-Back effect is observed by Jen® in 
NNO but his result in NH; is not com- 
plete. 

Fig. 1 shows the Zeeman effect of NH; 
with assigned rotational quantum number J 
=1, K=1. It is seen that a linear relation 
is maintained up to 8,000 oersteds which cor- 
responds to g-factor being equal to 0.475. 
For still higher magnetic field, there is a 
slight non-linearity and gradual approach to 
a new straight line, of which the slope cor- 
responds to g-factor of 0.550. The experi- 
mental errors are limited to the range of 1% 
which arise mainly from magnetic field 
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measurement. The change in g-factor shows 
the transition from the Zeeman effect. in 
which molecular g-factor was combined with 
nuclear g-factor, to Paschen-Back effect in 
the decoupled state. 

The splitting of Paschen-Back effect in 
NH; is given as follows. 


4y= 4 CHolT 
h 


That is, splitting is proportional to molecular 
g-factor. We obtained from the present 
results using equations (4) and (5), 


Jmole = 0.550-+0.005, 
Jnue= 0.400+-0.004. 


The value of nuclear g-ractor of N' deter- 
mined from present study coincides with 
published nuclear resonance data of 0.403 
within the range of experimental errors. 

Fig. 2 gives experimental results of 3-3 
line in N'*H;. The separation of the Zeeman 
component is linearly proportional to the 
applied magnetic field up to 14,000 oersteds. 
In 3-3 line we could not observe Paschen- 
Back effect explicitly, but from the separa- 
tion at 14,000 oe, we could estimate gmore= 
0.510 in 3-3 line. In the range of weak field, if 
we substitute gmor=0.510 and gnue=0.403 
in equation (4), g-factors at weak field is 
shown to consist of three factors as follows: 


(5) 


Jmole- 


g=0.483 for F=4, 
g=0.501 for f=3, 
g=0.546 for F=72, 


The observed g-factor should be some 
intermediate value of the above three, ac- 
cording to the transition probability of each 
component of fine structure. Therefore, the 
coincidence of the observed g-factor in 3-3 
line at low and high field seems to be 
reasonable. 

In 2-2 and 6-6 line of N'“H;, the similar 
field dependence, having a slope slight dif- 
ferent from that observed in 3-3 line was 
observed. 

Table I shows rotational g-factor of NH; 
determined at 14,000 oe for. different JK 
value. 

In the nonlinear molecule, molecular g- 
factor is a fuction of J and K. For the sym- 
metric molecule, T.R. Eshbach and M.W.P. 
Strandberg” have found the following equa- 
tion: 


The Zeeman Effect in Ammonia Microwave Spectra 


419 


IS, K)=9n+(on—gy) (6) 


ie 
TS We 
gx, gw defines the component of magnetic 
moment gx along the symmetry axis and 
the component of gyaN (where N= 
V J(J+1)—K®) perpendicular to this axis re- 
spectively. 


Table 1. Molecular g-factors of N'4H3; deduced 
from o component Zeeman effect measurements 
at 14,000 oersteds. 


TEES | fst 22, 


g(J,K) | 


0.55 0.53 
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Fig. 1. Zeeman and Paschen-Back splitting for 
JK_11 line of NH; as a function of the 
magnetic field. 


12 
JK =33 Line 


~ 
Ss 


io) 


in 
— 


Separation Between Upper and Lower Branches 
of Split Component in Mc/s 


18,000 


/0.000 
Magnetic Field in Oersteds 


ae 
5,000 


Fig. 2. Zeeman splitting for JK. 33 line of N}4H3 
as a function of the magnetic field. 


From our data, the extrapolated gw and gx 
are 


gxv=0.62+0.02 , 
gx=0.48+0.01. 


These results can be compared with Eshba- 
ch and Strandberg’s in N?°Hs3. 
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Variation in the Lattice Constant of Evaporated 


Potassium Chloride 


By Yasushige FUKANO* 
Faculty of Engineering, Nagoya University, Nagoya, Japan 
(Received February 3, 1955) 


The lattice constant of evaporated KCl-crystals was measured with an 


accuracy of 0.01% using gold foil as a standard. 


The lattice constant 


of gold foil was calibrated in terms of TICl and was found in agreement 


with the X-ray value. 


Spacings of KCl measured just after evaporation 


are larger than the X-ray value by about 0.15%, provided the size of 
KCl-crystals are larger than 150A. Spacings decrease when evaporated 


specimens are exposed to the air or are heated in vacuum. 


The lowest 


value of lattice constant obtained in this experiment is in agreement 
with the X-ray value within the experimental error. 


§1. Introduction 

Finch and Fordham” measured lattice con- 
stants of twelve alkali halides using gold 
foil as a standard. They found that the 
measured values of most specimens were 
higher than the corresponding X-ray values 
by about 0.5%. Then, Finch and Wilman” 
measured the lattice constant of the gold 
foil in terms of a colloidal graphite standard, 
and found the mean value of the measured 
spacing to be in agreement with the X-ray 
value within the experimental error. 

Boochs® measured the lattice constants of 
evaporated alkali halides in terms of evaporated 
gold. He found that the measured values 
were about 0.1% less than the corresponding 
X-ray values when the halides were compos- 
ed of small (less than 100A) crystallites. 
After the crystallites were recrystallized by 
exposing them to air, the measured value 
were in agreement with the X-ray value. 
Boswell® measured the lattice constants of 


alkali halides in terms of TICI standard, and 
obtained almost the same results as those of 
Boochs. The probable error of his experi- 
ment was 0.05%. He interpreted the change 
in lattice constants of very small crystallites 
as Lennard-Jones’ effect. 

Garrod” reported that the lattice constant 
of NaCl measured in terms of a graphite 
standard was in agreement with the X-ray 
value to within the probable error of -++0.05 
%, provided the crystal size was larger than 
100A. Moreover, he measured the lattice 
constant of gold foil in terms of the graphite 
standard and obtained a value which was 
0.12% less than the X-ray value. Therefore, 
he concluded in his thesis that gold foil was 
not suitable as a standard substance. Rymer 
and Butler® accurately measured the lattice 
constant of gold foil, and they concluded that 


* Now at Research Institute for Iron, Steel and 
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the influence of surface tension is considera- 
ble in measured values of the constant. 
Rymer and Wright” also obtained the same 
result and they concluded that gold foil is 
unreliable as a standard substance. Riedmil- 
ler®, Chia-Si Lu and Malmberg” and Boswell” 
suggested that gold foil was unreliable as a 
standard substance. 

Rymer and Wright” carried out the absolute 
measurement of wave-length of electrons and 
pointed out that the lattice constant of KCl 
is in agreement with the X-ray value to 
within the probable error of +0.011%. Ham- 
bling’ suggested that KC! is suitable as a 
standard substance because the X-ray value 
he accurately measured is in agreement with 
Rymer and Wright’s result. 

Garrod’, citing the results of Boochs, 
Boswell and Garrod concluded that a lattice 
constant of alkali halide measured by means 
of X-rays and one measured by electrons are 
in good agreement provided the crystal size 
is larger than 100A. 

On the other hand, Kato'” found that the 
lattice constant of evaporated KCl measured 
by electrons in terms of gold foil was larger 
than the X-ray value provided the crystal 
size was larger than 150A. The lattice con- 
stant decreased gradually when specimens 
were exposed to the air and finally reached a 
stationary value. The stationary value was 
0.13% larger than the X-ray value. Although 
the deviations he observed were not as large 
as those observed by Finch and Fordham, 
Kato’s results were not in agreement with 
those obtained by Boochs, Boswell, Garrod 
and Rymer and Wright. 

The present work was undertaken to con- 


Table I. An example of calculation. 
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firm Kato’s results with greater accuracy 
using a high resolution electron diffraction 
camera. 


$2. Experimental Method 


In the present work, KCl was evaporated 
on gold foil in vacuum. Gold foil was com- 
mercial beaten foil which was of the same 
origin as that used by Kato. The sample of 
KCl was produced by Merk (German). The 
evaporation was carried out in a vacuum 
evaporation unit. Specimens were exposed 
to the air for at least one minute when they 
were transferred from the evaporation unit 
to a diffraction camera. 

Specimens examined were prepared under 
the following five conditions: 

1) Pressure of vacuum was changed from 
WOR? joy UO seohanta ker 

2) Evaporation was carried out by tungs- 
ten or platinum filaments. 

3) Distance between a filament and a 
substrate gold foil was 5 or 15cm. 

4) Mean thickness of evaporated KCl was 
200 or 400A (calculated from evapora- 
ed mass). 

(5) A few specimens were annealed for 
about two minutes in the evaporation 
unit by heating a tungsten filament to 
red-white, which filament was placed 
at a distance of 2cm from the speci- 
men. 

Superimposed patterns (Finch”) of KCl and 
Au were obtained by a _ high resolution 
electron diffraction camera. The diameters of 
superimposed patterns were measured by 
means of an optical comparator. To calculate 


Au (a=4.070 kX) KCl 
ek da Bat Leib Poa GamkX) | het | D (mm) , Senta a (kX) 
Tegpites lh | Ose | Os 004 45.0383 | ZW O 14.329 0.008 6.2870 
200 22.138 0.003 45.0379 | 220 20.267 0.006 6.2868 
22210 | 31.316 0.009 45.0378 400 28. 680 0.002 6.2844 
Sala Po, PAasll 0.009 45.0370 420 32.051 0.004 6.2879 
440 AD 53en) ee OR002 6.2884 
6s0)05 wl 435049 0.008 6.2840 
| | 620 | 45.358 | 0.001 6.2875 
| = — = —— _ — _ ~ — = 
; : } Average 45.0378 Average 6.2866 
Probable error +0.001% Probable error +0.004% 
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lattice spacings from measured ring di- 
ameters we adopted an approximate Bragg 


formula expressed in the following form 
(Boswell): 
ae (1) 
1+3(7 
32 a 


where 4 is the wave-length, D a ring di- 
ameter, da lattice spacing and Z the camera 
length. The camera length was about 40 
cms. The value of 2AZ was determined from 
diffraction rings of gold by assuming its lat- 
tice constant to be 4.070kX, (Wyckoff!”). 

All the systematic errors in the determi- 
nation of lattice constant (Kato!) were either 
eliminated or proved to be negligible. Since a 
high resolution electron diffraction camera 
was used in the present experiment, effects 
of unfavorable geometrical arrangements were 
easily excluded. After excluding all the effects 
of systematic errors, the lattice constant of 
KCl was determined from each photograph to 


within the probable error +0.01%. An ex- 
ample of data is given in Table I. 
(kX) 
89 
Al 
88} 1 
87} 
867 
J 
85 t 
84} ; 
83 | oe } 9 
82 
8\ ° : : 
T i : 
nena oe 
I 
. | 
9 : j } 
(Seo ans ee 4 a i ae ee Cees 
Specimen nos, 
Vacuum (mig) TOraE 1052) AON MIDE? wa0r? 20m 2Or Ory On 
Filament Pie Wl, i Ee Wn We 
antenna Pembcmautios tele Cd. ah tile ae 
substrate (cm) 
Annealing no no yes no yes yes no no no 
Thickness (A) 200 200 400 400 400 200 200 400 200 


Fig. 1. Variations in the lattice constant of 
evaporated KCl. 


§ 3. Lattice Constant of Gold Foil 


Since several authors mentioned that gold 
foil is inadequate as a standard substance, 
the following experiments were carried out: 
Superimposed diffraction patterns of Au and 
TICI were taken, and 24Z was calculated for 
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both Au and TICl, assuming X-ray value of 
lattice constant for TIC] to be a@=3.8340 kX. 
It was found that both values of 24Z were 
in agreement within a probable error of 
0.007%. To examine fluctuations of AL’s 
obtained from rings of gold, deviations 
AL nx 4L an) 
ALan) 

were calculated. The result is given in 
Table II. The mean deviation for many 


(2) 


Oc‘) = 


Table II. Fluctuations of 4Z calculated from 
each ring of gold. 
Ocnki) = [AL cn) —4Lap)/4L a1) 


Sample Nos. | 0¢200) 00220) 0(311) 
1 0.001 0.001 0.003 

2 0.002 —0.001 0.002 

3 | 0.007 —0.012 0.004 

4 0.013 —0.012 | —0.003 

5 0.009 | 0.006 | —0.009 

| 

6 | 0.002 0.001 | —0.000 

7 | 0.003 0.002 | —0.000 

8 | 0.011 | 0.005 | 0,004 

9 | 0.008 | 0.003 0.001 

10 | 0.014 ~0.017 | —0.009 
Mean 0.007 0.000 | —0.001 

specimens is less than 0.01%. After the 


foil was annealed at about 400°C* the devi- 
ation decreases to 0.002%. 

Form these results, gold foil used in the 
present experiment was reliable as a standard 
with an error less than 0.01%. The influ- 
ence of surface tension as observed by 
Rymer and Butler was of a negligible order. 


§ 4. Experimental Results and Discussions 


Rings of KCl are broad (a half width is 
about 200), intense and continuous just 
after evaporation. The rings become sharper, 


weaker and often spotty after specimens are 


exposed to the air. Finally, they become 
invisible; the period after which rings become 
invisible depends on the temperature and 
the humidity. Crystal sizes determined from 
breadth of rings and electron-micrographs 
are about 150A just after the evaporation and 
are about 500A after exposure to the air. 
We observed under an electron microscope 
the variation of crystal sizes through recry- 
stallization under the influence of water 
vapor existing in the air. 


* The intensity of rings changed remarkably 
after the annealing, 
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Spacings of KCl obtained in the present 
work are illustrated in Fig. 1, in the legend 
of which the five conditions mentioned in 
the previous section are indicated. Each 
column corresponds to one specimen; speci- 
men numbers are given on the first line. 
The X-ray value 6.278kX is indicated in the 
figure by a horizontal line. Plots indicated 
by open circles are spacings measured just 
after evaporation, crosses are spacings 
measured after long exposure,* and_ solid 
circles are those measured after medium ex- 
posure. Vertical lines attached to each plot 
show probable error. 

The following tendencies 
Bice. 1. 

(a) For all the specimens measured lattice 
constants are larger than the X-ray value 
and they decrease as the period of exposure 
increases. Lattice constants also decrease 
after annealing (see, Nos. 3, 5 and 6 in Fig. 
1). Relatively low values in Nos. 1 and 2 
may also be due to annealing effect because 
in these cases filaments are near the sub- 
strate. Because it is most unlikely that the 
lattice constant of gold changes during an 
experiment it is natural to conclude that 
evaporated KCl has a larger lattice constant 
than that of bulk crystals. The larger con- 
stant decreases by the process of recrystalli- 
zation and finally become the same as in 
bulk crystals. The present author believes 
that the large deviation observed by Finch 
& Fordham is in part attributable to an 
actual change of lattice constants of alkali 
halides, although Garrod attributed all the 
deviation to the change of the constant of 
gold. 

(b) In the present experiment, the sta- 
tionary value of lattice constant as stated by 
Kato was not observed and the observed 
lowest value was in agreement with the X- 
ray value. The present author interprets 
Kato’s result as follows: Since diffraction 
rings become weaker and weaker as_ the 
recrystallization proceeds, Katd was unable to 
measure rings from sufficiently recrystallized 
specimens which should have given spacings 
smaller than the stationary value. The same 
circumstance is also experienced in our 
specimens Nos. 3-9. Although Kato confirmed 
the existence of the stationary value by 
using specimens prepared by drying the solu- 


are found in 
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tion, it may not be reasonable to put any 
great weight on his experiment because such 
specimens are difficult to handle and Kato 
carried out a few measurements only. 

Garrod® and Rymer and Wright” stated that 
the spacing of evaporated KCl is in agree- 
ment with that of bulk crystals within an ex- 
perimental error of 0.05%. Their result is 
in accordance with the present results of 
Nos. 1, 2 and 3 (Fig. 1). It must be noted 
that the agreement does not usually occur 
as shown by Nos. 4-9 (Fig. 1). 

(c) The question as to why the lattice 
constant of KCl is increased after evapora- 
tion has not yet been answered. The cause 
of this phenomenon is supposed to be 
impurities or imperfections in evaporated 
crystals. The most probable impurity is WO, 
which is evaporated from tungsten filaments. 
Since the deviation becomes larger as the 
vacuum becomes lower, WO; may be one 
of the causes (compare Nos. 2 and 9 in Fig. 
1). However, because the deviation is ob- 
servable also when KCl is evaporated from 
a platinum filament, it is sure that there is 
a cause other than WO3. 

The present author supposes that imper- 
fections in crystals may be that other cause. 
According to Miller & Russell, the lattice 
constant should be increased about 0.001% 
when there is one vacancy per 10° atoms. 
In order to explain the present experimental 
results, KCl crystals just after evaporation 
should have one vacancy per 10% atoms. 
This density of vacancies is one hundred 
times greater than the previously observed 
largest value, one per 10° atoms. 


§5. Conclusion 
From the results of the present experiment 

the author concludes as follows: 

(1) Just after evaporation the lattice constant 

of KCl is larger than the X-ray value by 

about 0.15%. 

The larger lattice constant decreases 

when KCl-crystals recrystallize by the 

influence of humidity or by annealing. 

(3) After sufficient recrystallization the lat- 
tice constant of KCl coincides with X- 
ray value. 

(4) The cause of the increasing of lattice 


(2) 


* Jf the exposure is extended, rings become too 
weak to be measured with sufficient accuracy. 
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constant is not yet clear. Impurities and 
imperfections in crystallites are suggest- 
ed to be the cause. 
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Elastic Properties of Lead Zirconate 
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Elastic properties of PbZrO; and its solid solutions with PbTiO;, 
BaZrO; and SrZrO; were studied by measuring resonant frequencies of 
bars by the composite-bar method. In the antiferroelectric range, they 
show elastic behaviors similar to barium titanate; and to explain these 
anomalies, interactions between strains and anti-parallel oriented dipoles 
—micro-piezoelectric effects—were introduced in a phenomenological 
theory. It was also pointed out that the elastic compliance coefficient 
for constant polarization (s”) of BaTiO3 changes discontinuously at the 


Curie point and that the Devonshire’s theory is insufficient. 
In addition, it was revealed from elastic and dielectric measurements 
that (Pbo.gs5—-Sro.1s)ZrO; has another new phase, the nature of which, 


however, could not be determined. 


Introduction 


§1. 

It is well known that the ferroelectric ma- 
terials (rochelle salt, KDP and barium titanate) 
show anomalous behaviors in the dielectric, 
piezoelectric and elastic properties, and the 
relations between these properties have been 
studied both experimentally and theoretically 
by many authors. The antiferroelectric ma- 
terials, however, show no piezoelectric effects 
due to antiparallel dipole orientations, so it 
is to be expected at first that the relationship 


between the dielectric and elastic properties 
of these materials is different from that of 
ferroelectric ones. In this study, elastic pro- 
perties of lead zirconate? and its families» 
are measured and are compared with those 
of barium titanate for the purpose of elucidat- 
ing these points. 

Usually, elastic constants of piezoelectric 
materials are measured by the self-resonance 
method. This method, however, is not ap- 
plicable for lead zirconate, because it is non- 


} 
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piezoelectric. Accordingly, we adopt the so- 
called “composite-bar method’, which was 
previously used by S.L. Quimby, J. Zacharias, 
L. Balamuth and others” in measuring the 
elastic constants and losses of non-piezoelectric 
materials. 

As the specimens here employed are poly- 
crystalline ceramics, the measured values are 
averaged constants of those of the single 
crystals. Although this is not favorable to 
quantitative discussions, yet it is sufficient to 
make qualitative discussion on the anomalous 
properties of lead zirconate, by introducing 
the “micro-piezoelectric” interactions. In 
this connection, elastic properties of barium 
titanate are also discussed. 


§2. Experimental Procedure 


An X-cut quartz bar, with its length along 
Y-axis, and with silver electrodes on its X- 
faces, is cemented endwise to a sample with 
equal cross-section (Fig. 1 (a)). When the 
constant alternating voltage is applied and its 
frequency is varied, a resonance curve is ob- 
tained by measuring the electric current 
through the electrodes (Fig. 1 (b)). We shall 
denote maximum and minimum current by 
Im and Ip, and the corresponding frequencies 
by fm and fn, respectively, then the resonant 
frequency fy) of the composite bar is given 
as follows”: 


Fo=F mt(F n—F m)* Inf Im+In) . Gl ) 
If the resonant frequency of the quartz bar 


alone is fq and f,—/fq is small, the resonant 
frequency of the sample is given by 


F s=fo—(F a—F o(ane/ms) , 2») 
where 7, and ms; are masses of the quartz 
and the sample. When the density o and the 
length 7 of the sample are known, the elastic 
compliance coefficient is calculated by 


s=1/(40Pf 5?) . (3) 

The logarithmic decrement is given by 

= 2r(1+a/ms){(fn—F oF o—F m)}'7/F 0 
=2n(1+m¢/ms)\(fn—F m)/Fo 

x (linda)? tat ln) () 
In this experiment, several quartz bars were 
employed with resonant frequencies (fa) of 
ca. 90 kc, and with cross-sections of 3x 3 mm’. 
The resonant frequencies of samples (fs) were 


chosen within 90-++10 kc, and so the lengths 
of samples were about 20 mm. 
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The composite bar is supported at the nodal 
lines of the quartz bar with knife edges, 
which serve also as leads, and is suspended 
in an electric furnace (Fig. 2). The tempera- 
ture is measured’ with a mercury thermo- 
meter which is placed near the sample. The 
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if | 
fm fn f 


(a) (b) 
Fig. 1. The composite bar method. 
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Quartz | Low Frequency 
Oscillator Ei 


Specimen 


Fig. 2. Measuring apparatus. 


bar and a small resistance (R) in series are 
connected to a variable-frequency oscillator 
with a low output impedance. The electric 
current is measured by measuring the voltage 
through the resistance R with a valve volt- 
meter. The frequency is measured by the 
use of a mixer and beat-counter apparatus (a 
double-heterodyne method), and as this mea- 
surement is very accurate, the accuracy of the 
experiment is mainly determined by that of 
measuring the dimensions of the samples. 


§3. Preparation of Samples and Experi- 
mental Results 


All samples are ceramics, and are sintered 
at 1300~1400°C, the porosity p (the ratio of 
the volume of the holes to the whole volume) 
of each sample being between 10~20% as 
determined from density measurements. 

Fig. 3 shows the elastic compliance coef- 
ficient of PbZrO, at various temperatures. At 
the Curie point, a large change is seen. For 
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comparison, the compliance coefficient of 
barium titanate is measured by the same 
method, and is shown in the same figure. 

In Fig. 4, the elastic properties of Pb(Zro.95 
—Tip.95)O3 and Pb(Zro,997—Bao.10)O3 are shown, 
which are known to have three phases (anti- 
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Fig. 3. The elastic compliance coefficient and the 
mechacinal loss of PbZrO3 and BaTiOs. 
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Fig. 4. The elastic compliance coefficient and the 
mechanical loss of Pb(Zro.95— Tio.os)O3 and 
(Pbo.90 — Bao.10)ZrO3. 


M. MARUTAKE and T. IKEDA 


(Vol. 10, 


ferro-, ferro- and paraelectric)»*. Correspond- 
ing to the variation of dielectric constants 
with temperature, two transition points are 
seen in their elastic properties. 

Finally, in Fig. 5 the properties of (Pb—Sr) 
ZrO; system are shown, which have three 
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Fig. 5. The elastic compliance coefficient and the 


dielectric constant of (Pb-Sr)ZrO; system. 


phases (antiferro-, antiferro-and paraelectric)®. 

With regard to mechanical losses, exact 
values are not evaluated, but the ratios of the 
minimum of the current to the maximum 
(In/Im=7) are shown in Figs. 3 and 4, which 
give approximate measures of losses (cf. Eq. 


(4)). 


$4. Discussion 


(a) Lead Zirconate and Barium Titanate 

In Fig. 3, a large peak is seen in the elastic 
compliance coefficient of lead zirconate as in 
the case of barium titanate. Let us consider, 
first, on the elastic properties of ferroelectric 
substances. 

In rochelle salt, H. Mueller previously 
found that all anomalies should be attributed 
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to the dielectric anomaly by taking account 
of the piezoelectric interactions, and_ his 
method is considered to be valid generally for 
ferroelectric substances. Especially, A.F. 
Devonshire” discussed the elastic and piezo- 
electric properties of barium titanate. He 
assumed that the elastic compliance coef- 
ficient for constant polarization s? is nearly 
independent of temperature and is unaffected 
by phase transition. And he calculated that 
Su”=0.90x10-" cm?/dyne etc., by using 
the data of W.P. Mason and others®, who 
measured the elastic constants of the single 
crystal at room temperature by the pulse 
method. The present result, however, gives 
s~0.6 x 10-1!" cm?/dyne above the Curie point, 
after taking account of the porosity correc- 
tion.” (In the paraelectric region, we need 
not distinguish s? from s”.) Accordingly, s”, 
the “proper” compliance coefficient, is con- 
sidered to jump from 0.6 to 0.9 10-2 cm2/ 
dyne at the transition point, and the remain- 
der of the elastic anomaly is to be attributed 
to the piezoelectric interaction (cf. Fig. 3). 
In the case of rochelle salt and KDP, such 
jumps of s’ are small and can be neglected. 
A large change of s” in barium titanate is 
considered to be due to the greater deforma- 
tion at the transition. 

Next, we shall consider on lead zirconate. 
The crystal deformation is large at the transi- 
tion point, and a jump of the elastic constant 
is expected. It has, however, no piezoelectric 
interaction; therefore, in order to explain the 
remaining anomalies, we shall have to take 
into account the microscopic interactions. That 
is, an external stress deforms the crystal and 
changes the magnitude of the individual di- 
pole. Accordingly, the measured elastic con- 
stant may be different from the proper elastic 
constant without dipole change. 

Namely, after Devonshire’s method,'? we 


shall denote by P. and P» the polarizations 


of the two equivalent lattices, each of which 
can be polarized, and put 
P=P.tP» , (5) 
p=Ps—P», J 
then the free energy can be expressed in the 
following form by omitting unnecessary terms. 
(Devonshire’s notations are used.) 
Aa sce 9 ep ar? +46 Pp, (6) 
where 2 represents strain components and a 
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cross term g’ap? is newly introduced. Here 
the terms in powers of P are also omitted, 
because they do not affect the following dis- 
cussions. 

In the antiferroelectric range, there exist a 
spontaneous antiparallel poiarization p, and a 
spontaneous deformation 2;, and we shall re- 
place p and 2 by +); and w+2a;. Then by 
differentiating A and after simple calculations, 
we obtain the following formulae. 


X= —(0A/Ox) = —c?a--(29'ps)p 
E’=(OA/OP)= (29 Ps)at (x'* + 2p’as+3E *p,?)p. 

ie) 
Here, X is a stress, and E’ may be consider- 
ed to be a microscopic field, though it is not 
an observable quantity; also, cross terms 
(29'ps) may represent microscopic piezoelectric 
effects. 

As usual c?, the proper elastic constant for 
constant polarization, is considered to be near- 
ly independent of temperature, except a jump 
at the transition point, but it cannot be mea- 
sured under ordinary conditions; and if we 
assume that measurements are under constant- 
E’ conditions, measured values s”’ are easily 
shown to have anomalies in the antiferro- 
electric range. Although we used ceramic 
samples, and are unable to discuss quantita- 
tively, we may conclude that elastic anomalies 
are due partly to an abrupt change of s?, 
which is tentatively shown by a dotted line 
in Fig. 3, and partly to a micro-piezoelectric 
interaction. 


(b) Solid Solutions of PbZrO; with PbTiOs, 
BaZrO; and SrZrO, 

Elastic properties of Pb(Zr—Ti)O; and (Pb— 
Ba)ZrO; systems correspond with dielectric 
behaviors. Origins of small losses in the 
ferroelectric range are not clear. 

The dielectric properties of (Pb—Sr)ZrO; 
system were studied in detail by G. Shirane®, 
and were reported to have three phases: 
antiferro-, antiferro- and paraelectric. In this 
study, elastic properties of (Pb—Sr)ZrO; with 
5 and 10% Sr correspond with Shirane’s re- 
sults. In the elastic properties of (Pbo.ss5— 
Sro.1s)ZrO;, however, another peak was found 
at ca. 270°C, and this was found to correspond 
to the peak of the dielectric constant which 
we measured till higher temperature (Fig. 5). 
Nevertheless, as X-ray measurements!” detect 
po anomaly at this temperature, it is not 
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clear whether a phase transition occurs or not. 
(The solid solution of Pb(Zr—Sn)O; has simi- 
lar properties to this!”.) 


§5. Summary 


In this study, following results were ob- 
tained: 

(a) Elastic compliance coefficients for con- 
stant polarization s”’s of barium titanate have 
discontinuous changes at the Curie point, and 
Devonshire’s theory is insufficient. Amount 
of such a change will be related to the 
magnitude of the spontaneous deformation of 
the crystal and is known to be very small in 
rochelle salt and KDP. 

(b) Lead zirconate shows similar behaviors 
in the elastic properties to those of barium 
titanate, and this is explained qualitatively. 

(c) (Pbo.ss—Sro.1s)ZrO; seems to have an- 
other new phase. 
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It has been confirmed by many electron diffraction works that the 
singlecrystal-like films of silver, gold, copper, and nickel which are 
formed on heated cleavage surfaces of rocksalt by evaporation in vacuo 
have the repeated twinning structures. However, the thickness, the 
area, and the repeat frequency of the twinned layer have not yet been 
studied. The present work was undertaken to study these points by 
means of electron microscope. Parallel, linear stripes are observed in 
electron micrographs of the films. These stripes are attributed to the 
twinned lattice, the thickness of which is of the order of one hundred 
A. Parallel, linear stripes are not observed for aluminium. This agrees 
with the fact that no twinning occurs in this metal. 


Bl: 

The electron diffraction patterns from thin 
films of silver (less than about 500A thick), 
which are formed by evaporation on cleavage 
surface of rocksalt heated above 150°C in 
vacuo, generally show, besides the normal 
diffraction spots, certain abnormal streaks 
and spots. The latter are often called “irra- 
tional ” spots, and become strong, especially 
when the positions situated in 1/3 of the dis- 
tance between the neighbouring lattice points 
along the body diagonal in the reciprocal lat- 
tice are intersected by the sphere of reflec- 
tion. Since Lassen’s! first observation, such 
irrational spots have been confirmed by many 
workers”)’*);)>5) in silver and also in other 
face-centred cubic metals such as gold, nickel®, 
etc. A similar phenomenon was observed by 
Cochrane® in nickel films electrodeposited on 
copper single crystal, and he explained the 
1/3 spots from these films as due to the twin 
formation. A half of the 1/3 spots in evapo- 
rated films can also be attributed to the twin- 
ning as explained by Cochrane, but to explain 
the other half a periodic error in the [111] 
direction must be assumed”, with the period 
three times as large as (111) spacing. This 
error is caused by the junction between twin- 
ned layers. 

Thus the twin formation in evaporated 
films was confirmed by electron diffraction. 
However, the thickness, the area and the 
repeat frequency of the twinned layer have 
not yet been studied. The present work was 
undertaken to study these points by means 


Introduction 


of electron microscope. The present paper 
gives the results of the work with a discus- 
sion concerning the initial growth of evapo- 
rated films. 


$2. Experimental Results 


Both an electron microscope and an electron 
diffraction camera made by Hitachi company 
were used. The former was equipped with 
magnetic lenses and had the resolving power 
of about 30A. The camera length of the 
latter was 309mm. The high voltage (~50 
KV) circuit was common to both apparatus, 
and the focussing lens current of the diffrac- 
tion camera was supplied from the source of 
the condenser lens of the microscope. 

a) Observations on silver 
Fig. 1 shows one of transmission electron 


Fig. 1. Electron micrograph of silver film of 300A 
in thickness, formed by vacuum-evaporation on 
cleavage surface of rocksalt heated at 200°C. 
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micrographs of evaporated silver films, having 
well-developed patch-like structures. The film 
had a singlecrystal-like structure as shown 
in the diffraction patterns (reflection pattern 
in Fig. 2a and transmission pattern in Fig. 
3a) in which the twin spots appear besides 
the normal spots. In Fig. 1 are seen a num- 
ber of dark parallel stripes along the two di- 
rections, perpendicular to each other and al- 
most coherent over the whole film, although 


ee 
! 


" ye: 


| 


® 
(5) 
Fig. 2. a. Electron diffraction (reflection) pattern 


of nickel film formed by vacuum-evaporation on 
cleavage surface of rocksalt heated at 430°C. 


The incident beam is parallel to [110] direction. 
This photograph was adopted instead of that of 
silver film, because the twin spots in the former 
are more clearly visible than in the latter. 

b. Illustration of the elongation of the normal 
spots and the twin spots. 


a slight misorientation occurs from patch to 
patch. The width as well as the interval of 
the stripes ranges from one to several hun- 
dred A. The directions of the stripes was 
determined from comparison between Fig. 1 
and an optical micrograph of the film to be 
parallel to [110] and [110] in the substrate 
crystal. 

In order to examine the change of the 
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aspect of the stripes with the grade of orien- 
tation, several silver films were formed on 
rocksalt, the temperature of the substrate 
and the thickness of films being changed. 
The structure of a film of 150A thick formed 
at room temperature appeared to be compara- 
tively continuous, and the stripes were seen 
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Fig. 3. a. Electron diffraction (transmission) 
pattern of silver film such as shown in Fig. 1. 
The incident beam is nearly perpendicular to 
the film plane. 

6. Schematic representation of Fig. 3a.- The 
normal {hk0} spots are represented by the full 
circles, other normal {hkl} spots and twin spots 
by the open circles, and junction spots by the 
small squares. The spots except the normal 
{hk0} spots appear as a-result of the crystal 
rotation about [100] or [010] axis in the film. 
Both the cross grating pattern including the 
spots represented by the small triangles and the 


two sharp rings surrounding the incident spot 
are not identified. 


in small regions of about 1000A in extent, 
their directions being varied at random from 
region to region. This film yielded Debye 
rings in its diffraction pattern. A film of 
100A thick formed at 200°C gave Debye 
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rings, showing that the orientation was not 
yet set on due to the small thickness. The 
large part of the film is occupied by inter- 
stices, and fine stripes can also be seen in 
patches. A film of 200A thick formed at 
200°C has a better orientation due to the 
increase of thickness, and the directions of 
the stripes became more uniform. Fig. 4 
shows the structure of a film in which the 
stripes are sharp and distinct and _ their 
directions are varied from patch to patch. 
This film showed spots and rings in its 
diffraction pattern. Thus, the peculiar striped 
pattern is observable in each crystalline patch 
in all cases mentioned above, and the direc- 
tion of the stripes is apt to become uniform 
as the diffraction pattern transforms from 
rings to spots. 

The crystallographic directions of the stripes 
suggest that they are related to the (111) 
twinning in face-centred cubic metals. Such 
a well orientated silver film as shown in Fig. 
1 was mounted on a collodion film and heated 
up to high temperatures zz vacuo. The _ be- 


Fig. 4. Silver film of 300A in thickness, formed 
on rocksalt heated at 300°C. 


haviour of the stripes with heating tempera- 
ture was examined at room temperature by 
electron microscope, for Goche and Wilman*® 
found that the twin spots and junction spots 
in the diffraction pattern vanished after heat- 
ing between 500 and 600°C for a short period. 
In Fig. 5a dark stripes are clearly visible, 
but not in Fig. 5b and c. However, the ab- 
sence of the stripes does not necessarily mean 
that the cause giving rise to the stripes has 
vanished, because the vaporization and diffu- 
sion violently take place at higher tempera- 


(¢) 


Fig. 5. Silver films subjected to various heat- 
treatments. 
a: heated at 500°C, b: 
c: heated at 700°C. 


heated at 650°C, 


tures, resulting in very thin and very thick 
parts in the film and hence the striped pat- 
tern is masked, even if its cause exists. In 
fact the twin spots remained in the diffrac- 
tion patterns up to 650°C, against the results 
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(¢) 
Fig. 6. Films of f.c.c. metals. 
a: nickel, 250A, formed at 430°C, 


palladium, 250A, formed at ato, 
c: aluminium, 500A, formed at 450°C. 


oa 


obtained by Goche and Wilman, but the de- 
tection of them was impossible at 700°C, due 
to the appearance of Debye rings. 


b) Observations on other metals 
Stripes similar to those for silver were also 
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visible for gold, copper, nickel and palladium, 
but not for aluminium. Gold and copper re- 
semble silver in the aspect of the striped pat- 
tern as well as of the patches, the stripes for 
nickel appear to be sharper (Fig. 6a), and the 
patches and stripes for palladium are the 
most minute (Fig. 66). For aluminium, on 
the other hand, the stripes due to the twin- 
ning do not exist (Fig. 6c). Although diffuse 
and curved stripes are seen for aluminium 
(Fig. 6c), these may be due to bendings of 
crystallites as pointed out by Heidenreich.» 
At any rate, one glance is enough to distin- 
guish the difference between this metal and 


” 4 


Fig. 7. 


Films of b.c.c. metals. 


a: iron, 300A, formed at 540nC8 
6: chromium, 300A, formed at 540°C. 


the other face-centred cubic metals. It should 
be noted that the twin structure is seldom 
for aluminium after annealing or cold-woking. 
Observations on iron and chromium which 
are both body-centred cubic were also carried 
out (Fig. 7a and b). The diffraction patterns 
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corresponding to them exhibited Debye rings. 
Parallel, linear stripes such as observed for 
silver are not observable in Fig. 7a and b. 


c) Observations on replica 

In order to study the surface structure of 
films, surface replicas of silver films were 
examined under electron microscope. Silica 
replicas were prepared under the following 
conditions: The direction of evaporation was 
in the plane perpendicular to the surface and 
passing through one of the cube edges of 
rocksalt lying on the surface and made an 
angle of 45° with this. After silica film was 
formed, silver was dissolved away by acid. 
Fig. 8 shows one of electron micrographs of 
such replicas and corresponds to a silver film 
of 400A in thickness. We can see many 
stripes in this figure, though in the less con- 
trast than in Fig. 1. There are two sets of 
the stripes perpendicular to each other. The 
width of these stripes is about 100A, while 
that for metal films ranges from one to sever- 
al hundred A. 

The stripes were observed also for the 
replica of a silver film of 800A in thickness, 
and the reflection pattern of this film yielded 
the twin spots. The surface structure of 
evaporated films known from the micrographs 
of the replica seems to have some connection 
with the inner structure known from the 
transmission micrographs of evaporated films 
themselves, due to the resemblance in both 
striped patterns. 


Interpretations and Discussions for 
the Experimental Results 


When a crystal in a thin film has the vary- 
ing thickness, e.g., it is wedge-shaped, or 
when it is distorted by bending, contour lines 
appear in the transmission electron micro- 
graphs. They are called stripes of “ equal- 
thickness ” in the former case and those of 
“equal-inclination” in the latter case. The 
stripes in question, observed in the micro- 
graphs of silver, gold, copper, nickel and pal- 
ladium do not seem, however, to have the 
above origins, due to the following reasons: 
First, the remarkable elongation of the normal 
diffraction spots towards the shadow edge 
(Fig. 2) indicates that the most part of the 
film surface is smooth and parallel to the 
substrate surface. On the other hand, if the 
stripes would be due to wedge-shaped crystals, 
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the most part of the film should steeply in- 
cline towards the surface. This consideration 
contradict the above result, and hence the 
existence of wedge-shaped crystals is improba- 
ble. Secondly, if the bending of crystals 
would be responsible for the stripes in ques- 
tion, it should be cylindrical because of the 
straightness of the stripes, and two types of 


Fig. 8. Silica replica of well-orientated silver 
films such as shown in Fig. 1. The thickness 
of replica was about 100A. Dark lumps are 
residua after solution of silver substrate. 


beam | 
direction 


Fig. 9. Two f.c.c. crystals twinned on (111) 
plane. 


such bending should occur simultaneously in 
places where two sets of the stripes perpen- 
dicular to each other coexist. The crossing 
of the stripes inevitable in such places is, 
however, scarcely found actually. Therefore, 
the existence of the bending of crystals is 
also difficult to consider as the origin of the 
stripes in question. 

Fig. 7 shows two cubic crystals twinned 
on the (111) plane (CEF in the figure). We 
suppose that the crystal on the left side is 
parallel to rocksalt crystal and we shall here- 
after call the lattice of this crystal “ parallel 
lattice” and that of the crystal on the right 
side “twin lattice.” Bragg reflections (200), 


(020), (220), (220) etc. will occur in the paral- 


(6) 


Fig. 10 a and 6. Micrographs of a nickel film. 
The incident angles of the electron beam are 
slightly different from each other. The marked 
regions should be compared. 


so ((2T1) 


—> 6---0--4 
parallel to 

the substrate surface (111) 

ier 


viewed from [110] direction, and the disturbed 
regions between them. 


F.c.c. lattices twinned on (111) plane, 


lel lattice, if the electron beam is parallel to 
[001]. Possible reflections in the twin lattice 


are (220), (204) etc., as the beam direction is 


parallel to [221]. Both lattices can reflect 
the electron beam simultaneously only when 


the reflection due to the common (220) plane 
(ADGD’A’F) takes place. Except this case, 
the two lattices behave themselves differently 
in Bragg reflections, and therefore two sets 
of parallel, dark and white stripes should be 
observed in the transmission electron micro- 
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graphs, if the twinning develops along the 
£110) directions in the film plane. There oc- 
cur usually considerable rotations of crystal- 
lites in the films, after they have been detatched 
from substrates, and therefore, the twin 
lattice has more chances for Bragg reflection 
in the [001] incidence than stated above, that 
is, the 1/3 points along the bodydiagonals in 
the reciprocal lattice are frequently intersected 
by the sphere of reflection in the [001] inci- 
dence (Fig. 3a and b). Hence, it can not 
immediately be determined which of both crys- 
tals corresponds to dark stripes. The fol- 
lowing consideration, however, may be pos- 
sible: The total volume of the twin lattice 
is far smaller than that of the parallel lattice, 
as easily seen from the intensities of the 
twin and normal spots in the diffraction photo- 
graphs, and therefore the breadth of individual 
twin lattice should be considerably smaller than 
that of individual parallel lattice, as the twin- 
nings frequently occur. If the parallel lattice 
in a patch reflects the electron beam, a greater 
part of the region should appear dark and 
narrow stripes due to the twin lattice should 
appear bright. Of cource, the whole patch 
becomes dark, if Bragg reflections simultane- 
ously occur in both lattices. On the other 
hand, if only the twin lattice in a patch re- 
flects the electron beam, narrow dark stripes 
should be seen in bright region due to the 
parallel lattice. This consideration explains, 
at least, qualitatively the observed facts. 

If the observed stripes originate from the 
Bragg reflections, as stated above, their aspect 
should be sensitive to the direction of the 
incident beam. Fig. 10a and 0 show electron 
micrographs of a nickel film in which the 
incident angle is slightly changed. We can 
easily find the distinct difference between 
both micrographs. The similar micrographs 
were taken also for a silver film, and the 
sensitivity to the incident angle was confirmed. 

For the stripes in the micrographs of repli- 
ca, on the other hand, the above interpre- 
tation is useless because only the surface 
structure is visible in this case. Fig. 11 shows 
both lattices twinned on the (111) plane. The 
paper plane is parallel to (110). In Fig. 2a 
the normal diffraction spots are elongated to- 
wards the shadow edge, and those with smaller 
diffraction angles are slightly displaced as a 
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whole towards the same direction. These 
aspects of the normal diffraction spots, to- 
gether with that of the electron micrograph 
of replica, indicate that the parallel lattice is 
upwards bounded with (001) parallel to the 
substrate surface, though some waviness might 
occur, but none has been known about upper 
boundary surfaces of the twin lattice. Watch- 
ing the figure, possible surfaces may probably 
be (111) and (110) of this lattice. (The Mil- 
| ler’s indices of the twin lattice are so indexed 
that the twinning plane is (111)). These sur- 
faces incline towards the boundary surface of 


the parallel lattice, which corresponds to (221) 
of the twin lattice, by 15°48’ and 19°28’ re- 
spectively. When we carefully examine the 
| twin spots in such a reflection pattern as Fig. 
' 2a in which the direction of the incident 


beam is parallel to [110], we can find that 
each twin spot elongates downwards along 
two directions both of which make about 20° 
with the normal to the shadow edge. These 
elongations are so faint and diffuse that they 
can not be reproduced in Fig. 2a. They are 
roughly illustrated in Fig. 2b. If these elon- 
gations are attributable to the refraction effect 
due to upper boundary surfaces of the twin 
lattice, it is concluded that these surfaces are 


probably both (111) and (110), taking consider- 
j able errors in measuring the directions of 
'faint and diffuse elongations into account. 
The narrow stripes in the micrograph of the 
replica, therefore, correspond to the actual 
breadth of the twin lattice. The breadth of 
the stripes in the micrographs of evaporated 
films themselves, on the other hand, is in 
general larger than the actual one, because 
the twinning plane considerably inclines to 
'the incident beam. Thus, the structure of 
thin evaporated films of several hundred A 
in thickness which have the {111} twinning 
can roughly be illustrated as in Fig. 12. The 
twin lattice penetrates up to the surface in 
such thickness of films. This figure is con- 
sidered to reproduce the structure of the most 
part of a film, but does not give any infor- 
mation to the structure of its bottom. 


§4. Discussion on Initial Growth of Evapo- 
rated Films 


According to Menzer’s view”, four types 
of {111} twin lattice of silver or nickel grow 


| 
| 


up immediately on the cleavage surface of 
rocksalt, due to a better fitness between the 
spacings of deposit and substrate, and as the 
thickness increases, the “buffer lattice” be- 
tween twin layers is formed, and this is 
nothing but the lattice parallel to the sub- 
strate. This consideration seemed adequate 
from the viewpoint of the lattice fitness, but 
has become doubtful since Uyeda’s experi- 
ment”. He observed directly in the diffrac- 
tion camera the growing process of silver on 
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Fig. 12. A rough picture of (110) cross section of 
evaporated films of f.c.c. metals of some hund- 
red A in thickness, in which the {111} twinn- 
ings frequently occur. 

a: breadth of stripes observed in electron 
micrographs of films themselves, several 
hundred A. 

b: breadth of stripes observed in electron 
micrographs of replicas, about one hundred 


molybdenite, rocksalt and zincblende. Ac- 
cording to him, the normal spots initially ap- 
peared superposed on the pattern of the sub- 
strate, and as the thickness increased, 1/3 
spots began to appear. That is, the twin 
lattice did not grow immediately on the cleav- 
age surfaces. Raether’s experiment! also 
did not support Menzer’s view, i.e., he ex- 
amined the backside of a silver film after 
detachment from rocksalt and found that the 
pattern consisted of the normal spots only, 
whereas the twin spots should appear accord- 
ing to Menzer. 

We repeated this experiment and confirmed 
his result. This result might reasonably be 
interpreted by Menzer’s idea, if the twin lat- 
tices which had initially grown up would have 
vanished as a result of recrystallization at 
room temperature after detachment from the 
substrate. Uyeda’s direct observation, how- 
ever, denies this interpretation. Recently 
Liidemann!» has observed in the diffraction 
camera the growing manner of alkalihalides 
formed on alkalihalide crystals by evapora- 
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tion, several kinds of deposit being combined 
with several kinds of substrate. He obtained 
the results similar to those by Uyeda, i.e., 
the initial deposit was orientated parallel to 
the substrate in every case. Among Liide- 
mann’s results it was especially noticeable 
that the {111} twinning occurred also in such 
a case that deposit and substrate were of the 
same kind, e.g., rocksalt on rocksalt. This 
means that the difference of lattice constants 
is not the cause of twin formation, and a 
similar circumstance may probably holds for 
the case of metal-on-rocksalt. Thus, the 
cause of the twinning in evaporated films of 
face-centred cubic metals remains unexplained 
at the present stage. 


§5. Conclusion 


(1) Parallel, linear stripes are observed in 
electron micrographs of evaporated films of 
face-centred cubic metals such as silver, gold, 
copper, nickel and palladium. 

(2) These stripes are attributed to the twin- 
ned lattice which is revealed by twin spots 
in the electron diffraction patterns of these 
films. 

(3) The thickness of twin layers is esti- 
mated to be of the order of one hundred A. 

(4) From refraction effect in diffraction 
patterns and from micrographs of replica of 
the films, it is concluded that the surface of 
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parallel lattice is (001) parallel to the substrat! 
surface while that of twin lattice is inclinec 
to the substrate surface. 

(5) Parallel, linear stripes are not observec 
for aluminium. This agrees with the fac 
that no twinning occurs in this metal. 

The present authors wish to express thei! 
sincere thanks to Professor R. Uyeda for his 
kind discussions. 

The present investigation has been supportec 
partly by the fund of the Ministry of Edu- 
cation in Aid of Scientific Researches. 
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The relations between the electron emission, the electrical conduction 
and the noise of the oxide coated cathode have been studied. The 
Richardson plot of the conduction current showed two straight line 
regions. The temperature dependence of the conduction current was 
found to be the same as that of the emission current, and the density of 
the former was a few times larger than that of the latter. The noise 
current accompanying with the conduction current showed sharp increase 
when the conduction current saturated. This is owing to the dis- 
appearance of the space charge in the pore. From these experimental 
results the pore conduction mechanism of the oxide-coated cathode was 


ascertained. 


‘$1. Introduction 


f In the electric conduction of oxide cathode, 
‘it has been observed that there are many ex- 
\perimental facts hard to explain by means of 
ithe simple one impurity model. In an effort 
ito clarify it, Loosjes and Vink” have advanced 
a new theory. They considered two types of 
jelectric conduction mechanism. One of them 
Es the crystal conduction which is carried by 
the electrons passing through crystals, and 
the other is the pore conduction which is car- 
jried by the electron gas existing in the pore 
jamong the oxide grains. At a comparatively 
jlow temperature the conduction due to the 
| former mechanism is predominant. However, 
lat higher temperatures than the temperature 
\where the electron emission from the oxide 
cathode can be observed, the pore conduction 
ppecomes predominant because the electron gas 
n the pore becomes denser. The pore con- 
‘luction was treated theoretically by Hensley” 
\ollowed by the experiment carried out by 
jYoung®. We performed the conduction 
{neasurement by the similar method as Young. 
idowever, in our case, the measurements of 
the emission and the noise are carried out at 
the same time, whereby the relations among 
‘hese three factors shall be known. Thus 
‘he validity of the pore conduction mechanism 
4was ascertained. 


| 


\32. Method of Experiment 
) Fig. 1 shows the outline of electrode con- 


struction of the test tube. The oxide (Ba-Sr)O 
is held between two rectangular nickel-sleeves 
being pressed by tungsten-springs from the 
both sides. Applying pulse voltage between 
two sleeves, the voltage-current characteristics 


Ni-Sleeve 
o 
eae i 
Oxide 
pei 

VE 

W-Spring 
oxide Conduction ———4 
Sleeve 1 cm, 


Fig. 1. Construction of Electrode. 


of conduction were observed with a oscillo- 
scope. And, applying pulse voltage between 
the sleeves and the anode which is faced to 
the one side of the oxide coating, the emission 
characteristics was measured. Also, we made 
the noise measurements with a circuit as 
shown in Fig. 2. The cathode temperature 
was measured by W-Ni thermo-junction weld- 
ed on the middle of the sleeve. 

The carbonate (Ba-Sr)CO; was _ plastered 
between two sleeves and converted into the 
oxide. 


§3. Measurements of Emission and 
Conduction Current 


Fig. 3 indicates one example obtained by 
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Fig. 4. Schottky Plot of Anode Current. 


the voltage-current characteristics measure- 
ments of the anode currents and the conduc- 
tion current by using a rectangular wave form 
pulse voltage of 6 “ sec. in width and 200 
cycles/sec. in recurrence frequency (duty= 
1.2x 107%). Both curves have a saturation 
tendency at high voltage. By plotting the 
voltage-current characteristics in Schottky 
plot, Figs. 4 and 5 were obtained. It is ob- 
served that the measured points are located 
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Fig. 5. Schottky Plot of Conduction Current. 


on nearly straight lines at high voltage range. 
The field free currents for each temperature 
were obtained from the intersections of ordi- 
nate by the extents of the straight lines, and 
those were converted into current densities 
Jo per unit area. By plotting J)/T°/4 against 
reciprocal temperature, we obtained the result 
as shown in Fig. 6. In this figure it is obvi- 
ous that the conduction has an activation 
energy of 1.1 e.v., a value in agreement with 
that of the emission, at higher temperatures 
approximately above 900°K, neverthless, at 
lower temperatures it shows a low activation 
energy. But no break like this is seen 
in the emission over the whole temperature 
range used for measurements. 

The above mentioned tendencies have so 
far been ascertained by Young*® and others”, 
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They asserted that the conduction of oxide 
cathode is represented by the parallel mecha- 
nism of pore conduction and crystal conduc- 
tion. And, they reached the conclusion that 
the former is predominant at high tempera- 
ture while the latter is predominant at low 
temperature. Namely, at high temperature 
the electric conduction is mainly governed by 
the flow of electron gas emitted from the 
oxide grains and filling the pore. Hence, 
under the condition that the considerable elec- 
tric field is applied through the oxide layer, 
whereby the electron gas in the pore becomes 
extremely rare, the activation energy of the 
saturated pore conduction will be expected to 
accord with the activation energy of emission. 
The crystal conduction has a lower activation 
energy than the pore conduction so it becomes 
predominant at low temperature. In the reci- 
procal temperature plot, the fact that the in- 
clination of conduction line was steep at 
higher temperatures but flat at lower tem- 
peratures indicates that the both conduction 
mechanisms exist in parallel. However, when 
the electric field in the oxide layer is weak 
and the pore is filled by dense electron gas, 
the electric current may flow from one elec- 
trode to the other only by the flow of elec- 
tron gas. But, when the electric field becomes 
strong enough to maintain the condition of 
saturated pore conduction, this conduction 
mechanism which depends merely on the flow 
of electron gas will be impossible. Con- 


sequently, we wish to advocate the parallel- 
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series mechanism in which the  pore-grain 
series conduction mechanism and the crystal 
conduction mechanism exist in parallel. If 
the fine structure of the oxide layer is con- 
sidered, the equivalent circuit of conduction 
under the condition of the saturated pore 
conduction becomes as shown in Fig. 7. Here, 
R., 7%, and r, represent the resistance of 
crystal contact, grain and pore, respectively. 
It is assumed that 7,’s are much smaller than 
vps. An electron appeared in a pore after 
passing through an oxide grain enters the 
neighbouring grain, then it is emitted into the 
next pore. By repeating these movements 
the electron would proceed from the negative 
electrode to the positive. By this assumption 
the following questions can be interpreted. 
Current Dencity: 

When the current densities of emission is 
compared with those of conduction, the latter 
is several times larger than the former as 
seen in Fig. 6. The causes may be attributed 
to the following reasons. 

1) Due to the fact that excess Ba evaporates 
from the oxide surface, the excess Ba den- 
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sity inside the layer is larger, so the 
activity is also larger than the surface. 

The inside temperature of the layer is 
higher than the surface temperature be- 
cause the heat is lost by thermal radiation 
from the surface. 

Schottky Slope: 

If the high electric field is applied to the 
cathode surface, the emission current increases 
at the following equation by the Schottky 
theory: 


(2) 


i=) exp (B/F'/2/RT ) , 
where 


Zy= field free emission current, 
F=intensity of electric field, 
e=charge of electron, 
k=Boltzmann constant. 

Then, putting 


V=anode voltage, 
d=distance between cathode and anode, 
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the apparent surface field intensity is repre- 
sented by V/d. However, if we suppose the 
actual field intensity acting on the surface 
is B times as large as V/d, the emission 


current becomes 
e3/2 BV 1/2 
wt a) 


‘= dy exp i( 
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From the above, 
logio 2= logig 2 +1.92(6'/T d'?) V1”. 
Where z in amp., V in volt and d in cm. 
Then the Schottky slope becomes 
1,92(81/2/7 at’). 


Where # is named “Grobfeinfaktor”. £.’s 
| 1 » Grobfeinfaktor ” 
tape ais. apes | Emission Conduction 
| ( K) | | 
| Be | Be 
1030 bas 23 
1000 5.8 25 
990 -— 23 
970 6.2 ma 
1 940 | Deo ae 
930 | a 19 
900, 4.9 20 
875 | 5.8 19 
855 4.9 16 
1175 6.2 13 
1130 S74 12 
2 1080 5.8 | 11 
1020 6.5 11 
960 | 6.1 | 11 


were obtained from the slopes of Schottky 
lines of emission current. And also, in the 
case of the conduction current, putting the 
oxide layer thickness as d, 8.’s were computed. 
These values of 8.’s and f.’s are summarized 
in the following table. Tube No. 1 indicates 
an example when the oxide layer is pressed 
with comparatively strong pressure. Tube 
No. 2 indicates an example when the oxide 
layer is pressed loosely. ,’s for the emission 
are 5~6 in both tubes, but §.’s for the con- 
duction current are several times larger than 
8.’s. For the series mechanism, if the portion 
p-d of the whole path d of current is the 
pore conduction and the rest (1—p)-d is the 
grain conduction as shown in Fig. 8, @,/8, is 
estimated as 


B-/Be~1/p 3 


That is to say, 8./8. represents the extent to 
which the oxide grains are packed if they are 
of equal size. In the table, the difference in 
B.’s between two tubes are regarded as the 
influence arising from the spring pressure. 
Moreover, in Richardson plot for the con- 
duction current as shown in Fig. 6, the tem- 
perature at which the straight line begins to 
break is about 900°K in Tube No. 1. But in 
Tube No. 2 it was approximately 750°K. This 
difference is regarded to be attributable to 
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the fact that the stronger is the spring pres- 
sure, the tighter is the mutual contact be- 
tween the oxide grains, so the increase of the 
crystal conduction occurs and it leads to up- 
ward displacement of the straight line posses- 
sing the low activation energy. 


§ 4. 


Figs. 9 and 10 represent the results of 
measurements of the short circuit noise cur- 
rents accompanying with the anode current 
and the conduction current respectively, at 
cathode temperature of 950°K, in regard to 
Tube No. 1. The abscissa represents the 
anode or conduction current, and the ordinates 
represent the root of mean square of short 


Measurements of Flicker Noise 
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circuit noise current and the anode voltage. 
In accordance with the gradual rise of the 
anode voltage, the anode currents increase 
gradually, but it is limited under the space 
charge condition at the beginning, so the 
noise current accompanying with the anode 
current suffers the reducing action by 
the space charge. When the anode voltage 
rises enough and the space charge dis- 
appears, the anode current becomes to show 
a saturation tendency and the subsequent in- 
crease of anode current owes to the Schottky 
effect. Then, the reducing action by the 
space charge for noise disappears and the 
sharp rise of the noise current is seen at this 
point. This fact is seen from Fig. 9. So is 
the case with the conduction current as shown 
in Fig. 10, in which the sharp rise of the 
short circuit noise current 47 appears ata 
point where the saturation of the conduction 
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current takes place, and afterwards 4J in- 
creases nearly in proportion to the conduction 
current. This endorses the existence of space 
charge even in the case of the conduction 
current provided the current is unsaturated. 
The flow of considerable current causes the 
disappearance of the space charge and its 
reducing action for noise. This means the 
fact that the conduction current is governed 
by the factor similar to the electron emission. 

Fig. 11 shows a representative result of 
the noise measurement at various cathode 
temperature with Tube No. 2. In this case, 
alike in Tube No. 1, the short circuit noise 
current increases sharply at the point where 
the conduction current saturates. Beside, by 
applying 100 volts on the anode so as to draw 
out the saturation current from the cathode, 
the emission noise current is measured. It is 
seen that the emission noise current is much 
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larger than the conduction noise current. In 
comparison with the saturation tendencies be- 
tween the conduction currents of Tube No. 1 
and that of Tube No. 2, the latter is much 
sharper. It is perhaps due to the fact that 
the strong spring in Tube No. 1 causes close 
packing of the oxide grains whereby the 
strong Schottky effect results. 

Fig. 12 indicates the result of the measure- 
ment on the frequency distribution of the 


emission noise current at T=947°K with 
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Fig. 13. Activity Dependency of Emission Noise. 


Tube No. 2. In the range of center frequen- 
cy f from 700 to 10,000 cycles/sec., it is ob- 
served that the short circuit noise current JJ 
is proportional to 1/f'/*. Consequently, in 
the case of Figs. 9~11, in which the center 
frequency is 885 cycies/sec., we may consider 
that almost all the noise current is composed 
of Flicker noise. 

According to the interpretation of “Gene- 
ralized Treatment of Noise”? developed by 
one of the writers, the noise is believed to be 
caused by that the current is modulated by 
the fluctuation of the fluctuation-agent. A 
part of the results of the research having 
applied this theory to the noise of Th-W and 
oxide cathode were made public.2®78 In 
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the case of oxide cathode, it is concluded as 
follows: 

If we suppose 7 represents the number of 
excess Ba, the emission current z of the oxide 


cathode is proportional to m'/?. Therefore, 
it is generally represented by 
6=WPE(L,, Vides Gi) 


where 
F(T, V)=function concerning cathode tem- 
perature and anode voltage V. 
Taking the assumption that the noise is gene- 
rated by the fluctuation of m, the current 
fluctuation 4z becomes as follows: 


4¢=43F(T , V)(An[n'?*) . 
4¢ shows short circuit noise current. 
the mean square value of 42 is 
((47))=4{ F(T, V)P{<(4n)?>/n} . 
If 2 is the number of particle subjecting to 


the canonical ensemble, it has the following 
relation, 


Then, 


(Ane) 7 
Hence, 
((41))=HF(T, V)P=1e/n) . 

The root of mean square fluctuation of cur- 
rent Al. 1S 

AT={{(4i)>}2=4G[n"?). (2) 
Therefore, 4/7 is proportional to the current z 
and inversely proportional to 7!/?. Fig. 13 
shows the result of the measurement on the 
variation of 4/7 when the activity of the 
cathode is modified by aging or other methods. 
If we suppose z as the emission current ata 
certain temperature 7) and a certain anode 
voltage V), 

Zo = 7B Ty, Vo) - 
Hence, 
AT=4F(T), Vo)(/20) - 

When z=const., 4/ is in inverse proportion to 
Zz). his characteristics is roughly seen in 
Fig. 13 in which the abscissa indicates the 
emission current at T)=800°K, V,=100 volts, 
and the parameter is the emission current at 
the time of measurement. 

We have so far advanced our discussion 
concerning the short circuit noise current ac- 
companying with the emission current of oxide 
cathode. On the other hand, the conduction 
current through oxide layer may also be re- 
presented by a similar equation as Eq. (1), so 
Eq. (2) becomes applicable to the short cir- 
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cuit noise current for conduction. 
event, the short circuit noise current is 
inversely proportional to 7'/2. It is accepted 
that the excess Ba density at the grain sur- 
face inside the oxide cathode is larger than 
that on the outside surface. Therefore, when 
the emission current is drawn out from oxide 
cathode, the noise is believed to be generated 
mostly at the cathode surface. 


In either 


$5. Summary 


(1) The measurements have been made on 
the voltage-current characteristics of the 
anode current and the conduction current 
of the oxide cathode. And, by means of 
the Schottky plot and the reciprocal tem- 
perature plot of the field free current, the 
validity of the pore conduction mechanism 
was recognized. 

(2) The values of “ Grobfeinfaktor ” obtained 
from the Schottky slopes for the emission 
are 5~6, but the values for the conduction 
are several times larger than the former. 

(3) If we suppose the parallel-series conduc- 
tion mechanism, the apparent “ Grobfeinfak- 
tor” §, for the conduction may become 
larger than §. for the emission. 

(4) As same as the case of the emission cur- 
rent, the sharp increase of the short circuit 
noise current accompanying with the con- 
duction current 1s seen when the conduction 
current begins to saturate. It is because 
of the disappearance of the reducing action 
by space charge at this state. It is also to 
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ascertain the existence of the pore conduc- 
tion. 
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The temperature dependence of the capacity of the space charge 
layer at a metal semiconductor contact is investigated. The variation 
in the capacity with temperature has been calculated on the assumption 
that it should be caused by the temperature variation of the density of 
free charge carriers in the semiconductor. The results are compared, 
for an example, with the experimental data of the capacity of copper 
oxide rectifiers, which are measured by superimposing a small alternating 
voltage on the d.c. bias voltages, at the several temperatures between 
—160°C and +60°C, and are analysed on the assumption that there exist 
some donor impurities in the bulk cuprous oxide layer in addition to 
the usual acceptor type. The comparison makes it clear that the equ- 
ation derived theoretically can successfully explain the following facts: 
(1). At lower temperatures, the magnitude of capacity increases with 
increasing temperature, and reaches a maximum at a certain temperature 
and then begins to decrease at higher temperatures. (2). But, the tem- 
perature at which the magnitude of capacity reaches a maximum ex- 
perimentally is slightly higher than that which the theoretical equation 
predicts. (3). The measurements at —110°C and —160°C show that the 
values of the capacity at these temperatures may be regarded as those 
affected by the temperature variation in the electrical resistivity of the 
bulk Cu,O layer rather than the values of the pure barrier capacity. (4). 
The absolute value in the temperature variation of a barrier capacity 
expected from the derived equation is about 250. farads/cm? for copper 
oxide rectifiers, with —0.5 volt d.c. bias voltage applied between 0°K 
and 300°K, and this value agrees comparatively well with the experimental 
results. (5). The variations in capacity’are dependent upon the d.c. bias 
voltage applied and will be smaller when the bias voltage becomes larger. 


List of Symbols Ey; Fermi level. 
W/o C2. E, Energy level for the top of the valence 
Capacity per unit area introduced in bond band. 
this paper. 4& Energy difference between the bottom 
Capacity of a capacitor composed of of the conduction band and donor level 
the bulk cuprous oxide layer and two or between the top of the valence bond 
electrodes. band and acceptor level. 
Capacity given by the Mott’s theory. e Absolute value of an electronic charge. 
Capacity given by the Schottky’s theory. I Electric field at the metal semiconductor 
Density of acceptor impurities in the interface. 
p-type semiconductor, D.>Da. h h/2z, h Planck’s constant. 
Density of donor impurities in the p- 7” Mass of an electron. 
type semiconductor. m. Effective mass for an electron in the 
Width of the blocking layer of the the conduction band. 
Mott’s theory. m, Effective mass for a hole in the valence 
Energy level for acceptor impurities. bond band. 
Energy level for the bottom of the Na Density of acceptor impurities in the 
conduction band. n-type semiconductor. 
Energy level for donor impurities. Na Density of donor impurities in the »- 
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type semiconductor, Na>Na. 

n Density of electrons in the conduction 
band in the interior of the semiconduc- 
tor, considered infinitely distant from 
the metal semiconductor interface. 

~p Density of holes in the valence bond 
band in the interior of the semiconduc- 
tor, considered infinitely distant from 
the metal semiconductor interface. 


le Absolute temperature. 

V D.C. bias voltage applied to a rectifier, 
taken positive when operated in the 
forward direction. 

Vp Diffusion potential in the Schottky’s 


theory. 

Vs Height of the potential barrier measured 
on the basis of the bottom of the conduction 
band in the interior of the semiconduc- 
tor, considered infinitely distant from 
the metal semiconductor interface. 

W Width of the bulk cuprous oxide layer. 


é Dielectric constant of the semiconductor 
for a static field. 

Eo Dielectric constant of the semiconductor 
for high frequency fields. 

N E,—E;. 

() hv/k, Characteristic temperature. 


Ut Mobility. 

y Frequency of the longitudinal vibrations. 
é Efe, 

Qg Electron potential energy. 

Fe Electron affinity of the semiconductor. 
yp Work function for a metal. 


§1. Introduction 


The capacity per unit area of the copper 
oxide rectifier is given by Mott” 


Cxy=E/4nd , (T) 
and by Schottky” 
CC. — [€eNa/8x(Vo— Wire . ( 2 ) 


The experimental relations of the capacity 
of a rectifier to the applied d.c. bias voltage 
show that Eq. (2) is prefarable to Eq. (1). 
However, both of these equations do not 
refer to. the temperature dependence of the 
capacity. Kubo has introduced the equation 
which expresses the temperature dependence, 

Cx =(€/47) 
1 
; i Fa E(V,’—V) , 2EkTn 


—QreNa ik 7e2N a” 


oe Ve 
sinh? ART 
(3) 
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where 
V=V,—4E/2 . 

This equation is introduced on the assumption 
that there is an insulating layer of the width 
din the semiconductor, immediately adjancent 
to the metal, which is succeeded by the space 
charge layer of uniform density Na of ionized 
impurity atoms. But Eq. (3) fails to express 
the experimental results usually observed, 
showing that the magnitude of capacity will 
become smaller when the temperature is rais- 
ed. Moreover, generally speaking, Eq. (3) 
cannot explain that the capacity has a maxi- 
mum at a certain temperature. It is reported 
in this paper that the equation which explains 
fairly well the behaviour of the capacity with 
temperature could be introduced, showing the 
comparison with the experimental results. 


§2. Derivation of the Equation That Ex- 
presses the Temperature Dependence 
of Capacity 

The energy level diagram of the space 
charge layer which arises when a metal is 
brought into contact with an #-type semicon- 


ee 
a Eg 
OC=-L 2Cc=0 
Metal Semiconductor 
Fig. 1. Schematic energy diagram at a metal 


semiconductor contact. 


ductor is shown in Fig. 1, with energy of 
electrons increasing upward. The diagram is 
drawn for the equilibrium condition with no 
applied voltage. The positive 2 axis extends 
into the semiconductor from the metal surface. 
When the equilibrium is established after the 
contact, the Fermi level &; in the semicon- 
ductor comes to coinside with that in the 
metal. The origin of electron potential energy 
y is taken at the bottom of the conduction band 
in the interior of the semiconductor, infinitely 
distant from the metal surface. Put there 


FE. pete Dye (4) 
The height of the barrier above the Fermi 
level is $—z. The origin of the abcissa is 
taken at ¢g=&. The interface of the metal 
semiconductor contact is at z=—L. Then ¢ 
satisfies the Poisson equation, 


NR aay (- — ) 
da? é é kT 
—-L<2x<0 (5) 


The first term in the right side can be ob- 
tained when all the impurity atoms in the 
layer —L<2x<0 are ionized, assuming that 
Na—NaxNa, and the second term concerns 
with electrons in the conduction band. 

The density of the ionized impurity atoms 
in the place where 2 is considerably large is 
given by 


Nafexpl{Zy —(Eat+¢) kT] +1} CB 
As the relation 
exp [(E,y—Ea)/kT ]>1 a 


holds in general at such temperatures as dis- 
cussed later and in the place fairly distant 
from the origin where x is large and ¢ is 
small, the relation 
exp [{Ey—(Eat+9)}/RT |>1 (8) 
holds, therefore the density of holes bound to 
impurity atoms is given by 
Naexp[(—E+¢)/rkT]. (9) 


Then, the Poisson equation which @ satisfies 
at 0<z is written down 


@e Are Ete 
pe Ny 
ae vexp(— kT 
En exp(— ak 0<e. (10) 


The boundary conditions are assumed as 

follows, 

(BI) ¢g=€ at 2=0, for Eqs. (5) and (10). 

(B If) Derivatives of ¢ at x=0 are equal and 
continuous for Eqs. (5) and (10). 

(B Ill) g=eV,. at z=—Z, for Eq. (5). 

(B IV) ¢=0 and dy/dx=0 at =~, for Eq. 
(10). 

Integrating Eq. (10) under (B IV), we have 


( lee oe kT Na exp(— oa ) 


dz kT 
Roe bP nex(— ig ) 
kT 
wee kT Na exp( — i ) 
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Cc 


When Eq. (11) is extraporated to the origin, 
combining with (B I), we have 


de \? 87e? 87? , - & 
( - ) iy Zz kT Nat kTn exp (- eT ) 


ne kT Na exp (- Pinar bTn.) G2) 
Integrating Eq. (5) under the conditions (B J) 
and (B II), we have the equation which ¢ 
satisfies at asain 

8re 


(2) 
dx € 


prem wee SET exp (- oe ) 


87" E 
uueae ,exp(——5- ie 
% kT Ei exp( sail n| (13) 


At the metal semiconductor interface, 
relations: z=—_4 and G=—vV. holds 
have, 


( ay i, ene 
dx piocery ca € 


Se AT | n+Ne exp(— oa) 


ok 
ae 
When an external voltage is applied to the 
junction, we have 


the 
then we 


NaleVs+kT—Eé] 


a exp(— (14) 


eal = "Re" Nele(Ve—V) +2T-E] 
x=—L 


dx 
—fne kT | n+Ne exp(— i) 


—n en .-V))| . (15) 


As dg/dx is negative and »=” exp [—e(V.— 


V)/RT] holds at —L<2<0, 
ae Sree? if xe 
ee dilee =-| c ale(V;—V)+kT—E] 
one 


ne ET | n+Ne exp(— ie ess 


(16) 
The capacity per unit area is defined as fol- 


lows, 
aco € a fe 
= Ae QVieug 4m TaV ae a 


(17) 


so we have, 
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1 — GEN Gos 1 
ec == eS eae > = = = = = 
82 (V.—V) fi- Ese ia ke @ sexo E\\]? (18) 
e(V,—V) eV;s—V) Na * kT ) : 


The terms in the bracket of the denominator 
represent the temperature dependence of the 
capacity. Eq. (18) will agree with the Schot- 
tky’s expression when T=0, and enables us 
to calculate the temperature dependence of 
the capacity if the the temperature depen 
dence of & is known. 


$3. Temperature Dependence of &. 


The equilibrium condition for temperatures 
below the intrinsic range may be regarded as 
resulting from the “pseudo chemical” reac- 
tion», excess electron + ionized donor 2 
neutral donor. If the equilibrium condition 
is combined with the condition for electrical 
neutrality, we can have next equations. 


nla Na). So (19) 
Na—Nai-—n 
K=N, exp [(Ea—£.)/kT] , (20) 
N.=2(2nm-kT /[h?)3/? , (21) 


and the density of electrons in the conduction 
band is given by 

n=—N,.exp[—(#,.—Ey;)/kT] . (22) 
(3.1) The case of low temperatures, where 
Na—Na>n and Na>n. 
From Eq. (19), 


Na—Nua 
= —“K. (23 
Ne 
From Eqs. (20), (23) and (22), 
+ N, —N, 
ESB By=RT log [ ac ie (24) 
(3.2) the case of low temperatures, where 
Na—Nia>n and n>Nu. 
rom Eq. (9), 
n=(Na—Na) 7K? . (25) 
From Eqs. (20), (25) and (22), 
EE: E [Na—Na |? 
E= Fs + uP log] | ‘ (26) 


(3.3) the case of high temperatures, where K 
zs very large. 

n~Na—Na - (27) 
(3.4) General case. By solving Eq. (19) for 
nm, we have 


n= 3[—(Nat+K)+V (Nat K)?+4K(Na—Na)] - 

(28) 
On the other hand, from Eqs. (20) and (22), 
we have 


n=K exp [((2;—Ea)/kT] . (29) 
Combining Eqs. (28) and (29), we have 
exp (E/kRT)=(1/2K ) 
*[-(Nat+K)+V (Nat KY +4K(Na—Na)] - 
(30) 


From this equation, we can obtain & as the 
function of temperature. We can reasonably 
assume that the above mentioned equations 
would hold in the deep interior of such a 
semiconductor as has a contact with a metal 
at one end. 


When we apply the above equations to the 
copper oxide rectifier which is composed of a 
p-type semiconductor, we obtain next equa- 
tions, because of the symmetrical properties 
of electrons and holes. 


[b(b+Da)(Da—Da—P)J=J, Da>Da, (31) 
J=N> exp |(E,—Ea)/RT] , (32) 
Ny=(22mnkT/h? 3/2 , (33) 
p=N>» exp [—(E;—Ev)/kT) . (34) 


(3.5) the case of low temperatures, where 
Dia—Da>p and Di>pb. 


p=[(Da—Da)/DalNo exp [Ev—Ea)/RT], (35) 
g=Ey—E;=kT log [(Da—Da)/Dal] . (36) 


(3.6) the case of low temperatures, where 
D,—Da>p and p>Da. 


p=(Di—Da)'P Ny)? [Ey —Ea)l2RT | , (37) 
Q=AE/2+kT log [(Di—Da)/No]” . (38) 

(3.7) the case of high temperatures, 
p~Da-—-Da . (39) 


(3.8) General case, 

p=3[—(Dat JI4V (Dat JY+4J Di—Da)] 
(40) 
(41) 


exp (y/kT)= p/J . 


From these equations, we can obtain 7 as the 
function of T. The capacity per unit area 
is given by the equation 
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; tee (42) 


aa 


(Cs eas 2 = 
82(V;s—V) pie 


If we take the value of C at T=0°K and V;— 


written as follows, 


perl Ga penny 
QVs—V) 1) &Vi—V ND, 


V=1.0 volt equal to Cy, Eq. (42) cam bere: 


(43) 


ia k = QaRt 
eV;s—V) 


Using the values of Da, Da and 4E, deter- 
mined by the measurements of usual copper 
oxide rectifiers, we can plot the value of 7 
versus T as shown in Fig. 2, according to 
Eqs. (40) and (41). The value of vy has a 
maximum at a certain temperature and con- 
sequently the capacity will have such a maxi- 
mum as expected from Eq. (42). In the cal- 
culation of N,, 22, is taken equal to the mass 
of a free electron. 


T (°K) 


Fig. 2. Temperature dependence of 7. 
Curve 1. 
Dq=108em-3, 
Curve 2. 
Dy=10%cem=-3, 
Curve 3. 
Dz=104em-3, 
Curve 4. 
Dqg=5x10M%cm_?, AH=0.3 eV. 


D,=10%cm-3, AH=0.3eV. 


D,=10%cem~%, AH=0.3eV. 


D,=5 x 1015cm-3, AH=0.3eV. 


D,=10%cm~-3, 


§4. Experiments 


The capacity and static characteristics of a 
number of copper oxide rectifiers have been 
measured at temperatures between —160°C 
and +80°C. The diameter of the rectifiers 
used is 5x10-'cm and the width of bulk 
Cu,0O layer is approximately 7x 10-?cm and 
almost the same for all specimens. The tem- 
perature data of the static characteristics 
have been used to estimate the densities of 
acceptors Dy, donors Da and the activation 
energy JE. 


kT ( Dp | ever) J” 
av,—V)\ D, 


(4.1) Analysis of temperature dependence of 
static characteristics. 

In order to analysis the temperature de- 
endence of static characteristics, the mobility 
of holes in Cu,O layer has been assumed as 
stated below and the conductivity of the 
layer has been obtained from the limiting 
ohmic resistance in the forward direction. By 
combining these two values, the variation of 
concentration of holes with temperature has 
been deduced. 

The mobility of free electrons in polar 
crystals was given by Frolich®. 


be 


cm-volf'sec. 
it 
f 
idt 
oe 
e 
x 
10 x = 1 we 
2 S 4 5 6 ( 
/T xO 
Bigs saan Salas 


@ Schottky and Waibel, 
+, (© Engelhard, 
x Feldmann. 


L] Vogt, 
LA &VY Angello, 


E—€+1 
ae eag(e?/? 1), 


= 


N= De fp ae SY, 
TINRO 


(44) 


We can apply this equation to holes in Cu,O 
layer and can simply rewrite down as follows: 
b= A(ee/?—]), 


In order to fit the experimental results, A= 
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10.5 cm?/volt.sec. and 9=665°K were adopted 
by Brattain®. But in this paper A=8.5cm?/ 
volt.sec. and O=665°K are adopted. 


= 8.5(e%/7 —1) cm?/volt.sec. (45) 
The comparison of Eq. (45) with the experi- 
mental data of mobility obtained by W. Schot- 
tky?, V.W. Vogt®, E. Engelhard®, S.J. 
Angello! and W. Feldmann’ is given in 
Fig. 3. Some of the points plotted in Fig. 3 
have been calculated from their experimental 
data of Hall coefficient and conductivity. The 
Brattain’s function gives more weight to 
Angello’s values than to the others. By using 
the values of mobility ~ determined by Eq. 
(45) and the conductivity o deduced by the 
limiting ohmic resistance in the forward direc- 
tion of rectifiers, the density of holes can be 
estimated by 


o=epy. (46) 
The two typical samples of density of holes 
thus determined are shown in Fig. 4. If it is 
assumed that donor impurities” in addition to 
usual acceptor impurities are present in the 
Cu.0 layer, the slope at low temperatures 
corresponds to the activation energy 4H=EF, 
—,, according to Eas. (35), (37) and (39) and 
the values of Dz and Dz can be obtained by 


solving the two Eqs. (35) and (39). The re- 
sults are shown in Table I. 
Table I. 

: | : (ee oe cee 
pe ccimen | Da (em-3) | Da(cm-3) | AE (eV) 
75051 162x104 | 12x10 | 0.25 
TDA 67 x 1014 5x104 | 0.27 


(4.2) Measurements of Capacity. 

The circuit diagram of measurements of 
capacity is shown in Fig. 5. The frequency 
used is 1 KC/s and an a.c. voltage applied to a 
specimen is about 7 millivolts, which are kept 
constant during the measurements. The 
- measurements have been performed by a sub- 
_ stitution method. The key A is at first 
- switched on the specimen S and the circuit is 
balanced by the resistance R, and capacity 
—C,, and then the key KX is in turn switched 
on the parallel circuit of R. and C, and the 
whole circuit is balanced again by adjusting 
the values of R, and C,. The values of R» 
and C, thus obtained can be regarded as the 
resistance and capacity of the specimen. 
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The d.c. bias voltage on the specimen is 
applied by a battery B. In Figs. 6 and 7 the 
results of measurements at temperatures be- 
tween —50°C and +60°C are shown; i.e. 
1/C* is plotted as a function of an applied 
bias voltage V. As the d.c. bias voltage is 


14) 


10 


25 30 357 AG 
\/Tx!O (°K ) 


4:5 5:0 


imper, Al. jo WS IAP, 


Circuit diagram for capacity 
measurements. 


Bigaeo: 


applied in the reverse direction of rectifiers, 
it may be considered resonably that the whole 
applied voltage will be dropped across the 
space charge layer. As Schottky has showed 
already, the plots obtained at a constant tem- 
perature have proved to be a straight line. 


Yo2 


cm" farad® 
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Fig. 10. Capacity vs. Temperature. 


In Figs. 8 and 9, the results at —110°C and 
—160°C are shown respectively. The remark- 
able differences between the values observed 
at —160°C and those at room temperatures 
are the fact that the decreasing of tempera- 
ture will make both the values of capacity 
and the slope of a straight line 1/C? vs. V 
extremely smaller. The measurements at 
—160°C have shown that the capacity is quite 
independent of a d.c. applied voltage. The 


measurements at —110°C have shown that 
the linear relation of 1/C* vs V still holds ap- 
proximately at this temperature. These facts 
will be discussed later. 

From the data of above mentioned experi- 
/ments, the plots of capacity vs temperature 
at a constant bias voltage can be given in 
Figs. 10 and 11. 


§5. Comparison of the Experimental Re- 
suits with the Equation Derived 


Schottky indicated that the plots of 1/C? 
as a function of V should be a straight line 
with an intercept equal to V, (Figs. 6 and 7.). 
From this intercept, V; has been determined 
to be 0.5 volt approximately. By substituting 
into Eq. (43) the numerical values of D,, Da 
‘and 4% shown in Table I and Vs, the capa- 
city of sample I. C—1 and I. D—1 witha 
d.c. bias voltage applied can be calculated. 
The results are shown in Figs. 12-15, where 
C, should take a different value for sample 
I. C—1 and I. D—1 respectively. 

The comparison with the experimental re- 
}sults are summarized as follows, 

(5.1) Eq. (43) shows a general agreement 
} with experimental results, indicating that it 
jhas a maximum at a certain temperature and 
that below the temperature the capacity in- 
‘creases with increasing temperature and de- 
| creases above it. 

(5.2) The temperature at which Eq. (43) 
‘reaches a maximum is lower as much as 
about 60°K for sample I. C—1 and I. D—1 
‘than the experimental results. 
(5.3) Capacity measured at 
| —160°C. 

‘When the temperature is lowered below 
-—50°C, the capacity begins to decrease rapid- 
ly and reaches the value 0.08 x 10-* farad/cm* 
at —160°C, independent of the applied d.c. 
bias voltage. All of the specimens have had 
early the same value. At —110°C, the value 
‘of capacity is different a little for each speci- 
imen, and is about 0.68 10-® farad/cm? for I. 
|\D—1, dependent on the d.c. bias voltage. 
(‘The slope of a plot, 1/C? vs V, becomes 
slightly larger than that observed at room 
‘temperatures. These experimental facts can 
-be interpretated as follows: 

'_ When the temperature is lowered and the 
‘resistance of Cu,O layer becomes so high that 
it can be comparable with the barrier resist- 


—110°C and 


| 
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ance at room temperatures, the bias voltage 
applied to a rectifier may not be considered 
to be dropped across the barrier layer only, 
but across the Cu,O layer itself between the 
copper and the counterelectrode (Fig. 16). 
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And the capacity, measured in this case, may 
not be a barrier capacity, but a capacity of 
the parallel plate condenser composed of the 
Cu.O layer and the two electrodes attached 
to it. Therefore, the capacity is expected to 
be given by 

Cpulk=€/472W . (47) 
By substituting into Eq. (47) €=10 and W= 
7x 10-2 cm, we have 


Ceri O0I3 <al0ee farad/cm? ; 


which may be considered to agree compara- 
tively well with the observed value 0.08 x 10-8 
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farad/em?. The above considerations wi 
enable one to understand that the capacit 
measured at —160°C is rather not a capaciti 
of the barrier, but that of the CuO layé 
itself and consequently that it may be indé 
pendent of the bias voltage applied. | 
The magnitude of capacities measured 4 
—110°C lies between the values of the barrie 
capacity at room temperature and those fe 
bulk capacity Cpu at —160°C. These fact 
may be considered as follows: when the am 
bient temperature becomes as low as —110°C 
the hole density at the valence band of th 
bulk cuprous oxide layer will become smaller 
and the hole depleted layer will be extende. 
from the metal surface into the interior o 
the bulk cuprous oxide, thus the capacit: 
measurement will give the capacity of thi 
hole depleted layer. The d.c. bias dependence: 
of the capacity at these temperatures show 
that the width of the hole depleted layer wil 
be dependent on the bias voltage which i: 
applied to the rectifier. 
(5.4) If the capacity data measured at to 
low temperatures were adopted in order t 
calculate the absolute value of the tempera 
ture variation of the barrier capacity C, the: 
would be proved quite inadequate accordin: 
to the above discussions, because they woul 
contain not only a barrier capacity but <% 
capacity of the bulk Cu.O layer. For an ex 
ample, we shall discuss about the specime: 
I. D—1. Suppose that the lowest tempera 
ture at which the capacity of the bulk Cuz( 
layer can be neglected compared with th 
barrier capacity with a bias voltage —0. 
volt applied would be —30°C (the hole densit: 
at this temperature is approximately on 
tenth of that at room temperature). The ab 
solute value of temperature variation of th 
barrier capacity C from —30°C to 40°C i 
obtained approximately 0.05 x 10-8 farad/cm 
from the experiments and the theoretical cal 
culations according to Eq. (43) gives 0.025> 
10-* farad/cm? to the absolute value of th 
temperature variation from O0°K to 290°K 
when C) is taken 2x10-® farad/em?. Th 
theoretical value is about one half of the ex 
perimental and the coincidence seems to b 
good. 


(5.5) It can be expected from Eq. (43) tha 
the absolute value of the temperature varia 
tion in the barrier capacity should depend o 


1955) 


an applied bias voltage and this expectation 
is also proved to be true by the experimental 
‘observations. 
| Finally, it should be added to the above 
‘discussions that the variation in V,; with tem- 
perature is completely disregarded. 
According to such a simple model as shown 
in Fig. 1, the change in the Fermi level with 
temperature means readily a change in the 
fdiffusion potential V.=)—y—4E+E€. How- 
never, aS Okazaki eft al!) reported already, 
ithe experimental measurements of tempera- 
ture dependence of V; showed that V, de- 
creased with increasing temperature and that 
the results were quite in disagreement with 
their theory. In this paper we have assumed 
that the change in V, with temperature will 
be negligibly small or that V; will increase 
nly a little even if the Fermi level did change 
so much. Owing to the various simplifica- 
{tions for calculations adopted when Eqs. (5)- 
(10) were introduced, especially the ignoring 
of the existence of the reserve layer near the 
origin, it may happen that the capacity C 
decreases as V; increases. Also it must be 
added that the differences of the capacities in 
the two equivalent circuits—one is a parallel 
circuit of C and R used at the measurements 
and the other is a circuit with a bulk resist- 
jJance in series to it—are very small over the 
measured temperature ranges and the experi- 
mental results are not changed by the measur- 


Temperature Dependence of the Capacity of the Copper Oxide Rectifier 


453 


ing equivalent circuit. 

In conclusion, the author expresses his sin- 
cere thanks to Prof. R. Kubo of the Tokyo 
University for his valuable discussions, Mr. 
Nijo for his encouragements and Mr. H. Baba 
for his helps during the work. 
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On the Mechanism of Aging in Aluminium-Silver Alloys, Iii. 


Variation of the Young’s Modulus 
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Variations of the Young’s modulus and the internal friction during the 
aging of the supersaturated solid solution of 20 weight percent silver in 
aluminium has been examined on polycrystalline specimens by the high 
frequency method at about 13 kilocycles per second; both isothermal 
aging curves and heating curves have been obtained. 

It has been found that the formation of the Guinier-Preston zone results 
in decrease of the Young’s modulus, whereas precipitation of the new 
phase results in increase of it. The results have been discussed based 
on the point of view that the formation of the Guinier-Preston zone is 
not a preliminary stage of the precipitation process. 

The effect of the aging on the internal friction measured at the room 
temperature has been found negligible. 

Further, temperature variations of the Young’s modulus and the 
internal friction have been examined on the pure aluminium specimen 


in comparison with those of the present alloy. 


$1. Introduction 


It seems that the Young’s modulus is suita- 
ble as a measure for the study of the aging 
process in alloys, because of its sensitivity 
to changes in the atomic configuration and 
concentration of the solute atoms in the 
matrix solid solution. 

Some experimental results were reported 
on the composition dependence of the Young’s 
modulus at the equilibrium state in various 
aluminium base alloys!-, but few 
on its change accompanied by the aging 
reaction, so the present investigation was 
planned to obtain the isothermal aging cur- 
ves and the heating curves of the Young’s 
modulus on various age-hardening alloys, 
such as Al-Ag, Al-Cu, Al-Zn, Al-Mg-Zn 
and so on, as well as some copper base 
alloys. 

The objects of the work described in the 
present paper are to examine the aging 
characteristics of Al-Ag alloy, and, as one 
of a series conducted by one of the authors 
(K.H.)®®, to add another information on the 
mechanism of the aging especially on the 
relation between the formation of the Guinier- 
Preston zone and the precipitation of the 
AlAg, phase. 


$2. Specimens and Experimental Procedure 


Polycrystalline rods of the alloy, contain- 
ing 20.18 weight percent silver, and pure 
aluminium, were prepared by using super- 
pure aluminium (99.99%) and assay silver 
(99.99%). 

The metals were melted in a_ graphite 
crucible, well stirred by a graphite rod, and 
cast into a chill mould. The specimens have 
the dimension, 1.3cm in diameter and about 
17cm in length. They were annealed in a 
electrical furnace at about 550°C for 200 
hours after some cold working in order te 
disperse the casting structure. 

The alloy was solution-heat-treated by an- 
nealing at 540°C for 2 hours. Supersaturated 
solid solution was obtained by quenching the 
specimen into the quenching oil of the room 
temperature, about 19°~22°C. Then it was 
aged at various temperatures in a electrical 
furnace. 

Measurements for the isothermal aging 
curves were made at about 20°C after quench- 
ing the specimen from the aging tempera: 
ture to the room temperature at every 
measuring procedures. Heating curves were 
obtained during heating the specimen at a 
rate of 0.5°~1°C per minute. The tempera 
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ture of the specimen was measured by the 
Copper-Constantan thermocouple, which 
set closely by the specimen. 

The Young’s modulus and the internal 
friction were determined from the resonance 
frequency curve of the forced longitudinal 
vibration given to the specimen”-™. Details 
of the measuring apparatus were illustrated 
in the previous paper!”. 

Fig. 1 shows the block diagram of the 
measuring system. The center of the 
specimen, that is, a node of the longitudinal 
vibration is mounted on the knife edge sup- 
porter which has the earth potential. The 
specimen is free at its both ends, each of 
which is faced to fixed plate, ‘‘excitor”’ 
) and ‘‘detector’’ respectively. By alternating 
the potential difference fed by an oscillator 
between the exciting plate and one of the end 
faces of the specimen, the longitudinal vibra- 
tion is excited in the specimen. The oscillator 
consists of three parts; master oscillator, one 
stage of buffer and one stage of power am- 
_plifier. The master oscillator is the usual 

Hartley circuit and supplied by an electronically 

stabilized power source. The oscillator was 

calibrated by comparison with the standard 
crystal oscillator before each measurement. 
A condencer is formed between the other 
.end face of the specimen and the detecting 
plate, the capacity of which changes when 
| the specimen vibrates. The capacity change 
‘is translated to the current change in the 
_detecting circuit (Inoue-Kanda Circuit!”), 
then it is amplified with a broad band-pass 
amplifier and examined by a cathod ray 
oscillograph or the vacuum tube voltmeter. 

From the maximum amplitue of the vibra- 
tion, the resonance frequency (f) can be 
determined, from which the Young’s modu- 
lus (£) is calculated, using the equation!” 


E’= (2/n)?(020)(L207)(L2o/Lr) 
P(t Antes : 


is 


‘in which fs and Zs) are the density and 
length, respectively, of the specimen at 20°C, 
Ly the length at the temperature of the 
‘measurement, 2 the number of half-waves 
‘in the rod, >) the average Poisson’s ratio 
‘and A its cross-sectional area. In the present 
case, m=1 since ,the fundamental frequency 
is used. 


j 
/ 
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At the same time, from the half width of the 
resonance curve, the internal friction at 
that frequency can be determined. 

For the study of the isothermal aging, it 
is necessary to know merely the relative 
values of the Young’s modulus of aged 
specimen to that of as-quenched one. Since 
it has been recognized’? that the change in 
length due to the aging process in the present 
alloy is so small that it affects the value of 
the Young’s modulus negligibly, and Ly) may 
be regarded as constant. Since all measure- 
ments were carried out at the same 
temperature, about 20°C, the relative value 
of square resonance frequency, f?/f>2 may be 
taken as a measure of the change of the 
Young’s modulus, where f and fy are the 
resonance frequency of aged and as-quenched 
specimens respectively. 
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Fig. 1. Block Diagram of the Measuring 
System. 
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On the other hand, in the case of the 
heating measurements, effect of thermal ex- 
pansion can not be neglected, but it does not 
affect the general feature of the Young’s 
modulus versus temperature curves, SO we 
have taken the value of f/? as a measure of 
the Young’s modulus. 

At the measurements of the internal fric- 
tion we have no regard for the effect of air 
viscosity at the gaps between the end faces 
of the specimen and the exciting and the de- 
tecting plates, and the plotted value must be 
somewhat larger than the true value. 

The measurements have been carried out 
under the condition that the applied strain is 
not larger than the limited range to obtain 
the amplitude independent internal friction. 

The effect of small change of the mount- 
ing condition of the specimen on the knife 
edge supporter to the Young’s modulus and 
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Fig. 3 (a) and (b). Integration of Two Reactions 
Contributing to Changes in the Young’s Modulus 
and the Electrical Resistance during Aging. 


tp: Incubation time for y’ precipitation. 
tz: Incubation time for G-P zone. 


the internal friction have been found negligi- 
ble for the required accuracy in this work. 


$3. Experimental Results and Discussions 

Fig. 2 represents the isothermal aging 
curves of the Young’s modulus, which were 
obtained with Al-Ag (20.18 wt.%) alloy. It 
will be noted that at the early stage of the 
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aging at 150°, 165° and 180°C, the values 
decrease from the initial point, but at the 
later stage they turn into increase, on the 
other hand the value of 250°C-aging increa- 
ses from the begining without the initial 
decrease. 

Comparing above results with the age- 
hardening curves!-!), it may be recognized 
that the initial decrease and subsequent in- 
crease of the Young’s modulus during aging 
at lower than about 200°C, correspond re- 
spectively to the first and the second stage 
of hardening at the low temperature aging 
(cold-aging), whilst the smooth increase at 
250°C-aging corresponds to the single stage 
hardening curve at the high temperature 
aging (hot-aging). 

Based on the X-ray analysis!®-2, calorime- 
tric analysis» and electrical resistivity 
measurements”, it has been shown that the 
first stage of the low temperature aging is 
the formation of the Guinier-Preston Zone 
and the second stage is the precipitation of 
the new phase, therefore the initial decrease 
of the Young’s modulus observed in the 
present investigation may be attributable to 
the formation of the Guinier-Preston zone and 
the subsequent increase to the precipitation 
of the y’ phase (coherent to the matrix), 
AlAg,. Appearance of the intermediate 
small maximum in the 150°- and 165°C-ag- 
ing curves, may be interpreted as a result of 
superposition of the decrease and the increase 
as shown schematically in Fig. 3 (a), as 
inferred from the knowledge of the electrical 
resistance curve shown in Fig. 3 (b). Detail- 
ed examination of Fig. 3 (b) has been carried 
out previously by one of the authors 
Gig. 

On the other hand, it has been shown by 
many workers that the Guinier-Preston zone 
can not be formed at above 210°C which is 
the limiting temperature of the formation of 
it. In the case of 250°C-aging, therefore, 
the Young’s modulus increases monotonously 
from the starting and any decrease can not 
be recognized. The slight decrease at the 
later stage of 250°C-aging must be due to 
the transformation of the 7’ phase to the 
incoherent 7 phase accompanied by the re- 
crystallization?». 

The effect of above aging treatments on 
the internal friction measured at the room 
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temperature has been found negligible, which 
shows that the changes of the Young’s 
modulus in Fig. 2 are not in relation to the 
annelastic phenomena. 

The fact that the change of the Young’s 
modulus due to the formation of the Guinier- 
Preston zone is in opposite direction to that 
due to the precipitation, may be regarded as 
a powerful evidence for the standpoint that 
the former is not a preparative stage of the 
latter and that there is a discontinuity 
between them. 

Fig. 4 represents the results of the heating 
measurements. The curve denoted by A 
was obtained by slow cooled alloy, where the 
Young’s modulus decreases monotonously 
with increasing temperature up to about 
| 300°C, where it begins to deviate downward 
' slightly. The curve denoted by B was ob- 
F tained by the as-quenched ailoy, where two 
* inflexion points (R and YT) were observed. 
' The downward deviation (PQ) in the region 
between 50° and 180°C may be attributed 
} to the formation of the Guinier-Preston zone 
f during the measurement, the phenomena 
f relating to which were aiready been observed 
f in the specific heat versus temperature 
curves» and the electrical resistance versus 
} temperature curves”. Subsequent rise (QR) 
: between 170° and 200°C may be attributed to 
j the dispersion of the Guinier-Preston zone. 
From the fact that the point R of the curve 
| B just lies on the dashed line BS of the 
f quenched state, it will be deduced that the 
alloy returns to the quenched state just after 
the dispersion of the Guinier-Preston zone. 
) After the upward deviation (ST) between 
f 250° and 310°C, the curve B coincides with 
{the curve A completely. The upward devia- 
/ tion (ST) is obviously due to the precipitation 
4of the 7’ phase during the measurement. 
The curve denoted by C was obtained by 
‘the specimen which was aged at 100°C for 
'40 hours (low temperature aging). In this 
Fcase the Young’s modulus had decreased be- 
'fore the measurement due to the Guinier- 
} Preston zone which was formed during the 
baging. At the range between 170° and 200°C, 
tthe curve C deviates upward owing to 
the dispersion of the Guinier-Preston zone, 
and at higher temperatures it coincides with 
‘the curve B completely. 

_ The temperature limit of the existence of 
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the stable Guinier-Preston zone determined 
from Fig. 4, which is about 200°C, is in 
good agreement with those determined from 
the results of the calorimetric» and the 
electrical resistance measurements”. 

The internal friction versus temperature 
curve is also shown in Fig. 3, where we can 
not detect any difference among as-quenched, 
low temperature aged and slow cooled alloys. 
However Damask and Nowick have recently 
reported that they could detect the effects of 
the aging treatment on the low frequency 
internal friction?”). 

Steep increase of the internal friction was 
observed at above 250°C, but any peak can 
not be observed in the temperture range of 
the present experiment. The steep increase 
of similar form was observed also with the 
polycrystalline specimen of pure aluminium, 
as shown in Fig. 5. Origins of this steep 
increase and the slight maximum of the 
internal friction at about 130°C in Fig. 4, 
are yet not obvious, although it was con- 
firmed that they are independent of the 
aging process. 
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On the Amorphous State of the Binary System of Nickel-Sulfur 
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and Masayoshi OBASHI 
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(Received February 4, 1955) 


We prepared the simultaneously electro-deposited Ni-S containing 0, 9, 
13, 17 and 25 wt.% sulfur and studied their crystalline forms by X-ray 
diffraction patterns. The diffraction patterns of Ni-S containing 13 and 
17% S show a uniform fog, and 7% S shows a halo, and 0 and 25% S 
are the same as those of Ni and NizS. respectively. All amorphous 
samples crystallized after they had been heated to 180°C, and their dif- 
fraction patterns show the crystalline states of the two phase region of 
Ni and Niz;S,:. The electrical resistances of these samples were measured 
in a vacuum furnace and in an oil bath. The resistances of these 
samples containing 9, 13 and 17% S gradually decrease as the tempera- 
ture increases and suddenly drop at 180°C, then follow the usual be- 
havior of the common metals for both increasing and decreasing tem- 
peratures. In the case of 0% Sit does not differ from that of the pure 
nickel. We conclude that the amorphous state has the structure of a 
certain regularity, and that 180°C is the transition point of the amorphous 


Ni-S to the perfect crystal. 


§1. Introduction 


It has been reported by a few authors that 
the Ni-S system prepared by the simultaneous 
electrolysis is not crystalline over a range of 
its composition. According to R. Brill’s ex- 
periment on the range of the sulfur content 
from 0wt.% to 12 wt.%, the size of the cry- 
stals decreases as the sulfur content increases, 
and the X-ray diffraction lines due to the 
nickel structure become broad and grow to a 
halo at the position of the Ni (111) diffraction 
line. He calculated the crystalline size by the 
Laue’s theory from the widths of the halos. 
W.T. Young and H. Kersten” carried out 
the experiment over a wider range. Accord- 
ing to them the X-ray diffraction pattern 
from samples with the sulfur content from 
10% to 17% shows a halo indicating an amor- 
phous structure. The composition ratio of 


' the electrodeposited Ni-S depended on the 
' electrolytic current density. 


The amorphous state of these substances is 


not stable and crystallizes by heating to 180° 
'C. H. Kersten and W. T. Young*®? measured 
- the electrical resistance on the sample of 13% 
- S and found that it was larger than that of 
the usual metals and decreased suddenly at 


180°C, the modification temperature from an 
amorphous state into a crystalline state. This 


' change was not reversible. 


In order to investigate the nature of the 
amorphous state, we studied on these materials 
the electrical conductivity, the crystal struc- 
ture, and the fine structure of the X-ray ab- 
sorption spectrum. 

In this paper we report the results of the 
measurements of the electrical resistances 
and the crystal structures. The results of 
the other properties will be published in the 
forthcoming issue as the Report II. 


§2. Preparation of the Sample 


Following Young and Kersten’s method, the 
electrolyte was of the following composition: 


Table I. Compositions and structures of elec- 
trodeposits for various electrolytic current 
densities. 

Per™cent Current 

of Density Structure 
Sulfur = Amp./dm* | 

0 0.55 Ni 

9.3) 1.20 Amorphous halo Ni (111) 
tS 2. 0.55 Amorphous uniform fog 
17.4 0.20 Amorphous uniform fog 
25.6 0.15 NisS, 4) 

nickel-ammonium sulfate NiSO,(NH,)2SO,: 


6H:.O, 50g, sodium thiosulfate (hypo) Na,S.0;: 
7H,0, 5g, sodium citrate Na;C,H;07:5H,0, 
7.5g as a buffer, and water H.0, 500cc.. 
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The pH of this solution was 6.4 at the begin- 
ning and more acid as the electrodeposition 
progressed. 

The electrodeposition was carried out in a 
500 cc. beaker, kept in the water bath held 
at. 30°C-=0:5°C. We used’ a stainless” steel 
cathode 4.5cm wide immersed to a depth of 
7cm placed 4cm apart from a lead anode 
having the same dimensions. The composition 
of a deposit depends on the current density; 
the relation between the current densities and 
the compositions of deposits is shown in 
Table I. The sample containing 0% S cor- 
responds to the pure nickel and 25% S cor- 
responds nearly to the composition of Ni.S,. 
The pure nickel can be deposited when the 
electrolyte does not contain sodium thiosulfate, 
and in this case the current density has no 
influence on the structure. 

The electrolytic voltage was controlled so 
that the current density was constant. This 
voltage decreased as electrodeposition progres- 
sed. The time of electrolysis was 2 hours for 
all the samples but in the case of the sample 
containing 9% S the deposit became too thick 
to obtain the X-ray absorption photographs, 
therefore we reduced the time to 45 minutes. 
The results obtained by the latter sample 
however were the same as the former with 
respect to the electrical conductivity and the 
powder diffraction pattern. Deposits were 
10“—20 in thickness and could be easily 
stripped off from the cathode plate together 
with the cigarette paper pasted on it. This 
paper was used to protect the brittle samples 
without loss of X-ray transmission. Deposits 
had the semi-metallic luster on the outside 
surface and metallic luster on the surface 
which had been in contact with the cathode 
plate. All samples used for experiment were 
chosen from the central part of the cathode 
where the current density was considerably 
uniform. 


§3. Experimental Procedure 


Diffraction pattern: For the diffraction study 
the electrodeposit stripped from the cathode 
with the paper pasted on it was cut into 0.2— 
0.5mm width and 10mm length sheets, and 
the several sheets were pasted one over the 
other to prevent the crystallization by the 
frictional heat when grinding into the fine 
powder. The amorphous samples crystallized 
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by heating and these treatment were done in 

a vacuum furnace or an oil bath in which we 
measured the electrical resistance at the same 
time. Each sample was photographed at the 
room temperature immediately after the elec- 
trolysis (non-heated state) and then photo- 
graphed when they had been cooled to the 
room temperature after heating to 180°C at 
which we were able to ascertain the crystal- 
lization by the change of electrical resistance. 
A sample containing 13% S among others, 
was photographed at the room temperature 
after heating to 80°C, 120°C, 160°C and 180°C. 

The radius of the camera used for the dif- 
fraction pattern was 3.5 cm and the dimensions 
of the slit was 1x0.03mm?. X-ray examina- 
tions were carried out under the conditions 
of 30kV, 5mA, 20 hours exposure and with 
Cu Ka radiation. In order to ascertain that 
there is no crystalline constituent in an amorph- 
ous sample, longer time of exposure than 
proper was applied. Some non-heated samples 
were rotated and others were fixed in order 
to investigate the prefered orientations, but 
no trace of crystals was found. Photo. I, I 
and Table I show the diffraction patterns and 
crystallographic data of each sample. 

The diffraction patterns of non-heated sam- 
ples containing 0% Sand 24% S are the same 
as those due to Ni and Ni;S.® respectively. 
The sample containing 9% S shows a halo 
which corresponds to reflection (111) of Ni, 
and sample containing 13% S and 17% S show 
only a uniform fog. It is supposed that the 
halo is not discerniable because its width is 
too broad. The photographs of these amorphous 
samples after heating to 180°C show the 
crystalline state of the two phase region of 
Ni and NizS,. In the case of the sample 
containing 13% S when heated to the tempera- 
ture below the crystallization point, a halo 
appears faintly at 80°C, and distinctly at 
120°C, then at 160°C distinct lines correspond- 
ing only to the strong reflection of Ni and 
Ni3S. appear. 

Measurement of Electrical Resistance: As 
samples were thin and brittle, measurements 
were very difficult. After many trials, we 
used the following method. The dimension 
of the sample was limited to about 1-2mm 
width and 1cm length because the smaller 
the sample the less crack appeared by fasten- 


ing or heating, and moreover by this dimen- 


1955) 


S 137% 


before heating 


S13 % 
after heating 
to 80°C 


SES 
after heating 
to, 202€ 


S 18 
after heating 
to 160°C 


S 13% 
after heating 
tomleoLs 


Ebotoss ls 


eg ‘ 
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sion we could avoid the crack when the sample 
was stripped off from the cathode. The holder 
of the sample is shown in Fig. 1. The sam- 
ple was held on the mica plate (A) 2cmx 
15cm by two copper electrodes (B) and 
fastened by screws. The electrode was covered 
by about 10 sheets of 10/ thick aluminium 
foils. These foils protected the sample from 
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Diffraction patterns of electrodeposited Ni-S in various conditions. 


E === 


Holder of a sample for measurement of electrical resistance. 


breaking at coming into contact with the cop- 
per electrode and also assured in making a 
close electrical contact of the sample to the 
electrode. It is necessary that a sample is 
fastened to the electrode as tightly as pos- 
sible. The above mentioned holder was put 
in a vacuum tube made of fused quartz, and 
heated by an electric furnace. Also we meas- 
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before heating 


S 9% 
after heating 
to 180°C 


S 17% 


before heating 


S Ie 
after heating 
to 180°C 


NisS. 
(Se2522)) 


SOS ON 


Photo. II. 


ured in an oil bath to avoid the evaporation 
of sulfur that might occur in vacuum, but 
we could find no difference between the two 
cases. Resistance was measured by the Wheat- 
stone Bridge. The current which flowed in 
the sample was always limited to 10mA in 
order to avoid the heat damage. The rate of 
temperature increase was 1°C per minute, 
and we measured at nearly equal intervals of 
o°C. Results are shown in Fig. 2. The value 
of the resistance of the above mentioned 
sample is about 100 ohms in the amorphous 
state and 20—30 ohms in the crystalline state. 
The values of the ordinate in the graph are 
arbitrarily chosen. 

The sample containing 0% S (Ni) shows no 
difference from the pure nickel. In the case 
of 9%, 13% and 17% S the resistance decreases 
gradually to 180°C and drops suddenly at that 
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temperature. After crystallization it follows 
the curve B, then it shows the usual behavior 
of the common metals for both increasing and 
decreasing temperatures. When an amorph- 
ous sample is cooled from any point below 
180°C, the resistance follows the curve C. 
The resistance of the same sample follows 
the curve C on increasing the temperature. 
The inclination of the curve A is minimum 
in the case of 13% S and becomes larger for 
any other sulfur contents. 


§4. Results 


It has been inferred from R. Brill’s ex- 
periment that the amorphous Ni-S is made of 
very fine crystals. As expected from Laue’s 
theory and R. Brill’s experiment, the width 
of the diffraction pattern depends intimately 
on the size of the crystal. We conclude that 
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reversible. 
B: After crystallization. 


the size of the crystal becomes progressively 
larger with temperature since the width of 
diffraction pattern of these amorphous Ni-S 
becomes narrower with temperature rise as 
shown in our experiment and also in Kersten 
and Young’s®» experiment. We also assure 
the same conclusion from the fact that the 
electrical resistance decreases gradually to 
180°C and this change is not reversible. All 
the foregoing facts show that the amorphous 
state has the structure having a certain regu- 
larity, and this domain of the regularity grows 
larger with temperature. As shown in Kra- 
mer’s®) experiment for the amorphous metals, 
the sudden decrease of the electrical resistance 
at 180°C shows that the amorphous samples 


Change of the electrical resistance of the electrodeposited Ni-S with temperature. 


9 
A: The amorphous sample is heated from the room temperature. 
C: The temperature decreased from a point below the crystallization point. 


It is not reversible. 
This is 


It is the same behavior as a common metal. 


perfectly crystallize. This conclusion will be 
also assured by our another experiment of 
the fine structure of X-ray absorption spectra. 

We are indebted to the members of Tagaya 
Laboratory in the Faculty of Engineering of 
Osaka University, where the chemical analysis 
of our samples was undertaken. 
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Amorphous Substances 


The Amorphous State of the Binary System of Nickel-Sulfur. 


By Masao SAWADA, Kenjiro TsuTSUMI, Toshio SHIRAIWA 
and Masayoshi OBASHI 
Department of Physics, Faculty of Science, Osaka Univereity 
(Received February 4, 1955) 


We prepared the simultaneously electrodeposited Ni-S containing 0, 9, 
13, 17 and 25 wt. % sulfur and studied their crystalline forms and 
electrical resistances. Of these samples, those containing 9, 13 and 17% 
sulfur are amorphous and crystallize when heated to 180°C. The above 
results were reported in paper I. 

We photographed the fine structures of Ni K X-ray absorption spectra 
in the amorphous and crystalline states of the same samples. We 
measured the wave-lengths of the fine structures of the Ni K absorption 
edge and intensities of their non-absorption maxima. We find the fine 
structures in the amorphous states; their shapes and wave-lengths show 
a similarity to those shown by the substances which have undergone 
crystallization. But generally, in the amorphous state, the fine structure 
is less pronounced at the shorter wave-length side than in the crystalline 
state. 

We conclude from the above results and previous results in paper I 
that the amorphous Ni-S is the aggregate state of fine crystals, and that 


On the Fine Structures of X-ray Absorption Spectra of 


IE 


the crystal size influences the region of the extended fine structure. 


Sul. 


According to Kroning” the origin of the 
extended fine structure observed in the K X- 
ray absorption spectrum of crystal is as 
follows; the X-rays are absorbed by the 
electrons which make transitions from the 
X-ray & levels to empty levels lying above 
the Fermi distribution. These empty levels 
are grouped into zones and exist as forbidden 
and allowed bands caused by the periodic 
field in a crystal. As the absorption coeffici- 
ent is proportional to the product of the 
transition probability and the state density, 
a fine structure occurs. Also, in the absorp- 
tion spectra of gaseous molecules there are 
less extended fine structures corresponding to 
their molecular structures”. 

The structure of an amorphous substance, 
whose diffraction pattern shows no diffraction 
line but only a halo, can not deeply be in- 
vestigated by X-ray analysis. But if this 
substance has some structure (the aggregate 
state of very fine crystals or of morecules), 
one expects the exsistence of the correspond- 
ing fine structure in the X-ray absorption 
spectrum and, inversely, one would be able 


Introduction 


to infer the structure of the amorphous sub- 
stance from it. 

In order to study the relation between the 
structure of an amorphous substance and the 
fine structure of the X-ray absorption spect- 
rum, we take up the amorphous Ni-S system 
as the samples to which we have already 
related the diffraction patterns and the 
electrical resistances in paper IY, and we 
take the photograms of K X-ray absorption 
spectra of nickel. 


§ 2. Experiment 


The method of the preparation of the 
samples was given in paper I. Samples used 
as the screens for the X-ray absorption 
spectrum contained 0% and 25% S (pure Ni 
and Ni;S., both in crystalline states) and 9, 
13 and 17% S(each in an amorphous and a 
crystalline state). As the amorphous Ni-S 
crystallizes at 180°C, we can take the absorp- 
tion spectrum in the crystalline state for 
the same sample which has been already 
photographed in the amorphous state. There 
is, therefore, an advantage that we can com- 
pare the spectra in the amorphous and 
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Photo. I. Micro-photograms of absorption spectrograms at Ni K edge of electrodeposited 
Ni-S in various conditions. 
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S 9% 
before heating 


S 9% 


after heating to 180°C after heating to 180°C 
Photo. II. 


crystalline states of the same sample, with- 
out careing for the change of thickness. 
The diffraction patterns of amorphous samples 
show a halo at 9% S and a uniform fog at 
both 13% S and 17% S$, and those of the 
crystalline state show the structure of the 
two phase region of Ni and Ni3Sy. 

The electrodeposited samples were about 
10 in thickness and a few sheets of them 
were superimposed as absorbers. A  gas-ion 
type X-ray tube was chosen to avoid the W 
Lai,, lines. The Mo target was used and the 
tube voltage was limited to 10 kV to elimina- 
te the Mo Ka,,," lines. These lines appear 
in the neighbourhood of Ni A edge. All 
spectrograms were taken on an X-ray spectro- 
graph of the transmission-focusing type with 
a quartz crystal bended to a radius of 20cm, 
and we used the second order reflection of 
the (100) plane. All absorption edges were 
photographed on Fuji A-I plates. The tube 
current was 10 mA and the time of exposure 
was 10-15 hours. For the measurement of 
the intensity of the fine structure, aluminium 
absorbers of various thicknesses were set in 
front of the photo-plate and thus we _ took 
photograms of the three kinds of 1, 1/5 and 
1/25 relative intensities on the same plate in 
a single exposure. 

The micro-photograms and several spectro- 
photograms of absorption spectra are repro- 
duced in Pohto. I and Photo. II. The results 
obtained. are collected in Table I. The 
wave-length values of the edge and the fine 
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S 17% 
before heating 


S 0G 
after heating to 180°C 


Several spectro-photograms of Ni K absorption spectra of Ni-S. 


structure in nickel coincide with those data 
alraedy published. In NizS, (25% S) the form 
ot the fine structure differs from that of 
nickel itself. In the case of the amorphous 
states (9%, 13% and 17% S) the wave-lengths 
of the absorption maxima and minima of 
the fine structures are not different from 
those in the crystalline states. The absorp- 
tion edge slightly moves to the shorter wave- 
length in the caystalline state. There is a 
similar phenomenon in the case that the 
element is combined in a compound. In the 
neighbourhood of edges the shapes of the 
fine structures of the amorphous substance 
are similar to those of the crystalline sub- 
stances which have been crystallized by 
heating from the amorphous states. The 
fine structures of these crystalline substances 
are the same as the superpositions of those 
of Ni and Ni,S,. At the high energy region 
relative to the Fermi suface the third non- 
absorption maximum 7 is low in the amor- 
phous state compared to that of in the cry- 
Sstalline state as is clearly seen in Photo. I. 
This phenomenon is pronounced in the case 
of the samples 13% S and 17% S. In order 
to estimate the quantitative change of the 
feature in the fine structures between the 
amorphous and crystalline states, we calculat- 
ed the following quantities R from the three 
microphotograms of the spectrograms which 
had been taken at the same time as mention- 
ed above. 
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tructures at Ni K absorption edge of the 


Sub- 


aeth Ni-S Ni-S | ce ~NiS. 
N 1 i-S NisS, 
stance, ‘Ni 5 9% S 13% | S 17% Lvrne Seabep 
Treat- Before After | Before After | Before | After | 
ment | eaeg al r eu Heating aoane I ae f Heating | (AeV) 
Ni Kaos 1483.8 | 1483.8 1483.8 1484.5 1483.5 1484.2 1482.8 1483.7 ( 0) 
A | 1479.8 1478.6 1476.6 | 1480.2 1479.5 1480.3 1479.9 | 1479.4 ( 24) 
a ele a A729 1473.2 | 1475.5 1474.4 1475.6 | 1476.4 | 1474.8 ( 50) 
B 1475.8 1467.1 1468.7 | 1470.1 1469.7 1470.8 | 1470.9 | 147 02S eo) 
B 1471.6 1462.6 1463.4 | 1464.5 1462.7 1465.1 1464.8 1463.8 (113) 
C 1466.9 1456.9 1456.6 | 1459.3 1456.4 1459.9 1458.5 1457.0 (153) 
- | 
ai 1460.4 1450.7 1451.6 1450.6 1450.4 1450.7 1451.6 1450.6 (191) 
D 1450/2 1443.2 1445.3 | 1440.9 1445.4 1444.4 1444.9 | 1445.7 (219) 
Table Il. Values of R=(Imax—Jmin)/Jo . 
Ni-S (S 9%) | Ni-S (S 13%) | Ni-S (S 17%) 
Before After | Before | After | Before | After 
Heating Heating Heating Heating | Heating | Heating 
Nickie. 1/1 tpt hea Pail > Pua | | 1/1 
a 1/25 1/36 1/27 24 ue 1/18 
1/23 1/29 1/28 1/24 1/22 | 1/18 
1/28 1/16 1/44 1/29 1/44 | 1/18 
R= Tone —Tesin show only a uniform fog and we cannot 
If , therefore confirm any existence of the struc- 
where Imax is the intensity of the non- ture in them. 


absorption maximum (a@,8,7) and Imin is the 
average intensity of the non-absorption 
minimum at both sides, (for example A 
and B for a). J is the intensity of the 
jump at the principal edge. They are 
listed in Table IJ. For the fourth non- 
absorption maximum no reference was made 
in this table because this coincide with the 
Zn Ka, , lines. But generally, in the amor- 
phous states, the fine structures were less 
pronounced at the shorter wave-length side 
than those in the crystalline states. 


§ 3. Discussion 

The fact that the X-ray diffraction pattern 
of an amorphous substance is a halo means 
that the domain in which the atomic arrange- 
ment is regular is very small, or the atomic 
arrangement is the same as in the liquid 
state. In either cases we can not know its 
real structure in detail by the X-ray diffrac- 
tion analysis. In the case of the samples 13 
% and 17% S their diffractisn photographs 


We can infer that these amorphous samples 
are the aggregate states of very fine crystals 
from the change of the diffraction pattern 
with the temperature and the relation of 
electrical resistance to temperature. These 
results were reported in paper J. In the 
present research we find the fine structures 
in the absorption spectra in the amorphous 
states, and their shapes and wave-lengths 
show a similarity to those shown by the 
substances which have undergone crystalliza- 
tion. This means that the amorphous Ni-S is 
not an irregular assembly of the atoms as 
suggested by Kramer® for amorphous metals, 
but has a definite structure, and it may ex- 
ist as a crystalline state. This coincides 
with our result shown in our paper I. The 
variation of the intensity in the high energy 
region may be due to the effect of the crystal 
size. From the fact that the non-absorption 


band + scarecely appears in the samples con- 
taining 13% and 17% S whose crystal sizes 
are smaller (giving a fog pattern) than those 
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containing 9% S (giving a halo), one expects 
that the fine structure becomes less apparent 
at the shorter wave-length side as the crystal 
size becomes smaller. 


§ 4, 


We confirm that the fine structure of X- 
ray absorption spectrum exists even for an 
amorphous substance and that this fine struc- 
ture is useful as a tool to study the struc- 
ture of the amorphous substance. From the 
results of the absorption spectra together 
with the diffraction photograms and_ the 
electrical resistances we expect that the amor- 
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phous Ni-S consists of very fine crystals 
whose structure does not profoundly differ 
from that of the crystalline state. The 
change of the crystal size influences the 
region of the extended fine structure. 
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On Producing Thin Single Crystal Foils of Aluminium which 


have any Desired Crystallographic Orientations 


By Hiroshi FUJIWARA 
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and Takao ICHIKI 
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By using Prof. T. Fujiwara’s method, we have succeeded in producing 
the aluminium single crystal foils (0.06x5x100 mm, 99.53% in purity) 
having their definite crystallographic orientations; for example, they are 
orientated in [110]—(110) or [110]—(100) or Ds; or Dg, etc. 

It was found that the easiness with which a single crystal foil was 
produced was remarkably different according to its crystallographic 


orientation. 


For the specimens D, 


and Dg, it was also found that the 


bending behaviors caused by some mechanical shock were different from 


each other. 


Introduction 


§1. 

Up to the present, Prof. T. Fujiwara and 
his co-workers produced the metallic single 
crystal wires or plates having definite crystal- 
lographic orientations exactly, and we have 
produced such single crystals according to the 
previous method and by the use of the im- 
proved one”. In these cases, the thickness 
of produced plates was about 0.5mm~5 mm. 

Some complexity due to the thickness of a 
single crystal plate, however, comes to have 
large effect in the course of research into the 
physical properties of the single crystal plate, 
such as cracks in metals, anisotropic behaviors 


of plastic deformation and the behaviors of 
crystal-growth in the surface plane, etc. 

So, it is more desirable to produce the thin 
single crystal foils, especially the single crystal 
foils having any special crystallographic orien- 
tations exactly. 

We made the experiment along this line and 
succeeded in producing the aluminium single 
crystal foils (0.06x5x100mm*) having the 
special crystallographic orientations exactly, 
for example, they are orientated in [110]-(110) 
or [110]-(100) or D; or Da, etc., the definitions 


of these notations being explained in Appen- 
dix. 
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By the use of the specimens thus obtained, 
we made some investigations on some of the 
anisotropic. properties of the specimens D, and 
Da, and others. 


§2. Experimental Procedures and Results 


At first, many slender pieces (1x5x100 
mm*) of aluminium were cut out from the 
commercial plate (1mm in thickness, 99.53% 
in purity) in the same manner as in the 
former process®. Then each of them was 
reduced in its thickness in the following three 
steps: first, each of them was reduced to the 
suitable amount by successive cold rolling in 
the same direction; second, these specimens 
thus rolled were annealed at suitable temper- 
ature. And then, these annealed specimens 
were again reduced finally to the required 
amount (0.06 mm) by rolling in such a man- 
ner as in the first step. These rolled foils 
were cut in length of 200mm and after suit- 
able annealing in the same furnace, each of 
them was stretched in its lengthwise direc- 
tion about 2.5%. 

The special specimen-holder was prepared 
from aluminium plate (0.25mm in thickness 
and of the same nature as the specimen to 
be converted into single crystal), such as 
shown in Fig. 1-b. This holder has several 
semi-circular holes ¢:, ¢2, etc, for the X-ray 
radiographs to be taken of the specimen which 
is tu be sandwiched, as shown in the same 
figure. 

A foil which was treated in the manner 
mentioned above, was sandwiched between 
two holders H, and Hz, and was fastened by 
fine wires in both edges, such as shown in 
Fig. 2. Then the whole body was coated on 


_ with paraffin and the portions indicated by 


the thick full line about 1mm in width, in 
Fig. 3, were stripped off very carefully on 
both sides, so that the body surface of the 


' sandwiched foil was exposed. The exposed 
_ portions thus made were etched off by hydro- 


chloric acid and then the coated paraffin was 


cleaned up. by xyrol. 


So, the form of the sandwiched foil became 
the same as the holder, and, hereafter, these 
three, i.e. one foil and two holders thus piled- 
up, were treated as une specimen and we call 
these three as a specimen. 

Secondly, the extremity of the narrow part 
of the specimen including the first hole ci, 
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was converted into one crystal-seed in such 
a manner as in the processes of the former 
cases. 


(a) A Foil (O-O6 mm thickness) 


' 
| 
i} 
| 
' 
| 
' 
| 
' 


| 


— cea 


ue C Ce C3 C; 
-25mm : 
(b) Specimen Holder 
Fig. 1 
f fine wires 
Holder H, A foil 3 
eee 
SJea4 k= so2S 
aac 
Holder Hea 
Fig. 2. A foil which is sandwiched between two 


holders H; and Hy. 


Direction of the crystal-growth of the seed — 


[110]-(110) 


[110]-(100) 


Da 


Fig. 4. 
produced single crystal foil. 


Photographs of etched surface of the 


The crystallographic orientation of the cry- 
stal-seed was determined by taking Laue photo- 
graph by X-ray which incident through the 
hole c,. In the subsequent processes of pro- 
duction of required single crystal, we have 
followed our improved method. 

The single crystal foils, such as [110]-(110), 
[110]-(100), D; and Da, were thus produced. 
And some of the photographs of the etched 
ones are shown in Fig. 4, where on the right 
side of each specimen, its crystallographic 
orientations such as [110]-(110) etc. are indi- 
cated. 

Through the whole treatment, we could 
scarcely find any difference as to the existence 
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of oxide film covered on the plate surfaces of 
our specimen foil as compared with the previ- 
ous cases. 

In the present experiment, it was found 
that, the easiness of producing single crystal 
foils [110]-(100) is much greater than in the 
case of [110]-(110), and also the production of 
Da is easier than that of Ds. 

The anisotropic property of growth-temper- 
ature, growth-speed and the form of growth- 
edge of thick aluminium single crystal plates 


Single crystal foil Ds or Da S 


AS S [PO 
ans 
lron Holder 
\ ‘ 
V~ After Shocking 


Fig. 5. 


Fig. 6-a. Phovopraph of bending behaviors of 
Da and IDs, 
see) Fae 
S [// 
}i 
specimen 


Dd 


Fig. 6—b. Explanation to Fig. 6-a. 


having the special exact crystallographic 
orientations have already been studied by 
Yamashita*? and later by Irie»). By Yama- 
shita, it was found that the crystal-growth 
of the specimen [110]+(100) is greater than 
that of the specimen [110]-(110) at the same 
temperature and also it was found by Irie 
that the crystal-growth in the direction of 


[110] axis is much greater than that of [100] 
axis. 
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As for the process of crystal-growth of a 
single crystal plate even when it is in the 
lengthwise direction, we can not treat it with- 
out considering the crystal-growth in the 
breadthwise and depthwise direction. In the 
single crystal plates [110]-(100) and [110]-(110), 
the crystallographic axes [110] and [100] are 
orientated in the breadthwise direction 
respectively. So, the ability of the crystal- 
growth for the direction [110] or [100], i.e. 
in the breadthwise direction, of course, should 
give the influence on the crystal-growth of 
single crystal plate in the lengthwise direc- 
tion. According to Irie’s results, the crystal- 
growth of [110] in the breadthwise direction 
is greater than that of [100], thus, on the 
whole, the crystal-growth of single crystal 
plate [110]-(100) in the lengthwise direction 
becomes greater than that of [110]-(110). This 
consideration coincides with Yamashita’s re- 
sults. 

In our case, it is only the thickness of 
specimen-foil that is much thinner than that 
of specimen which was used previously. 
Then the crystal growth in the depthwise 
direction will proceed more rapidly, and so 
the ability of the crystal-growth in the breadth- 
wise direction has more remarkable influence 
on the crystal-growth in the lengthwise direc- 
tion than in the previous cases. 

In view of these circumstances, the remark- 
able easiness, which we found in this experi- 
ment, of producing single crystal foils [110]- 
(100) may be reasonable from the consider- 
ations stated above. 

Moreover by using the specimens D, and 
Da thus obtained, we carried out the follow- 
ing experiment. A specimen was sandwiched 
between the holders such as sketched in Fig. 
5, and then some mechanical shock was given 
perpendicularly to the plate surface at the 
place S. By this shock, each single crystal 
foil bent down in such a manner as shown 
in Fig. 5, with dotted line. However, the 
bending behaviors were different according 
to the crystallographic orientations of the 
foils as photographically shown in Fig. 6-a; 
i.e. in the case of Ds, the specimen bent 
downwards sharply at the place C, while in 
the case of Da, the specimen bent down 
gently. By taking X-ray radiographs of the 
places, as indicated in Fig. 6-b, Aj, As, C, 
B, and B, of each specimen, it was found 
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qualitatively that, in the case of Ds, the de- 
formation of the specimen appeared mainly 
in the part C and rapidly decreased in the 
parts A; and B,, while in the case of Du, 
the deformation appeared rather uniformly 
than in Ds; in the whole region A,-C-B,. 
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Appendix 


(1) Notation [110]-(110) or [110]-(100) 

[110]-(110) designates such a single crystal 
plate that its crystallographic axis [110] coin- 
cides with the lengthwise direction of the 
plate, and its crystallographic plane (110) is 
parallel to the surface plane of the plate. 
(2) Notation D; and Da 

D; or Da is a single crystal plate in which 
one of the active slip planes (111) is inclined 
at an angle 45° to the surface plane or the 
side of the plate and at the same time, in 
each case, (111) is perpendicular to the side 
or the surface plane as schematically shown 
in the annexed figure, Fig. 7. 


iS d 
Fig. 7. Schematic explanation to Ds and Da. 
The single crystal plates, 0.5mm in thick- 
ness, having such crystallographic orientations 
were firstly produced by T. Mukai®. 
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Hypothesis of Vortex Chaos Motion 


By Yutaka SHIGEMITSU 
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In this paper fundamental aspects of our statistical theory of turbulence 
are described. At first, some experimental observations are made on 
the production and transition to turbulent flow, and in view of those 
observations the turbulent flow is defined as an irregular motion of many 
large and small vortices. Next, kinematical expressions of intensity and 
scale of turbulence are given in the form of area integrals of product 
of mean velocities V,° and V,/2 in many vortices and a probabity den- 
sity function P, where the latter means physically the character of an 
irregularity in the relative arrangement of many vortices. With these 
expressions and the Reynolds equations introduced, fundamental equations 
of motion of turbulence are set up. Then, the statistical principle to 
determine the functional form of P is mentioned by referring to the 
physical meaning of the ergodic hypothesis in the statistical mechanics. 
At last, hydrodynamical discussions on ies and V,,/2 are made with 
reference to the known solution of the Navier-Stokes equations for a 


certain vortex motion. 


$1. Introduction 


Statistical studies of turbulance opened by 
O. Reynolds have been developed by G.I. 
Taylor and many other investigators. Their 
theoretical ground can be divided into two 
groups of different aspects. One is based on 
the Reynolds equations which are the hydro- 
dynamical equations of motion concerning 
time means. But, as well known, the states 
of turbulent flow cannot be determined in 
principle by these equations only. To derive 
definite results on mean values of velocity 
fluctuations, some other hypothesis must be 
introduced concerning the statistical property 
of turbulence. Hypotheses of isotropy in 
velocity fluctuations, preservation of similari- 
ty in Euler correlation, distribution of mix- 
ture length, and so forth, are all included in 
the second group. Of these two grounds, 
the Reynolds equations hold in the general 
case of turbulence, but as to the second gro- 
up as yet no theoretical unification of the 
various hypotheses can be found. Moreover, 
owing to recent developments of hot-wire 
technique, many experimental facts have been 
presented which are beyond the scope of 
these statistical theories. Thus, in the study 
of turbulence it is essentially important to 
study more fundamental aspects of these 


statistical »+hypotheses. 

It seems to the author that the weak point 
of the above-mentioned statistical studies lies 
in the fact that these hypotheses have been 
introduced without being necessarily based 
upon sufficient consideration of the mecha- 
nism of velocity fluctuations themselves. 
First it is necessary to give a physical inter- 
pretation to the question why the velocity 
fluctuates about its mean value in turbulent 
flow. As easily supposed we interpret that 
turbulent fluctuations are caused by an irre- 
gular motion of large and small vortices. 
When such a physical conception is taken, it 
becomes important at the next stage how to 
express this conception mathematically. 

We believe that the most essential point 
of the statistical theory in physics is to intro- 
duce the physical conception of irregularity 
or randomness of the chaotic state into the 
foundations of theory. For instance, the 
statistical mechanics has two aspects of its 
foundations - Hamilton equations of motion 
and so-called ergodic hypothesis. The fact that 
the statistical mechanics is not merely the 
Newton dynamics concerning time means, as 
the Reynolds equations in hydrodynamics, is 
very instructive. In the study of turbulence, 
H.L. Dryden has emphasized that the ir- 
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Fig. 1. Comparison of w-fluctuations in transition flow and others. Timing mark is 


1/100 s. 
(A) 
intensity of 0.45 per cent. 


(B) 
u-intensity of 0.03 per cent. 


Uy=14.3m/s with u-intensity of 0.45 per cent. 


(D) 
CENt: 


regularity in velocity fluctuations is essential- 
ly important character of turbulence. We 
consider that his opinion touches the key 
point to solve the turbulence problem, which 
cannot be found in the previous statistical 
theories of turbulence. But, unfortunately 
his interpretation does not surpass the scope 
of a qualitative discussion. In this paper, 
we try to develop his physical conception 
into mathematical expressions based upon the 
above-mentioned hypothesis of vortex chaos 
motion and to lay ,the theory on a more 
fundamental statistical foundation than be- 
fore. Then, in the subsequent seriese of 
papers, we will study how to describe the 
general case of turbulent phenomena and 
how to derive the results of previous succes- 
sful theories as our special cases. 

In completion of this series of papers the 
author wishes to acknowledge his indebted- 
ness to Prof. I. Tani and Prof. I. Imai for 


Transition region in a boundary layer along a flat plate. 
x=49.0cm and y=0.3 mm. 


Intermittent flow in a turbulent wake. 


UWy=14.3 m/s with w- 


Transition region in a boundary layer along another flat plate. Uy=7.4 m/s with 
x=78.7cm and 7y=0.4mm. 
Separation region in a laminar boundary layer with a positive pressure gradient. 


x=35.0cm and y=1.1mm. 


U)=3.74 m/s with u-intensity of 0.02 per 


v=47.8cm and y=8.0cm from the center of wake. 


their valuable advice. To Prof. T. Maekawa 
he is indebted as well for his advice and en- 
couragement during the work. 


§2. Transition to Turbulent Flow 

To clarify the physical mechanism of turbu- 
lent flow, it is first necessary to consider 
the cause of production of trubulence. Con- 
cerning this problem, such an interpretation 
will be taken that the transition is generally 
a steady or unsteady (local) laminar separa- 
tion. It is now difficuit to verify this as- 
sumption quantitatively, but the experimental 
fact that in the transition region the fre- 
quency of velocity fluctuation changes always 
discontinuously into higher one, is an impor- 
tant support to this supposition. In Fig. 1, 
(A) and (B) are z-oscillograms of transition 
flow in the laminar boundary layer. It is 
shown that when the degree of turbulence in 
the main flow decreases, the laminar-bound- 
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Fig. 2. w- and v-oscillograms behind a circular cylinder. 
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Up=14.3 m/s with w-intensity 


(A) is 9cm behind the cylinder, (B) is 14cm, and (C) is the undisturbed main flow. 


x=9cm = llenna Ae Roxan t=18 em 


Fig. 3. Change of forms of frequency distribution function F(w/u, v/v). 


flow is the same as in Fig. 2. These photographs were taken on the surface of a 


braun-tube oscillograph with an exposure time of 15 seconds. 


dinates is the position of mean velocity, with the ordinates as v-fluctuation and the 
abscissae as w-fluctuation. 


ary-layer oscillation eomes to take the form 
of Tollmien’s wave, but the aspects of pro- 
duction of turbulence are the same as each 
other. For comparision, the oscillograms in 
separation region of laminar boundary layer 
and in intermittent region of turbulent wake 
are shown. It is obvious that (C) and (D) 


I= AD Cian 


The states of 


The origin of the coor- 


show the states of mixing flow of laminar 
motion and vortex motion. These figures 
suggest that the transition flow has also the 
same mechanism of flow. 

Then, some experimental measurements 
will be given which show the transition 
phonomena from laminar separation to turbu- 


1955) Statistical Theory of Turbulence, I 475 


lent flow. At first, as a typical case the 
flow behind a circular cylinder was taken. 
Fig. 2 shows w- and v-oscillograms along the 
center line of the wake”. Each case in these 
figures has a definite mean value of velocity 
fluctuation, and so the Reynolds equations 
hold equally true of each case. But, as point- 
ed out by H.L. Dryden®, it is clear that 
these flows have entirely different statistical 
characters. To ascertain this point further, 
forms of the frequency distribution function 
' F(u, v) were observed at several points be- 
hind the cylinder. They are shown in Fig. 
3. The most significant character is that a 
simple functional relation between z and v 
changes gradually into a complicated one 
with increasing distance from the cylinder. 
Namely, F tends to a constant functional 
form Fy; 

lim F(u/u, v/v)=Fy(u/u, v/v). (2.1) 
Further, measurements of uw-spectrum were 
made at several points behind another cir- 
cular cylinder. Viewed from these observa- 
tions in Fig. 4, it can be said that the line 
spectrum just behind a body tends to a con- 
tinuous one as the distance increases from 
the body. These transition phenomena ought 
appear in the change of velocity distributions 
across the wake. Figs. 5 and 6 show the 
change of the distributions of fluctuational 
and mean velocities in the transition region. 
| The above character that a regular velocity 
fluctuation becomes always irregular, can 
also be found in the boundary-layer flow. It 
is suggested in Fig. 1 (B). 


§3. Hypothesis of Vortex Chaos Motion 


By referring to the above experimental re- 
sults, the following significant character can 
be pointed out; with the increases of dis- 
_tance behind the place of production of vor- 
‘tices, a regular simple relation between uw- 
and v-fluctuation changes into an irregular 
complicated one. From the statistical point 
of view, however, it can be said that a 
complicated statistical relation of # and wv 
becomes a simple statistical relation. 

To the above experimental fact the follow- 
'ing physical interpretation will be given. 
| The vortex motion is generally caused by 
steady or unsteady laminar separation, and 
' these vortices are carried in a regular arrange- 


Fig. 4. Distributions of w-spectrum in transition 
region behind a circular cylinder. Uy)=3.74 m/s 
with w-intensity of 0.02 per cent. d=1.5cm. 
(A), (B) and (C) were obtained respectively at 
3.0 cm, 15.7 cm and 84.6cm behind the cylinder. 
The ordinates are their different relative inten- 
sities. © are observed values at the center 
line and @ are at the positions where w- 
intensity is maximum across the wake. 


|O:4 u 
I(m/s) 


Fig. 5. Distributions of 2-intensity across the 
wake in its transition region. The states of flow 
is the same as in Fig. 4. @,@ and © are 
observed values respectively at 0.8cm, 3.0cm 
and 84.6cm behind the cylinder. The ordinates 
mean the distance from the center line of the 
wake. 


Fig. 6. Distributions of the mean velocity across 
the wake corresponding to the measuring points 
in Fig. 5. 


ment just behind the separation point, for 
instance in the flow pattern of Karman vor- 
tex street. But this stable regular flow pat- 
tern is transformed by many random unknown 
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causes into an irregular chaotic state of vor- 
tices. It is important that many experimental 
observations show always that a regular flow 
pattern of vortices changes eventually into 
an irregular one. Such an experimental 
evidence has never been found that an ir- 
regular vortex chaos motion returns to the 
flow of Karman vortex street, even if the 
latter flow pattern is very stable hydrodynami- 
cally. Hence, it becomes clear by this 
character of irreversibility that there exits a 
wide range of statistically stable chaotic 
state of vortices behind the transition region. 
This chaotic motion of vortices is defined as 
turbulent flow. This is the fundamental con- 
ception of our hypothesis of a vortex chaos 
motion. In many characters of turbulence, 
that of the statistical simplicity is the most 
essentially important. Because of this 
character, it becomes possible to introduce a 
statistical method of evaluation of mean 
values, apart from the mathematical treat- 
ment of functional relation which has been 
used widely in the study of hydrodynamics. 


§ 4. Probability Density Function 


In the vortex chaos motion, the vortices 
have generally their different characters; for 
instance their intensities of circulations or 
scales may be different. But the change of 


Fig. 7. Conceptional diagrams illustrating a 
vortex chaos motion. 


relative positions of vortices is the most im- 
portant to be considered statistically in detail. 
In this section, a probability density function 
will be defined by which the conception of 
randomness in the relative positions of vor- 
tices is expressed mathematically. 

At first, the flow is taken to be two- 
dimensional, and the state of running of 
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vortex centers near a fixed point in the field) 
(denoted by A-point) is considered. The 
change of relation between the position of 
A-point and those of vortex centers which 
run near A-point irregularily one after ano- 
ther, can be considered relatively as the 
movement of A-point through an incessantly. 
changing arrangement of positions of these 
vortex centers. Namely, when the flow of 
vortex chaos motion is observed at A~-point 
continuously in time, it can be supposed 
that A-point moves always in this observed 
relative arrangement of vortex centers. Such 
a relative pattern is shown in Fig. 7 (A), 
where are vortex centers, x is the posi- 
tion of A~point at ¢=0, and the line is the 
trajectory of movement of A~point. In Fig. 
7 (A), the change of relative position of vor- 
tex centers is shown by a single figure, but 
exactly speaking, they must be considered to 
be varying in time. 

Then, let this figure be covered, without a 
gap, with many domains of the same form 
which have their centers at the positions of 

Here the arrows show the direction of 
circulation of vortices. The trajectories in 
the area overlapped by two or three domains 
in (A) are counted twice or thrice. The 
time interval which takes account of these 
repetitions in ¢ in the movement of A-point, 
is written as T(=¢+4?). Next let these do- 
mains be taken out from the figure and piled 
up, with their centers and directions of ar- 
rows coinciding respectively. Namely, many 
domains in (A) are changed into a single 
domain with their same form and direction 
of circulation. Then the trajectory of A- 
point in (A) appears in a single domain as 
shown in (B). Let it be denoted as the D- 
domain where x,- and y,;~axis are chosen to 
be parallel with x- and y-axis in the field of 
flow. When the polar coordinates of A-~ 
point in the D-domain are written as 

r(t) At) , (4.1) 
the change of arrangement of vortex centers 
passing near A-point in the field of flow can 
be represented by the motion of (4.1) in D- 
domain. In (B) the trajectories are not neces- 
sarily shown with parallel lines so that it 
may mean the time change of positions of 
vortex centers in (A). 

Then, the motion of the coordinates (4.1) 
is observed in the infinitesimal domain about 
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a fixed point (7, 8) in the D-domain, whose 
area is denoted by dS (cf. (C)). Let T,,9 be 
taken as the sum of time intervals in which 
this motion appears in this infinitesimal do- 
main in a time interval T. Then the follow- 
ing function P(7, @) can be defined 


Pr, AdS=lim CEs; off) (4.2) 


too 


where we have clearly 


\\ P(r, #)dS=1. (4.3) 
D 


P(r, @) is the probability density function 
which expresses the probability of existence 
of (4.1) in D-domain. 

§5. Transformation of Time Means into 
Area Means 


If «2, v are x-, y-component of the velocity 
fluctuation at a point (A-point) in the field 
of turbulent flow, and w2, v?, wv are their 
mean square values, then by definition 

Ct 
w=lim (/z | u?(t\dt 
0 


t-co 


(sll) 


tc 0 


t 
elim (1/0) bat 


t 
uv = lim aa] u(tyu(t)dt , 
0 


tc 


where w(t) and v(¢) are complicated functions 
of as shown in Fig. 2 (C). By the hypothesis 
of a vortex chaos motion, the state of flow 
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domain so that the time integral is taken 


along the whole trajectories in it; (5.1) 
becomes 
T 
w=lim(1/ | m(r(t), A(t), t) dt, 
Veroe 0 
St 
e=tim(/D)| vi(r(t), O(2), £) dd, (5.3) 
ates 0 


ae 
uu(rit), 6), t)dt, 


wo=him(1/T)| 
ies 0 

where the values of u,;? etc., change along the 
trajectories but even at the same point on 
the trajectories they do not necessarily take 
the same value at different times. 

From the integration of w? in (5.3), the 
part of w,, 9 will be evaluated which appears 
in the infinitesimal domain about a point (7, 
0). When T;,» and dS are defined as in § 4, 


we have 


up g=lima/T)| u(r, 0, t)dt. (5.4) 
Tr, 0 


to 0 


Let the mean and fluctuational parts of a,(7, 
0, t) in T,,9 be written respectively as 


ur, 0, Ty, 6) ands. w/(7,10, &; 
and let the mean square value of w#,’ in T),¢ 
be 
Us Ls, Oy Drs ods 


then we have 


\ Ui Fe Ot) dba 
Tr, @ 


can be represented by a relative flow pattern and 


as shown in Fig. 7 (A). In this figure, the 
time integral in (5.1) is taken along the tra- 
jectory of A-point. Let T(=#+ 42) be taken 
as the time interval as defined in § 4, and let 
the following functions 2,°(¢) etc. be defined 
as 


u(t) ae ee ys 
2 — t 
w= fai u(t)dt in Ad 
: 0 
v(t) righ 1 
nef ea esp eee) 
0 
ult?) in ¢ 
w= | (ono a 
0 
Then, it can be easily proved that 
t 
aT)" mrteat =c/0| wide, .ete: 
0 0 


Hence, by use of the functions defined in 
(5.2), (5.1) can be transmitted into the D- 


u'r, i), he. e=1/T;., |, 


Thus (5.4) becomes 


u1'*(7, 0, t)dt . 
(3) 


‘, 


uw, ,=lim(1/T) | ORT ee 
Ty 0 


too 
t+um'(r, 0, £)}?dt 
== |Kieal Gl. o/ Tan’ (7, 0, Ty, @) 
to 
+m (7, 0, Des. at» 
The limiting value of T;, 4/T has been defin- 
ed by (4.2), and so when 


mir, 0) and m'(r, 8) 
are taken as the limiting values at t-oo of 
u(r, 0, Tr, 6) UAT. O05. Te, 6) 
we have 
w =Plr, Omir, O*)+m'7, O)}dS. (5.5) 


Then the total value of w? is written as 


wall P(r, O{ua'(7, O)+m'(7, O)}dS. 


and 
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In the same manner the time integrals in 
(5.1) are transformed into the following area 
integrals 


ue= | [ Ptr, O){an'(7, 0)+u'*(7, 0)} dS 
D 

val | P(r, Ofa7(7, +a", O}dS (5.6) 
D 

w=|\ Plr, Out r, 0) +u0r'(r, O}S . 
D 


§6. Expressions for Intensity and Scale of 
Turbulence 
The above transformation from (5.1) to 
(5.6) is purely mathematical without any 
neglect; (5.6) holds independently of the 
form of the D-domain. Here, the physical 
hypothesis of a vortex chaos motion will be 


Fig. 8: 


introduced into the transformed expressions 
in (5.6). D-domain means the relative mean 
scale of vortices in their chaotic state and P 
means the randomness of the arrangement 
of these vortices running in the field of flow. 
Moreover it is assumed that 


u(r, 0)+u,'%(7, 0) etc. 


are caused by velocity distributions in these 
vortices. Namely we assume 


u(r, O+m'(7, 8) 

={Vi(7, 01)+Vx!(r, 0} sin? 6 
w(r, +n", 8) 

={V,2(r, 0)+Vx!%(r, 8)} cos? 6 
uvi(7%, O)+uvi'(7, A) 

=—{V,(r, 0)+Vx'%(r, 0)} sin 6 cos 6 , 


(6.1) 


where V,(7, 0) and V,2(7, 0) are respective- 
ly mean velocity distribution in vortices and 
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mean square value of its fluctuation, and @ 
is chosen so that it may be equal to the 
angle between the mean velocity vector 
V.(r, 0) and the y-axis in the D-domain.| 
Then (5.6) becomes 


w=\\ P(r, OLVi2(7, O+Vx2(7, 0} | 
sin? 0 dS | 
v={| P(r, OLV27, O+V (7, OF 
. cos? 6 dS 
—we=\{ Pr, OLV2(r, OV «7, 8} 
‘ sin@cos@dsS . 


(6.2) is the expression of intensity of turbu- 
lence based upon the hypothesis of vortex 
chaos motion. 

As for the magnitude of scale of turbu- 
lence, the scale of D-domain can be taken 
to correspond to it. But as the mathemati- 
cal expression Euler correlation or its spect- 
rum function is preferable. For instance, 
the correlation function for two points lying 
along the mean stream direction with a dis- 
tance Rk will be considered. When the D- 
domain is chosen wide enough to include 
these points in it, they can be translated 
parallel with x;-axis in D-domain as shown 
in Fig. 8. In the same manner as the deriva- 
tion of (6.2), mean value of wu, can be 
evaluated by 


(6.2) 


JD 


+V,'(r, ™)V,(71, 8:)}sin 6 sin 6; dS, 
(6.3) 
where 7 and 6; are functions of (7, 6; R) 
(cf. Fig. 8). Thus the correlation function f 
or g can easily be expressed also in area in- 
tegrals by (6.3) and (6.2). 

The assumption of two-dimensional flow 
has been made because of the brevity of ex- 
pression, and the derivation of 2 etc. can be 
made also in three-dimensional flow. In this 
case D-domain becomes three dimensional. 
When the coordinates in it are taken in the 
same manner as two-dimensional case (cf. 
Fig. 9), wu? etc:.can be ‘transformed ‘as 
follows: 


wa|(| Pe. 6, OLV2(r, 4, 0) 


+V,"(7, 6, 0)}sin? ¢ sin? 6 dS 


v= ({l EG, dg, OLVL(r, p, 0) 


*(r, ¢, 0)} sin? 6 cos? 6 dS 


Vi," 
Wwe I” P(r, 6, OLVi2(7, 6, 8) 
V,."2 


, @, 8) cos? sin? 6 dS 
(6.2’) 


‘V,2(r, od, 6) 
} sin ¢@ cos ¢ sin? 6 dS 
Pir, 6, OL Vaelr, 6, 8) 


x"(r, @, #)} sin? @ sin Ocos6dS . 


§7. Equations of Motion of Turbulence 


The above-mentioned expressions of intensi- 
ty and scale hold at an arbitrary point in the 


field of flow, and so, strictly speaking, (6.2) 
becomes 
D(x, y) 
AVAGO; x y)} sin? dS 
v=(l P(r, 6; x, 9{Vi2(r, 0; x, 9) 
D(a, y) 
+ V,"(r, 8; x, y)} cos? 6 dS Gal) 


—w=\| IAG R, Wee be yVi(r, 3%, 9) 
D(a, y) 


+ V,.(r, 0; x, y)}sin @cos dS. 
Hence, w? etc. can be determined as func- 
tions of x and y. It is the Reynolds equa- 
tions that determine the mean velocity dis- 


tribution when the values of mw etc. are 

given. They are 

CAO at st 

PAE 0H =l 2 yo (0 Pe 
BU OY 0. (7.2) 


(7.2) and (7.1) are the fundamental equations 
of motion in turbulent flow which determine 
the mean velocity distribution including that 
of intensity of its fluctuation. The Reynolds 
equations are made complete here by the in- 
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troduction of the expressions (7.1). Concern- 
ing the correlation functions, (6.3) can be 


taken as a function of x and y in the same 
manner. 

(7.1) have been derived by taking a single 
D-domain, which corresponds to the relative 
mean scale of all the vortices passing near 
A-point. The transformation from (5.1) to 


Fig. 9. 


(7.1) can be made also by taking several dif- 
ferent domains of D. When there are 
different kinds of vortices in the flow, for 
instance, vortices are produced under 
different conditions, it becomes more appro- 
priate to take area integrals separately on 
these different kinds of vortices. When 
there are N kinds of vortices passing near 
A-point, mw? etc. can also be expressed as 
follow instead of (7.1); 


‘ 
w=S] | Pilr, 0: %, 9) 
4=1 DiCa,y) 


{Vui(r, GP ai, OY) 
+Vuil(r, 0; x, y)} sin? 8 as | 


N 
v= > {| EGA; RY.) 
t=1 Di(a,y) 


{V,2(7, 0; x, y) 
+ Vyi"(r, 0; x, ¥)} cos? 6 as Wiss) 


N 
-wo=5,\\] Pir, 93%, 9) 
ai DiCa,y) 


{Vie(r, Ge x, y) 
+Vys'(7, 6; %, »)}sin 6 cos 6 as | ; 


where in this case we have 


perc 
5A) Pw 9) dS=1. (7.4) 
t 


ti=1 
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(7.1) or (7.3) is the complete expression of 
intensity of turbulence derived on the hy- 
pothesis of vortex chaos motion. It is con- 


sidered that V,.’2 is the fluctuational part of 
velocity distributions of many vortices and is 
caused by the difference of their characters 
and their interactions etc. If these effects 
are neglected, a simplified vortex chaos mo- 
tion can be defined as an ideal state of 
turbulence. As it were, the ideal turbulence 
corresponds to the ideal gas in the statistical 
mechanics. In this case, (7.1) becomes. 


w=\\ POL; 4 DS 
DiGac's ) 


Vier, 0; x, y) sin? 6 dS 


D(x, et 


Walt, 8 2a SACO 0 dS 


a POG xy) 
D(x, y) 


V.2(r, 0; x, y)sin@cosédS. 


In the ideal state, the determination of the 
form of D-domain becomes very important 
so that (7.5) may give a good approximative 
value. 


OK oy) 


(7.9) 


§8. Statistical Principle for the Vortex 
Chaos Motion 


It is well known that a supposition called 
the ergidic hypothesis is introduced into the 
statistical mechanics as one of its bases, be- 
sides the equation of motion. Let us consider 
the physical meaning of this hypothesis. In 
the statistical mechanics, gas is considered 
as a molecular chaos motion, and this mole- 
cular motion is supposed to be dependent 
upon the dynamics of a system of particles. 
So, in principles, the state of this chaotic 
motion can be determined completely under 
any initial and boundary conditions. As a 
matter of fact, this determination cannot be 
made because of the difficulty of the 
mathematical method of evaluatian. But in 
molecular motions in a gas state, an impor- 
tant character of the statistical simplicity can 
be found. It is usually expressed in the 
word-or “chaos or “ateyYandom’’. The 
ergodic hypothesis is a quantitative expres- 
sion in the phase space of the character of 
the most irregular state of molecules. It 
was a great merit of L. Boltzmann that he 
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introduced this hypothesis into the study of 
gas, without encountering the difficulty of | 
correctly solving the equations of motion.) 
The name of ergodic hypothesis is peculiar) 
to the statistical mechanics in which the 
Newton dynamics is taken as the basis of | 
mechanics. But the fundamental physical. 
idea of this hypothesis is an expression of 
of the character of statistical simplicity, and | 
it is not necessarily peculiar to the dynamics 
of discrete particles. This is an important 
fact for us who are studying random pheno- 
mena such as turbulent flow. 

Returning to the discussion of the vortex 
motion, we shall consider the concept of re- 
gularity or irregularity in the flow pattern 
of many vortices. It has been mentioned in 
§2, that a regular flow pattern of Karman 
vortex street changes always into an irregu- 
lar state of chaotic motion. As an example 
of idealized most regular state of many 
vortices, that of a stationary Karman vortex 
street can be taken. In this case it is sup- 
posed that P-function is expressed as 


Pir, @=6 ; (8.1) 


where 6 is the Dirac delta-function. Namely, 
when a moving point in D-domain coincides 
with a fixed point (7, #), P tends to the in- 
finity of the second order but in other points 
it vanishes. Even if a stationary Karman 
vortex street is moved by the mean flow 
retaining its regular flow pattern, (8.1) is 
also fulfilled. But in this case, P tends to 
the infinity of the first order when a moving 
point is on a fixed line 7(@)=0 in the D- 
domain. It can be considered that when 
such a moving Karman vortex street loses 
its regularity in the arrangement of each 
vortex center, P comes to take a simpler 
form than d-functicn. In our hypothesis of 
a vortex chaos motion, turbulence is defined 
as a statistical simple chaotic motion of vor- 
tices. Thus, in a turbulent flow P has a 


simple form of continuous function. When 
it is written as 
Pr, =F, OS, (8.2) 


it holds in every vortex chaos motion in a 
turbulent state. 

When a vortex chaos motion comes to be 
in the most irregular state, P can be sup- 
posed to become constant in the D-domain. 
Namely, by the condition of (4.3), 


the theoretical 
- above single vortex motion, the Navier-Stokes 
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Pir, )=1 (8.3) 


holds everywhere in the field of flow. Vor- 
tex chaos motion represented by (8.2) and 
(8.3) will be called respectively shear and 
shearless turbulence. These discussions are 
illustrated by the conceptional diagrams in 
Fig. 10. 

As for the derivation of (8.3) or (8.2), the 
Navier-Stokes equations must be solved ex- 
actly under a given boundary and a com- 
plicated initial condition. At present, how- 
ever, such a derivation of complicated non- 
stationary solution cannot be expected owing 
to mathematical difficulties. Thus, in our 
statistical study (8.3) or (8.2) must be introdu- 
ed a priori. This is the statistical principle 
of our theory having two aspects of founda- 
tions, statistical and hydrodynamical. It 
means physically the conception of irregulari- 
ty, whose importance in the study of turbu- 
lence has been emphasized by H.L. Dryden, 
and also it has the same physical meaning 
as the ergodic hypothesis in the statistical 
mechanics. At any rate, our statistical theory 
can be reduced to the hydrodynamics, when 
P-function is made to be d-function of the 
second or the first order. 


§9. Determination of Mean Vortex Motion 
in the Chaotic State 


As for the determination of V,2 and V,’2, 
hydrodynamical considerations are necessary. 
We assume that in the completely irregular 


_ vortex chaos motion in shearless turbulence 


V, is the same as the velocity distribution 
of a single vortex motion which is carried in 
the same flow not being affected by other 
vortices. In the not-completely irregular 
state in shear turbulence, it is also supposed 


that V, depends chiefly upon the single vor- 
tex motion under the same condition. As 
ground to determine the 


equations are taken where effects of dissipa- 
tion by molecular viscosity are taken into 
account. If the Euler equations for the per- 


fect fluid are taken, this statistical theory 


will give such a result that decay or diffu- 


sion does not occur. Concerning V,’? some 
other physical principle on the interations of 
vortices and so forth must be introduced, but 
such a consideration can be neglected in the 
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ideal state of turbulence. 

In the study of viscous fluid, a vortex mo- 
tion can be taken as the phenomenon of 
diffusion of vorticity which is concentrated 
at first on one point of a fluid. Also it can 
be admitted that the flow pattern of a vor- 


tex is symmetrical about its center in a 
A B D 
Fig. 10. Conceptional diagrams which illustrate 


the character of regularity or irregularity in 
vortex motions by assuming the form of P- 
function. (A) is a stationary state, (B) simple 
nonstationary state, (C) shear turbulence, and 
(D) shearless turbulence. Figs. 2, 3 and 4 show 
transition states from (B) to (C) or (D). In the 
state of (A) there is no spectrum in velocity 
fluctuation, (B) produces a line spectrum and 
(C), (D) produce continuous ones. Even in 
chaotic state, (C) shows a little the character 
of regularity, while (D) is in the completely 
irregular state. To study vortex motions in (A) 
and (B) hydrodynamics is convenient, but as 
for the states of (C) and (D) statistical theory 
becomes essentially important. 


0-8 


Fa(s)) 


0-0 


Numbers on curves 


Curves of F'g(s). 
are the value of «a. 


Fig. 11. 


uniform flow. If w is taken as vorticity, the 
circulatory velocity V,.is expressed in the form 


V7, p=(ain|r ao(7, tdr. (9.1) 


The vorticity distribution w(7, ¢) has been 
known as an exact solution of the Navier 
Stokes equations. Using this solution Vx 
can easily be evaluated. When expressed in 
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elementary functions it becomes 


Vis, t)=Fa(s)Galt) (9.2) 
2 oe (2—a)(3—a@):--@F1—a) 
Pa(s)={1 t 2a G41)! 
ly se (asl) 
a. 
F,(s)=(1—e"*)/V s (a=1) 
CE io ETD 
where 

s=7"|(4yft) . (9.3) 


The solutions (9.2) correspond to the bound- 
ary conditions of V,=0 at v=0 and V,—0 
as yoo, and the suffix a and the integra- 
tion constants depend upon the initial condi- 
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tion. Namely, there exist many types of 
vortex motions which have their respective 
different initial conditions. In Fig. 11 several 
examples of Fa(s) are shown. 
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Imai’s thin-wing-expansion method is presented in somewhat modified 
and extended form. Then the method is applied to the flow of a com- 
pressible fluid past a symmetrical circular arc aerofoil. Analytical ex- 
pressions for the velocity potential and the velocity distribution over its 
surface are obtained. For the profile of thickness ratio t=0.1, numerical 
computations have been carried out at M=0.7 and 0.8. The present 
method has been proved very useful, because its procedures are simple 
and clear, and because its convergency and accuracy are very good up 


to considerably high Mach numbers. 


Comparisons with the theoretical 


results for related profiles as well as experimental data have been made. 


$1. 


It has been shown that the small perturba- 
tion theory is the most effective one for in- 
vestigations of the flow of a compressible fluid 
past an obstacle of given shape. The higher 
the speeds of flow which we are concerned 
with have become, the more the importance 
of thin aerofoils and slender bodies has been 
recognized. Accordingly the merits of this 
theory have become more and more conspicu- 
ous. As is well known, the first approxi- 
mation of the small perturbation method is 
Prandtl and Glauert’s formula. On the basis 
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of this idea, Kaplan has calculated the flow 
past a cusped symmetrical aerofoil, now callec 
the Kaplan bump”, and a circular arc aero 
foil? as well as an elliptic cylinder®, taking 
account of the effects of their thickness o1 
camber up to the third order. Later he ha: 
formulated the general procedures of the 
method as “the particular integrals of the 
Prandtl-Busemann iteration equations.’ 

On the other hand, more than ten year: 
ago Imai established independently his thin 
wing-expansion method, by which the influ 
ences of an obstacle on the flow- can be de 
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termined accurately in principle up to the 
order of approximations as high as required. 
First he gave the analytical expressions for 
velocity and pressure distributions, lift and 
moment of an aerofoil placed in the flow of 
a compressible fluid up to the second approxi- 
mation’, and investigated in detail the charac- 
teristics of generalized Joukowski profiles. 
Further Imai and Oyama have given the formu- 
lae for the third approximation” and applied 
them to the study of the flow along a sinu- 
soidal wall». Imai’s  thin-wing-expansion 
method has the great advantages, that its pro- 
cedures are more systematic and less laborious 
than any other similar methods, and that it 
enables us to take into account the boundary 
conditions very easily. In fact, Hasimoto 
applied this method to the compressible flow 
past an elliptic cylinder” and Matunobu re- 
calculated the velocity distribution over the 
surface of a Kaplan bump! , and they proved 
that the analysis could be much simplified by 
this method. Naruse computed numerically 
the velocities on the surface of specific aero- 
foils, for which the existence of the mixed 
transonic flow has been demonstrated by 
Yomotika and Tamada. The convergency of 
this method was found satisfactory even in 
this case!?. 

The present author has contributed to this 
method some modifications and extensions and 
utilized it for the study of the flow past a 
symmetrical circular arc aerofoil'®. Since 
this aerofoil is interesting from both theoreti- 
cal and practical points of view, the analysis 
for it will be developed here in a somewhat 
different form. 

In the first part of this paper the outline 
of Imai’s thin-wing-expansion method is sum- 
marized for the sake of convenience (§2 and 
3). Then the analysis for a symmetrical cir- 
cular arc aerofoil is described in detail (§4 
and 5). The velocity distributions for an aero- 
foil of thickness ratio ¢=0.1 have been calcu- 
lated numerically at various Mach numbers 
of the oncoming flow, and the validity of the 
iteration method was examined. Comparing 
these results with those for related profiles 
and with experimental data, some discussions 
were made (§ 6), 
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Outline of the Thin-Wing-Expansion 
Method 


The Basic Formulae of the Thin-Wing- 
Expansion Method 


§.2. 


We shall consider the two-dimensional steady 
flow of a compressible fluid past a cylindrical 
body. If the effects of viscosity and heat 
transfer can be ignored, the flow is homen- 
tropic and can be decribed by. a. velocity 
potential @ or a stream function ¥, such that 

n= 09 _ Po OF pe OB oie OE 

Oz 6 (0%. oy 0 Ox ~ 
Qa 

Here uw, v are velocity components, 9p is the 
density of the fluid and the suffix co denotes 
the corresponding value at a great distance 
from the body. Combining Bernoulli’s equ- 
ation and the adiabatic law for the changes 
of state of fluid, we get the following relation: 


me 2 L/ Cy LD 
a1 SS a y a eee) 


where q is the magnitude of the velocity, M 
is the Mach number for the undisturbed flow 
and 7 is the ratio of specific heats. 

Without loss of generality, we can assume 
that the undisturbed flow is. parallel to the 
xw-axis and the magnitude of its velocity is 
unity. Accordingly we may put ®=z2 and 
¥Y =y when a body is absent. The fundamental 
assumption for the thin-wing-expansion method 
is that the velocity, pressure and density dif- 
fer from those in the undisturbed flow by 
small amounts when the cylinder is sufficiently 
thin. So long as this statement is valid, @ 
and ¥ can be expanded as follows: 


O=at+ bit gatgst---: , 
V=ytQitdetysterrs, (2.3) 


where $1,913 ¢2,25¢3,¢3;-*++ are the quan- 
tities of the order of magnitude of &,é&?,&, 

respectively, € being a small parameter 
representing the thickness ratio of the cylinder. 
Substituting from (2.2) and (2.3) into (2.1) and 
comparing terms of same powers of &, we 
obtain a set of differential equations for ¢m 
and ¢m (m=1, 2,3,----) suitable for the itera- 
tive method. 

As for the first approximation, we can re- 
duce the equations for the flow of a compres- 
sible fluid to those for an incompressible fluid 
by the well known Prandtl-Glauert transfor- 
mation: 
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=F, y=n/e; uM=1/1—M? . (2.4) 
In order to solve these equations, Imai has 
introduced a set of conjugate complex vari- 


ables € and € as independent variables in- 
stead of € and 7v, that is 


€=E+iy, €=&-in. (2.5) 
Putting further 
Grn=bmttPm/y C= N,F2)5928) 5 (2.6) 
G=G,+G,4+G,+:-- ) ; 


he has given the following integrals as the 
solutions of iterative equations®»”. 


G=/O, 

cnt (Wt feeownf (OL 
+((eY &} +40), 

oA) c+8\(i Jae 8B (Ge) 7 
toe) &* P| (e+F) 
(C28 Ba 


WV as. Cae 
2 d& \\ aE" de 


(2.7) 


(2.8) 


BNE Hf i. 
(2.9) 
Here 
y=(7r+1)M?/4y2 , 
A=—(1+7)(3—27)M2/962 , 
B=—M‘{6(1—r)—(1—27)(3—1)M2}/96 22 , 


C= M*{8—8(3—7)M? 
+(13—97 + 277)M4}/3212 , 
D= M%{4—38—7)M?}/82 . 
F(€), f2x€) and f3(€) are analytic functions 


On, which must be determined by the fol- 
lowing conditions: 


(i) OGmn/0€ is one-valued and _ continuous 

throughout the flow field, 

(ii) as €-00, 0Gn/OC—0, and 

(ii1) on the surface of the cylinder, 
3(C/w+G)=0 


§3. Boundary Conditions 


We denote the profile in the z, y-plane and 
the distorted profile in the £, 7-plane as P and 
P’ respectively and take their chord length 
as 2, that is —l<z, <1. In order to 
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determine the functions f(€), f2(€) and f3(€), 
it is convenient to transform the region out- 
side P’ onto the region outside the unit circle 
C in the Z-plane. It is known that such a 
mapping function can be expanded as follows: 


{(2)=3 (2+ Zz) tz) 


Ga Z)+ s( 2) ae 
where €n(Z) is the analytic function of the 
order of magnitude of €”. Each of them as 
well as €(Z) must have the expansion outside 
C such that, 

€m(Z)=c-1"Z+C9"+ + 3 Salome 

CS) ayo 2) (3.2) 

By virtue of this transformation, the boundary 
conditions for G» can be stated alternatively: 


jy Gn / 
MWh OVE 
throughout the flow field, 
OGin 
vA 0, and 


is one-valued and continuous 


(ii) as Zoo, 


(iii) on C (ZZ=1), a Cm/L?2+Gm)=0. 
As for the first approximation, we can easily 
verify that the function 


f(Z)=—2AO(Z)—e-s1Z 0) a ; 
we Yb, 
(3.3) 
satisfies the above conditions. 
By means of this function, we can deter- 
mine the second approximation G, as follows: 


G2= f.(Z)+ = Ai{9,(Z,Z)+f (Z)} , 


(3.4) 
where 
fiZ) =| CZ) 0-92 094 os 
(Gd) 
ee are df Doe 
2 Wee fp “(2)c 
pee nT GF ne 
A D (1l+y), g2=(% rant 
M? apis 
err a ee 
4 (1l+y), 923 (eye. 
(3.6) 


and f,(Z) are analytic functions of Z such 
that 92/+/f.% obey the boundary conditions 
(i), (ii) and 

(iii) on the boundary, 3(925+ f2/)=0, 
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It follows readily from these conditions that 


ahem se-(Dx 
(3.7) 


The expressions for G; and higher order 
terms can be obtained in a similar manner™. 

The mapping function €(Z) may be deter- 
mined by means of the appropriate one of 
various methods proposed by several authors. 
When the mapping function 2(Z) for the origi- 
nal profile is known, €(Z) can be easily de- 
rived from it by taking advantage of the 
slenderness of the profile. This idea has been 
developed and pursued up to the second ap- 
proximation by Imai, and extended to the 
third approximation by the present author. 

Let a point A on P be translated to a point 
B on P’ by the transformation (2.4), and the 
images of these points on the unit circle C 
be e’ and e respectively (see Fig. 1). If 
we put for the points on the boundary 


2(e'?)=2p(w)+typ(o) 
C(e) =Ep(9)+inr(8) , 
the following relations hold: 

ap(w)=Ep(8) , Lyp(®)=nrP(A). (3.8) 
Since differs only slightly from 0, we may 
assume 


and 


O=0+0,)(8)+0(8)+--- , (3.9) 
where (8), w2(@),--- are functions of 0 of 
the order of magnitude of €,&,--- respec- 
tively. Substituting from (3.9) into (3.8) and 
taking account of the nature of singurality as 
shown in (3.1) and (3.2), we can determine 
(8), (8), --- and &p(@) and yp(@) in terms 
of zp and yp. 

For practical purpose it is often rather con- 
venient to give the shape of the profile in a 
form y=y(z). In this case, we map the chord 
line onto the contour of C. If D is the pro- 
jection on the chord line of a point A on P and 
the image of D on the unit circle C is e!” 
(see Fig. 1), 

xp=COS ? , Yep=Ypr(ap)=9(8). (3.10) 
Quite similarly to the case for w, a relation 
exists between @ and @: 


8=04-0,() +00) +---; (3.11) 


by means of which &»(@) and yp() can be 
expressed in terms of g(@)™”. 
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The Flow past a Symmetrical Circular 
Are Aerofoil 


$4. Mapping Functions and Velocity Po- 
tentials 


We shall now apply the thin-wing-expansion 
method in order to investigate the flow of a 
compressible fluid past a lenticular aerofoil. 
The profile is composed of two equal circular 
arcs, which subtend an angle 48 at the lead- 
ing and the trailing edges (Fig. 2). As is 


the z, ¢-plane 


Symmetrical circular arc aerofoil. 
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well known, the region outside this profile in 
the z-plane is mapped onto the region outside 
the unit circle in the Z-plane by the follow- 
ing transformation due to von Karman and 


Trefftz: 
(4.1) 


salah (Zl ny snoucaeile 
2+1 Z-+1 14 
When the thickness ratio f=tan P is small, z 
can be expanded as follows: 
2aZ)=C+a(Z)+2(Z)+2(Z)++--, 
where 
ZL Bia] hey 
2(Z)=—B4/n?)S?CL? , 

2(Z) = — B°(8/37*)S*1—3C?)L? . 


(4.2) 


In these formulae as well as in later ones, 
we put for brevity 
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1 ( 1 ) 1 ( 1 
as Z+— “ S= 9; LL ; 
2 Z 2t Z (4.3) 
Z—1 
L= log 2— 
eS 


According to the procedures described above, 
the mapping function €(Z) can be derived in 
the following form: 
C(Z)=C+Oi(Z)+Ge(Z)+E3(Z)+--> 
where 
C1(Z)=Bu(2/2)S*L , 
€2(Z) = — B22(4/22)SCL? , 
€3(Z) = — 83 43(8/323)S2(1—3C2)L3 
+ B34M(2/37)S{3C+(1+3C*)Z}. 
(4.4) 
We can now obtain velocity potentials by 
straightforward calculations using the formuae 
in §2 and §3. From (3.3) and (4.4), the first 
approximation is given as 
Gi=f(Z)=(B/m)(2/z(C-—SL) . (4.5) 
Using the formulae (3.4), (3.5) and (3.6), 
the second approximation can be determined 
as follows: 
3 = 
oe ys At{G2.1(Z,Z)+ f (Z)} , 
FP =P(4/W)1+S-LC , 
92 = (B?/4?)(16/n?\1+CL)C , 
F 2 =(B?/?)(16/2?)1+CLYC , 
92? = (B?/u)(8/n?)(1+CL)(C—SLZ) , 
Sf P= —(B?/wY(8/2)L , 
Jt ty 
FF =(8?/47)(16/377) 
x (C—-29°L—S*CL+S,) . 
(4.6) 


In the last expression, we have defined 


1(4 1 
r=>\ L(1->)\dZ. 
cs 5) 2 nA 


This function is regular everywhere in the 
region outside the unit circle of the Z-plane. 

We can proceed to the third approximation 
G; in quite a similar but somewhat lengthy 
manner. Final results are summarized in 
Appendix. 

In the expressions for G; appear newly a 
function and two constants, that is 


(4.7) 


(4.8) 
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es 7? 
= [2 ify sch eter 
ane ( (1 A 6 
il co 
os ae Z=—2 3)=—1.8031. 
O3 5) | B(1 Zia €(3) 


ara 

€(m) denotes the Riemann €-function. 
Real parts of Gi, Gz, and Gz give ¢1, OeAl | 
and @¢; respectively, and thus the velocity 
potential @ (2.3) has been determined up to | 
the third approximation. 


§5. Velocity Distribution 


We can now calculate the fluid velocity at — 
any point in the flow field, but we are mainly 
interested in the velocity distribution over — 
the surface of the profile. The trailing and 
the leading edges correspond to #6=0 and =z 
(or —z) respectively, hence the upper and 
the lower surfaces of the profile onto the semi- 
circles 0<O<x and 0>0@>—7 respectively. 
Further we note that the functions C, S, Z, 
S, and S; are evaluated on the unit circle 
(Z=e'®) as follows: 


C=cose, S=sin 6, (5.1) 
L=1(0)+in/2, 1(0)=log | tan(6/2)| , (5.2) 
S2= —[{(s2(9)+ 62) —(x7/4)(1—cos 6) }2781(9)], 


S3= —[{(s3(@) + 43)—(37/4)si(8)} 
#4(7/2){352(0)—(2?/4)(1—cos 4)}] , 


where 
6 
si(0)=| sin 01(0)dé , 
0 
s(0)=|’ sin 0 2(0)d0 , 
0 
tha s(0)=|" sin 6 15(0)d0 , 


0 

(5.3) 
and the sign + indicates that we shall take 
+ for the upper surface and — for the lower 
one. 

By making use of these values, we can get 
the values of @ on the surface in terms of 
6. Their expressions are omitted here for 
brevity. 

The magnitude of the velocity may be calcu- 
lated by the formulae. 


(5.4) 
io ~*{(Ge) +a) t 
Sa — + = iu 
do do do 
* 8:(@)=(1—cos 6) log|sin (6/2)| 
+(1-+-cos @) log|cos (8/2)| . 


| 
| 


1955) 


Here s is the distance measured from the 
leading edge along the surface of the profile. 

In our previous analysis, however, Ep(0) 
and 7»(@) were determined only up to the 
third order with respect to 8. Hence the 
formula (5.4) fails at the leading and the 
trailing edges, where ds/d@ vanishes. To 
avoid this inconvenience, we must take into 
account exactly the singularity of the trans- 
formation at the edges, having recourse to 
the relation (4.1). For a point on the surface 
of the profile, 


Zp={1+4+(¢ tan (w/2))*}/{1—(z tan (w/2))*} , 
dw _ ce do |_ = Sin w (tan o y 
ds dz Qn | : 
(25) 
+(tan is —2cos al : 


' The relation (3.9) between w and @ can be 


solved for @. Thus, 


consideration, 
0=0+6)(@)+O(@)+---, 


for the profile under 


where 


6,(@) = —(2B/z)1—¥v) sin w I(o) , 


qa (#)=(t/4)(4/z)\1+2A4(2)), 
qu (x)=2[— 
+2(M?/?)(1+ v)[— 
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+4u11—/) sin wo l(a) 
—2(1—) sin w cos w [(w)} . 
(5.6) 
By the use of this relation, we can easily 
obtain alternative expressions for @ and con- 
sequently for g in terms of w, which are 
omitted here for saving space. 

In the application of the thin-wing-expan- 
sion method, however, the flow pattern near 
the stagnation points 1s not a matter of main 
concern. Outside these regions, it seems most 
convenient for practical computations to con- 
vert the argument from @ into # as suggested 
at the end of §3. Then q is given by 

dw) /ds 
ea, ds / do’ 


02( 0) = —(B?/2?){72(1— 12) sin w cos w 


On expanding this expression into a series in 
the thickness ratio ¢/=tan §) and substituting 
x for cos %, we arrive at the following simple 
formula for the velocity distribution: 

Qa) =1+4i(x)+an(@) +ami(z)+O(¢) , 
where 


(5.7) 


(5.8) 


(1—2a:?) + (4/7?) {3(1 + 221 (x)) —(1—327)A?(x) }] 
(l—2*)+ (4/x?){5(1+ 22a(z))—(1—52?)A(x) }] , 


(5.9) 


aui(@) =#(1/4)[(4/37){ —2(2—32?) — (Ta — 62) A(x) } 

+ (32/73){(14+-324(x)) —(1—32x?)A2(x) — (Fa — 2?) a3 (x) }] 

+8(M?/1)[(8/372){(3 —2*) + (@—2)A(x)} 
+ (16/373){ —2(1+322(a))+3(1—2a?)A?(x) + 2(a—2)A3(x) }] 

+ 8(M2/“)(1+v)[(4/32){ — (22/3) +5a?— (9a —5a*)A(a)} 
+(16/37*){17(1 + 3ad(x))—3(4—172?)A>(a)— (9a —172x*)A3(a) }] 

+ 2(M4/y8){(5+37)+2(7 +27) + 12y?}[(2/32){ — (5/6) + 22? — (a—2a%)A 
+ (4/373){2(1 + 3a:4(a)) —3(1 — 4a?) Aa) — 2(a — 22°) A3(av) }] 

+ 8(M?/u3)(1+ 4M7{2(1+7)+(9+27)v+7y?}]L(8/97){ —(10/3) + 82? + 1(1+2) 
+ (1—3a2+82)A(2)—301(x) }+ (32/92?) {8(11 + 3aA(a)) —3(1 —82")A2(x) 
—2(a—423)23(x) +3209(x)/(1—2?)—32(@) o2(x) + (o3(a) + 43) }] 

+ (M4/18){3(3+ 7) +2(11+ 27)v + 6y?}[(2/2){ —2? 23 2(a) } 
+ (8/373){(1+32A(a)) + (Ba?A(a)+27A3(a) }] 

+ 8(M4/23)(14+ v)?[(8/32){ —(31/12) +52? —(3a—5a*)A(x) } 
+ (8/32){20(1+ 3:22 (a))— 15(1 — 4a) A?(a) —4(3a —52)A5(x) }] 

In these formulae, [alsin notations are adopted for shortness: 


loa a(a=—\" flee ata, 
l+z 1 


(w)} 


(5.10) 


Aa)=s log 


(5.11) 


onal 2(ax)dz , t= =) Be) de » 
i 1 
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Fig. 3. Velocity distribution over the surface of 
a symmetrical circular are aerofoil, t=0.1, 
VE ele 


When we have calculated the parts depending 
on 2, the velocity distributions for any value 
of the thickness ratio of the profile and of 
the Mach number of the main stream can be 
obtained quite easily according to the above 
formulae. 


$6. Numerical Results and Discussions 


The velocity distributions over the surface 
of a symmetrical circular arc aerofoil of thick- 
ness ratio ¢=0.1 have been computed for the 
Mach number of the main stream M=0.7 
and 0.8, by use of the simplified formulae 
(5.7)~(5.11). The calculated results are shown 
in Figs. 3 and 4. The velocity distribution 
curves do not indicate any peculiarity even 
at M=0.8 such as seen in the case of an el- 
liptic cylinder”. This result seems to prove 
the validity of the thin-wing-expansion method 
for a profile with sharp edges, 
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Fig. 4. Velocity distribution over the surface of a 
symmetrical arc aerofoil, t=0.1, M=0.8. 


We may notice that there is no supersonic 
region on the surface when M=0.7, while 
the fluid velocities in some region near the 
mid-chord point exceed the local speed of 
sound at M=0.8. On the other hand, these 
curves suggest that the convergency of the 
process of iterations would be confirmed at 
M=0.7, but that it would be open to question 
at M=0.8. Fig. 5 will make the situations 
clearer. In this figure the maximum veloci- 
ties dmax are plotted against Mach numbers 
for each step of approximation. There is 
also contained the curve of the so-called criti- 
cal speed versus Mach number. 

Our iterative method would surely fail te 
converge at a certain Mach number of the 
main stream. The labours necessary fot 
proceeding to the higher approximations are 
so much that it seems generally impossible 
to determine more accurately the Mach num 
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Fig. 5. Maximum velocity at the surface of 
symmetrical circular arc aerofoils. 


ber at which the continuous flow first breaks 
down. But Kaplan has shown with the aid 
of his method of iteration together with the 
theory of transonic similarity that “smooth, 
steady flow along the infinite sinusoidal wall 
would certainly cease to continue, when the 
maximum velocity on the wall attains to the 
local speed of sound there”. On the con- 
trary, by means of the elaborate analysis 
using the hodograph transformation, Cherry 
and Tomotika and Tamada have proved 
theoretically that there exist some examples 
of continuous, steady flow past obstacles, 
about which the fluid velocities become super- 
sonic in a limited region and are subsonic 
elsewhere. These examples seem to contradict 
Kaplan’s prediction mentioned above. One 
of the possible explanations to reconcile them 
will be the following conjecture: “The smooth 
transonic flow calculated by the hodograph 
transformation may be exceptional cases 
pertaining to particular, ideal boundary shapes, 
and they have no neighbouring solutions for 
slightly different boundaries----”}”. To clari- 
fy this would surely be one of the most im- 
portant problems in the high speed aerodyna- 
mics and calling for further investigations. 


> —— Kaplan bump 


Fig. 6. Velocity distributions over the surfaces 
of three symmetrical profiles, t=0.1. 
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Fig. 7. Velocity distributions over the surface of 
a symmetrical circular arc aerofoil (€=0.10) and 
over the upper surface of a cambered circular 
arc aerofoil (f=0.05). 


When Mis lower than 0.7, the convergence 
of the iteration process seems to have been 
established for any profile of thickness ratio 
about or smaller than 0.1. For three re- 
presentative types of symmetrical profiles, 
namely, an elliptic cylinder”, a symmetrical 
circular arc aerofoil and a Kaplan bump™, 
the velocity distributions over their surfaces 
at M=0.7 are compared in Fig. 6. It may 
be noted that the shape of the velocity dis- 
tribution curve closely resembles the shape 
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Fig. 8. Calculated and observed velocity distribu- 
tions over the surface of a symmetrical circular 
arc aerofoil, £=0.12, c,: critical speed of sound. 
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Fig. 9. Calculated and observed velocity distribu- 
tions over the surface of a symmetrical circular 
arc aerofoil, t=0.1, cx: critical speed of sound. 


of profile itself. 

Kaplan has calculated the velocities on the 
surface of a cambered circular arc aerofoil of 
infinitesimal thickness”. Its upper surface is 
of the same form as that of our profile. The 
rates of change in velocity on their surface 
are shown in Fig. 7 and represent almost 
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complete agreement with each other. This 
offers an example, that confirms even in the 
case of compressible flow the late Professor 
Fukatsu’s statement: The velocity distribu- 
tion over the upper (lower) surface of an 
aerofoil is determined by its own shape and 


almost independent of the shape of the lower | 


(upper) surface. 

As for the experiments on our profile, the 
pressure distributions over its surface were 
measured in a high speed wind tunnel by 
Liepmann’® and in a shock tube by Tamaki 
and Osima™. But the main purpose of these 
authors were to investigate how shock waves 
would be formed on the surface of an aero- 
foil and related phenomena, hence there are 
few data suitable for testing validity of the 
present analysis. Some of their results are 
reproduced in Figs. 8 and 9, and compared 
with the calculated values. The agreement 


between the calculated and observed values — 


is not satisfactory. The reasons for this dis- 
crepancy are probably due to the limited 
dimensions of the test section and to the 
existence of the boundary layer and wake, 
and possibly to the appearance of weak shock 
waves. 
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Expressions for G; 


Gr=f MZ)+ 3 BY G(Z,Z)+ FZ} 


S30 = BU(8/3x*){3C+ S(1—3C*)L*} + (63M?/2)(2/3n){2C—3S°C— S$ 1+3C2)L} 


B}=M?)/4 , 93 = (B3/44)(32/23)\(1+CLY SL 


Ff 3! =—(Bs/4)(32/28){4(2—32)C-+ §n2°SC— SL4ISC(L +221) 


B?=M?»/4 , 


93° = (B"/4)(64/x°)(1+CL)(1+-2CL)C 


Fs? = —(B*/4)(64/n3)(1+- CL) +2CL)C 
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B8=M1+4+y)/2, 933 =(63/)(16/73) ee ie —SL) 
SF 8 =—(B3/)(16/25){3(1 + An2)C—32?SC+(142C)L4 CL2— 39°C L? + 7°L)} 
Bo MAT )/4 ,. gs 7 9 
f 34 =(83/1)(16/323) {C—5S?L—79°CL?—3S%(1+ C2)L3—2S,} 
B’=M?y/2 , 93° = (B3/)(8/x3) {1—CL+(1—5C2)L?+ C(1—3C2) L}C 
F 8= —(B3/4)(8/x?){1—CL + (1—5C*)L?-+ C(1—3C2) LC 
B°=M*1+v)/2,  93°=(8?/1)(16/x*)\(1+CL)\(1+S2)C 
F 8 = —(83/“)(16/72){4(1 + 302)C— 4? S2C+ CCL—S°CL?— 19°C L3+ 7°L)} 
BI=M*1+»)/2, gs'= fs! 
Ff 3° =(B3/)(4/3703){7C—5S2L + 11 SCL? + 3S%(1+3C2)L3+ 10Sy} 
BP=M%1+ y)/2, 938=(83/4)(8/z*){1—2CL+ (1—3C2) L2}(C—S*L) 
Ff 8 =(B3/")(8/n3)[C—7?2S2C—(1—3C2) {L+ CL?—4S( 13+ 7°L)}] 
B9=M'v(34+7+3v)/12, 939 =(83/13)(64/23)(1+CLC 
F 38 =—(83/48)(64/7°)1+ CLC 
BY = M4{(54+37)4+2(74+27)v4+12v73/16 , — g33° =(63/403)(32/723)(1+CL)(C—-S?L) 
F 38° = —(B/1°)(32/25){4(1 4+ 327)C—37?29C4+(14+-C)L4+-CL?—349°CX(L3 + 2?L)} 
Bs MA{14+3M2{2(1+7)+(9+27)v+7y}1/8 , 3! =(53/3)(64/323)(1 + CL)\(C—29°L— SCL? + S.) 
f = —(83/12)(64/373){ 47? — 4(1 + $202)C+ 4? SC (2—C2)L + §r?C(1—C2) L 
+ SCL?-+48°C?L3—(1+ CL)(S,+20,)+3CS;} 
B= M'{3(3+7)+2(11+27r)y+16v%}/48, = g3"@=f5” 
S33 =(83/23)(16/23 {C-392°L—-39°CL—(1—C*) L*} 
BY=—M'y/8, gs? =(62/18)(64/n3)(1+ CL{L—(C/S*)}(C—C)C 
33=0 
BY=—M'y?/8, — g3!4=(63/u3)(64/23)(1+ CL) {L—(C/S*)}CC 
f 34 = —(B3/8)(64/7°)\1+ CL){L—(C/S*)}C? 
BY=—Miy(ity)/4, — gs! =(88/u)(32/n*\(1+ CL){LZ—(C/S*)}(C—S*L)(C—C) 
f3°= 
B= Méy(1+v)/8, 33° =(83/12)(64/23)(1 + CL\(1+CL)(C—C) 
35=0 
BY=M4(1+y)/12, — gs'7=(88/H5)(64/n5)(1+ CL)*(C—C) 
3° =0 
B® = M'y(1+y)/4, gs!8=(63/u3)(32/723)\(1 + CL)C/S* 
Sf 38 = —(63/49)(32/7n9)\14+CL)C/$? 
BY%=M4(1+)/4, 9319 =(62/2)(32/n)[{C—(1—2C) L-S°CL?}(1+ CL)—(1+- CLL] 
f 39 = —(3/18)(32/22){4(1 + §202)C— AP SC+ CL — SCL?—389°C( D5 + 1°L)} 
B®=M4(1+y)/8, 922° =(62/18)(32/n9){(C—SL)(1+ CL)— (2L+CL?—S,)} 
f 39 = (B3/18)(32/23){4(1 + 3202)C— 4? C— SL — SCL?—39°C(L' + °L)+S?} 
Bu=M4*(1+y)/8, 9322 =(6%/u*)(16/2*){2—(C—SL)(C—SL)}(C-S-L)/S* 
f P= —(B3/13)(16/n3){(C/S*)—4(1— 42?) C+ AP SC+(2—-C)L4+ SCL? 
—4S(L'+7°L)} . 
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Influence of Infrared Rays on the Photo- 
conductivity of the Polycrystalline CdS 


By Seiichi YOSHIMATSU, Chikashi KANZAKI, 
Sumiaki IBUKI and Naomichi MURAI 


Eng’g Laboratory, Mitsubishi Elec. Mfy. Co., 
Lid., Amagasaki, Hyogo 


(Received March 30, 1955) 


We reported about the photoconductivity of 
polycrystalline CdS at the Semiconductor Meeting 
held by the Physical Society of Japan, in April, 
1954. We report here again about a part of it 
including some results obtained thereafter. 

We used those samples treated as follows: CdS 
was precipitated from aqueous solution of Cd(NO3). 
and Na.S recrystallized many times, and then press- 
molded and sintered at 450°C for about ten hours 
in air. 

The dark resistivity of these samples is about 
108ohm-cm and lower than that of the single 
crystals which were made by Frdélichs’ method), 
whereas the photocurrent is comparable with that 
of the single crystals. 

However, the spectral sensitivity of the photo- 
conductivity of these samples is quite different 
from that of the single crystals; i.e. the peak at 
5200A (2.40 ev) is lower and there is another peak 
whose maximum lies at 6100A (2.03 ev). Moreover, 
the shape of curve varies according to the rise of 
the temperature of the sample; i.e. the red peak 
shifts to the shorter and the green peak to the 
longer wavelengths side. The rate of the shift is 
about 9x10-‘ev/°C for the red peak and —7~x10-4 
ev/°C for the green peak. The height of the 
green peak increases a little, while that of the red 
peak decreases. Consequently, the relative height 
of the red peak becomes considerably lower. This 
is shown in Fig. 1. 

The photocurrent which is produced by irradia- 
tion of visible rays is diminished by superposing 
irradiation of infrared rays. The spectral sensi- 
tivity of this photocurrent reduction for superposed 
infrared rays is shown in Fig. 2. The peak in 
longer wavelengths side is at 1.45y (0.85ev) (the 
same position as the single crystals), but the peak 
in the shorter wavelengths side is at 0.97p (1.28 
ev) in contrast with that of the single crystals 
which is at 0.85, (1.43ev). Also this varies ex- 
ceedingly with the temperature of the sample; i.e. 
the peak at 0.97» diminishes in its height and 
shifts to the longer wavelengths side with the rate 
of about —14~10-‘ev/°C according to the rise of 
temperature, while the peak at 1.45, does not 
change its position and its sensitivity is nearly 
same up to about 100°C, but decreases gradually 
over 100°C. These appearances are shown in Fig. 
oe 

Considering above mentioned phenomena, it seems 
that there is a correlation between the red center 
of the photoconductivity and the center of the in- 
frared reduction at 0.971. Moreover, if we in- 
vestigate the luminescence and photo-voltaic effect” 
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Fig. 1. Spectral sensitivity of the photoconduc- 


tivity and its temperature dependence. 
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reduction. 


combined with these facts, the mechanism of the 
conductivity of CdS will be almost clear. In this 
case, the study by the irradiation of infrared rays 
will become a key point for the solution of the 
problem combined with the study about the mobility 
of holes. 
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An Interesting Phenomenon Observed on 
Some Dielectrics 


By Inosuke SUMOTO 
Scientific Research Institute, Tokyo 
(Received April 16, 1955) 


In the course of an investigation on dielectric 
behaviors of electrets, a new phenomenon was 
observed. It was found that a glass tube placed 
between two metalli electrodes, which are immersed 
in melted carnauba wax about 10cm apart, begins 
to rotate with high angular velocity under the 
application of about 10kV. D.C. The apparatus 
used is shown in Fig. 1. 
in preliminary experiments. 
a). Liquid dielectrics, which are polar substances 
having small conductivities, melted 
carnauba wax, higher alcohol, stearic acid, palmitic 
Non polar 


Following experimental 
results are obtained 


such as 


acid and xylol, gives rise to rotation. 


N 


H, 


SpSl—_44 
SR4 


SS 


XX 


= 


(a) 
Fig. 1. Experimental Apparatus. 


A. Rotor, B. Liquid dielectrics, C. Electrode, 
D. Glass vessel, E. Ebonite insulator. 


(b) 


substances such as melted paraffin seems to resist 
the rotation. b). The glass tube rotates better 
when it is filled with polar liquid substance such 
as H.O or CH3OH. A metal rotor can not rotate, 
but it does when it is sealed in a glass tube. c). 


Short Notes 


(Vol. 10, 


Shapes and arrangements of electrodes that make © 


the electric field more inhomogeneous allow the 
rotor to rotate more easily. 


and a wire (Fig. 1. b.). qd). 
rotation but alternating field of 50 cps does not. 
e). There is a lower limit of the applied voltage 
above which it rotates. 

When the above conditions are satisfied, the 


rotor begins to rotate spontaneously or at a slight | 


shock. The direction of rotation, however, is not 
predetermined. It speeds up and continues to 
rotate in the direction in which it first started. 


Table’ TwaiPlectrodeé bigs tab: 
Rotor: water sealed in a thin walled 
glass tube. 
| The rate of Starting 
Liquid /increase of the Voltage of 
die serial current. rotation 
(Tn Thi 79400 | hak Waka 
carnauba wax 36.0 4,000 
higher alcohol 31.0 1,000 
stearic acid 58.0 1,500 
palmitic acid 60.0 | 700 
xylol 31.0 300 
| 


The rotor continues to rotate as long as the elec- 
tric field is on. The conduction current is of the 
order of a few »A and increases when the rotor 
begins to rotate. The rate of increase of the 
current may be expressed by (Ip—Jp)/Jo, where Jo 
and Jp are respectively the values of the conduc- 
tion current when the rotation is prevented by 
some external force and when it is rotating freely. 
It depends on the kind of the rotor, the liquid 
dielectrics and the field strength. It increases with 
the applied voltage and the angular velocity of 
rotation. Most probably, the increased expenditure 
of electric energy is consumed by the rotation. 

Some examples of experimental results are given 
in Table I. 

Futher expriment is in progress to make the 
mechanism of the rotation clear. 


An example is given | 
by electrodes formed by a combination of a plate 
Static field causes | 
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Scintillation Spectrometer Studies on the Beta-activity of K4 


By Soji Kono 
Tokyo University of Education, Otsuka, Tokyo 
(Received March 7, 1955) 


The beta-ray spectrum of potassium-40 has been studied using the 
scintillations from the crystal of potassium iodide activated with thallium 


iodide. 


The Kurie plot of the spectrum gave the forbidden shape, which 


was straightened from the end-point 1320+20kev down to well below 
300 kev by the third forbidden tensor (or axial vector) correction factor. 
Measurement on the specific activity has also been carried out and 


resulted in the value 4(8)=5.0+0.2x10-10 per year. 


This value is in 


good agreement with recent determinations. 


Introduction 


§1. 
The radioactive decay of potassium-40 has 
been studied by many investigators. The 
long half life of the decay and the low con- 
/centration of K*? in the natural potassium 
combine to make accurate measurement of 
the decay constant extremely difficult. 
| In recent years electromagnetical enrich- 
| ment of potassium in K* has been achieved 
} which enabled to determined the beta-ray 
spectrum by the usual magnetic lens spectro- 
meter»). without excessive distortion due 
to source thickness. Feldman and Wu _ used 
| the average thickness of 2.5 mg/cm? of KCl 
which was enriched to 7.13 percent in K*? as 
the source on Nylon backing of 0.6 mg/cm? 
| thickness, and obtained the result which show- 
_ed definitly forbidden shape. The third for- 
-bidden tensor and axial vector correction 
factor provides a good fit to the data from 
the endpoint, 1325415 kev, down to 500 kev. 
' Bell, Weaner, and Cassidy using a scintilla- 
_tion counter and source of 2.5 mg/cm? KCl 
enriched to 1.3 percent in K*#, found the 
simillar results but their corrected Kurie plot 
_ begin to deviate at about 700 kev. John H. 
Marshall* used a liquid argon ionization 
chamber to measur the shape of beta-ray 
spectrum of K*°. 

The upper half of the spectra obtained so 
_far nearly coincide with each other, but that 
of energy below 500 kev are ambiguous due 
to the distortion by source thickness and other 
origins. Further information about the lower 
energy part of the spectrum is necessary to 
provide a test for the possible theories of 
_beta-decay. 

We have investigated the spectrum of K* 
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using crystal of KI as the scintillation phos- 
phor which contains a source of K*° in natural 
abundance. This method was first developed 
by B. Smaller et al®. They used the crystal 
of KI as the source, the scintillations within 
which was viewed by a 931A photomultiplier. 
They measured the relative pulse heights by 
using a constant discriminator level and by 
varying the photomultiplier voltage, hence 
the gain. The resulting integral curve for 
the counting rate vs. pulse height was dif- 
ferentiated graphically to obtain the energy 
spectrum. However, their result was not ac- 
curate enough to discuss the spectrum shape. 

The advantage of the method is that it has 
a 47 solid angle geometry, a source thickness 
which is practically equivalent to zero, no 
need of window and backing correction. Hence 
this method is suitable for the measurement 
of low activity and it will permit direct 
determination of the scheme with greater ac- 
curacy than the other methods by removing 
ambiguous correction. 


§2. Experimental Procedure 


Several crystals ranging from 10 to 40 grams 
of potassium iodide activated with 0.5 to 2 
percent of thallium iodide were prepared by 
the pointed-bottom crucible method. 

Such a crystal was mounted on an RCA 
5819 photomultiplier tube. MgO refrector was 
used as in a usual way. The system was 
enclosed by a 5 cm thickness of lead to 
minimize the background counts. The output 
of the photomultiplier was amplified by a 
linear amplifier and led into a single channel 
pulse height analyzer. 

Energy calibrations were effected by impres- 


496 


sing the radiation of external sources, such 
as 661-kev gamma-ray of Cs!’, 1.38 and 2.76 
Mev gamma-rays of Na*, upon the crystal 
and measuring the position of the photo- 
electron peaks. The results show that potas- 
sium iodide gives a linear response of pulse 
height vs. energy for electrons up to 2.76 Mev. 


400 i 


oo ae = 


N(E) 


200; 


100- 


600 600 
Energy in Kev 


200. 406 1000. 1200 1400 


Fig. 1. Spectrum of K*? obtained using an ac- 
tivated crystal of KI. The dotted line: Spectrum 
corrected for the escape of electrons from the 
crystal and the resolution of the instrument. 


200. 400 600 600 1000 1200 1400 
Energy in Kev 
Fig. 2. Allowed Kurie plot of K* spectrum con- 


structed from the corrected data. 


4 


! n ! 1 
600 800 1000 1200 


Energy in Kev 
Fig. 3. Kurie plot of the K* spectrum corrected 
for the factor D3=p&+7p*q?-++7p2q!+qs. 
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§3. Result 


The pulse height distribution using a crystal 
of about 30 gram was shown in Fig. 1. The 


Soji Kono 


(Voi. 10, 


vertical line on the observed points represent 
a statistical error. The full curve represent 
the uncorrected experimental results. Owing 
to the finite size of the crystal, some electrons 
originated in the surface layer will escape 
from the crystal before they give up all their 
energy and they are observed as electrons of 
smaller energy than they really are. Correc- 
tion must be made for the escape of electrons 
from the surface of the crystal®. The dotted 
curve represent the data corrected for the 
escape of electrons from the surface of the 
crystal and the resolution of the instrument”. 
The Kurie plot shown in Fig. 2 were then 
constructed from the corrected data. It con- 
caves downward and show apparently forbid- 
den shape. When the third forbidden correc- 
tion factor® 


D;=p'+ pg +7Pg+_ , 

where 

q= Wo Ww > 

p=(W2-1)? ’ 
W is the energy in unit of mc?, and Wp, is 
the end-point energy, is applied, the Kurie 
plot become linear to well below 300 kev at 
which point it begins to deviate from the 
straight line. It is shown in Fig. 3. The 
deviation is attributable to the spurious pulses 
due to the delayed phosphorescence of the 
crystal. When the Kurie plot is extended to 
the energy axis, endpoint energy of 1320-+20 
kev is obtained. 

The total counts above 250 kev has been 
determined and the crystal of weight 30.22 
gram gave a total counts of 10,521/min. To 
estimate the counts below 250 kev, the Kurie 
plot is extended along the dotted line to zero 
energy, which involved an addition of 1915 
counts/min. The specific activity of 29.2+1.0 
counts/sec./gram of ordinary potassium was 
obtained. This value is greater than that of 
Smaller et al? (318410 betas/min./gram of 
KI), but in good agreement with the value 
obtained by Sawyer and Wiedenbeck” (28.34 
1.0 betas/sec./gram of potassium) and the re: 
cent determination by Delaney™ of 32.0-+3 
betas/sec./gram of potassium. When an iso- 
topic concentration™ of 1.19x 10-4 for K** was 
assumed, this corresponds to a decay constants 
of 24(8)=5.00.2 x 10-1°/year. 


\ 


b 


| 


| while that of Ca‘ 
| therefore, change in the transition. 
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§4. Discussion 


The spin of K* has been found to be four™, 
while that of Ca*’, the product nucleus, is as- 
sumed to be zero because it is an even-even 
nucleus. Accordingly the spin change in the 


transition K*°—-Ca*® is 4J=4. On the other 


_hand according to the shell model, K*° consists 
of 19 protons and 21 neutrons, has a con- 


figurations (3d)-\(4f/)! and the parity is odd, 
is even. Parity should, 
Marshak 
showed that the transition in this case should 


_be third forbidden and the possible interaction 


should be either tensor or axial vector types. 

It may be said that the observed spectrum, 
whose Kurie plot is linearized from the end- 
point, 1320+20 kev, down to 300 kev by the 
correction factor D;, gives a stronger support 
to the present calculation for the third forbid- 


den transition than the results obtained so far. 
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Zeeman Splitting of Nuclear Quadrupole Resonance 


in Paradibromobenzene 


By Shoji Kosima, Kineo TSUKADA and Yasushi HINAGA 


Department of Physics, Tokyo University of Education 
Otsuka, Tokyo 


(Received April 8, 1955) 


Zeeman patterns of the nuclear quadrupole resonance line of Br7® were 
studied with a single crystal of paradibromobenzene. ‘The crystal con- 
tains two classes of molecules with equal positive and negative inclina- 
tions against the crystallographic b-axis. Changing the orientation of 
nagnetic field in the plane perpendicular to the b-axis, the Zeeman 
patterns were measured. The asymmetry parameter of the coupling, 7, 
was determined from the pattern at the magnetic field perpendicular to 
all carbon-bromine bonds. The result was 7=0.12+0.01. The coupling 
constant, eQg, was measured as 535.19Mc at 14°C. If the asymmetry 
parameter is completely due to the resonance of a double bond structure 
in the carbon-bromine bond, the observed value gives 4.5 per cent double 


bond character. 


Introduction 


al 


Previously we studied the Zeeman patterns 
of the nuclear quadrupole resonance line of 
bromine nuclei with a single crystal of bro- 
mine and determined the asymmetry para- 
meter of the coupling?. Now we have 
carried out similar experiments on p-dibromo- 
benzene. Dean” studied already -dichloro- 
benzene and determined the asymmetry para- 
meter as 8 percent. Dean” and Bersohn® 
pointed out that the asymmetry parameter 
gave a measure of the partial double bond 
character of the carbon-chlorine bond. Man- 
ring, Brown and Williams® measured the 
resonance frequency of Br’ in p-dibromo- 
benzene at room temperature and obtained 
vo=267.6+0.5 Mc. Recently Bray and Barnes” 
vo=270.97 Mc at 77°K. But the asymmetry 
parameter has not yet been obtained. 


§2. Calculations of Zeeman Patterns 


Paradibromobenzene forms a 
crystal of a Jayer-like structure. 


monoclinic 
The lattice 


S 


constants are as follows®: a@=15.36 A, bo= 
5.75) A> “eo=4.10°A “and “85=112°30" ie 
positions of atoms are shown in Fig. 1 asa 
projection on the ab-plane, where the figures 
are expressing vertical distances in Angstrom 
unit. There are two classes of molecules 
with equal positive and negative inclinations 
against the b-axis. 

By the Zeeman effect on the nuclei of spin 
3/2, a single resonance line splits into four 
lines, which correspond to the transitions: 


1 : 3 il 
= = es 
o> oie We eowese sy: ; 

3 1 3) il 
ij Si, ae 
( 5 5 and (Da aia 


The frequencies of these lines are expressed 
by 


Ywu=+3S, voyrw=voxkds , er 
where 

— CQGz2 ‘ 

Mo Ve (2) 


The theory of the first-order Zeeman effect”¥® 
gives 


Ss 


2) 4(H.?+ Ay’) +H? —4 2-H?) + (Ae +Hp—ibe} » 


Qu Se ee = 
=a (VOM PH?) 


(3) 


where H,, H, and H, are the components of axis system of the field gradient tensor anc 


the magnetic field refered to the principal 


“4 is the magnetic moment of the nucleus. 
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Pigs: 


Vertical projection of atoms in 
p-dibromobenzene crystal. 


The principal axis system for a free mole- 
' cule is usually so chosen that the z-axis is 
perpendicular to the plane of benzene ring, 
the z-axis lies along to the carbon-bromine 
bonds and the y-axis is perpendicular to the 
z- and z-axes. Corresponding to the two 
classes of molecules two sets of coordinate 
axes x1, Yi, 21 and 2, Ye, Z must be taken 
into account. In order to calculate the Zeeman 
patterns it is convenient to use the following 
X-, Y- and Z-axes: The X-axis lies along 
the crystallographic b-axis, the Y-axis is per- 
-pendicular to all carbon-bromine bonds and 
the Z-axis is perpendicular to the X- and Y- 
axes. In this axis system, the carbon-bromine 
bond axes of the two classes of molecules, 
i.e. the z,- and z-axes, incline to the Z-axis 
with the equal angle 9, and the normals of 
the planes of benzene rings, i.e. the 2- and 
_ye-axes, incline to the Y-axis with equal angle 
@, where @ and @ are 35°46’ and 37°52’ re- 
spectively. (Fig. 2). 

Generally the Zeeman patterns consist of 


gees 


eight lines, four of which are due to the 
molecules of one class and the other four to 
those of the other class. When the applied 
magnetic field is parallel to the YZ-plane, the 
molecules of the two classes give rise same 
patterns. Therefore only four lines will ap- 
pear. In this case, the components of the 
applied magnetic field are expressed by 
H,=H(cos @ cos 0—sin @ sin @ sin@) , 
H,=+H(sin @ cos 6+sin @ cos @ sin @) , 
A.=H cos@ sin @ , 

(4) 
where @ is the angle between the direction of 
the magnetic field and the Y-axis, and the 
double signs, +, correspond to the two class- 
es. Putting Eq. (4) to Eq. (3), we can cal- 
culate the separations of lines. 

When the magnetic field is parallel to the 
Y-axis, the resonance frequencies are express- 
ed by 


2 wu 1 
= yy t—— 3] +— — 20 
YI, votn h T5 (ly|— 7 cos ie 
YILIV = Yor ; = {1 = 5 (inl+ 7 cos 20)} : 
(5) 
These equations give 
vim viv tad 
oe a (6) 
ytyy 24H, 
+—<¥ —— (1-3 20) . 
9 gy mm.cos ) (7) 


If the magnetic field is measured, Eq. (6) 
yields the absolute value of 7. The ratio of 
Eqs. (6) and (7) is expressed by 
l7| 


Vissvini ls, 
1—in cos 20 ~ 


yi+vViv 
If the sign of 7 is assumed, Eq. (8) deter- 


(8) 


500 


mines 7 without the measurement of the 
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parallel to the Y-axis, the separations of th) 


° . RAR | 
intensity of the magnetic field. When the frequencies are approximately expressed by | 


magnetic field lies on the YZ-plane but not 


ee 
s) 37h 


eo 


When @ and @ do not vanish, the separations 
become slightly asymmetric for positive and 
negative values of @. 

When the direction of the magnetic field is 
so chosen that 

2H? =,?+ A,’ —7y 2? — A’) , (10) 
two resonance frequencies, viz and yyy, coin- 
cide with each other and the Zeeman pattern 
becomes a triplet. The angle giving the 
triplet spectrum, 6;, is expressed by 
1—3 cos? 9 sin? 6,=7{cos 20 

—(1+sin® 9) cos 20 sin*6; 

—sin 9 sin 2@ sin 20;} . (11) 
If y vanishes, 0, becomes +45°21’. For non- 
vanishing 7 the positive and negative values 
of @; are unequal. 

When the magnetic field lies on the XY- 
plane, generally the Zeeman patterns of the 
molecules of the two classes are slightly 
different. At the magnetic field parallel to 
the X-axis, however, they are reduced to four 


lines. In this case the separations can be 
calculated by putting 


H,=+Hcos@sin®, H,=—Hcos@cos@, 
Jat = ele SiO) . 
The obtained expression is 
S 7 Sola : ae 
E Ls 7 E sin O+1/4—3 sin? 9 


ft 2 (12) 


cos” @ cos 20 } 
4—3sin?@ } 


§ 3. 


Paradibromobenzene is a solid at room tem- 
perature, whose melting and boiling points 
are 86.9°C and 217°C respectively. Single 
crystals of about 25 gr. were made by the 
method of “pointed bottom crucible”. The 
cylindrical glass crucible, diameter of 2 cm, 
was dropped slowly from upper hot place to 
lower cold place. The temperature gradient 


Experimental Procedure 


cos 20—(1+sin? @) cos 20 sin? 6—sin 9 sin 20 sin 20 | 
4—3 cos? @ sin? 0 j 


[ 3cos @lsin 451/43 cost 6 sin® 0 


(9] 


was about 10° per cm, and the falling spees 
was about 1.1 cm per hour. The sample usec 
was purifled by the way of recrystalization. 

For the detection the frequency modulatec 
super-regenerative spectrometer which wa: 
previously described” was used. The presen 
experiment, however, carried out at roon 
temperature. Therefore the orientations ©: 
applied magnetic field and of the crystal wer: 
determined more acculately than the previou: 
case. The orientation of the crystal wa 
determined by the following way. The orient 
ation, at which only four lines appeared anc 
the separation between outer two lines, vz anc 
vy, became minimum, was searched. Thi 
direction was considered to be parallel to th 
Y-axis. Next the orientation giving triple 
pattern was searched. The plane, whicl 
contained this direction and the Y-axis, fixec 
the YZ-plane. And then the X-axis wa 
determined to be perpendicular to this plane 


$4. Experimental Results 


In order to study the general aspect of th 
Zeeman patterns we have set the magneti 
field to be parallel to the YZ-plane, wher 
the molecules of the two classes incline sam 
angle against the magnetic field. The inclina 
tion of the magnetic field against the Y-axis 
6, was changed from —100° to +50°. Th 
field used was of 66 gauss for almost a! 
measurements. Since the separations at th 
vicinity of the Y-axis were small, the fiel 
intensity was increased up to 200 gauss. Th 
separations of lines, |yy—yyq||/2 or |yyr—vyy/é 
were plotted against angle @. The result i 
reproduced in Fig. 3 where the separation 
are reduced to values for 100 gauss. Th 
theoretical curves with y=0 and y=0.12 ar 
also shown in the figure. The general tender 
cy of distribution of the observed points ar 
in accordance with the theory. This fac 


| 


me. 1223-0.01. 


_ sensitive to sign of 7. 
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———— 


Fig. 3. The Zeeman splittings when the magnetic field lies on the 


reduced to those of 100 gauss. 


indicates that the crystal structure mentioned 
in $1 is supported by the present results. 
The asymmetry parameter was determined 
from the measurement at the magnetic field 
parallel to the Y-axis. The results at 200 


| gauss were vy—vyy=(49.6+4) kc, and vy+y zy 


—2y)=(400+20) kc. Assuming positive 7, 
we obtained y by the aid of Ea. (7), to be 
Using the well known value of 
(/4)pr79= 2.10576 nuclear magneton, and Eq. (6) 
we obtained, |7/=0.116+0.01. 

The determination of sign of 7 is very dif- 
ficult because of smallness of cos 2@, such as 
0.12. The positive and negative angles giving 
triplet pattern expressed by Eq. (11) are 
The calculated values 
are, 0:=+47°1’ and —43°7’ with 7=+0.12, 
and 6;=+43°43’ and —47°31’ with 7=—0.12. 
The observed values of 6:, however |47°+2°| 
and |44°-+1°|. Since we have determined the 
direction of the axis system by the Zeeman 
patterns, we could not find out the sign of 
the axes. Therefore the measured values of 
the angle had to be interpreted as absolute 
values. The difference of the absolute values, 
A47°31’—47°l’ and 43°43’—43°7’, are too small 
to determine the sign of 7. 

When the magnetic field is parallel to the 
X-axis, the separation between »; and viz 
depends on 7 comparatively strong, as the 
coefficient of 7 in Eq. (12) is larger than the 
other cases. The calculated values at 73.2 
gauss are 273 kc and 269kc with y=+0.12 
and y=—0.12 respectively. The observed 
value at this field intensity was 27322 kc. 
This result favours the positive 7. Finally 


SS a 
Oo —20 


it 
—10° Ou 10° 
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YZ-plane. The values are 


Fig. 4. Distances between atoms in 
p-dibromobenzene. 


we determined that 
P= IMPSE0 MN , 


The resonance frequency at zero field was 
measured as 268.13+0.02 Mc at 14°C. The 
quadrupole coupling coefficient was deter- 
mined by Eq. (2). The result was 


(€QQ:z )pr79 = 535.19 Me. 


§5. Discussion 


The large asymmetry parameters of iodine 
and bromine crystals were interpreted well by 
intermolecular couplings®”. The distances of 
a bromine atom to neighbouring atoms in p- 
dibromobenzene crystal were calculated from 
the structure shown in Fig. 1. The calculat- 
ed distances were given in Fig. 4. All the 
distances are approximately equal to the sum 
of the Van der Waal’s radii, which are 
(3.90 A)sr-sr, (3.80 A)pr-c and (3.15 A)pr-n. 
Therefore the intermolecular couplings are 
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small compared to the intramolecular coupling. 
The carbon-bromine bond consists principally 
of a covalent bond. However, in addition to 
the covalent bond, C-Br, the resonance of a 
small amount of ionic character of the bond, 
C*Br-, and of partial double bond character, 
C-=Brt. are also possible. For these three 
types of bonds, the number of electrons in 
the pz, py and p, orbitals, Nx, Ny, and N, re- 
spectively, are as given in Table I, where a@ 


Table I 
C-Br—. C*Br- C- =Br+ 
Nr 2 Poy MASE ys 
N, 2 2 (1 +e) 
N, tte 2 1(1+e) 


represents the s character of the bonding 
orbitals and ¢ is a correction for the change 
in screening. c was estimated by Townes and 
Dailey as 0.25. The number of unbalanced 
p-electrons contributing to q.: is given by” 
U,=3(NztNy)—N; . (13) 
If 8 represents the per cent ionic character 
of the bond and o represents the per cent 


double bond character, the weighted value of 
the unbalanced p-electrons is 


U,=(1—8—p)1—a@)+43p(1+c). (14) 
This quantity, U., is determined from the ob- 


served quadrupole coupling constant, [eQqlobs., 
by the equation, 


U.=[eQdlovs./[eQale - (15) 
Where [eQqlc. is the coupling constant for 
the pure covalent bond. This value is usually 
given by doubling the value for the atom 
which was obtained from the atomic beam 
method. 
Using the present result [eQq]obps.=535.19 
Mc and the usually accepted value [eQq]. = 
769.62 Mc”, we obtain [UzJons, =0.70. 
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The asymmetry parameter is expressed by?) 
_U,—Uy 3 Ny—Nz — 3 o(l+e) 

Te Ue? oe 
Putting 7=0.12, Uz=0.70 and c=0.25, we ob: 
tain the partial double bond character of about 
4.5%. On p-dichlorobenzene Dean obtained 
the results that 7=0.08 and (eQq)a%»=69.6 Mc: 
If we use Eq. (15), we obtain the partial 
double bond character of about 3%. The 
double bond character in the C-Br bond of p- 
dibromozenzene is larger than that of p-di- 
chlorobenzene about 50%. 

The partial double bond character contributes 
directly to the asymmetry parameter, 7, but 
little to the coupling constant, eQg. Eq. (14) 
shows that the decrease of the coupling con- 
stant from the pure covalent bond, about 30%, 
is mainly due to ionic character and sp-hybridiz- 
ation of the bond. 

This work was partially supported by the 
Scientific Research Expenditure of the Ministry 
of Education. 
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Mulliken’s Magic Formula is applied to the calculation of the dissocia- 
tion energies of molecules of the type A-O-A. s p hybrid atomic orbitals 
are used as wave functions of oxygen orbitals, and dissociation energies 
are derived for various values of the bond angle and the interatomic 
distance. In the case of H,O, dissociation energy was obtained to be 
9.39eV., bond angle, 100°, and interatomic distance, 2.0 ay. In the 
case of F,O, these were 5.62 eV., 92°, and 2.8 ay. These values are 
close to the experimental values, as expected. It might be concluded, 
therefore, that Mulliken’s Magic Formula is useful in the calculation of 
properties of molecules of such type as A-O—A with the help of Pauling’s 
electro-negativity scale. 

In the Appendix, the numerical values of some overlap integrals be- 
tween 2s 2p hybrid atomic orbitals and other atomic orbitals are taublated. 


_grals of valence electrons. 


' §1. Introduction 


Theories on physical and chemical behavi- 
our and properties of molecules are being 
developed more actively than ever. Theoreti- 
cal computation yields results which agree 
more and more closely with the experimental- 
ly observed values. However, because of the 
increasing complexity of calculation, it is 
desirable and worthwhile to establish a semi- 


empirical approximation formula with the 


simplest possible expression which will lead 
to the desired degree of approximation, even 
though it may not be very rigorous. Mulliken’s 


Magic Formula”, hereafter referred to as M. 
_M.F., is based on the assumption that the 


bond strength is a function of overlap inte- 
Some of the 
values calculated by M.M.F. are very close 
to the experimental values while others show 
quite a large discrepancy”. Such shortcoming 
of the M.M.F. is emphasized by R.S. Mulliken 
himself. However, the author expects that 
M.M.F. can be improved so that it will satisfy 
the above stated requirements. 

The original M.M.F. is expressed as 

D=>, Xuy—4 Dd Yut3 XD Knn—Pt RE, 

ly) 

where Xi; expresses the bonding energy of 
the valence electrons and is given by 


Xij=AjSislis!(U+ Sus) - (2) 
Here, A; is a coefficient to be adjusted em- 


pirically. Ji; is the mean ionization energy, 
and S,; is the overlap integral. Yi. design- 
ates the repulsion energy between homogene- 
ous non-bonded pairs which may be express 
as 

Yer=VvAgSur2Ler : (3) 
Here, » is a constant to be determined em- 
perically. Kmn denotes the exchange energy 
between heterogeneous non-bonded pairs, 
which can be obtained theoretically. However, 
this will be determined by an approximate 
method as will be shown in the present paper*. 
The letter P which appears in (1) denotes the 
promosion energy, and R.F. refers to the 
resonance energy. 

The following section of the paper is devot- 
ed to the discussion of the comparison of cal- 
culation according to M.M.F. and the experi- 
mental result. 


§2. Atomic Orbits of Oxygen 


As shown in Fig. 1, the origin 0 is chosen 
at the position of oxygen nucleus. The direc- 
tion of an O-H bond is denoted by 27, while 
the other O-H bond is designated by j. In 
accordance with the symmetrical property of 
an A-O-A molecule, the orbital of the lone 
pair in the molecule plane will be in the zx 
direction. Each orbital function is expressed 
in terms of s, po, and pz; Here, s and po, 


* See Ky, of § 3. 
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Fig. 1. Atomic Orbits of Oxygen. O represents 
the position of the oxygen nucious. Directions 
a and j are taken along the two O-H bonds. X 
is in the direction of the lone pair bonds. 


Table I. The values of «, 8, «’ and p’. 
eee . B de 
180° 0° 027071 | 0: 7071 1.0000 0.0000 
WO Dis 0.7044 | 0.7098 | 0.9924 | 0.1233 
163°58’ 8°01’ 0.7000 0.7141 | 0.9802 | 0.1980 
160° 10° 0.6961 | 0.7180 , 0.9694 | 0.2455 
150° Is 0.6812 0.7321 | 0.9305 0.3660 
140° | Oe 0.6586 0.7525 | 0.8752 | 0.4837 
137°02' | 21°29’ | 0.6500 | 0.7599 |, 0.8553 | 0.5181 
130° DAS 0.6255 | 0.7802 | 0.8017 | 0.5976 
125°12’ | 27°54’ | 0.6000 | 0.8000 |.0.7500 | 0.6614 
120° Oia 0.5773 | 0.8165 | 0.7071 | 0.7071 
110° DON 0.5049 0.8632 |, 0.5849 0.8112 
109°32'—| 35°14’ | 0.5000 | 0.8660 | 0.5774 | 0.8165 
103°34’ | 38°13’ | 0.4359 / 0.9000 0.4843 0.8748 
100°56’ | 39°32’ | 0.4000 | 0.9165 | 0.4364 | 0.8992 
100° | 40° | 0.3846 | 0.9231 | 0.4166 | 0.9091 

95°40’ | 42°10! | 0.3000 | 0.9539 0.3145 | 0.9493 

92°28’ | 43°46’ | 0.2000 | 0.9798 | 0.2041 | 0.9789 

90°38’ | 44°41’ | 0.1000 | 0.9950 0.1005 | 0.9949 
| 0 1 O 1 


90° | 45° 


-0000 © 


denote the atomic orbits of oxygen 2s and 2p, 
whose inaximum densities are in the z direc- 
tion, while pz, denotes 2), atomic orbit whose 
maximum density is in the direction in the 
molecular plane and perpendicular to z. Ex- 
pressing the z, 7 and the lone pair orbital 
functions by qi, %; and qn, 


di:=hea=as+ Bde, , (4) 
Pi=a'IoptBh' in, , (95 ) 
Pn=B hop—a' pu, ) (6) 
where 
Ina=BS—aDeo, , (7) 
a=(l1/V 2 )71/ 0s 20/cos w , 
B=(/V 2 )1/cos a , (8) 
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a’=a/B, B’=VP—a'|® , (3 

These expressions are easily obtained fron 
the consideration of orthogonality and sym) 
metrical property. The values of a, 8, a” 
and #’ are tabulated in Table I. 


$3. Dissociation Energies of H.O* | 
In the first place, the H-O-H molecule is 
calculated using Slater’s type atomic orbitals. 
~’s in equations (4), (5), (6), and k, the 1s 
atomic orbital of oxygen, are used as atomic 
orbitals of oxygen. h’s are used to denote 
two hydrogen orbits in H,O molecule. Con- 
sidering the forces between hydrogen and 
oxygen, Eq. (1) will transformed into 


Dar Doren (1—B8) Yon—2YV nn 
+(38+a@)KnatPot2a24P+R.E. (10) 
each term of which will be described in the 


following paragraphs: 
Referring to Eq. (2), Xg, denctes the force 


between he (Eq. (4)) and h. Jpn is equal to 
3(21,22+ 13,60) e.V.=17,41 e.V. See appendix 
on Sgn. 

Referring to Eq. (3), Yan, Yorn, Yan denote the 
repulsions between k and h, Mog and h, and hand 


h, respectively. Jgn=3(542+13,60)=277,8 e.V., 


Iyn=17,41 e.V. and I,,=13,60 e.v. The values 
of Sz, and S,; are interpolated from the tables 
of reference (2). See appendix on Sp». 

Kx, denotes the force between pz and h. 
The values of this have been calculated 
theoretically by M. Kotani and A. Amemiya.» 
However, approximations due to R. S. Mulli- 
ken? were used in the present paper. In 
these approximations, it is assumed that Kz, 
is proportional to S,,?. To determine this 
proportional constant, R. S. Mulliken used 


Table Il. Some values of K;». 
Riaz |From C=0| From C-H | From K.A® 
100; Ameer 1.83 
oe nw 02 1.54 
154. |. “084 1.28 1.35 
LG. | 0.68 03 | 
1.8 ah) bios 0.81 
2105 wl eed 0.63 0.58 
ey sae es 0.48 
2A.) 0.24 0.35 
256 a uous 0.28 
213" 8613 0.20 
3.0) = gua Oate 0.15 


* It is assumed that the bonds are non-bending 
bonds in this and the next calculations. 
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Table III]. The values of dissociation energies for H.O. 
a. (v=0.55, A,=1.07) 
Seca ; Fe a = oc ==" 7 
Pigs 0 10° 20° 30° 35° 40° 45° 

10 3.02 acl 3.76 eval ; 
2 2.88 4.05 4.85 6.18 
1.4 3.97 4.25 5.21 6.92 8.06 8.91 4.92 
1.6 3.48 3.83 4.87 6.96 8.65 9.62 | 6.20 
ides 2.57 2.95 Sale, 6.48 8.05 9.70 8.02 
2.0 7.38 9.46 8.68 
2.2 6.63 8.90 8.94 
2.4 5.70 8.161 a || S895 
2.6 
2.8 
3.0 

b. (v=0.7, A,z=1.16) 
1.0 1.49 1.58 1.92 2.28 2.08 0.91 —8.00 
12 3.17 3.34 3.95 4.80 5.22 4.66 — 2785 
1.4 3.94 4.17 4.98 6.31 6.98 7522 +1.05 
1.6 3.85 4.16 5.20 6.89 7.92 8.67 4.03 
1.8 3.19 3.53 4.67 6.76 8.09 9.28 6.07 
2.0 2.15 2.53 3.88 6eiS atl 907265 9.38 7.35 
22 0.97 1.41 2.76 5.30 7.07 9.05 8.05 
2.4 0.35 0.11 1.57 4.26 | 6.22 | 8.45 8.41 
2.6 Sth57 =i? 0.38 3823 | 5.32 7.76 8.49 
2.8 2981 =2.36 —0.81 2 AGE | WW wGAss4 7.04 8.51 
3.0 —4.00 2351 104 jt 46.66 Baa2 6.21 8.13 

C: W=0. Soy eAo— 1825) 
1.0 
152 2:27, 2.37 Tt 3.09 
1.4 3.75 3.93 4.57 5.48 5.73 5.20 
1.6 4.13 4,39 5.31 6.68 eye 7.48 
8 3573 4.04 5.08 6.93 7.99 8.67 
2.0 2.83 3.18 4.47 6.55 7.82 9.17 5.76 
2.2 v.71 2.14 3.44 5.84 7.45 910 ss Wert yOuSn 
2.4 6.69 8.67 7373 
2.6 8.09 
2.8 8.36 
3.0 8.08 


Mulligan’s value of Kz; for C=0 (0,37 e.V.), 
but the present paper adopts Ky; for C-H 
(0,80 e.V.)?, because the values determined 
from the latter is closer to the values inter- 
polated from M. Koiami and A. Amemiya’s 
Table2 than those from the former as shown 
in Table II. 

P,, 4P: Promotional energy P is equal to 
P)+2a4P, where Py expresses the promo- 


tional energy from the ground state to (s’o?- 
az’), and 4P expresses the energy from 
(onn’?) to (so?xx’2) whose values are Po= 
O6MEV] VAP=16;49'6.V 2 

R.E.: Resonance energy of HO will be 
mainly the ionic resonance energy. Pauling’s 
electro-negativity scale? was used as values 
of resonance energy. R./.=1,4°x 2=3,92 e.V. 
It may certainly be said that resonance 
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Table IV. Components of D of H,O at v=0.7, A4g=1.16 and »=40° with R/ay as variable. 
Rian | 2X Bn | (1+ 8”) Yon | 2XGrn | 3Vnn | (B+a") Kon Ie | RH | “ D 
1.0 | 15.64 | 8.43 7.64 2.84 5.81 [Ui 5.55° 0) 8: 02 nce 
yee = eye | 6.65 5.30 29 4.89 | beoo 3.92 | 4.66 

| | | | 

Va | Wo.t4e Delis | <aipists 1.64 4.06 Deo | 3.92 | Wel? 
1.6 14.54 | 3.91 2.38 Te22, Boeait BED 3.92 8.67 
1.8 13.78 2.98 1.58 0.88 Dae kish ROD 3.92 9.28 
210) 12.94 2.20 hg) 0.63 2.00 DBS 3.92 9.38 
Dee 12.00 1.64 | 0.76 0.44 52 555 3292 | 9.05 
24 fh 10.99 1.19 | 0256 OeaD 1214 | ab: | 3.92 | 8.45 
2.6 10.00 0.89 | 0.40 0.21 0.89 | Bob: | 3.92 | CAS 
2.8 9.04 0.62") 0.24 0.14 0.63} 5.55 || "3:92 st aes 
3.0 8.10 0.45 0.20 0.09 0.48 SEDO 3.92 | 6.21 
Table V. Components of D of HO at v=0.7. A,=1.16 with » as variable. Here, maximum 


o | | 2X, | +8")¥on 2¥in |: 4¥en (G4a%\Ken | Pee 
0° | 16.96 | 0.48 3.58 0.84 5.12 17.16 3.92 3.94 
10° | 16.90 | 0.58 3.58 0.88 5.04 16.65 aro "ae asia 
20% | 16.0408) 0162 2.38 | 0.87 3.88 14.97 3.92 5.20 
30° | 15.68, | 1.41 2.38 0140087 alan 3:61 11.66 3.92 | 6.89 
oe | 714.500 1:65 PoseicOn7t NLS a 9.08 3.92 8.09 
ape | 42,948" -2:90 1.10" 10"0.63 M82. 00 5.55 3.92 9.38 
45° | 6.90 | 1.81 O;2805 0019. Ve2.0.60 0.67 3.92 8.51 


energy will be a function of the bond angle. 
Subsequenly, the author calculated the re- 
sonance energy by using Mulliken’s absolute 
electro-negativity,” but the results did not 
comply with our expectation. 

The dissociation energy was calculated 
under each of the following conditions, name- 
ly a= 0% 10°; 20°F "307s 35", 407 845° rand 
R/anz=1.0, 1.2, 1.4,----, 3.0 where ag is the 
Bohr radius. Here, calculations were carried 
out for three pairs of »v and A,, v=0,55 and 


AL IO, peESOky sich Al=aalG einel mas) es 
and A,=1,25. These values are tabulated in 
Table HI. The maximum values of D are 


970 eV. at v=0,55 and A,=1,07, 9,38 eV. 
ai, y= Gieel 4GeaiG, incl Oily EW, ale we 
0,85 and A,=1,25. Since the true maximum 
values could be expected somewhat larger 
than these values owing to the discrete values 
of w and R/aaz chosen for the calculation, the 
most probable constants lie somewhere around 
v=0,7 and A-=1,16 in view of the experi- 
mental value 9,54 e.V. as D. This result 
agree with that of Mulliken. This condition 
corresponds to »=40° or bond angle of 100°, 


and R/az=2,0. These are very close to the 
experimental values 104,5° and 1,81 under 
the approximation used. Tables IV and V show 
the values of the components of D. Table IV 
is composed by varing R/ag for v=0,7, Ac= 
1.16, and w=40°. Values of terms in Eq. (10) 
which give maximum D’s for given values of 
w are tabulated in Table V, whereby the two 
constants vy and A. are chosen equal to those 
of Table IV. These values are in accord with 
the expected ones. 


$4. Dissociation Energies of F,O 


Dissociation energies of F.O are calculated 
using Slater type atomic orbitals, wherein the 
configuration of electrons of F is assumed to 
be 1s)? 2s)? po)! pz)® Per)? or kv)? sr)? ov)! mx)? 
mr). These energies are formulated by the 
30 terms which are tabulated in the Table VI. 
The subscripts of terms appearing in Table 
VI are the same as those in Eq. (10) for oxygen, 
and those of fluorine denote the same state 
as mentioned above. 

The mean ionization energies of each term 
are as follows: 
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The proportional constants of A’s are deri- 
ved from Aw of C-H for Kie,, Kay, Kepuys 
and from Mulligan’s Az. of C=O for others. 
| The values of R.E. are equal to 0.5? x 2=0.50 
e.V. by Pauling’s electro-negativity scales”. 

The results are tabulated in Table VII in 
which the empirical constants v, A, and Az 
‘are put epual to 0.7, 1.16 and 1.53 which 
'were expected to be the most probable values 
hin §3. The maximum dissociation energy 
|(5.62), its bond angle (w=43°), and R/ax 
-(=2.8) are close to the experimental values 
| D=5.08, which is derived by doubling the 
value of Pauling’s F-O bond energy, and w= 
40° and R/az=2.66. And at last, the com- 


TableiVI. The terms and their coefficients for D of F.O. 
| E | * lie 7 = = — : i 
Term Coefficient | Term | Coefficient Term Coefficient 
| | i 
X por +2 | Yupkr —2 WEG ea +2(3 +0!) 
Yesp | =2 I eae —4 | ES en +2(3+a/*) 
Vere =—2 | Yuror — 2(1+sin*w) eee + (8-+a!2) 
Ves —(1+ 8”) Ye pee —2 | Keay zeal 
Yosp —2(1+ 7) | Ysror| —2(1+sin2w) | Kipap | +2(1+cos’w)+4 
| Yory = 2(1 +B!) | Yeror| —3(1+sin’w)? | Kspaep| +2(1+cos?w)+4 
Yiow | =2 | Aaa — {$1 +cos?w)? + 2} | iG a +(1+sin?)(3+-cos?w) 
Yisp | —4 Kap +8 Kapat,| +2(1+cos?w) 
Yrrp —4 Wesone +4(1 +87) P yet 
Yup | —23+a") Ker, +2(3+0!) | RE. +1 
ee ee as 7=23.05 eV. ponents of D are tabulated in Table VIII, whose 
a values correspond to the case of w=43°46’, 
Merer,r, Yory; 1=358.6 e.V. 
Bee Ya F283 48 V. $5. Conclusion 
Ves. : T=6PY c.V. Although it may not be complete to derive 
FP . . 
y..,.,: T=696 e.V. a comclusion with not more than two ex- 
ex : amples, H:O and F.O, the dissociation energy 
Yiysy; 1=360 e.V. of a polar molecule of the type A-O-A may 
i en Cs aa be computed at least to a fair approximation 


by applying M.M.F. with the aid of Pauling’s 
electro-negativity scale. This is justified by 
the fact that the values of components of 
each D’s obtained by the above mentioned 
process agree well with the expected tenden- 
cy, which implies various interesting aspects. 


Acknowledgement 


I wish to express my indebtedness to Pro- 
fessor R. S. Mulliken for many useful sug- 
gestions, and also to Professor S. Mito for 
his helpful discussion. I would like to ex- 
press my thanks to Miss M. Mito, Miss E. 
Mito and Mrs. Aoki who helped in numerical 
calculations. 


Table VII. The dissociation energies of FO. 

Sal 0.5 | 0.4 0.2 | 0.0 

@® |) ee35ede > || 39°83? 43°46! 45° 
abond Angle 109°32" —|—=—«100°56” 93°28) 90° 

jay | 

2.0 46.71 5.36 ~5.64 9,36 
2.2 —1.88 +0.15 +.0.99 41.59 
2.4 40.18 2.42 4.32 2.80 
2.6 0.41 3.12 5.47 4.73 
2.8 0.07 2.68 5.62 5.30 
3.0 0.87 1.82 5.04 5.17 
3.2 3.67 =0.76 4,23 4.59 
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Table VIII. The components of D for FO. 


| 2 Opeliuneees) (G24) Miers | 2.8 | 3.0 heaee 
14.54 | 13.58 | 12.30 | 10.74 | 9.30 | 7.76 | 6.36 
| 6.96 | 4.88 |) 3,28 |, 210" 1.325) O.c0m 1m Oeae 
/ 1.90 | 0.94 | 0.46 | 0.24 | 0.12 | 0.06 | 0.02 
| 2.97 +1757 Tt.04. |, O65: | 0.41) | 0; 7oanno nts 

4.23 }2166- 1 1.6L.) 0698 | 0.55) Ost navon2n 
| 0.47 10.28 1.0.12. | 0104 |° 0.04 |) O00 2.0.00 
| 0.98 | 0.44 | 0.20 | 0.10 | 0.04 | 0.02 | 0.00 
0.68 | 0.32 0.16 0.04 | 0.04 | 0.00 0.00 
| 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 
| 4.62 2.68 1.46 0.79 0.43 OB Oe 

0.00 0.00 0.00 0.00 0.00 0.00 0.00 
0.00 | 0.00 0.00 0.00 0.00 0.00 0.00 
| 0.03 | 0.00 | 0.00 | 0.00 |-0.00 | 0.00 | 0.00 
| 0.28 | 0.12 | 0.04 | 0.02 | 0.000 Ot00m oro 
| 0.71 | 0.33 | 0.12 | 0.06 | 0.03 | 0.00 | 0.00 
| 0.40 | 0.20 | 0.09 | 0.03 | 0.01 | 0.00 | 0.00 
| 0.03 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 
| 0.94 | 0.55 | 0.31™| 0.23 | 0.16 | 0.08, | 0.08 
| 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 
| 1<28..|'<0.85 | 0.55 | 0.30 | 90.18 | 80-127 Ol Oe 
|. 0.37 ..|..0.24 | O12" | 0.06 “)) 20.06" 10.00! 20-00 
| G:64|, 046. 40330 }aOeamnrar Tz 0.09 | 0.06 
| 1.52 | 1.08 | 0.72 0.447 | 0.28" 1° O16 4! 0-02 
| 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00°| 0.00 

0.07 | 0.07 0.00 0.00 0.00 0.00 0.00 
| 0.10 0.05 0.00 0.00 0.00 0.00 0.00 
| 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 
| 1.99 799 | 1.09) 1.99.) 1 :G0. | atch, iac9 
| 0.50 | 0.50 | 0.50 | 0.50 | 0.50 | 0.50 | 0.50 
ba5 64) oige. heaego: Slreasa7 sl steal etod 


Overlap Integrals 


The method of calculations of overlap 


integrals used in this paper is the same as 


where 


the one published in the previous paper® and 


R. S. Mulliken’s paper” 


The values of over- 
lap integrals between 2s 2p hybrid atomic 
orbital and others are tabulated. For overlap 
integral between orbits @ and 6, which is 
denoted by S(ab) are as follow. 


For Sk »B 


L=(Ha— Lv) (Hat Lo) , 
0=3(Hat Ho) Rian , 


LMa= Zan|n 2 


For Srg and Sy, <= —0.39. 


and Si,0, t=0.59. 


For Sons, Sono, Ss,e and S;,0, £=0.07. 


Caleulated Hnergy of A-O-A Type Molecules 509 


ables XS sS(UsSw et 0Lc9s 


o 0° o> | MO ZOE 252 | 308 a $5° |, 40° i 45° 
a | 0.7071 0.7044 peewee! 0.6812 0.6586 | 0.6255 | 0.5773 | 0.5049 0.3846 | 0.0000 
\8 0.7071 | 0.7098 | 0.7180 0.7321 0.7525 | 0.7802 | 0.8165 | 0.8632 0.9231 | 1.0000 
| | 
0.665 0.662 0.654 | 0.640 | 0.619 | 0.588 | 0.543 | 0.475 0.362 | 0.000 
765 763 Tol 1745 7/28 701 663 603 | 502 159 
816 814 809 800 | 786 (5001) (30 OSSualO 9 282 
814 813 809 | 803 | 792 T19 750 M3) S45) 356 
767 766 763 758 750 737 | 718 | 685 624 383 
738 737 734 730 | 723 | 712 | 694 | 664 | 608 | 383 
706 706 O25) COO 693" 6st 4 667 640 588 | 379 
672 672 670 | 667 OGL GOZME EE OSS 613 565 371 
637 636 635 632 626 | 618 | 605 583 539 | 359 
600 599 598 596 O91 | 584 572 BoA || Shih 345 


562 562 560 558 | 554 548 | 537 519 | 483 | 329 

524 523 523 | 520 518 511 | 503 486 453 312 

488 488 487 | 485 482 477 | 469 | 454 423 294 

417 417 417 415 412 | 409 402 390 365 257 

338 337 337 | 336 B94 | ost eo26 317 299 213 
| 


269 270 269 | 269 267 265 261 | 254 | ZA eli 
166 166 166 166 16a 164 162 158 | 149 109 
099 099 099 098 099 O97 N09 098 089 066 
058 058 058 058 057 | 057 057 056 Os | Ose 


| CNOO FPRWWW WNHNYND NRROSO 1S) 
COCO VNOODCNM CAMDEN COUNCUWOS 


Table Xs. Sis, O) = =0.29. 


fe |» 02 5° 10° 15° 20° 25° 30° 4 35° |) 40> 45a 

B 0.7071! 0.7098 0.7180 0.7321 0.7525 0.7802 0.8165 0.8632, 0.9231, 1.0000 
0. —a —0.7071 —0.7044 —0.6961 —0.6812 —0.6586 — 0.6255 —0.5773 —0.5049|— 0.3846) 0.0000 
0.0 |0.665 | 0.667 | 0.675 | 0.688 | 0.707 | 0.733 | 0.768 | 0.811 | 0.868 | 0.940 
0.5 541 543 552 568 590 G21) ky) Gol i |) 701 923 
1.0 418 420 430 446 470 | 504 | 549 611 | 697 872 
1.5 310 313 323 339 364 397 | 443 | 506 | 597 | 795 
20 225 228 236 252 276 | 307 | 351 412-500 701 
Dae: 196 198 207 222 245 275 S180) ote A62 660 
2.4 170 173 181 196: |) 217.19 247 | 287 B44 | 426 | 620 
2.6 148 151 158 172 | 192 | 221 | 260 | 314 392 | 580 
Ze) 12 |" 131 138 Polen ewe at97, 235 286 | 361 |. 541 
Sage lignite iid: |Z SSE ie 152 eT6 219 A260 SS nae 508 
S28 | 096 098 105 116 | 133 | 157 190 | 235 | 302 | 465 
Sa | 6 O82 085 091 101 118 1408) 9170 212 276 = 429 
3.6 072 074 079 090 104 125 153 194 253 396 
4.0 053 055 060 069 082 099 124 157 208 | 333 
4.5 036 037 042 048 059 073 093 | 120 162 264 
5.0 025 026 (029 034 043 054 070 093 | 125 208 
See. OLl ag. O12 014 018 023 030-040 054 074 126 
TO ee 005 007 007. 009 Ole O17 022 031 043 (074 
8.0 | 002 004 O04 1/7 COLT 006.1 ME CLO mili Oleh O17 ross 043 


Table XI. S(1s, @) #=0.59. 


0.2 3! 0.0 


a| 0.5 0.43589 | 0.4 0.3 
p ~~ B| 0.86603 | 0.9 0.91652 | 0.95394 | 0.97980 | 0.99499 | 1.0 
| = a = = = = —— 
P40 0.082 | 0.08 | 0.082 0.081 0.078 | 0.075 | 0.071 
12 0.044 | 0.044 | 0.044 0.043 0.041 | 0.040 | 0.038 
15 0.016 | 0.016 | 0.016 0.015 0.016 0.015 0.014 
20 0.004 0.004 0.004 0.004 0.003 0.003 | 0.003 
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Table XII. S(1s, O) #=0.59. 
ipl Aureeeos al" 6.9 0.91652 | 0.95394 | 0.97980 | 0.99499 | 1.0 
pe ee | 0.43589 | —0.4 08 022 0.1 0.0 
— m i = — — = = — = | = 
10 | 0.000 0.007 0.010 0.019 0.027 | 0.035 | 0.042 
| | | 
12 | 0.001 0.003 0.005 0.010 Geog TS ok ote) moana 
15 | 0.000 0.001 0.001 0.004 0.005 0.007 0.008 
20 | 0.000 0.001 | 0.001 0.001 0.001 0.002 | 0.002 
Table XIII. S(2s, @) 1=0.07. 
a| 0.5 | 0.43589 0.4 HA: 0.2 0.1 0.0 
| 
0 ~.8| 0.86603 | 0.9 0.91652 0.95394 | 0.97980 | 0.99499 | 1.0 
4.6 0.534 0.524 | 0.519 0.498 0.473 0.443 | 0.409 
5.0 0.464 0.456 | 0.451 0.434 0.413 0.388 0.359 
5.5 0.380 0.374 | 0.370 0.357 0.341 0.322 0.299 
6.0 0.305 0.301 | 0.299 0.289 0.276 | 0.261 0.243 
6.5 0.242 0.239 0.237 0.229 0.219 | 0.208 0.194 
7.0 0.188 0.182 0.184 0.179 0.171 0.162 0.152 
7.5 0.145 0.143 0.142 0.139 0.133 0.126 0.118 
8.0 0.110 0.108 0.107 0.105 0.101 0.096 0.090 
Table XIV. S(2s, O) t=0.07. 
—-B| (0.86603 0.9 | 0.91652 0.95394 | 0.97980 | 0.99499 | 1.0 
e\ -a | -0.5 ~0.43589 | —0.4 -0.3 —0.2 0.1 | 0.0 
4.6 | 0.106 | 0.145 0.165 0.219 | 0.270 | 0.316 | 0.359 
5.0 | 0.084 0.119 0.136 0.183 0.227 0.267 0.305 
5.5 0.059 0.087 0.101 0.140 0.176 0.210 0.241 
6.0 0.042 0.064 0.076 0.107 0.136 0.164 0.189 
6.5 | 0.030 0.047 | 0.057 0.082 0.105 | 0.127 0.147 
TO 0021 0.035 0.042 0.061 0.079 0.096 0.112 
Go. 0-01 0.026 | 0.031 0.046 0.059 0.073 0.085 
8.0 0.010 0.018 0.022 0.033 0.044 0.054 0.063 
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Table XV. S(2p,, 8) t=0.07. 


ye as ies 0.43589 0.4 | 0.3 | 0.2 0.1 0.0 

0 \B | 0.86603 0.9 0.91652 | 0.95394 | 0.97980 | 0.99499 1.0 
3.6 | 0.451 0.432 0.420 0.388 | 0.352 | 0.313 0.271 
4.0 0.471 0.456 0.446 | 0.418 | 0.386 ‘ 0.349 0.311 
4.4 0.464 0.453 0.444 O.40000| 0.991 . | 0.380. | “Gaaos 
4.6 0.455 0.444 0.437 0.414 | 0.387 0.358 | 0.325 
5.0 0.425 0.416 0.410 0.391 0.368 0.342 0.313 
5.5 0.375 0.368 0.363 0.348 0.329 0.309 0.284 
6.0 0.320 0.315 0.311 0.300 0.285 0.268 0.248 
6.5 0.265 0.261 0.259 0.249 0.239 |, 0.295 0.209 
7.0 0.215 0.212 0.210 0.203 0.195 0.183 O71 
7.5 0.171 0.168 0.167 0.162 0.155 0.146 0.137 
8.0 0.134 0.131 0.131 Oleg | One Tip ROas 0.108 
8.5 0.103 0.102 0.101 0.098 0.094 | 0.090 0.084 
9.0 0.078 0.078 0.077 0.078 | 0.072 0.069 0.064 


| 
| 
| 
| 


Table XVI. S(2p,, O) t=0.07. 


p 0.86603 eo 0.91652 0.95394 | 0.97980 0.99499 | 10 
p\ =a | —0.5 —0.43589 | —0.4 =0138 baci =O21 0.0 

Bel) O2237, 0.270 0.287 0.330 | 0.368 0.402 0.431 

4.0 0.193 Oa227 0.245 0.291 0.333 0.370 0.403 

4.4 0.154 0.187 0.205 0.251 | 0.294 | 0.331 0.366 

4.6 0.138 0.170 0.188 0.234 | 0.275 0.312 0.347 

Ded 0.109 0.140 0.156 Onigs 0.238 0.274 0.307 

5.5 0.081 0.107 0.122 0.160 | 0.195 | 0.228 0.257 

6.0 0.058 0.081 0.093 0.126 LO FI5G | 0.184 0.210 

6.5 0.040 0.060 0.070 0.097 W), WS 0.146 0.168 

1.0 O5029 0.045 0.054 0.076 | 0.096 CO) WARS) 0.133 

US 0.020 0.033 0.039 0.057 0.074 0.088 0.103 

8.0 0.014 0.024 0.029 0.043 0.055 | 0.068 0.079 

8.5 pe OL0 0.017 0.021 | 0.032 0.042 \ivyO2052 0.060 

9.0 | 0.007 0.013 0.019 | 0.024 0.031 0.039 0.045 
References 4) R.S. Mulliken: J. Chem. Phys. 2 (1934) 782. 
5) L. Pauling: “The nature of the chemical bond”. 

1) R. S. Mulliken: J. Phys. Chem. 56 (1952) 295. Cornell University Press. Ithaca, N.Y., 1940. 
2) R. S. Mulliken, C. A. Rike, D. Orloff and Hi: 6) Y. Aoki: J. Phys. Soc. Japan 7 (1952) 451. 

Orloff: J. Chem. Phys. 17 (1949) 1248. 7) R.S. Mulliken: J. Chem. Phys. 19 (1951) 900. 


3) M. Kotani and A. Amemiya: Proc. Phys. Math. 
Soc. Japan 22 (1940) Extra. 
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On the Theory of Quantum Liquids. | 


I. Surface Tension and Stress 


By Morikazu TODA 
Department of Physics, Faculty of Science, Tokyo University of Education 
(Received April 15, 1955) 


Pressure and stress of monatomic liquid is calculated by a modifica- | 
tion of perturbation method in which the boundary of the system is | 


subject to change. 


Wigner the expression becomes identical to classical stress tensor. 


If we use the phase space distribution function of 


The 


same method applies to the calculation of surface tension. The result is 


{-5,, 
om 2m j= 1 V2;? 


ile Dip ce; fi 


{{- X19” = £197 
n as 
0%, 

2ry2 


BiG 


r 2 2 
& if Oe 0 


UG 
9x5) sO *) : 


2 2(24) (zn) Be 0 Ty»)dx; dx» | 


in which o(x, x’) is the density matrix for the states with a definite 


liquid film with area A perpendicular to the z-axis. 


represents quantum effect. 


that the relation 


The first term 


And the second term is identical in form to 
the expression obtained by Harasima for classical liquids. 


It is shown 


1=|(P- Pr)de 


holds also for quantum liquid. 


Here P and Pr are respectively the 


pressure in the liquid and the pressure component tangential to the 


surface z=const. 
periments are also discussed. 


Introduction 


§1. 

Since the days of Laplace or more recently 
of van der Waals surface tension of liquids 
has been one of the main subjects of the 
theory of liquids. Born and Courant” applied 
Debye’s model of specific heat including sur- 
face vibration and obtained a quantum mecha- 
nical expression for surface tension which 
could explain its temperature coefficient. Bril- 
louin® considered the temperature variation 
of surface tension as caused by the pressure 
exerted by the surface waves, and taking the 
dispersion of wave velocity, the relation be- 
tween energy-density and pressure and the 
equipartition law into consideration he could 
explain the temperature variation of surface 
tension of classical liquids. Their ingeneous 
treatments successfully aimed the explanation 
of experimental laws such as Eétvés and 
Ramsey-Shields’, but could hardly be consider- 
ed rigorous. 

Passing through the thermodynamical treat- 
ment of Gibbs, approach from orthodox ways 
of statistical mechanics has been done by 


Surface effect on ideal gases and comparison with ex- 


Fowler», Kirkwood” and most recently by 
Harasima®”. Compact expression obtained by 
Harasima for classical liquids is of the form 


a \\Fae foe) 
adie ee dr, 


x JX, iz )dxX dx» - 


(Zi )n(Z2) 


(ly 
where 7 is the surface tension, ¢ the inter. 
molecular potential, gy the correlation function 
between two molecules; (2), m(z2) are the 
number-density at x,, x:, and the vapor-liquic¢ 
boundary is selected perpendicular to the z:- 
axis, and A is its area. 

We are now going over to derive the quan 
tum mechanical expression of surface tension. 
which will be of some value for the theory 
of liquid helium and for certain other pro: 
blems. Since the line of thoughout is quite 
analogors to that the author® took up tc 
formulate the quantum mechanical expressior 
of the virial theorem, we shall review briefly 
the latter treatment, and then we shall cal. 
culate surface tension in §3. Comparisor 
with experiments will be found in §§4 and 5 


912 
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where the effect of boundary surface on ideal 
gases is also considered. 


-§2. Stress Tensor 


Consider a system of N particles contained 
in a box. For simplicity we shall assume a 
cubic box of dimension 7. The Schroedinger 
equation for an eigen-value E is 


ane ae SS Viet s Oris) +} P=EV(x, y, 2) 
(2m iS Sj aon 
(O<z, y, z</). (2) 


We impose on # the boundary condition ¢==0 
jat the wall. Rewriting the variables as 
z2/(1+62), 

(3) 
and neglecting the higher powers of 62 we 
get the wave equation 


| he ; 
| ge SPetEseule 


2m 

% h? ; do 

On (es 2 Ve te 
a | mM A ~ & ari; 


| 


fee e—a/1+da), z>2/(1+6d2), 


Lo = Hove, U2). 
(4) 
with 


P(x, Y, 2)=( oes Y ; Z ) 
1+062 14624  1+02 
(0<2, y, Zz<11+02)) . 

(The boundary condition is g=0 at the wall 
of the enlarged box of dimension /(1+0A). 
Treating negative of the second term on the 
lett hand side of the above equation as an 
excess hamiltonian we can apply perturbation 
method. We get thus the energy shift caused 
by the enlargement of the volume, which can 
be written with normalized ~ as 


“| ae Gal ere OH, WES . doh 
a av |? x) m De 23 al 
x P(x)dx . (5) 


lIf we take the average of —0E/0V we achieve 
the virial theorem 


| 3 OF e-upet 
| P OV 
| Ste HIRT 
| Seca a RE (5 
ee ye ij py 
P 2 Tr} a a eS ee rote ) 
mm 3V TY px; x) 


(6) 
where p(x, x’) is the density matrix of the 
‘system. 

} It must be noticed that the above treat- 
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ment is irrespective of the symmetric charact- 
er of the system, i.e. it holds for Einstein as 
well as Fermi system, and that it avoids 
some of the unnecessary complexity in the 
discussion of the virial theorem. 

We can obtain the pressure tensor in a 
similar way, but instead of uniform deforma- 
tion we have to perform elongation and shear- 
ing deformation in this case. The result is 
i ie 0 se 


P=—— Tr 
V m 5; Vij Ori; 


Ox;,0X; i>j 


X (x, x)[Tr Ae op is (7) 


and the hydrostatic pressure is given by 
P=}(Pe2+Pyy+Pz) : (8) 
We must note that the pressure obtained 
above does not express the stress in the 
system, but it does express the force exerted 
on each side of the container. 
To get the stress in the system we shall 
calculate the equation of motion. The cur- 
rent density at r is, with normalized 0, 


Ho Tr S 


0 0 
5 = Bx; eet Os r) A ) 


Xj 
X 0(%, x"). (9) 
The rate of change of this quantity is easily 


obtained using the Schroedinger equation. 
The result can be written in the form 


i) 


o F+7-puu=P 0, 5=dnt66 , (10) 


where o, stands for the kinetic part of the 
stress tensor in the system and is given by 


Cu) — \-(Sn ——- wd (x5—¥) 
wm Ox; 
x( un ae u)+(5,) ma” er—r)h oe, xs 
tm OX; 2m 


(11) 
with the density o and the drift velocity u 
given by j=ou. And 
= \\ dpe m(x1)(x2)9(x1, r)dxidr . (11’) 
Z xy dr 
In the last expression we have made use of 
the expansion 
O(x,.—r)—0(xj—r)=—Pr- [rie{l—3rin-P+-°+} 
x d(xj—P)] , 
which was used by Kirkwood et al. in the 
theory of classical fluids. 
To establish the parallelism to classical 
stress tensor we make use of the phase dis- 
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tribution function of Wigner definen by 


f( )= LENS (ie 
IY, BP, =(=5) i 


x lexp(j, ¥ or VED) Ge OD & (12) 


then Eq. (11) takes the form (hereafter we 
shall assume the case u&0) 


1 |\ppiie—nircr, p)drdp , 


mM 


(13) 


OD a 


which is same in form to the classical formula 
for stress tensor and was derived by Irving 
and Zwanzig”. 

We see by comparison that the average 
value of o coincides with —P defined by Eq. 
(7). We may also define an alternative stress 
tensor 


mia | he rr dp ) 
a'(x)=| 7 Saugt = 


Y ar pees ee 3 
(14) 
This is the coarse-grained average of o and re- 


presents macroscopic value of the stress tensor 
UG Se 


$3. Surface Tension 


The free energy of the system of liquid 
and its vapor in thermal equilibrium can be 
written in the form 


FH=F,+Fy4+FowtFiotFiv ’ (15) 


where F and F, denote the free energies of 
the liquid and vapor in bulk, and Pun, Priv 
and F;, are the free energies of vapor-wall, 
liquidwall and liquid-vapor interfaces respec- 
tively. Surface tension is given by 
dFy, OF 

dA “0A” 

where A denotes the area of the liquid-vapor 
surface and the partial derivative means that 
the valumes of the liquid and the vapor as 
well as the areas of liquid-wall and vapor- 


r= (16) 


dE ae Or 0 
CE Nei (es 
dh ly ge 2 (av Ox ;2 
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wall interfaces are to be maintained fixee 
during the variation in the surface area 0} 
the liquid-vapor boundary. 

The mode of deformation which fulfils the 
above requirements is that adopted by Hara 
sima. We shall use it for our calculations 
We stretch a macroscopic film of liquid at ths 
middle of a cubic box of dimension /. Wi 
assume the coordinates along the sides of the 
cube and the liquid film with area 7? at z= | 
The width of the fiim d is small compared te 
the cube side /, but is large compared to thw 
range of interaction between molecules. Th 
remaining part of the box is filled witl 
satulated vapor. 

In order to perform the required variatios 
we rewrite the variables as 

z—2/1+6da), yoy, 2zo(1+62)z. (17 
This corresponds to elongation in the a-direc 
tion and at the same time contraction in thr 
z-direction in the same amount 64. Accord! 
ingly the liquid film is expanded in the 2 
direction, but the volume of the system anc 
are areas of the vapor-wall and the liquid 
wall contact are not changed if we neglec 
the terms higher than the second power witl 
respect to the deformation 64 and the rati 
d/l. 

We know physically and as a general rul 
that any macroscopic restriction imposed or 
a quantum mechanical system does not violate 
the thermodynamic nature of the system 
Therefore we select the set of eigen-state: 
which correspond to the system of liquid ane 
its saturaged vapor mentioned above. Let ¢ 
be one of these eigen-states; then from thi 
wave equation 


\-3 Vet iris) p= Ep , 


we can easily calculate the energy shift, whic! 
is 


The free energy of the total system is given by 


F=—RkT log 3) e~ 8/7 , 
BA 


and its partial derivative with respective to the area of the liquid surface tension 
liquid. During the deformation there occurs no vaporization nor condensation. 


= Z6an — mij" dp F 
oe Vij +a ed a or 
(19 

of the 


The surface 


tension of the liquid under saturated vapor is given accordingly by 


1955) 


It is well known that surface tension may 
be attributed to the stress distribution near 
ithe surface. In fact for classical liquids one 
has the relation” 


T =|(P-Ppae “ (23) 
where P and P; denote the pressure in the 
liquid and the pressure parallel to the surface. 

It is quite easy to see that an anologous 
relation holds in the case of quantum liquids. 
‘As a matter of fact from Eq. (11) we get, 


after integrating by part, 


r=— 4 \\\(o—or drdydz , (24) 

where 

O=})(Grr+Gyytzz) - (25) 
We may write it in the form 

aaa [PP r)az : (26) 
lwhere P’ is the macroscopic pressure in the 
liquid defided by Eg. (14) or 
| P!=—X G22! +dgy't+d2), (27) 
and 

Po =—622'=—6y - (27’) 


§4. Discussion 

| Experimentally we can except the quantum 
effect on surface tension only in liquid helium 
and hydrogen if we are concerned with mole- 
cular liquids, because other liquids solidify 
before the effect becomes appreciable at low- 
est temperatures. It was remarked that the 
calculated value of surface tension turned out 
to be too high in the case of liquid helium. 
This was clearly due to the quantum effect. 
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(20) 


| Here we have taken into consideration the fact that there are two surfaces, the upper and 
| the lower sides of the film, each enlarged by the amount /767. 
If we denote the density matrix of the film-vapor system by 


oxx')= OW FLET hy o¥ (30! cb ox) , (21) 
the expression for surface tension becomes 
Tr {2  ( =) 0} 
p=s i Am \d2 de)" S  ( (ara? db ded (22 
op Tr p al a © nin arg eee Mis)dxidxs | . (22) 


In Fig. 1 we have the plot 


ee Vee 

ho T, 7 

with molecular diameter c, depth of interac- 
tion potential ¢5 and critical temperature T,. 
We see the law of corresponding states of de 
Boer® exhibits the marked departure of liquid 
helium from classical liquids. 

Theoretical estimation of the quantum effect 
is rather difficult. We shall return to this 
problem in the next section, but here we shall 
be content with its order of magnitude. Since 
the main contribution will come from a few 
layers of molecules near the surface, we may 
assume that only the molecules on the first 
layer of the surface are different in vibration 
from other molecules. We may use Einstein’s 
model to descrive the vibration. The frequency 
of vibration tangential to the surface will not 
differ appreciably from that in the liquid, 
which we shall denote by v. The frequency 
of vibration », normal to the surface will be 
smaller than v. Therefore at lowest tempe- 


ratures 


Thus we may except the effect to be of the 
order 


2m 


OP se 


1 
ek ONY Ba he one 
az a $ft'« 


2, 


O 


b 


For liquid helium the characteristic tempera- 
ture G=hy/k is about 15.5°K, and (1/k)¢o~ 
10°K: the quantum effect will be 47*~0.78, 
which is of the right order of magnitude as 
is seen in Fig. 1. 


Ayer = = (7—Telass)~—RO/2b0 : 
0 
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0-6 


0-8 1-O 


T/Te 


Fig. 1. Corresponding states for surface tension. 
Dotted curve: calculated by Eq. (35). 
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| 
As we approach the absolute zero of tem 


perature the curve, suaface tension vs. tem] 
perature, becomes parallel to the temperature 
axis. This is in accordance with the thir¢ 
law of thermodynamics, because the deriva; 
tive of surface tension or free energy iJ 
entropy itself. 


$5. Surface Effect on Ideal Gases 


Consider an ideal gas contained in a finite 
volume. If the shape of the container is 
changed keeping the volume constant, we have 
the energy shift given by the kinetic term ir 
Eq. (18). The boundary condition has much 
to do with the actual value. For instance. 
for the boundary condition /=0 the surface 
tension of a Boltzmann gas is 


liga Ox? ayo | oe 


_NkT find 5. e _ Wn? :)f= exp (— pie ‘le 1| 
OP 8mkT12 SmkT12 8mkT17 
a blog £E ; oe) 28 
A Fe or Via toe ae ee 
We know that the level density of an ideal Comparing the equation with Eq. (28) the 


gas consists of two. part, i.e. 
HE)=Vsy/E +A, (29) 
where the first term is proportional to the 


volume V, and the second to the surface area 
A. sand ¢ are constants; 


s=2n(2m)3/2/h3 (29’) 
The constant ¢ can be determined using the 
expression for surface tension we have just 
obtained. In fact from Eg. (29) the partition 
function for one particle is seen to be 


Z= fertmrgeyae 


Da Na: Sia 
=v kT) a Cay. eee ) 
S( ay ine yar : 


(30) 
Surface tension is the derivative of the free 
energy ee ae and is given by 


[ae 31) 


constant ¢ is obtained; namely, for the bound- 
ary condition /=0 


ae as : (32) 


For the boundary condition 0¢/0n=0 (n= 
normal) we can proceed analogously, and obtain 


(32") 


We may combine these results in the form 

2027) 

nr yesea ee 
(eS Ores (333 


/ 


GUE )= 


which is identical to Husimi’s result.” 
We can calculate surface tension of Bose- 
Einstein gas and Fermi-Dirac gas using the 


level density given above. We get 
—__g% 2m(* EdkE | 


—rr 


1955) 


» with 


N= vs\" VE dE (34’) 


0 ev ta/kT=] ° 
For Bose-Einstein gas @ is zero below the 
condensation temperature TJ). Surface tension 
is continuous, but it has a kink at JT). To 
compare the result with liquid helium cohe- 
sion term is added and 

adx 


t= ry CRT |" (35) 
0 evte_] 


4 is shown in Fig. 1 in reduced units adjusting 
_ the value of surface tension at 0°K and T,. 


It will be of some interest to point out 
a possible surface effect on Fermi-Dirac gas, 
i.e. an analogue of de Haas-van Alphen effect. 


_ That is to say the pressure of an Fermi-Dirac 


gas oscillates in principle as the box is elong- 
ated in one direction keeping the volume con- 
stant. Unfortunately the period of oscillation 
is too small to detect. Only if the mass of 
the particle were quite small and the tempe- 
rature low enongh we may anticipate this 
effect. 
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According to Tengner’s study”, CoTe has 
a crystal structure of the NiAs type, all the 
voids in 


octahedral 


Introduction 


Magnetic Properties of Cobalt Telluride 


By Enji UCHIDA 
Department of Physics, Naniwa University, Osaka 
(Received April 11, 1955) 


Experimental results are reported of the magnetic properties of telluride 
of cobalt, CoTe,, where x is the molal content of tellurium. Measure- 
ments of the magnetization have been made over a range of temperatures 
between liquid air and 1150°C. The results of these measurements show 
that this compound, when stoichiometric, possesses a ferromagnetic 
The value of the saturation magnetization is 7.52 gauss per 
gram (0.252). Evidence was found of a magnetic transition with a 
sudden disappearance of ferromagnetism at about 1000°C. These 
characteristic magnetic properties are similar to those of MnAs studied 
by Guillaud. Increase in tellurium content decreases the saturation 
moment of this compound, and when is equal to 1.20 the compound is 
no longer ferromagnetic but shows a feeble constant paramagnetism 
which is independent of temperature. 


character. 


hexagonal tellurium 


cobalt atoms. 
the equiatomic composition. 


the closed packed 


lattice being filled by 
He has also found that there 
is a wide homogeneity range which includes 
If only half these 
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voids are filled, Cdl, type of the lattice results. 
This accounts for the formation CoTe., which, 
according to him, is formed continuously from 
CoTe by a partial loss of cobalt atoms from 
the structure. Some changes of magnetic 
properties are expected with this change of 
crystalline structure. However, reports on the 
magnetic properties of CoTe are yet very few. 
We can find only one which has been studied 
by Galperin and Perkalina® who made meas- 
urements on CoTe in the lower region of 
temperature below room temperature. The 
experiment described below were made with 
the object of investigating the magnetization 
asa function of composition in the interval 
1.00<#<2.00, and of temperature in the range 
between liquid air and 1150°C. 


§ 2. Experimental 


The compound CoTe, was obtained by- 
heating in vacuum (10-*mmHg) the mixed 
power of cobalt and tellurium, both 99.9% 
pure, with a desired proportion during 12 
hours at 1200°C. The product is a solid 
material with a silvery appearance. By x-ray 
diffraction measurements of the samples of 
various tellurium contents, we obtained i) a 
Debye-Scherrer pattern which is compatible 
with the NiAs crystal structure and the lattice 
spacings a=3.88 A and c=5.37 A, in the case 
of stoichiometric composition, ii) for the com- 
position in the interval 1.00<a<1.20, a pattern 
in which nothing different from the former is 
observable, 1i1) for the composition in the 
interval 1.30<*<2.00, a pattern with several 
split lines besides that which is compatible 
with the NiAs structure. 

The apparatus used for the magnetization 
measurements was a magnetic balance of a 
self-recording type.*) Variation was detectable 
to the extent of one percent of milligram, 
i.e., the precision of the magnetization meas- 
urements was usually +2%. A specimen of 
mass 7, when placed in an inhomogeneous 
magnetic field of strength HAH, experiences a 
force F, given by F=omdH/dz, where o is 
the intensity of magnetization and dH/dz is 
the gradient of magnetic field in the direction 
perpendicular to the field. The quantity dH/dz 
was determined by measuring a_ standard 
substance, nickel in the ferromagnetic case 
and the solution of the salt NiCl, or CuCl, in 
the paramagnetic case. The field gradient is 
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estimated to be constant over the working 
volume of the specimen because of the small-| 
ness of the mass of the specimen which is) 
usually less than fifty milligrams. Since the 
high fields used in our experiments appreciably 
surpass the possible demagnetizing field, the 
correction due to the demagnetization is con-| 
sidered to be unimportant”. Measurements 
of temperature were made with a copper-| 
constantan thermocouple in the region below. 
room temperature and with a Pt-PtRh one in 
the higher temperature region, the junction 
being located close to the specimen. Errors 
in the observed values of temperature are 
estimated to be less than +3°C. 


$3. Results 


Table I and curves in Fig. 1 represent, as 
a function of temperature, the magnetization 
of the compound CoTe of stoichiometric con- 
tent. They have essentially ferromagnetic 
behaviours though a sudden disappearance of 
ferromagnetism is observed at about 1000°C. 


Table I. Specific magnetization of CoTe. 
I (AS) o (gauss/gram) HT (oe) 
81 7.50 8400 
285 ha ” 
340 (550) ” 
434 7.44 ” 
605 et: ” 
733 WoeAl y 
855 6.84 ” 
954 6.25 y 
1062 6 15 Y 
1173 4.74 y 
1231 4.29 ” 
1270 2.49 ” 
1276 Magnetic transition 
1280 9.55 x 10-3 5650 
1286 9.80 x 10-8 ” 
1270 9.92 x 10-3 y 
1295 10.98 x 10-3 ” 
1325 10.94 x 10-3 " 
1375 10.94 x 10-3 ” 
1425 10.91 x 1073 y 
1449 


10.91 x 10-3 1” 


Fig. 2 shows the results of magnetization 
versus field intensity at various temperatures. 
As shown in this figure, the higher the tem- 
perature, the more easily the saturation is 
attained. However, the magnetization at room 
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Fig. 1. Dependence of the magnetization of CoTe 
on temperature, measured at various fields. 
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Fig. 2. Dependence of the magnetization of CoTe 


on field intensity, measured at various temper- 
atures. 


temperature increases so little for fields higher 
than 7000 oe that the magnetization at about 
10000 oe can reasonably be considered to be 
the saturation magnetization. From the data 
of Fig. 2 the saturation magnetization of the 
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Fig. 3. Dependence of the magnetization of CoTe 
on temperature in the region above the magnetic 
transition temperature. Solid line indicates the 
warming curve and broken line the cooling 
curve. 
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Fig. 4. Reciprocal of the molal susceptibility of 
CoTe as a function of temperature, in the region 
above the magnetic transition temperature. 


stoichiometric compound is estimated as 7.52 
gauss per gram, which corresponds to 0.25 
Bohr magnetons. Such a small value might 
suggest that the compound CoTe is either a 
ferrimagnetic substance or an alloy in which 
the magnetic moment of cobalt atoms is 
diluted by tellurium atoms. We shall later 
give some discussions on this matter. 

The magnetization-temperature curves, in 
the heating run, show an almost vertical 
drop which finishes at 1003°C; the residual 
magnetization after this transition is of the 
order of 0.1 percent. On the other hand, in 
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Fig. 5. Dependence of the magnetization of 


MnAs on temperature (after Guillaud). 
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Fig. 6. Dependence of the magnetization of CoTe, 
on field intensity, measured at room temper- 
ature. 


the cooling run, the transition in the reverse 
direction, i.e., the recovery of ferromagnetism, 
occurs at a temperature lower than 1003°C 
which varies according to the cooling rate. 
It finishes in an instant with some rise of 
temperature of the specimen. All magnetiza- 
tion-temperature curves in Fig. 1 are found 
to be reproducible except for a narrow region 
around the transition temperature in the cool- 
ing run. 

In the region above the temperature of 
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Fig. 7. The magnetization of CoTe, as a function 
of molal content of tellurium. 


magnetic transition, the dependence of magne- 
tization on field strength is linear (see Fig. 2). 
Fig. 3 shows the magnetization-temperature 
relation and Fig. 4 the characteristic feature 
of the reciprocal susceptibility-temperature 
relation, both in the temperature region in 
question. We note that the curve 1/x=/f(T- 
in Fig. 4 shows a feature which appears tc 
be somewhat similar to that characteristic of 


Table II. Dependence of the specific magnetization of CoTe, on field intensity, measured 
at room temperature. 
©=1.00 ee AO OS De el () os. IES Te 20 
G ° H o H o H o H o H o 

(oe) (@.m.u.) (0e) (e.m.u.) (0€) (€.m.u,) (oe) (e€.m.u.) (oe) (€.m.u.) (oe) (e.m.u.) 
9500 Key? | 9450 6.83 | 9540 Gn25 9450 3.56 9500 1.92 5690 7.45 x10-3 
9090 7.48 | 9120 6.82 | 9100 6.40 9050 3.58 9120 1.92 4950 6.55 x 10-3 
8450 30) | 8430 6.88 | 8400 Ga22 8450 3.49 8450 1.905 4050 4.93x10-3 
7460 7.28 7530 6.62 | 7410 6.02 7450 3.48 7530 1.85 2150) 8284 10m 
6680 7.06 | 6720 6.51 | 6780 5.92 6720 3.45 6750 1.84 1400 2.001073 
5100 6.64 | 5270 59.85 | 5370 5.38 5180 3.14 5270 16 

2870 4.89 | 2870 4.41 | 3200 4.22 3200 2.20 2870 1.40 


|) 1955) 


ferrimagnetics. 

The manganese compound MnAs has been 
shown, by Guillaud®, to have a magnetic 
transition and a charactiristic feature of the 
reciprocal susceptibilfty-temperature relation 
similar to those found in the present case. 
The curves for MnAs are shown in Fig. 4 
and Fig. 5 for reference. Guillaud has 
suggested that the compound MndAs is a 
ferromagnet and transforms into an antiferro- 
magnetic state at 45°C and then transforms 
into a paramagnetic state at 130°C. Results 
of the x-ray study on this compound, recently 
} reported by Willis and Rooksby®, have sup- 
ported this suggestion. The transition in 
‘CoTe seems to be similar to this interesting 
|thermal change of magnetic structure; how- 
}ever, further studies of x-ray and thermal 
analyses may be necessary for its definite 
}evidences. We note here only the following 
} facts: 

a) When we give a constant thermal input 
in the warming run, the temperature rise of 
the sample becomes remarkably slower near 
the magnetic transition point, a fact which 
suggests the existence of an anomalous specific 
heat associated with the transition. 

b) A Debye-Scherrer pattern compatible 
with the NiAs structure is also obtained with 
a sample which has been quenched from a 
temperature above the transition temperature. 


The behaviour of the magnetization curves 
‘for excess tellurium contents remains, as long 
-as x<1.20, the same as that of the stoichio- 
|/metric compound. However, the magnitude 
‘of the magnetization decreases with increas- 
‘ing tellurium content. Table II and Fig. 6 
‘show the dependence of the magnetization on 
field intensity for various compositions and 
Fig. 7 the magnetization-composition relation, 
or the saturation moment-composition relation, 
‘obtained from the data in Fig. 6. When z= 
0.95 (a cobalt rich composition), the magne- 
tization-temperature curve presents a Curie 
point at about 1115°C, which coincides with 
that of pure cobalt. This evidence shows that 
the sample of this composition consists of two 
phases, CoTe and pure cobalt. 

Fig. 8 shows the magnetization-temperature 
curves of the compound CoTe;,2)5 at various 
fields, and Fig. 9 the linearity of the field de- 
pendence of magnetization at various temper- 
atures. Similar results are usually obtained 
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for compounds of any composition in the 
interval 1.20<a<2.00. In this case, as shown 
by these figures, the compound is no longer 
ferromagnetic but shows a feeble paramagne- 
tism which is independent of temperature. 
Similar magnetic character has been found by 
the author in the cases of FeTe and NiTe. 
As we have noted in a previous paper”, it 
seems that this magnetic property is attribut- 
able to an alloyic character which certainly is 
present in this substance. 


H=|400 _ oe oA even 
t 


(000°C 
500 


Magnetization per gram, 6:l0* (gauss) 


1e) 500 
Temperature , T °K 


1000 


Fig. 8. Dependence of the magnetization of 
CoTe;,29 on temperature, measured at various 
fields. 
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Fig. 9. Dependence of the magnetization of 


CoTe;.») on field intensity, measured at various 
temperature. 


According to Tengner?, the lattice of the 
composition CoTe,, with 2 >1.00, contains 
holes or vacancies in every other plane of 
cobalt atoms and the lattice expands in the 
direction of the c-axis with increasing 
tellurium content but the homogeneous phase 
is retained. While we have obtained some- 
what different results from Tengner’s, we 
have observed no change in the diffraction 
pattern at any composition in the interval 
1.00<a<1.20. A distinct change with com- 
position, accompanied by several split lines, 
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was observed for «>1.30. These results may 
suggest a sudden change in the lattice spac- 
ing or in the structure at a composition in 
R20<e<30. 

It is possible to correlate these results with 
those obtained by the magnetic measurement. 
In the magnetization-composition relation (Fig. 
7) a sharp break is found at a composition 
approximately equal to that mentioned above. 
We regard the decrease of magnetization with 
increasing content of tellurium to be intimately 
related to the increase of holes in the crystal- 
line lattice. 


$4. Interpretation of the Mechanism of 
the Magnetism of CoTe 


In order to explain the saturation moment 
of CoTe, we consider two different states of 
cobalt atoms, (3d)? (4s)? and (3d)°, according 
to their positions in the structure. We suppose 
that the positions of these two kinds of cobalt 
atoms of different moment, of which one 
possesses three Bohr magnetons and the other 
one Bohr magneton, are analogous to the 
positions of holes and atoms in the NiAs 
lattice of pyrrhotite, Fe;Ss, determined by 
Bertaut®. The holes in pyrrhotite are replac- 
ed by the cobalt atoms of three Bohr 
magnetons and iron atoms by the cobalt atoms 
of one Bohr magneton. This supposition may 
be supported by the similarity between the 
crystal structures of CoTe, and FeS,”; they 
retain the NiAs type both in the range 
1.00<#<1.20, containing holes in the crystal 
lattice. We also suppose, as in pyrrhotite, an 
antiparallel alignment of the spins of cobalt 
atoms in successive plane layers perpendicular 
to the hexagonal axis. This supposition is 
supported by the striking smallness of the ex- 
perimental value of the saturation moment. 
In the configuration proposed here, we then 
readily obtain a saturation moment equal to 
a quater of one Bohr magneton per cobalt 
atom, in agreement with the experimental 
result. 

It is also possible to correlate this picture 
of the spin configuration with the variation 
in saturation moment with composition. As- 
suming that holes appear in the lattice of 
CoTe for an excess tellurium content by a 
partial loss of the cobalt atoms in the (3d)? 
(4s)? state, we can expect a linear decrease of 
the resultant moment. The zero resultant 
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| 
moment must then be attained at the com 
position CoTe:..s, while the present exper} 
ment gives a larger excess compositio 
CoTei.2 for vanishing resultant moment. 


§5. Conclusion 


The marked feature of the results of ths 
present experiment on the compound CoT4 
is its close similarity in magnetic propertie? 
to that of the manganese compound MnAs 
studied by Guillaud. | 

A more thorough understanding of the 
magnetic structure of the compound CoTé 
would, however, require further experiments 
such as the measurements of the thermal anc 
electrical properties and more detailed studies 
with x-ray. 
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On the Maze Domain of Silicon-Iron Crystal (1) 


By Soshin CHIKAZUMI and Kenzo SuzuKI 
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Mejiro, Tokyo, Japan 
(Received March 12, 1955) 
By using powder pattern technique, the maze-like domain which 


appears on the mechanically polished surface of Si-Fe crystal was ex- 
amined. The maze domain was found to be a sort of the closure domain, 


which transports the magnetic flux of the underlying domains. 


It was 


also found that the boundaries between these domains are zigzag-shaped. 


This is interpreted as a general character of 90° wall. 
between theory and experiment is good. 
also upon the magnitude of the internal stress. 


The agreement 
The degree of zigzag depends 
From this relation 


the internal stresses up to 360 kg/mm? was found in the vicinity of the 


scratch. 


§1. Introduction 


It is well known that the domain pattern 
of the ferromagnetic caystal, which has been 
polished by mechanical means, is a very fine 
and maze-like one. A number of investig- 
ators»:-®» had studied on this pattern, regard- 
ing it as a typical domain structure until it 
was found to be different from the inner 
domain structure. The domain patterns which 
correspond to the inner domain structure were 
obtained by Williams, Bozorth and Shockley” 
by removing the effect of mechanical polish- 
ing by electrolytic means. 

Although it is known that the maze domain 
is caused by influence of the mechanical 
polishing, detailed structure has not yet been 
known. In this connection the present in- 
vestigation has been made. 


§2. Specimens and Experimental Technique 


Specimens used in this experiment are the 
single crystals of 4% Si-Fe alloy with (100) 
surface, which were prepared by solidifying 
from the melt. The preparation of the colloidal 
suspension of magnetic powder and the method 
of electrolytic polishing were the same one as 
described by Williams, Bozorth and Shockley. 
The mechanical polishing was made with 
emery papers of 0/1, 0/2 and 0/3 and then 
with the colloidal powder of chromium oxide, 
and were sometimes followed by a_ light 
electrolytic polishing. 

In order to make a large maze domain, a 
strong scratch was drawn on the electroly- 
tically polished surface. This was made by 


using a ruling engine with a ball point pen, 
the diameter of which was.0.7mm. The pen 
was weightened by 1kg. The pressure given 
by the ball was estimated to be about 100 
kg/mm?. 


$3. Generali Feature of Maze Domain 


The typical types of the maze domain are 
shown in Figs. la, lb and le for various 
grinding conditions. They depend upon the 
direction of grinding». Their boundaries tend 
to run parallel to the <100> direction which 
is nearest to the normal of the grinding direc- 
tion. 

Since these boundaries are vague and broad 
as compared with that of the inner domain, 
we thought it doubtful whether they are true 
domain boundaries or nothing but the free 
poles which appeared on account of the un- 
evenness of the surface. When, however, the 
specimen was annealed 2 hours at 850°C in 
hydrogen atomsphere, the maze domain as 
shown in Fig. 2a disappeared and instead of 
this the inner domain appeared on the same 
surface (Fig. 2b). It was verified by this that 
a maze pattern is caused not by the uneveness 
but by the internal stress of the surface. 

In order to measure the depth of the strain- 
ed layer, the surface layer was removed by 
means Of the electrolytic polishing and the 
variation of the patterns was observed (Fig. 
3). The depth of the removed layer was 
estimated by measuring the reduction of 
weight. No substantial change was observed 
until the depth of removed layer amounts to 
about 6 microns (Fig. 3a). Further polishing 
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In order to investigate more details of the 
structure, the authors stadied on the large 
maze domain which appeared along the strong 
scratch made by ball point pen. The method 
was described in § 2. Figs. 4a, 4b, 4c and 4d 
show such patterns for two kinds of the 
scratching directions. One of the important 
knowledges obtained from these patterns is 
that the boundaries are zigzag-shaped. It was. 
also found by a careful observation that the 
usual maze patterns have also the zigzag 
boundaries (Fig. 5a). This is the reason why 
they appear as undefined lines when they 
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Fig. 1. Maze patterns for various grinding con- 
ditions: a. grinding at random; b. grinding 
along {; c. grinding along \,. 


destroyed the greater part of the maze patterns 
leaving those along the traces of strong 
scratches (Figs. 3b and 3c), and finally the 
regular patterns of the inner domains appeared 
(Figs. 3e and 3f). Some irregular boundaries, 
small spikes or tree domains remained along 
the traces of strong scratches. The depth of 
the strained layer was estimated to be from 
9 to 15 microns, depending upon the degree 
of grinding. 
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Fig. 2. Maze pattern (a) disappeared by the 
annealing for 2 hours at 850°C and inner domain 
appeared on the same surface (b). 


collect too much colloid (Fig. 5b). 

The neighboring boundaries of the maze 
domain have the magnetic free poles of dif- 
ferent signs. This was known from the fact 
that the colloidal particles diffuse out of every 
other boundaries when the magnetic field was 
applied vertically to the surface. These _be- 
haviors are reproduced in Figs. 6a and 6b. 

By using the scratch technique described by 
Williams, Bozorth and Shockley”, the direc- 
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Fig. 3. Variation of maze pattern due to electropolishing. Thickness of the removed layer 
IS OL O Ohm wlO Cl omc LOD Zsa microns respectively. 
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Fig. 4. The large maze domains appear 
c and d, a scratch is in <110>. 
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Fig. 5. Fine structure of usual maze pattern: a, with diluted colloidal Suspension; b, with 


dense one. 


1955) 


Conner 
eae “a be: 
Papo tah ey 
# a = 3& we 
BRPR ES BA ors = 
ee a ens 
BK SAR RES ges . 
ps <é —— 
MBE ew ea aK ie 
Wan es 


(a) 
Fig. 6. 
vertical field. 


tion of magnetization was determined. Fig. 7 
is a picture of the large maze domains con- 
taining many fine scratches made by fine glass 
fibres. It is known that the scratches are visible 
as black lines at the places where they are 
parallel to the magnetization and are invisible 
where they are perpendicular. It is concluded, 
therefore, from Fig. 7 that the direction of 
magnetization is normal to the zigzag bound- 
ary. Furthermore it was observed that the 
neighboring pairs of the zigzag boundaries are 
connected by the 180° boundaries at their ends 
near to the scratch (Fig. 8). This means 
that the sense of the magnetization differs by 
180° across the zigzag boundary as indicates 
by the arrows in Fig. 8. 

T. Soller® have observed that the maze 
boundaries rotate to the normal of applying 
tension, and concluded the same distribution 
of magnetization. We could not, however, 


- accept this conclusion without any doubt, be- 


cause his conclusion was made without any 
consideration about the presence of the under- 
lying domain, which may have some influence 
on the surface domain. 


§4. The Structure of Maze Domain 

The domain structure described above seems, 
at first sight, to have a large magnetostatic 
energy. We can, however, understand the 
stability of this structure by assuming the 
presence of the underlying domains which 
have magnetization vectors normal to the 
crystal surface (Fig. 11) The magnetic flux 
of these domains can be transported by the 
surface domain so as to reduce the surface 
free poles. 
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Fig. 7. Large maze pattern containing the fine 
scratches made by glass fibres. Colloidal 
particles are attracted when the scratch is 


normal to the magnetization. 
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Fig. 8. The zigzag walls are connected by 180° 
wall at their ends. The arrows indicate the 
directions of magnetization. Partially retouched. 


There is a direct evidence in believing the 
presence of such underlying domains. Fig. 9 
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Fig. 9. Domain pattern at the side surface of 
the crystal. The groove in the upper edge was 
made by pressing a knife edge onto the surface. 


Fig. 10. Variation of tie width of the large 
maze domain. Vertical field was applied. 
(Retouched). 


Fig. 11. Illustration of the structure of large 
maze domain caused by a strong scratch. 


shows a domain pattern on a side surface of 
the crystal. The groove at the upper edge 
was made by pressing a knife edge onto the 
upper surface. There appear many domains 
surrounding a pressed position, some of them 
being vertical to the upper edge. 
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These underlying domains may be caused | 
by the internal stress made by the scratches. | 
We can estimate the magnitude of the 

internal stress by calculating the domain > 
width. Since the component 7... of the stress 
tensor favors the underlying 2-domain and) 
disfavors the closure y-domain (Fig. 11), it | 
makes the width of these domains smaller. 

On the other hands, the reduction of the | 
domain width is necessarily followed by an | 
increase of the wail area. By minimizing the | 
sum of the magnetoelastic and the wall ener- | 
gies, we obtain the width of the maze domain 


Somes 1/2 
D2 ae (1) } 
G. 7) 


where ow : surface energy of wall, 
L_ : depth of the underlying domain, 
Aion: coefficient of magnetostriction, 


fee 


the mean value of stress in the 
closure domain. 

The derivation of Eq. (1) is given in Appendix 

A. 

Now we shall estimate the value of T:z 
for Si-Fe, in which 2 o=25x10-° and 
6w=1.4erg/cm?. For mechanically polished 
surface D is 1.5~2.5 microns as is known 
from Fig. 1 and Z=10 microns as is proved 
by the experiment of Fig. 3. Putting these 
values into Eq. (1) we have Tz,=70~25 
kg/mm?. In the case of strong scratches D=10 
microns and L=0.2 mm as is estimated in Fig. 


42 


9, so we have T,,=32kg/mm?. Discussion 
about these values will be given in § 6. 

Eq. (1) also predicts that the domain size D 
may increase with an increase of the distance 
from a scratch because of a decrease of Ty 
and of an increase of Z. In fact such varia- 
tion of domain size takes piace as shown in 
Fig. 10. 


§ 5. 

The zigzag character of the maze boundary 
may have the following two origins. The 
first is the general character of 90° wall that 
its wall energy depends upon its orientation. 
The other is related with the magnetostatic 
energy of the free pole which appears onthe 
wall. 

It would be important to point out that the 
90° wall can change its orientation even under 
the restriction that the normal component of 
magnetization should be constant across the 


Zigzag Boundaries 


| 


| spin in the wall plane (Fig. 13). 


1955) 


i wall (Cf. Fig. 12). No free pole, therefore, 
appears on the wall even after the wall is 
deformed zigzagwise. It turns out, however, 
_that the wall energy does change its value 
-when the orientation of the wall is changed. 
The energy of 90° wall per unit area is given 
by 


%2 
9G, ¢)'"d¢ , 
Py 


Ow=21/A sin o\ (ez) 
where g(@, ¢) is an anisotropy energy, @ being 
the angle between the normal of the wall and 
the magnetization and ¢ being the azimuth of 
The calcula- 
tion is given in Appendix B. 

The energy o~ is plotted in Fig. 14 as a 
function of the orientation of the wall ¥, where 


| 2¥ means the angle between the neighboring 


strips of the zigzag surface. This variation 
of the wall energy is mainly caused by the 


} variation of the azimuthal range of the spin 


rotation in a wall plane, ¢.—¢. 
The energy per unit area of the average 
plane of the zigzag wall is then given by 


Ow 
Uy = — mica 
sin ¥ 


(3) 


It would be interesting to note that the 
function U.(¥) has a minimum at a finite 
value of ¥ (Fig. 14). It is, therefore, conclud- 
ed that the stable configuration of 90° wall 
is not a plane but a zigzag surface, even 


without any other cause. The stable configur- 


ation corresponds to #=62°. In order to 
compare with the experiment, we had better 


_ translate it to the angle w i.e. the angle be- 


tween the adjoining segments of the zigzag 
line which we observe on the crystal surface 
(Cf. Fig. 11). We shall call it the zigzag 
angle. The relation between w and ¥ is given 


by 


o tan¥’ 
ta —— = 


Wt 2 ee 


or approximately 


@=Z2099 —Z9.1 (4a) 


Putting %=62° into Eq. (4), we have o=106°, 
which gives a stable zigzag angle. 

This result was confirmed by the experi- 
ment. One may find in Figs. 4, 6 or 8 the 
zigzag angles from 103° to 109° distributed at 
the regions far from the scratch. The varia- 
tion of w along one of these zigzag lines are 
shown in Fig. 15 as a function of distance 
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from a scratch. 

It would be interesting to remark here that 
the value 106° is a general constant for the 
cubic ferromagnets with <100> easy direction, 
being independent of the magnitude or the 
functional form of the cubic anisotropy. This 
is because the variation of the wall energy is 
caused mainly by the variation of the azi- 
muthal range of spin rotation. 


i) 


Fig. 12. Configuration of 90° wall between x and 
y domains. Normal component of magnetization 
is constant across the wall as far as a normal 
of the wall is in (110) plane. 


Fig. 13. Directions of spins on both side of the 
90° wall. 


The variation of the zigzag angle may be 
caused by the free pole which appears on the 
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wall. Firstly we shall estimate the magnitude 
of the free pole. The internal stress T;, may 
favor the underlying domain and disfavor the 


x /KA ERG/cnt 
3S 


t 


— > WALL ENERGY 


O 30 60 90° 
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Fig. 14. Energy of 90° wall as function of wall 


orientation VW. o, is an energy per unit area 
of the 90° wall, whereas U,, is an energy per 
unit area of the average plane of the zigzag 
surface. 
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Fig. 15. Zigzag angles w» observed along a zigzag 
boundary. An approach to 106° is in good 
agreement with the theory. 7’, is a theoretical 
value of the internal stress derived from the 
deviation from 106°. 


Fig. 16. 


Zigzag wall in w-y plane. 
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closure domain, thus it makes the depth ol 
the latter smaller. Then the normal com) 
ponent of magnetization of both domains ar 
not continuous across the wall and accordingly 
the free pole appears on the wall. The sur: 
face density of this free pole, 7, can be solved 
by determining the shape of the closure 
domain. By minimizing the sum of the 
magnetoelastic and the magnetostatic energies 
(Appendix C), we have | 


| 


(5). 


Ax00 Lex 
m=0.18 I. ; 

The relation between m and T,z given here 
is directly verified by observation. Namely it 
is observed that the colloidal particles are 
attracted more densely at the wall near to the 
scratch, showing the presence of the strong 
free poles there (Figs. 4, 6 and 8). 

The free pole calculated here is not changed 
when the wall is deformed zigzagwise. This 
is easily proved by Gauss’s divergence theorem. 
The magnetostatic energy of this free pole, 
however, may be reduced by this deformation 
of the wall, for in that case the free pole is 
diluted in the larger area. The magnetostatic 
energy is calculated as a function of angle ¥ 
in Appendix D, which gives 


7IN7C 77 
wae ay aso ( aaa » ) 
8tan VY 12 tan? Y 
fOr v5 54 
=— °C for ¢<57.5°)9°C69 


where c is the amplitude of zigzag (Cf. Fig. 
16). The function of Eq. (6) is also shown 
graphically in Fig. 17. 


Fig. 17. Variation of magnetostatic energy asa 
function of zigzagness of the wall. Dotted lines 
are approximations. 


When the internal stress is present, the 
zigzag angle decreases from 106° so as to 
decrease the magnetostatic energy. The angle 
realized in this case is given by minimizing 


| 1955) 


the total energy 

| U= Uw+t U mag 
| where Uw and Umsg are given by Eqs. (5) and 
i (6) respectively. For %~¥)=62°, they are 
| expressed approximately by 

im U..=const.+6.73x WAN / IGA C=—F >), () 
: Umag= const. —1.23 x 10-‘92cV?, Go) 
‘Then we have 


Ce 


GSKA 


= eZ sie 1 
6.737/I A +1.23m?c we 
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By using Eqs. (4), (5) and (10), we can solve 
| the zigzag angle w as a function of internal 


fstress T,,, thus for 4% Si-Fe 
Es 

| Pen =492y/ Fo—¥ 

| Vv 


(kg/mm?) (11) 


— Ono—-@ 

492)/ o+25.1 
‘The function of Eq. (11) is also shown 
‘graphically in Fig. 18. 

Using this relation we can estimate the 
}magnitude of the internal stress from the 
fobserved zigzag angle w. An example is 
given in the curve in Fig. 15 which shows the 
variation of the internal stress as a function 
of the distance from the scratch. The decay- 
}ing character of this curve is quite reasonable. 
Discussion about the magnitude of the stress 
will be given in § 6. 


§6. Conclusions and Discussion 


Experimentally the following points were 
concluded: 

(1) The boundaries of the maze domain 
are perpendicular to the grinding direction. 

(2) The internal stress is prerequisite to 
‘the presence of the maze domain. 


(3) The depth of the strained layer is 5~15 
microns, depending upon the degree of grind- 
ing. 

(4) The shape of boundary is zigzag, its 


way being emphasized at the place where 
the strong internal stress prevails. 

(5) The magnetic free pole at the bound- 
aries changes its sign from boundary to 
boundary. 

(6) The direction of magnetization in the 
maze domain is perpendicular to the boundary 
and differs by 180° with that of the neighboring 
domains. 

Theoretically the following conclusions were 
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obtained: 

(1) The model as shown in Fig. 11 is con- 
sistent with the facts (1), (2), (5) and (6). 
Using this model the size of domain was 


calculated. In order to explain the observed 
size, the internal stress 25~70kg/mm? is 
necessary. 
kg/m 
400 
Txx 
300 
200 
100 
O 
20 40 60 80 100 =120 
Ww 
ZIGZAG ANGLE 
Fig. 18. Relation between internal stress Tr 


and zigzag angle w. 


(ii) The surface energy of 90° wall depends 
upon the orientation of the wall. The stable 
configuration of 90° wall, therefore, is zigzag, 
whose neighboring segments forms the angle 
o=106°. This is in good agreement with the 
observed value 103°~109°. 

(iii) The prism-shaped domain becomes 
flatter at the place where the strong stress 
prevails. This results in an appearance of 
the free pole on the wall. The relation be- 
tween the intensity of the free pole and the 
magnitude of the internal stress was qualita- 
tively verified by experiment. 

(iv) The zigzag angle is influenced by the 
presence of the free pole on the wall. The 
variation was calculated as a function of 
internal stress. By using this relation 
magnitude of the internal stress was estimated. 
It was found that the stress amounts to 370. 
kg/mm? at the region about 0.02mm distant 
from a scratch. 

It should be noticed here that the stress 
obtained from zigzag angle is not inconsistent 
with the value obtained from the domain 
width, for the latter is a mean value over the 
whole range of unit maze domain. When the 
stresses obtained from the zigzag angle are 
averaged along one domain (Cf. Fig. 15), one 
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obtains the value 93kg/mm?, which is con- 
sistent with that obtained from the domain 
width. 

Although the residual stresses are usually 
compared with the yield strength, it must be 
recalled here that the yield strength may 
correspond not to the upper but rather to the 
lower limit of the internal stress. It may not 
be strange, therefore, that the stress larger 
than the yield strength are concentrated at 
some regions in the material. Since a direct 
calculation of the residual stress is very 
difficult, we cannot compare the result with 
theoretical one. Further we do not know 
any other experiment which furnishes any 
informations about the magnitude of the re- 
sidual stress (not the residual deformation) in 
such a small region as in this case. 

Although the stress obtained here may not 
be very accurate because of the approxima- 
tion used in the calculation, it may be not 
far from the truth, because the results of the 
several calculations are consistent with each 
other. Anyhow it may furnish a useful method 
for the study of the magnitude or microscopic 
distributions of the residual stress. 

Further investigation has been made on the 
special type of maze domain and its response 
to the application of field or tension. These 
results will be published in the near future. 
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Appendix A 


Calculation of the Size of Maze Domain 


The difference of energy between x- and 
y-domain in Fig. 11 is given by 
P2503) D7 ton, Lena (A.1) 
where T,, is the component of the stress 
tensor. This energy does not depend upon T-,, 
although it is necessary that the sign of 
latter is negative (compression) in order to 
make the zigzag boundary run vertically toa 
scratch. The magnetostrictive energy per 
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unit area of a crystal surface is 
Wei=(3/8)atooT xeD , 


where PD is the width of y-domain and T 
is the mean value of T,, over the surface « 
90° wall. On the other hand the wall energ 
per unit area of crystal is | 


Wroatt = oA Gy, , 


where £ is the depth of z-domain. 
energy 


| 


(A.| 


(A.: 
The tote 


W= Wert Wwert (A.4 

is minimized by the condition 
OW/oD=0, (A.s 

which gives the stable width 
D=(86eL[34100 Lee). (A.¢ 


Appendix B 


Dependence of the Surface Energy of 90° 
Wall upon its Orientation 


Exchange energy stored per unit volume i 
expressed by 
Sex=AlVar)?+(VaryP+QVas)], (Bl 
where (a1, @,@3) is the set of directio: 
cosines of spin and 
A=2JS/a (B.2 
for body-centered cubic crystal (Cf. Kittel 
Ds G20). 

Now we put the wall into 2-y plane and ex 
press the direction cosines of spin by the pola 
coordinate (Cf. Fig. 13) 

a,=sin 0 cos 
a@,=sin 6 sing (B.3 
a3=Cos 6 


Assuming that the normal component o 
spin is continuous across the wall i.e. 


a@3=const. ; (B.4 
so that Eq. (B.1) becomes 
fox =A sin’0(0¢/6z)? . (B.5 


The wall energy per unit area is then 
va=| (a9, g)tA sint0( 2°) ae = Uae 


where g(6, ¢) is the anisotropy energy. (2 
is to be determined by solving the variatione 
problem, which leads to the Euler equatio 
and finally to 


99, ()=A sin*0(0¢/dz» . (B.% 
Then Eq. (B.6) becomes 


— 0° 
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St ?2 
Ow=21/A sin*o| gO, ede . (B.8) 


Ll 

For 180° wall 6=z/2, ¢:=0 and g=7z in- 
dependently of the wall orientation, so the 
wall energy does not depend upon its orient- 
ation. On the contrary, for 90° wall 6, ¢; and 
¢g, depend upon the wall orientation, so its 
energy varies with its orientation. 

Now we consider 90° wall between 2x- and 
y-domain (Fig. 12). Normal of the wall must 
lie in (110) plane in order to maintain the 
‘normal component of magnetization con- 
stant across the wall. We shall denote the 
angle between the normal of wall and the z 
axis ¥, which is related with 6, ¢, and ¢ by 


| sin¥=7/ 2 cos@ 


: 1 1 
sin §@=— ——_ = 
Y2 sing: 71/2 sin? 


(B.9) 


Furthermore, g(#, ¢) can be expressed by 


Fourier series 
PY 9: COS (2n£)+ Se 
PY} Pi 


99, 2)=9ot+91 COS (= 


(B.10) 
twhich is approximately equal to 
gO, P)=290 cos*(z¢/2¢1) , (B.11) 
fwhere 
 -9=9(, 0) 


= (44/8) sin? (6+7)(3 cos?(6+7)+1). (B.12) 
On putting Eq. (B.11) into Eq. (B.8), we have 


Ue es | ea a 
tum SV HAL be 


‘This is plotted as a function of ¥ in Fig. 14. 


(B.13) 


Appendix C 


Caleulation of the Free Pole Density on 
Zigzag Wall 


Firstly we shall estimate the depth of the 


tclosure domain. The magnetoelastic energy 
per unit area of the crystal surface is given 


W»=(1/4)f..D tan € 

= (3/8) A100 2 22D tan € (ca) 
where € is the angle between 90° wall and 
the crystal surface (Fig. 11). When &<(7/4), 
there appears the free pole on 90° wall, the 

surface density of which is given by 
m=I;(cos €—sin €) (C.2) 
The magnetostatic energy in this case can 


! 
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be estimated as follows: When the free poles 
are projected to the crystal surface, the 
magnetostatic energy is then given by 20.85 
xm?D (Cf. Kittel, p. 559), where the factor 
2 comes from the fact that the pole density 
is 1/2 m. Nextly we shall estimate the work 
necessary to bring the free pole from the 
crystal surface to the original position. Since 
the mean distance between each strips is not 
altered by this process, the main contribution 
comes from the dilution of free pole in each 
strips. Considering that the potential is 
logarithmic, we can easily estimate that the 
change of magnetic potential is —log 1/ 2 -mD 
which contributes 0.25 m?D to the magneto- 
static energy. Thus the magnetostatic energy 
becomes 


Wing = (2 X 0.85 —0.25)9?,.D 
=1.45 m?D 


=1.45 J,2D(cos €—-sin €)? . (C23) 
The total energy 
W= Wirt Wag (C.4) 
is minimized by the condition 
OW/oE=0 , (C.5) 
which gives the stable angle 
cos€=(1+k)/7/ 2 , (C.6) 
where 
R=fer/11 61? =0:13i00 7 ax/Is*) (C7) 
Then the free pole density becomes 
m=I,;(cos €—sin &) 
=1/ 2 1k 
=O18( Aino l zeflee (C.8) 


Appendix D 


Calculation of Magnetostatic Energy of 
Free Pole Distribution on the Zigzag Wall 


We shall calculate here the magnetostatic 
energy of the free poles distributed uniformly 
on the zigzag plane as shown in Fig. 16. By 
neglecting the effect of edges, we can treat 
the problem as two dimensional one, where 
the magnetic potential ¢n is expressed by 
logarithmic function. In order to avoid the 
appearance of infinity, @m is taken to be zero 
when the free poles are in x-y plane. Then 
we have the magnetic potential at the origin 

co Via 
n= —m\ loge Cy, 
) Yy 


( 


(D.1) 
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where 72 is the intensity of free pole per unit 
area of 2-y plane and 7 is the distance 
measured in the y-z plane. For brevity we 
shall replace the zigzag by sinusoidal function: 


P=y'+c’ singy , (D.2) 


where 
(DS) 
and 2¥ is the angle between the adjoining 
strips of the zigzag surface. 

When ¥3557.5°, we find that (c?sin?qy)/y?<1 
for any value of y, so we can expand the 
logarithm by series and finally we have 


seek (D.4) 


g=z7/2c tan ¥ 


7 Soot 
4tan¥Y 48tan*¥ 
When ¥ is small enough, we can rewrite Yn 
as 


| Unt CORES Penta 
n= > | log (1+ —— sin? ay dy ; 
r=0 J Yn Yn” 
(D.5) 


Pn = —me( 


where 


Yn=nc tan ¥ (D.6) 


or 
m = 1 ee a 
Om=—S 7 & log 5 1+1/1+ Un tan YY. 
n=0 
(D.7) 
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By replacing the summation by integratior 
we have finally 


m= —2mce tan \"tog aa tan ¥)” G 
0 
=—2m¢ . (D.! 


Thus we have the magnetostatic energy pe 
unit area of z-y plane 


1 
Omag = Q MP im 


_ men ( et ren 
~~ 8tanv 12 tan? ¥ 


for ¥>57.5° 
oye Veeeya?. (ID). < 


This function is shown as a graph in Fig. 1’ 


= —7C 
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Titanate Single Crystal at the Curie Point 
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This first-order transition of Barium Titanate single crystal was 
observed optically at the Curie point of about 120°C by polarizing 
microscope, and the domain boundary movement was recorded by 16mm 
The crystal was so called c-plate, and the area and 
With in- 
creasing temperature, no change was observed up to the Curie point, 
but at about 120°C the domains begin to move rapidly and discontinuously 
and the heterogeneous transformation of c-plate to a-plate occurs. Then 
discontinuous and rapid changes of a-plate to cubic phase occur, and 
the transition is finished. During this transition, we observed some 
interesting domain patterns, caused by the penetration of two perpen- 


motion picture. 
the thickness were about 0.1mm? and 0.03 mm respectively. 


dicular domains. 


$1. Introduction 

The ferroelectric properties of Barium 
Titanate have been studied recently by many 
workers, and the transition at the Curie point 
about 120°C was found to be a first-order one. 
But in some impure crystals, the transition is 
not so sharp and sometimes appears as if it 
were a second-order one”. Perfect single do- 
main c-plate crystals are not easily grown, so 
that the transition often seems not to be an 
ideal first-order one. But optical observation 
by polarizing microscope enables us to confirm 
the first-order transition even in slightly im- 
pure crystals by the occurrence of discontinu- 
ous and heterogeneous rapid changes of do- 
main boundary movement. The transition 
temperature range which shows the discon- 
tinuous changes of domain boundaries, is 
ranged over about 1°C around 120°C. As the 
coercive field will become very small at this 
transition region, the domain boundaries seems 
to be very easy to move, and some interest- 
ing domain patterns were observed. These 
patterns are formed by the penetration of 
two domains, which are polarized perpendi- 
cularly to each other. They separate two 
parallel or perpendicular domains and look 
apparently like the 90° and 180° walls. 90° 
domain wall was already shown by Matthias» 
and Forsbergh®’, and 180° wall was also con- 
firmed recently by Merz”. But the patterns 
which we have observed, are slightly different 
from their results. The triangular and cross- 


ed patterns were observed. The rate of change 
of domain boundary movement is dependent 
upon the heating and cooling rate of tem- 
perature. 


S 

The single crystals of Barium Titanate 
were grown from the ternary melts of BaCOs, 
TiO, and BaCl, in molar ratio of 1:1:3 by the 
use of corundum or graphite crucibles. The 
method is found elsewhere.»® The crystals 
grown from corundum crucible are lhght 
yellow and 3x3x0.5 mm® in size, but the 


Method of Experiments 


Fig. 1. Under crossed nicols at room temperature 
(x 100). 


domain structure is not simple. On the other 
hand, in the case of graphite crucible, we had 
light blue or almost colourless small thin plate 
about 0.5x0.5x0.03 mm* in size. These 
crystals were found to be simpler in the do- 
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main structure, and considered as fairly good 
c-plate as shown in Fig. 1. 

In order to heat the crystal we prepared 
the apparatus such as used by Kay” on the 
stage of the polarizing microscope, having the: 
magnification of x100. The 16 mm _ Cine 
Kodak movie camera was attached to the eye- 
piece of the microscope, and the film speed) 
was 8 sections per second. The heating rate: 
was varied from 1°C per minute to 5°C per} 
minute, and the corresponding time interval) 
of the transition ranged from 20 seconds to 4 
minutes. To observe the domain boundary 
Fig. 2. Under parallel nicols at room temperature. movement, the stage of the microscope was)! 

rotated 45° from the straight extinction posi- 
tion under the crossed nicols, and so we could 
an observe the domain patterns in the brightest 


condition. 


§ 3. Observation of the Domain Boundary 
Movement 


RY The domain structures of the crystals are 
kN Aen different depending on samples and the _ be- 
havior of their domain boundary movement 
Fie. 3. is not so simple, but there seems to be some 
* tendencies as follows. In general, up to the 
temperature about 1°C below the Curie point, 
almost no change was observed in the domain 
pattern, but as the temperature reached the 
transition range, the discontinuous changes of 
domain structures were observed. The do- 
main boundary movement begins from a cor- 
ner position and in a short time the c-plate 
crystal is transformed to a-plate, i.e., we ob- 
served the crystal very bright in the whole 
area, but after some pause in this state, very 
rapid discontinuous changes of comparatively 
large area of a-plate to cubic phase occurs 
and the transition finishes into the cubic phase 
over the whole crystal. The direction of the 
domain boundary movement in the former 
stage seems to be perpendicular to the latter. 
When the crystal is cooled down from the 
temperature above the Curie point, similar 
change is observed, and the final domain pat- 
tern is almost the same as the initial one at 
the room temperature before heating. We 
may confirm the first-order transition by the 
occurrence of these heterogeneous and dis- 
continuous changes of domain patterns. 
In the course of the transition, we observed 
some interesting domain patterns which seems 
to be formed due to the penetration of two 
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' perpendicular domains. They look apparently 
| like the boundaries of 90° domains and parallel 
‘or antiparallel domains. But these boundaries 
' would not be the so called domain boundary 
layers in the usual sense, but transient inter- 
stitial layers. The thickness is seen to be 
fvery large compared with the expected do- 
}main boundary thickness of molecular dimen- 
psions, and that of the 90° domain interstitial 
| layer is roughly estimated about the order of 
pone micron, but that of the parallel one is 
‘slightly less. 

Now let us explain the domain patterns in 
?detail by the following figures picked up from 
fone run of the heating cycle of the motion 
}picture. The whole interval of the transition 
his about 30 seconds. 

| In Fig. 1 the crystal is shown at room tem- 
}perature at the 45° position under crossed 
}nicols, and the direction of c-axis in the bright 
}stripe domain is verified as the arrows in 
}Fig. 3 by the use of gypsum plate. The 
} width of the stripe is about 0.03 mm. Fig. 4 
shows the state just before the beginning of 
* transition at about 120°C, which is almost the 
tsame as Fig. 1. 2.5 seconds after Fig. 4, new 
| triangular pattern appears as shown in Fig. 5 
yand Fig. 6 due to the penetration of two 90° 
*domains. Schematic pictures are given in Fig. 
(7(a). Besides the triangular pattern A, we can 
observe two patterns B and C. 

| In general, the interstitial layer may be ob- 
jserved as dark lines under the crossed nicols, 
‘at 45° from the straight extinction position in 
vany of the following three cases: firstly, the 
jinterstitial layer belongs to tetragonal phase 
yand its c-axis is perpendicular to the plane of 
the crystal plate; secondly the c-axis lies in 
}the plane of the plate and parallel to one of 
)the polarized plane of the crossed nicols; and 
‘thirdly the layer is in cubic phase. 

| Firstly let us consider the A pattern. Due 
to the penetration of the two domains, there 
)would be large stresses near the interstitial 
layer, and as the crystal is very thin plate, 
the stress would be two-dimensional rather 
‘than three-dimensional. Whereas the hydro- 
‘static pressure tends to drop the Curie point 
linearly®, the two-dimensional pressure will 
‘raise it as Forsbergh recently found.” So the 
‘interstitial layer would have slightly higher 
! Curie point than the outside domains and c- 
axis perpendicular to the plate. Therefore 


the A-pattern may belong to the first case. 
The second case seems to be unreasonable be- 
cause the stress tends to change the c-axis 
lying in the plane of the crystal to become 


(b) 
Fig. 7. 


perpendicular to the plane. The third case is 
perhaps also possible. Because of the large 
stresses near the interstitial layer, originally 
elongated two c-axis ab and cd in Fig. 7(b) 
would be slightly shortened and become near- 
ly equal, and so the interstitial layer would 
be considered as nearly cubic phase and ap- 
pear as dark lines. Therefore, both the first 
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and the third cases would be possible, but we 
cannot decide whether the A-pattern belongs 
to c-domain or to cubic phase. 

Next we consider the B-pattern in Fig. 8. 
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Before the formation of this triangular pat 
tern, I and II domains were same ones, bu 
after the penetration of III into I-II domains 
these domains are separated by the layer B 
Whether I and II are in parallel or antiparalle 
direction, we cannot distinguish optically ex 
cept by applying electric field perpendicula: 
to the direction of polarization like the methoc 
by Merz.” As in the case of A-pattern, the 
stress near the interstitial layer between I anc 
II domains would cause the polarization of the 
interstitial layer to become perpendicular t 
the plane of the crystal, but it would be 
smaller near the top of the triangular A pat 
tern than at the base of it. So the dark line 


Lae, 112 


would be diffused as is really observed in Figs. 
o and 6. The cubic phase may be also _pos- 
sible, for the stress near the B layer tends to 
elongate the ab direction and shorten the cd 
direction as shown in Fig. 8b). So the layer 
would have nearly cubic phase as in Fig. 8(a). 

C-pattern is apparently curious because the 
line is perpendicular to the polarized direction 
of the adjacent domains. But, if we suppose 
the section of this plate as in Fig. 9, it may 
be explained reasonably as c-domain. Due to 
the head-to-tail arrangement this line must be 
the edge of the triangular prism polarized in 


\c-direction. 

| Lastly we explain the D-pattern of crossed 
layer shown in Fig. 10 which appears 1/8 
jsecond Fig. 6 has been taken. This pattern 
lis a bit similar to that found by Forsbergh®, 
|but differs in its simple domain structure. 
|These two crossed stripes may contain 180° 
domains but not 90° ones. When two prism 
jdomains cross as shown in Ric. Ii, the imter- 
jstitial layers are formed at right angle to the 
jplane of the crystal, but this layer seems to 
‘be the combination of four A-patterns. Like 
ithe A type, this layer will also consist of 
either cubic or c-domain. Since the width of 
}each domain is about 0.03 mm, the width of 
ithe dark line is roughly estimated as the order 
‘of one micron. 


Figs 14: 


These four types of interstitial layers, which 
arise from the penetration of two perpendi- 
cular domains near the transition temperature, 
seem to be different from the domain wall at 
room temperature. They are formed tem- 
porarily by the strong stress due to the penet- 
ration of two perpendicular domains and would 
be considered as c-domain or cubic phase. 


Fig. 
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The thickness of the layers is too large to be 
a simple domain wall. After the appearance 
of these patterns, the c-domain is transformed 
into a-plate as shown in Figs. 12~15. Com- 
pared with the relatively short period of the 
primary stage, the formation of a-domain is 
much slower. But as shown in Figs. 16 and 
17, the discontinuous change of a-domain to 
cubic phase occurs in a relatively short time 
with in 1/8 seconds. After this change the 
residual a-domains are slowly changed into 
cubic phase and the transition finishes as 
shown in Fig. 18. The relation of time inter- 
val to the corresponding figures is shown in 
Table I. 


Table I. 
No. of Time Time interval 
Figure (sec.) (sec.) 
y Dts; 
5 a) Ge 
6 Bo I 0.7 
10 3.8 ino 
2 D0) 1.95 
13 6.29 25 
14 8.75 3.75 
1h} 125) 5.65 
16 18.15 0.25 
17 18.4 3.0 
18 PAN i 
$4. Conclusion 


By the direct observotion Of the discontinu- 
ous and heterogeneous changes of the domain 
boundary movement at the Curie point, the 
first-order transition of this substance is con- 
firmed. During the transition, four types of 
interstitial layers are formed, which are not 
observed at the room temperature. They 
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would be considered as either cubic phase o 
c-domain caused by the strong stresses du 
to the penetration of two perpendicular dc 
mains. The discontinuous changes of domai: 
patterns occur within 1/8 seconds, so that w 
must study in further detail by means of hig. 
speed camera. Though the above discussion 
are very qualitative, the transition of fairl, 
good crystal is found to be not simple, follow 
ed by complicated changes of domain struc 
tures. Furthermore, since the coercive fiels 
will be almost negligibly small near the Curi 
point, the movement of domain  boundar 
would be very easy and would be affected 
sensitively by thermal fluctuations, impuritie 
and localized stresses. To clarify the move 
ment of domain wall in detail, we must studs 
the frequency dependence of the hysteresi: 
effect, field dependence of displacement velo 
city and the relaxation time. 

The author wishes to thank Dr. H. Taka 
hashi and Mr. W. Kinase for their helpfu 
discussions, and to Mr. Kamijo and Mr. Seki 
kawa for their valuable help on this work. 
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The ferroelectric single crystal of barium titanate exhibits a strong 
absorption in the ultra-violet region at any temperature including the 
three transition points. The threshold for the ultra-violet absorption 
shifts gradually towards longer wave-lengths as the temperature rises, 
and the temperature coefficient of it is about one Angstrom per degree 
centigrade. In addition to this ultra-violet absorption, the crystal ex- 
hibits another absorption in the visible region. The intensity of natural 
light with wave-lengths in the neighbourhood of 5000 A transmitted 
through the crystal is measured by means of a multiplier phototube. 
It shows quite steep and sudden changes near the transition temperatures, 
especially in thin crystals. Let 7(T), Z7(O) and 7(R) be the intensity of 
transmitted light in the tetragonal, orthorhombic and rhombohedral 
phases respectively. Then the following relations can be drawn out of 
the various curves for the thermal transition of transparency. They are 
TO) =:1(T) and 7(R)<}7(T). From calculations on optical paths through 
the adjacent domains in the orthorhombic phase, the former relation is 
derived. The same considerations in the rhombohedral phase lead to 
the latter. Furthermore for polarized light, the behaviours are partially 
different from those for natural light. In the present paper experimental 
results for the thermal transition of transparency for both natural and 
polarized light are interpreted from the standpoints of the theories of 


ferroelectric domains and crystal optics. 


§1. Introduction 

The threshold for the optical absorption in 
single crystal of BaTiO; has recently been 
measured by the authors in dependence on tem- 
erature ranging from —100°C to 150°C and 
the result has been reported in the previous 
‘paper ». The crystal exhibits a quite strong 
‘absorption in the ultra-violet region with 
wave-lengths shorter than 3900 A at room 
‘temperature. Recently J. A. Noland» found 
that SrTiO; single crystals exhibit a quite 
similar absorption in the ultra-violet region 
with wave-lengths shorter than 3850 A. The 
latter has the same crystal structure of 
perovskite type as the former. These _ ultra- 
violet absorptions may be due to electronic 
transitions from the valence band to the con- 
duction band. 

As is well known, BaTiO; exhibits a strik- 
ing ferroelectricity and has not only a Curie 
point near 120°C but also the other two transi- 


tion points near 0°C and —80°C. On the 
contrary, SrTiO; is not ferroelectric and has 
no transition point down to 1.3°K®. The 
threshold for the ultra-violet absorption in 
BaTiO; shifts gradually towards longer wave- 
lengths as the temperature rises and its tem- 
perature coefficient is about one Angstrom 
per degree centigrade. This temperature 
shift has already been reported in some de- 
tails in the reference 1). The present paper 
will be devoted to a study of the optical be- 
haviours in the visible region. 

According to J. A. Noland, SrTiO; single 
crystals are quite transparent in the region 
ranging from the threshold for the ultra-violet 
absorption to near infra-red. The coefficient 
of transmission exceeds 70%, even when the 
crystal is as thick as1 mm. On the contrary, 
the circumstances are quite different in BaTiO; 
single crystals. According to precise measure- 
ments in dependence on temperature, the co- 
efficient of transmission changes abruptly near 
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the transition points and shows quite steep: 
hysteresis loops, especially in thin crystals.. 
Below —80°C, the crystal becomes rather: 
opaque even when it is as thinas 204. The 
authors will call this phenomenon thermal) 
transition of transparency and discuss it in) 
some details from the standpoints of the 
theories of ferroelectric domains and crystal) 
optics in the present paper. 


§2. Thermal Transition of Transparency 


Quite a number of BaTiO; single crystals 
have been prepared by means of Na»COs; flux”. 
The specimens picked out of them are all thin 
enough to ensure measurements of the optical 
transmission. Most of them are so-called ac- 
crystals but a few c-crystals are also found 
among them. Fig. 1 shows samples of these 
crystals. 

Under constant illumination (about 5000 A), 
the intensity of light, which has passed through 
the central part of the crystal, is measured 
with a combination of a multiplier phototube, 
a D.C. amplifier and a microammeter. The 
temperature is varied gradually up and down 
between —100°C and 150°C. The results ob- 
tained for natural light are shown in Fig. 2. 
Near 120°C, there is no loop good enough to 
be detected. Near 0°C and —80°C, however, 
quite striking loops can be found. The thicker 
the crystal is, the more the loop is round; 
the thinner, the more angular. 

Let 7(T), 7O) and J(R) be the intensity of 
the transmitted light in the tetragonal, ortho- 
rhombic and rhombohedral phases respectively. 
Then for every crystal we have 


TLR LO) Oe 


and besides the following relations may be 
deduced readily from these experimental 
curves. In the first place, between 0°C and 
—80°C, (O) is always more or less weaker 
than /(T). Although the ratio {7(T)—J(O)}/(T) 
somewhat varies for different crystals, it does 
not exceed 1/2 and we have 
KT)—O) 1 

Wye. ‘a 

This ratio is about 1/4 in the crystal No. 1, 
-and about 1/2 in No. 4. In the second place, 


Fig. 1. Photographs of specimens placed between 
crossed Polaroids at room temperature, except 
INOW; 


1955) 


Tetragonal 
Orthorhombie 


hee 


eh 
s 
9° 
3 
log 
° 
> 
Q 
a 
CI 
i 
ro 


~80 -60 -40 -20 O 20 40 60 80 100 120°C 


Fig. 2. Thermal transition of transparency, 
natural. 


below —80°C, ZR) is always much weaker 
than JT). Although the opacity in the 
rhombohedral phase sowewhat varies for dif- 
ferent crystals, the ratio J(R)/I(T) is alway 
about 1/4 or less and we have 


T(R)StUT).« (2) 
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Fig. 3. Thermal transition of transparency, 
polarized. 


Thermal transition of transparency for 
polarized light is shown in Fig. 3. In this 
case a crystal is placed between crossed 
Polaroids and the intensity of light transmit- 
ted through it is measured in the same way 


as above. It is different from the case of 
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natural light that these curves have dis- 
tinguished loops near 120°C, with the only 
one exception of the curve in the c-crystal 
No. 5. It is quite similar to the case of 
natural light that /(R) is always much weaker 
than J(T) and 7(O). Near 0°C, however, the 
circumstances are quite different and /(O) is 
sometimes weaker and sometimes stronger 
than I(T). 


Fig. 4. Optical paths in i} t 
tetragonal phase. 


Fig. 5. Twinning in orthorhombic phase. 


Fig. 6. Unit cell in 
orthorhombic phase. 


See 
The light employed is of much longer wave- 
lengths than the threshold for the intrinsic 
absorption of the crystal. The experimental 
curves obtained may be considered to be con- 
nected directly with the appearance and dis- 
appearance of polydomains in phase transi- 
tions. The single crystal of BaTiO; has 
usually polydomains below its Curie point and 
its crystal structure is tetragonal between 
120°C and 0°C, orthorhombic between 0°C and 
—80°C and rhombohedral below —80°C®®. 
In the tetragonal phase, there are several 
striations of a@-domains in which spontaneous 
polarization is parallel to the crystal surface. 
When viewed from one side of the crystal, a 
striation is a lamina as shown in Fig. 4%. 
The incident light is propagated into the 
crystal as the ordinary and extraordinary 
rays. The extraordinary one is refracted at 
the boundary AB. After passing through the 
boundary CD, both rays have the same direc- 
tion again. Hence it appears likely that the 
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double refraction in this phase makes only a 
minor contribution to the decrement in oe 
intensity of the transmitted light. 

Below 0°C, all of the boundaries are at 
right angles to the crystal surface and the 
polar axis alternates its direction as shownin 
Fig. 5°. In order to obtain the optical paths 
the optically biaxial property of this crystal 
phase should be taken into account. On enter- 
ing the crystal the incident beam is decom- 
posed into two waves; both waves are extra- 
ordinary. The polar axis and crystal axes of 
a unit cell in the domain I are shown in Fig. 
6. In an orthorhombic crystal, every one of 
the crystal axes a, b and c is parallel to one 
of the optic elasticity axes. Accordingly the 
intersections of the two extraordinary wave 
surfaces with the ac-plane consist of a circle 
and an ellipse as shown in Fig. 7. 

The wave with circular section may be 
transmitted without deviation through the 
crystal*. On the other hand, the wave with 
elliptic section may be refracted by an angle 
of #@) towards the boundary surface. Since 
the birefringence in the b-direction is 0.075® 
and the optical index of refraction is smaller 
parallel to the polar axis (a) than perpendi- 
cular to it (7)?, we have 


7¥—a=0.075. (39 


As is shown in text-books on optics, the equa- 
tion of the elliptic section is 


Pa+aece—l1=0. (4) 
Let R(a,c) be the point of contact of the 
plane wave-front with the ellipse. Then from 
(4) we have 
da O56 
Gen re a 


and the line OR gives the direction of refrac- 
tion for the extraordinary ray considered. 
Since the index of refraction is 2.48, from (3) 
and (5) we have 


tan “cOR= 4 = (1 us 
€ tit 


ZcOR=438°10’. 


Hence this extraordinary ray is deflected from 


al 


: (6) 


and 


* Owing to the twin angle of 8.4’, the angle of 
incidence is not zero in the strict sense of the 
word. As will be discussed later in §6, it is no 
matter whether the incident beam is normal or 
slightly inclined to the crystal surface, particular- 
ly in the orthorhombic. phase. 


ae — 


== 


SS 


oe 2 


= = 


mot (7). 
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the direction of incidence Ox to the side by 
the angle of @)=1°50’. When this refracted 
ray happens to pass through a domain bound- 


| ary, it may be refracted and reflected again 


as shown in Fig. 8. According to the calcu- 


| lations in §5, 


1=0;'~0 , 
02=02/ ~8°40" . 


The apparatus is insensitive to the beams 


and 


_ deflected from the direction of incidence to 
_ the side by angles larger than 1°30’. 


Leta 
and 4 be the thickness and the width of the 
domain I respectively. Then the beam of 


light entering the region, TW=D tan @, which 
is close to the boundary WW’, may be de- 
creased in intensity by about one half in com- 
parison with the beam entering the region 
distant from the same boundary. In the 
specimens used, both D and 4 may probably 
be not uniform all over the crystal. The 


f more the domains in which Dtan @ covers 4 


are abundant, the more the intensity of trans- 


mitted light may be weakened. Now let D 


and JZ be the average values over the area 


observed in the crystal, and we have readily 
KT)—1O) _ 1 DtanM% 

iw ees A 

It may then be concluded that the ratio 


C7) 


| {1(T)—O)}/1(T) does not become larger than 


1/2 in any case. Consequently the relation (7) 


is in good agreement with the empirical one 


(1) in § 2. 
Let us now make an estimate of the value 
of 4 for the specimens used, by making use 


For example, in the specimen No. 1, 
from Fig. 2 the ratio {7(T)—O)}/XT) is about 


one quarter and hence from (7) we have 4~ 


lias 
1.84, 1.54 and 1.44 in the specimens No. 2, 


Similarly we have the values of 1.64, 


No. 3, No. 4 and No. 5 respectively. In spite 


of the expectation that the boundary separa- 


tion 4 can not only fluctuate widely but also 


depend on the thickness and other conditions 


of the crystal, the average values derived 
above are fairly comparable with the value 
estimated as ~5/4 by H. F. Kay and P. Vous- 


' den®. 


and becomes again optically uniaxial. 


Below —80°C, the crystal is rhombohedral 
The 


optic axis coincides with the polar axis and 
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alternates its direction as shown in Fig. 9%. 
On entering the crystal the beam of light is 
decomposed into an ordinary wave, o, and an 
extraordinary wave, e. It is the same as 
above that the wave, e, is deflected sideways 
by refractions at crystal surfaces and domain 
boundaries. Furthermore the ordinary ray, 0, 
is also now deflected away by total reflection 
at the boundary wall in the course of passage 
through a narrow domain as will be discussed 
in §6. Consequently in the rhombohedral 


Figs 7. 


in orthorhombic phase. 


Wave surfaces 


Bio ss: 
in orthorhombic 


Optical paths 


phase. 


Fig. 9. Double refraction in rhombohedral 
phase. 


phase, not only the extraordinary ray but also 
the ordinary one can not be transmitted with- 
out deviation. Hence the intensity becomes 
much weaker in this phase than in the ortho- 
rhombic phase and we can expect the relation 


@). 


§4. Interpretation, Polarized Light 

When the crystal is mounted between cross- 
ed Polaroids, the effect of interference occurs 
in addition to the scattering effect discussed 
above, because the optic axes are inclined to 
the direction of incidence. After emerging 
from the polarizer, the plane polarized ray is 
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decomposed into two rays inside the crystal. 
The latter are an ordinary ray and an extra- 
ordinary ray in the tetragonal or rhombohed- 
ral phase and two extraordinary rays in the 
orthorhombic phase. After having been 
transmitted through the crystal, they are 
compounded again by the analyzer into a 
single ray with the intensity determined by 
interference. 

In the tetragonal phase, the interference 
may take place only in the domain with the 
polar axis parallel to the crystal surface. As 
mentioned in the last section, there is scarcely 
any loss due to the scattering effect. Con- 
sequently the transmitted light may be sud- 
denly increased in intensity as the cubic 
crystal cools down through the Curie tem- 
perature. 

Similarly in the orthorhombic phase, the 
transmitted light would be increased in inten- 


Fig. 10. 
orthorhombic phase. 


Indicatrix in 


Fig. 11. 
in ortherhombic 


Index surface 


phase. 


sity by the interference effect. At the same 
time, however, the scattering becomes also 
remarkable, because there appear quite fine 
polydomains. As a consequence, there will be 
two different cases as seen in Fig. 3, depend- 
ing on which one of these two effects is 
stronger than the other. 

In the rhombohedral phase, although the 
interference may be expected, the scattering 
is much more prevailing as mentioned above. 
Hence the intensity is always weakened re- 
markably. We may conclude that the ex- 
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perimental curves for polarized light can be 
interpreted as a superposition of the scatter- 
ing and the interference effects. 


§5. Optical Paths in Orthorhombic Phase 


Let a, 8 and7 be the three principal indices 
of refraction. Then the indices of refraction 
of the two extraordinary waves in the direc- 


tion OX in Fig. 10 are given by the two semi- 
axes of the ellipse, that is the intersection of 
the indicatrix, a?/a?+b?/6?+c?/7?=1 , with the 
plane through the centre of the ellipsoid at 
right angles to OX. They are 8 and 7/ 2 a7z/ 
V a?+72 respectively. The former corresponds 
to the extraordinary wave vibrating at right 
angles to the ac-plane and the latter to the 
extraordinary wave vibrating in the same 
plane. Hence the birefringence in the direc- 


tion OX is as follows: 


ashe 

Vere 
Similarly the birefringence in the b-direction is 
given by the difference between the two semi- 
axes (a and 7) of the ellipse, that is the 


intersection of the indicatrix with the ac- 


(8) 


plane. Then as is in the equation (3) in §3, 
r—a=R,. (9) 
From (8) and (9) we have 
B—(a+R,)(1 ta a) = : 
G2 Ler 
Consequently P—a@=R,+R,;/2. (10) 
From (9) and (10) 
B—a=R,—R;,/2 , (11) 


and from (9), (10) and (11) we have 
Br as 


where the observed values of R, and R, are 
0.045 and 0.075 respectively. As the con- 
sequence, the optic axes lie in the ab-plane 
as shown in the index surface in Fig. 11. 

As far as the ac-plane is concerned, one of 
the extraordinary wave has a constant value 
of the index of refraction, 8, and so a con- 
stant velocity independent of direction of 
propagation, while the other has varied values 
between a and y. Consequently the inter- 
sections of their wave surfaces with the ac- 
plane result in what we have already seen in 
Fig. 7, and only the wave with elliptic section 
suffers a refraction by the angle of 0)=1°50’. 
When the refracted wave encounters the do- 
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main boundary, it may be refracted again 
|anto the adjacent domain. Let us now trace 
its optical path throughout the crystal as 
follows. 

‘} The adjacent domains I and II in Fig. 8 are 
,enlarged in Fig. 12. The ellipse around the 
,centre A, a point on the wave-front AB, con- 
|.tacts tangentially to the wave-front EF at the 
| point E on the boundary surface WW’. The 
|inverted heart shaped figure around the 
| centre B consists of two ellipses inside the 
{domains I and II. Through the point E two 
tangents can be drawn to the latter. Let S 


‘and S’ be the points of contact, then BS and 


{| BS’ give the reflected and refracted rays re- 
{ spectively. The optic elasticity axes in the ad- 
| jacent domains are symmetric with respect to 
| the boundary surface. It is for this reason 
why the reflected and refracted rays are 
symmetric with respect to the wall. 

Let co be the velocity of light in vacuo and 
t be the time required for the wave to travel 
from A to E. Then the semi-major and 
minor axes of these ellipses are cot/a and 
Cot/r respectively, and we have the following 
equation of the ellipse which emanates from 
the point B into the domain I: 


CC +7°V=K? , (12) 
where K is cot. Let (a1, c1) be the coordinates 
of the point S. Then the tangent at S is 
' given by 


Te 


eoct?7aa=K* . 
If it passes through the point E (/, /), we have 


W@lot+7la=K? . (13) 
From (12) we have 
@cr+7ar=K*. (14) 
From (13) and (14) we have 
ee 
Tho ae) 
ak? —7KO (15) 
and = HG ED f 
where Q=V7P40eP—K: . 
From (15) we have 
2 2 
tan ee ; (16) 


If we take the distance AB as 1/2 d and 
displace the origin from B to A, the ellipse 
around the point A is given by the same 
equation (12) and the coordinates of the point 
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E by (J—d,/1+d). Then we have 
FP =(a?+72)P+(a2+72P tan? Oo 
—2(a+ry?Rz tan A, 
d/i=tan > . 
From (16) and (17) we have 
2Rx tan Jo—a tan? Oo 
a 


since ie WSSlk&. —Biael CAI Ibe 
From (6) in §3 and (9) we have 


tan b= R;/a . 
From (18) and (19) we have 
0,=01/ 65 . 


(17) 
since 


tan (= ; (18) 


(19) 


{ 
' 
( 
' 
' 


Fig. 12. 
phase. 


Deflections at boundary in orthorhombic 
The @ and ¢ axes refer to the domain I. 


On the other hand, the angle between the 
incident wave-front AB and the refracted one 
ES’ can be calculated to be about 3°30’. Con- 
sequently it appears likely that the refraction 
at the boundary wall makes only a minor 
contribution to the change in the direction of 
propagation, but a major contribution to the 
change in the orientation of the wave-front. 

Similar considerations at the upper crystal 
surface lead to the following relation 


sin 0,=a@a tan 6,4 Rx , 


and we have 

62 =82'~8°40' . 
Thus, one of the two extraordinary waves is 
deflected from the direction of incidence to 
the side by the angle of 8°40’, owing to the 
successive refractions. 
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§6. Optical Paths in Rhombohedral Phase 


The empirical relation (2) requires that al- 
most all the incident light must be scattered 
away in this phase. The extraordinary wave, 
e, is vibrating in the principal plane, p, as 
shown in Fig. 9. On entering the adjacent 
domain, it is decomposed again into an 
ordinary wave, o’, and an extraordinary one, e’, 
as shown in Fig. 13. Both of them are re- 
fracted again at the upper crystal surface and 
then scattered away in the same manner as 
that we saw in the last section. 


Fig. 13. Deflections at 
boundary in rhom- 


bohedral phase. 


Big 145 otal 
reflection in 
rhombohedral 
phase. 


On the other hand, the ordinary wave, o, 
is vibrating at right angles to the principal 
plane, . Notwithstanding that it is consider- 
ed to be transmitted without deviation through 
the crystal, it is expected practically to en- 


| 
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counter the boundary for the reasons as fol} 
low. Owing to strains existing in the crystal] 
the domain boundary may be slightly varying| 
in orientation from place to place all over the 
crystal. Moreover the crystal surfaces are 
uneven, and it is, in strict terms, impossible 
to set them at right angles to the incident 
beam. Furthermore the incident rays are 
actually somewhat converging. Under these 
circumstances, the incident rays are not al- 
ways exactly parallel to the domain walls. 
Such being the case, the ordinary wave, 0, 
also may probably encounter the boundary. 
For brevity, only the ordinary ray, the 
plane of incidence of which is at right angles) 
to the boundary wall, is taken into consider- 
ation. In Fig. 14, let CB be the incident 
wave-front and let WW’ be the intersection 
of the plane of incidence with the boundary 
wall. Furthermore let m, and m be the 
indices of refraction parallel and perpendicular 
to the polar axis and let ¢ be the time required 
for the wave to travel from B to E. Regard 
C as a secondary source; with it as centre 
describe a sphere with radius BE and also an 
ellipsoid of revolution, the semi-axes of which 
are given by ¢ot/m, and cot/m and which 
touches the sphere at its intersections with 
the polar axis and has the z-axis as axis of 
revolution. As far as the extraordinary wave, 
e’’, is concerned, we see at the instant when 
the disturbance from B has reached E that 
the disturbance from C has reached the sur- 
face of the ellipsoid. If, therefore, we can 
draw a tangent plane through E to the ellip- 
soid, this plane is the refracted wave-front. 
In our case, however, the ellipsoidal wave has 
higher velocity of propagation than the spheri- 
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cal. When CF is longer than CE, we can not 
do so and the total reflection should occur. 
Since the equation of the elliptic section is 


No?” + Ney” = (Cot) , 
we have 
VS 
—_— as 
V 2n2+ No” 


Let z/2—6 be the critical angle of total re- 
flection, then we have 


OP a 
No COS O 
and Coe ee ’ 
3% 
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! where O=No—Ne . 


If 2. and 6 are taken to be 2.4® and 0.07, 6 
¥is nearly equal to 11°. Thus in the rhombo- 
{ hedral phase, the ordinary wave, o, may partly 
be deflected sidewards by total reflection and 
} partly be transmitted without deviation through 
{the boundary as an ordinary wave, 0’. The 
yonly one, o’’, of the four, 0’, e’, 0’ and 0”, 
yis transmitted through the crystal to the 
| direction of observation. 

| On the contrary in the orthorhombic phase, 
} the principal ac-planes in the adjacent domains 
are all co-planar as mentioned in the last 
| section. Therefore, even when the extraordin- 
fary wave with circular section happens to 
: through the domain wall, it is totally 
transmitted without deviation through the 
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crystal, because no transformation takes place 
from the circular to the elliptic section. 
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We have investigated experimentally the photoconductivity of stibnite, 
The results obtained up to the present 


1. The maximum spectral sensitivity at room temperature is found at 
the wavelength of 770myp and with the rise of temperature it shifts 


to the longer wavelength side. 


2. The photo-current when illuminated by illuminant A varies with half 
power of the light intensity between 1 and 100 feetcandles. 

3. The thermal activation energy for the dark current is 0.48 e.v. be- 
tween room temperature and 200°C, and temperature dependence of 
the photo-current is also investigated. 

4. The time lag of response is about 3m sec. for the base photo-current 


of 10 pA. 


5. Moss’s constant, 2*/Z, is calculated to be 82 from our measurements 


on dielectric constant and refractive index. 
6. The crystal is found to be an m-type semiconductor from its rectify- 


ing characteristics. 


7. The response for X-rays is considerably high, while that for ultra- 


violet rays, B-rays or y-rays, is low. 


§1. Introduction 

In recent years, antimony-trisulphide has 
been again attended as one of the photo- 
conductive material sensitive to the visible 
rays.» Large pieces of pure stibnite, the 


natural antimony-trisulphide crystal, have been 
fortunately produced in our country, so we 
were hit upon by an idea to use this stibnite 
for the study of the photoconductivity of Sb2S;. 
There are some papers” on the photoconduc- 
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tivity of stibnite, but their conclusions are 
not consistent with each other, and therefore 
it seems worthwhile to report the results of 
our fundamental experiments. 


§2. Properties of Stibnite and Our Samples 


The already known physical properties of 
stibnite are as follows: 

1. It has the grey rhombic crystal form 
with metallic lustre and has the lines and 
grooves in the longitudinal direction on the 
surface. 

2. Its crystal form belongs to the orthor- 
hombic system, the axial ratio a:b:c being 
0.993:1:0.339,% and the space group belongs 


3. It can be cleavaged perfectly along the 
surface of (010). 

4, The unit cell includes four molecules 
and they make stacking layers with infinite 
chains of Sb.S; as shown in Fig. 1. 


Relative response 


500 700 800 900 1000 mA 


Fig. 2. Spectral sensitivity for equal energy of 
illumination. 


5. The melting point is 548°C and the 
specific gravity is about 4.6. 

6. When heated in air, surface oxidation 
is slow at about 200°C and rapid above 270°C. 

The samples used in the present experiment 
were cut down along the plane of cleavage of 
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the famous Ichinokawa stibnite* to the size 
of about 3x1.5x0.2mm*%. One of such piece} 
was held between two nickel electrodes whick 
were insulated by steatite or glass and fixec 
to the electrodes with aquadag. The ligh? 
beam was projected perpendicularly to the 
cleavage surface under the applied electri¢ 
field parallel to the surface. 

According to the results of spectrochemica) 
analysis, the sample was so pure that only 
extremely weak lines of Si, Cu, Fe and Meg 
could be observed and under irradiation of 
the ultraviolet rays no luminescence could be 
observed at the absorption edge. Applying 
the electric field of about 500 V/cm to the 
sample, the photoelectric current of several 


uA was obtained by indoor brightness. But 
no photovoltaic effect was recognized. 
From the results of X-ray analysis, the 


lattice plane distances seem to be a little 
smaller than the values in Hanawalt’s table. 


§3. Experimental Results 


In the following, if not specified, the samples 
were those described in §2 and a balanced 
circuit consisting of two 954 tubes was used 
in these measurements. 


(a) 

The experimental results for the spectral 
sensivity of photoconductivity is shown in 
Fig. 2. The measurement was carried out 
with the Beckmann DU spectrophotometer and 
the plotted values are those corrected for the 
spectral energy distribution of the light source. 
At room temperature the maximum spectra 
sensitivity lies at 770my (1.62 e.v.) and the 
wavelength at half maximum in the longe1 
wavelength side is 800my (1.55 e.v.). This 
maximum did not shift even though we in- 
creased the applied field strength from 106 
V/cm to 1000 V/cm. On raising the tempera: 
ture of the sample, however, it shifted to- 
wards the longer wavelength side, for ex: 
ample, to 795 my (1.56 e.v.) at 90°C and tc 
810 mz (1.53 e.v.) at 130°C. These values at 
room temperature agree with J. W. Meller’s” 
and T. Moss’s data®, but not with D. S. 
Elliott’s.*» The curve of absorption coefficient 
of the film evaporated by using this sample 


Spectral sensitivity 


* This material is presented by courtesy of the 
Mining and Metallurgical Research Laboratory of 
Mitsubishi Metal Mining Co., Ltd. 
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jis shown in Fig. 3. 
Hf: 


According to these 
results it seems reasonable to assume that the 
maximum spectral sensitivity lies near the 
yabsorption edge. 

Infra-red rays longer than 1# gave no ap- 
‘preciable effect on the photoconductivity and 
‘the photoconductivity for the visible rays also 
was not affected by the superposed infra-red 
‘rays in contrast with the case of CdS.» 


(b) Dark current 
: Stibnite is so stable in air that it is not 


[ 
necessary to protect the crystal against the 
jmoisture as in the case of CdS. 

| As shown in Fig. 4, the dark current in- 
ycreases proportionally to the applied voltage 
‘below the field strength of 100 V/cm, but above 
I this it is proportional to 1.5 powers of the 
applied voltage. 

| Temperature dependence of dark current 
between room temperature and 200°C was 
investigated and the results are shown in Fig. 
5, from which the thermal activation energy 
for dark current is calculated to be about 
0.48 e.v. From the results in Fig. 4, we can 
calculate the specific resistance. This is about 
3x10’QOcm below the field strength of 10 V/cm 
and a little smaller than F. M. Jager’s value.» 
While, under the applied field perpendicular to 
the cleavage surface, the specific resistance is 
about 5 x«108Ocm. 


‘(c) Photo-current 


The results for the voltage dependence of 
|photo-current are shown in Fig. 6. For this 
“measurement we used the illuminant A as 
the light source, because from the data of 
spectral sensitivity it was considered unnecess- 
ary to use the monochromatic light. The 
voltage dependence is greater than linear at 
lower voltages, while it is linear in the region 
between 200 V/cm and 500V/cm. In this 
measurement, greater sensitivity was observed 
by illuminating the negative electrode than in 
the case of illuminating the positive electrode. 

The photo-current increases slowly with the 
rise of the temperature of the sample, but 
begins to decrease from about 140°C and is 
scarcely recognized at about 180°C as shown 
in Fig. 5. Thermal activation energy for the 
photo-current is 0.07 e.v. between room tem- 
perature and 130°C. 

The variation of the photo-current for the 
light intensity of illuminant A is shown in 
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Fig. 3. Optical properties of evaporated film. 


0-4 sample temperature 
24 °C 


Dark current 
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~ Ow 


e 


100. 200. 300. 400 + «500 V/cm 


Fig. 4. Voltage dependence of dark current. 


Apptied voltage i0O0 V/cm 


Illuminance 1100 lux of illuminant A 
x dark current 
° dark current + photo-current 


photo-current 


2:0 2-5 3-0 35 tee 
Fig. 5. Temperature dependence of the dark 


current and the photo-current. 
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Tiluminance 
1100 lux of illuminant A 


o 


L 


Photo-current 


oO 
100 200 300 400 500 V/cm 


Fig. 6. Voltage dependence of photo-current. 


Applied voltage 200 V/cm 


Photo-current 


50 100 feet-candle 


Fig. 7. Photo-current versus irradiation 
characteristics. 
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Fig. 9. Frequency response of the dark current. 


Fig. 7. That is, the photo-current increase: 
proportionally to half power of light intensity 
and this relation holds for lower intensity 
than in the case of CdS. From this experi 
mental fact, we can also conclude that thes¢ 
samples are very pure.® | 
(d) Time lag | 

The time lag was measured by Rose’s 
method.» As shown in Fig. 8, the base 
photo-current was previously raised to a 
certain level Ipias, on Which small _ photo- 
current caused by another lightsource was 
superposed. Then, the secondary irradiation 
was formed into square pulses through a 
rotating disc and varying the angular-velocity 
of the disc, the pulse duration t was 
measured at the time when the pulse height 
of the superposed photo-current became half 
of the initial value. The results of this 
measurement are as follows; for the base 
photo-current of 20, 10, and 5A, the obtained 
time lag is 1.7, 2.5 and 4msec. respectively. 
These values are fairly consistent with S. V. 
Forgue’s value.” 

Instead of applying the pulse form irradia- 
tion, rectangular publses of voltage were 
superposed on the constant base voltage and 
then the wave form of the modulated photo- 
current was observed on the oscilloscope. In 
this case the time lag was found to be 50usec. 
or so for the base photo-current of 10#A. 


(e) Dielectric constant and refractive index 


The frequency dependence of dark 
current was investigated by applying a con- 
stant A.C. voltage to the sample. The dark 
current increases with frequency as shown in 
Fig. 9, but the photo-current itself for the 
irradiation of illuminant A is constant up to 
10 K.C.. Consequently it seems to be reason- 
able to assume that the time lag is shorter 
than 100 “sec. 

The above-mentioned fact that the dark 
current under the applied A.C. voltage in- 
creases with frequency seems to be due to 
the capacitance of the cell. We therefore 
measured the dielectric constant of samples 
by three methods. 

In the first method, the sample size was 
about 10x10x1mmi and tin foils were stuck 
onto the both 10 x10 mm? surfaces with shellac 
and the capacitance was measured by Q-meter 
applying the field perpendicularly to the 
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jcleavage surface. The capacitance at 500KC 
jwas 10PF and therefore dielectric constant 
Jé is 9.6. 

; Next, the optical dielectric constant € was 
jmeasured. This value €) is obtained from the 
following equations; 


and 27d (1/4:—1/4.)=1 


jwhere » is the refractive index, d the thick- 
{ness of the film and 21, 24 the wavelengths 
jat the transmission maxima. As shown in 
WiFig. 3, the maxima of transmission lie at 785 
{mv and 990 my, and the thickness of the film 
|}was measured by means of interferometory 
|and was found to be 650 my. Substituting these 
|values in the above equations, we find that 
#22—2.90 and &=m?=8.46. 

The reflectivity of the cleavage surface of 
| stibnite was also measured with the Hardy 
| type spectrophotometer. A very good cleavage 
surface was obtained after every available 
effort, and the result for such surface is shown 
‘in Fig. 10. From this curve, its specular re- 
} flectivity at 800 my is estimated to be 23% by 
) extrapolation. Using the following equation: 

R=(n=—1//”-+1) , 

where FR is the specular reflectivity for faint 
‘absorption, we find that 2 is 2.85. Calculat- 
‘ing from this value, Moss’s constant® /2-= 
82, where 2; is the critical wavelength, i.e. 
the wavelength (800 my in this case) at half 
maximum in the longer wavelength side. The 
value seems to be reasonable. 

(f) Rectifying characteristics 

We measured the rectifying characteristics 
‘of stibnite in the dark for the perpendicular 
‘direction to its cleavage surface. The result 
‘is shown in Fig. 11. A tungsten probe was 
used in this measurement. 

Illuminating the probe side of the sample 
with the incandescent light perpendicularly to 
its cleavage surface, the photo-current when 
the probe was negative was four to five times 
greater than that when the probe was positive. 

According to these results, it may be con- 
cluded that stibnite is an #-type semiconductor. 


(g) Sensitivity to the radiation other than 
visible rays 


Eo = n 
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Light beam perpendicular to (010) 
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x Diffuse reflectance 
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Fig. 10. Reflectivity of freshly cleavaged surface. 
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Fig. 11. Rectifying property in the dark. 
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Fig, 12. Photo-current by X-rays. 


(varying tube current) 


appreciable effect. The sensitivity to ultra- 
violet rays was faint. For example, photo- 


current of about 0.03 “A could be observed 
for the radiation of wavelength 2537 A of 
0.8mW/cm?. This value is only about one- 
tenth of the dark current. 


We now describe the sensitivity to several 
radiations when the electric field of 800 V/cm 
is applied to the sample of 2x1x0.2 mm’. 

As mentioned above, infra-red rays gave no 


Distance from tube l!Ocm 
ees Tube’ current 37mA 
0:3 
me 
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10 32030 50 100 KV 
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Fig. 13. Photo-current by X-rays. 


(varying tube voltage) 


For X-rays from Cu-target, however, con- 
siderable response could be observed. The 
relation between the photo-current and the 
X-ray intensity is shown in Figs. 12 and 13, 
and the relation varies with the voltage and 
the current of X-ray tube. The photo-current 
by the X-rays increases proportionally to about 
half power of the X-ray intensity, and this 
relation seems to be similar to that obtained 
for visible rays. In addition, the time lag for 
X-rays was observed to be several seconds. 


The same sample was also exposed to the 
y-rays from C, of 13mC. and the f-rays 
from Sr°®® of 20mC. at the distance af 5cm. 
In this case the response which exceeded the 
order of fluctuations of the dark current, i.e. 
10-° A, was not observed. 


§4. Conclusion and Acknowledgement 


In the present paper we described the 
photoconductive properties of stibnite. Briefly, 
stibnite is a typical n-type photoconductive 
material which has the sharp peak of sensiti- 
vity at 770 my and the very small time lag. 
But it has some faults, that is, its dark current 


S. IBUKI and S. YOSHIMATSU 


(Vol. ‘| 


is considerably high and its sensitivity is n 
so excellent as that of CdS. 

We wish to’express our sincere thanks | 
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Triple oxide coatings were studied by means of x-ray powder patterns 
{ using a protective film coating technique. Uniform solid solution of the 


three constituents was not found. 


oxide cathode is given. 


ee. 


$1. Introduction 


The thermionic emission properties of 
| barium-strontium oxide cathodes related to 
their chemical and physical structures have 
f been studied by several authors?~”. In these 
studies it was made clear that when a mecha- 
nical mixture or solid solution of barium 
tcarbonate and strontium carbonate was de- 
composed in vacuum during the formation of 
fan oxide cathode, a simple conversion to the 
mixed oxides, BaO and SrO, took place. Fur- 
ther heating caused the formation of a uni- 
form solid solution, (BaSr)O. The lattice 
‘constant of such a solid solution was found to 
vary linearly with composition from 100 per- 
cent BaO to 100 percent SrO. They also 
showed that higher emission was obtainable 
when the oxide was homogeneous throughout 
‘than when it consisted of two or more phases. 
The optium emission was observed from an 
‘oxide solid solution which was approximately 
of equal molar composition. 

Recent progress in electronic vacuum tubes 
has made it necessary to review the virtues 
of triple oxide coating as an electron emitter. 
In spite of its usefulness, we have little 
‘knowledge of the crystal structures of triple 
‘oxide, and it is believed that an analogy 
would persist between the barium-strontium 
double oxide and the triple oxide. Grey” 
studied the emission contours from the BaO- 
-SrO-CaO system and showed that a large 
‘central area appeared in the triple diagram in 
which the emission is greater than the maxi- 
‘mum obtained from any  barium-strontium 


Three phases of oxide solid solution 
were usually found with the heat treatment at a temperature where the 
preferential evaporation loss of the BaO component does not yet take 
place. When treated with the temperature above 1000°C, the evapora- 
tion loss of BaO became appreciable, causing a remarkable deformation 
of the shape, and also broadening, of the x-ray diffraction lines. In some 
cases this line broadening is explained by so-called microstress theory. 
A possible explanation for the reason of the good emission of the triple 


double oxides. In the BaQ-SrO system, the 
emission current of a mechanical mixture of 
BaO and SrO is equal to the sum of the emis- 
sion currents of the two components of the 
mixture. An oxide coating of the correspond- 
ing solid solution, however, gives a larger 
emission current than is obtained by adding 
the shares of BaO and SrO. Thus it was 
natural to suppose that a larger emission 
value of a triple oxide would be associated 
with an oxide solid solution of the three con- 
stituents. 

In the previous paper”, we examined the 
crystal structures of the co-precipitated triple 
carbonates and showed that a uniform solid 
solution of carbonate was found in a wide 
area in the triple diagram. However, it is 
undoubtedly of importance to study directly 
the crystal structures of triple oxide. The 
present work was directed toward finding 
some of the crystal structures of triple oxide. 


§ 2. Experimental Method 


All of the carbonate specimens which we 
used in the present study were carbonate solid 
solutions made by co-precipitation”. These 
carbonate powders were coated with a proper 
binder on a rectangular flat nickel sleeve which 
had an outside dimension of 15 mmx6.5 mm. 
Each cathode was mounted in a glass bulb 
which was evacuated by an oil diffusion pump. 
After a bulb-baking at 300°C, cathode was 
heated in order to convert the carbonate to 
oxide. The heater current was gradually in- 
creased in regular steps, and the decomposi- 
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tion was finished in about 15 minutes. Finally, 
the getter was flashed and the bulb was tipped 
off from the exhausting system. Heat treat- 
ment of the oxide was made in a quiescent 
state, for all of the test tubes were consuruct- 
ed as monodes. 

Since the oxides of barium, strontium and 
calcium are chemically unstable in an atmos- 
phere containing carbon dioxide or water 
vapour, a technique of protective film coating?” 
was employed to prepare the oxide specimen 
for x-ray examination. After breaking the 
tube in an air-tight glass-windowed manipula- 
tion box, in which the atomosphere was 
maintained chemically inert by an adequate 
flow of carefully dried nitrogen, the cathode 
was coated with protective film. Rubber 
gloves attached to the box by wrist bands, 
permitted this operation. Polystyrene in a 
benzene solvent was used as a_ protective 


Fig. 1. Setting of an oxide specimen for x-ray 
examination. 


material in this work. The cathode was then 
mounted in a special sample holder for x-ray 
examination. X-ray patterns were taken by 
an automatic recording Geiger-counter x-ray 
spectrometer employing filtered copper K- 
radiation. Fig. 1 shows the setting of an 
oxide specimen on the spectrometer for x-ray 
examination. Although deformations of the 
shape of diffraction lines from the oxide speci- 
men were often encountered in this study, 
the lattice constant of an oxide solid solution 
was usually determined from the lines of re- 
latively small diffraction angles, 111, 200 and 
220. Favourably in some cases, in addition 
to the oxide pattern, known diffraction lines 
from the base metal appeared and correct 
measurements of x-ray diffraction angles were 
made. The results obtained in this work 
were ordinarily tested at least two times to 
avoid accidental errors. Unless otherwise 
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stated, all temperatures of heat treatmen 
were uncorrected pyrometerel temperatures. 


§3. Results 

All of the alkaline earth oxides in questior 
have a crystal structure of the NaCl type 
and the lattice constants are 5.523A for BaO 
5.144 A for SrO and 4.797 A for CaD™. Wie 
shall first describe the behaviours of the three 
kinds of double oxide. The observations 0! 
the decomposition of carbonate solid solutior 
are also given. 

BaO-SrO System 

A barium-strontium oxide solid solution has 
been used extensively in commercial vacuun: 
tubes. As mentioned before, its crystal struc: 
tures had been cleared and we can see 4a 
uniform solid solution of oxide over the entire 
composition range from 100 percent BaO tc 
100 percent SrO. The lattice constant of such 
a solid solution obeys linear law. The only 
problem in this system was that: Whether a 
carbonate solid solution (BaSr)CO; decomposes 
separately to BaO and to SrO and then 
converts to an oxide solid solution (BaSrjO 
(as Eisenstein first pointed out®), or it con- 
verts directly to an oxide solid solution. 

An oxide specimen which was decomposed 
from an equal molar carbonate solid solution 
in the usual manner always showed two 
oxide phases immediately after the decom- 
position. One of them was almost pure SrO 
or it contained at most 5 mole percent BaO, 
and the other was an oxide solid solution of 
composition near 70 mole percent BaO. As 
the temperature of decomposition of (BaSr)CO; 
in our study was slightly higher than that 
quoted in Eisenstein’s paper, we may conclude 
that a carbonate solid solution of barium and 
strontium decomposes separately to BaO and 
tOmOLO! 


BaO-CaO System 

Huber and Wagener” showed that no barium- 
calcium oxide solid solutions were present 
even after heating the mixture of BaO and 
CaO for two hours at a high temperature of 
1400°K. Grey!» also found the same result. 
In the case of a carbonate crystal, an arago- 
nite-type solid solution of barium and calcium 
was found in the range from 100 percent EaCO; 
to 80 mole percent BaCO.-20 mole percent 
CaCO,®. The difference between the lattice 
constants of the two carbonates is nearly the 


}same to that between BaO and CaO. 

| We examined the series of BaO-CaO, espe- 
cially on the composition range near 100 per- 
cent BaO. We could not find, however, any 
| traces of oxide solid solution over the entire 
{composition range after heating the oxide 
| specimens to 1000°C or more for a sufficiently 
long time. As is predicted from the rates of 
evaporation of the oxides'™, the preferential 
evaporation loss of the BaO component be- 
‘comes appreciable above 1000°C. Consequent- 
ly the temperature of heat treatment on such 
an oxide mixture was limited, and no barium- 
calcium oxide solid solutions were formed in 
fvacuum. A carbonate solid solution of barium 
and calcium (BaCa)CO; decomposes, of course, 
‘separately to BaO and to CaO. 


| SrO-CrO System 

We decomposed the series of carbonate solid 
|solution of strontium and calcium (SrCa)CO; 
at an appropriate true temperature of 1300°K. 
Such an oxide specimen showed usually 
i two oxide phases when examined immediately 
lafter the completion of decomposition. Heat 
treatment was carried out at 900°C and 1000°C 
for two hours. This caused the formation of 
uniform oxide solid solution of strontium and 
calcium. Fig. 2 shows the observed oxide 
lattice constant after heating at 900°C and 
1000°C vs. molar composition of the coating. 
‘In this figure the straight line represents the 
linear variation in lattice constant of the solid 
solution with the conposition. A diviation 
from the straight line is apparent even after 
heating at 1000°C. Moreover, even at this 
high temperature there still remained two 
phases in the range where the CaO percentage 
is more than 50. The observed lattice con- 
stants in the oxide specimens which were 
heated at 1100°C for three hours on a platinum 
base metal are also plotted in Fig. 2. A de- 
viation from the straight line is obvious, as 
before, after such a severe heat treatment. 
There is, however, a tendency that the higher 
the temperature of heat treatment, the closer 
the observed lattice constant to the linear 
law. Thus we may conclude that strontium 
and calcium oxide form a uniform solid solu- 
over the entire composition range, and the 
lattice constant of the solid solution varies 
linearly with molar composition after an ap- 
propriate heat treatment above 1100°C. It is 
likely that the observed lattice constant de- 
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pends mainly upon the temperature and 
not on the duration of the heating. For, in 
our case, the lattice constant of an oxide 
solid solution was practically unchanged for 
the heating duration from about thirty minutes 
to two hours at 900°C. 

An oxide solid solution, whose lattice con- 
stant is found akove the straight line in Fig. 
2, contains more SrO component than the 
composition determined by the linear law. On 
the other hand, an oxide crystal of the lattice 
canstant below the straight line contains a 
richer CaO component. From the observed 
lattice constants in Fig. 2, the mole composi- 
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Fig. 2. Composition vs. observed lattice constant 
after heating the cathode of SrO-CaO. 


--x-- 900°C 2 hours 


—O—1000°C 2 hours 


100 80 60 40 20 O 
MOL % SrO 


Fig. 3. Composition vs. resulted amount of the 
SrO richer crystal after heating the cathode of 
SrO-CaO. 


tions of the oxide solid solutions precipitated 
in the coating are determined by the linear 
law. Then the molecular amounts of the re- 
spective oxides are easily calculated using the 
molecular ratio in the coating, as shown in 
Fig. 3. As the sum of the percentages of the 
precipitated SrO richer crystal and the CaO 
richer one always amounts to 100, the curves 
of the CaO richer crystal are symmetrical 
about the line of 50 percent. At 900°C, equal 
amounts of the two oxide solid solutions pre- 
cipitate in the vicinity of the system com- 
position of 40 mole percent SrO-60 mole per- 
cent CaO. The equal precipitation point 
shifts towards the CaO side as the tempera- 
ture of heating is increased. According to 
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Fig. 4. Double-peaked x-ray diffraction lines 
observed after heating the 20mole_ percent 
SrO--80 mole percent CaO cathode at 1100°C for 
three hours. 


Huber and Wagener®, SrO and CaO also form 
a continuous series of solid solution with a 
linear variation of the lattice constant im- 
mediately after the decomposition from a 
carbonate solid solution at 1300°K. In our 
case, the plots of heating temperature of 
1000°C in Fig. 2 would become more closer 
to the linear law if an average x-ray diffrac- 
tion angle of double-peaked line is adopted. 
One of the examples of double-peaked diffrac- 
tion lines is shown in Fig. 4. Apparently 
two phases of oxide solid solution coexist even 
after heating at 1100°C for three hours. Thus 
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the SrO is hard to solve in the CaO crystal 
and the formation of a uniform solid solution 
in this system does not seem to occur sa 
easily as reported by Huber and Wagener. 
The conversion of an equal molar carbonate 
solid solution (SrCa)CO; was studied by means 
of a series of x-ray diffraction patterns. As 
is predicted from the behavious of oxides in 
Fig. 2, such a carbonate solid solution is likely 
to decompose separately to SrO and to CaO, 
Each of a series of identical cathodes was 
converted. They were all stopped at different 
steps in the conversion process. X-ray patterns 
were taken using the protective film technique 
previously described. Table I gives an ex- 
ample of the qualitative variations of cathode 
temperature and pressure value in the con- 
version. The temperature of the cathode 
was measured by a thermo-couple attached to 
the center of the cathode surface, so that the 
values of cathode temperature in Table I are 
true temperatures. There were clearly two 


Table I. Example of the conversion of an equal 
molar (SrCa)CO; cathode. 


Time dura- 


: Cathode 
tion at each temperature Pressure change 
stage 
1/2 min. Tele End vacuum of the 
exhausting system 
1/2 770 No change 
1 810 Degassing due to the 
decomposition of 
the first stage 
occurred 
z 865 Appreciable degass- 
ing 
1/2 925 High vacuum re- 
covered 
2 985 ~1000 Degassing of the 
second stage began 
2 1065~1175 Degassing finished 
at the end of this 
stage 
it 1205 High vacuum 
restored 
1/2 1240 End vacuum 
1/2 1305 No change 


stages of degassing from the cathode when 
the cathode heater voltage was raised step- 
wise from a low temperature. The first de- 
gassing became appreciable at about 850°K, 
then it ceased once and a high vacuum re- 
covered. Further heating at a higher tempe- 
rature caused the remarkable second degassing 
at about 1100°K. Fig. 5 shows the x-ray 
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Fig. 5. X-ray diffraction patterns of 


' patterns at various stages of heating. Pattern 
_5 A shows the original aragonite-type carbonate 
solid solution of strontium and calcium. At 
the end of the first degassing, see pattern 5B, 
diffraction lines of CaO appear in the carbon- 
| ate pattern, and at the same time the diffrac- 
tion lines of remaining carbonate crystal 
_ shift towards the smaller diffraction angles 
untill they coincide with those corresponding 
to SrCO;. Pattern 5C shows two oxides co- 


See text. 


SrO-CaO cathode samples. 


existing immediately after the completion of 
decomposition. One of the oxides is almost 
pure CaO and the other is an oxide solid solution, 
the composition of which is 90 mole percent 
SrO-10 mole percent CaO. Inhomogeneities 
of the formation of oxide solid solution fre- 
quently appeared during this stage. Because 
of the extreme temperature sensitivity of the 
initial rate of formation of oxide solid solution, 
composition variations were often encountered. 
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Subsequent heat treatment caused a formation 
of a uniform solid solution as described be- 
fore. Pattern 5D, taken after three hours 
heat treatment at 1100°C, shows a typical x- 
ray pattern of oxide solid solution in this 
series. It is noticeable that the CaO-like 
diffraction peaks are still visible in pattern 
5D. In conclusion, the carbonate solid solu- 
tion (SrCa)CO; decomposes separately to SrO 
and to CaO. A larger difference of decom- 
position pressure between the two constituent 
carbonates in (SrCa)CO; compared to that in 
(BaSr)CO; makes it ersier to observe and 
control each stage in the conversion of a 
(SrCa)CO; cathode. 


Triple Oxide 

Cathodes of triple carbonate solid solution 
(BaSrCa)CO; were converted in vacuum and 
measured, varying the triple composition, to 
find out an oxide solid solution of single phase. 
All of the attempts, however, were unsuccess- 
ful, and there were usually three kinds of 
oxide solid solution when examined immedi- 
ately after the completion of decomposition. 
These three oxide solid solutions were still 
present after heat treatment at 900°C for two 
hours. X-ray patterns similar to those of 
single oxide phases were obtained when the 
triple composition approached the apices of 
the triple diagram, or while the percentage 
of CaO was small. Patterns similar to those 
of single oxide phases were also obtained when 
a cathode was heated at a higher temperature 
above 1000°C for a sufficiently long time. In 
this case, as we shall discuss later, a remark- 
able shift of composition was observed. Heat 
treatment above 1000°C caused an appreciable 
loss of the BaO component from a (BaSr)O 
cathode due to the preferential evaporation of 
BaO, while the loss was negligibly small at 
900°C. These circumstances will hold even 
in a cathode of triple oxide coating. There- 
fore the experiments of triple oxide were 
carried out, in this study, under a constant 
heat treatment at 900°C for two hours. As 
the triple composition range, in which a uni- 
form triple oxide solid solution will easily be 
formed, was unlikely to exist, and as a triple 
oxide coating which is composed of equal 
molar barium and strontium oxides and a 
fraction of calcium oxide is used most ex- 
tensively in vacuum tubes, we focussed our 
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attension to those cothodes ; BaO:SrO:CaO= 
a:a:x (mole percent). 

Fig. 6 shows an idealized representation of 
the 200 diffraction lines of the three oxide 
solid solutions which were usually observed 
over a wide triple composition range. The 
first peak appears at an intermediate position 


SrO 


20 


CaO BaO 


Fig. 6. Idealized 200 diffraction lines from a 
triple oxide coating after heat treatment at 
900°C for two hours. 
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Fig. 7. The humps accompanied with the diffrac- 


tion lines observed from a triple oxide specimen 
containing 1 mole percent CaO. The cathode 
was heated at 900°C for two hours. 


between BaO and SrO, of (BaSr)O type, and 
we may call it as type-I oxide solid solution. 
The second peak appears between the diffrac- 
tion angles of SrO and CaO (type-II solid 
solution). The third one is found near the 
diffraction angle of CaO with a slight devia- 
tion towards the smaller angle (type-II solid 
solution). Type-II and type-II solid solutions 


yes 


are of the type (SrCa)O. For further analysis, 
we may reasonably assume from the behavi- 
ours of the three kinds of double oxide that: 
(1) type-I oxide contains all of the barium 
_ oxide and most of the strontium oxide, 7.e. it 
is a (BaSr)O crystal, (2) type-II oxide contains 
, most of the remaining strontium oxide and a 
small fraction of calcium oxide: a (SrCa)O 
crystal, (3) type-II] oxide contains most of 
the calcium oxide and a small fraction of the 
remaining strontium oxide; a (CaSr)O crystal. 
The results of triple oxide coating of the type 
BaO:SrO:CaO=a:a:x mole ratio are shown in 
Table II. Though not all of the three dif- 
fraction peaks were distinguishable in a triple 
oxide coating such that the CaO fraction was 
below 5 mole percent, the diffraction lines 
from such a triple oxide specimen were al- 
ways accompanied with humps on the larger 
diffraction angles. Moreover, the positions of 
the diffraction lines were apparently at smaller 
diffraction angles (larger spacings) than those 
expected from an equal molar barium-stron- 
tium oxide solid solution. One of the examples 
} is shown in Fig. 7 which was observed from 
| a triple oxide coating containing 1 mole per- 
cent CaO. The larger spacing of the oxide 
i crystal and the hump, observed in such a 
} triple oxide specimen, se2m to indicate a dis- 
} tribution of lattice parameters even when the 
} x-ray pattern of the specimen seems to ke of 
a single phase oxide solid solution. As a 
reference, the result of an equal molar barium- 
) strontium double oxide is also shown in Table 
‘II. A uniform solid solution (BaSr)O was 
formed in 10 or 20 minutes by heating at 
900°C and the observed lattice constant agreed 
well to that expected from the composition. 
The insertion of a small amount of CaO ina 
-barium-strontium double oxide will greatly 
‘hinder the formation of a uniform (BaSr)O 
solid solution. In spite of a wide variation in 
‘molar fraction of CaO, the mole composition 
lof type-I crystal (BaSr)O observed in a series 
lof such triple oxide coatings stays at almost 
constant value, 65 mole percent BaO-35 mole 
percent SrO. The molecular compositions of 
type-II and type-IIIl oxide crystal also remain 
‘at nearly constant values. Type-II crystal 
(SrCa)O contains from 80 to 85 mole percent 
SrO, and type-III crystal (CaSr)O contains at 
most 5 mole percent CaO. The molecular ratios 
of the three oxide solid solutions precipitated 
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after heating at 900°C for two hours are ob- 
tained by simple calculation using their re- 
spective mole compositions, and the calculated 
values are also tabulated in Table II. It is 
seen that the most abundant oxide crystal 
among the three oxides formed in the coating 
is the type-I oxide (BaSr)O regardless of a 
wide variation in molar fraction of CaO. The 
(BaSr)O crystal in a triple oxide coating will 
be responsible for the emission characteristics 
of a triple oxide cathode as is the case with 
a barium-strontium oxide. It is also remark- 
able that the CaO component in a triple oxide 
coating hardly reacts on the other components 
in the coating. This is seen from the fact 
that the molecular amount of type-II crystal 
remains almost at the same value of the insert- 
ed molar fraction of CaO even after heating 
at 900°C for two hours. 

Next, the temperature effect of the heat treat- 
ment ona triple oxide coating was tested using 
a series of equal molar triple oxide cathodes. 
Each of a series of identical triple oxide cathodes 
was heated under different conditions. Fig. 8 
shows the x-ray patterns of the equal molar 
triple oxide coatings after different heat 
treatment. The analytical results of the pat- 
terns are listed in Table III]. The x-ray inten- 
sities of diffraction lines from such a triple 


Table II. Results of triple oxide coatings of mole 


ratio: 
iReO) = Sr) S$ Cae s eit 


x (%). 


“Mole Time of Mole Molecular ratio 


percent heating ae of the resultant 
in three oxide 
of CaO. at type-T oneaie 
crystal, 
(x) CONC,  eksyeO), IN SAUL (e) 
0 10 min. 52 
1 2 hours 64 
A, ” 63 
5) ” 63 Wi AS 8 
10 Y 64 10s Bs 3 7 
20 4 62 (Bey 8 I 3. AUS 
33 y 66 XO) 2 WS) 2 Sl 
Oe a4 


50 ” 68 Stans 


oxide coating were generally weakened be- 
cause of the coexistence of different kinds of 
oxide or of a distribution of lattice parameters 
in the coating, and just the 111, 200 and 220 
groups of diffraction lines were present in our 
study. The three kinds of oxide solid solution, 
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Table III. Effect of heat treatment on the equal molar triple oxide coatings. 
Mole Mole Mole Molecular ratio Evaporation 
percent of persent of percent of of the resultant of the BaO 
Pattern Heat treatment BaO intype- SrO intype- CaO in type- three oxide component 
I crystal, II crystal, III crystal, crystals. from the 
(BaSr)O. (SrCa)O. (CaSr)O. Dei SUIT CZ) eecoatiner 
8A After decomposition Us 86 5 NS § 2S 2 GY Negligible 
8B 900°C 2 hours 66 81 95 Sig I) 2 Si Negligible 
8C 1000°C 2 hours 60 83 60 Appreciable 
8D 1100°C 3 hours — 60 — Complete 


I, H and UI, are appeared in pattern 8A _ see pattern 8B. It is evident from the some- 
which was taken immediately after the de- what sharper lines in pattern 8B, especially 
composition of the carbonate solid solution. those of type-I oxide, that crystal growth has 
The three oxide crystals are still distinct after begun during this stage. At the same timea 
heating the cathode at 900°C for two hours, slight variation in mole compositions of the 
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three crystals has occurred by this heating. 
The shift of peak positions towards the 
smaller diffraction angles and the shape de- 
formation of the diffraction lines of type-II 
crystal in pattern 8C, taken after heating at 
1000°C for two hours, show that the reaction 
of the CaO component has become appreciable 
at this temperature. The lattice constant of 
type-III crystal in pattern 8C is hardly deter- 
mined because of the asymmetric form of 
‘the diffraction lines. At any rate, the lattice 
constant determined from the difiraction angles 
at the maximum intensities of the deformed 
lines is used for the analysis. It is interest- 
ing that the ratio of the molecular amounts 
of the three crystals can not be determined 
from the mole compositions of the respective 
oxides in pattern 8C. This will imply that 
there occurred an appreciable evaporation loss 
of the BaO component from the coating at 
{such a high temperature. A complete pre- 
{ferential evaporation loss of the BaO has 
{occurred when the cathode is heated at 1100°C 
\for three hours on a platinum sleeve, pattern 
(8D. The type-I crystal has disappeared com- 
} pletely and a unification between type-II and 
type-III crystals has occurred. Furthermore, 
a remarkable line broadening is observed at 
) this stage. The composition of the resulted 
toxide is 60 mole percent SrO-40 mole percent 
CaO. The diffraction lines from an oxide 
solid solution of the same mole composition 
jin the SrO-CaO system was always sharp 
enough even after heating at such a high 
|temperature, therefore the line broadening 
observed in pattern 8D may show a tempera- 
ture effect characteristic to a triple oxide 
coating. There will be three causes which 
produce a broadening of the x-ray powder 
| pattern lines in the case of a solid solution: 
‘microcrystal, microstress and a distribution of 
imole compositions. The former two are 
‘usually discussed in the x-ray studies of the 
-cold-work of metals. In the microstress theory 
it is assumed that residual strains are left in 
‘the material, the strains in every grain are 
‘varying in magnitude. Therefore different 
grains have slightly different spacings of net 
‘planes d, and the reflected beams from the 
‘grains merge into one broadened reflection. 
‘It is possible to distinguish between the broad- 
ening of microcrystal and that of the micro- 
‘stress by considering the dependence of line 
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breadth B on 4 and @;} 
microcrystal: B=K.2/Lcos@ , 
microstress : B=/f(dd/d)tan@ , 


where Z means the crystal size, f(4d/d) is a 
functional coefficient of the root-mean-square 
strain 4d/d, and 2, 6 have the usual meanings. 
Though it is difficult to analize, the third 
broadening effect due to the distribution of 
mole compositions in the solid solution will 
be characterized by an asymmetric form of the 
diffraction line or by an irregular deformation 
of the line shape. The observed extraordinari- 
ly broad widths of the 111, 200, 220 and 311 
diffraction lines in pattern 8D were reduced 
by an appropriate correction of the apparatus 
broadening and were plotted against tané. 
The plots were well on a straight line drawn 
through the origin. This indicates that the 
microstress broadening is better fit than the 
broadening due to the microcrystal in pattern 
8D. Thus in a triple oxide coating, we must 
consider all of the microcrystal broadening, 
microstress broadening and the broadening 
due to the distribution of mole compositions 
in the solid solutions as the origin of the ob- 
served line broadenings of x-ray powder pat- 
terns. The microstress broadening will be of 
major importance in a triple oxide coating 
especially after the forced evaporation loss of 
the BaO component from the coating. 


§4. Discussion 


As was mentioned in the previous section, 
so far as we have measured we have not 
been able to find any uniform single phase 
triple oxide solid solutions. Where the com- 
position was in the neighbourhood of the 
apices of the triple diagram, x-ray patterns 
were often obtained which may be interpreted 
as a single phase solid solution. Some of these 
cases, however, were found to be of two or 
more phases on reexamination. Some of the 
triple oxide coatings showed always single 
lines characteristics of a single phase solid 
solution in the x-ray powder patterns. For 
example, the triple oxide coating of the com- 
position; BaO:SrO:CaO=5:10:85 mole percent, 
showed this characteristics with the observed 
lattice constant of 4.83, A. On the other 
hand, assuming the linear law, which would 
be a fairly good approximation in the case of 
a uniform triple oxide solid solution, the lat- 
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tice constant of this solid solution is calculated 
to be 4.867 A. The calculated value is some- 
what larger than the observed. This dis- 
crepancy was seen for every other example 
in the vicinities of the pure CaO and SrO. 
The observed lattice constant smaller 
than the calculated one indicates an incom- 
plete dissolution of the BaO component into 
the major crystal. There is another possibility 
as to why we could not succeed in finding any 
true triple oxide solid solution, e.g. if a uni- 
form solid solution of the three constituents 
can exist only in narrow composition regions 
near the BaO-SrO side or the SrO-CaO side, 
we would hardly be able to verify such solu- 
tion by the x-ray diffraction method. At least 
at 900°C, there are no uniform oxide solid 
solutions over the entire triple composition 
range. The higher the temperature of heat 
treatment, the more excess evaporation loss 
of the BaO component from the coating occurs. 
The preferential evaporation of the BaO can- 
not be suppressed in the vacuum, and this 
causes the shift of the triple composition 
coordinate towards the BaO deficient side in 
the triple diagram and makes it impossible to 
study the triple diagram. As it is impossible, 
at present, to estimate the evaporated mole- 
cular amount of the BaO component from a 
triple oxide coating and as the single line 
characteristic of the x-ray pattern cannot be 
the whole evidence of a uniform solid solu- 
tion, so we can hardly recognize the existence 
of a uniform triple oxide solid solution even 
at a higher temperature than 900°C. It is 
likely that, for any temperatures of heat 
treatment, there are no single phase triple 
oxides over the entire composition range so 
far as the study is carried out in the vacuum. 

As the next problem, we consider the role 
of the added CaO component in a triple oxide 
coating. The added CaO causes two or more 
phases of oxide solid solution in the coating 
unless an extreme reduction in the BaO com- 
ponent has occurred by a severe heat treatment. 
Particularly in the case of the coatings used 
extensively in vacuum tubes, their composi- 
tions lie around the points of the equal molar 
barium and strontium oxides and an appro- 
priate fraction of the calcium oxide. In these 
coatings there appear three kinds of oxide 
solid solution as described in the previous 
section, At thermal equilibrium or quasi- 
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equilibrium the mole compositions of eac 
oxide crystals and the abundance ratio amor 
them have definite values corresponding | 
the composition coordinate in the triple di: 
gram. Futhermore, the mole compositions « 
each oxide crystals will not be so differer 
from those values listed in Table II regardle: 
of a little variation in the triple compositic 
coordinate. That is to say, type-I oxide wi 
contain about 65 mole percent BaO, type- 
oxide will contain about 80 mole percent Sr¢ 
and type-II oxide will contain at most 5 mo: 
percent SrO. If the temperature is raise 
above 1000°C, as is the case with flashing 
aging for the activation of cathode, the pre 
ferential evaporation of the BaO become 
appreciable causing a shift of the triple con 
position coordinate of the coating towards th 
BaO deficient side. The evaporation loss ¢ 
the BaO from the coating causes a SrO riche 
state in type-I crystal. This must initiate 

forced transition of the SrO component fror 
type-I oxide to the other, because the equil 
brium mole composition of type-I oxide cai 
not stay at such a SrO richer state even afte 
the shift of the triple composition coordinate 
The transition of the SrO from type-I oxid 
would mainly occur to type-II oxide, and 

simultaneous transition of the CaO componer 
from type-III oxide to type-II oxide shoul 
occur to keep the equilibrium mole compos 
tions of the respective oxides. Thus the ev: 
poration loss of the BaO requires a rearrange 
ment of the whole system, and a larg 
amount of components must be transporte 
across the crystal boundaries. Fig. 9 illustrate 
schematically the net flows of the three cot 
stituent components among the oxide crystal: 
The SrO and CaO components may be tran: 
ported from one crystal to the other b 
surface migration and diffusion through tt 
crystal boundaries or by the evaporation acros 
the crystal boundaries (or pores). As one 
the cases, consider the transitions of SrO an 
CaO by the evaporation across the boundarie 
The rates of evaporation of both the SrO ar 
CaO in a triple oxide coating may be col 
sidered definitely smaller than the value « 
the BaO even at a hige temperature whet 
the evaporation loss of the BaO becomes a 
preciable. Although we cannot estimate tl 
velocities of surface migration and diffusic 
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of the SrO and CaO components in a triple 
joxide coating, it may be supposed from Woods 
jand Wright’s experiment on multilayered oxide 
films’? that the diffusion of the SrO is more 
difficult than the BaO. Moreover, the CaO 
component hardly reacts on the other com- 
donents even at a high temperature. Thereby 
lit is likely that the transitions of the SrO 
{and CaO will not be able to follow the variation 
n the triple composition coordinate of the 
system caused by the preferential loss of the 
/BaO. Thus the whole system will be left in 
la distorted state which will produce the ob- 
served line broadening of the x-ray powder 
datterns. The situation will be understood 
more clearly when we compare the triple 
bxide with the barium-strontium double oxide. 
|n the double oxide a uniform single phase 
yxide solid solution is easily formed over the 
pntire composition range by a comparatively 
wrief heat treatment. Then the variation in 
»xide composition due to the preferential 
svaporation loss of the BaO component does 
aot require any loss of the SrO from the oxide 
trystals, and the equilibrium will be readily 
sstablished after a temporary mutual diffusion 
yf ions within the crystal. The mutual ion 
liffusion within an oxide crystal will be easily 
yerformed and will not be a rate determining 
actor for the establishment of the equilibrium. 
(The distorted oxide crystal is in a higher energy 
state than the undistorted. It is likely that the 
uigher the energy of the oxide, the more easily 
s the oxide activated by a given heat treatment 
‘ausing a greater increase in emission as is 
he case with a small crystalline state of an 
yxide!™. The triple oxide is superior to the 
louble oxide because the former has more 
jossibilities of attaining the crystal distortion 
jhan the latter by a given heat treatment. 
The distortion in oxide crystal is probably the 
‘eason for the improved emission of the triple 
yxide coating. This in turn will indicate the 
superiority of the double to the single. The 
‘ole of the CaO component in the triple oxide 
soating is entirely to produce the complexity 
n crystalline state of oxides, and complexity 
lacilitates the occurrence of distorted oxide 
‘rystals in the coating. 

Finally, each of the double carbonate solid 
solutions, (BaSr)CO;, (SrCa)CO; and (BaCa)COs, 
lecomposes separately to the constituent 
yxides. Presumably the triple carbonate solid 


An X-Ray Study of Barium-Strontium-Caleium Triple Oxide 


565 


solution (BaSrCa)CO; will also decompose 
separately to the constituent oxides. The 
exact mechanism of the processes cannot be 
studied at present because of the sensitive 
dependence of the mechanism on the cathode 
temperature and the pressure of conversion 
gases. 


Fig. 9. Schematic illustration of the transitions 
of the constituent oxides in a triple coating 
associated with the preferential evaporation loss 
of the BaO. 


The author is indebted to Mr. K. Noga for 
his valuable discussions during the course of 
this investigation. 
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In the oxide cathode coated with alkaline earth metal oxide on a 
nickel sleeve, it is generally known that the active material contained 
in the core significantly influences the thermionic electron emission. 
That is, the active material produces excess Ba through the reduction 
of oxide. The produced excess Ba diffuses in the oxide and appears on 
the cathode surface so as to enhance its thermionic activity. On the 
other hand, however, nickel sleeve is generally made by drawing method. 
Because of severe mechanical processings and heat treatments, the sur- 
face of the sleeve is subject more or less to contamination. As long 
as this surface contamination exists, the diffusion of the active material 
to the sleeve surface is impeded, whereby causing an inferior activity. 


The following is the result of research showing the existence of these 
contaminated layers which exert some evil influences. 


$1. 


The nickel sleeves mainly used in this 
research were 1.6mm in diameter, 32mm in 
length, containing Mg:0.10% and Si:0.17% as 
the active materials. After the firing with 
hydrogen (1000°C, 15 minutes), it was treated 
with electrolytic etching as shown by Fig. 1. 
The electrolyte was sulphuric acid (specific 
gravity 1.84) diluted by nine times water (by 
volume). To observe the influence arising 
from the electrolytic etching on the electron 
emission under the same condition, each half 


Method of Experiment 


A-C. 


source 
Voltmeter 
Ammeter 


Glass tube 

used for treating 
a half of the 
sleeve. 


Ni-cylindrical 
Electrode 


AANERARREREET 


Ni-sleeve 


Electrolyte 
(Dilute sulphuric 
acid) 


Big. 1. 
Ni-sleeve. 


Electrolytic treatment method of 


of the sleeve was subjected to different ele 
trolytic treatments, or only one half we 
treated. After coating with carbonate ((Ba-$S 
CO;) to a thickness of 5~8mg/cm? by ele 
trophoresis as shown in Fig. 2, the test tuk 
was composed as shown in Fig. 3. Afte 
degassing, conversion and activation processe 
the emission current from each half of tt 
cathode was measured by the application « 
triangular pulse voltage of 500 volts (peak 
In this way we investigated the difference dt 
to the treatments. 


1.6¢ 


Ni-sleeve 


Oxide coating. 


Bye 


Fig. 2. Oxide coated cathode. 


§2. Influence of Electrolytic Treatment « 
Activation Velocity and Emission 


Current 


Fig. 4 indicates the result of our experime 
on the cathode with a sleeve whose one hz 
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was treated by an electrolytic current of A. 
C. 1.5 A/cm’, a thickness of 6 having been 
removed by this treatment, and the other half 
was left untreated. After degassing and con- 
version in the usual manner, the cathode was 
kept at a temperature of 1230°K on the evacua- 
tion system. Occasionally the temperature 
was lowered to 1050°K, and the emission 
current was measured. As shown in Fig. 4, 
the activation velocity is larger for the elec- 
rolytically treated part compared with the 
intreated part. 


Table I. Effect of A.C. electrolytic treatment 
to the emission current. 


I3/To T¢/Io | I9/I3 | Lie/Te 


Mean ratio a : | 
ae ae L607 A202 2423 | east | 1.10 


Z,: Emission current from the part which the 
sleeve surface of a thickness of t microns has 
been removed by electrolytic treatment. 


ti 
| In addition to the difference in activation 
elocity, an increase in emission current by 
lectrolytic treatment was also. observed. 
[able I indicates this difference by comparing 
the emission currents from both parts at 
.050°K after the activation has been done for 
10 minutes under the above-stated condition 
cathode temperature 1230°K, on the evacua- 
ion system). Here, /; is the emission current 
rom the treated half where the sleeve surface 
ff a thickness of ¢ microns has been removed 
yy electrolytic treatment. ¢ was estimated 
rom the amount of nickel reduced. We see 
hat, for the sleeves used in the present ex- 
yeriment, the emission current increases with 
he electrolytic treatment until the removed 
hickness reaches 6/4, but any further advances 
f the electrolytic treatment have little effect 
m the emission current. 


»3. Measurement of the Diffusion Energy 
of Active Material 


' As seen from the above results, the elec- 
rolytic treatment can increase the emission 
urrent. This is ascribable to a removal of 
he surface contaminated layer established in 
he manufacturing process of sleeve. During 
he severe mechanical processings and heat 
reatments, the impurities of various kinds 
‘re involved in the surface, and a part of the 
ctive materials near the surface may be 


Surface Treatment of Core Metal 


567 


6% 


Ni-slesve 


Anode 


Oxide coating 


Fig. 3. 


Construction of electrode. 
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Electrolyte: Sulphuric acid (s.g.=1.84): water 
=1:9 (by volume). 

Electrolytic current density: A.C. 1.5 A/cm?. 

Treated time: 30sec. 


Fig. 4. Effect of electrolytic treatment to activa- 
tion velocity. 


: Surface : 
Soke contaminated OOS Vacuum 
layer 8 
(a) Untreated case. 
Ni-core} Oxide W acuta 


metal | coating 

(b) By electrolytic treatment the con- 
taminated layer is removed so as to let 
the clean core surface contact directly 
with the oxide coating. 


Fig. 5. Sections of oxide coated cathode. 
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Fig. 6. Measurement of diffusion energy. 
Occasionally, the cathode temperature wa 
600 lowered to 1028°K in order to check th 
5 emission current. The result obtained is show: 
ag tO in Fig. 6. Fig. 7 shows the logarismic plo 
i of the equilibrium emission current as th 
ee au function of the temperature of the heat treat 
ae ment of the cathode. 
ie Under the equilibrium condition the forma 
= 100 tion velocity of the excess Ba is equal to th 
a 80H evaporation velocity from the oxide surface 


3.0 8.4 8.8 942 


1/Tx 10% 
Fig. 7. Logarismic plot of the equilibrium emis- 


sion current as the function of the temperature 
of the heat treatment of the cathode. 


combined with oxygen. These compounds 
remain unaffected by the hydrogen firing. 
Therefore, the active materials must diffuse 
through this contaminated layer in order to 
reduce the oxide and to produce excess Ba. 
But, when the contaminated layer is removed, 
the clean sleeve surface can directly contact 
with the oxide as shown in Fig. 5, and this 
facilitates the reducing action of the active 
materials and improves the activity. 

Next we composed a test tube of Fig. 3 in 
which half part of the sleeve underwent the 
electrolytic treatment by A. C. 1.5 A/cm?, a 
thickness of 8 having been removed by this 
treatment. The difference in diffusion energy 
of the active material in both parts was 
measured. After a conversion process, the 
cathode was kept at various temperatures, T, 
evacuating the test tube by a vacuum pump. 


The active material contained in the cor 
produces excess Ba through the reduction o 
oxide. The produced excess Ba diffuses i: 
the oxide and appears on the oxide surface 
So, it may be thought that the rate of suppl 
of excess Ba is determined by the diffusio: 
velocity of the active material in the sleeve. 


Let m : represent “the density of the ex 
cess Ba at the oxide surface,” 

Ea: “the diffusion energy of th 

active material in the core,” an 

&.: “the evaporation energy of th 


excess Ba from the oxide sut 
face.” 


The diffusion velocity of the activ 
material in the core ccexp(—Ea/kT 


The evaporation velocity of the exces 
Ba from the oxide surface 
cc m exp (—E,/kT). 
Therefore, if A and B are constant, 
A exp (—E4/kT)=Bn exp (—E./[kT) , 
so 


n= exp (E,—E,kT) . 


In the above experiment, the emission curren 
z at a specified temperature is proportional t 
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the excess Ba density », since the activity is 
insufficient and the relation zocy rather than 
txn'/? holds. Hence the slope of the lines in 
Fig. 7 gives (E.—E,)/k. The values of Ey 
obtained by assuming F£.=2.3 e.v. listed in 
Table Il. The value of Ey=1.6 e.v. agrees 


Table I]. Diffusion energy of active material in 
the core metal. 


Ei, — Ea | Ba 


Electrolytically treated side 0.7 e.v. 1.6 e.v. 
Untreated side 0.5 ev. | 1.8 e.v. 


Assuming E.=2.3 ey, | : oe 
with that measured by Kawamura” for the 
diffusion energy of Mg in Ni. For the sleeves 
used in the present experiment, it may be 
jsupposed that the diffusion energy of the active 
ymaterial has increased by 0.2 e.v. owing to 
the existence of a contaminated layer in the 
untreated case. 


$4. Gas-evolution from Sleeve by 
Electron-bombardment 


After a hydrogen firing, a sleeve was cut 
jinto two pieces of equal lengths. One of 
these was subject to electrolytic treatment so 
that a thickness of 8 was removed from the 
tsurface. As illustrated in Fig. 8, they are 
ised as the anodes which face to the Th-W 
Icathode. After getter-flashing the test tube 
was tipped off. And, after activating the 
Th-W cathode, an emission current was taken 
tut (cathode temperature=1600°K). The 
lemission current from the Th-W cathode when 
rhe electrolytically treated sleeve A was used 
is the anode and that when the untreated 
sleeve B was used, respectively, are shown in 
fig. 9. The temperatures of A and B measur- 
ed by Ni-W thermocouple were maintained 
constantly at 800°K by their own heating 
\ilaments during the experiment. The decay 
pf emission current as shown in Fig. 9 is 
ascribed to the gas-evolution from the anode 
iwhich affects to the adsorbed Th on the Th-W 
surface. It has been recognized that the 
lecay velocity was faster in the case of 
intreated sleeve B than in the another case. 
‘dowever, when, instead of taking out the 
mission current continuously from the Th-W 
l-athode, occasional short period measurements 
f the emission current using the treated sleeve 
'\ were made, the result was as shown by C 


| 


i 
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in Fig. 9; no decay of the emission current 
was observed unless the sleeve was continuous- 
ly bombarded by electrons. The reason why 


=— 


Winns epring 


Heater 
Electrolytic Untreated 
treated sleeve (B) 
Sleeve (A) 
Th-W cathode 
Fig. 8. Construction of test tube. 
ok 
2 l A 
1s gc Oe Oa Me Qe Gm 
Z 
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Emission current (mA) 
wv 
ro) 


Time (min.) 
A: By using the electrolytic treated sleeve 
for the anode. 
B: By using the untreated sleeve for the 
anode. 


C: By using the electrolytic treated sleeve 
for the anode, but non continuous electron 
bombardment to the anode was held. 


Fig. 9. Emission decay of Th-W cathode. 


A and B were kept at a constant temperature 
of 800°K during the experiment is that the 
gas-evolution velocity increases sharply with 
rising anode temperature, even if the electron 
bombardment is carried out under the same 
condition. From this phenomenon it may be 
supposed that there exists on the sleeve sur- 
face a layer of a different nature from that 
of the interior, which yields a large quantity 
of gas evolution when bombarded by electrons. 
In other words, this can be regarded as an 
evidence of the existence of the surface con- 
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taminated layer. 


§5. Effect of D. C. Electrolytic Treatment 


The above-stated experiment is exclusively 
the case of A. C. electrolytic treatment. Table 
III illustrates the effect in another case, name- 
Table II. Effect of D.C. electrolytic treatment to 

the emission current. 


Iq/Io Ia/Ip 
De iL 30) 
2.10 et, 
Ratio 1.96 1.04 
1.96 0.90 
78 0.85 
Mean value 2.00 il Ow 
Table IV. Comparison between A.C. and D.C. 
electrolytic treatment. 
Tac. /Tp.0. 
e22, 
1G 
Ratio 1.08 
‘ 0.90 
0.88 
Mean value AOS 
ly, of D. C. electrolytic treatment. Like the 


A. C. electrolytic treatment, diluted sulphuric 
acid was used as the electrolyte, and the same 
electrolytic current density of 1.5 A/cm? was 
used. The thickness removed was always 8. 
The method of experiment was the same as 
that in § 2. In Table III I, and I are 
both the emission current from the oxide 
cathode of the treated part of the sleeve, but 
I, means that which we have when the sleeve 
was used as anode in the electrolytic treat- 
ment, while I, that which we have when first 
a thickness of 8 of the sleeve surface was 
removed using the sleeve as anode, and then 
a reverse direct current of 1.5 A/cm? was 
passed for 30 sec. using now the sleeve as 
cathode. Nickel is electrolytically insoluble 
when the sleeve is used as the cathode, so the 
latter method was adopted. I) is the emission 
current from the part of untreated sleeve 
surface. As indicated in Table III, an increase 
in emission current by these D. C. electrolytic 
treatments is observed. But little difference 
in the emission current was recognized for the 
two directions of the current in the electrolytic 
treatment. Moreover, there was no remark- 
able difference between A. C. and D.C. elec- 
trolytic treatments as shown in Table IV. 


J. NAKAI and S. NAKAMURA 


(Vol. 1¢ 


Consequently, the increase in emission curre! 
by electrolytic treatment must be ascribable 1 
the removal of the surface contaminated laye 
but not to some chemical or electrolytic 
reactions on the surface of nickel. Therefor 
the same effect is to be expected in the cas 
of acid treatment, and we actually confirme 
this experimentally. 


§ 6. Conclusion 


From the above results it may be conclude 
as follows. If the nickel-sleeve was produce 
by an inferior management in the workin 
processes, it has a surface contaminated laye: 
This layer impeades the diffusion of the activ 
material in the core, so the activation actio 
by the active material is reduced. This bring 
a poor activity and a large dispersion in th 
emission currents. In such a case, if th 
contaminated layer is removed by means < 
electrolytic or acid treatment, the pure cor 
substance contacts directly with the oxide 
The activation by the active materials cot 
tained in the core goes on vivaciously, tht 
increasing the emission current. With a certai 
improved control of the working proces: 
however, such an electrolytic treatment woul 
not be effective because there is no surfac 
contaminated layer. 

The above is the results obtained from e 
periments using a certain type of sleeve 
mentioned in § 1. In experiments wit 
other types of sleeves, we met some case 
where no effect of the electrolytic treatmer 
was observed. However, it was general] 
observed that the emission current was mort 
or less enhanced. 
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Shock Tube Study of the Flow past Circular-Arc Airfoils 
Using a Mach-Zehnder Interferometer 


By Koichi OSHIMA 
Institute of Industrial Science, University of Tokyo 


(Received March 22, 1954) 


Interferometer measurements are given of pressure distributions of 


circular-arce airfoils with thickness ratios 


at angles of attack 
LO gil USK Saas Ferg cc Dare aM oe 
in the flow of Mach numbers 


10%, 15%, 20% 


2.2~1.9x10°. 


other wind tunnel experiments. 


$1. Introduction 

On the flow past a thin two-dimensional 
}airfoil, there have been many researches in 
the case of low subsonic and high supersonic 
speeds. Hence our knowledge concerning the 
flow in these speed ranges is almost complete. 
However, it seems that, in the case when the 
flow speed is nearly sonic, the research is yet 
in early stage of its development. Th. von 
Karman made a great contribution to this 
jresearch by presenting the transonic small 
}perturbation equation. Although due to its 
‘mathematical difficulty, this equation has been 
solved only for a few special cases, a simi- 
arity law concerning the body shape, free 
stream Mach number and specific heat ratio 
‘can be deduced from this equation. Based on 
this law, characteristics of an airfoil can be 
calculated from the characteristics of an airfoil 
‘with similar shape but different thickness. 

At the GALCIT, A. E. Bryson» measured 
the drag coefficients of half wedges with semi- 
wedge angles 4.5°, 7.5°, 10° at zero angle of 
attack and checked this similarity law. J. D. 
Cole?» measured the lift coefficients and center 
of pressure coefficients of a 5% double wedge 
airfoil at small angle of attack. But these 
data lack the values at near sonic speed owing 
to the wind tunnel choking. 

D. K. Weimer® pointed out the possibility 
of transonic experiments using the quasi-stable 


SHA 


ment with transonic similarity law. 


Daves Waees, WES Sy SLE Oey bails AU eileen NL Setey aba ILA 
with Reynolds numbers based on chord length 


From these data, drag coefficients, lift coefficients and pitching moment 
coefficients were calculated for each case. 
These coefficients and lift-angle of attack curves are in good agree- 


Results are also compared with 


state of shock tube flow. At the Princeton 
4x18 in. shock tube, W. Griffith® obtained 
the drag curve in the transonic range of a 
half wedge with semi-wedge angle 7.5° at 
zero angle of attack. His data agree with 
Bryson’s results at subsonic and supersonic 
speeds. 

A few experiments are reported for circular- 
arc airfoils, but these data do not seem to be 
sufficient for the examination of the transonic 
similarity law. So in order to criticize this 
law, systematic experiments of these airfoils 
with various thickness ratios at various angles 
of attack in the wide range of Mach numbers, 
including the neighborhood of Mach number 
of 1, are carried out. 

This work was conducted at the Institute 
of Industrial Science, University of Tokyo. 
Grateful acknowledgement is made to Prof. 
F. Tamaki for his continued encouragement 
and useful advice. Thanks are also due to 
Mr. Y. Sakurai for his helpful assistance in 
carrying out the experimental work. 


§2. Notations 


c : airfoil chord length 

Cp: pressure drag coefficient 

Cy: lift coefficient 

Cy: pitching moment coefficient about 1/2 
chord point 

Cp: pressure coefficient 
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iz 
Photo. I. 
Photo. II. Models. 
M: Mach number of undisturbed flow 
t : maximum thickness of airfoil 
x : distance from leading edge along 
center line of airfoil 
a: angle of attack 
ry : specific heat ratio 
& : transonic similarity parameter 
Cp: reduced pressure drag coefficient 
Cr: reduced lift coefficient 
Cy: reduced pitching moment coefficient 
about 1/2 chord point. 
§3. Shock Tube and Models 
Measurements were made in the Institute 
of Industrial Science Oxilscim Snoelkx 
tube. For the description of the shock 
tube, calibration equipments and _ optical 
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Test window and Interferometer. 


systems employed see references 5 and 6. Ex- 
periments were carried out in the so-called 
“cold-air” of shock tube flow. Detailed ex- 
amination of this flow and full data of this 
investigation will be published by the present 
author in the Report of the Institute of In- 
dustrial Science, University of Tokyo. 

Three circular-arc airfoils with different 
thickness ratios were used in the experiments. 
All airfoils have the chord length of 2cm and 
the span of 6cm, and the maximum thickness 
are 2mm, 3mm and 4mm, respectively. 
They are made of mild steel and supported 
in the flow by two thin stings attached to the 
wing tips. These stings are in close contact 
with side walls, and so the disturbance due 
to them are quite small. 

Photos. I and II show the Mach-Zehnder 
interferometer used and the three models with 
supports, respectively. 


§4. Flow Patterns 


Some typical interferograms of flow about 
15% airfoil are shown in Photos. III and IV. 
The error of measurement of fringe shift of 
interferogram is smaller than 1/10 of one 
fringe, and the maximum fringe deviations 
from undisturbed flow are 3~5 fringes; con- 
sequently the error of pressure coefficient is 


smaller than 2~4% of their maximum value. 
Pressure coefficients corresponding to these 


| photographs are shown in Figs. 1 and 2. The 
1 figure corresponding to M=1.9 shows purely 


) supersonic pressure distribution on the airfoil, 
}and the one corresponding to M=0.75 shows 
}purely subsonic distribution. The distribu- 
{tions at Mach numbers between these values 
‘change gradually from supersonic to subsonic 
jtype distribution. 

| Reynolds numbers based on chord length 
jare 1.9~2.2x10°. So laminar boundary layer 
}separation occurs in every case, and shock 
wave, which appears when the flow speed on 
‘the surface exceeds local sound speed, takes 
‘the so-called 2-configuration. Both the shock 
‘wave position and the separation point move 
‘downstream as the free stream Mach number 
is raised. 

Fig. 2 corresponding to Photo. IV shows 
Cp at aw=4.8°. Distributions on the lower 
‘surface are similar to those at a=0°, but 
those on the upper surface take very com- 
|plicated feature owing to the leading edge 
separation and the reattachment of the flow 
‘to the wing surface. 

All other experiments carried out for dif- 
ferent thickness ratios, angles of attack and 
free stream Mach numbers show similar 


| 1955) Shock Tube Study of the Flow past Circular-Are Airfoils 573 


M=0.75 


Photo. III. 15% airfoil «=0°. 
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M=1.1 M=0.75 
Fig. 1. Pressure distribution of 15% circular-arc 
airfoil at zero angle of attack. 
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Photo. IV. 
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Fig. 2. Pressure distribution of 15% circular-arc 
airfoil at angle of attack 4.8°. 


15% airfoil «=4.8°. 


characters of the flow as mentioned above, 


and so the figures and photographs are omitted 
here. 


§5. Results 


Pressure force components of normal and 
tangential direction to chord are calculated by 
numerical integration of the corresponding 
components of Cp. These are transformed to 
pressure drag coefficients and lift coefficients. 
Pitching moment coefficients are also calculated 
by numerical integration of moment com- 
ponents. 

These coefficients are transformed to reduced 
coefficients by the following formulas to 
present the experimental results in terms of 
the transonic parameter: 


pe ee eee 

[(r+t/cP® * jer 
@ OIC, ee Oey 
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Fig. 3 (a) and (b) show Cp of the front half 
and rear half of airfoils, respectively, at zero 
incidence. Calculations based on Busemann’s 
approximation about 10% and 15% airfoils are 
also included. Even at the highest Mach 
number tested (M=1.9), 20% airfoil has not 
attached shock wave, and so the calculation 


© 10% airforl 
4 — © 15% airfoil 
Co © 20% ainfork 
3- oO) eX ps at GALCIT 
° 
° BO exp. at NPL 
es eee 
© e 
e» Sateys Pye 
» ia Se 
» eS gin “is as 
(a e o e 


i, o Busemann’s 

Co ee Cal. of 
15% airfoil 

5 a eee Busemann’s 
Cal. of 


10% airfoil 


(b) 


Fig. 3. Reduced drag coefficient at zero angle of 
attack of front half-(a) and rear half-(b). 


Fig. 4 (a) 
shows Cp of the total profile at zero incidence. 
It is the sum of Fig. 3 (a) and (b). 

lOCeartolatva—o nr loGeaintols at a= 
4.8° and 20% airfoil at ~=6.4° have the same 
value of a/(t/c), so they are similar profiles. 
Fig. 4 (b) shows Cp for these cases. Fig. 5 
(a) and (b) show C. and Cy for the same cases, 
respectively. 

Fig. 6 shows the reduced lift curve at nearly 
equal values of €. This indicates that C,, at the 
same & are proportional to a/(t/c). The rela- 


for this case is not presented. 


tion between Cy /La/(t/c)] and & is shown in Fig. 
1a 


§ 6. Comparison with Wind Tunnel Data 


Pressure distributions of a half 8.8% circular- 
arc profile followed by straight section at zero 
angle of attack at high subsonic and low 
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Fig. 4. Reduced drag coefficient at zero angle fo 
attack-(a) and at a/(t/c)=0.56-(b). 


supersonic speeds were measured by A. E. 
Bryson at the GALCIT 104 in. wind tunnel 
using a Mach-Zehnder interferometer. In the 
two cases of Mach numbers, at which the 
airfoil has detached shock wave and the shape 
of the rear half does not affect the pressure 
distribution of the front half, the pressure 
distribution of the rear half of a circular-arc 
airfoil instead of the straight section was cal- 
culated from the front half data on the as- 
sumption of Prandtl-Meyer flow. A 12% 
circular-arc airfoil at zero incidence with 
artificially developed turbulent boundary layer 
was experimented by H. W. Liepmann, H. I. 
Ashkenas and J. D. Cole in the subsonic range. 
Reduced drag coefficients from these data are 
plotted in Figs. 3 and 4 (a). 

Drag coefficients, lift coefficients, moment 
coefficients and center of pressure coefficients 
of a 7.5% circular-arc airfoil at angles of 
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(b) 


Fig. 5. Reduced lift coefficient-(a) and moment 
coefficient-(b) at a/(t/c)=0.56. 


attack 0°, 1°, 2°, 3° and 4° were measured at 
the NPL 1 ft wind tunnel by W. F. Hilton. 
These data are plotted in Figs. 4, 5 and 6. 
In his experiments, forces are measured 
directly by a balance, and Reynolds numbers 
are 0.4~0.88 x 10°, which are slightly higher 
than the present experiments. 

The above-mentioned data are either the 
results with calculated rear half airfoil or 
with turbulent boundary layer or with large 
Reynolds number. Hence so the flow patterns 
are different from the present experiments, 
that is, they have no A-shock and laminar 
separation. Accordingly it is natural that 
some systematic deviations from our data are 
found, and they are especially remarkable at 
low Mach numbers at which j4-shock wave 
appears on the airfoil surface. Drag coefficients 
of front half profiles and lift coefficients are 
in good agreement with our data, but drag 
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coefficients of rear half profiles and momen 
coefficients do not agree because thes 
coefficients are strongly influenced by th 
pressure distributions near the trailing edge 
Drag coefficients of Hilton’s data include fric 
tional drag, so that they are larger than othe 
data. 

As is well known, the detached bow wav 
moves very far ahead of the profile as th 
flight Mach number decreases toward 1 an 
the radius of curvature of detached shocl 
wave at the point directly ahead of the profil 
becomes extremely large; and the local Macl 
number distribution of the airfoil surface ha 
a stationary value at flight Mach number 
and varies only slowly in the neighborhood o 
it. On consideration of these facts it is con 
cluded that the drag curve of rear half o 
circular arc airfoil has negative gradient a 
&=0 and has the maximum value at the poin 
just below €=0. This fact gives a possibility 
of predicting the drag coefficient at nearh 
sonic speed which cannot be obtained by wine 
tunnel test. 

Our experiments show: the local Macl 
number at a surface point upstream of th 
separation point has a stationary value in th 
neighborhood of €=0, but the separation poin 
moves monotonically upstream as free strean 
Mach number decreases, so that the local Mac 
number at a surface point downstream o 
the separation point has not a_ stationary 
value but decreases monotonically in th 
neighborhood of €=0. Accordingly the dra 
coefficient of the rear half profile has a positive 
gradient at €=0 and has the maximum valu 
at a certain point above &=0. 


§7. Conclusions 


Experimental investigation of transonic floy 
past circular-are airfoils was made by shocl 
tube using a Mach-Zehnder interferometer 
The conclusions may be stated as follows: 

1. Experimental values of force coefficient 
verified the transonic similarity theory. 

2. Because of the shift of separation point 
local Mach numbers at the surface point: 
downstream of the separation point hav 
not a stationary value at M=1 and .; 
maximum of the drag curve of rear hal 
airfoil appears above M=1. 

3. In the transonic range, the ratio o 
reduced lift coefficient to angle of attacl 
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Relation between reduced lift coefficient and «/(t/c) for various groups of é. 


divided by maximum thickness ratio is con- 
stant. 
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Experimental Studies on the Characteristics of Isotropic 


Turbulence behind Two Grids 


By Hiroshi TsuJI 
Institute of Science and Technology, University of Tokyo, Tokyo 
(Received February 28, 1955) 


In order to study the characteristics of isotropic turbulence produced 
under various initial conditions and at high Reynolds numbers, hot-wire 
measurements were made to determine the decay and the g-correlation 
of turbulence behind two grids, the upstream grid having a larger mesh 
length than the downstream one, in the 1.5-meter wind tunnel at the 
Institute of Science and Technology. 

The linear decay law, w2~x~1, does not hold in the presence of a large- 
scale, slowly-decaying turbulence produced by the first grid ahead of 
On the other hand, Lin’s decay law, u~[x-1-+-const.], 
which is supposed to be valid for the turbulence either behind a single 
grid or with a superposed disturbances of low frequencies, is confirmed 
unless the large-scale turbulence produced by the first grid is overwhelm- 
ingly predominant, though the deviation from the self-preservation of 
correlation at large value of 7 is marked. The constant term in Lin’s 
decay law, which expresses the deviation from the complete similarity, 
is negative for the single grid, but is positive in the presence of a 


the second grid. 


superposed, large-scale turbulence. 


$1. Introduction 


Many works have been done theoretically 
or experimentally in the study of isotropic 
turbulence, and have made clear much of the 
mechanism of turbulence in the process of 
decay. However, the Karman-Howarth equa- 
tion for the propagation of correlation func- 
tion, or its Fourier transformation—i.e. the 
spectrum equation-~which governs the motion 
of turbulence during decay, cannot be solved, 
in general, because of itsnon-linear nature. Only 
when the Reynolds number of turbulence is 
small, i.e., the decay is in the final period, 
the non-linear term, which expresses the 
transfer of energy between frequency com- 
ponents, can be neglected so that the solution 
can be obtained in an explicit form as con- 
firmed by experiments”. On the other hand, 
when the Reynolds number of turbulence is 
large and the energy transfer between fre- 
quency components plays an important role, 
the problem has been treated by many 
authors by making plausible assumptions, such 
as the self-preservation of correlation function 
or the similarity of spectrum during the 
process of decay. The similarity spectrum, 
however, is expected to be only asymptotically 
correct for the range of large wave numbers, 


its limit depending on the initial condition: 
and decreasing as the decay proceeds; there 
fore the law of decay might also depend o1 
the initial conditions. 

The effect of the upstream turbulence o1 
the decay of turbulence behind the grid wa: 
first mentioned by Taylor”. Some experiment: 
on the decay of turbulence behind two grid 
were carried out by Atsumi® and Hama??, bu 
the results were not entirely satisfactory t 
test the effect of the upstream turbulence 
Recently, the importance of an experiment t 
test the dependence of the law of decay of 
the initial conditions has been reemphasize 
by Lin®®, and Goldstein”, in connection wit 
the validity of the existing decay laws. 

In order to study the nature of isotropi 
turbulence produced under various initial cor 
ditions, measurements were made on turbt 
lence produced by two grids, the upstrear 
grid having a larger mesh length than th 
downstream one. In order to investigate th 
characteristics of turbulence in more detail, 
is necessary to measure the spectrum or co! 
relation. As well known, the correlation an 
the spectrum have the Fourier transform re 
lation to each other, and one of thes 
quantities can be evaluated from the othe 
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(All dimensions in meters). 


However, the correlation is useful for under- 
standing the lage-scale physical process of 
turbulence during decay while the spectrum 
for the small-scale process, so that it was 
planned to measure both correlation and 
spectrum in our continuing research project. 
In this paper the results of decay and g-correla- 
tion measurements are presented. The 
spectrum measurement is undertaken and will 
be reported shortly. 


§2. Experimental Equipment and 
Procedure 


a) Wind Tunnel 

Measurements were carried out in the 1.5- 
meter closed-circuit wind tunnel at the 
Institute of Science and Technology. A wooden 
duct, 7.6 m long and 1x1 m7? square section, 
was installed to eliminate the free boundary 
contamination from the original open-jet® and 
to have a longer test section (Fig. 1). The 


mean wind-velocity distribution along the axis 


of the duct was sufficiently uniform, as shown 
in Fig. 2, except near the grid. There was 


a tendency that the velocity became larger in 


the region approximately 60 to 80 mesh lengths 
behind the second grid®. The mean turbu- 


‘lence level of the wind tunnel was approxi- 
' mately 0.2 per cent for the mean wind velo- 
city of 5 to 20 m/sec. 


i b) Grids 


The first grid (half-morticed square wooden 


rods) had a mesh length, M,, of 5cm, and 


rod size, d;, of lcm. The second grid (inter- 


faced circular steel rods) had those, M, and 
ea, or i gavel OLA Gane 
_ geometrical solidity factor of both grids was 
0.36. The first grid was fixed at the position 
of 55cm from the entrance of the duct in 
' the course of all measurements, 
second grid was located at several positions 
to have different distances between the two 


respectively. The 


and the 


© without grid, U=|l6mysec 
U : * first grid alone, U=|6mysec 
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Fig. 2. Mean wind-velocity distribution along the 
axis of duct. 


grids for each experimental run. 


c) Hot-Wire Anemometer 

A 0.0003-inch Wollaston wire was soft sold- 
ered to the tips of the two needles, spaced 5 
mm apart, so as to form an arc, and the 
silver cover of the central part of the arc 
was etched off by the method described in 
detail in reference 8. The etched part of the 
wire was approximately 1mm long. Working 
temperature was about 300°C at heating cur- 
rent of 100 mA and the resistance of the wire 
was about 6 ohms. The time constant was 
then about 1.4 milli-seconds. 


d) Traversing Mechanism 

In order to traverse one hot-wire anemo- 
meter relative to the other fixed one ina 
vertical plane normal to the mean wind 
direction for the measurements of g-correla- 
tion, the unit shown in Fig. 3 was used. A 
micrometer screw with 1 mm pitch, on which 
the hot-wire support was fastened, was driven 
through a set of worm-gears and a shaft by 
a Selsyn motor controlled from outside the 
tunnel. This hot-wire holder unit, on which 
the total-head and static tubes were also 
mounted, was moved fore and aft along the 
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Fig. 3. Traversing mechanism of the hot-wire 
holder unit. 
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guide rails on the floor of the duct by means 
of a piano-wire and pulleys manually operated 
from outside the wind tunnel. The minimum 
distance (0.4 mm) between the two hot-wires 
was adjusted by an ocular micrometer at the 
beginning of each run. 
e) Amplifier 

The compensating amplifier used for this 
experiment was that of conventional resistance- 
capacitance compensating, push-pull, balanced 
type”! (Fig. 4). All the vacuum tubes were 
heated with direct current drawn from the 
battery, and the plate power source was a 
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Fig. 5. Frequency characteristics of compensating 
amplifier. 


Fig. 4. Circuit diagram of compensating amplifier and stabilized power supply 


conventional regulated power supply (300 V, 
-120 mA) with additional filtering incorporated 
with the compensating amplifier unit. Since 
6J4-tubes in the first stage, which had a high 
transconductance, were rather microphonic, 
the entire amplifier was hung by the damping 
spring in a special anti-microphonic case. The 
‘amplifier had good compensation characteristics 
}up to approximately 6 kilo-cycles for the wire 
fused in this experiment (Fig. 5). Mean-square 
/out-put was read on a thermocouple milliam- 
# Meter. 

‘f) Measurement of Decay of Turbulence 

| Measurements of the decay of the energy 
| of turbulence were made for mean wind velo- 
| cities of 5, 10, and 15 m/sec behind two grids 
jor a single grid alone. The distance, X, be- 
ytween the two grids was 50, 100, 150, 200, 
} 250, 350, or 450cm. Measurements were 
| repeated several times for each setting. 


g) Measurement of g-correlation 

The longitudinal velocity-correlation co- 
efficient f(7) and the lateral velocity-correla- 
ition coefficient g(7v) introduced by von Karman 
{and Howarth!” are related to each other by 
‘the continuity condition, 

Ga) 

Me OiP 
and thus the measurement of either one of 
‘the coefficients is sufficient. Measurement of 
‘the lateral correlation coefficient g(7) being 
‘more convenient technically, g(v)-curve was 
determined at a number of sections downstream 
from the second grid or a single grid for the 
‘mean velocities of 5, 10, and 15 m/sec. The 
usual “sum-and-difference method ” described 
in reference 12 was used to determine (7). 
The distance between the two grids was_ 50, 
200, 250, 350, or 450 cm. 
h) Determination of Microscale 

The microscale, or the dissipation length, 
2, defined by the relation 


Lobes al 
2 07 r=0 9 


can be measured by various methods: e.g., 
the differentiation circuit?', or by zero 
counting™. In this paper, however, values 
of 2 were evaluated from the g(7)-curves plot- 
ted against 7”, in view of investigating the 
self-preservation of the measured correlation 
curves. 


g(n=f (n+ 
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§ 3. Experimental Results and Discussion 


a) Decay of Turbulence 
Results of the measurement of the decay of 
turbulence for X=250 cm is shown in Fig. 6 
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Fig. 6. Decay of turbulence: ¥=250cm, U=5, 
10, and 15 m/sec. 
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Fig. 7. Summary of decay of turbulence: U= 
10 m/sec. 


as an example, in which a. is the distance 
downstream of the second grid, U the mean 


velocity, and wz? the mean-square turbulent 
velocity. 

A summary of the experimental results for 
the mean velocity of 10 m/sec is shown in 
Fig. 7. Each point plotted is an arithmetic 
mean of at least four measurements from 
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Fig. 8. Decay of turbulence: U=10 m/sec. 


|-2 eects 
(Vi) 4 


1-0 


0-8 


0-6 |- 


Oo FI 2 3 4 5 6 
Dien, elf 


Fig. 9. Decay of turbulence: U=10 m/sec. 


different runs. It seems that turbulence 
produced by the second grid with finer mesh 
decays rapidly at the early stage of decay. 
However, the effect of the first grid is mark- 
ed if the distance between the two grids is 
small. In this case the effect of turbulence 
produced by the first grid is so strong that, 
as the decay proceeds, the fine-scale turbulence 
produced by the second grid decays out rapidly 
and the decay curve resembles that for the 
first grid alone. From these experimental 
results, it is easily found that the decay law 
of turbulence in the early stage of decay de- 
pends on the initial conditions, especially on 
the low-frequency components. The value of 


n in the power law, (U?/u?)~(a/M)”, depends 
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on the initial conditions and has no universa) 
value. mis generally larger than 1 for turbu) 
lence produced by a single grid, while it ig 
smaller than 1 for turbulence which contains 
superposed low-frequency components. Ag 
suggested by Lin and Goldstein, the lineat 
decay law, #~27}, does not hold in thé 
presence of a large-scale turbulence ahead of 
the grid. | 


In order to check the decay law 
| 


u?~[(%—a9)-1+const.] , 

which has been originally put forward by 
Lin® and later endowed with firmer reasoning 
by Goldstein”, the same data as in Fig. 7 are 
replotted in Fig. 8 in a different manner!®, 
From Fig. 7, the origin 2) is chosen as 0.06 
m. Lin’s formula, which is supposed to be 
valid for the turbulence either behind a single 
grid or with a superposed disturbances of low’ 
frequencies, seems to be confirmed unless the 
large-scale turbulence produced by the first 
grid is overwhelmingly predominant. 

The discrepancy between two decay curves 
for a single grid plotted in a reduced scale 
(a2/Mz or 2:1/M;) may have resulted from the 
inequality of the effective solidity factor of 
the two grids, the square-rod grid having an 
effective opening less than that of the circular- 
rod grid of the same d/M ratio. 

In case of X=100~200 cm, it is found that 
the decay curves show a slight dependence on 
the mean velocity, while in other cases the 
decay curves scarcely depend on the mean 
velocity. 


In Fig. 9, values of U?/u? for U=10 m/sec 
are plotted, the distance 2; from the first grid 
being taken as the abscissa. In this figure, 
it is possible to draw an envelope to the 
curves, which gives the minimum value of 
w?/U? at each point behind grids. It may be 
clearer if U*/u? is plotted against X, the dis- 
tance between two grids, x; being a parameter 
(Fig. 10). There exists a maximum point on 
each curve and a smooth curve can be drawn 
connecting these extreme points. The curve 
corresponds to the envelope which may be 
presented in Fig. 9. It is seen therefore that. 
in view of reducing the intensity of large-scale 
turbulence at a section by means of the so 
called damping screen of fine mesh, there 
should exist the most efficient location for the 
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Fig. 10. Decay of turbulence: U=10m/sec. 
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| Fig. 11. Correlation coefficient g(7): Second grid 
alone, U=10 m/sec. 


damping screen. 


5) g-correlation 

Fig. 11 shows the correlation coefficient 9(7) 
behind the second grid alone for V=10 m/sec. 
The measured correlation agrees with the 
results obtained by Batchelor and Townsend’. 
‘As is well known, g(7) is negative at large 
values of 7 and then tends to zero from 
negative side. The results of correlation 
measurement made at various’ distances 
downstream of the first grid alone for U=10 
m/sec are presented in Fig. 12, and it is seen 
chat the scale of turbulence is very large be- 
cause of the large mesh length of the first 
zrid. 

Fig. 13 shows the correlation coefficient 9(7) 
at various distances downstream of the two 
grids placed 350cm apart for U=10 m/sec. 


X being large in this case, the high-frequency 
components of turbulence produced by the 
first grid have already decayed out and the 
low-frequency components are superposed to 
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Fig. 12. Correlation coefficient g(7): First grid 
alone, U=10 m/sec. 
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Fig. 13. Correlation coefficient g(r): X=350cm, 
U=10 m/sec. 
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Fig. 14. Correlation coefficient g(7): X=50cm, 
U=10 m/sec. 


the turbulence produced by the second grid. 
Comparison between these results and those 
of Fig. 11 shows that the effect of the large- 
scale turbulence produced by the first grid 
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predominates and the correlation exists up t 
much larger values of 7 than expected fron 
the second grid alone. The correlation co 
efficient g(7) for X=200, 250, and 450 cm aré 
found to be similar to those in Fig. 13. 

Fig. 14 shows the correlation coefficient 9(7 
for X=50cm and U=10 m/sec. In this case 
X is very small and the shape of g(r) quite 
resembles those for the first grid alone except 
at small values of 22:/M,. This is due to the 
fact that the fine-scale turbulence producec 
by the second grid decays out rapidly anc 
the large-scale turbulence produced by the 
first grid remains almost untouched. 


c) Self-preservation of Correlation 

By using 2 obtained from the g(7)-curves, 
the measured g-correlation is replotted against 
7/X. Fig. 15 shows g(7/4) for the second grid 
alone. As is well known from Batchelor and 
Townsend’s measurement, the chief feature 
of g(v)-curve is that, outside the self-preserv- 
ing region for which 7/4 is less than appro- 
ximately 1, the values of 7/4 corresponding to 
a given value of g decrease with increasing 
x»/M,. In other words, outside the self-pre- 
serving region g(7)-curves maintain roughly 
the same shape but contract as 22/M, increases. 
The same tendency is observed in the results 
of measurement at U=5, and 15 m/sec, and 
also for the first grid alone. It is seen, 
moreover, that outside the self-preserving 
region the mean curve of g(7/A) in any family 
during the process of decay, e.g., the mean 
curve which may be drawn in Fig. 15, con- 
tracts laterally as the mesh Reynolds number 
Ry=UM]/» decreases (Fig. 16). 

Fig. 17 shows g(7/4) for X=450 cm and U= 
10 m/sec. Precise self-preservation of y seems 
to hold for 7/2 less than 1, and the effect of 
non-self-preserving large-scale turbulence is 
relevant. It is to be noted that, outside the 
self-preserving region, values of 7/4 cor- 
responding to a given value of g increase 
x2/M,, contrary to the tendency observed for 
a single grid. In other words, outside the 
self-preserving region the g(7/2)-curves of any 
family expand laterally as 2/M. increases. 
The correlation coefficient g(7/4) for X=200, 
250, and 350 cm are similar to those in Fig. 17. 

Fig. 18 shows g(7/2) in the presence of two 
grids placed 50 cm apart for U=10 m/sec. In 
this case the shape of g(7/4) resembles those 
with the first grid alone except at small 
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values of 2/Ms, and the deviation from self- 
‘preservation at large values of 7/2 is not so 
marked as in Fig. 17. For small X, the turbu- 
lence produced by the first grid is predominant, 
and the small-scale turbulence produced by 
the second grid is merely superposed to the 
high-frequency range of turbulence produced 
by the first grid for the latter of which the 
similarity of spectrum holds. The fact that 
tthe superposed small-scale turbulence decays 
rapidly and the correlation curve tends to re- 
= the original one indicates the stability 
of spectrum. The experimental evidence 
thus supports Lin’s theoretical discussion on 
the stability of spectrum”. 


d) Decay of u*g(r) 
f Fig. 19 shows (u#2/U2)g(r) plotted against r 
in the case of X=250 cm and the mean wind 


velocity of 10 m/sec. In this case, (a#?/U?)g(7) 
it small values of 7 decays rapidly as 22/M, 
increases, but those at large values of 7 
scarcely decay and retain positive values. 
This is due to the existence of the slowly- 
(lecaying, large-scale turbulence. 


2) Variation of Rx during Decay 
The turbulence Reynolds number 
Ry =V 4? aly 
wbtained from the experiment is_ plotted 
fagainst 2 in Fig. 20, for the mean wind velo- 
city of 10 m/sec. FR, decreases gradually in 


The theoretical relation 


Ry — 7) eh E 4 8 (om) | 4 
v a 


which is deduced from the decay law 


uw 

eae ee ; 

is also presented in this figure. It is interest- 
ng that R, increases as the decay proceeds 
n the presence of slowly-decaying, large-scale 
urbulence ahead of the grid. 

: 4. Conclusion 

| The experinental investigation of turbulence 
yehind two grids has led to the following 
sonclusions: 

| a) The decay law of turbulence in the 
varly stage of decay at high Reynolds numbers 
epends on the initial conditions, especially 
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Fig. 18. Correlation coefficient g(r/A): X=50 cm, 
U=10 m/sec. 


° 
< 
< 
n 
i) 
oO 


aie 
+~ x 
SES NES ea 


Yr, cm 


Fig. 19. Decay of wg(r): X=250cm, 


U=10 m/sec. 
eo 2 , “"“oMalone + X=200 
100 eMealone 4 X=350cm 
O x X=50cm v X=450cm 
80 id ° ° 
MSS vee ‘ 
60 j ge e Q 
40} p ace 
20} % * ° e ° e 
% ] 2iap aS CSC 
xem 
Fig. 20. Variation of R, during decay: 
U=10 m/sec. 


low-frequency components. The value of ” 
in the power law, (U?/u®)~(a/M)”, depends on 
the initial condition and has no universal 
value. m is generally larger than 1 for the 
turbulence produced by a single grid, while it 
is smaller than 1 for the turbulence which 
contains superposed low-frequency components. 
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The linear decay law, which may be deduced 
from the assumption of the complete similarity, 
is not observed in general. 

b) The low-frequency characteristics of 
turbulence depend on the initial conditions 
and exhibit no similarity during decay, while 
the high-frequency components are indepen- 
dent of the initial conditions and retain the 
similarity. Therefore, Lin’s decay law, “w= 
az-!+ 8, which is derived by the assumption 
that the actual deviation from the similarity 
will be limited only for small values of wave 
number and hence the effect of the deviation 
will enter only in the calculation of energy 
but be negligible in the computation of the 
rate of energy dissipation, is expected to be 
valid for the turbulence either behind a single 
grid or with a superposed disturbances of low 
frequencies. The additive constant B in this 
law depends on the initial condition, i.e., on 
the spectrum of low-frequency components. 

c) A superposed disturbance of high fre- 
quencies destroys the similarity of spectrum, 
so that Lin’s decay law cannot be realized. 
The disturbance, however, decays out rapidly 
and the similarity spectrum is stable. 
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Yrigin of Guinier-Preston Zones in Alloys 


By Ken-ichi HIRANO, Yutaka TAKAGI 
and Hideyo MANIWA 


Department of Physics, 
Tokyo Institute of Technology, 
Oh-okayama, Meguro-ku, Tokyo 


(Received April 15, 1955) 


In previous publications) the author (K.H.) has 
inentioned based on experimental results on 
AIl-Ag®)-9, Al-CuS), Al-Mg-Zn®7), Al-Zn8) and 
\Mg-Pb®) alloys that the aging characteristics of 
}juench-annealed alloys are interpreted satisfactorily 
from the unified standpoint that the forma- 
fion of Guinier-Preston zones, which are flat 
aggregations of the solute atoms on some crystallo- 
izraphic planes of the matrix lattice, is not a 
joreparative process of precipitation of the new 
Dhase. Further it has been shown that if the con- 
ftentration of the solute atoms in the matrix solid 
holution is suitable, supersaturation of alloy in the 
sense of the equilibrium phase diagram is not 
jilways required for the formation of G-P zones. 
| Taking into account the interaction of solute 
tom with lattice defects, two possible mechanisms 
bf G-P zones are considerable and are now under 
‘ests. 

' As has been shown by quenching experi- 
ments!0)1), it is likely that if the alloy is quenched 
‘rom a high temperature, excess vacancies may be 
‘rozen-in. They have enough mobility at or near 
‘he room temperature, so on annealing they may 
‘orm aggregates in the form of planar sheets (disc- 
shaped aggregate) on some simple atomic plane. 

If disc-shaped one-layer aggregate of vacancies 
yn (111) plane of a F.C.C. crystal is sufficiently 
arge it can collapse to give a stacking fault 
surrounded by a sessile dislocation!”). 
| Two-layer condensation on (100) or (110) may 
yecome the dislocation ring if it is sufficiently 
arge!3), Fujita!3) suggested that disc of vacancies 
yn (110) plane is the most favourable to become 
the dislocation ring. It is likely that one-layer disc 
yn (100) plane remains in the crystal. 

If there is enough difference in size between 
solute atom and solvent atom, the solute atoms will 
aggregate on the disc-shaped vacancy plane, so the 
alastic energy can be reduced. This seems to be 
‘he first type of G-P zone which have been found 
in Al-Cul) and Cu-Be1)!6) alloys, in both alloys 
size of the solute atom is about 10% smaller than 
chat of the solvent and it is observed by X-ray 
»xamination that one-layer aggregation of solute 
atoms on the (100) plane is formed during 
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annealing after quenching. 

The second type of G-P zone may be possible if 
the chemical interaction of solute atoms with a 
stacking fault, which was first suggested by 
Suzuki!), can serve to form a solute atom rich 
hexagonal layer on (111) plane. Results of X-ray 
examinations on quench-annealed Al-Ag!8)!19 and Al- 
Zn”) alloys seem to suggest that this type of G-P 
zone is formed. In this case defference in atom- 
size can not be important. (In both alloys difference 
in atomic diameter is less than 0.5%). The solute 
atom concentration at the G-P zone must satisfy 
the Hume-Rothery law, 7/4 electron atom ratio for 
hexagonal close packed intermetallic compound. 

The fact???) that small amount of additional 
element can suppress the formation of G-P zones 
may be interpreted by the possibility that im- 
purities widely dispersed in alloys might act as 
traps for vacancies and prevent them from coagulat- 
ing. 

Recently Hasiguti°3) gave a proposed theory on 
the anneal-hardening of cold-worked «-brass and 
stated that various phenomena accompanying it are 
well explained by possible mechanism of G-P zone. 
He put forward the theory based on the a-phase 
solid solubility curve of Shinoda and Amano*#, 
regarding the formation of G-P zone as a pre- 
liminary stage of #/-phase precipitation. But it 
may be noted that recent experiments by Tanaka 
and one of the authors (K.H.)*5) on annealing of 
quenched «-brass show usefulness of above model 
of the second type of G-P zone, which is indepen- 
dent of @’-phase precipitation. | 

Detailed account on the stability of above two 
types of G-P zones, on the energy of dispersion of 
them, on the effect of cold-working, on the exten- 
sion of above model to alloys of H.C.P. lattice, and 
so on, will be treated in the next paper in relation 
with our experimental results. 
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Effect of Mechanical Stress on 
Dielectric Breakdown of Alkali-Halide 
Single Crystals 


By Yoshio INUISHI and Tokuo SUITA 
Faculty of Engineering, Osaka University 
(Received May 13, 1955) 


Artificial large crystals of KCl were grown by 
Kyropoulus method. In first annealing cycle these 
crystals were heated to 600°C and kept for 1~2 
days at this temperature, then cooled slowly to 
room temperature at the rate of 10°C per hour. 
These crystals were then cleaved to flat plate and 
recessed at one side carefully by rubbing softly 
with paint brush wetted by alchohol-water mixture 
until required thickness 0.3mm at its center like 
Fig. 1. Then samples were subjected to the second 
annealing cycle which was quite similar to the 
first cycle. After coating aquadug as electrode, 
samples were dried at 200°C and cooled to room 
temperature at the rate of 10°C/hour. Thus pre- 
pared samples gave no stress pattern in crossed 
polarizer, and can be thought to be “compara- 


(Vol. 1¢ 


tively stress free”. D.C. and impulse breakdow 
voltage were obtained under simultaneous applic 
tion3) of mechanical stress by the apparatus show 
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take as a measure of mechanical stress. In Fig. 
2 average breakdown strength is shown asa func- 
tion of applied weight, and the histograms of 
breakdown strength are shown in Fig. 3. As is seen 
there, the breakdown strength shows wide scattering 
even in well annealed crystals, and consists of two 
groups: low strength group 0.4~0.6 MV/cm and 
high strength group 0.7~1.0 MV/cm. 
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Fig. 3. Histogram of B,D.V. 
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In well annealed samples of KCl, the low voltage 
group predominates. With increasing mechanical 
stress the high voltage group become to be predomi- 
nant and average breakdown strength increases. 
But at larger mechanical stresses, the breakdown 
voltage decreases again. Finally mechanical cracks 
set in and breakdown voltage drop sharply. These 
changes are more remarkable in case of D.C., than 


* impulse. Impulse value has comparatively smaller 


spread and lower than D.C. value at various values 
of the mechanical stress. These situations are 
similar at 100°C as is seen in Fig. 2. Fig. 4 shows 
the breakdown stress vs. mechanical stress in KCI- 
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0.5mol% AgCl mixed crystals. In this case D.C. 
breakdown strength is high even in stress free 
crystals, but impulse breakdown strength is much 
similar to pure KCl. 

Quenching, mechanical work (drilling), D.C. 
prestressing all work to raise D.C. and impulse 
breakdown strength in thinner KCl samples as was 
stated in the previous report). In stressed samples 
breakdown voltage is higher when recessed electrode 
is negative. Change in the manner of mechanical 
stress application does not alter the situation re- 
markably as is seen in Fig. 5, the tendency men- 
tioned above is in good agreement with Cooper’s 
reports”) except that (i) at larger stress, break- 
down voltage decreases again (ii) low stress group 
is more predominant in our experiment. (iii) D.C. 
strength is always slightly higher than impulse at 
lower temperatures. These situations are much 
similar to Saito’s experiment. 

We shall try some speculation on above 
phenomena. Dislocations due to mechanical stress 
produce various vacancies as was stated by Seitz. 
Some of these vacancies can trap conduction elec- 
trons and form a sort of space charge. Trapping of 
avalanche electrons and recombination at these 
vacancies can act to raise breakdown both in D.C. 
and impulse by decreasing net multiplication®). 
Moreover, dislocated crystal might have hetero- 
geneous structure which produces a sort of space 
charge in its interface), So that D.C. breakdown 
which includes space charge effect may be affected 
much deeply than in impulse, as was stated above. 

Decrease of breakdown stress at very large 
mechanical stress can not be explained by these 
idea. Enhancement of ionic conduction due to 
mechanical stress might have some connection to 
these phenomena”. 
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Effects of Mechanical Stress on Dielectric 
Breakdown of Alkali-Halides II 
(Time Effect) 


By Yoshio INUISHI and Tokuo SUITA 
Faculty of Engineering, Osaka University 
(Received May 18, 1955) 


In our previous reports)”)3) we have mentioned 
that the D.C. breakdown strength of KCl single 
crystal increases, in general with increasing sim- 
ultaneouly applied mechanical stress and finally it 
decreases at larger stresses where minute cracks 
set in. Impulse breakdown strength is much more 
insensitive to the mechanical stress. 
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These phenomena are speculated to be the results 
of space charge effect of trapped electrons and holes 
at vacancies created by dislocations. 

There is also the possibility that the created 
vacancies and interstitial ions may act as additional 
scattering centers for the conduction electrons. 

To clarify these situations we have worked on 
the time effect of the breakdown strength under 
the mechanical stress. 

The samples were prepared from well annealed 
KCl crystals made by Kyropoulus method. After 
shaping the samples were subjected to second 
annealing cycle which started from 600°C to room 
temperature at the rate of 10°C/hr as was specified 
in the previous!)%) reports. After coating aquadug 
as the electrodes, these well annealed samples were 
immersed in Xylol and breakdown voltages were 
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obtained under mechanical stress in the apparatv 
shown in Fig. 1. 

We found that the breakdown voltage in this cas 
is a function of time ct after mechanical weigl 
application. 

Fig. 2 shows the D.C. breakdown voltage (mea 
of 12 samples) 5 seconds after mechanical weigt 
application as a function of the mechanical weigl 
W. 

In Fig. 3 the D.C. breakdown voltages (mean ¢ 
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about 20 samples) are shown as a function of th 
time ct after mechanical stress application for tw 
values of applied weight. As is seen there tk 
breakdown voltage increases at the instant 
mechanical stress application and decreases wit 
the elapse of time. 

“ Relaxation time” of these effects seems to | 
ca. 3~5 minutes. To investigate these situatior 
further, histograms of the breakdown voltage ai 
shown for various time c in Fig. 4, 


As was stated in previous reports)®), distributions 
of breakdown voltages are divided into two groups: 
low voltage group and high voltage group. 

f At the instant of mechanical stress application 
che low voltage group disappears and the high 
Voltage group predominates, but after ca. 4 minutes 
che low voltage group recovers again. 

| These time effects are much similar to the effect 
of mechanical stress on electrical conductivity 
fublished by Gyulai and Hartly. Accordingly it 
s reasonable to expect that also in our case 
vacancies evaporated or produced by moving dis- 
ocations may be responsible for increasing D.C. 
voltage as was suggested by Seitz) for Gyulai and 
dartly experiments. 


The vacancies created may trap avalanche elec- 
‘rons and form space charge layers which suppress 
avalance growth and continuation. But as time 
slapses after stress application, vacancy creation 
lecreases and they may begin to recombine to form 
slusters®) or diffuse to the boundaries, and thus 
the trapping effect may decreases. The specula- 
‘ion above mentioned seems to explain our results 
o some extent. 


References 


jee. Inuishi and IT Suita: Tech. Rep. Osaka 
Univ. 4 (1954) 203. 

') Y. Inuishi and T. Suita: Tech. Rep. Osaka 
Univ. (in press). 

) Y. Inuishi and T. Suita: J. Phys. Soc. Japan 
(to be published). 

) Z. Gyulai and D. Hartly: Z. Physik 51 (1928) 
378. 

) F. Seitz: Phys. Rev. 80 (1950) 239. 


J. PHys. Soc. JAPAN 10 (1955) 591~592 


Fine Structure of Pure Quadrupole 
Spectrum in Iodine Crystal 


By Shoji Kojima and Kineo TSUKADA 
Tokyo University of Education 
(Received April 12, 1955) 


/Nuclear quadrupole resonance of [7 in solid 
ydine has been investigated by many authors)”)#), 
sorresponding to the transitions, mz=|4|—|3| and 
p2=|$|— (81, two resonance frequencies of v,;=332 
1c and v,=644 Mc, at room temperature are known. 
“he width of the lower frequency line was reported 
y Dehmelt as 40 kc. 

_In order to study the Zeeman effect we produced 
ingle crystals of about 30gr. With these single 
rystals we observed a fine structure in the lower 


requency line at zero magnetic field. The 


| 
| 
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apparatus used was a frequency modulated super- 
regenerative detector and an oscilloscope. Fig. 1 
shows a display of the oscilloscope with about 
100 ke sweep width. In Fig. 2 the sweep width was 
decreased so that the second and third lines were 
well separated. The fine structure of the spectrum 
consisted of five lines spreading in the range of 
50ke. The frequency differences of those lines 
from the strongest line were —24kc, —8kc, 0, 12 
kc and 26ke respectively. The intensity ratios of 
the lines seemed to be approximately 2:2:5:1:1. 
On the two strong lines, A and C, their intensity 
was measured as a function of the orientation of 
radio-frequency field. The measured changes of 
the intensity for the both lines were expressed by 
a Same sinusoidal curve. This fact indicates that 
the principal axis system of the quadrupole 
couplings were the same. 

When a weak magnetic field was applied, each 
lines shifted differently. When the magnetic field 
increased above 50 gauss, the usual Zeeman pattern 
which was predicted by the theory on a single line 
was observed with the line width of about 25kc. 
So that we could determine the asymmetry para- 
meter and the orientation of the principal axes by 
the Zeeman effect. The results were that the 
asymmetry parameter was 16+1% and that the 
angle between the principal axes of the two 
classes of molecules was 63°54’+2.0°. 

The fine structure at zero field was observed in 
powder, though it was very faint. The high fre- 
quency line, v., having the line width of about 45 
kc, showed no fine structure. Such fine structures 
were observed in crystals of IC] and of Bry at the 
dry ice temperature. 

The separations of the lines in the fine structure 
are too great to be interpreted by the direct 
nuclear magnetic dipole-dipole interaction. The 
electron coupled nuclear spin-spin interaction” may 
improve the interpretation. 

We wish to thank Dr. T. Itoh of Tokyo Univer- 
sity for helpful discussion on the interpretation of 
the fine structure. 
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Application of the Thin-Wing-Expansion Method to the Flow of a Compressible 
Fluid past a Symmetrical Circular Are Aerofoil 
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On the Extensive Air Showers Penetrating 10cm of Lead 
Observed at 2,760 Meters above Sea Level 


By Isao Miura, Tsuneo MATANO, Yoshio TOYODA 
and Takashi MURAYAMA 


Physical Institute, 


Nagoya University, Nagoya, Japan 


(Received January 29, 1955) 


The density distribution and the zenith angle distribution of extensive 
air showers were measured at 2,760 meters elevation, geomagnetic latitude 
25°N, by a cloud chamber in connection with a hodoscope consisted of 
Geiger counter trays shielded by lead absorbers. 


Results obtained were as follows: 


(1) The integral density spectrum 


of the extensive air showers followed the power law distribution and its 


exponent was 1.70+0.13, 


extensive air showers followed the empirical law of cos”@, 


m=6.9--1-3. 


$1. Introduction 


The fact that penetrating ionizing particles 
exist in the extensive air showers has already 
been shown by cloud chamber photographs” 
and by Geiger counter experiments”). Dur- 
ing the experiments for the study of the 


| penetrating showers produced in graphite and 


paraffin, many photographs were obtained 
which showed some parallel tracks passing the 
cloud chamber. Most of such events are 
regarded as parts of the extensive air showers 


originated in the upper atmosphere being 


detected by the penetrating components in- 
cluded in the air showers. So, in this paper, 


' comparison of the density distribution and the 
_ zenith angle distribution of the extensive air 


' ponent with those of the 


showers triggered by the penetrating com- 
extensive air 


showers observed by ordinary detecting 


methods is performed. Also the frequency of 


occurrence of the extensive air showers is 


compared with other experiments by different 


detecting method. 
The experiment was carried out at Mt. 
eleva- 


tion 2,760 meters, mean pressure about 760 


-g/cm?, during the summer of 1952. 


§2. Experimental Arrangement 


The experimental arrangement is shown in 
Rig. 1. 

The cloud chamber is in cylindrical shape, 
30cm in diameter, and 14cm in illuminated 
depth, containing a few gram/cm?’ of carbon 
and paraffin plates. The hodoscope is arranged 


(2) The projected angle distribution of the 


where 


in three Geiger counter trays (A, Band C in 
Fig. 1) underneath the cloud chamber. Above 
the second and third counter trays 5cm of 
lead absobers are interposed. Trays are also 
shielded by side with 10-cm Pb. The cloud 
chamber is operated by master pulses A(=2), 
B(=2), C(=1): Two or more counters in the 
tray A, two or more counters in B and one 


ae) 
Lead 
L 10 Graphite 
[>>>] Wood 
+ 20 | Poroffin 
- 30 
cm 


OOOOO0O00000 A 


Sa 
OQooo00000 OO8B 


[ope o5V/ 


SPPPYDPP PEPE IP Py) 
FOOOOOOOOOLY 
SSPE PEEDPEPDPEPDPEPDEDT 


Fig. 1. Arrangement of experimental apparatus. 


or more counters in C are activated simul- 
taneously. Although most of showers photo- 
graphed originate in the  sourrounding 
materials above the counter trays (chamber 
body and frames etc.), showers originated in 
the air far from the apparatus are also record- 
ed, which show usually some parallel tracks 
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Fig. 2, Cloud chamber photographs of the typical 
examples of the extensive air showers. 
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Fig. 3. The integral distribution of,number of 
events as a function of the particle density. 


in the cloud chamber. From the parailelism 
and the number of shower particles we can 
distinguish the extensive air showers from the 
locally originated penetrating showers. In the 
present experiment, the extensive air showers) 
are selected by the criterion that at least five 
parallel tracks are seen in the cloud chamber 
photographs. 


§ 3. Results 


From about 5,000 photographs obtained in 
106 hours, 172 air showers were selected by 
the criterion described above. Two examples 
among them are shown in Fig. 2. 


i) 
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Fig. 4. The distribution in projected zenith angle 
of air showers, 


The integral density distribution and the 
projected zenith angle distribution of these 
extensive air showers are shown in Fig. 3 and 
Fig. 4, respectively. Since the illuminated 
area of the cloud chamber is about 370 g/cm?, 
N particles in the chamber correspond to 27N 
particles in a square meter. So the minimum 
density of the showers in our data is 135/m?. 
It is well known that the frequency of occur- 
rence of the extensive air showers of density 
greater than 4 follows the empirical law 


S(4)=Ka-? . (1 


From Fig. 3, it is apparently seen that the 
density distribution curve consists of three 
parts: 

a) 950/m?>4>270/m?. The distribution curve 
in this region is approximately straight 
line. This fact means that the frequency 
of occurrence of the extensive air showers 
follows the equation (1). 

b) 4>>950/m?. The distribution curve is 
diverted downward from the line defined 
in the region of (a). 


Cc) 270/m?>4. The distribution curve is also 
diverted downward. 

Such tendency of the density distribution curve 
is explained by the following reasons. Owing 
‘to lack of resolving power of the photographs 
for each tracks of the extensive air showers 
‘with large density, the distribution curve is 
} bent down in the region (b). Showers with 
| low density sometimes fail to reach the third 
j tray particularly when they come from an 
hinclined direction because of 10cm of lead 
absorber. That is main reason why the 
density distribution curve is bent down in the 
region (c). 


§4. Discussion 
(A) Correction for the triggering bias 


In this section the correction concerning to 
the effect of the lead absorber between the 
counter trays which deformed the shapes of 
experimental curves shown in the preceding 
section was applied. 

a) Density Distribution 

The frequency of occurrence of the exten- 
sive air showers in a solid angle dQ 1s 
represented in the form of the following 
equation: 

dN=I, cos”6édQ. , (e2)) 
where @ means the zenith angle of dQ. 
‘Although x in this formula is not determined 
‘exactly, we put tentatively 2=6 in the follow- 
ing discussion, but the result is insensitive to 
ithe value of #. With the equation (2), the 
|total number of the extensive air showers of 
‘density 4/m? is represented as follows 


1(4)=2rhy(4 |" costa sinddo. (3) 
0 
' Now we define the function R(z), the frac- 
‘tional number of shower particles capable of 
penetrating the lead absorber of thickness f. 
-As an absorber thickness above the third tray 
‘is 10cm Pb, showers with zenith angle @ 
must penetrate 10-sec@cm Pb in order to be 
detected. Hence we can translate the func- 
‘tion R(¢) to the function of the zenith angle: 
70). Using 7(@), we can write the probability 


of detecting the extensive air showers with 
the density 4 and with the zenith angle 0 
_followingly: 

P(4, 0)=A4Sr(@) cos 6 , (4) 
where S means the area of the third tray (C 


/ 
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tray in Fig. 1). Accordingly the detectable 
numbers of the extensive air showers are 
represented as follows: 


6 
1d) =2nh(A} | " cos’d sin 8 dé 


0 
[2 
ey cos*@ sin 0 P(A, ado | re 
90 


where @ is such a value that P(4,6) equals 
to unity, namely all of the extensive air 
showers having zenith angle less than @ are 
recorded. Consequently the value /,//; means 
the probability for the detection of showers. 
This value varies with 4, and almost equals to 
unity for the large value of 4. 

In the equation (5), the actual form of 7(@) 
is not well known. Cocconi et al» measured 
the function R(¢) with the extensive air 
showers of about 8/m? in density, which are 
reproduced in Fig. 5 in the form of 7(@). 
Particles capable of penetrating 10-20cm Pb 
are classified into two kinds: Penetrating 
particles (nucleons, mesons etc.) which are 
absorbed gradually with increasing absorber 
thickness and electronic components which are 
absorbed rapidly. Cocconi et al. showed that 
the fractional number of penetrating particles 
to the number of total particles in the case of 
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Fig. 5, R(t) versus absorber thickness represented 
in the form of 7(@). A solid line represents 
(4.5—3.5@)x 10-2 which is discrepant with the 
true curve (dashed line) in the region of large 
value of 6. This, however, is not important in 
the calculation that 7(@) coexists with cos®@ in 
Eq. (5) which is nearly zero in this region. 


the extensive air showers of about 100/m? is 
smaller than that in the case of 8/m?. Assum- 
ing that the energy spectrum of the electronic 
component of the extensive air showers does 
not vary with density, 7(@) for the showers 
with density 100/m? is deduced from R(¢) for 
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those of 8/m?, which exhibits approximately 
straight line in Fig. 5. This line corresponds 
to the empirical formula 

7(0)=(4.5—3.5 6) x 107 . (6) 
Substituting (6) to (5), we can obtain the value 
of J, and 4/J, which means the correction 
factor. 
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Fig. 6. Corrected curve for the integral density 
distribution of air showers. The solid line is 
of the form A717, 
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Fig. 7. Corrected curve for the projected zenith 
angle distribution of air showers. The solid 
line is of the form cosé-%9, 


Fig. 6 shows the corrected density distribu- 
tion of the extensive air showers which shows 
the straight line compared with that uncorrect- 
ed. This fact means that the absorption of 
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the particles in the extensive air showers in 
the lead block is in such a manner shown in 
Fig. 5. y in the equation (1) is determined 
by the least square method. As a _ con- 
sequency, 7=1.70+0.13. The error introduced 
from the uncertainty of 7(@) in (4) is not taken 
in account. This value is in good agreement 
with the value obtained by Brown and McKay” 
in similar method by using the cloud chamber. 
b) Zenith Angle Distribution 

Similar correction above mentioned should 
be applied to the result of the projected zenith 
angle distribution. Extensive air showers 
coming from the direction of a in projected 
zenith angle, have the true zenith angle in 
the region @ to z/2. As the solid angle for 
the direction which has the true zenith angle 
in the interval 6 to 8+d6@ and the projected 
zenith angle a to a+da is 


sin 6-d6 da 


dQ= 2 / 2 iO Ra 
cos?a/V tan’?é@—tan’a 


,’ 


the intensity of the extensive air showers from 
the direction of a to a+da in the projectec 
zenith angle is represented by the equation 


1/2 
n=H| | 4--Dceos*6 
a 135 


i) 


sin 6 
- —____—.__ __ dd4 
* cos?a/V/ tan26@ —tan?@ ger 


(7) 


while the intensity of the showers detectable 
under 10cm of lead is represented as follows: 


a/2C~ a 
= 1 | | °A-C-D4() cosO4S cos 8 


135 


sin 6 d6 dA da 


cosa tan?d—tanza |’ 


(8) 


where 4o is such a value that the following 
equation is satisfied 


4)Scos@7(#)=1. (9 
From the equations (7) and (8), the correctior 
factor J;/J2 is obtained for the projected zenitl 
angle distribution. The corrected curve i: 
shown in Fig. 7, where the straight line 
determined by the least square method corres 
ponds to the equation 


N=N, cos" ada, (10 


iin which n=6.9-+1.3. 

The determination of the value » in the 
}equation (10) was tried in several experiments. 
‘Brown and McKay” obtained that 2=5 at 
3260 m elevation, while the result of Deutsch- 
bman*) at sea level is 2»=6-8, both of which 
fare not contradict with ours. 


'(B) Frequency of Occurrence of the Exten- 
sive Air Showers 


Chief difference between many experiments 
)previously performed and ours exists in the 
‘selection of the extensive air showers. Owing 
kto the small horizontal extension of our 
-aparatus the locally produced showers may be 
}included in our data. 

At first, estimation of the probability that 

the penetrating showers produced in the root 
‘of the laboratory (wood and thin metal plate) 
‘are containing in the data should be done. As 
the distance between the cloud chamber and 
the roof is about three meters, the penetrating 
showers must have at least 5 particles in 0.1 
jradian in order to be adopted in the data. 
Although estimation of the energy of the 
particles capable of producing such events is 
somewhat difficult, if we assume this energy 
about 100 BeV, the numbers of the penetrat- 
ing showers included in the data are only 2 
or 3. Furthermore the angles between two 
-extreme particles in the cloud chamber of such 
events are about 5 degree, which are almost 
‘omitted by the parallelism criterion. 
Next, the so called narrow showers are 
\probable to be included, which originate in 
‘the air comparatively near the apparatus, and 
have such extent that the ordinary extensive 
‘air shower detectors miss them. But unfort- 
‘unately quantitative treatment of the frequency 
‘of occurrence of these events are not able to 
_be performed. 

Williams”) detected about one shower per 
hour employing two pairs of ionization 
| chambers separated by about 50cm, which 
ean record the events with the density larger 
than 460/m? at 3,050 meters elevation. Assum- 
ing that the value of the absorption mean free 
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path of the extensive air showers equals to 
130 g/cm’, this frequency corresponds to 
0.79/hour at our altitude, which is larger than 
ours (0.53/hour). This discrepancy seems to 
be a little larger than that due to the statistical 
fluctuation. Cocconi et al® found at 2,200 m 
by using a triangular arrangement of counter 
trays separated by 4 meters one another, that 
the frequency of occurrence of the extensive 
airshowers was 


F (4)=36004-1- (hour-}). (11) 


The rate of occurrence of the extensive air 
showers with the density larger than 135/m? 
deduced from this equation is 2.9/hour, which 
is in fair agreement with ours (3.5/hour). As 
their apparatus has a larger area than ours, 
this fact means that the frequency of 
occurrence of the showers observed by us 
seems somewhat smaller than theirs. These 
differences are probably due to the difference 
of the detecting methods. 
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Observations of Slow Particles and Stars in Nuclear Emulsions 
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Observations were carried out at a depth of 17 m.w.e. underground 
by nuclear plates made from Ilford G5 emulsions in gel form. The 
frequencies of »-mesons and protons coming to rest in the emulsions 
were found to be 0.262+0.008 cm-¢day-! and 0.049+0.004 cm-#day~1, 
respectively. 
to be isotropic and so they are regarded as being of secondary origin 
from fast »-mesons underground. In addition to the stars of the types 
of N,z+1» with N;,>3, several stars of the types of 1+1, and 2+1,» were 
found with a cross section for production of a few times 10-°? cm? per 
nucleon. Some of the stars of the type of 1+1l, may possibly be ex- 
plained by photoproton production through the giant resonance absorp- 
tion by emulsion nuclei of virtual photons associated with high energy 


The angular distribution of these slow protons was found 


j-mesons. 


§1. Introduction 


The nuclear interactions of high energy “- 
mesons underground have been investigated 
by various workers. George and Evans” have 
explained the nuclear disintegrations and 
penetrating showers produced by fast /-mesons 
in terms of the photomesonic process of vir- 
tual photons associated with the /-mesons. 
However, recent experimental results on the 
anomalous scattering and associated penetrat- 
ing particles may imply some possibility of 
the existence of a short range non-electro- 
magnetic interaction of “#-mesons with nu- 
cleons. It seems necessary, therefore, to ac- 
cumulate more experimental data on “-mesons 
underground from various standpoints. 

In this laboratory, an experiment using a 
counter hodoscope has been carried out in 
order to measure the absorption of “-mesons 
and to examine the energy dependence of the 
cross section for hard shower production by 
high energy “-mesons”. The present investi- 
gation, using nuclear emulsions, is a part of 
a general continuation of the above study. 

In a previous paper®’, it was reported that 
the corrected frequency of “-mesons coming 
to rest in emulsions at 23 m.w.e. underground 
was found to be 0.22+-0.03 cm~’day-1!.*** This 
value is considerably greater than the value 
published by George and Evans).**** We 
describe in this paper results obtained by a 


further investigation at a depth of about 1’ 
m.w.e. The absolute frequencies of slov 
“mesons and protons coming to rest in thi 
emulsions have been measured. The sloy 
protons are thought to have arisen from fas 
mesons underground. 

We have paid special attention to an ex 
amination of the previously uninvestigatin; 
low energy nuclear interactions of fast y 
mesons. The subject is interesting in con 
nection with the recent experiments on th 
photonuclear effect and the anomalous scatter 
ing of #-mesons. Our results, although th 
statistical precision is poor, seem to b 
explained satisfactorily in terms of the gian 
resonance absorption of the virtual photon 
associated with fast “4-mesons. This effec 
can be expected to play only a minor role i 
the interpretation of the experimental data o 


* Now at the National Defence Academy, Yoko 
suka. 

** On leave from the Department of Physics 
Shimane University, Matsue. 
**k* The shrinkage factor of G5 emulsion wa 
assumed to be 2.5 in the previous paper. If th 
factor is 2.7 as pointed out by Voyvodic”, th 
above value of the frequency reduces to 0.204 
0.03 cm~*day~!. In the present study we make us 
of the value of 2.7. 
*«k* Tn a recent article), George and Evans hav 
presented results obtained with thick emulsions 
A satisfactory agreement between their value an 
ours can be seen. 
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the anomalous scattering of -mesons. 


§2. Experimental Method 


Nuclear plates were made from Ilford G5 
emulsions in gel form at an underground 
cosmic-ray observatory, north of the Yodoya- 
|bashi Station of the Osaka Municipal Subway 
\(24°N geomagnetic latitude). The dimensions 
of the plates were three inches by three inches 
by about 500 microns. In order to prevent 
jfading of the latent image, the plates were 
| put vertically in a desiccator where the tem- 
}perature and relative humidity were kept 
| within 25°—35°C and 40—50 per cent, respec- 
tively. They were exposed at a depth of 17 
m.w.e. during periods of 78 to121 days. The 
jemulsions were processed by the usual tem- 
| perature cycle method at the same depth. 
| The general scanning was made under a 
|total magnification of «225. The volume of 
}emulsions searched was about 45 cm’. Single 
i tracks ending in the emulsions were carefully 
examined with oil immersion objectives and 
fonly those with projected residual ranges 
fgreater than 100 microns were recorded. By 
‘inspecting the characteristics of the tracks, 
ithe accepted events were classified as /- 
mesons, z-mesons, protons and heavier parti- 
cles, or stars. 


§3. Results 


The observed numbers of various events 
are shown in Table I. Unfortunately, tracks 
in layers near the emulsion surfaces suffered 
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Table I. The observed numbers and frequencies of various events. 


Observed number 
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from the so-called “corrosion effect”. The 
stars found in the corroded layers were dis- 
carded, since it could not be determined 
whether or not they were accompanied with 
minimum ionization tracks. Tracks which 
stopped in the corroded regions were included 
in the data, however, since their heavy ioniz- 
ation permitted easy recognition. The depths 
of the ending points of all the particles 
were distributed uniformly within the statisti- 
cal uncertainty throughout all layers of the 
emulsions. 


(1) 


A total of 1125 s-meson tracks was ob- 
served to come to rest. Since the tracks 
whose projected ranges were less than 100 
microns have not been included, this value 
for the total number of stopped -mesons 
must be corrected. Using the correction 
factor given in the previous paper®, we ob- 
tain 0.262+-0.008 cm-*day~! for the frequency 
of “-mesons stopped at 17 m.w.e. This value 
is greater than that published by George and 
Evans» by a factor of about 2.5, but seems 
to agree with their recent data. The fre- 
quency we have observed at 23 m.w.e.®» is 
consistent with the present value taking into 
account the difference in depth between the 
two exposure locations. 

The projected zenith angle distribution of 
the observed s-mesons is shown in Fig. 1. 
At angles less than 70°, the distribution can 
be represented by N(@)=N(0) cos” @ with n= 


U-Mesons 


Corrected frequency 
(cm78day~!) 


0.262-+0.008 


Observed frequency 
(cm~%day-?) 


0.233 £0.007 


p-mesons stopped 1125 Oe ; y 
m-mesons stopped 11 ORES) use (Geek Hy lose: 
Tt 6 
Tc 5 : 
Protons stopped 202 0.042+0.003 0.049 40.004 
(1) entered 87 0.018 +0.002 0.022 +0.002 
(2) produced sigly 45 0.009 +0.001 0.012 +0.002 
(3) ejected from stars 70 0.015+0.002 0.015 £0.002 
Fists ; a 
pees by neutral particles mi siesosinte RATT 
Stars initiated by charged particles 15 0.0044-+0.0011 
1+1y 4 
2+1p 2 
>3+1p 15) 
showers 4 
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2.2+0.2, which agrees with the value given 
by Creamer®. About four per cent of the 
v-mesons have entered the emulsions from 
below the horizontal, and these tracks may 
by explained, as pointed out by George and 
Evans, by “-mesons from the z- decays of 
mz-mesons produced underground, and in part 
by the large angle Coulomb scattering of /- 
mesons near the end of their ranges but 
coming initially from directions above the 
horizontal. 


0 
2) , 
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iS x 60 
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i 
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Projected zenith angle.in degrees 

Fig. 1. The distribution of the projected zenith 


angles of 1125 tracks of slow »-mesons incident 
upon the emulsions. At angles less than 70°, 
the distribution can be represented by N(@)= 
N(0)cos”@ with 2=2.2+0.2. 
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Fig. 2. The projected zenith angle distributions 


of the tracks of the stopped protons. The solid 
histogram represents the first group of protons 
which have entered the emulsions and stopped. 
The dotted histogram represents the second 
group of protons which have been produced 
singly and have stopped in the emulsions. 


(2) 7z-Mesons 


Six positive z-mesons showing z-“# decays 
were found. Out of 32 o-stars observed, five 
stars could be ascribed to negative z-mesons. 
Some z-mesons that would have stopped in 
the emulsions decayed in flight in passing 
from the walls of the room (about two meters 
from the emulsions) to the emulsions. If our 
deta are corrected for this effect, we obtain 
(5.7+1.7) x 10-8cm-*day for the frequency of 
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slow z-mesons. However, the uncertainty i 
(perhaps about two times) larger than tha 
indicated, because the classification of ot 
served events into the z-“ decays and th 
capture stars of negative z- and #-mesons 1 
not certain especially when the secondar 
particles of these events leave the emulsion 
before the end of their ranges. 

Our value of the frequency of stopped z 
mesons is about twice as large as that give 
by George and Evans”, but the frequenc 
relative to that of stopped “-mesons agree 
well with theirs. The discrepancy betwee 
the absolute values could possibly be attribut 
ed to the difference between the thicknesses c 
the emulsions employed. 

(3) 

Tracks showing multiple scattering les 
than that characteristic of z- and “#-meson 
are chiefly due to protons and perhaps som 
heavier particles. Hereafter we shall ca 
these collectively protons. 

The number of protons that were observe 
to come to rest in the emulsions was 20: 
These have been divided into three grour 
as shown in Table I. The first group is con 
posed of tracks which entered the emulsior 
and stopped. The second group is those prc 
duced singly and stopped in the emulsion: 
and the third is those ejected from stars an 
stopped in the emulsions. 

The angular distributions of the protons 
the first and second groups can be regarde 
as isotropic as shown in Fig. 2. Thus, th 
geometrical correction factor given by Latte 
et al. can be applied to the observed nun 
bers of these protons. The corrected fre 
quencies are shown in Table I. It is the 
found that the corrected frequency of a 
protons stopped at 17 m.w.e. is 0.049+-0.00 
cm7*day~!. This gives the absolute intensit 
of protons of energy less than about 30 Mey 
but the relative numbers in each group show 
in Tabie I depend sensibly upon the thicknes 
of emulsion. 

The third group of protons is composed, ¢ 
course, of the evaporation products of th 
emulsion nuclei. The second group is probabl 
protons resulting from the scattering or absory 
tion of low energy neutrons or protons frot 
one-prong stars initiated by neutrons ¢ 
photons. Garski® has observed similar protor 
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at a mountain altitude and has shown that 
the frequency of these protons depends strong- 


| ly upon the neutron excess of the nuclei of 


the surrounding material. It is possible that 


| the second group of protons we have observed 


is similar in character as the ones observed by 


| him. 


The isotropic angular distribution observed 


| for the first group of protons suggests that 


the present data. 


/ 1.23 being the geometrical correction. 


| these protons are secondary particles from 


nuclear interactions that occurred in the mat- 
ter surrounding the emulsions. The frequency 
of stars in the surrounding materials is as- 
sumed to be 0.003 star g-!day—! as taken from 
If we assume further that 
the mean number of visible prongs from the 
star is 5 and that the mean energy of protons 
ejected from the stars is about 10 Mev, then 
we can expect about 110 prongs to end in our 
emulsions. The experimental number of the 
first group protons is 87x 1.23=107, the factor 
The 
agreement is seen to be satisfactory. In ad- 
dition, we have observed 111 protons which 
left the emulsions but were produced in the 
emulsions as star prongs or single protons. 
The fact that the number (107) of protons 
incident upon but stopping in the emulsions 
is about equal to the number (111) of protons 
produced within but leaving the emulsions 
supports well the above view. 

One of us” has measured the multiple 
Coulomb scattering of 108 tracks whose 
ranges were greater than 2000 microns in the 
emulsions in order to calibrate a constant 
sagitta scheme. The mass spectrum obtained 
(Fig. 8 in reference 9) showed that the ob- 
served tracks were well explained as a mix- 
ture of “-mesons and a few protons. 


(4) Stars with Three or More Heavily 
Jonizing Prongs 

The stars having three or more heavily 
ionizing prongs that we have observed are 
quite similar in frequency and in character 
to those observed by George’. The cross 
section for the production of such stars by 
fast 4-mesons is found to be (31) x 10-* cm? 
per nucleon, which agrees with that of George 
within the statistical uncertainties. 


(5) Stars with One or Two Heavily Ionizing 
Prongs Initiated by “-Mesons 

In the course of observation of single slow 

protons starting from points within the emul- 
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sions, we found that some of these protons 
were accompanied with two minimum ioniza- 
tion tracks as shown in Fig. 3. The stars of 
this type are expressed as N,+1, with N,=1 
according to the Bristol notation, where MN; is 
the number of black and grey tracks ejected 


comes to rest 
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Fig. 3. Projected views of two stars of the type 


1+1lp». (A) event 1 and (B) event 4 from Table 
Il. 
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c Ai 
to the surface 
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Fig. 4. A projected view of a star of the type 
2+ 1p. 


from the star and 1, means that the star is 
produced by a relativistic charged particle and 
emits a single relativistic charged secondary. 
We have observed also two stars of the type 
2+1, as shown in Fig. 4. 

Since all the starting and stopping points 
of slow protons have been carefully observed, 
the number of 1+1, stars shown in Table I 
should be fairly reliable. But the number of 
2+1,» stars is really only a lower limit for the 
number of events of this type. This is, be- 
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Table II. Summary of the data of the four 1+1, stars. @ and ¢ represent the angles 
projected into the plane of the emulsion of the secondary thin and black tracks, 
respectively, measured from the extended and projected direction of the primary. (C) 
and W represent the spatial angles of the secondary thin and black tracks, respectively, 
measured from the extended direction of the primary. The errors in the projected 
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and spatial angle measurements are estimated to be about + 15’ and +30’, respectively. 


Event number 1 au 2 s 3 A 4 | 
"Projected zenith angle of the primary, (deg.) 3 34 35 20 | 
"Projected angle 
thin track, 6 45’ PQs 1°00’ 14°30’ 
| black track, ¢ 8°30’ 31°30’ — 39°45’ E802 
Spatial angle 
thin track, 0 ora, ia ley’ 1°00’ ia ay! 
| black track, w 36°45’ 62°45! 64°45/ 68> 14 
pv or energy E (Mev) 
primary track, pv > 100 400 +60 
secondary thin track, pv 190 +25 
secondary black track, # Sie. 4.6 Sorc 3.9 


cause in the general scanning under low 
magnification, these events are liable to be 
overlooked as large angle single scatterings of 
slow protons. 

The data for the four events of the type of 
1+1, are summarized in Table II. Thin 
tracks found in the upper hemisphere were 
assumed to be due to incident charged particles. 
Spatial angles of two secondary tracks to the 
direction of the primary were determined by 
measurements of the dip angles and projected 
angles of the tracks taking into account the 
emulsion contraction. The values of the pro- 
duct of momentum and velocity of some of 
the primary and secondary thin tracks were 
estimated by multiple scattering measurements. 
However, the lengths of the measured tracks 
were less than 3000 microns and so the errors 
in the results are seen to be quite large. The 
energies of the secondary slow particles stop- 
ping in the emulsions were determined from 
their ranges assuming that they were slow 
protons. Observations of the ionization and 
multiple scattering of all of these tracks were 
consistent with the assumption that they 
were due to the slow protons. The negative 
sign of the value of ~ for event 3 in Table 
II means that both the secondary thin 
and black tracks were emitted on the same 
side with respect to the primary direction in 
the plane of projection. An enormous con- 
tamination of slow electrons has been ac- 
cumulated during the long time of exposure 
and so it has not been possible to determine 


definitely whether or not slow electrons due 
to 8-disintegration or internal conversion have 
been emitted from the residual nuclei. But 
it is likely that slow electron tracks do not 
accompany the stars. Nor were any visible 
nuclear recoil tracks observed. 


$4. Discussion of 1+1, Stars 


(1) General 

These events were probably initiated by 
fast w-mesons. The primary particles of 
events 1 and 4 could not be protons from a 
consideration of their ionization and multiple 
scattering, but the possibility that they are 
fast z-mesons or electrons can not be exclud- 
ed. However, it has been shown by several 
workers?!) that high energy z-mesons and 
electrons are very few as compared with fast 
“-mesons at this depth underground. In addi- 
tion, the results obtained by Lock and Yeku- 
tieli'» concerning stars produced by relativistic 
z-mesons imply a very large energy loss of 
the z-meson at the interaction and a large 
angle of emergence of the secondary z-meson 
with respect to the primary direction. As 
shown later, this does not agree with the 
general features of the present 1+1, stars. 
It seems probable, therefore, that the events 
we have observed were produced by relativistic 
/-mesons. 

It is possible that some of the 1+1, stars 
are really just recoil protons resulting from 
elastic Coulomb interactions of “-mesons with 
hydrogen nuclei in the emulsion, A crude 
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estimate shows, in fact, that about one event 
of this type with an energy transfer of 5 Mev 
or more can be expected. Event 3 can not 
be regarded as being such a two-body collision 
from an examination of the emission angles 
of the secondary tracks shown in Table II. 


} An appreciable deviation from coplanarity is 
{apparent for event 4. 


For event 1 and 2, 
definite conclusions on coplanarity can not be 


| drawn, because the angular deviations of the 
| secondary thin tracks from the primary direc- 


l 


‘two-body collisions. 


tions are too small for reliable measurements. 
However, the following consideration of the 
angles of /-meson scattering and proton 
recoil excludes the interpretation in terms of 
In an elastic collision, 
the angle of recoil, ¥, of the proton can be 
represented!» approximately by the following 
equation provided the energy transferred in 


{the collision is small as compared with the 


rest energy of the proton: 


Ey tme+ Me ( 


Duc 


where &, and p, are the kinetic energy and 
the momentum of the y4-meson before the 
collision, respectively, /, is the kinetic energy 
of the proton after the collision, and » and 


1/2 
cos Y= sob P 
2Mc? 


_ MM are the rest masses of the “-meson and 


proton, respectively. If we insert values of 


|E, and ¥Y appropriate to our events 1 and 2 
(5 Mev and <70°, respectively) in the above 
equation, &, turns out to be less than 100 


Mev. The ionization and multiple scattering 
of the incident w-mesons are not consistent 


with this small energy. Further, even if the 


f-meson energies were near 100 Mev, the 
scattering angles would be large (~30°) if the 
collisions were simply of the -meson-proton 
type, and the observed scattering angles were 
both less than 4°. It seems, therefore, that 
these four events are due to interactions of 
yw-mesons with emulsion nuclei other than 
hydrogen. 

It should be noted that the present events 
are dissimilar to the >>3+1, stars observed 
by George. Out of the four events, three /- 
mesons suffer angular deflections of less than 
4°, In contrast, the deflected angles of /- 
mesons producing >>3+1» stars distribute 
widely up to about 90° according to George’s 
analysis. Furthermore, the four slow 
particles from the 1+1, stars are emitted in 
the forward direction as shown in Table I. 
Of the four heavy particles ejected from the 
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two 2+1, stars we have observed, three were 
in the forward direction. In the evaporation 
process, all the heavy particles should be 
emitted isotropically. Of course we have only 
a very small number of events, and it is 
possible that the observed anisotropy is due 
simply to a statistical fluctuation. 


(2) The Heavy Prongs 

George has interpreted >>3+1, stars as 
events in which a z-meson is produced by 
one of the virtual photons associated with the 
#-mesons. The z-meson is then absorbed in 
the parent nucleus, and the nucleus. sub- 
sequently evaporates. The excitation energy 
of the nucleus should not then be less than 
the rest energy of a z-meson. Also, the 
number of charged particles evaporated from 
a nucleus is known to fluctuate very widely 
even with a given excitation energy. On this 
view, then, the number of heavy prongs from 
the 1, stars produced by v-mesons should 
differ very widely from event to event. Then, 
the 1+1, or 2+1, stars might be considered 
as events in which one or two charged parti- 
cles are evaporated from a nucleus having 
relatively high excitation energy (greater than 
140 Mev). In fact, event 4 in Table II and 
the two 2+1, stars are in accordance with 
this view. It is believed, however, that the 
non-mesonic process discussed in section (4) is 
more likely interpretation for most of the 1+ 
lp stars: 

A quantitative knowledge of the fluctuation 
of the number of heavy prongs can be ob- 
tained from the experimental results of nuclear 
disintegrations by high energy photons. Kiku- 
chi!?, using Ilford G5 and C2 emulsions, has 
observed stars produced by high energy 
synchrotron y-rays. Since the energy spectrum 
of the virtual photons associated with fast u- 
mesons is nearly the same in shape as that 
of the bremsstrahlung ;y-rays of maximum 
energy 300 Mev*, it is justified to compare 


* The energy spectrum of the virtual photons 
associated with w-mesons can be represented ap- 
proximately by an inverse power of the photon 
energy neglecting a slight (logarithmic) dependence 
on the energy of the parent p-mesons. The 
bremsstrahlung spectrum is also well approximated 
by an inverse power law below the maximum 
energy. Of course, the virtual photon spectrum 
has a long tail above 300 Mev resulting from ex- 
tremely high energy p-mesons underground. But 
the higher energy virtual photons should produce, 
to a lesser extent, only the nuclear disintegrations 
with greater energy transfers or x-meson showers 
and should not play any important role in the low 
energy nuclear reactions. 
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directly the prong distribution of the 1» stars 
we have observed with those studied by 
Kikuchi. In Kikuchi’s work, 17020 single 
protons of energy less than 20 Mev were pro- 
duced as compared with 100 stars with three 
or more heavy prongs. Most of the single 
protons and about one-third of the observed 
stars could be attributed to photons of energy 
less than 150 Mev. On the other hand, we 
have observed four 1+1, stars and five >3+ 
lp stars. It is likely, therefore, that the 1+ 
1, stars were those initiated by virtual photons 
of energy less than 150 Mev; i.e., it is sug- 
gested that the photomesonic process is not 
necessarily responsible for all of the four 1+ 
1, stars and that some other process or pro- 
cesses may be involved. 


(8) The Deflections of the Thin Tracks 
Despite the above, we assume for the 
moment that all the 1+1, and ~>3+1, stars 
are due to the photomesonic process*; i.e., 
we assume that a z-meson is produced by a 
virtual photon associated with the parent /- 
meson and is absorbed by a nucleon in the 
same nucleus. We can then estimate, accord- 
ing to George’, the kinetic energy of the 
primary “-meson from its angle of deflection 
and an assumed nuclear excitation energy by 
an application of the conservation laws. It 


nie 
rage 
Ooo 
se 
oe 
o> 
50 
2m 
33 Noyes eae: 
SO SiO. is 6208 25) 2500 SS 
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Fig. 5. Primary energies of four u-mesons caus- 


ing the 1+1l, stars (dotted rectangles). The 
energies have been estimated from the angles 
of deflection of the »-mesons assuming that the 
energy transfer to the nuclei was 150 Mev. The 
solid curve has been calculated by George!0 
assuming the photoproduction of z-mesons by 
the virtual photons accompanying the u-mesons. 
The curve has been normalized to four paticles. 
The figures given in the dotted rectangles denote 
the event numbers shown in Table II. 


is reasonable to assume the excitation energy 
for the 1+1, stars to be 150 Mev (i.e., a z- 
meson produced with very little kinetic energy). 
The results are shown in Fig. 5, in which is 
also shown the theoretical energy spectrum 
of #-mesons causing 1, stars by the photo- 
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mesonic procoss given by George. 
shown that the spectrum agrees well with a: 
experimental histogram obtained from hi 
analysis of some thirty >>3+1, stars. If th) 
1+-1, stars are due to the photomesonic prc 
cess, their primary energies thus estimates 
would fit with George’s theoretical spectrum 
However, a considerable discrepancy can bi 
seen from Fig. 5. The primary energies o 
events 2 and 3 seem to be too large for thi 
interpretation. Events 1 and 4 may be as 
cribed to the photomesonic process, but th: 
multiple scattering observations of the primary 
particles of these events shown in Table I 
give the energies much smaller than thoss 
shown in Fig. 5. It seems likely, therefore 
that the photomesonic process is not respon 
sible at least for event 1. This also suggest: 
that some of the evenis (say, events 1, 2, anc 
3) should be ascribed to some other proces: 
giving rise to a lower energy transfer thar 
the photomesonic process. 


(4) The Non-Mesonic Photonuclear Process 

As a result of numerous recent investiga 
tions of the photonuclear effect, it has beer 
established that the absorption of photons by 
nuclei exhibits a “giant resonance” arounc 
20 Mev. The compound nuclei formed by the 
photon absorption emits preferentially ar 
evaporation neutron but sometimes a _ protor 
according to the binding energy and selectior 
rules. 

The virtual photons associated with a higl 
energy /-meson could induce the low energy 
photonuclear effect. Recently, Annis, Wilkins 
and Miller'® have measured the slow neutron: 
resulting from nuclear interactions of higt 
energy “-mesons. They have attributed thess 
neutrons to high energy stars induced throug! 
the photomesonic process and to the low 
energy photonuclear process. The non-mesoni 
photonuclear process can result in the emis 
sion of protons as well as neutrons, and i 
turns out that the 1+1, stars we have ob 
served can be explained at least in part b 


* Although the non-mesonic photonuclear proces: 
is expected to occur even at photon energy abov 
the x-meson threshold, its contribution to the tota 
integrated cross section for photon absorptio1 
seems to be small according to Levinger!5). In th 
present paper, we assume tentatively that all th 
reactions taking place at above 150 Mev are th 


mesonic process and those at below 150 Mev ar 
the non-mesonic, 


a 


i 
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| this process, utilizing, of course, the virtual 


photons of the high energy #-mesons. This 


| view is supported by the quantitative con- 


siderations of the cross section as follows. 
Halpern and Mann!” have measured the 


| photoproton excitation functions for carbon, 
} aluminium, nickel, cobalt, and columbium up 


to 24 Mev photon energy. The energies at 
maximum cross section are nearly the same 
(about 20 Mev) for these elements and the 


' integrated cross sections amount to (1—2)x 
| 10-?° Mev cm? per nucleus. 

then that the integrated cross section for the 
' emulsion nuclei 


We shall assume 


is about 1.2x10-?° Mev cm? 
per nucleus (the mean mass number of the 
emulsion nuclei is taken to be 70). According 
to the Williams-Weizsacker formula, the num- 
ber of photons at a given energy associated 
with a s-meson depends only insensitively 
upon the energy of the parent “-meson. Thus, 
it is sufficient to consider a “-meson of 10 Bev 
which is about the mean energy at 17 m.w.e, 
underground. The number of photons at 20 
Mev associated with a 4-meson of 10 Bev is 
about 1.4«10-* per Mev. Therefore, the cross 
section for photoproton production by high 
energy //-mesons is 


GAN ESM IRSA 
=2.4x 10-89 cm? per nucleon. 


This is, of course, a very crude estimate, but 
is thought to be sufficient to give an order of 
magnitude. The observed frequency of 1+1> 
stars corresponds to a cross section of about 
1x10-2° cm? per nucleon. Hence, the agree- 
ment between the predicted and observed 
values is satisfactory. 

An another estimate of the cross section 
can be obtained from the sum-rule calculation 
of electric dipole transitions in the photo- 
nuclear effect. Levinger!® has recently cal- 
culated the cross sections for photon absorp- 
tion by nuclei using a simple harmonic 
oscillator independent particle model. The 
bremsstrahlung weighted cross section is given 


by 
[ow a 0.36442 (mb), 


where o(£) is the photon absorption cross 
section at a photon energy & and A is the 
mass number of the nucleus. Although the 
branching ratio between neutron and proton 
emissions is not well known, we can roughly 
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estimate the contribution of the photoproton 
production cross section to the photon absorp- 
tion cross section by light and medium weight 
nuclei making use of the results calculated by 
Heidmann and Bethe’ and Schiff. Taking 
into account the chemical composition of our 
emulsions, therefore, we obtain about 210-22 
cm? per nucleon for the photoproton produc- 
tion cross section of emulsion nuclei by high 
energy /t-mesons*. This theoretical value is 
also consistent with the observed value. 

The energy and angular distributions of 
photoprotons from various nuclei have been 
found by several authors to be considerably 
different from nucleus to nucleus. Sometimes, 
a large fraction of direct photoeffect such as 
proposed by Courant? seems to be necessary 
to account for the observed anomaly of the 
energy and angular dependences. The com- 
plex composition of elements in the emulsion 
makes it impossible at present to predict the 
nature of photoprotons from the nuclei of the 
emulsion. We assume tentatively that the 
energy and anguler distributions are repre- 
sented by the evaporation theory. The 
observed energies of the slow protons ejected 
from the present 1+1, stars are consistent with 
the evaporation model. Thus, if we assume 
the observed forward asymmetry of the angles 
of emission to be fortuitous as already men- 
tioned, then we can explain the slow protons 
by an evaporation process which occurs sub- 
sequently to the giant photon absorption by 
the emulsion nuclei. 


(5) Concluding Remarks 

The present experiment then gives some 
evidence for a non-mesonic photonuclear pro- 
cess by high energy charged particles, although 
any final conclusions should be reserved be- 
cause of the very poor statistical precision. 
Such a process is expected to occur, of course, 
and the closely analogous mesonic process 1s 
presumably resonsible for the production of 
penetrating showers and high energy nuclear 
disintegrations by #-mesons. The cross sec- 
tion for production of the >3-+1, stars by 
y-mesons is about 31073? cm? per nucleon 
according to George. The cross section for 
photoproton production by “#-mesons is thus 


* According to this estimate, the bremsstrahlung 
weighted cross section per nucleus for photoproton 
production by the nuclei of Ag and Br is about 
the same as that by the nuclei of C, N and O. 


5 
7 
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of the same order of magnitude as that for 
photomesonic process presumably responsible 
for the >3-+1, stars observed by George. It 
is possible that future investigation will decide 
quantitatively the contributions to stars 
induced by “-mesons through the non-mesonic 
and mesonic photonuclear processes. 

Hewever, it must be noted that there is an 
another possible interpretation of the 1+1, 
stars. The giant resonance absorption of 
virtual photons described above is regarded 
as the interaction of the photon with the 
nucleus as a whole. The photons could also 
be scattered by the individual protons con- 
sisting of the nucleus and so result in the 
formation of a compound nucleus or the direct 
emission of protons. The cross section for the 
scattering process is perhaps very small**?. 
However, the observed angular anisotropy of 
the emitted protons may be an indication of 
the existence of such a direct interaction 
process. 

In the present experiment, recoil protons re- 
sulting from the elastic Coulomb interaction 
of “mesons with hydrogen nuclei have not 
been detected. Experiments of this subject 
using high energy /-mesons or electrons 
would be interesting because some knowledge 
of the charge distribution of the proton can 
be obtained from the results. 


(6) The Anomalous Scattering of “-Mesons 

In conclusion, let us consider the effect of 
the low energy photonuclear process on the 
large angle scattering of “-mesons. When a 
giant resonance absorption has taken place, 
capturing a photon associated with a few 
hundred Mev v-meson, there would result a 
considerable deflection of the “-meson and, 
most frequently, neutron emission. This 
would be observed as a large angle scattering 
of the “-meson. Kannangara and Shrikantia2” 
have observed 120 meters path length of high 
energy “-meson tracks in emulsions and have 
found seven events of anomalous scattering 
greater than 7°. The seven events they ob- 
served involved “#-mesons of energies less 
than 600 Mev. In particular, four events 
showed momentum transfers of 10 to 30 
Mev/c. Therefore, from the standpoint of 
kinematics, these events may well be ascribed 
to photoneutron production involving the giant 
resonance phenomena. However, the cross 
section for this process is estimated by David- 
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son) to be about 10-29 cm? per nucleon for 
the emulsion nuclei, and so seems to be to 
small to explain the cross section of about! 
310-27 cm? per nucleon observed by Kan- 
nangara and Shrikantia. Other observations; 
making use of cloud chambers have given 
much smaller cross sections of the order of 
10-28 cm? per nucleon for the anomalous sca-) 
tering??. The anomalously high scattering: 
cross section of “-mesons at energies above 1] 
Bev has recently been reported by McDiar-) 
mid??, The giant photon absorption can not 
be responsible for these events. Even if we. 
take into account the long tail of the non-| 
mesonic effect extending from the giant 
resonance to above the z-meson threshold?®, 
it would be difficult to explain all of the ob- 
served scattering cross section by the low 
energy photonuclear process alone. 
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The Theory of the Dielectric Constant of Ionic Crystals 
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A general theory of the dielectric constant of simple ionic crystals is 
proposed. The energy change due to the electric field is expressed by a 
quadratic form of quantities pz, p, and p2, which represent the dipole 
moments due to the displacement of ions, the deformation of the negative 
ion and the deformation of the positive ion in the electric field respective- 
ly. Using this formalism it is possible to derive several important 
relations concerning the dielectric properties of ionic crystals. When 
the polarizability of the positive ion is much smaller than that of the 
negative ion, we may be allowed to put p,=0. In this case our quadratic 
formalism has only three unknown constants, which are determined by 
using three observed quantities. For NaCl we determine them by using 
ky, « and @ (the optical dielectric constant, the static dielectric constant 
and the compressibility). Then we discuss the pressure effect of dielectric 
constants from our standpoints, and then we have computed the Rest- 
strahlenfrequenz of NaCl considering the ionic polarization. The result 
agrees well with observation. Finally we propose a method of deter- 
mining the phenomenological repulsive potential between ions of ionic 


Ill 


crystals, which may be more accurate than the previous one. 


$1. Introduction 


The dielectric properties of non-conducting 
substances are usually discussed on the basis 
of the Lorentz formula. Surely it holds very 
well for gases, but with liquids or ionic cry- 
stals there are noticeable deviations from it. 
In the case of liquids the origin of the devia- 
tion is mainly ascribed to the fluctuation in 
the arrangement of molecular dipoles in it. 
Using the statistical mechanics Kirkwood”) and 
others® have succeeded in deriving the form- 
ulas which give a good agreement with ex- 
periments. In the case of ionic crystals the 
fluctuation effect is supposed to be negligible. 
In solids, however, each constituent ion over- 
laps appreciablly with its nearest neighbouring 
ions, which is not consistent with the assump- 
tion of point dipoles in the Lorentz formula. 
Thus we find it necessary to treat quantum- 
theoretically the electronic structure of con- 
stituent atoms, ions or molecules in dielectrics 
in order to take into account the effect of 
charge overlapping. 

Such a quantum theory of dielectrics was 
proposed by one of us® and was applied to 
LiF crystals. In that theory the perturbed 
wave function of 2p-electrons of a negative 
ion was assumed to be» 


P(r)= do(r)(1+Ar cos 8) , @l) 


where ¢(7) is the unperturbed wave function, 
A is the variational constant and @ is measured 
from the field direction. The deformation of 
a positive ion was neglected, because the 
polarizability of Li ions is much smaller than 
that of F ions. Under these assumptions the 
energy change per ion pair was expressed 
approximately as follows: 


1 4zN 


4E=—p.F me —po? + Anh? + Ad? 
1 4xN 
ere 5 ea ee ec 2 
D: ome pea Ce 
sop pen en ; (OA) 


Q 
v0 


where is N is the number of ion pairs in the 
unit volume, / is the external electric field. 
2x is the relative displacement of ions, p, is 
the electric dipole due to the ion-displacement 
being equal to 2ex and {, is the electric dipole 
due to the charge deformation of a negative 
ion, which is equal to 47%e2, with 7? definec 
by 


j= [duns , 


AjA° is the change of the intra-energy of < 
negative ion (if we use the Kirkwood ap 
proximation, it becomes 3/? in atomic units) 
—34nNp,*/3 the mutual interaction energy o 
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dipoles p., —34xNp.7/3 that between dipoles 
be, and —4xzNp-;p,./3 is that between dipoles 
pz, Pe. The so-called Lorentz field is derived 
from the last three terms. Besides these it 
further contains three terms Cx?, Bri and 
Aj2?, which are caused by the change of the 
degree of charge-overlap due to the displace- 
ment or deformation of ions. 

In general we may expand the change of 


| the internal energy (interaction energy be- 


‘tween ions) as the power series of 2 and 2: 
A0=QAt+QrtAP+BritCeit---. 
The term Cz? is the usual repulsive potential 


in ionic crystals, and when the repulsive force 
is assumed to be effective only between the 


)nearest neighbouring ions, C is given by 


C=127/B8 Cy) 
where § is the compressibility and 7 is the 
interionic distance. The term AA? is caused 
by the mutual interaction of the deformed 
parts of the wave function A4¢y(r)7 cos 6. The 
linear term of z vanishes because of the 


equillibrium condition. The linear term of 2 


consists of several integrals containing (cos@)!, 
and if we express the interaction between a 


\ 


pair of ions of opposite signs as AS exp (—p7), 
there is another term of the type 


—ASexp(—p7ro) , 
when ail ions are in equilibrium positions. 


| Thus the linear term of 2 is also canceled out 


because of the symmetry. However, when 
positive ions are displaced by 22 relative to 
negative ions, the above two terms become 
AS exp [—P(7+2z)] and —ASexp[—p(%—2z)] 
respectively. Thus in that case the term BxA 
remains, since the crystal symmetry is de- 
stroyed by the external field. The parameters 
z and 2 are to be determined so as to mini- 
mize the energy change of the total system. 
In the case of high frequency field x is to be 
assumed as zero. 

In the previous paper we have computed 
the values of A and B of ZzF quantum 
mechanicaliy and obtained theoretical values 
of the static dielectric constant « and the 
optical dielectric constant *. From the results 
we have found that the energy change due 
to the electric field is well expressed by a 
quadratic form of two quantities pz and pe. 
with three constants A, B and C. However, 
it is a rather laborious task to compute these 
constants for each substances quantum 
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theoretically as we have done for LiF, and 
the accuracy of the computation is not very 
good. Thus, in this paper we shall follow 
the inverse process, that is, we shall deter- 
mine three constants phenomenologically with 
three experimental values. Then we shall 
have a energy formula for each dielectrics 
containing no arbitrary constant, which is 
very useful for analysing observed data or 
for deriving relations between observable 
quantities. 


§2. Polarization in high frequency field 
We shall begin with the dielectric constant 
at the high frequency field. Neglecting the 
polarization of the positive ion, 4E is: 
1 4x (4772p 
Qeeroy e708 
From the condition 04E/0/=0, 4 is determin- 
ed as: 


4E= —477 2) F =P Ag A" AA ee 


Se __4a (47 
i=apF [| 24044) Z Seal (5) 


and accordingly 4E is: 
ab =— 4) || ana —AB | 


3 270° 
(6) 
and 
p= (PF | JOC Nee sf (6’) 
3 In 


On the other hand, the relation between the 
energy change and the dielectric constant ko 
is expressed by 


1 1 
AR ene (Ko ) ’ ( ) 


where N=1/27,3 is the number of ion-pairs in 
the unit volume. From (6) and (7) &o is given 
by 
fo=1 +24" | [240+ al Pe) 
To T 
Or we can obtain the same result from rela- 
tions ko —l1=42P/F and P=Np, and (6’). 
Introducing the quantity @ defined by 


a=(Ay+A)/(47)? , C9) 
ko and p, become: 
7 
Ko=l +5, |(a—n/3n : (10) 
4n 1 
= —— = itl 
De P| (2a = ’ (11) 


Using the experimental value of #o we are 
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able to determine the value of a@ for each 
crystal. The results are shown in Table I. 
In the Lorentz theory we use quantities such 
as the effective field Fy; and the polarizability 
of ions. Although these quanitities do not 
appear explicitly in our theory, it is sometimes 
convenient to make clear the mutual relation. 
If we define the quantity a, by 


nwa (12) 


then we find easily that a, satisfies the follow- 
ing relation 


De = an( E+ ae De 


13 
: nie (13) 


Thus we see that the quantity (1/2a) corres- 
ponds to the apparent polarizability of ions in 
the crystal. However, the quantity a depends 
not only on the nature of the corresponding 
atom, but also depends on the nature of the 
crystal through the interionic interaction A. 
Thus we find that the apparent polarizability 
of ions should not be constant in the strict 
sense. On the other hand, we see from Table 
I that the polarizability of each negative ion 
is nearly constant (here we must remember 
that we neglect the small contribution from 
the positive ion). In fact, it is only an ex- 
ample of the constancy of the apparent 
polarizability of one kind of ion in various 
crystals, which has been well established in 
all alkali-halide crystals by the detailed 
investigation of Shockley and others”. We 
shall later on mention the reason why such an 
additivity rule of the polarizability is approxi- 
mately valid for alkali-halide crystals. 


Table I. 

Ko a an 
LiF “| -t.92 | 0.550 10% 0.90 x 10-24 
NaF | 1.74 | 0.429 LalG 
TCI 0-75 | 0.168 2.97 
Nach| 2.25 | 0.161 3.10 
LiBr.| 3.16 | 0.120 rr est 
NaBr | 2.62 | 0.113 4.42 
ib: 3.80 | 0.0803 6.23 
Nal | 2.91 -| 0.0799 6.25 


Now, we want to know the role of the 
interaction for the polarizability. In the 
previous paper’? we computed Ay by the 
Kirkwood’s approximation and A of LiF by 
the Lowdin’s approximation. The results 
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were Ajp=3.0 and A=0.8 respectively in atomi 
units. Thus the theoretical value A/(Ao+A 
of ZzF is about 0.2. On the other hand, i: 
order to have the experimental value oa 
A/(Ay +A) we must separate A from a. Since 
the dielectric constant is related only to a, i 
is useless for our purpose. However, ths 
pressure effect of the dielectric constant 1) 
just what we wish. In Table II we show the 
rate of change of the refractive index ” (Ko= 
n*) due to the pressure change according te 
the experiments of Burstein and Smith?. A 
first, they assumed that this change of » wa: 
caused only by the decrease of the volume 
due to the hydrostatic pressure and they 
neglected the change of the polarizability 
Using the Lorentz formula they obtained the 
following formula of the pressure effect. 


(2) V1 dee (a ee 
Aa )= ae ; 
0 


257 Koay, 61/ Ko 
where V is the volume and op is the density. 
However, they found that this equation gave 
much larger values of the pressure effect (the 
second column of Table II), and they con- 
cluded that the polarizability of ions must 
change under the effect of high pressure. In 
our theory there exists the interionic interac- 
tion term AA/?, which will be the sensitive 
function of the interionic distance. When the 


(14) 


Table II. 

o(dn/dp)ovs. (14) 
LiF ~0.1 0.43 
NaCl 0.24 0.59 
KCl 0.23 0.53 
KBr 0.35 0.63 
KI 0.43 0.81 
MgO ~—0.4 0.94 


lattice constant decreases under the hydrostatic 
pressure, AZ? will increase rapidly so as to 


reduce the polarizability of ions. Assuming 
the simple functional form of A 
A(r) =U exp (—pr) (15) 


we have obtained the formula of the pressure 
effect of «o as follows: 


; ob (to —1)(ko +2) __1 Atm) np 
do BY Ko 2703 (472)26/ Ko 
2 


% {2a—(47/3)(1/2703)}? ’ (16) 


where 27 is the lattice constant under zero 
pressure and 2(7)—d7) is that under the high 
‘pressure. Accordingly A(7—6r) is given by: 
A(m—67)= A(m)(1+ pdr) : 
The derivation of Eq. (16) is given in Appendix 
I. If we assume the difference 

_{ dn (o—1)(Ko +2) 

(4n)= (05) oe (17) 
jis caused solely by the increase of A2?2, we 
have the following equation for A/(47)?: 

Al(47?)?=(An/roP)(3V/ Ky [22703 

! Xx {2a —(47/3)(1/2703)}". (18) 
From Eqs. (11) and (17) we see that all 
quantities on the right hand of Eq. (18) are 
observed values except for p. Now, the re- 
pulsive potential of the type C exp (—7/p) has 
been widely used for analysing the cohesive 
energy of alkali-halide crystals. The results 
of such analysis show that values of (77/0) lie 
between 7 and 10 in many cases. Thus we 
jsuppose that values of (p70) in Eq. (18) will 
\lie also near 10. The results of computation 
fare shown in Table III. We find that the 
interaction A amounts to about 30 or 20% of 
the total energy change (477)2a. If we decide 
ithe value -7 so as to fit the diamagnetic 
Susceptibility, we obtain the absolute value 


‘Table* LI, 
[A/(472)?]/a 
pro=7 pro=10 
an n . Oioif : coe i" 
NaCl 0.28 0.19 
Table IV. 


Repulsive energy (Kcal/Mol) 


LiF | 44.1 
| Nai | 35.3 
| LiCl | 26.8 
| NaCl | 23.5 
KCl 21.5 


of A. The estimated value of A of LiF is 
1.5~1.0 in atomic units (77=1.9), while our 
computed value was 0.8. Now, the interac- 
tion energy A is different in each crystal, but 
we suppose that the difference is not large for 
the same negative ion by the analogy of the 
behaviours of the repulsive potential energy 
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computed by Born and others (see Table IV). 
The difference of the repulsive potential energy 
is about 30 or 20%. 

Hence the values of @ of crystals with the 
same negative ion and different positive ions 
are expected to be not widely different, be- 
cause the variable part of @ is small quantity 
in itself and the variation of it is also small. 
(0A/A may be 0.2 or so, and A/(Ao+A) may 
be 0.3 or 0.2, and then da/a may be the order 
of 0.05.) 


$3. Static Dielectric Constant 


When the static field is applied, ions are 
not only deformed, but also are displaced as 
a whole. If we neglect the deformation of 
the positive ion, the energy change per ion- 
pair is expressed as: 


A 4m (2ea)? 47 (2ex)(47?A) 


4E=—2exF — 2 3 Ont 3 on 
tpi AE + (At Aye 
+ Bur+Cx?. (19) 
Introducing 
b=B/(2e)(47") (20-1) 
and 
C=CHer, (20-2) 


AE becomes: 
1 4x D2” _ An Pole as 


= — - > == elt 
AE=—pl 758 3 one fe 
aie aye 5 ; 
i So = es bj eDe+r a , 21 
Ta a eS (21) 


where p, and p, are determined by the 
conditions 

OAE/Op,=0 and d4E/Op-=0. 
They are: 


Leet feel 
\ —_ Se ee 2 SS. 
pan oye || (2¢ oe \(2a : =x) 


Ang li 2 
all pte Eon ay 
(2 3 rill oe 
and 


Ali 4x 1 
p==(20—— 26 Se 
Die DF | Ke 5 3 273 (24 3 273 ) 


Ale WW NC 
— Se , (222 
(0 3 270° ) | \ 


The polarization per unit volume is: 
P=(Pp- Pe) are 


Age MN 
= — 31 { 2c—— ___ 
(a+c DF | | (2¢ 3 ar) 


——— 
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Table we 

P p C b | (4n/3)/2103 | 

LiF 9.27 1.4x 10-2 17.2 104 0.220 x 1024 0.2578 x 1074 | 

NaF 6.0 2.07 i372 0.170 0.1698 | 

NaCl 5.62 4.18 8.07 0.099 0.0944 

NaBr 6.0 4.98 ial 0.072 0.0791 | 

Nal 6.6 6.94 5.58 0.055 0.0621 | 


2 
x(2a = ee) (0 = m a (23) 
The dielectric constant in the static field is 
determined by the energy relation (7) or the 
following relation as: 
k=1+472P/F 


This equation contains three material constant 
a, b and c, in which @ was already determin- 
ed in the previous section. 

If we assume that the interaction potential 
has central character, and the short range 
repulsive potential is effective only between 
the nearest neighbouring ions, then the con- 
stant C is connected with the compressibility 
6 by the relation: 

Ca 718 (25) 
The validity of those assumptions will be ex- 
amined later on. Using Eq. (24) with the 
observed value of « we can easily determine 
b. The results are shown in Table V. 
Putting 7 of ZzF as 1.9, B becomes 0.50 in 
atomic units, while our computed value of B 
of LiF was 0.5. Considering the approximate 
nature of our computation such good agree- 
ment seems to be accidental. 

Now, the term bp,p. is very important for 
dielectric properties of alkali-halide crystals. 


—(4r/3)(pep-/272) is canceled out by the con 
tribution from bp,p-.. This fact was firs 
pointed out by Mott®. Thus we can na 
have any good quantitative results withou 
bbcbe. If we neglect b entirely, Eq. (24) be 
comes: 


ea 1+ 7 (ate)| {ac arate) C25 
Then we get the values of « as listed at Tabl. 
VI. They are much larger than the observes 
values. 

If we interprete this effect as apparen 
decrease of the polarizability of ions in th 
static field and define the effective polarizabi 
lity a* by the relation 


3P)= at (e+ 2)F ; 


e=a*| F+— 
De are 


we obtain the values of a* as shown in Tabl 
VI. We see that the values a*/a@ are abot 
2/3~1/2. The apparent decrease of th 
polarizability in the static field was alread 
noticed by Seitz®, who pointed out that th 
assumption a=a* led to the paradoxicéz 
result: 


&/g=("+2)[(eo+2) . 


Next, we shall discuss the pressure effect c 
the static dielectric constant!®™. Since th 
interaction @, b and c depend on the interioni 
distance, they will contribute to the pressur 


We shall discuss this in detail. We find at effect. The pressure effect of the stati 
first that the large part of the Lorentz energy dielectric constant is expressed as: 
Table VI. 
pol F pelF | »(=0) a 

LiF | 1.60x10-2 | 9.20x10-%* | 56 | 0.43 x 10-24 

NaF 1.45 8.36 11.9 | 0.54 

NaCl 4.14 Be UF 1528 ; lO? 

NaBr 7.58 12.90 18:8, o 4 02.84 

Nal TG 18.4 28.6 4.04 
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fl OK Ss i 
Sao eer a) ae 


i 1 OS: Or, 
yand 
YOK («—1)(«+2) a GG, eee lb 
Or, To Fl da P : d ree 
i dc 1 
a =e. 27-2 
2 d a | 2a 


| The derivation of Eq. (27) is given in Ap- 
pendix II. In Eq. (27) da/dr, was already 
‘computed, that is, —pA(s)/(477); and if we 
Lexpress the repulsive potential between the 
nearest neighbouring ions by constant 
xexp(—v7/o0) as usual, dce/d7, is given by 
on Sa 


a See 
Finally, if we assume the functional form of 
B as constant xexp(—gqr), db/dr becomes: 
db/dr,= —qb(r,). Thus we have the final ex- 
pression of (1/«)(d«/dP,): 


oe site By] {We +2) 


pa Mi) 


ie Obey K 


| eee | | ae m 2% 2 Gal 
| Dyke Ae BiG ND ecb To) d-22/ 
8x 8x 


{7 bape? } + 9. = reat P| 


273F? 7 eF? 
=(1)+(ID)+(ID+(1V) . (28) 


‘Here we shall discuss the physical meaning 
of each term of Eq. (28). When the volume 
of the crystal decreases under the hydrostatic 
pressure, the density of dipoles increases. The 
term (1) expresses this density effect. On the 
other hand, when the interionic distance de- 
creases, the interionic interaction energy 
increases. This effect works to hinder the 
deformation of ions or displacement of ions. 
The term (II) expresses the effect caused by 
the increase of the usual repulsive potential 
energy, the term (III) expresses the effect 
caused by the increase of the interaction A2?, 
which is found to be much smaller than the 
others, and the last term (IV) expresses the 
effect caused by the increase of the interaction 


Table VII. difference =obs. — {(1)+-(II)} 
| (/«-d«/OP,)ons- 1/0 (1) | (II) | difference qo 
LiF ~0.45 x 10-5 3.46 x08 | 0.469x10-s | —0.800x10-5| —0.12x10-s | 4.8 
NaCl | —0.98 x 10-s 3.067 x108 | 0.873x10-5 | -1.485x 10-8 


(8710-9 \) 2503 


aut 


Bxi. The term (I) is positive and others are 
negative. Using the values p,, p- determined 
before and the value of o determined by Born 
and Mayer! we obtain the results as shown 
in Table VII. From Table we see that the 
effects of (1) and (II) are not sufficient to 
explain the pressure effect. If we assume 
that this difference is caused only by the 
effect (1V), we can determine the parameter 
q so as to fit the theoretical value to the 
observed value. The values of (qv) are also 
tabulated. Since the difference 


[{(1/«)(d«/6P,)}oos—(1)—(ID] 
lies well outside the region of the experiment- 


al error, the pressure effect may also suggest 
the existence of the B term. 


§4. Frequency of Lattice Vibration 


We have determined the three constant a, 
b and c by using the three observed quantities 
k, kj, and B. Then the fundamental equation 
(2) contains no arbitrary constant any more. 
Now, using these constants we are able to 
compute other observable quantities without 
arbitrary assumptions. In this section we 
compute the frequency of the lattice vibration. 
The frequency of the lattice vibration of NaCl 
was computed in detail by Lyddane_ and 
Herzfeld'.. However, there remain some 
ambiguous points in their computation, be- 
cause they had not any precise knowledge 
about the relation between the lattice vibra- 
tion and the lattice polarization. 

According to L-H. the frequency of the 
transverse long wave in the optical mode is 
given by: 

oem (Um Ver2c— tt (9) 
nee 6—k 
and that of the longitudinal long wave is also 
given by: 
ots (oe OteCt : e (30) 


Ure 


where /4 is the reduced mass of two ions and 
k=(4ra,/7,2). The force constant (Ci+2C2) 
in their notation is to be related to our force 
constant C by: 
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(Are?/7,3\(Cy+2Cx)=C/2 . (31) 


Taking C,=0.4220 and C,=—0.0427, they 
found that the computed value of w was 
2.40 x 10!3 sec"! with the assumption of a,= 


2.90x10-24 and 3.0810! sec-! with the 
assumption of a@,=0. Observed value of a, 
of NaCl is about 3.0x10%sec?. Thus they 


found that the assumption of a,=0 gave the 
good result, but they did not know the reason. 
On the other hand, their computed value of 
the frequency of the longitudinal wave w: was 
5.04 10'8sec! with the assumption of anz= 
2.90 x 10-4 and 6.12x10%scc"! with the as- 
sumption of a@m=0. In the former case 
(w/a) becomes 5.33, and in the latter case 
it becomes 3.95. However, it is well known 
that there exists the relation (wz/w:)?=(/k), 
which tells us that (:/w:)? is 2.49. Thus it 
is obvious that the relation between the lattice 
vibration and the polarization must be investi- 
gated more carefully. In the following we 
shall complement their computation by taking 
account of the electronic polarization. We 


shall let (lL, k) be the vector which represents 
the equilibriurn position of the k-th ion in the 


Z-th lattice cell and ae k) be the variable that 
measures the displacement of the (/,k) ion 
from its equilibrium position. Here k=1 refers 
to the positive ion and k=2 refers to the 
negative ion. Let us further denote the force 


acting on (/,k) ion by A(l,k). Then the 
equation of the motion is 
Pull, k)_ > 

i ay Bs, (32) 


whose solution must satisfy the usual periodic 
boundary conditions. This equation has the 
solution of the type: 


u(l, k)=U(k) exp {—tot+u(S-r(l, BE} (33) 


where S is the wave-number vector of the 
lattice vibration and @ is the frequency. The 


force Ki, k) consists of three parts: 
Kil, k)=(exFlk)+R(k)+Tth)) 
xexp {—ot +S-n} . (34) 
Here CF (k) is ths electrostatic force, Rk) is 


the usual repulsive force and 7(k) is a sort 
of the repulsive force accompanying the elec- 
tronic polarization of ions. In the H-L theory 


Fk) and R(k) were taken into account but 
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T(k) was not. 
(1) transverse long wave 


At first we investigate the transverse wave, 
Disregarding the polarization due to the ion- 
deformation Fik) was obtained by H-L. as 
follows: 


F()= FQ)= (2 \(ua—ve)) 


0 


(35) 


where e is the absolute value of the electron 
charge and 


pa=e(U(1)—U(2)) (36, 
is the polarization per ion pair due to the ion- 
displacement. Next, we shall consider the 


polarization p. due to the deformation of the 
negative ion. Since the direction of the force 
is the same as the direction of the displace- 
ment in the case of the transverse wave, the 
Lorentz force caused by the displacement acts 
to polarize the charge cloud of the negative 
ion to the same direction. Thus the electro- 


static force F(k) becomes: 


eR sieges \(ua-U@)) 4+ as 8 
i Va 


B27 
(37. a 
and 
= —1 /4ze 
(oF )=5-( 5 \(ua)— v2) 
6 To 
are, A 
oe or, Pe . (37-2) 


The repulsive force R(k) was given by L-H.: 
R(1)=—R(2) 


= (ASC 426, \U)—U(2)). (38) 


0 
In the preceeding section we saw that the 
energy change due to the interaction of ion 
displacement and ion-deformation was Bz2 o1 
bp:be, when the relative displacement of ion: 
was 22. 
by: 


Thus we find the force Tk) iS giver 


T(k)= (= bp. . 


Since the motion of ions is slow enough a 
compared with the electron motion, the para 
meter 2 or p should be determined by th 
minimum condition of the deformation energy 


O4E/Op. =0 , (40 


(39) 


/ 


] 


1955) 
where JE is: 
AB = "Sg babe Oba. tap 
meee 


‘The result is: 


ca 6b ES ur 7 
Be ( 2 37,3 be (2 = a) : (42) 


Inserting Eqs. (37), (38) and (39) into Eq. (32) 


e obtain the following simultaneous equa- 


tions concerning U(1) and U(2). 


—moeU(1)= eee) 


iA 


| fe 
| x{C+20,— ; -EP}(Uw-ve), (43-1) 
— moe) =( “Te ) 
ee 
; rere ; 


| where D is defined by: 


b Ze, Nes) 7 
D=2 — __— / a 
€ Bre ) / (« 373 ). sl 


Solving these equations the frequency of the 
transverse long wave is found to be 


; 47e? leery ,° 
2==( ———__ }( C, + 2C, ——_ —_“ 45 
Or Eat apo F = : (45) 


To 


After simple calculation it becomes: 


; Are i 1 
a C C— = 
Wr G4) 1 +2 2 6h 


ee i 2x ob } 
shea alee lle cD 


where k is defined by: 


ar (47) 


Except for the last term Eq. (46) coinsides 


with Eq. (29). 


meZerO. 


Since the last term is positive, 
it contribute to increase the frequency. In 
NaCl we found that D was nearly equal to 
Then Eq. (45) becomes: 


ota (24 \(C420-7). (48) 
LY 6 
Thus, we understand why L-H. ’s computa- 
tion led to the good agreement with the 
observation. Here we notice that the 
numerical value of the force constant 
(47ce?/7,3)(Ci + C2) of L-H. is somewhat different 
from our force constant C/2. Using the value 
of C=8.07x104 (see Table V), w: becomes 
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2.90 x 105 sec“! instead of 3,08 x 10%, and if we 
omit b, w: becomes 2.10 x 10! sec-!. However, 
the very accurate comparison between the 
theoretical and the experimental value is not 
possible, because the experimental values 
which we use, were observed at the room 
temperature, while the theory should be con- 
cerned with the absolute zero temperature. 
Considering these circumstances the agreement 
between the theory and the experiment seems 
to be satisfactory. 

We have determined three constants a, b 
and c by using three experimental values Kp, 
« and 8 and with these constants the fourth 
observed quantity ow, has been computed. 
Since the result is found to be good, we may 
conclude that our assumptions concerning the 
force-law, that is, (1) the interionic force has 
the central character and (2) the short range 
repulsive force is effective only between the 
nearest neighbouring ions, are approximately 
valid in NaCl. Later on we shall see that 
these assumptions are valid in many alkali- 
halide crystals. Concerning the assumption 
(1) one may argue that the Cauchy-Poisson 
relations are not valid even in alkali-halide 
crystals. However, if the deviation from the 
Cauchy-Poisson relations may be interpreted 
by the Lowdin’s mechanism, our conclusions 
need not be altered as we showed in the 
previous paper’. At any rate, the amount 
of the deviation is rather small in alkali-halide 
crystals and moreover the deviation itself 
seems to be explained fairly well by the 
Lowdin’s many-body forces without introduc- 
ing any homopolar binding forces. Thus we 
may say that the assumption of the central 
force seems to be appropriate in alkali-halides. 
Concerning the assumption (2) we shall discuss 
in a later section. 

(II) longitudinal long wave 
Next, we discuss the longitudinal long wave. 


Disregarding the deformation of ions F(k) was 
given by L-H. as follows: 


F(1)=F(2)= al = \(ua)—7@) 
=—((g baler (49) 


In the case of the longitudinal wave the direc- 
tion of the force is opposite to the direction 
of the displacement of ions. The Lorentz 
force caused by the displacement of ions acts 
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to polarize the charge cloud of the negative 
ions to the opposite direction. 
trostatic force F(k) becomes: 


m=—3 (= (ow —U@2)) 
0 
8ze 1 
3 ae = 


8re 1 
iS eee 


(50) 
The repulsive force Rk) is the same as the 


transverse wave and ZJ\k) is- the same in 
magnitude but with the opposite sign. 
Thus the equation of the motion is expressed 


as: 
> )(Ua)—Ue) ) 


—mo2U(1)= Pa Are? 
13 
Ble Arce? > \ C4202) (ua)-v@ ) 


3 


(51-1) 


—mpott(2)=- at ues \(ua)-v@) 
3 A\ia 

Are? = 

+(e (Gs + 26)(U)—U@)) 
0 

8x 1 
x 3 273 pe—bpe . 
As is in the case of the transverse wave p- 


is determined by the minimum condition of 
AE: 


(51-2) 


047% /0p. =0 (52) 
where 
4E= —" p.bu-bboba tape 
3 2703 
VeSrri. ult seers ¥ 
Disa Dat ceed 
The result is: 
OP OL. Care 2m 
2=(3 +3 “be | (a+ ul: (54) 


Inserting Eq. (54) into Eq. (51) we obtain the 
following simultanious equations: 


1 
Sor20+ > 
-7P \(U@)-Ue)) 
An 


—moiU(2)= (AE \(G 1 2C,4 ; 
0 


7?’ \(Ua)-ve)) 


—707?U(1) = = Are? 
70° 


(55) 
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Thus the elec- 
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where D’ is defined by: 


oy bo 278 2S 
Dials Sr pita E 


Solving these equations we obtain the fre 
quency of the longitudinal long wave, 


- ( 4re 
Oy 3 
LTO 


(56. 


f yee vs 
\jen eee a. 


isa a2 tao) 

~ Arce? 97 He 
Except for the last term Eq. (57) coinside: 
with Eq. (30). Since the last term is negative 
it contributes to decrease the frequency 


Inserting the numerical value of Ci:+2C, 0 
L-H. the value ot a is found to be 4.80 x 10? 


(57, 


sect, while it becomes 4.60 x 10!% sec7!, wher 
we use our C-value (C=8.07x10*). In bot 
cases the relation (w,/@:)?=(«/«o0) is wel 


satisfied. Thus we find that the introductio1 
of the term bp.p. enables us to understanc 
the behavious of the lattice vibration. 

The transverse wave of ionic crystals i: 
very important, since it interacts with the 
conduction electron in ionic crystals. As i 
well known, the interaction between conduc 
tion electrons and lattice vibrations in ioni 
crystals was first investigated by Frohlict 
and Mott!®, and then was complemented bj 
Callen’, Frohlich and others!®. According 
to Callen the interaction potential is given by. 

= (U++4U-) (58 
where U* and = are the absolute value o 
the displacement of the positive and negative 
ion respectively and e* is defined by 


e*=(7/27)( —Ko/K 0”) Uae. (59 
Later on we shall also derive this equatior 
from our formalism. Frohlich has derivec 
another expression of the interaction!®. The 
equivalence of these two expressions was 
proved by Fan’? The physical meaning of e* 
is clear in our theory. The polarization of 
the medium consists of two parts, one is the 
polarization due to the displacement of ions 
and the other is that due to the deformatior 
of ions. In the longitudinal wave the effec 
of the former is partly canceled by the latter 
since the direction of two polarizations is 
opposite with each other. Thus, if we wan 
to treat the lattice vibration as the vibratior 
of the rigid ions, we must include the effect 
of the polarization of ion-cores in the form.o! 


f 


ih 


t 


| the results. (See Table VIII). 
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the apparent reduction of the ionic charge. 
That is the meaning of the effective charge. 
Now, we shall compute the effective charge 
of NaCl. From Eq. (54) we know that Pe is 
equal to 1.10ez. Thus the real polarization 
per ion pair is 
pa—be= 2ex—1.10ex=0.90Er , 

and the effective charge is found ts be 

2e*2 =0.90ex 
short waves 


and e*/e=0.45 . 
(IT) 


The frequency of short waves of NaCl was 


computed by L-H. for three cases: 


(1) S=(72/27, 7/270, 7/270) 
(iS —=(ac/ 7p OO) and 
(3) S=(z/n, 7/270, 0) 5 


However, they computed them disregarding 
{ the deformation of ions. 
| rigid-sphere ions is found to be not good in 
long waves. 


The assumption of 


Now we want to know whether 
this approximation is good or not in the case 
of short waves. Taking the deformation of 


| ions into account we have recalculated the 
| frequency of short waves for above three 


cases. The procedures of computation are 
given in Appendix III. Here we show only 
In case (1) the 
motion of positive ions and that of negative 
ions are independent. In short waves optical 


| modes and acoustical modes are mixed. In 


| Table VIII the second row shows the results 


which are obtained by using the previously 
determined constants. The third row shows 
the results obtained without 6. The last row 


_ shows the results obtained by L—H. from the 


rigid sphere approximation (b=0 and a=0). 


Comparing the second row with the fourth 


row we see that the rigid sphere approxima- 
tion is rather good, but not very good even 
in short waves. 


§5. Extension to More General Cases 


Hitherto we discussed the dielectric pro- 
perties of the materials, in which the polariz- 
ability of the positive ion is much smaller than 
that of the negative ion. Although the general 
aspects of the dielectric properties of ionic 
crystals are comprehensible by those special 
examples, it is still desirable to extend the 
theory to more general cases. 

In general, we assume that the energy 
change of the system due to the electric field 
is given by: 
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NAB=N| —F(pr+d.+0.)—4 N40, 
+ pe) tap +azp.? + dia pips 


+bipi pz+bs bebebep. | : (60) 
where p, is the dipole due to the displacement 
of ions and #; is the dipole due to the de- 
formation of the positive ion and p, is the 
dipole due to the deformation of the negative 
ion, and ai, @2, Giz, b1, b, and c are material 
constants, and the physical meaning of these 
constants may be comprehensible by the 
analogy of the previous sections. In the 
previous sections we started from the wave 
function of the type 


Ln)= bP +AF (1) cos 9} , 


but the following discussions do not depend 
on the form of the variational functions. 
Here we only assume that the energy change 
in the electric field is expressed by the form 
like Eq. (60). The appropriateness of this 
approximation is to be justified only by the 
comparison with experiment. 

Now, since Eq. (60) contains six material 
constants, we can not determine them by ex- 
perimental values, unless we introduce some 
arbitrary assumptions. However, we shall 
show that from Eq. (60) we can derive useful 
relations between the observed quantities. 


(a) dielectric constant 
In the high frequency field 44 becomes: 
14a 
Phe 
taprt+acp’+arpip,. (61) 
The condition 04£/0p/:=0 and 04E/0p.=0 lead 
to 


4E=—F(pi+d2) N(pitp2)? 


2M pitare2fi EN b+ b)=F ; 
(62) 


242 p2+a2hi -= Nbr +prJ=F . 


Using the solution of these equations # is 
given by 


(ko—1)F=42N( pi + ba) - (63) 


Next, in the static field 4# is given by (60), 
and pi pf, and pz are determined by the 


following equations: 
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FON b+ b+: i ol 


2a pita p.thi ps: — 3 


Qi2P~1 } 2a2p2x t bopr “"N( p+: +p2)=F 
oO 


bi fi + bop, +2cpb. — 


Nps Pst b.)=F 
(64) 

and « is given by: 
(«—1l)F=4nN( p14 potpz) . (65) 


Here we introduce the following functions 


[K's bs, Ps) =2an br tarps te a dibs) 
[A2°(q; pi, b2)|=ai2 Pi + 2az pr» +k —q Pitpz) 
(66) 
and 


[Bo(qg)]|=( (1/3){ (to -+2) +qiry—1)} ; (67) 


where q is a certain parameter. Using these 
functions Eqs. (62) are expressed as: 


[A,°(-1; 1, b2)|=[B(-)IF } 


etl plate ODI tae 
Since 
Fo UK a: bP) |-LB QP) 
= a 1)F—4nP}, 


for ~: and 2, which satisfy the condition 
(eo—1)F=47P, the following equations are 
always satisfied. 


[41°(q; bi, D2) | =[Bo(q)|F ae 
Peete 


Corresponding to Eq. (66) let us define the 
functions: 


[Ka(q; bi, Do, Px) |=2a1 Pi +a p? +b p, 


4nzN 
ae oN abs +p2+Dpz) 
[K2(@; Pi, bo, Pe) |= Pi +-2az pp +b2 pz 


4nN 
Po UPi+D.+pz) 


=), pith pot Zp. 
4nN 
arn C2 +p2.+Dr) 


|K3(¢3 pi, De, Dz) 


(70) 
and 
[Bg ]=(/3){(e+2)+q(e—-1)}. (71) 
Then for fi, 2 and pz, which satisfy the 
condition 


(«—1)F=42NM(pitpetbz) , 
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the following equations are always satisfie 
without regard to the value of gq. 


[Ki(q; Pi, Do, bz) | =[A(G Pi, Po, Po) | 
=[K.(q; bi, P2, be)J=[B@OVF . V4 


(b) lattice vebration 


When long waves propagate in the lattice 
the lattice is polarized. Denoting the polariza 
tion by fi, p, and p, the energy change it 
given by: | 
JAE(Q=aprtap2+ep2t+arxpibithipibe | 


\ 
Lbs babe ; =Nabi yp, CAN 


where g is a certain parameter. The values 
q=—1, 2 and 0 correspond to the transverse 
wave, the longitudinal wave and the homo; 
geneous vibration of a sphere respectively. 

Since the motion of ions is slow enough as 
compared with the motion of electrons, the 
state of electronic polarization follows instant- 
aneously with the motion of ions. Thus, the 
electronic polarization is determined by the 
conditions: 


04E(@~/Ofi=0 and d4E(q@)/Op.=0, (74 
or [4i(G;p1,2,f2)]=0 and [Aa(g)J=0. (74>) 


Solving these equations ~; and p, are expressed 
by certain functions of p;: 


Dbi=g(@be and pr=9.(Q)pz - (75, 
Inserting these functions into 
LK3(@; Pi, D2, Dz) |=O4E(Q)/OPz , (76, 


[K;(qg)] 1s expressed by a certain linear func: 
tion of pz, 

(K3(@)]p1-010@ vx» p2=92(2)n2 =F (Q)pz : (76”, 
[K;(q)] is the restoring force, which acts tc 
draw back the ion to the equilibrium point. 
Thus the frequency of the vibration is deter: 
mined by: 

o(g=ef (g/L. (77, 
After some computations, which are writter 
in Appendix IV (a), we obtained the following 
relation. 


O(@ _F(@) _ (e+2)tqe—l)  ko+2 


o(0) £0) ~~ (to +2)+q(eo—1) e+2 ° 
From (78) the following relations are derived, 
oP ={to+2)/(e+2)}a0) , (79) 


(78) 


and 
oP=(K]eo((eo+2)e+2)}o0%, (80 


and from these we have the well-knowr 
relation: 


| 1955) 


wr?/w2=K/ Ko e (81) 
As is mentioned in the previous section, if 
ions were presumed as the rigid sphere, the 
|polarization accompanying the lattice vibra- 
tion would be given by Zez, where x is the 
Yelative displacement of ions of opposite signs. 
In actual cases, however, ions are deform- 
lable, and both ions polarize when the displace- 
ment of ions produces an electric field. 
Moreover, even when the polarization does not 
bring forth any polarizing field, (q=0), the 
electronic polarization of both ions by no 
means vanishes, because there is the connec- 
‘tion between the displacement of ions and the 
deformation of ions, which is expressed by 
the terms d:f:p. and b:f.p,. Thus the total 
polarization is not Zezr, but Zer+pi+p.= 
Pxt+Pitp,. In order to describe the motion 
of the system as if rigid-sphere ions were 
vibrating, we must introduce the so-called 
Jeffective charge e*(q), which is defined by 
Ze*(q)z=pitp.+p:. As is seen from the de- 
finition, e*(q) is the function of g, that is, e*(qg) 
thas the different value in each different mode. 
{The fact that (e*/e) is smaller than one even 
jin the case g=0 indicates that an electronic 
polarization in the opposite direction is 
induced by the short range interactions bipfipbz 
jand bp. pz. 

In Appendix IV (b) we have derived the 
following relation: 


Boy = Ze*(q?  4nN _ 
Ue OK — Ko) 
x {((R+2)+q(e—-1)}{(1o+2)+¢(eo—1)} . (82) 
From (82) we find: 
2 pk 2 
(Opa ZOO? 2n (et2)Kor2) gay 
Bh 7% Ae—Ko) 
Using the relation (79) we obtain: 
o;?= 2nZe(0)? (Ko+2)” (84) 


LI? AWxn—Ko) * 


‘This important relation was first derived by 


Szigeti!® by a different method. If we take 
q=2 in (82), we have: 
| 2 OK (D2 

ope eY 4nN KK (85) 


Lt K—Ko 
Using the relation (81) we obtain the relation: 
QnZe*(2) ko? 


LY? 


2 


DOs = 


(86) 


K—Ko 


This relation was first derived by Callen, when 
he discussed the interaction between the lattice 


] 
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vibration and conduction electrons. Using 
(82), (84) and (86) we find: 

e*(2)={(o +2)/3xo}e*(0) (87) 
and 
e*(—1) = Koe*(2)={(0 +2)/3}e*(0) . (88) 


Finally, we introduce the following important 
relations, which will be used afterwards. 
The derivation of these is written in Appendix 
TECH. 
(2a2—4@12)b1 + (241 — 12 )b» 
2(@1+4@2—Giz) 


e*(0) 4x . 
= seg IEG, 
eo3 Pe , (89) 
and 
Be Le eee ee 
= OTe gan a 2 PEN el 
“oy (b:—bo)? 
eae ee se soar th 
l e Welt, eae Om 


§6. Estimation of the Magnitude of 
Constants 

Eq. (60) contains too many constants to be 
determined from available experimental data. 
In this section, however, we shall attempt to 
find some general tendencies about the 
magnitude of constants from the experimental 
facts. We begin with the optical dielectric 
constant. If we neglect the term dinpipo, 
Eqs. (62) become 


2a: pi=F + TN bs + pz) 


2aspa=F+ Nps +P) » 


where the right hand side of these equations 
is the Lorentz field. Thus, using Eqs. (12) 
and (13) p: and pf. become 


pi=Fesz7[2ai=apFres ys } 


(91) 
po=Fezs|2ax=anF ery i 


The constants a: and a, consist of two parts 
Ay and A (cf. Eq. (9)). Ao does not depend 
on the mutual interaction of ions, while A 
does. As we have seen that Ay is much 
larger than A in some alkali-halide crystals, 
we expect that it is the general character of 
the alkali-halides. The constant ai. depends 
only on the mutual interaction of ions. It 
then follows that a2 is much smaller than a1 
or ad. Further, we expect also that A takes 
a nearly constant value for each ion and is 
not very sensitive to the partner ions, because 
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we know that the interaction constant C 
satisfies this condition approximately. Then 
we are led to the additivity-rule of the optical 
polarizability, which is widely recognized by 
Shockley and others in alkali-halides. Thus 
we assume here that a:(=1/2a@») and a2(=1/2an) 
have the values which were determined by 
Shockley”. 

Since we know from Table V that 6?/4a is 


-0'5 
-------- —Fluoride owe 
Chloride =< Cs 
= ——-——-—-- Bromige 
—-—-—~-— Jodide 


pane 


<-0--><- 0 --» 


(b) 
<- G+2x--> 
<a lex 
Fig. 2. Polarization of positive and negative 
ions. 


much smaller than (4zN/6)(%o+2)/(*4o—1) in 
light alkali-halides, we may suppose that the 
last term of (90) is in general much smaller 
than other terms and may be neglected. Then 
we obtain the following relation 


anes K+2 ee 4nN ky+2 


2276? Ko t2 ES mil 


, {i e*(0) \ 
ae 


The right side of this equation contains only 
observable quantities, because e*(0) is also ex- 
pressed by observable quantities. Szigeti!” 
also computed c by another method and 


(92) 
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Table VIII. s: single mode, d: double mode, unit: 
10l3sec-!. The upper is the results of ours, the 
lower is those of L-H. and the middle is those 
obtained by the assumption of b=0. (+) shows 
the frequency of the positive ion and (—) shows 
that of the negative ion. 


Case 3. 


ee il; Case 2 
| 58 9Q) 3.51 (s) | 2.38 (s) 
off 2.56 (d) | 2.72 (s) | 3.05 (s) 
= ee (s) | 3.24 (a) | 3.37 (d) 

)12:06 (d) 1,62 (d) 2.331 

(4.59 3.24 | 2.42 
(+) {9°26 1.02 3.05 
{s-4} 2.49 | 2.89 
=) 11.79 1.18 1.29 

(4.59 4.26 2.46 
(+) 12.56 3.21 3.05 
* (3-71 3.27 3.55 
15806 1.83 2.82 

Table IX 
c c (Szigeti) 

LiF 1.82 x 10°3 1.76 x 103 
NaF 1.75 | 4.73 
NaCl 0.96 0.86 
NaBr 0.81 Omen 
Nal 0.66 0.60 
KCl “| 0:82 1 Oe 
KBr 0.73 0.67 
KI O6l 0.55 
RbCl 0.77 0.74 
RbBr 0.69 0.66 
Roe 1 40463 0.59 
AgCl tet 1.07 
CsCl | peo. 0.69 
CsBr (0.66 0.63 
TICI 1.35 es 
CuCl |... 8.25 Pe S 
CuBr | 2.29 | 2.29 


obtained the very similar relation 


VS aes oe 
~ 272? ee ; eo 


The difference between (92) and (93) is no 
remarkable, because the second term of (92 
is much smaller than the first. In Table I 
we show both values of c for many ioni 
crystals. 

Next, if we neglect ai, then Eq. (89) be 
comes: 
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arbr+arbi=(ata,yor ol e*(0) |4nNV 


Ko +1 e J 3 

(94) 
Since we know values of ai, and a» and e*(0), 
we can regard Eq. (94) as a linear relation 
between 6; and &:. Fig. 1 shows the relation 
between b/c and b,/c. The remarkable 
characteristic of this figure is that many 
straight lines (95) concentrate in the region 


bije=—0.2~—0.4 and b./c=0.8~1.0. 


Although it is not convincing, we suppose that 

values of 0,/c and 0:/e of many alkali-halides 
lie in the above mentioned region. 

From this point of view, CuCl and CuBr 
are rather exceptional substances, while TICl 
is the ordinary one, although these substances 
have large dielectric constants. The reason 
why TIC] has the large dielectric constant 
may be attributed to the large polarizability 
of TI ion. 

We have already mentioned that the ionic 
(displacement in the static field acts to hinder 
ithe polarization of the charge cloud of a 
jnegative ion, because a negative ion must 
polarize in the region where the overlap be- 
comes larger. On the other hand, we expect 
that the polarization of a positive ion becomes 
easier in a static field, because an ion polarizes 
in the region where the ionic distance becomes 
wider. (cf. Fig. 2) From the above mention- 
ed reason we may expect that the sign of hy 
is negative and the sign of & is positive. 
Moreover, since #; and 42, and c are caused 
by the overlap of ions, they must not be 
utterly independent of each other. Thus, we 
‘may have some reason to expect that 0,/c and 
b,/c of many alkali-halides have nearly con- 
stant values. 

Next, if we draw a line which passes a 
point in the region (bi/ce=—0.2~—0.4; b./c= 
0.8~1.0) and has the derivative —a,/a, the 
distance from the origin to the line is related 
to {1—e*(0)/e}. We see from Fig. 1 that, when 
we proceed from Li to Cs fora fixed halogen 
ion, or from J to F for a fixed alkali ion, the 
distance becomes smaller and e*(0) becomes 
larger. 

We have already mentioned that the ad- 
ditivity rule is well established experimentally 
about the optical polarizability of ions. More- 
over, Roberts found the similar additivity rule 
about the static dielectric constant. If @s is 


defined by 


k—-l 4 
ea NI 
a As (95) 
the values of a; in many alkali-halides can 


be approximately separated into two parts 
As=Asp t+ Asn , 
where the static polarizability of each positive 
ion @sp, or each negative ion as, has its own 
characteristic value. Of course, we can not 
explain this additivity rule from the purely 
theoretical standpoint. But it is very interest- 
ing to make clear the inter-relation between 
Roberts’ rule and our theory. In the follow- 
ing we shall investigate this problem. From 
(64) and (65) as is given by: 
2(a1t+c—h), 2¢+ai.—bi—by 
2¢+dn—b,—h,, — 2(a2+e—bz) | 


as= 2 =e * 
2a1 a2 by 
Giz 2d, dy 
by by 2c 


(96) 
If we neglect a. and (b:—b:)?/4aia2, it be- 
comes: 


i a i 1 by b, ) 
- | — + SDs = 
DAE Q@ GQ. Qc ac 
as b,2 bo? ‘ (97) 
i ee ee 
4aic = 4axc 


Va beN? ss 2) 
per iPad ad pele % 1h Ves 
a= tae aaa 36) ne?) 


We have already assumed that 0,/e and },/c 
are nearly constant for the most of alkali- 
halides, and a; and a; are also nearly constant. 
And the additivity concerning c may be easily 
verified by the properties of the repulsive 
potential of Born and Mayer. According to 
them the repulsive potential is given by 

Rin =bexp{-—(r7—-n—-7)/0} ; (99) 
where 7 or % is a characteristic constant of 
each ion, p is a constant which has a common 
value 0.345 10-8cm. for all alkali-halides and 
b has also a common value 4x10-Verg. Thus 
1/2c becomes: 


1/2c=exp vn) 0/26 os) : 
(100) 
As is well known the distance 7 is given 
approximately by the sum of the ionic radius 
of two ions 7%: and 72, 
T=M1+%2 - 
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Table X. 

1/2¢ sali-s+) | yy (i —) | Sum as from (95) | 

LiF 2.7x 10-4 0.0x10-4 | 0.3x10-%4 3.0 x 10-4 2.8 x 10-24 | 
NaF 2.9 0.4 0.3 3.6 a7 
NaCl 5.2 0.4 oat 6.7 6.5 
NaBr G22 0.4 Leb 8.1 Tad 
Nal 7.6 0.4 2.3 10.3 10.5 
KCl 6.1 1.5 at Bag 8.1 
KBr 6.8 1.5 1.5 9.8 9.6 
KI 8.2 1.5 2:3 12.0 11.9 
RbCl 6.5 2.4 iets 10.0 9.5 
RbBr TB 2.4 1.5 11.2 11.0 
RbI 7.9 leet Seed oe 13.4 13.4 
AgCl 4.5 his B¥0 ini 8.5 8.1 
CsCl 7.0 Ligh oe 8 | ee 12.0 1 ee 
CsBr 7.6 {mo Maer 13.0 12.3 
TCI B57 6.6 i ex 11.4 12.3 
CuCl 29 |} 1.9 ee 5.2 Yea 
CuBr 2.2 1.9 1.5 5.6 Tei 


If we denote the average values of 71—7 and 
%o2—% for all alkali and halogen ions by 


(v1—71) and (%2—72) respectively and put 


M1—-Nn=KT1—-—N+0N% 


Kx 12 =M2—-T2 + OP , 
then 0% and 67 are rather small and do not 


much depend on partner ions. Thus it be- 
comes: 


exp {((%—1—7)/0}=exp {((71—-1 + 702—7)/0} 
x {e571/? + er2/P —] +-(e5"1/e J (edr2/e—1)} 
Since the last term is expected to be very small, 
we obtain an interpretation of the Roberts’ 
additivity rule. 

Putting (1—8,/2c)=1.3 and (1—b,/c)=0.3 and 
using Shockley’s values for @ and a, and 
determinig c from (25) we have obtained the 
computed value of a; from (98). The values 
are shown in Table X, where the values of 
a; computed from (95) with observed values 
of « are also tabulated. 


§7. Determination of the Interionic 
Potential 


In the preceeding section we mentioned that 
Szigeti and we determined the force constant 
between the nearest neighbouring ions ; where 
the procedures do not depend on the existence 
of the repulsive force between the next nearest 
neighbours. Now, if one adds one more 


assumption that the short range repulsive for 
is effective only between the nearest neig 
bouring ions, then the relation (25) is easi 
derived. From (25) and (93) Szigeti h 
derived the following equation 


1 ooet2 Yor 


A, Gleod-2)s 25.8 


and compared the computed values of cor 
pressibility 8 with the observation. Since t' 
agreement is good for many alkali-halide 
we may conclude that the assumption of t 
nearest neighbour interaction is approximate 
valid for many alkali-halides. 

If we express the potential between t 
nearest neighbouring ions and the next neare 
neighbours as 


(ic 


U=--2e/r+pexp(—7/0) , 


V=2e/r+qexp(—7/o// 2) (1 


respectively, (the so-called Van der Waz 
energy is included approximately in the shc 
range part of the potential), then four cc 
stants in (102) are determined by the follo 
ing four relations. 

lattice energy ; 
lattice constant ; 
compressibility ; 


—2eamu/r+xe+ty=—E 
—2C@au/re+z/ot+y/o=0 
—- 22 au/75° +2/0? 
+ylo*=18r/8 (al 
Szigeti-relation ; 


> 2 zv 1 2 
C=(2ze)c= ak —— 
3\ 0 0 =) 


oe ee 2 
2€°2" Ky +2 ss 
147 1 «+2 e*(0) \2 
ene Or aera = ) 


vhere E is the lattice energy, and x and y are 
lefined by: 


a=Opexp(—7/0), y=6qexp(—7/o) . 
Thus we have a new method of determining 
he interaction constants. In the following 
ve shall show a few examples. 

a) NaCl 


We have already shown that we can fit the 
ibove equations (103) with the assumption of 
i=). 

b) MgO 

As to the static dielectric constant of MgO, 
yur procedure mentioned in §3 has not 
bucceeded in obtaining reasonable value of B. 
if we assume that Bz/ is equal to 4zNp.p,/3 
ind C is determined by (25), then « becomes 
12.6, which is much larger than the observed 
value 9.8. Therefore, we used another method, 
that is, we determined these constants from 
the three observed values «,, « and w: instead 
yf 8. We found that the so-determined C- 
value is about two times larger than that 
letermined from compressibility. In this case 
our two fundamental assumptions about the 
‘force, which was mentioned in 4(I), seem to 
ye not valid. Which one of the two assump- 
jons may be inadequate for MgO? At present 
we can not answer the question. However, 
f we assume that the origin of the dis- 
crepancy lies in the next nearest neighbour 
nteraction, we may determine the force 
sonstants from (102). Such a treatment was 
xiven by us in another paper*”. 

c) AgCl 
' Since the Van der Waals force is very im- 


yortant in this case, we assume the following 
otentials: 


d 

@) (Ag---Ag) — 2-4 
C2 dy 
(2) (Ag---Cl) A exp {—7/o}— 
_ 63 ds 
(3) (Cl---Cl) Bexp {—7/c} se 


Here we suppose that the interaction be- 
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tween the nearest neighbours is much more 
important than that of the next nearest neigh- 
bours. Under these assumptions we may take 
Mayer’s*» value for the constants between 
the second neighbouring ions and d, 

d,=150 x 10-*8 erg cm8 

258 el eis 2a 

Gs — 9 Ale eZ 

= 67x 10s ers em® 

Ges Oe 

B=0.449 x 10-8 erg 

Oot al meron 


Also Mayer has determined the value of c. 
as 91x10-" erg cm®; we think, however, that 
some caution is necessary before determining 
the value c., because Jost-and Nehlep’s result? 
shows us that the van der Waals energy plays 
an important role in silver halide crystals. 
Now, if we once assume the value of cz, then 
we have only two unknown constants, A and 
0. On the other hand, there are four experi- 
mental quantities which serve to determine 
them; those are lattice energy, lattice constant, 
compressibility and the Szigeti’s relation. 


((.- 5 Aeron 30.7, _ 4 +2 9 
e  FRye Tie 2 Ky t2 

Then we tentatively chose three values for cz, 
and have determined A and op by the least 


square method using all four quantities. 
The results are as follows: 


” 
(II) 


(IID) 


C—O e versie’ 

A exp (—”%/0)=0.344 x 10-7! erg 
7° /p=10.47 

Cr= 1360s rerorcme 

A exp (—%/0)=0.455 x 107?” erg 
7 P=9.19 

C2—64 x 10-® erg cm® 

A exp (—7%/0)=0.284 x 10°” erg, 
Gio=ilhe 


Although each value of the repulsive energy 
and the van der Waals energy is different in 
the above three sets, the potential energy 
(sum of two terms) is almost the same 
(within 5%) in three cases from v=0.8 to 
Kellen 

Now, let us compute the formation energy 
of both the Frenkel and Schottky defects in 
silver chloride crystals and compare them 
with the observed values. For that purpose 
we shall use the method of Mott-Littelton*®, 
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which has been applied to alkali-halide crystals 
with success. As the interaction potentials 
we shall adopt the set I. After the formal 
computation we have obtained the following 
results. We also refer to Mott-Littleton’s 
results of NaCl, KCl and KBr for the purpose 
of the comparison. In the last column the 
contribution from the van der Waals energy 
is shown (ev. unit). 

As we have determined the constants based 
on the experimental data near the equilibrium 
point, we suppose that the computed value of 
the formation energy of the Schottky defects 
may be reliable. But in the case of the 


Table XI. 


(I) the energy necessary for removing a positive 
ion to infinity. 
(II) the energy necessary for removing a negative 
ion to infinity. 
(III) the energy necessary for removing a pair of 
ions. 
(IV) the energy necessary for removing a positive 
ion from infinity to (4, 3, 4). 
: the lattice energy per ion pair. 
>:Ws=W,+(IID; the formation energy of a 
Schottky defect. 


Wr: Wr=(I)+(IV); the formation energy of a 
Frenkel defect. 
NaCl | KCl | KBr | AgCl | Vv 
(Tala 462") 4ea7)) 4029. 25.600),.0 1.03 
CIV I184) e447!|¢ 42607) 95185) 1.19 
()| 9.80] 9.26} 8.83) 10.85] 2.22 
W, | -7.94| -7.19| -6.91 | -8.89 | 1.24 
Wa, | 1:86) <2.08,| 1.92 |~ 1.96 | |-0.9g 
Vy 1-71. | 23. 36 | bea? 
Wr | 2.91 | | | 1283 1 o35 


Frenkel defects we must not expect our 
potential to be entirely reliable for such small 
distances. 

On the other hand, the observed value of 
the formation energy of the lattice defects in 
silver chloride crystals may be estimated as 
1.5 ev. It is about 0.4 ev. smaller than the 
computed values of the Schottky type. Thus 
we may conclude that the lattice defect in 
silver chloride crystals at low temperature 
should be predominantly the Frenkel type. 
Also the above computation shows that the 
contribution from the van der Waals energy 
is very large, if we use Mayer’s value for cz, 
but as mentioned above the division of the 
potential energy into the repulsive energy and 
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the van der Waals energy can not be perform 
ed uniquely from the phenomenologica 
standpoint; therefore it is safe to discuss th 
important role of the van der Waals energ) 
with some reservation. 


Finally we wish to express our sincer 
thanks to Prof. T. Muto for his helpful dis 
cussions. 


Appendix I 


Pressure effect of the high-frequency dielectré 
constant 


Let us denote the lattice constant with zer: 
pressure by 27) and that under the hig! 
pressure by 2(%—6ér). The energy change o 
the system due to the high frequency fiel 
under the hydrostatic pressure is given by: 


il Seen ally Ae Ae OE 
Ve ee 
( ) pees m 23 21)— 67) 
_ Ar (47° arF) 


+{Ap+A(m—dr)}2? 


Bi 2(%— O78 


1 : Ar Ap 5 

——ap( 14 = ee? 
2 of ao eee ] 
The quantity A depends on the interionic d‘s 
tance, and we assume the simple functiona 


form of Aas: A(v)=2%exp(—pr). 
Then (A-1) becomes: 


(A-1 


1 wt 1 4n (472) 
NAB oe ee ean 
ali a ee Se Paige 
_ 4x (4 Merk) : 
1 Ar Ap 
= if! Slats OAS 2 
2 a = 3 270° \ ] 
Eh eye 1 4x (4772) 
a al 47?2F ee oe 
4x (47 2)(apF ) 
Bone es s+ {Art Alm) }2? 
1 4x ap » 1/36r 
7 il VeNe I fesse 
toed) i 
— E Ldn (4792)? _ 4m (A7*2)(arF) 
270° D3 ae 3 ns 


jel An eel te 2 


We see that Eq. 
parts: 


(A-2) separates into tw 


(NAE)=(N4E))+6(NAE) . (A-< 


Since dUN4E) is very small as compared wit 
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(NAE)o, we may allowed to use the value of Then 6(N4E) becomes: 
‘A to be determined by the condition 


1 \ (ko—1)(4o+2)/367 \ pn, 
| AN AE)/OA=0 . (A-4) a(NAE)=—(5-) oa Gas 
Then A is given by Eq. (5) and (4£) is also 1 A(r) pro 367 
given by Eq. (6). Using Eqs. (5), (6) and (9) ory (472) On 27/372) i ae 
and the definitions pen=4774 and p-»p=apF we (A-6) 
find: 
1 38. On the other hand, o(dn/do) is expressed as: 
8(N4E)= “leno ee) 
8x r (2) =~ ee 
45a] pm gpa Poet Pr oPen tbe?) | 222 Zon AOI aa VRE REE 
2ri 2 3 ee Be eae >| za) 1 82 7% S(NAE) © (A-7) 
2 m2 e258 Or 
+ A(ro) (por) F? | (47) (2a — ee =e) utp 
/ 3 27 Thus we obtain the final expression for 


| (A-5) o(dn/dp) as follows: 
The second term is easily transformed to es CENe +2) 
| of “is 0 ko 


(second term) = - 5 = ( a \ (ben t Dev)? ae Veo 
6 3 yA 8x A(r) Db” “ Ar il Z 
2a — . (A-8) 
a = \q taP) 278 (472)? 6/0 3 27 p 
8x ‘ ; 
A simpler derivation of Eq. (16) is as follows: 
-—( 1 \ (eo 1? a Differentiating Eq. (10) we obtain 


ES eae aaa abn € mz 1 he \-2 (da/dr) 
dy 7? a—7/[37e8\ % 1° % a—7/3r* / 103 (a—7/370°)? 


. — (0 1)(60+2)/m—(%)(0) lanl) 
ro?) \dr 


From Eqs. (9) and (15) 
(da/dr)ry={1|(47?)?}(dA/dr)ry= —PA) (4? 


Thus we find 
dk (o—1)(#0 +2) iar Gy Bec ele: 
( rs ja 9 He) aPY re (a—7/3173) 
and 
dn _ 7  dko __(ko—1)(to+2) 1 Alm) br ar 
e dp RO keg? dr 6V/ ko 293 (477)? 6 Ko (a—7/377) * 


Appendix II 


Pressure effect of the static dielectric constant 


The energy change of the system due to the static field under the hydrostatic pressure is 
given by: 
142 (2ex)* An (47°2)(2ex) 
2 3 Anm—dr 3 Am—dr) 


1 
(N4E) = ee 


7 1 4x APA? | 
— 4722 —— +(Ajpt+A),/2+ Bus+ C2? 
4772 a os ae — an) +(Ap+A)/?4+ Bai+Cau 
it 10) oe Sa ea 


3dr 1 fc 1 4r (en)? 4m (47°A)(2ex) 1 An eae) 


A DPN? Bre 3 ae 
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+ 5p (0A-P+OB 22+ 0C-23) (AS 
Here we separate Eq. (A-9) into two parts: 
(N4E)=(NAE)) +0(N4AE) (A-1¢ 
where 
aNAE)=(°" | 9 pies 8 a ; 2 spo (bet be? + nye OA BOB 28+ 00-23) 


(A-11 
Since 6(N4E) is very small as compared with (N4EZ),, we may be allowed to use the value: 
of 2 and 2 to be determined by the conditions: 

O(N4E),/Ox=0 and @(N4E),/0A=0. 
Thus d(N4E) becomes: 


> 2 
anak) = (22) — hears} (3 SO ba 9 6 {8A 0B 2d +0C- 28} 


0 8x To 82 3 0 
(A-12 
Using the relation (c—1)F=4zP it becomes 
SONAR Se eT) (e427) 4 1 GALL OR et sC ae 
8x Ne Dg 
Again using the relation 6(V42)= —(F?/8z)é« we find: 
OK («—lNe+2) 82(0A ,,, OB oC | 1 ; 
aera ae ee A-18 
07 1 F?\| br, a 75, LOT ae : 
If we change the variables from 2 and 2 to p, and p,, we obtain the equation (27): 
O« (eer?) 82 1 | da, 2, Ob OC + A-l4 
Ory va F? 3273 Sree eae i on ; \ 


Appendix III. Lattice vibration 


If we do not take account of the ionic polarization, the relation between Fk) and the dis- 
placement is given by: 


FQ)=AnUQ)+AnU2), F(2)=AnU(1)+AnU(2) , (A-15 


Au, Aw, An and As. are the certain 3-3 matrices. For special cases they were computec 
by Lydane and Hertzfeld. In fact, we must consider the Coulomb force due to the polariza 
tion of negative ions p(2; 1). 

If we put, 


(2; 1) =P exp {—twt+18-7(2; D} =4P°A(1) 


=47°4 exp {—iot+i8-7} , (A-16 
then F(1) and F(2) become: 
F1)=An00)+An(U2)—4F4}, — F(2)= AnT(A)+An{2)—47°A} . (A-17 
And R(1) and R(2) is given by: 
R1)=—GU0)+AU2),  R(2)=HU1)—(C/2)T2) , (A-18 


where 


C/2=ZE (C4203), (Al 
0 
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lel (0) (0) 
H=| 0 #, 0 
) Op Jef, 


and 
4ze? 
do SiG cosmase +C{COS MS y- + COS Vox S:}] 
o 
ATCC =e barge § . Sat 
Hy= —, [Ci Cos %ySyt+Co{COs 7952+ COS 7)Sx}] 
ai) 
Are ~ 
H.= —, [C, cos 7S.+C.{cos 7Sz+cos 7Sy}] . 
T° 


7(2; 2) with the polarization 4 and the six nearest neighbour positive 
displacement is given by 


u(k, 1) =U(k) pexp {zZt-4 iS: ry : 
| We assume that 4/) is given by 
AE, =2 > air) cos 6 , 


Now, let us consider the non-electrostatic interaction energy 4, between 


629 


(A-20) 


(A-21) 


negative ion 


ionic 


(A+ 22) 


(A-23) 


| where summation is taken over the six nearest neighbour positive ions and (7,0) are the 


| coordinates specifying the six positive ions relative to the central negative ion. 


Performing the summation we obtain 


| AE, ={—J-gU(2)+ ¢AnU()} exp {—twt+iS-7} , 
} where 


g= 2g) (ry) +4qu(%)/% 5 


ln WO, 
pe! Os Tian O 


OD, Oy Has 


and 


hx=2q1'(%0) COS MoSz+(2Gi(%)/7%0)(COS %oSy + COS 7Sz) 

ty =2q) (70) COS ToSy+ (2G1(%0)/7%0 (COS 70Sz-+ COS 7Sx) 

hz=2qi' (1%) COS %Sz+ (241(10)/70)(COS 7S2+COS MSy) 
(In the case of long waves it becomes 

Lr —e—Vie =O) 
and 
{U(1)—U(2)} exp (—tot)=2c . 

Thus 4E, becomes 4£\=2gxi, and we find 


| Rie Die 


(A-27) 


(A +28) 


(A: 29) 


(A-30) 


For the purpose of the practical computation we assume the functional form of g(r) as 


‘constant x exp (—7/o), so that it becomes: 


a (ro/a(r)=—1/0 . 


(A-31) 


From (A-30) and (A-31) we have determined qi(7) and qi(7o), and we take the value of /o 


as 9. 
The energy change due to the ionic deformation is given by 


OAE/OXL)=0 , 
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and 
AE = (Apt AX —47 ADF) exp {tot +-78-7(2; D} 
4{—ADg (2) +4 D)hRUA)} exp {tot +48-7(2; D} . (A-32) 
From these 4 is determined as: 
A={47°F(2) +gU(2)—hU(1)} [2(Ap+A) . (A-33) 


Inserting F(2) of (A-17) we obtain the final expression for 4 as follows: 


jake 4 (GrAn-WU (1) + (47° Ags +9)U(2)} (A-34 
2(Ao+ 
where 
Ka) Pa Pee A-35 
= ae (i +AnAssf >. ( | 


Eliminating A from (A-17) and (A-34) we obtain the Lorentz field as follows: 


fe 


on 1 

eh) beet, — 5 Ak (An pow + 4eAu—7 AnK( Ant 47? 

,)}aay+4 yee nak (Ass +4 \de,. 
2 4p ]J 


| 


- (A-36 
@2,F(2) = {esa = 


1 
2a 


h 
47 


AK (An— 
Finally 7(k) is determined as follows: 

TQ)=-hA, T(Q)=9A. (A-36” 
Thus, from (A-36), (A-18), (A-37) and (A-33) Fik), Rik) and T\k) are expressed as the func- 


tion of U(1) and U(2). Then we need only to solve the following equations in order to get 
the frequency o. 


—moT(1)=eFA)+R)+T0), —mmw?T(2)=e.F(2)+R2)47(2) . (A -37) 


(1) long waves 
In this case: 


Aste —1/3, 0, 0) Ihe Q, 0 
Ay = Abs = 3 0, 1/6, 0 ) Ayw=Ap.=—An ’ ml 0, ib 0 ) 
0 


70 


peti ts (ite 
C iL, © @ 1/1 +k/3), 0, 0 
H= = @ Hy 0 ; Ke 0, 1/1 —k/6), 0 ; k=4ran/7°. 
O, Oy al 0, 0, 1/A—k/6) 


Solving equations (A-37) we obtain the same value of w as given by (45) and (57). 
(2) S=(x/2n, 2/27, 7/270) 


@) at al 
COS Sz7%=Cos Sywm=cos S.y=0 . Ay = — Ago = —0.1438 one ( ik Oi J 
i ah. -C 


Ayp=An=0 , h=H=0 , K= 


— ka 
qlee Ky 14 Kee 
(GOK A, 1+K 5). 1= 0.1438 R . 
(3) S=(x/n, 0, 0) 


—2 0 

cos S.m=—1, cos Sym=cos Sm=1, An=—As.=0°0862 x Al 01 
To 

0 0 
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Ae 2 0 90 1/4+2kK,) 0 0 
“a ae: 0). K=( 0 10-K&) 0 |, 
0 0) Opa ' 0) 0 Caen ce) 


(4) S=(z/%, 1/270, 0) 


cos S;m=—1, cos S70 =0 = COs S.%=1 . 
oon Se an ee An ae 
Aji = — Ass =0.03135 x = ( a2 30 ; Ajz=— As =0.43871 x — me (° 0 | , 
ae NGG) ed TY ONO nied 
‘1/(1+K;) 0 Q ; 
x-( 0) 1/1+4;) 0 ; K;=0.03135k . 
0) 0 1/(1+4;) 


Appendix IV 
(a) Solving ~; and p. from Eqs. (74’) we obtain 


h=g(@p: and pr=go(qQ)p- . (A-38) 


gi(q) and g.(q) are some functions of @ and 6, for example, 
g1(0) = (dizb2—2a2b1)/(4aid2—a127) , g2(0)=(diob1— 2aib2)/(4a1a@2—ai2”) . (A-38’) 
imilarly from Eqs. (72) p: and p. are expressed as 


D=AQPctM(QOF , po=G(QbzthlgF . (A-39) 


Substituting these into Eq. (76’) we obtain 


4nN 


[K2(q; g:(Q)b2tn(@F, ---, bd |=S(@Ps+ {i (a5 Na) +h a( b+ ; 


3 


[f we substitute p,, which satisfies (64), into (A-40), [A3(q)| must be equal to |B(qg)|F because 
lof (72). Thus we have: 


POR = {Bah o( a+" a)- hy | o(o0 a) be. (A-41) 


a) Le. (A-40) 


since ~,/F is independent of g, we find: 


Pied [B@|—mig(a+"" g)—halg)( bot a) 
w(0)  f(0) | B(0)|—I1(0)b1 — hs (0) , 
Next, let us consider the equations 
[K1°(q; Pi, 2) |=[Ki(G; fi, de, OI=[B(QI]F , [K2°(G; pi, b2)|=[Ko(D; Di, Ps, OI=[B(OIF . (A-43) 
In this case, from (72) and (A-39) we see that f: and f» is given by 
fi=bi(g@F and p.=h(g)F , (A -44) 
and from (63) and (69) we have: 
Ditpe=(Ko—1)F/4nN -[B(q)]/[Bo(g)] , (A -45) 
and from (A-43) and (70) we also find: 
Di |P2=(2a2—as2)/(2a1— ais) . (A -46) 


*rom these equations /(qg) and h2(q) are solved explicitly as follows: 


/ 
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Deere) d 1 [B(q)] 
ti, % ], ( Veces A-47 
hy(q)= (AGN [Bia] AN ty (Op) N [B (Q)] ( 
where 
na ee er (A-48 
2(a1 +d2—di2) 2(ai+@2—a2) 


Substituting (A-47) into (A-47) into (A-42) we obtain the relation which is to be proved, 


w(q)? S (e+2)+qe—1) &+2 (78 
WO (ko +4)+Qleo—1) #+2 © 

(b) By the definition of e*(q) and (75) it becomes 
e*(Qle=(Pet Pit P2)/Pe=14+H(D4 Gl@) - (A-49 


Now, let us transform Eqs. (74’) into 


] N 
[K.%q: bs, bo)l= (4 a) Pe,  [Ki"q; bs, Bs)|= (a+ a) Pe 


and compare them with (A-43). From the facts that (A-38) is a solution of the above 


equations and (A-44) is a solution of (A-43) we obtain after some calculations the following 
relation: 


iB@) 
Inserting (A-50) into (A-41) and using (A-49) we find 


nQ+n(g=——> alae a)in(a+(b+9% a)ne(a)} . (A-50 


Ff (@pc=(B(Qld+g(@+92(q)F= e@) [Biq@)|F . (A-5] 


Now, we notice that the solution of (72) satisfies the relation 


Pit pot Pbe=(k—1)F/4aN . (A-52 
On the other hand, from Eqs. (39) we find: 


\ 


P+P2+-P:z= (1+ 91(@) + 92(@) }Det {In(q)+ he(q) }F ‘ 
Using (A-49) and (A-47) we have: 


P+ Pt PEO be + LE PB Bata) . (A-5E 


4itiN 
Eliminating ~, and ~p, from Eqs. (A-52) and (A-53) we obtain: 
eX(q) 4xN [Bi(q)| 


e K—Ko 


pe=F . (A-54 


Comparing (A-54) with (A-51) and using (77) we find 


fale Sell a it! " [Bo @QIiB)) (A-5E 


and 


F 2e*(q)? AnN 
p?(q)=2 
wor(q ‘i 


et (MIB@] . (A -5€ 
which is identical with (82). 


(c) Inserting (A-50) into (A-49) and using (A-48) and (67) we obtain: 


e*(q) (+2) —(ko—1)(b11 + b372) 
e 7 &ANTB AG] ii ae 
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If we put q=0, we find: 
; ko+2 e*(0) )4aN 
6,1 1b,= Hes ( sh 
a] Blice (A-58) 
| Putting qg=0 in (70) we find 
[Ax3( 0; pi, po, bx) |={2e+b,91(0) + b292(0)}p> : 
Thus the restoring force /(0) is given by 
F(O=pa0(0)/2e=(n ZE \«e+2/ko+2)0.72=2e+b19:(0)+b292(0) . (A -59) 
Now, from (A-58) we find: 
ee Solty yk ) 18 f x ‘ os 
bp, — or? jams (0) }4 aN OBE 0 Beek ky t2 = e*(Q) )4zN 6 yae 
ee e J 3 kaa Chin : 
Using these equations and also (A-38’) we easily find the following relation, 
i KD 1 Kko+2 { e*(0) )4zN 1 
c= : Hy) Beet fe ! £9,(0)+-92(0)} + —(b; —b'7.9.(0)— 7.900) 
2202 Koh 2 ¢ i) ei | = 3 {91(0) + g2(0)} + 9 (dy bs )(m92(0) %g1(0) 
yw K-+ED 1 +2 e*(0) )742N (6, —by)? 
ees {1 ‘| Tee es (60) 
| 227e7 Ko t2 2 ko—l e 3 A( ai + @2—d12) 
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The cause of the abnormally high value of the dielectric constant of 
n-higher alcohols was investigated on the basis of some experimental 
results. To begin with, the discrepancies between D.C. conductivity and 
A.C. conductivity were examined in order to clarify the behaviour of 
the net conduction-current and the absorption-current due to dipole 
rotation. 

Next, the frequency dependency of the dielectric constant in the low 
frequency region (30 c/sec~5 kc/sec) was observed and the results were 
discussed in connexion with Maxwell-Wagner’s formula on the composite 
dielectric and with Cole’s theory on the conductive dielectric. 

Thus, it seems to be reasonable to think that the high value of the 
dielectric constant of m-higher alcohols is an apparent value due to the 
higher electrical conductivity of its molecular rotating phase. An idea 
on the mechanism of the proton transfer in the solid alcohol is 


presented. 


$1. Introduction 


The dielectric properties of the #-higher 
alcohols have been investigated by Kubo”, 
Smyth», Kakiuchi*»*)? and others, and the 
discussion from the standpoint of “ molecular 
rotation” was made by Smyth and Hoffman*®. 
The structure analysis of »-alcohols was done 
by Ott® and others. The three types, i.e. a, 
Bi, Bs, of the crystal structure have been 
found by them. 

The first phase which crystallizes initially 
from the melt on freezing is the a phase. It 
is an “opaque state” and takes the hexagonal 
structure, and is molecular rotating phase, but 
on further cooling this phase transforms into 
Bi at a “transition point”, In this latter 
phase the molecular rotation ceases to occur 
and the crystal structure changes to ortho- 
rhombic. On the other hand, the #. phase is 
the most stable one throughout the whole 
solid phase range, and it is obtained by the 
crystallization from the solution or by very 
slow transformation from the a@ phase. Its 
crystal structure is monoclinic and the mole- 
cular rotation does not occur in this phase too. 

In the a phase the high electrical conduct- 
ivity and the large dielectric constant are ob- 
served which are attributed to the molecular 
rotation in this phase. On the other hand, 
both the electrical conductivity and the di- 


electric constant take low values in the #; 
and $, phases owing to the lack of the mole- 
cular rotation. Especially the large dielectric 
constant of the a phase has been noticed by 
several investigators, the value of which often 
reaches to 10 or more and far exceeds the 
value (about 3.4) in the liquid state. However, 
this is by no means a definite value, but 
varies according to different investigators and 
different experimental conditions. This char- 
acter was investigated systematically by Smyth 
for the »-higher alcohols containing more than 
14 carbon atoms. Smyth® explained that the 
fact is due to the composite dielectric which 
is composed of the a phase and the f, phase, 
the former being the molecular rotating phase 
and conductive, while the latter being non- 
rotating phase and far less conductive. 

On the other hand, Kakiuchi and Suzuki® 
explained this fact as being an abnormal value 
due to ionic polarization and concluded that 
the “true” dielectric constant might be about 
a 

In the present paper an attempt is made to 
explain the origin of the “abnormal value” 
of the dielectric constant of higher alcohols. 


§2. Experimental Results 
(a) Electrical conductivity 
At first the electrical conductivities of cety] 


634 


| alcohol - (CisH;;0H) 


| ditions. 
| a galvanometer inserted in series with the 
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Fig. 1. Temperature dependency of the conduc- pe Se ce eo 


tivity and the dielectric constant of the octa- 
decy! alcohol. 

(a): D. C. measurements; 1/f is plotted against 
temperature. (b) and (c): A. C. measurements 
(Ske); 1/Rz and C, are plotted against tem- 
perature respectively. 


and octadecyl alcohol 
(CigH3;7OH) were measured under various con- 
D.C. conductivity was measured by 


sample. For the A.C. measurements the 


| ordinary capacity bridge was used in the low 


frequency range of 30 c/sec~5 kc/sec, and 


the equivalent resistance was taken, on as- 


| 


- suming the parallel model of C, and R. for 


the dielectrics. 


The temperature dependency of the con- 
ductivities are given in Figs. la and ib. The 
experimental results are very different for 
D.C. and A.C. measurements, especially in 
cooling stage. Namely, in D.C. measurements, 
a distinct lowering of the resistance takes 
place only just below the melting point (or 
the freezing point in the case of cooling). On 
the other hand, the curve in A.C. case is 
very similar to the &€ versus temperature 
curve (Fig. 1c). In a word, the transition 
point is clearly observed in the cooling curve 
in A.C. case, but not so in D.C. case. More- 
over, the melting point is also indistinct in 
D.C. measurements. -Speaking in more detail, 


Fig. 2. Effect of the rate of temperature change 
upon the D. C. conductivity of cetyl alcohol. 
The conduction-currents are plotted against 
temperature under various conditions. 

(a): dT/dt=0.2°C/min., (b): aT/dt=0.5°C/min. 
(Cp a2 /di=o2C/mint 


the D.C. conduction current begins to increase 
near the transition temperature as the tem- 
perature rises and reaches to a maximum 
value, and then decreases rather gradually to 
that of the liquid state. But, in A.C. measure- 
ments the equivalent conductance drops sud- 
denly at the melting point. This discrepancy 
will be discussed later, but in brief it may be 
ascribed to the fact that the D.C. conduction 
current is due to the real transfer of the 
charges, while the A.C. conductance means 
only certain freedom of polar groups. Also, 
it is to be noted that the D.C. conductivity of 
the 8, phase at room temperature is lower 
than that of the liquid state, but the A.C. 
conductance of the 8, phase is higher than 
that of the liquid state. The conductivity is 
very much affected by a small amount of im- 
purities (for example, by foreign ions), but 
the characteristic feature of the o—T curve 
is unchanged. 

The effect of the cooling speed dT/dt is 
very remarkable in D.C. case (Fig. 2). Thus, 
when the temperature is decreased at the rate 
of 0.2°C/min (Fig. 2a), the current becomes 
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Fig. 4. Frequency dependency of the dielectric 
constant of the octadecyl alcohol («a phase). 
The capacity of the sample condenser is plotted 
directly against temperature. 
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constant of the octadecyl alcohol 
phases). 


(PB; and liquid 


less than half of that in the ordinary case 
(0.5°C/min) (Fig. 2b). On the other hand, 
when a sample is cooled rapidly from the 
liquid state by putting the condenser on the 
copper plate which has been cooled at 0°C 
previously, the current becomes very large 
but fluctuates and then drops suddenly near 
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the transition point (a) and settles ulti- 
mately at the value for the §: phase (Fig. 2c). 
But, in A.C. case the R, is not affected so} 
markedly by the cooling speed. 

When the temperature of a sample is raised’ 
and lowered repeatedly in the narrow tem- 
perature range between the freezing point and. 
the transition point (i.e., in the range of the 
a phase) (Fig. 3), the D.C. current decreases 
gradually, and by keeping the sample within 
this temperature range for about an hour, the 
peak in the a phase becomes non-detectable. 

When a sample is cooled from the liquid 
state down to the room temperature on ap- 
plying the D.C. field of about 5000 volt/cm, 
and then the sample condenser is shortcircuit- 
ed through a galvanometer and thereafter 
warmed again, a very small discharge current 
flows just below the melting point. The 
maximum point of the curve of this discharge 
current versus temperature coincides with 
that of the ordinary curve of conduction 
current. 


(b) Measurements of the dielectric constant 

The freqcency characteristics of the di- 
electric constants of m-higher alcohols were 
measured in low frequency range of 30 c/sec 
~5 kc/sec for each phase, namely for the a@ 
phase, the §; phase and the liquid phase re- 
spectively. The measurements for 4~5 mc/ 
sec were also carried out by the tuning me- 
thod. In the latter case, however, the ex- 
periments were’ aimed at examining the 
behaviour of the phase transformation under 
various conditions as well as observation of the 
effect of foreign ions rather than the measure- 
ment of the dielectric properties themselves. 

The &€-f curves for the low frequency 
measurements are given in Figs. 4 and 5 
The frequency dependency is most remarkable 
for the a phase and less for the ; phase. 
For the liquid phase the dielectric constant 
is almost independent of the frequency. It is 
to be noted that the linear relationship be- 
tween log € and log (frequency) is obtained in 
low frequency side, i.e. 30 c/sec~1 kc/sec, 
and almost frequency-independent part is seen 
in rather high frequency side, i.e. 2~5 kc/sec. 
This diagram suggests a relation of the fol- 
lowing form: 


€ s=&tAw" , 


where €ops is the observed value of the di- 
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Fig. 6. Temperature dependency of the dielectric 
constant of the cetyl alcohol in the high fre- 
quency measurements (4mc). The variation of 
the capacity is plotted against temperature. 
(a): Normal case, (b) Case when a sample was 
exposed to HCl vapour. 


'electric constant, w» is the angular frequency 
and &, A, m are certain constants. The 
‘standard C-T curve for high frequency is 
‘shown in Fig. 6a. The most striking dif- 
ference as compared with the low frequency 
character is the fact that € of the a phase takes 
a lower value than that of the liquid state, and 
therefore the dielectric constant increases or 
decreases on melting or freezing respectively. 
However, when a sample is likely to contain 
some foreign ions, its dielectric behaviour 
resembles to that in the case of low frequency. 
Fig. 6b shows the result for a sample which 
has been exposed to HCl vapour for a moment. 
When a sample is exposed to the atmosphere 
for some months, especially in the rainy 
season, its characteristic approaches to the 
type as shown in Fig. 6b, but it recovers to 
the original state by holding the sample in 
vacuum for about 30 minutes at a tempera- 
ture by 5~10°C above the melting point. 

In order to check the process of the phase 
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Fig. 7. Time dependency of the variation of ¢€ in 
high frequency measurements (4 mc). The varia- 
tion of the sample condenser is plotted against 
the time. 


transformation from a@ to B., the time de- 
pendency of the dielectric constant was 
investigated for 4 me/sec and at different 
temperatures (Fig. 7). Inferring from these 
experimental result it is unlikely that the 
growth of the $. phase in the a@ phase is 
actually taking place to a considerable extent. 
Because, if small crystallites of PB. grow in 
the a@ phase, the dielectric constant of a 
sample must change as the time elapses, and 
when the dielectric constant has reached to the 
steady-state value the phase transformation 
would be almost complete. However, when 
a sample has been held in the temperature 
region of the @ phase for about 4 hours, 
it exhibits the normal C-T curves as shown 
in Fig. 6a, giving the sharp a—f, transition 
point, and when it is heated again, the dis- 
tinct 8; a@ transition is observed. If the phase 
change from a to $2 would have partly taken 
place in the cooling process by keeping the 
temperature of a sample in the a phase 
region, the a; transition would be observed 


less markedly in the subsequent heating 
process contrary to the observation, because 
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the 8. phase is the most stable phase and 
does not transform to other solid phases giv- 
ing any transition point. The more is a part 
which has been transformed to the #, phase, 
the less a remaining part becomes, in which 
the a—f, transformation will be able to 
happen. But such a process is not suggested 
from our experimental results. Experiments 
of the same kind were also carried out at low 
frequency (0.5 kc/sec), especially concerning 
with the relation between R, and C, (Fig. 
8), but this method isnot so convenient for 
speedy measurement that only the rough 
tendency was noticed. A discussion on these 
results will be given later. 
(ce) Other experiments 

In order to check the growth of the ~ 
phase in the a phase, an X-ray investigation 
and a microscopic observation have also been 
carried out. However, it may be concluded 
that the a—, transformation in the tempera- 
ture range below the freezing point is so 
sluggish that it is hardly observable in 4 
hours or so. Therefore, the composite di- 
electric of a binary system of @w and f, 
phases will not be formed so easily. 


$3. Discussion 


In the @ phase the alcohol molecules are 
conjugated to each other by hydrogen bonds 
and rotate co-operatively about their own 
long axis. It is said that in this state the 
O-H net plane is formed and proton transfer 
occurs under the action of an electric field, 
and therefore this phase gives the very high 
conductivity’. But, the 8: and B. phases 
are not the molecular rotating phases and 
hence the conductivity is much smaller. For 
the purpose of explaining the high dielectric 
constant of such higher alcohols, Smyth» 
adopted Maxwell-Wagner’s formula for the 
composite dielectric. According to his model, 
the small particles of the $, phase are dis- 
persed in the @ phase and forms a binary 
system in the temperature range between the 
freezing point and the transition point. 

According to Wagner” the admittance of 
the composite dielectric such as described above 
is given by 


A= A 1-38 saad é (eal 


Ale aia Ay 
where 
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M=Ai+joEs/4z , Rpt ey | . 
pe. i ae a 
and d1, ds, &: and & are the specific con- 
ductivities and the dielectric constants of the 
dispersed small particles and the surrounding 
medium respectively, and p is a fraction of 
the dispersed substance and is assumed to be 
p<i in the present case. 
If use is made of (2), the formula (1) is 
transformed into 


5 ~O E> 
v, ty= (Aaj = 


Aa—Atjo(Er—éi)/4n | (34 
Wot di tjo(2és+é)/4a) ; | 
If, for simplicity, we assume with Smyth that 
€:=G6=€ and 2.=nh=ni, we have 
- w€ A(n—1) } 

Ay=( 7 ey? ae 

Ao (mati ak ? Y(2n+1)+ jo3é/4nf 
Since the a phase is conductive and the p, 
phase is not, #>>1. Separating the real and 
imaginary parts of 4, we have 


x }1~3p 


=A} n— Se 
RP. =a Dp (2n-+1)+(Koy ; 
(5) 
w€ (n—1) 
Lc. t = —— |, 6 
cs eae Deere | (6) 
with 
Ke 3E/ak 


The real part represents the specific con- 
ductivity, and in the special case when w=0, 
i.e. in D.C. case, this becomes 


RoPsea jn eae 


2n+1- (a 


and the dielectric constant of this system will 
be expressed as follows: 


i ! G1) 
5 ={[1 ie orator | 
It will readily be seen from (6) and (7) that 
as p increases, the conductance decreases and 
the capacitance increases. Namely, €* must 
increase when the .f2 phase grows in the a 
phase. In reality, however, the value of € of 
a sample decreases with time when the tem- 
perature is kept constant in the a phase 
region (Fig. 8). Smyth» explained this de- 
crease of dielectric constant by taking ac- 
count of the growth of the 8 phase in thea 
phase, but it contradicts to (8). From this 
point of view it seems that Smyth’s explana- 


(8) 
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jcion is insufficient. In our experiments both 
tthe dielectric constant and the conductivity 
qdecreased with time when the temperature of 
#2 sample was held in the region of the a 
fPhase (Fig. 8). On investigating by X-ray 
Hiffraction, it was found however that sucha 
ysample contained no detectable amount of the 
13. phase. Moreover, in the process of further 
fcooling and then heating the sample still 
(showed the a—>, transition both in the di- 
jelectric observation and in X-ray diffraction 
jinvestigation. In other words, the #. phase 
Wdid not grow at ieast by such a heat treat- 
#ment. If the 8. phase had grown, the a-—-/, 
jtransition would not be observed as mentioned 
fabove. In spite of these evidences, the di- 
electric constant of the a phase is higher 
than that of the liquid state. Therefore, it 
jis unlikely that the abnormal value of €& of 
fz-alcohols is due to the coexistence of the a 
jand f. phases. 

Surely the the supercooled 
liquid phase in the a phase might be suspect- 
ed, but it is difficult to explain the heating 
curve from this reason because in this case 
the supercooled liquid phase must exist for a 
day or more in the {; phase at room tem- 
perature which is about 40°~50°C below the 
melting point. According to our experimental 
results as revealed, for example, from Figs. 
7 and 8, supercooled liquid phase, if any, seems 
‘to transform rather quickly, so that even if the 
‘supercooled liquid pnase coexists with the a 
‘phase, it will be restricted in a very narrow 
temperature range just below the freezing 
point. 

Another discussion was made by Kakiuchi 
and Suzuki» from the standpoint of the ionic 
polarization. In our experiments the dielectric 
constant of the a phase increased markedly 
by blending a small amount of foreign ions 
(Fig. 6b). Taking such evidences into account 
it is certain that the existence of ions in- 
creases the apparent dielectric constant of the 
a phase on account of the high mobility of 
ions in this phase. In our experiments the 
ionic polarization plays an important role in 
the high frequency measurements such as 4 
mc/sec or so, and changes the form of &-T 
curve into the low frequency type. In reality, 
however, the frequency dependency of € of 
the a phase in the low frequency region is 
such as shown in Fig. 4. In this figure the 
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dielectric constant decreases rapidly as the 
frequency increases, but soon settles itself to 
a certain constant value. Inferring from these 
results it does not seem to be adequate to 
explain the origin of the abnormal value of 
alcohols in the low frequency region by the 
simple ionic polarization, because the abnormal 
high value of the dielectric constant of the @ 
Re (Hmho) C (PF) 
Freezing point 


eS ey O & 


[ Q Q 
O 200 
o 10 20 ti(min) 
Fig. 8. Time dependency of C; and AR, in low 
frequency measurements (0.5 kc). 
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(b) H—O-H-O-H-O H 
| | 
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Fig. 9. A model of the proton transfer and the 


dipole rotation. 


phase is conspicuous in the low frequency 
region. Thus, the frequency dependency of & 
and equivalent parallel resistance K;, were 
examined in detail (Figs. 4 and 5). If this is 
Maxwell-Wagner dispersion, the &-f curve 
should take a more different shape. Namely, 
the apparent dielectric constant €* of the com- 
posite dielectric is expressed by the following 
formula which has been obtained from (8) by 
a simple transformation. 
é*=€[1+k/(1+07t?)], (9) 
with 
k=3p(n—1)?/(2n+1)’, 
Therefore €* must approach a certain steady 
value when wr<l. If we assume that €=€,, 
2-3) m=6, A=Ag,==20x10- mho/cm, then the 
value of k becomes approximately of the order 


t=36/[47A(2n+1)] . 
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of 0.02 and rt is nearly equal to 0.036x10-3. 
Thus, ifm=l/(2Zan=5.2 kc/sece /Ourpexpenic 
ments were carried out at 30 c/sec, but there 
is no sign that the curve becomes convex on 


the low frequency side in the diagram 
(Fig. 4). This result, too, does not support 
the “composite dielectric theory ”. 


The frequency dependency of &€ was also 
examined for the $; and the liquid phases 
(Fig. 5). The said dependency was slightly 
observed in the §; phase, but not in the liquid 
phase. It seems therefore that such &-f 
characteristics is closely related to the 
conductivity of a sample. Cole noticed that 
it 1s necessary to take account of the “ elec- 
trode impedance ” which results in the increase 
of the apparent dielectric constant in the 
measurements of the conductive substances, 
and he applied this idea to the measurements 
of the formic acid. According to his result, 
the observed value of &* decreases with in- 
creasing frequency in log-log diagram on the 
frequency side, but it approaches by and by 
to a certain finite value, i.e. the ‘true’ di- 
electric constant. For example, under some 
experimental conditions allowing for some 
simplification, the apparent dielectric constant 
Eapp 1S expressed as: 


€app= or fao™, 


where # is a certain constant independent of 
the frequency. This relation will be expressed 
in a linear relation plotted in the log-log 
diagram. Our results for higher alcohols well 
satisfy this relationship except for some 
details, i.e. in our case the susceptance w¢j& 
is of the comparable order of magnitude with 
the conductance 4zc,4, so that Cole’s simpli- 
fication condition does not hold as in the case 
of the formic acid, but qualitatively the 
frequency dependency is of the same nature. 

Therefore it seems likely that the abnormal 
value of the dielectric constant of higher 
alcohols is due to the electrode impedance 
which originates from the charge distribution 
close to the electrode on account of the ap- 
preciable conductivity of the molecular rotat- 
ing phase of the normal higher alcohols. 
This problem has already been discussed by 
Johnes and Christian” and Ferry! and others. 
Thus, if this idea be correct in our case, the 
steady value, being about 3.8, in 1~5 kc/sec 
region of the €~f/ curve will be the ‘true’ 
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dielectric constant of the @ phase of higher 
alcohols in the low frequency region. 

In spite of taking such effect into account 
a marked difference in the €-T curve still 
exists between the results for low frequency 
regions, which are now under investigation. 


§4. Proton Transfer 


It is difficult to decide whether the proton 
originates from alcohol itself by decomposition 
or from some inevitable impurities, and 
whether decomposition occurs thermally 
or electrically, but anyhow it is certain that 
the main part of the conduction current is 
carried by proton transfer'!». But its mecha- 
nism should be discussed in detail in connec- 
tion with the dipole rotation. 

When a sample was held at the a phase 
under the field, the conduction current was 
damped gradually but attained again a high 
value at the aw phase in cooling after it was 
once brought to the liquid state, or in warm- 
ing stage from the room temperature after it 
was cooled once to the $: phase where the 
current had been damped down to a low 
value. If the ion (proton) be supplied by 
dissociation of the alcohol, the only reason 
for the damping of the conduction current 
would be the formation of the space charge 
adjacent to the electrode. This space charge 
will be disappeared at the #; phase and then 
liquid phase, because the further supply of 
the charge by proton transfer will be inter- 
rupted on account of the vanishing of the 
proton conducting O-H net plane. So a part 
of the space charge will be fade out at the 
electrode and another part will be diverged 
by the thermal agitation (in the liquid state) 
or by rearrangement of the molecules (in the 
8: phase). The latter mechanism will be dis- 
cussed later in detail. 

The transfer of protons will ke performed 
by the cooperative action of the molecular 
rotation and the jump of the proton in the 
hydrogen bond from one potential minimum 
to another. Therefore, the velocity of the 
proton transfer will be limited by the frequen: 
cy of the less frequent process of the above 
two. Moreover, the conduction current will be 
damped by and by owing to the formation of 
the space charge and the establishment of the 
equilibrium in the dipole orientation. On the 
other hand, the rotation of the dipole becomes 


1955) Dielectric Properties 
possible by any one of the above two process- 
es. So the frequency of the rotation will be 
determined by the easier process of the two. 
The rotation of dipoles is accompanied by the 
displacement current, and its damping factor 
is determined by the relaxation time. Usually 
this displacement current will not be observed 
in the D.C. measurements except some parti- 
cular cases, and plays a role mainly in the 
A.C. measurements. The reason why the 
conductance of a sample takes a larger value 
in the A.C. measurements than in the D.C. 
case will partly be related to displacement 
current and partly due to space charge form- 
ation. 

When the equilibrium in the charge dis- 
tribution of the ions and the dipole orientation 
has been once established, the D.C. conduction 
current will not flow any more, even if the 
molecular rotation exists. Because the net 
flow of charge to the field direction is dis- 
appeared according to the mechanism men- 
tioned above. But the A.C. current flows as 
long as the freedom for the displacement of 
ions and dipoles exists as discussed above. 
Consequently, the transition point, which is 
the limit of the molecular rotating phase, is 
observed clearly in the A.C. measurements 
(eis. 1): 

The effect of the cooling speed upon the 
D.C. conductivity cannot be well explained, 
but it seems to be unreasonable to suppose as 
follows. The free ions will be distributed 
more broadly in the liquid phase than in the 
a phase as the result of the thermal motion 
of molecules and ions themselves, and owing to 
the lack of the O-H net plane carrying the 
ions, the disturbed charge distribution cannot 
return to the initial equilibrium state under 
the action of an external field, so that the 
charge distribution becomes broad more and 
more. However, when the solidification oc- 
curs and the a@ phase begins to grow, the 
proton transfer becomes possible and_ the 
charge distribution begins to be established, 
giving rise to the flow of the D.C. current. 
This current will be small, however, when 
the crystallization advances gradually and the 
stable charge distribution will be almost 
established with the formation of the solid @ 
phase. This idea seems to be supported by 
the experimental facts that the maximum of 
D.C. current exists at higher temperature side 
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in the case of cooling than in the case of 
heating in spite of supercooling of 
degree. 

In the case of rapid cooling the ions are 
still distributed widely in the solid phase and 
the formation of the space charge is not 
developed, so a large current due to the 
proton transfer will be observed. Moreover, 
the displacement current due to the orientation 
of dipoles under the influence of external field 
might be taken into account in such cases. 
However, no experimental data confirming 
this phenomenon have yet been obtained. 

Nevertheless it may be possible to suppose 
as follows. In the case of slow cooling the 
dipoles take some equilibrium positions “on 
solidification ”, and on the other hand in the 
case of rapid cooling randomly orientated di- 
poles take preferred orientations “in the solid 
phase” under the action of external field. 
Consequently the displacement current will be 
larger in the latter case. Of course, this is 
not the case in the A.C. measurements, where 
the effect of cooling speed is not so important 
and the equivalent conductance is not damped 
with the decreasing temperature in the a@ 
phase but remains to be almost constant as 
long as the dipole rotation is possible. 

In Fig. 9 it is to be noticed that the proton 
may be transferred by the dipole rotation, 
which is important in the a@f, transform- 
ation. In the §, phase the molecular rotation 
ceases to occur and the molecules are fixed 
at lattice points by certain intermolecular 
forces which overcome the external electrical 
field of ordinary intensity. In this state near- 
ly equal numbers of dipoles have opposite 
directions and no spontaneous polarization 
occurs, and consequently the proton distribu- 
tion is smoothed out to some extent. This 
state is determined by the intensity of an ex- 


some 


ternal field and the effect of the previous 
thermal history is dimished. Therefore, 
similar R-T curves would be obtained in 


every case under the same field intensity ir- 
respective of the variation of the previous 
cooling speed. 

Sure in fact, the free migration of ions will 
be considered to take place which does not de- 
pend upon the proton transfer. Thus, the 
real conduction current will be the sum of 
these two kinds of current. 
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Anomalous Lattice Spacings Caused by Stacking Disorder 
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Evaporated metal crystallites (gold, silver and aluminium) were studied 


by means of electron diffraction. 


As was previously reported by E. C. 


Williams (Research, 5, 1952, 392), measured spacings deviated from the 
cubic formula by the order of 0.1 percent for gold and silver while no 


deviation was detected for aluminium. 


We attributed the deviation to 


stacking faults in crystallites while Williams attributed it to a disloca- 
tion line penetrating through a crystallite. 


$1. Introduction 


Williams” studied evaporated metal 
crystallites (gold, silver, copper and alumini- 
um) by means of electron diffraction and 
found that except for aluminium measured 
spacing dpe are not in accordance with well- 


known cubic formula dimm=a)/VV?2+h+2. He 
interpreted this phenomenon as due to a ten- 
sion which arose from a single dislocation in 
a metal crystallite. In the present work, 
Williams’ experiment was repeated and a 
similar result was obtained. On interpreting 
the result, however, we adopted Kimoto’s” 
idea that stacking faults exist in evaporated 
metal crystallites. The purpose of the pre- 
sent paper is to describe our experiment and 
to give an interpretation of it. 


§ 2. 

Specimens and their electron diffraction pat- 
terns. Metals studied were gold, silver and 
aluminium. These metals were evaporated 
in vacua and deposited on Formvar film of 
a thickness of about 100 A. The evaporation 
was carried out in vacua higher than 1x 10-4 
mmHg. The mean thickness of evaporated 
film was from 100A to 500A; almost all of 
the specimens were 200 A thick. 

Specimens were studied by a high resolu- 
tion electron diffraction camera, with a 
camera length of 40cm. Diffraction patterns 
showed the orientation of crystallites in 
specimens at random. The rings of gold and 
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silver were broader than those of aluminium: 
especially the (200) rings of gold and silver 
were remarkably broad and, moreover, were 
unusually faint”. 

Measurement of ring diameters. Diameters 
Die of six rings given in the heading of 
Table I were measured on original photo- 
graphic plates by a comparator. Measure- 
ments were carried out in four directions 
making angles of z/4 and in each of the 
four directions readings were taken four 
times. The result of the measurements 
indicated that rings were slightly elliptic. 
This was due to the deviation of the incident 
beam from the normal to the photographic 
plate. This effect was corrected after 
measurements were made. An example of 


Table I. 
their mean values D,;) and probable errors 
Gold film of mean-thickness 200 A. 


Corrected values of diameters Dp x, 


ADpkt: 


(111) 


cm) 
1.9461)2. 


(200) (220) (311) (831) (420) 


cm cm cm 
7284 4.9031 5.0311 
72854.9035 5.0295 
7267 4.9051/5.0300 
7271 4.9068 5.0292 


.7277 4.9046 5.0300 
0003 0.0006 0.0003 


cm cm 
24523.18093. 
4 1.94622.2455|3.181133. 
fA 1.9462'2.24633.1798)3. 
4 1.9465 2.24643.17853. 


1.94632. 2459'3.18013 
0.0001 0.00020.00040. 


Dy kl 
ADp x1 


a set of corrected values is given in Table I. 
The mean values Dyx. of diameters and their 
probable errors ,Dyx. are also given. 


Result of the experiment. In the present 
work Bragg relation is rewritten” as 


jy bs ; Dart Gnr{ —(3/32)(Dara/L)?} (1) 


where Z is the camera length, 4 the wave 
length, Dax the ring diameter and dx. the 
spacing. We inserted in the right-hand side 
the mean diameter Dj. and X-ray value of 
spacing dni calculated by the cubic for- 
mula. We put an approximate value 40cm. 
for the camera length Z. If the spacing 
obeys the cubic formula, the left-hand side 
should come out constant independent of 
(hkl). In the present experiment, however, 
the left-hand side calculated as above depends 
on (hkl) indicating a deviation from the cubic 
formula. We denote the value of (AZ) thus 
~ calculated by (AZ)nxz. 

To study the deviation we calculated 
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(AL) wi— (AL) nxt 
(AD) 


Table II gives the values of (AL)nxx and dnx 
for the example cited in Table I. 


Ain = ( 7) 


Table HW. Values of (AZD)nx7, 4px, and probable 
errors ,4;,%, calculated from the data in Table 
ne 


11) 


aul) (200) | (220) (331), (420) 
cm- A cm: A cm- A cm-A cm: Al cm:-A 
AD )n xt 2.28622. 2845 2. 2868 2. 2853/2. 2867/2. 2858 
Any x 104 0 ee: 2.65 3.9 |-—2.2 
1.3 hie | ‘Leah 


Ad ei 108 0) 1.4 1.8 | 


Figs. la, b, c and d show examples of Anz: 
for gold and silver. The values of dre are 
different in Figs. la and b although they are 
both obtained from gold film of 200 A. This 
indicates that the values of 4px vary 
remarkably through a slight difference in the 
conditions of evaporation. Fig. ld shows 
values of dre for gold films of thicknesses 
of 100 A and 500 A simultaneously prepared. 
Fig. ld suggests that there is a general 
tendency for the deviation 4,,, to decrease as 
the thickness increases. Fig. le shows the 
result for aluminium. It is noteworthy that 
for aluminium the deviation is less than 107‘. 

Effect of annealing. By annealing gold 
specimens for 15 minutes at 200°C in a 
vacuum, the rings became sharp and the 
deviation was reduced. Fig. 2 gives the 
results of the sample obtained by annealing 
the sample in Fig. la. 


$3. Theoretical Calculation of 4);7. 

The intensity of X-ray diffraction by cry- 
stals with stacking faults was calculated by 
Wilson” and Paterson”. According to Pater- 
son, the intensity distribution J by face- 
centred cubic crystal is generally expressed 


as 
— a FUR or exp 2i( in m+ hye. + a) 
Jj ™ 
(3) 


where J, 2 and h; are indices of hexagonal 
axes (Fig. 3), and F; the structure factors of 
the atoms at the points rj;= jiai+ Joas+ J3a;/3. 
The factor 1/3 of the third term in the 
exponentiol is introduced because the period 
a; corresponds to three layers of cubic 
(111). The factor F; is independent of 7: and 
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jx, but depends on j3. The mean value Jm 
ior (a) ——e— experimentai (Au, 200A) of FjF*i.m in the crystal depends on 73, 
(200) --0-— theoretical (4=0:15, N=30) even when there are stacking faults on layers 


fe (311) of cubic (111). Thus we get 
Se i 3 JOA 
' =(Ni—|m;| )(N2—|22| )(N3— | 2703 | Jn 


(4) 
where N; and Nz are numbers of unit cells 
in the directions of a; and a, respectively 
and N, is the number of layers. 


Fig. 2. Gold specimen after annealing for 15 
minutes at 200°C in vacua of 10-?>mmHg. The 
data before annealing are shown in Fig. la. 


When there are growth faults, ---ABCAB 
(A) CBA---, in the crystal, J» turns out to be 


Dinca eV Tea eee 


20 —e— experimental (Ag, 200A) 3— 6a — a? 
--0-— theoretical (a=0:25, N=25) Uae 
cos tan-1V 36a a? pay 
1s Ta! V3—ba—@ 
(Sa) 
10 
for both fi —f,=3n+1 and 32—1, while for 
: ly —hy,=3n 
Jm=1 (Sb) 


where, for simplicity, 273 is written as m, 
indicates an integer and @ is the probability 
of the occurence of stacking faults. Eq. (5a) 


holds, provided a<2V 3 —3=0.46. From Eqs. 


(Au) 
(3), (4) and (5), the intensity turns out to be 


experimental 


IS 
7 1=¢| N+ ~ (N—t)V1—2a” 

‘ x {eos 2am(" + 7 “f+ oa 

O +cos 2nm( 7 + . — 2 
% emer cm 

ip (2) (200) gas are musrrinmten Ce y uy bt HT Ga) 
? for Ii—h,=3n+1, while, or ti—h.=3n 


laCsivaNn Me sin? (6b) 
Fig. 1. Values of 4px. Ordinate, 4px, 104; 3 
abscissa, diameter (cm). Bars indicate probable where N=WNs3, 


CLEORS; . ers 5 
C=sin’ zNihi/sin’zhy-sin? zNohs/sin? zh», 


and 
@=tan=! V3—6a—a? 
=O ‘ 
Provided @ is very small, Eq. (5a) is written 
approximately as 
N=-1 ies oh hd 
I=c| N+ = N=m)V 1— 2a” 


m=1 
2 2 
x {eos 2am( "+ Ge) sti 
3 3 4Vv3a 
if ae 


he, 
+08 2m( + a 
3 3 4V¥ 3a yt 


Because of the two cosine terms in Eq. (7), 
the intensity is symmetric across the plane 
fiz=0. This indicates that a growth fault 
results in a twin and thus an intensity region 
splits symmetrically into two regions. Thus 
for powder samples, the intensity / turns out 
to be 


C7.) 


N-1 

Et GIN BSS: 
m=1 

; h: 1 

x GOS 2rem( Sf - 


2 
oO 


m 


(N—m)V1—2a@ 


for 4—h,=3n+1. 
Eq. (7) indicates that each of the splitted 
peaks shifts as much as 


alg=tV 3 at/4a 


from the reciprocal lattice point concerned, 
where +sign corresponds to the first cosine 
and the —sign to the second. The shift 
6D" (dihsh;) of ring diameters with hexagonal 
index (/ihzhz) is given by 
nh OF 2L17hs| bs |? 
oD (hahaha) = = eed Ts lbs| 20) NIE, 
_ where 29 is the scattering angle and 63 the 
reciprocal lattice vector in c-direction of 
hexagonal lattice. Because a cubic index 
| corresponds to several hexagonal indices and 
because for different hexagonal indices the 
| value of 8D’(hiheh3) are different, the shift 
| 6Dax of a ring of cubic index (RZ) is obtain- 
ed by a weighted mean 
>S, Vi A;é6D'; 


= ODari=~ SA 


| where », is the multiplicity, A; the integrat- 
ed intensity of the 7-th peak and suffix 7 re- 
fers to the hexagonal indices (Jihshs) which 
belong to a cubic index (hkl). In order to 
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calculate the integrated intensity, Eq. (8) is 
written approximately as 


oa ty ! Nig 1 i a’ 

SinezeVe (| ae = 

Pout (Fat ess Woe) 
AV 3 = 


sin? n("2 | ave ie 
ee ad PA, 
(8’) 


where N’ is decided so that maximum values 
of Eqs. (8) and (8’) become equal. Thus 
ODrxr can be calculated when a and W are 
given. From Eq. (1) theoretical (AZ)nx are 
written as 


I=C 


= 
ar 


ALD)nxi=(AL)g+ = ODnrxt Area 


where (AZ), is the value for a crystal which 
is free from growth faults. Then the theoreti- 
cal dix: are given by 


1 6D dir —0 Dax Dnxa 


A 2 ] 
(AL)o a 92 OD du 


(9) 


Since the denominator of Eq. (9) is almost 
equal to the experimental (AZ)in, Eq. (9) is 
rewritten as 

if ODin din SF, O Dyna Aner 


Ann < 


(oy 
2 ALi ) 


igs 3, 
axes. 


The relation between cubic and hexagonal 


Table III. Theoretical values of 4;,%, calculated to 
agree with the data of Fig. la. 


a N | (111) | (200) | (220) | (311) | (831) | (420) 


O40 39 


os 30 | 0 | 10.51 | | Poe es 
Onto S00 Pe 7a" | VOCS se ae le dante al ear 6 
1.6 


Oe nee encom 1.9 | 1.0 


ORS 30) 


In the present work the parameters a and 
N are estimated from experimental values of 
Ane. and the breadth of rings. Inserting 
these parameters in equation (9’) the theoreti- 
cal values of 4irx: are calculated. Then the 
parameters are corrected by trial method so 
that the theoretical values are in_ better 
agreement with the experimental values. In 
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Figs. la and lc the theoretical values thus 
calculated are shown by dotted lines. In 
Table III theoretical values for three different 
a are given: the second line of this table is 
the values shown in Fig. la. 


70 (331) (220) 
° 
(i) 
° 


21700 R 


Fig. 4. Plot of (AL)ax, vs inverse of Young’s 
modulus 1/F/)%1. 
a) Copper (after Williams) 
b) Specimen of Fig. 1a; gold of mean-thickness 
200 A. 
c) Specimen of Fig. 1c; silver of mean-thick- 
ness 200 A. 


Ordinate, (AD)nxz1 (cm); abscissa, 1/Hpx%, (10-6 
kg-1cem?) 

$4. Discussions 
Williams? plotted experimental (AZ)nx, 


against 1/Fix. where Eni: is Young’s modulus 
in <hki> direction. He found the linear 
relation as reproduced in Fig. 4a and _inter- 
preted it as follows: A single dislocation 
exists in a crystallite and it results in a uni- 
form tension. Under this tension the 
spacings dyx: are enlarged by dix o/Enx, and 
(AL)nxr become 


Hiroshi NIMURA 
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CED) in — (aL y—( : Darra Anxr a|Enx) 


where o is the tension. Since Dhpxdixd is 
almost constant, the left-hand side changes 
linearly with 1/F£y.0. In our experiment, 
however, the linear relation is difficult to 
recognize as shown in Figs. 4b and 4c. 

On the other hand, by adopting our idea 
that stacking faults result in the deviation 
from the cubic formula, calculated values of 
Anxi agree qualitatively with experimental 
values. The agreement, however, is not 
exact, especially at (220). Even if an exact 
agreement were obtained, we could not con- 
clude that our idea is absolutely correct 
because our calculation is approximate and 
the basic assumption for the calculation is 
too simple for quantative treatment. 

The deviation from the cubic formula is 
negligible for aluminium. Williams ascribed 
this phenomenon to be due to the negligible 
anisotropy of aluminium. Our view point is 
that this phenomenon is due to the large 
twin energy of aluminium. 

Thus it is difficult to decide which one of 
us has the right idea. However, we _ stand 
on our idea because Kimoto” explained the 
intensity anomaly of election diffraction pat- 
terns of evaporated silver by assuming stack- 
ing faults and, moreover, Kimoto and Mori- 
moto® confirmed the stacking faults by radial 
distribution analysis of the diffraction patterns. 

In conclusion, the author expresses his 
sincere thanks to Prof. Ryozi Uyeda for his 
guidance throughout this work. 

The expense of this experiment is partly 
defrayed by Scientific Research Grant of the 
Educational Ministry of Japan. 
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order of 10-4 or less. 


present authors.*) 
KLyy— LM. 


$1. Introduction 


Numerous faint lines are observed in X-ray 
spectra whose frequencies cannot be account- 
ted for by transitions between the ionized 
| states in which one electron is missing from 
/one of the levels. These weak lines are 

known as non-diagram lines since they cannot 

be directly derived from the well known 
| system of the energy-level diagram usually 
adopted. They are also called as satellites, 
..... they appear close by the more promin- 
‘ent diagram lines or parent lines. Usually 
‘they appear on the shortwave-length side of 
the latter, and are explained as the results of 
single-electron jumps in atoms having two or 
more inner electrons removed. On the other 
hand, satellites on the long wave-length side 
‘are also known. In the Af series there are 
the non-diagram lines KP, detected and named 
»by Beuthe” in many elements between Ge(32) 
and V(23). 

Also these very faint diffuse lines were 
‘detected in six elements from Cr(24) to K(19) 
by Ford”. These non-diagram lines are situat- 
‘ed on the long wave-length side of Af, and 
‘their separations from the Kf; are compara- 
tively large, and it seems to be inadequate 
ito call them the X@ satellites. We resolved 
these very faint diffuse lines into two com- 
ponents and designated the longer wave- 
length one as A, lines, in association with 
‘the explanation of the origin of these non- 
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On the Structure of the X-Ray Non-diagram Lines Kf, for Elements 
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With a bent crystal X-ray spectrograph of the Cauchois type, the non- 
diagram line K®» was resolved into two components and the longer wave- 
length one was designated as K®, line. The intensity ratios of the KB» 
and Kg, to the Ka; line were both estimated approximately to be the 


On the basis of the wave-length positions, we could ascribe the origin 
of these lines to the two-electron jump between the double-hole levels 
(1s2p) and (2s3s). The hypothesis of such a two-electron jump which 
obeys the Heisenberg selection rule was first proposed by one of the 


The K®8, originates from the transition KDyz—LyMy, and KB, from 


diagram lines proposed formerly by one of 
the present authors®. In this paper the results 
of our measurements of these Kf, and Kp, 
lines over the range of elements from Zn(30) 
to Cr(24) are reported and the origin of their 
lines is discussed. 


§2. Experimental Procedure 


All spectrograms were taken with a bent 
crystal focussing spectrograph of the Cauchois 
type. The diameter of the focal circle was 20 
cm, and the second order reflection by the (100) 
plane of a quartz crystal was used. Generally 
a current 10 mA at 15 to 20kV was passed 
through an ion-type X-ray tube. The time of 
exposure was varied from 10 to 20 hours. All 
spectrograms were photographed on Fuji A-I 
plates and measured by means of a comparat- 
or with low magnification approximately five, 
and some of them were measured also by 
microphotometer records. For the measure- 
ments of the relative intensities aluminium 
absorbers of various thickness were set in 
front of the photographic plate and thus we 
took photograms of five kinds of the photo- 
grams of five kinds of relative intensities 1, 
1/10, 1/100, 1/1000 and 1/10000 in the same 
plate in a single exposure. 

The microphotometer curves of the Af 
spectral region of iron and of nickel are 
shown in Photo I. Table I gives the results 
on the KB, and Kf; lines over the range of 
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Fe 


Photo. I. Microphotometer curves of the KB 
spectral region of Ge and Ni. 


Fekep, FeKpy 
[/Fe’ee 


A 


Photo, II. A spectrogram of Fe K8, and Kp). 


elements from Zn(30) to Cr(24). Column on 
gives the elements in which the non-diagran 
line was measured. Column three gives th 
wave-length values of the references line 
taken from the table in Siegbahn’s “ Spektve 
skopie der Rontgenstvahlan” Zweite Anflage 
The separation of the non-diagram line fron 
the main reference line, measured on th 
photographic plate is recorded in column six 
Column seven contains the calculated wave 
length values of the non-diagram lines whil 
in the last column the values of v/R are given 
The accuracy with which its wave-length cai 
be determined reaches an error of abou 
-+-0.5xu. The values of relative intensity o 
the KS, and Af, to the Ka, are both estimat 
ed approximately to be the order of 10-* 0 
less. 


§3. Discussion and Conclusion 


To establish a scheme for the non-diagran 
lines in the Kf series, one of the presen 
authors®” assumed a two-electron jump in 
doubly-ionized atom which obeys the Heisen 
berg selection rule? and arrived at a resul 
which seems to account for the origin of th 
present KB, lines. On the basis of wave 
length positions, we can ascribe the origin o 
the AB, and Kf, to the following doubl 
transitions: 


(US2p A 2555) oes 


where the electron configurations represen 
electrons missing from the complete shells 
Now let KZ(Z) be the energy (in v/R unit) o 
an initial state (1s2p) of a doubly ionized aton 
of atomic number Z, from which a K and ai 
LZ electron have been removed, then in th 
first approximation 


KL(Z)=K(Z)+L(Z+1) , | 


since, owing to the vacancy in the inner F 
shell, the outer Z electron is moving in th 
field approximately equivalent to the field o 
an atom of atomic number Z+1. In equatiot 
(1), K(Z) is the value of »/R for the K ab 
sorption edge of the atom concerned, an 
I(Z+1) is the value of »/R for the Z absorp 
tion edge of an atom of atomic number Z-+1 
Next let ZyM)(Z) be that of a final state 283 
of a doubly ionized atom of atomic numbe 
Z, 

L{My(Z)=Ly(Z)+My(Z+1) . (2 


1955) X-Ray Non-Diagram Lines KBy and Ly from Cr to Zn 649 
| Table I. 
— —_—— en pe a a oh Be ER ees a ie 2 eee 
; Distance Dispersion Distance Wave- | Mean | Mean 
Reference lines between | from | Wa V.Coucudes 
Plement! Line reference . the main - a= 
lines | ie reference | dene va length pi 
main in xu | aux in x : ti — 
ss — inmm | xu/mm | in mm | in xu | in xu R 
1 CrkKp, 2080. Re 298 : | | . ¥ : 
KB» r oe om 6 1 Cr Koy 32285205 |5 9.15 PE) aH oat | 2111.9 | 9331.7 | 431.5 
u 2 Crk Ps 2066.7 | CrKax 2273.3 OAD e Hi P2186 Psy) PANN) 
r ee ee Pl > ¥ = —- = = = 
5 rae) 9N2 = | or ; | | 
1 Ke, pes ey0.8 CrKa; 2285.0 | ORD 22.34 fats | 2115.2 | 9116.1 | 430.6 
Vee CrKBs 2066.7 | CrKa3 2273.3 | 9.45 21.86 AV) A PALI | 
3 FeK®s 1740.8 | FeKa3 1923.3 9.50 ORT 2.05 4 780. 2 
4 KB» ” ” ” ” 9.37 19.48 2:00. | 1779.8 | 1779.9 | 512.0 
5 ” " ” ” O23ort ae Sa o2 2AO0M M7788 
Fe 5 Sa eee eee eee es = 
3 a ” ” 9.50 19.21 23D 1785.9 
4) Ke; ” ” ” ” 9.37 19.48 2.30 | 1785.6 | 1785.7 | 5108s 
5 7 ” ” ” 6135 | 1952. | 2.30 | 1785.7 
z 6 | KBn } CoKPs 1605.7 | CoKaz 1777.4 8.95 | 19.18 1.82 | 1640.6 | 1640.6 | 555.5 
te) - — A ee je ae en. - a he = 
6 Ki + y D ” Y » | 1,98 | 1643.7 | 1643.7 | 554.4 
7 Kp» Nikp, 1485.6 | Nikos 1647.6 | 8.33. | 19.45 | 1.78 | 1520.2 | 1590.1 | 599.5 
i: 8 ” ” Y ” 8.25 19.64 1S 1520.0 
i E ee eS a eS eee ee ere 
7| xe, / ” ” ” 8.33 | 19.45 | 1.91 | 1522.7 | sooemmene 
8 : : ” ” B25 i Vee. 1 1.90°™ “1599-9 
10 Y Y CuKaz 1530.9 | 8.02 19.04 OZ en 140 7a 
Cu <-s | Ly Ces Ss oe _>_ eS _ EEE 
10 ” ” CuKaz 1530.9 S02, Pyeea9:. 04 1.80 1412.5 
1154 Ke, ZnKf. 1281.1 | ZnKaz 1428.8 625A 2200S 1.20 | 1308.2 | 4208.5 696.4 
12| Y ” Y ” Dales, 1 A aill 125s ello OSa/, 
Cy a Sa hs aot 
i KB, ” 1 y Ui 6.54 | 22.58 1.45 1313.8 1314.1 | 693.4 
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levels is given by 


or 


Then we write (4) or (5) in the form 
K(Z)—L(Z)+ Ly(Z+1) 


K(Z)—Ly(Z)+ Lui(Z+ 1)-My(Z+1) . 


values v/R of KB, and KB. 


Thus the energy change of the atom by Table II. Computed ((6) and (7)) and observed 
the two-electron jump in these double-hole 


Observed v/R Computed v/R 


== = = a4 ie Element 
KL(Z)—L,)My(2)=K(Z)—-L(Z+1)-—My(Z+ sie Kp, | KA, | Ka, | ie, 
When the energy Z (in »/R unit) is taken as Cr 431.5 | 430.6 | 431.9] 431.0 
the Zy; or Ly value, the value of v/F for the Fe 512.0 | 510.3) 521.4] 511.1 
emitted quantum is respectively expressed as Co 555.5 | 554.4 | 555.2 | 553.9 
follows: Ni 599.5 | 598.4! 600.4] 599.0 
Cu 647.5, 645725 O4752) |e O4 or 
_ Iy(Z+1)—My(Z+ 1) (4) 
arctan Hac ene ltt Nl Zn HO! |) ABH! || Oe || eat 


(5) 


or 


K(Z)-Ly(Z)+L(Z+1) , 
(6) where Ly(Z+1) and ZU(Z+1) are the values 


(7) 


650 N. F 


of »/R for the Zy and Z/ emission lines. 

The values of K(Z), £,(Z), £y(Z+1) and 
TI(Z+1) in (6) and (7) are taken from experi- 
mental®® and calculated ” values. The 
values of (6) then computed are given in 
column four of Table II, and those of (7) 
column five. 

This Table II shows the comparison of these 
computed values with the observed values by 
the present authors. 

The computed values for the Af, and Af, 
agree well with those observed. Naturally 
the extremelly weak intensity of these lines 
follows from the fact that their origin is the 
two-electron jump between the double-hole 
levels, 


. Mort 
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A Theory of Fracture and Fatigue* 


By N. F. Mort 
H. H. Wills Physical Laboratory, University of Bristol, 
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England 


The concept of a piled-up group of dislocations is discussed, and its 


relation to ductile fracture, to brittle fracture and to fatigue. 


It is 


suggested that a large enough stress induces fracture at a piled-up 
group, and a large number of such small cracks can join together to 
produce a ductile or fatigue fracture. 


Introduction 


eas 


In two previous papers (Mott 1952, 1953) 
the present author has discussed theories of 
work-hardening, recovery and creep. The aim 
of this paper is to attempt, in terms of the 
same dislocation model, a theoretical descrip- 
tion of ductile fracture and of fatigue. 

We shall first, however, give some further 
discussion of the theory of work-hardening. In 
the author’s second paper the distinction was 
emphasized between coarse and fine slip. 

The distinction is shown in Fig. 1. It is 
supposed that the specimen is subjected to a 
gradually increasing stress. In coarse slip, », 
the number of dislocations, and so the slip 
distance on a given active slip phase, increases 
suddenly and thereafter slowly, if at all (Chen 
and Pond 1952). In fine slip » increases 
gradualiy. It was suggested that fine slip 


was mainly responsibie for the cell formation 
that occurs without annealing, coarse slip for 
the increase of flow stress that occurs in 
straining (work-hardening). Fine slip is pro- 
bably predominent at the beginning of de- 
formation, and in creep. 

If the dislocations generated by a source 
are trapped in a material, one would expect 
at first sight the behaviour illustrated in Fig. 
1, (b), fine slip. The difficulty is to account 
for coarse slip, while allowing fine slip under 
certain circumstances. Fisher, Hart and Pry 
(1952) and the present author (paper I) gave 
an explanation of coarse slip based on the 
hypothesis that dislocations could move with 


* This paper was read at the Symposium on 


Crystal Plasticity and Dislocation held at Nikko on 
September 12th and 13th, 1953, on the occasion of 
International Conference of Theoretical Physics. 
No alteration of the text was made since then. 
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nearly the speed of sound (the dynamic hypo- 
thesis). The present author (paper IJ) sug- 


gested that fine slip occurred under conditions 


such that a frictional force within the lattice 
prevented this rapid motion. The dynamic 
hypothesis is, however, by no means establish- 
ed. If it should turn out to be wrong, an- 
other mechanism must be found to explain 
coarse slip. A possible one is as follows. We 
suppose that there exist in metals dislocation 
networks of the kind observed in silver bro- 
mide by Hedges and Mitchell (1953), and as 
illustrated in Fig. 2. Suppose that a disloca- 
tion line AB serves as a Frank-Read source. 
When the line passes through the form shown 
by the dotted line, the forces due to the line- 
energy at the points A, B will be reversed. 
Certainly the points A, B will shift. It is 
possible that some zrreversible re-arrangement 
of the surrounding network may occur, by 
the collapse of a hexagon or the formation 
of a sessible dislocation. This would leave 
AB permanentiy longer or shorter. In the 
former case, since if AB is denoted by 7, Gb/Z is 
the stress required to operate the source, we 
shall expect coarse slip; in the latter case 
the operation of the source will be choked 
after the formation of a single dislocation. 
If there is no change we expect to observe 
fine slip. 

In this paper we shail suppose that there 
is some mechanism which sometimes allows 
a source to produce a large number of dis- 
locations all at once, up to a thousand, but 
our considerations do not depend on what 
this mechanism is. We need not ask, either, 
how long it takes a given source to generate 
1000 dislocations, as long as this time is small 
compared with the highest period used in 
fatigue tests (c.10~° sec.). 

Turning now to the mechanism of work- 
hardening, two mechanisms have been pro- 
posed. There is first of all the mechanism of 
Taylor (1934), according to which the elastic 
interaction between stored dislocations hinders 
the motion of any mobile dislocation. This 
has been generalized by the present author 


(1952), who suggests that work-hardening is 


mainly due to the elastic stresses round piled- 
up groups of dislocations at the ends of slip 


lines. Then there is the suggestion of Cottrell 


| (1953) that the stress required to force dis- 


locations past screw dislocations which cut the 
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slip plane wili contribute to work-hardening, 
and his experimental demonstration that the 
introduction of screw dislocations, by twisting 
a single crystal, does, in fact, increase the flow 
stress (reported at Bristol Conference, July 
1953). This mechanism has also been used 
by the present author (paper IJ) in a discussion 
of logarithmic creep. 


4 (b) 


ail 


Fig. 1. Showing 2, the number of dislocations 
produced by a source, as a function of the 
applied stress, (a) for coarse slip and (b) for 
fine slip. 


— 


Fig. 2. Action of 
a Frank-Read 
source. 


€ 


Fig. 3. Reversible change with temperature in 
the flow stress of a metal. 


In our view both mechanisms contribute to 
the work-hardening, but under normal condi- 
tions, for face-centred metals at any rate, the 
first is the more important. The elastic 
forces between piled-up groups will give a 
slowly varying internal stress, of wave-length 
say 10-* cm, and the resulting flow stress will 
be almost independent of temperature so long 
as no recovery occurs. The crossing screw 
dislocations will be spaced say at 107‘ cm. 
apart in an annealed material and much less 
in a cold-worked material. They may there- 
fore be treated as introducing a frictional 
force impeding the movement of dislocations, 
and, moreover, a frictional force which is 
strongly dependent on temperature. (Mott 
Paper II). 

Orowan (1947) has published some curves 
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showing the reversible change of the flow 
stress of a metal when the temperature is 
varied between O0°C and —180°C. These 
resuits are reproduced in Fig. 3. It is sug- 
gested that the temperature-dependent part 
is due to this frictional term. 

In this paper we shall make use both of the 
long-range stress, which impedes flow because 
the Frank-Read sources tend to be found in 
minima of the potential energy curve, and 
short-range stresses which act like a frictional 
force. We may add that sessile dislocations 
distributed at random may produce a friction- 
al force in the lattice by the Taylor mechan- 
ism (elastic interaction between the disloca- 
tions), and that this frictional force will not 
be temperature-dependent. It will exist, how- 
ever, only if the movement of dislocation is suf- 
ficiently damped through interaction with 
lattice waves, so that the energy gained from 
the internal stress where the sign is favour- 
able cannot help the dislocation to surmount 
the next potential hill. 


Fig. 4. 


Showing a crack BC at the end of a slip 
line BB’. 


We may, at this stage, suggest that further 
experiments on the temperature-dependence of 
the flow stress of work-hardened metal would 
be of interest, especially in the range where 
there is no recovery, e.g., Cu or Ni at and 
below room temperature. If, as we _ believe, 
thermal recovery is due to the dispersal of 
piled-up groups, the flow stress of a material 
after recovery, but before recrystallization, 
should show a much greater relative tempe- 
rature-dependence than before recovery. 


§2. A Model for Fracture in Metals 


Any fracture process involves the existence 
somewhere of a stress-concentration, so that 
the stress can approach locally the true frac- 
ture stress (~0.2 G). For amorphous brittle 
materials the hypothesis of Griffith (1921) is 
generally accepted, namely that the stress 
concentration exists at pre-existing surface 
cracks. In ductile or fatigue fractures in 
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metals, however, it is most unlikely that any 
such pre-existing cracks play an essential role. 

It has sometimes been suggested that the 
vacant lattice sites formed by cold-work may 
coagulate and initiate fracture. While this 
process may possibly play a part in creep, 
e.g., in intercrystalline fracture, it cannot be 
essential in ductile fracture or fatigue, which 
can occur at very low temperatures. 

In our view the required stress concentra- 
tion exists in the piled-up groups of disloca- 
tions at the ends of slip iines. Similar stress 
concentrations can be produced by kinking 
(Frank 1952) and mechanical twinning, but as 
these do not occur in face-centred cubic metals, 
we confine our discussion to slip. 

The stress concentration due to a piled-up 
group of dislocations and the effect on crack 
formation has been considered in detail by 
Stroh (to be published). Here we outline some 
of the results. Suppose that a material con- 
tains a Frank-Read source S (Fig. 4) which 
can generate dislocations which move freely 
along the slip plane BB’ until they come up 
against the barriers B, B’ which may- be 
grain boundaries or sessile dislocations. Sup- 
pose that a shear stress o is applied to the 
material, so that the source generates dis- 
locations which pile up against B, B’. Then 
in the neighbourhood of B, B’ strong tensile 
stresses will exist. These are very similar to 
those at the ends of a Griffiths crack, falling 
off at a point distant 7 from B as 

oAV(L/n) , (Ip 
where A is a numerical factor depending on 
@ and having its maximum for 0=45°, and Z 
is the length BB’ of the slip line. This 
formula is valid at all distances 7 from B, 
provided that v is smal! compared with Z ane 
large compared with the distance between the 
leading dislocations in the piled-up group. 
Under practical conditions at the ends of slit 
lines in piled-up groups, this is likely to be 
three or four atomic distances at most. 

We may next ask, what is the conditions 
that, if a crack extends from B to C, the 
application of a shear stress will cause it tc 
extend further. The stress required, accord 
ing to the analysis used by Griffiths, to extenc 
a crack of length 7, is of order 


o=A'GY (b/7) , CZ 


where A’ is a numerical constant. It is as 
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sumed that the surface energy, which occurs 
in Griffith’s analysis, is of the form const. Gb 
per unit area. Comparing (1) and (2), we see 
that the crack will open if 

AY (Lin) >A’GY(b/r) . 
This gives 

o/G >CyY(b/Z) , 

where C is a numerical constant of order unity. 

The important point about (3) is that it is 
independent of 7, for all xy above a few atomic 
spacings. It is reasonable to suppose, then, 
that it represents the condition that the shear 
Stress o will initiate a crack, of the type 
shown in Fig. 4. 

It is interesting to compare (3) with the 
stress at which a Frank-Read source in an 
annealed material will generate dislocations, 
namely Gdb/Z. With /~10-‘cms, Z~ say 107? 
cm, it is clear that (3) may be perhaps ten 
times larger than the initial flow stress. Thus 
cracks will not form at the ends of the first 
slip lines formed in an annealed metal, but 
may form as the work-hardening proceeds. 
We consider that they will form at stresses 
of the order 100 Gb/7, not 10 times this factor, 
as would appear at first sight from the above 
argument. The reason is that formula (3) is 
misleading for a cold-worked material, because 
something stops the source acting after about 
1000 dislocations are formed, so that the dis- 
locations pile up at the end of the slip line, 
the middle part being free of them. A de- 
scription of how this might occur is given in 
the author’s previous paper (paper I). As a 
consequence Z in formula (3) must be replaced 
by Zo,/c, where o is Gb/l. The conditions 
for the formation of a crack becomes 

G/G- I/D; (4) 
which, with 7~10-‘ cm. and Z~10-?cm, gives 
stresses of the order of those for which 
actual polycrystalline cubic metals break. 

Stroh’s analysis shows that under the in- 
fluence of the shear stress o acting on the 
source S, the crack once formed will 
spread a distance of order Z in the annealed 
material or Zoo/o in the cold-worked material. 
It will not spread further unless a tensile 
stress is applied across the crack obeying the 
Griffith criterion for spread of a crack. The 
value of this stress will be given by the 
formulae (3), (4) though the numerical factors 
may be different. 
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We now apply these formulae to different 
types of fractures. Formulae (3) might be 
applicable to the recent experiment at Shef- 
field (Greenwood e.a.) on the fracture of 
polycrystalline zinc at low temperatures, 
which occurs after little or no plastic de- 
formation. Greenwood finds that the fracture 
stress is inversely proportional to the square 
root of the grain size. If the slip line length 
is identified with the grain size, this result 
should follow from (3). An objection is that 
no slip lines have been observed for these 
small deformations, and that, in any case, 
fine slip is to be expected for zinc. We feel, 
therefore, that the applicability of the formula 
to this case is doubtful. Similar considerations 
for fractures in iron have been advanced by 
Petch 1953. 

We turn now to ductile fracture. In this 
case it is known that an irregular fissure 
forms within the neck of the tensile specimen, 
and extends to the surface only with further 
plastic deformations (Orowan 1948). It seems 
fairly clear that a number of the cracks of 
the type that we have described must form 
and the material between them tear apart, 
some time before a visible crack appears. 
The evidence for this comes from Bridgman’s 
work (1945). He shows that if a tensile speci- 
men is pulled out under high hydrostatic 
pressure, it has considerably greater ducti- 
bility when the pressure is removed than it 
would have had if the pressure had never 
been applied. The suggestion is that the pres- 
sure prevents the cracks from forming or, at 
any rate, from reaching their maximum length. 

We have now to ask why a crack, once 
formed, does not normally extend across the 
specimen under the influence of the applied 
tensile stress; and why, especially in ferrous 
materials, it sometimes does, giving the 
phenomenon of notch brittleness. The answer 
must be that in a face-centred metal such as 
copper, the generation of dislocations by other 
sources, i.e., ordinary plastic flow, relieves 
the stress at the apex C of the crack of Fig. 
4. This may well occur before the crack 
reaches its maximum allowed length (Lo/c, 
say 10-2cm) at which it becomes dangerous, 
and may spread under the tensile stress. If, 
on the other hand, the surrounding sources 
are locked by carbon or dissolved gases in the 
sense described by Cottrell for iron, time and 
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the effect of temperature are required to 
release them. The whole process of slip line 
formation taking place rather suddenly, brittle 
fracture may occur if the temperature is low 
enough. 

Finally, we give a short discussion of the 
effect of temperature on ductile fracture. Fig. 
3 shows the type of effect expected on the stress 
strain curve; the curve rises more steeply at 
low temperature owing to the increased effect 
of Cottrell’s hardening mechanism, the 
“forest ” of screw dislocations which cut the 
active slip pianes. Curves of this type would 
mean that the onset of necking would be 
delayed at low temperatures. The tables 
published by Teed (1950) show that, in fact, 
for copper and nickel the elongation at frac- 
ture is considerably znereased at liquid air 
temperature compared with room temperature, 


C 


D 
Fig. 5. Showing two octahedral planes on which 
dislocations move. 


but there seems to be little, if any, change 
in the reduction of area at fracture. This 
seems to suggest that the temperature-de- 
pendent part of the applied stress is without 
effect in producing fracture. This is to be 
expected if it has its origin in a frictional 
force on the movement of dislocations, as 
suggested above. 


§3. The Fatigue Loop 


Before the turning to fatigue fracture, we 
give a discussion of the energy loop in fatigue 
tests. We base our work first on the investi- 
gations of N. Thompson and his colleagues 
on single crystals of aluminium submitted to 
slow cycies of tensile and compressive stresses 
for about 1000 cycles. Thompson has given 
a discussion of these results, and for any 
given cycle the form of the hysteresis loop, 
and also the creep if the stress is held con- 
stant, fits well with the assumption that there 
are a number of free dislocations in the 
material which move backwards and forwards 
through a darge distance (large compared with, 
say, 10-*cm, the distance between the dis- 
locations of the mosaic network), there being 
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a frictional force (short range fluctuations in 
internal stress, energy in cutting crossing 
dislocations ?) which is responsible for the 
dissipation of energy, and also a non-reversible 
hardening process. This is thought to be due 
to the existence of barriers (sessile disloca- 
tions) in the active slip planes, so that when 
the moving dislocations approach their bar- 
riers, fixed groups of two or more are formed. 
As already emphasized, any grouping together 
of the dislocations already in a material 
increases the mean value of the internal stress 
and so the hardness. 

Of particular interest to us, however, is the 
slow decrease in the area of the hysteresis 
loop which occurs during the first 1000 cycles. 
A similar initial drop is obsorved for pure 
copper in the first few thousand cycles with 
the high speed fatigue machine. This must 
mean either that the number of mobile dis- 
locations decreases or that more sessile dis- 
locations form on the slip planes, thus de- 
creasing the slip distance. In any case, what 
we have to explain is the following: 

Dislocations are moving backwards and 
forwards along octahedral planes such as AB 
and CD in Fig. 5. Usually they do so without 
meeting, but perhaps once in 1000 cycles they 
do meet, and form a sessile dislocation at P. 

A slow hardening, presumably by the forma- 
tion ot sessile dislocations, seems typical of 
the whole fatigue process (compare Head 1953). 
Obviously such a thing could not occur if the 
internal movement of dislocations were periodic 
with the same period as the applied stress. 
We do not believe that this can be so. Part 
of the frictional force impeding the movement 
of free dislocations is, as we have seen, due 
to the screw dislocations which cut the active 
slip plane. These themselves will move about 
all the time. The density of jogs on the 
moving dislocations will get steadily greater, 
at any rate for the first few thousand cycles, 
after which perhaps jogs will be destroyed as 
fast as they are made. There is no reason 
to suppose that the motion will repeat itself, 
and we may well have to wait several thou- 
sand cycles before a particularly fortunate 
event enables the two dislocations of Fig. 5 
to join up. 


§ 4. 


The slow hardening described in the last 


Fatigue Fracture 


“creases. 
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section will not produce fracture: this, in our 

view, depends, essentially on the formation 

of slip lines. 

With regard to fatigue, we must emphasize 
that the process can take place at the lowest 
temperatures. It is, therefore, unlikely to 
depend essentially on the formation of vacan- 
cies by moving dislocations and their sub- 
sequent coagulation to form cracks.* It seems 
to us much more probable that it is due to 
the stresses round the piled-up groups of dis- 
locations at the ends of slip lines. 

Confining ourselves to face-centred cubic 
metals of reasonable purity, the relevent facts 
seem to be: 

(1) There is little, if any, dependence of the 
fatigue life on speed in the range 50-1000 
cycles a second. 

(2) Early in the fatigue life slip lines appear, 
and some observers (e.g. Thompson) note 

an increase in the number throughout the 

test. Some of the lines gradually broaden 
by forming a large cluster of lines very 
close together; it is here that the crack 

eventually starts. According to Duce (1952) 

these lines are oriented close to the plane 

of maximum shear stress. 

According to Thompson, in copper in 
push-pull a single grain first breaks across 
a cleavage plane, and a jagged fracture 
spread from there (Fig. 6). Using Head’s 
analysis of the spread of a fatigue crack, 
one would guess that the fracture of the 
initial grain occupies more than half the 
total fatigue life. 

Repeated annealing up to the softening 
temperature does not increase the fatigue 
life, so the early “damage” must be of 
the form that is not easily removed by an- 
nealing, and thus a crack rather than a 
piled-up group of dislocations. 

With regard to the slow formation of slip 
lines, the arguments of the previous part of 
this paper suggest that, if a Frank-Read 
source is subjected to a stress above a certain 
level o; for a short time (less than 107° sec. 
should suffice), a slip line will be formed. 


(3) 


(4) 


_The stress oi can be identified with the sum 


The 


in- 


of Gb/i and the local internal stress oi. 
latter will increase as work-hardening 
We have already seen that the 


material will contain loose or mobile disloca-* 


tions which move backwards and forwards on 
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each cycle, but that the motion is not periodic. 
Thus the local stress at any point fluctuates 
in a random way. Occasionally it reaches a 
particularly high value, so that a slip band 
is formed. 

As work-hardening proceeds, we should 
expect more mobile dislocations and hence a 
higher hysteresis loop (which Thompson finds) 


Fig. 6. Showing type 
of fracture in 
fatigue. 


and a larger fluctuating internal stress. On 
the other hand, o; increases. It is not clear, 
therefore, whether the rate of formation of 
slip lines should increase or decrease. 

For an understanding of fatigue, however, 
we need to consider the broadening of the 
slip lines which are formed early on. We 
suggest that those on which the shear stress 
is a maximum may produce, at their limits, 
high enough local stresses to produce the kind 
of local crack, a few mutiples of a micron 
long and, say, 1000 atoms wide, which is 
illustrated in Fig. 3. During subsequent cycles 
this will enhance the stress in the neighbour- 
hood of this particular slip line. Thus, after 
waiting again for a favourable fluctuation of 
stress, a new slip line will form in the im- 
mediate neighbourhood, producing another 
crack. The cumulative effect of 10 or 20 of 
such events cracks the whole grain; producing 
the effect illustrated in Fig. 6. The fatigue 
crack then spreads by the mechanism outlined 
by Head. 
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The Interpretation of Etch Patterns on Aluminium* 


By A. J. Forty and F. C. FRANK 
H. H. Wills Physical Laboratory, University of Bristol, England 


An examination of etch patterns obtained with Lacombe’s etchant on 
polycrystals of “super-purity ” aluminium suggests that an etch pit is 
produced only where there is a precipitate of impurity present in the 
surface, and that these are located on dislocations which can therefore 


be regarded as an indirect cause of etching. 


It is tentatively estimated 


that, at best, only about 60 or 70 per cent of the dislocations in super 


purity Al produce etch pits. 


Sal. 


The localised solution or etching of a crystal 
often develops pits in the surface. The cause 
of the formation of an etch pit at one parti- 
cular point on a surface and not at other 
places has aroused considerable speculation 
but it has been generaliy agreed that it can 
only be due to a surface singularity of either 
a physical or chemical nature. 

The recent work of Horn (1952) who ob- 
served the solution of growth surfaces of 
crystals of silicon carbide has shown very 
convincingly that, since etch pits are always 
developed at the centres of spiral growth hills, 
the crystal dissolves much faster at those 
places where screw dislocations meet the sur- 
face. Similar observations have been made 
with crystals of cadmium iodide (Forty; un- 
published). It is certain, therefore, that an 
etch pit can be formed, possibly by a mecha- 
nism similar to that responsible for crystal 
growth, wherever dislocations meet habit 
surfaces. 

The further possibility that dislocations 
might be responsible for the formation of etch 


Introduction 


pits on surfaces other than habit faces has 
been suggested by the studies of micro-etch 
patterns on pure aluminium crystals made by 
Lacombe (1944-1948). The alignments of pits 
often found after the polished surface (of an 
arbitrary orientation) of a well-annealed crysta 
had been etched could be identified with the 
traces of sub-boundaries. The small change 
of orientation of the lattice detected by X-ray 
measurements across an alignment predictec 
a wall of dislocations whose spacing appro 
ximately equalled that of a etch pits. Shock 
ley (1949) among others, suggested that eacl 
pit should therefore be developed where < 
dislocation in the boundary meets the free 
surface. This idea has been emphasized by 
Cahn’s studies of the polygonisation of ben 
and annealed crystals where he used the pre 
ferential etching along their traces in th 


surface to detect polygonisation boundarie 
(1949). 


* This paper was read at the Symposium o1 
Crystal Plasticity and Dislocation held at Nikko o1 
September 12th and 13th, 1953, on the occasion o 
International Conference of Theoretical Physics 
No alteration of the text was made since then. 
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However, although we know that disloca- 
tions can stimulate etching, there remain the 
the questions of how many of the etch pits 
are due to dislocations and how many of the 
dislocations in a crystal produce etch pits. 
The number of dislocations in a simple tilt 
boundary can be determined from a measure- 
ment of the change of lattice orientation 0= 
Z2sin-(6/2h) where 6 is the length of the 
Burgers vector of each dislocation and i is 
their spacing in the wall. This relation has 
been investigated very carefully by Vogel et 
al. (1953) for (110) boundaries which meet 
(100) surfaces in Germanium crystals. The 
value of hk calculated from X-ray measure- 
ments agrees so well with the spacing of etch 
pits along the boundaries that at least 90 per 
cent of the dislocations in Germanium must 
produce pits. On the other hand, as a result 
of our observations on the etching of super 
purity aluminium by a technique similar to 
that of Lacombe, we have concluded that only 
a fraction of the dislocations in sub-boundaries 
produce etch pits and that these can only do 
so because they hold suitable amounts of 
chemical impurity. This work is still in 
progress, and the X-ray determinations of 
orientation difference have yet to be made. 
In the meantime any quantitative estimates 
made below are only tentative. 


§2. Description of Etch Patterns on 
Aluminium 


The observations to be discussed here have 
arisen from a re-investigation of the etching 
of aluminium described earlier by Lacombe 
(1948). We have prepared large grain-size 
polycrystalline specimens from super purity 
aluminium (99.999%, supplied by the British 
Aluminium Company) in four different ways. 
The surfaces of these have been carefully 
prepared by a ‘polish etch’ technique,* fol- 
lowed by a lengthy ‘electropolish’ in a bath 
of perchloric acid, alcohol and ether, and then 
etched by immersion in a concentrated mixture 
of nitric acid, hydrochloric acid and hydro- 
fluoric acid (Lacombe’s etchant). All of the 
micrographs described here are of surfaces 
which have been etched for one or two seconds 
only. 


§3. The Growth of Etch Pits 


From a succession of polishes followed by 
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etching for successively longer periods from 1 
second to 32 seconds we have concluded that, 
whereas the density of pits does not increase, 
the pit size is very dependent on the length 
of etching. Successive immersions in the 
etchant with an intermediate polishing of the 
surface which does not completely remove the 
old pattern produce new distributions of etch 
pits; that is, pits already established in the 
surface cannot usually be further developed 
after one removal from the etchant. 


$4. The Formation of Pit-lines 


The alignments of pits already described by 
Lacombe represent the traces of small angle 
sub-boundaries which lie approximately per- 
pendicular to the free surface. Fig. 1 shows 
part of the surface of a crystal which has 
been grown slowly from the melt by a travel- 
ling furnace technique; the alignments here 
tend to follow the growth direction. The pits 
in the alignments are by no means regularly 
spaced and we suggest that, since the dis- 
location array in a sub-boundary can be ex- 
pected to have a fairly regular structure, only 
a fraction of the dislocations actually produce 
pits. Although the general form of the align- 
ments can be reproduced by polishing and 
etching the surface again there is no pit for 
pit correspondence between the patterns even 
when only a few microns of aluminium are 
removed. The selection of dislocations which 
form etch pits appears to be more or less 
random. 

A ‘clear lane’ or strip of surface about 10 
microns on either side of the alignments which 
is almost free from etch pits wiil also be 
noticed in Fig. 1. A clear lane might be ex- 
plained by the condensation of dislocations 
from the surrounding crystal into the more 
stable arrays which we call sub-boundaries 
but there are alternative explanations which 
we shall discuss later. 


§5. Grain Boundaries in Crystals which 
have been Grown Slowly 
from the Melt 


Large grained polycrystals have been pre- 
pared ‘in vacuo’ by a moving furnace techni- 
que. A polished and etched surface shows a 
fairly uniform distribution of pits inside each 


“3 ‘Brasso’ metal polish on a rotating Selvyt 
Cloth pad. 
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grain which is broken only by pit-lines along 
the traces of sub-boundaries. There is never- 
theless a recognizable “ texture” in the group- 
ing of the pits over the surface of each grain, 
when seen at low magnification. It is re- 
markable that when grain boundary migration 
occurs, after growth or in a subsequent 
anneal, this “texture” still corresponds to the 
original grain pattern. The density of pits in 
a typical grain in about 10° per sq. cm., which 
is considerably lower than that of 10° per sq. 
cm. usually quoted for the number of dis- 
locations crossing each sq. cm. inside a well 
annealed metal crystal. This must mean that 
either only about 1 per cent of the disloca- 
tions in aluminium can produce etch pits or 
that present ideas of dislocation content must 
be modified. 

Fig. 2 is a typical micrograph showing the 
junction of three large graing in one of these 
specimens. Rather surprisingly we find that, 
although the individual grains are fairly uni- 
formly etched, there are very few etch pits 
lying on the grain boundary itself and in the 
surrounding surface for about 20 microns on 
either side. This lack of pits on large-angle 
grain boundaries and in the surrounding ‘clear 
lanes’ is not a surface phenomenon only since 
it has been reproduced after the removal of 
a large thickness of aluminium by electro- 
polishing. Therefore we conclude that in these 
specimens the grain boundaries are enclosed 
in a slab of metal, 40 microns in thickness, 
which will not etch because it is free from 
dislocations, or contains only dislocations which 
do not meet the free surface, or is chemically 
different from the greater part of the metal. 
These possibilities will be reviewed later in 
the light of further observations. Our ob- 
servations differ notably from those of La- 
combe in that, whereas he found a few ex- 
ceptional grain boundaries which were not 
attacked, we very rarely observe any attack 
on the grain boundary itself. 


§6. Grain Boundaries in Crystals Grown 
by the Rapid Cooling of Meits 


A fairly coarsely grained polycrystal is 
grown when an aluminium melt ina graphite 
boat placed inside a quartz tube with an 
atmosphere of argon is cooled rapidly by the 
removal of the furnace. Fig. 3 shows the 
kind of etch pattern produced on the polished 
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surface of such a specimen. The density of 
pits inside individual grains is about the same 
as that found for slowly grown grains and is 
fairly uniformly random apart from occasional 
pit-lines which must locate the traces of sub- 
boundaries. Again, there are very few pits 
lying on the grain boundaries and in the sur- 
rounding clear lanes. The important distinc; 
tion between this kind of etch pattern and 
that described in the previous section, how- 
ever, is that the clear lanes are separated 
from the uniform distribution inside each 
grain by dense clusters of pits. The pits in 
the clusters are some three or four times 
closer together than in the centres of the 
grains. 

It is this clustering of pits around the grain 
boundaries which has suggested to us that 
the formation of an etch pit in the surface 
of an aluminium crystal is dependent on the 
accumulation of impurities as well as on the 
presence of a dislocation. We can expect 
most kinds of solute to remain preferentially 
in solution in the melt during growth until a 
certain concentration is reached. Therefore, 
when a large number of different grains nu- 
cleated at about the same time are growing 
from a rapidly cooled melt, the impurities 
will largely separate from the melt only dur- 
ing the final stages of growth to be accumulat- 
ed around the boundaries where neighbouring 
grains meet. It is possible that these im- 
purities are precipitated on dislocation lines 
from solid solution during the cooling down 
process, and that preferential etching at a 
dislocation is due simply to the presence of 
the precipitate. The precipitate need not be 
uniformly distributed along a dislocation line, 
indeed, the micrographs showing the segrega- 
tion of photolytic silver on dislocation lines in 
crystals of silver bromide prepared by Hedges 
and Mitchell (1953) shows clearly that the 
silver separates in discrete particles. This 
means that a surface prepared by taking a 
section through a crystal containing a uniform 
array or network of dislocations each with a 
randomly distributed precipitate will not show 
a uniform etch pattern but wili contain etch 
pits only where it cuts through precipitate. 
The precipitates on the dislocation lines can 
be expected to be more closely spaced and 
therefore more likely to be intersected by the 
surface where impurities are initially con- 


a 


centrated in solid solution. 
under discussion here (Fig. 3) this occurs 
around the grain boundaries where we observe 
the dense clusters of etch pits. Further sup- 
port for this idea that the clusters of pits 
coincide with accumulations of impurity might 


In the example 


| be derived from Fig. 4 which shows how a 


grain boundary has straightened out from its 
‘cast’ position (indicated by the clusters of 


' pits in the upper right hand corner) to its new 
' position where it is no longer surrounded by 


clusters. 
it is unlikely that the 40 micron wide slab 
of metal beneath the clear lanes around grain 


’ boundaries in these and the slowly grown 
_ specimens is completely free from dislocations 
* and we might have to infer that it consists 


of very pure aluminium where none of the 
dislocations hold impurities and therefore can- 
not stimulate etching. 


§7. Boundaries in a Dendritically Grown 
Crystal 

When a melt of aluminium in a graphite 
boat inside an evacuated quartz tube is cooled 
rapidly by removing the furnace quickly, it 
undergoes a certain degree of super-cooling 
and solidifies dendritically. A dendritic 
skeieton of solid aluminium, essentially - good 
single crystal, grows rapidly through the melt. 
The solidification in layers near the surface 
is completed by a thickening of the dendrite 
arms and where portions of solid growing on 
neighbouring arms meet a ‘dendrite boundary’ 
is formed. Should the arms become slightly 
misoriented during growth, by mechanical 
shock or by the action of convection currents 
in the melt, we can expect a small change of 
lattice orientation here; that is dendrite 
boundaries are likely to be sub-boundaries, 
consisting of grids of dislocations. As expect- 
ed a dendrite boundary is often delineated by 
a line of etch pits (Fig. 5). 

Again the appearance of dense clusters of 
pits around the boundaries, where we expect 
impurities to be accumulated during the final 
stages of solidification, is consistent with the 


hypothesis that precipitates of impurity are 


_ few etch pits. 


primarily responsible for the etching. The 
surface beyond the clusters contains only very 
This is understandable if the 
impurities in the melt fail to separate until 
the final stage of solidification under the 
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conditions of cooling responsible for dendritic 
erowth. 


§8. Boundaries in a Polyerystal where 
Grain Growth has taken Place 
After Straining and Annealing 


Large grains have been prepared by initially 
straining and then annealing fine grain poly- 
crystals cut from a stock of super purity 
aluminium. The pattern of etch pits on these 
can be completely described as a random one 
(see Fig. 6 for example). There are no pit 
lines in the individual grains, which agrees 
with the results of the investigation of sub- 
structures in aluminium by Lacombe (1948) 
and by Guinier and Tennevin (1950) who found 
that polygonisation did not occur if the condi- 
tions of straining and annealing supported 
ordinary recrystallisation. The random dis- 
tribution of pits is unaffected by the presence 
of a grain boundary; there is no outstanding 
lack or concentration of pits on or around it. 
There is thus a remarkable difference between 
boundaries in specimens which have been 
melted ‘in vacuo’ or in argon and those in 
specimens which have never been heated above 
about 600°C since manufacture. This suggests 
to us that some impurities in the metal as 
received are present in the form of particular- 
ly stable precipitates which cannot be totally 
dispersed without heating to a higher tem- 
perature than this, or melting, and that these 
remain as nuclei determining the sites of 
solute precipitation on cooling, and the location 
of etch pits, irrespective of solute concentra- 
tion and dislocation structure. 


§9. A Mechanism for the Etching of 
Aluminium 


The alignment of pits along the traces of 
sub-boundaries in the crystals is a clear indi- 
cation that solution can occur where disloca- 
tions meet the surface. However, the lack of 
regularity in the spacing of pits in the align- 
ments suggests that every dislocation cannot 
stimulate etching. The clustering of etch pits 
around grain and dendrite boundaries in speci- 
mens solidified from a rapidly cooled melt 
can be explained by the accumulation of im- 
purities here if we visualise an increased case 
of attack of the aluminium around dislocations 
where the impurities have been precipitated 
during cooling. Solution of aluminium in the 
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etchant used should proceed easily once the 
protective oxide film on the surface has been 
pierced and it is likely that this penetration 
would be assisted by small amounts of pre- 
cipitate in the surface. Therefore, we consider 
that etch pits in aluminium are formed at 
dislocations only where these function as 
precipitation centres for impurities. There 
cannot, on the other hand, be any large 
proportion of pits due to precipitate particles 
not associated with dislocations (except in the 
strain-anneal specimens), or the alignments of 
pits at subboundaries would not be so clearly 
recognizable. 

The precipitate need not be continuously 
distributed along the dislocation lines but 
might be expected to be more concentrated 
on those dislocations where impurities have 
been accumulated during solidification. There- 
fore, etch pits, formed only where the surface 
cuts through the precipitates, tend to cluster 
around grain and dendrite boundaries, but are 
more widely spaced over the remainder of the 
surface. 

A discontinuous precipitate is necessary to ex- 
plain why the etch patterns cannot be re- 
produced pit for pit after intermediate polish- 
ing. It will also account for the non-regularity 
in the spacing of pits in the alignments. It 
is here that we can estimate the fraction of 
dislocations which produce pits. If this frac- 
tion is fp, elementary statistical theory shows 
that if p is 0.1 or less, 13.5% of the intervals 
in a pit-line will exceed twice the mean 
interval, whereas if p exceeds 0.5 this fraction 
is less than 8.7%. By this sort of test we 
judge that in Lacombe’s specimens ? is fairly 
large, exceeding 0.5, whereas in our specimens 
p is only as large as this where there is reason 
to believe impurities are locally concentrated. 
The probable reason for the difference is the 
higher purity of our Aluminium (99.999% 
against Lacombe’s 99.99%). 


$10. The Origin of the ‘Clear Lanes’ 
Around Grain Boundaries 


Clear lanes where the surface is free from 
attack by the etchant are apparent around 
grain boundaries in both rapidly and slowly 
cooled melts, around dendrite boundaries and 
around sub-boundaries. The original sites of 
grain boundaries from slowly cooled melts, 
where impurities presumably originally ac- 
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cumulated are marked by bands where the 
attack, although not so markedly absent as 
around the present positions of the boundaries, 
is very limited. 

In some cases it can be seen that consider- 
able grain boundary migration must have 
taken place during cooling. If the boundaries 
are moved further by successive anneals at 
600°C the etch patterns always cantain clear 
lanes around their new positions but show no 
trace of the previous intermediate positions 
of the boundaries or of their passage through 
the material. 

We consider here only two of the possible 
explanations for the occurrence of clear lanes. 
Neither of these is completely satisfactory. 

The first explanation considers that the 
clear lane lies above a slab of material which 
is chemically different from the remainder of 
the metal. If a boundary, whether a small 
angle sub-boundary or a large angle grain 
boundary, presents a better site for the pre- 
cipitation of impurities than a single disloca- 
tion, solute will tend to diffuse with it from 
the surrounding grains during cooling. Less 
solute will be precipitated on the dislocations 
surrounding the boundary so that the pro- 
bability of an etch pit being formed here will 
be considerably lowered. Such a diffusion 
process taking place during only a few minutes 
cooling would demand a diffusivity of about 
10-*§cms.? per sec. which is improbable unless 
the impurities are dissolved interstitially in 
the aluminium. 

The second explanation considers that the 
dislocation lines surrounding the boundaries, 
having a considerable line tension, will tend 
to orient themselves normal to the boundaries. 
Since grain boundaries likewise tend to orient 
themselves perpendicular to the free surface, 
a surface of polish parallel to the free surface 
will likewise be parallel to the dislocation 
lines in the neighbourhood of the grain bound- 
ary, while making a fair random section of 
them elsewhere, provided that it is at a depth 
of a few tens of microns. Such an effect 
must logically be expected, but it has been 
shown not to be the principal cause of the 
clear lanes, by comparing the width of the 
clear lane on a surface which cuts a grain 
boundary perpendicularly with that on a sur- 
face which cuts the boundary obliquely at an 
angle of 30 degrees, Figs. 7, 8 show that 
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' the clear lane appears to be considerably 
wider on the oblique surface which is what 
| we might except only if it lies above a slab 
of chemically different material. We there- 
' fore conclude that the absence of etch pits 
/ near a grain boundary is to be attributed to 
an absorption of solute into it. The high 
diffusivity at a boundary would allow this 
solute to be precipitated as a small number 
of large precipitate particles, giving only a 
small number of etch-pits. The difficulty 
regarding the high diffusivity is removed if 
we suppose the diffusivity to be high along 
the dislocalion lines. This would suffice to 
reduce the solute concentration along these 
lines, in the neighbourhood of a boundary, 
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and so suppress the nucleation of precipitates, 
while still leaving the concentration in the 
remainder of the surrounding crystal high. 
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On the Plasticity of Silver Bromide® 


H. KANZAKI 
Institute of Industrial Science, University of Tokyo, Chiba City, Japan 


Experimental study cn the plastic deformation and the recovery process 
from strain hardening is described on the single crystals of silver 


bromide. 


The various sorts of defects created during deformation are separated 
in each stage of recovery process, because of the difference of mobility 


energies. 


The difference of the mobility energies is also revealed in the 


change of the temperature dependence of excess ionic conductivity dur- 


ing the recovery process. 


From the measurements of the change of excess ionic conductivity and 
the release of energy in the recovery process, the number of defects 
produced by deformation at room temperature was determined to be 1077 


per atom of anti-Schottky defects and 10-‘ per 


defects. 


atom of Schottky 


Some discussions are given on the mechanism of recovery from 
hardening and on the life time of defects in the recovery from strain 
hardening and in that from thermal quenching. 


§1. Introduction 

There are close connections between lattice 
defects and dislocations. In the case of silver 
halides, we have already several experimental 
results which indicate the intimate connections 
between defects and dislocations”. 

Some experimental investigations on the 
nature of defects introduced by the plastic 


deformation of silver bromide single crystals 


will be described in this article. 

The reasons for our selection of silver 
bromide as an example of inoic crystals are 
as follows. 


* This paper was read at the Symposium on 
Crystal Plasticity and Dislocation held at Nikko 
on September 12th and 13th, 1953, on the occasion 
of International Conference of Theoretical Physics. 
No alteration of the text was made since then. 
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(1) The nature of the ionic conduction has 

been studied in detail by Teltow” and 
Kurnick® 

(2) The direct experimental evidence has 


been obtained by Hedges and Mitchell” on 
the polygonized structure in the recovery 
process, and by Goddard and Urbach® on 
the preferential ionic conduction through 
grain boundaries. 


§2. Experimental Results Obtained 
§ 2-1. Specimens 

Sample used in this experiment was pre- 
pared from the powder of silver bromide 
specially made by the Research Laboratory 
Fuji Photo Film Co., Ltd.. Single crystals 
(5cm in diameter and 2cm in height) were 
obtained by slow cooling method from the 


melt. The purification by ‘‘ zone melting’”’ 
method was adopted in the solidification 
process. The virgin specimens were cut 


from these crystals, annealed at about 400°C 
and then slowly cooled to the room tempera- 
LUGE. 


$2-2. Strain hardening 


Plastic deformation was given by compres- 
sion at the room temperature of about 25°C. 
Fig. 1 shows the stress-strain curve of our 
crystals. The magnitude of strain-hardening 
is nearly equal to that of aluminium crystals. 


——~ percent) 
° = te 1 


0 10 90 30 


Fig. 1. Stress-strain curve for AgBr 
(after compression test). 


crystals 


§ 2-38. Enhancement of ionic conductivity 
and its recovery 


Conductivity of the specimen, in this ex- 
periment, was measured by the method of 
voltage pulse and galvanometer, similar to 
that used by Etzel and Maurer®. The charge 
passed through in the single measurement 
was about 10-* coulomb for specimens of 1 
cmxlcm and 0.5cm in thickness. The 
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direction of the current was reversed in each 
and the validity of the Ohm 
law was checked in every experiment by 
varying the height of voltage pulses. All 
measurements at and below room tempera- 
ture were carried out in the vacuum of about 
10-2? mmHg. 

The knee point in the log (conductivity) vs. 
1/T curves was about 50°C for annealed 
specimens. The activation energy for con- 
duction below the knee point was about 
7,800 ~8,200 cal/mol (from the measurements 
between 28°C andi ¥0°O))) Dhis™valuemeon 
activation energy corresponds to the value of 
Ag* vacancy mobility energy of 8,300 cal/ 
mol obtained by Kurnick*”. 

The specific conductivity at 28°C increased 
from 2~3x 10 (QO. cm) to 13 ~16< 10s os 
cm)7!, by the deformation of about 35 percent 
(decrease in height). All recovery experi- 
ments described below were carried out on 
the specimens subjected to almost the same 
degree of cold-work of 35 percent compres- 
sion. 

Preliminary experiments on the tempera- 
ture dependence of excess conductivity due 
to cold work have shown that conductivity 
of deformed crystal is given by the following 
formula. 


o=Aexp(—U/kT)+B exo(—( —*4 U7, ye 


where, 


measurement 


o, ionic conductivity of deformed crystal, 
U, mobility energy of defects introduced by 
cold work. 

mobility energy of defects existed in 
thermal equilibrium. 

formation energy of defects existed in 
thermal equilibrium, 


and values of A and U are the function of 
degree of cold-work and of time of annealing. 

Fig. 2(a) shows the change of excess con- 
ductivity in the course of annealing, obtained 
for two different samples with almost the same 
degree of cold working. These curves were 
obtained under strictly uniform heating rate 
of 1.5 minute per 2°C (the same heating rate as 
the specific heat measurement described 
later). All measurements were carried out 
at 28°C, after corresponding annealing. It is 
seen that the recovery, the decrease of excess 


_ groups of anomalous specific heat. 
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conductivity, is composed of three succeeding 
processes. 

Fig. 2(b) shows the change of mobility 
energy U of excess conductivity obtained 
from the measurements of conductivity below 
room temperature. 

Fig. 2(c) shows the change of hardness 
(indentation depth of steel ball of 3.18mm 
in diameter). 


§ 2-4. Anomalous 
recovery 


specific heat due to 


Specific heat of deformed crystals was 
measured from room temperature to about 
300°C under constant heating velocity of 1.5 
min. per 2°C. The apparatus for specific 
heat measurement was that used in the 
measurement of specific heat anomaly of 
cold worked Cu single crystals®. But the 
measurements in this case were carried out 
in the atmospheric pressure. The accuracy 


' and reproducibility of the measured value of 
_ the specific heat was within one percent in 


the case of annealed crystals. The values 
of Cp of cold worked crystals and annealed 
crystals have shown good coincidence within 
0.5 percent at the temperature where no 
anomaly was observed. 

Fig. 2(d) shows the existence of three 
It is seen 


_ that each group of anomaly is composed of 


_ observed in each recovery process. 


two stages; two valleys of specific heat are 
This 


_ corresponds to the existence of two stages in 


the recovery of cold worked copper”. 
In the measurements of three samples 


_ subjected to the same degree of cold work, the 


temperature of anomaly was_ reproducible 


within 10°C under the standard heating rate 


and was almost the same for a sample which 


was heated under one and a half as large 


heating rate. 
Energy released in each of these six stages 


was found to be as follows, 


first recovery process, 
first stage ----- 2.6~2.8 cal/mol, 


second stage---1.4~1.9 cal/mol, 
second recovery process, 

first stage ----- 1.8~2.1 cal/mol, 

second stage: --2.3~2.6 cal/mol, 
third recovery process, 

first stage ----- 1.9~2.5 cal/mol, 

second stage::-1.3~1.9 cal/mol. 
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These values were obtained from the 
measurements for three samples subjected to 
almost the same degree of deformation. Total 
energy released, 12 cal per mol, corresponds to 
30 percent of the external work of 40 cal 
per mol. 


§ 2-5. Activation 
process 


energy of recovery 
Activation energy of recovery process was 


obtained for three recovery processes from 
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Fig. 2. Recovery of cold worked single crystals 


of AgBr (subjected to 35 percent compression) 

under constant heating velocity of 1.5 min. per 

DAC. 

‘a) Specific conductivity at 28°C against an- 
nealing temperature (for two samples). 

b) Mobility energy U of ionic conduction 
(from the value of conductivity between 0°C 
and 28°C). 

c) Hardness at room temperature; indentation 
depth of steel ball of 3.18mm in diameter 
(for two samples). 

d) Specific heat Cy» vs. temperature. White 
circles are obtained for deformed sample and 
black circles for annealed sample. 
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the decrease of excess conductivity at 
constant temperature. In the usual expression. 


tT=T, exp(E/RT) -+-(2) 


the value of relaxation time rt was obtained 
from the inflection point in a plot of con- 
ductivity against log (annealing time). This 
method of obtaining t is convenient, because 
it does not require a knowledge of the final 
value after complete recovery. 

Fig. 3 shows the temperature dependence 
of the value of + obtained from the measure- 
ments of conductivity and hardness. The 
values of t, and & in equation (2) were cal- 
culated from these data. 

For the first recovery process 


T9=4~8X 107 sec, H=3,900~4,600 cal/mol. 


This value of £ may agree with the mobility 
energy of Agt interstitial ions 3,400 cal/mol 
by Kurnick*. 

For the second recovery process, 


To=1~3X10- sec, E=8,500~9,300 cal/mol. 
For the third recovery process, 


Ty=1~2xX107! sec, E=8,500~9,300 cal/mol. 
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Fig. 3."2 Relaxation time ct for the three recovery 
processes from strain hardening vs. 1/7. White 
circles from conductivity measurements and 
black circles from hardness measurements. 


This value of E& in the second and the third 
recovery processes may agree with the 
mobility energy of Ag* vacancies 8,300 cal/ 
mol by Kurnick*®. 
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§ 3. Discussions 


§ 3-1. Classification of defects generated 
by the motion of dislocations 


The mechanisms of production of defects 
from moving dislocation may be divided into 
two following categories® ; 

(1) thermal creation, and (2) geometrical 
creation of defects. 

Thermal creation of defects may be thought 
as similar to the thermal quenching of de- 
fects near slip bands. Defects thermally 
created in our case may be, 

Ag* interstitials and Ag* vacancies (Frenkel 

type), and Ag* vacancies and Br-~ vacancies 

(Schottky type). 

Geometrical creation of defects may be the 
production of defects in the ‘‘ wake’’ of 
jogs in the screw dislocations. Defects 
geometrically created in our case may be, 

the row of Ag?* interstitials and Br- in- 

terstitials (anti-Schottky defects), and the 
row of Ag* vacancies and Br-~ vacancies 

(Schottky defects). 


§ 3-2. Existence of two stages in each of 
three recovery processes 


(1) In the first stage of each recovery process, 
experimental results obtained show; 

large decrease of conductivity, 

decrease of mobility energy U (second and 

third recovery processes), no change of hard- 

ness (second and third recovery processes), 
and anomalous specific heat. 

It may be concluded that this stage may be 
thought as the process of diffusion of defects 
to the ‘‘jogs’’ of edge dislocations. This 
stage may bring the decrease of number of 
free defects and the decrease of the projected 
area of dislocations in the plane normal te 
the Burgers vector. 

(2) In the second stage of each recovery 
process, obtained results show; 

small decrease of conductivity, 

increase of mobility energy U (second anc 

third recovery processes), decrease of 

hardness (second and third recovery 
processes), and anomalous specific heat. 

It may be concluded that the decrease of 
dislocation density, or the annihilation of dis- 
location rings occur in this stage. In the 
next paragraph, we may treat these three 
processes rather quantitatively. 


ed 


Sor 


in these processes. 
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§ 3-3. Three recovery processes 
(1) First recovery process. 

The faster moving component in this re- 
covery process is thought to be Agt 
interstitial ions from the value of activation 
energy of the recovery process obtained in 
§ 2-5. 

Decrease of conductivity of 5x10-® (Q. 
cm) at 28°C corresponds to the vanishing 
of 10-‘ Ag* interstitial ions per atom. If 
the vanishing pair is that of Ag* interstitials 
and Ag* vacancies, the released energy is 
expected to be only 0.003 cal/mol, because 
the formation energy of Frenkel defects is 
28,000 cal/mol after Kurnick®. In order to 


satisfy the value of 2.5 cal/mol released in 


the first stage, we presumably must adopt the 


_ vanishing pair of Ag* intersitials and Br- 


interstitials. 
Vanishing of Ag* interstitials results the 
increase of mobility energy U, because the 


' components govering the ionic conductivity 


change from the mixed state of Ag?* intersti- 
tials and Agt vacancies to the state of Ag* 
vacancies only. 

In the second stage, we expect the an- 
nihilation of dislocations. But, on the other 


_hand, two following possibilities might be 
- expected in order to explain the increase of 


conductivity and hardness as observed in Fig. 


m2. hese are; 


1. formation of jogs or replenishment of 


_ jogs and creation of defects during shrinkage 
| of dislocation rings by the intersection of 
' dislocations with each other. 


2. Collision of dislocations with clusters 


of defects during passage of dislocations. 
! . . * 

| This may result the dissociation of cluster 
on the one hand and the formation of new 


jogs on the other hand. 


| We may favour the second mechanism con- 
' sidering the energy consumed in the process. 


_ (2) Second and third recovery processes. 


The faster moving component in these two 
processes may be the Ag* vacancy from the 
value of activation energy of recovery obtain- 
in §2-5. These two processes are 
satisfactorily explained by the vanishing of 
Schottky type defects, Ag* vacancies and 
vacancies. From the decrease of con- 
ductivity, 10-* Ag* vacancies per atom vanish 
If we adopt the value 
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34,000 cal/mol for the formation energy of 
Schottky defects®®, the released energy is 
3.4 cal/mol, which shows good agreement 
with the measured value of 2.0+2.0=4.0 cal/ 
mol released in the first stages of these 
processes. 

The difference between these two pro- 
cesses, that is, the difference of r, between 
them may be explained as follows. In the 
second recovery process defects may condense 
to the jogs replenished in the later stage of 
the first recovery process, that is, jogs in the 
rather small dislocation rings. In the third 
recovery process, on the other hand, defects 
may condense to jogs in the rather large 
dislocation rings. The rather large decrease 
of U in the third process shows that the de- 
fects spend their time and wander to and fro 
in the neighborhood of dislocations. The 
calculation on the change of U was done by 
using the results obtained by Kurnick® on 
the change of mobility energy due to 
hydrostatic pressure. The result shows that 
the decrease of U observed here may well 
occur near dislocation centers. 

The results obtained above may agree with 
results by Hedges and Mitchell” who observ- 
ed polygonized structure in deformed speci- 
mens which was annealed at about 350°C. 

The sum of the energy released in the 
second stages in three recovery processes 
may be thought as the total energy of dis- 
locations produced in the course of de- 
formation. If we assume the energy of 
dislocations as 2 eV per atomic plane, we 
obtain the dislocation density of 10! lines 
per cm? from the value of released energy 
5.5 cal/mol. 


§ 3-4. Life time of defects 


We shall briefly discuss the problem of life 
time of defects from our experimental 
results. 

Nowick! has made experiments on the 
recovery from thermal quenching of silver- 
zinc alloys and obtained the value of 10*~ 
10° jumps for the life time of thermally 
quenched defects. The life time of Schottky 
defects of thermally quenched AgBr crystals 
was found to be about 10’~10® jumps’, and, 
from the value of tr) obtained in § 2-5, the 
life time of defects produced by cold work- 
ing is calculated to be 10!°~10" jumps. The 
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life time of defects produced by plastic de- 
formation is, in our case, larger than that 
of defects quenched thermally. 

It may be concluded that number of jumps 
of defects is determined by the density of 
jogs in dislocations rather than the density 
of dislocations as postulated by Nowick. 
Details of the quenching experiments and 
discussions will be reported elsewhere!. 


§ 3-5. Cluster of defects 


Considering the rather small binding energy 
of defect pairs in AgBr compared with 
NaCl, pairs of opposite sign may have 
only transient existence in our case. But, 
of course, diffusion of Br~ ions may require 
the assistance of clusters. Measurements on 
the dielectric loss of deformed crystals will 
be reported by Sumita. 
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The Velocity of Dislocations*t 


By J. 8S. KOEHLER 
University of Illinois Urbana, Illinois, U.S.A. 


The theory of Mott and of Fisher, Hart, and Pry for the production 
of slip bands is considered. This theory suggests that the kinetic energy 
of dislocations is what keeps glide on a slip band going; it also asserts 
that the process is stopped by the back stress resulting from dislocation 
loops previously generated at the Frank-Read source. Experimental 
observations giving the damping experienced by a dislocation and giving 
the velocity of glide are used to show that the potential energy of a 
dislocation is in general more than a hundred times the kinetic energy. 
Present evidence indicates that the rate of glide decreases by a factor 
of about fifty during the production of a single slip band in aluminum. 
Present data also indicates that twinning requires rapid dislocations 
whereas slip seems to demand slow dislocations. A way of reconciling 
these observations is suggested. 


They suggest that this kinetic energy is 
the reason why many loops rather than one 
loop are generated at a single source. They 


Experimentally it is found that during de- 1. 
formation of a crystalline material a shearing 
displacement of several thousand angstroms 
will often occur on what appears to be a single 
atomic plane. In aluminum the amount of 
shear per plane is about 2000A and is nearly 
independent of temperature and rate of de- 
formation. Mott and Fisher, Hart and Pry” 
suggest that this result can be understood by 
supposing that damping is unimportant so that 
energy is conserved in the formation of such 
a glide lamella. It is the purpose of this note 
to present evidence which indicates that 
damping is important, and that the genera- 
tion of Frank-Read dislocation loops® is not 
materially aided by kinetic energy. Differences 
in the rate of slip and twinning are noted. 

Mott and Fisher, Hart and Pry suggest that 
the development of a glide lamella using a 
single Frank-Read sourca of dislocations 
occurs in the following way. The first dis- 
location loop is generated from an initially 
static dislocation. The applied resolved shear- 
ing stress necessary to reach the critical state 
(i.e., stage 2 in Fig. 1) is: 

6=Gb/L (1) 
where Z is the free length of the dislocation, 
G is the shear modulus, and 0 is the Burger’s 
vector giving the strength of the dislocation. 

According to the above authors the additlonal * This research supported in part by the U.S. 
length of the central portion of the disloca- Office of Ordnance Research. 
tion in stage 4 (see Fig. 1, portion AAA) + This paper was presented to the Symposium 


Fig. 1. Various stages in Frank Read loop 
generation. 


Fig. 2. Configuration adopted for K.E. 
calculation. 


also propose that the loops already emitted 
exert a back stress which increases as the 
number of completed loops increases and that 
this eventually stops generation. 


represents additional potential energy hic co Crystal Plasticity and Dislocation held at Nikko 


is converted into kinetic energy as the source 
snaps through the initial position BBB of Fig. 
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on September 12th and 13th, 1953, on the occasion 
of International Conference of Theoretical Physics. 
No alteration of the text was made since then. 
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They suppose that the kinetic energy avail- 
able can be calculated approximately if the 
portion AAA of the dislocation which will 
again become the source is taken to be a 
circular arc as in Fig. 2. The kinetic energy 
available is then: 

LO 
sin 6 
where v=G0?/2 is the potential energy per 
unit length of dislocation line, and @ is half 
the angle subtended by the arc. It should 
be emphasized that equation 2 is only valid if 
the energy dissipated during the straighten- 
ing of the arc is negligible. 

Consider the straightening of the arc when 
damping is present. The equation of motion 


of the pinned down dislocation loop is®: 
OY UG Os, Le, OW es py 
0D ee) aw t 2 ay +(¢—6») 

(3) 


where the coordinates are shown in Fig. 3. 


K.E.=r( ) no damping (2) 


Fig. 3. 


Coordinates used for damped 
loop motion, 


In equation 3 the first term on the left is the 
inertial force; the second term is the force on 
an element of the dislocation which results 
from its line tension; the third term is the 
damping force, which is assumed proportional 
to the velocity of the element. The fourth 
term represents the force resulting from the 
applied stress o and the back stress o,. In 
the above equation p is the density of the 


material and B is the damping constant. The 
boundary conditions are: 
Oy 
== () at all x ==( 
ay at all x i ——\\) 
Tah) Bic r= (4) 
y=0 ate gaa 12 all ¢ 


where f(z) is a given even function of 2 which 
should describe initial displacements resembl- 
ing the arc of Fig. 2. A suitable trial solu- 


tion is: 
_ oe 


(5) 


y={Rie ®1' + Roe b2"}. cos sah A( 
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This satisfies the differential equation if: 


1 ps 2G 
= eB Pee ee her foe 
e on +)/B fe 
fm yd g[B- ym 220CP | (6) 
~~ 2xob?| V ie 
and 
4 — (590) L 
‘ 4Gb 


This trial solution satisfies the last two bound- 


ary conditions (4). It satisfies the first 
boundary condition if: 
Ri fit R2p.=0 : ( 7 } 


In order to decide whether dynamical effects 
are important it will be necessary to insert 
numerical values for the quantities which 
appear in equations (6). The particular trial 
solution used is appropriate only if the motion 
is overdamped so that §$:; and f. are real 
quantities. This will be true if: 

neehiage plrU 

Measurements of the high frequency damping 
of elastic vibrations in very pure metal crystals 
can be interpreted by treating the damped 
oscillations of the pinned down dislocations 
present®. Two methods of freatment both 
lead to a value of B for copper which is 
9x10-gm sec*!cm7!. This, as will be seen 
shortly, is a rather large damping constant. 
At present there is no adequate theoretical 
proposal giving a value of B as large as 
necessary. Eshelby® and Leibfried” have 
devised theories which lead to values of B 
which are about one hundred times smaller 
than that given above. The assumptions 
made in evaluating B from the experimental 
data were: 


(8) 


(1) The damping force increases linearly 
with the velocity (as in equation 3). 

(2) A reasonable value of the density of 
dislocations in an annealed crystal was 
assumed (i.e. 107 to 108 dislocation lines per 
cm*). If smaller values for the dislocation 
densities are assumed then a larger value of 
B will be required to fit experiment. In 
addition the value of the yield stress which 
results from this dislocation density assump- 
tion agrees reasonably well with experiment. 

If we suppose that this large value of the 
damping constant is appropriate then the in- 
equality (8) becomes for copper: 


1955) 


2:0, 410? 50.972. 10-8 . 


Hence our supposition that the motion is 
overdamped is correct. From equation (6) it 
can be seen that with the values of the con- 
stants used here 6:8. and Ri<R,.. In fact 
for copper: 


Bi=2.86 x 10"sec7! 
B2=2.78 x 10’sec7} 
Ri =—0.445 x 10-8cm 
R,= 0.457x10-*cem 
A 9075054 10scm 


where we have assumed that the displace- 
ment at the center of the loop initially is 
0.207 Z=0.207 x 10-cm. We have also taken 
6—o»=1.12x108 dynecm~? which is the yield 
stress for Z=10-fcm. The time for the dis- 
placement to drop to zero is 2.18x10-8sec. 
Since the distance traveled is 2.07x10-°cm, 
the average velocity is 950cmsec-}. The 
velocity when the displacement at the center 
of the loop is zero is 695cmsec7}. This is 
much less than the speed of sound in copper. 
When the displacement is zero the ratio of 
the kinetic energy of the loop to the potential 
energy is: 


7 OU? a 
- ——-=3,()> he 
Pais G Ee 


Hence there is only sufficient kinetic energy 
available to generate about one tenth of an 
atomic length of dislocation. 

There is other experimental evidence that 
the dislocations responsible for slip travel 
slowly. Leibfried® has used a very sensitive 
mechanical strain gauge to observe the de- 
formation in pure aluminum single crystals 
when small increments of load are added. 
The great majority of the strain occurred 
gradually without sudden increments in strain. 
There were, however, occasionally increases 
in the strain rate which died out after times 
ranging from one second to one minute. The 
total change in length which occurred during 
such a transient was about 1000A. This 
length increase is just that expected for a 
process producing glide of 2000 A. Since the 
diameter of the specimen was 1.8mm we can 
estimate the velocity of the dislocations by 
assumming that the fastest transients occur 
in the case where the dislocation loops move 
freely to the surface without being held up 
at obstacles. There are two ways to calculate 
the time required for one dislocation to travel 
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to the surface. Either one can suppose that 
the source will not emit a second dislocation 
loop while the first loop is in the solid because 
of the back stress. Or we can suppose that 
the spacing is zZ as Fisher, Hart and Pry did. 
Since the first assumption results in a larger 
velocity and since we wish to show that no 
matter how one interprets the data one is 
still led to slow dislocations we shall use the 
first assumption. Thus the time required for 
one dislocation to travel to the surface is 1 
sec/no. of dislocs. per lamella=1/800 sec. The 
distance traversed is 0.09x1.414=0.127 cm 
thus the velocity is about 100cmsec7! which 
is not in serious disagreement with the 
figures resulting from the damping experi- 
ments. 

Becker and Haasen® have also made optical 
observations on the rate at which the glide 
steps appear on aluminum single crystals. 
The maximum rate of shearing displacement 
found by them at a glide step was 10-?cm 
sec-!. If each dislocation must travel about 
0.5cm to reach the surface and upon doing 
so produces an offset of 2.5x10-8cm, then if 
we make our previous assumption that only 
one dislocation at a time travels from source 
to surface one obtains a maximum velocity 
for dislocations of 2x104cmsec™!, i.e. about 
a tenth the speed of sound. This is of the 
order of the speed predicted by Leibfried” 
and Eshelby®. If one supposes that many 
dislocations are emitted during the time one 
travels to the surface then slower velocities 
are obtained. It should be pointed out that 
Becker and Haasen found that the rate of 
shear is a maximum in the early stages of the 
formation of a glide band. This may indicate 
that in the early stages of formation the 
damping is small and that it increases as glide 
occurs. Such an interpretation is consistent 
with the damping measurements which are 
made after a large number of oscillations of 
the dislocation loops have occurred. 

If this large initial value of the dislocation 
velocity is used then the ratio of the kinetic 
to the potential energy of the dislocation be- 
comes: 


Since this is about a tenth of the value used 
by Fisher, Hart and Pry it seems unlikely that 
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dynamic effects can be of importance in the 
generation of slip bands. 

There is however a phenomena in which 
dislocations may play a role which occurs 
rapidly. It has long been known that twinn- 
ing is accompanied by audible clicks. Mason, 
McSkimin and Shockley and Marx and 
Koehler'» have observed transient stress 
pulses resulting from twinning in tin and zinc 
respectively. Both groups of observers detected 
the puises by using piezoelectric crystals. 
Both groups looked for transients resulting 
from slip in aluminum and did not find pulses. 
Cottrell and Bilby!» and Millard and 
Thompson!) have suggested that twinning can 
result from the motion of a suitable disloca- 
tion. Mason, McSkimin and Shockley claimed 
that a fine structure in their stress pulse re- 
sulted from the motion of dislocations with 
the speed of sound. 

Further experimental work aimed at 
measurements of the velocities of dislocations 
in the slip process and in twinning would be 
extremely valuable. It may be that the dis- 
tinction between slip and twinning arises be- 
cause in slip the dislocations which follow the 
initial dislocation on the glide plane must 
travel through material which has in some 
way been altered by the initial dislocation. 


j. S. KoEHLER 
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In twinning if Cottrell and Bilby’s mechanism 
is correct a large twin can be produced by 
moving a single twin dislocation through un- 
disturbed material. 
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The Migration of Solute Atoms to Dislocation Arrays” 


By B.A. Bitey 


Royal Society Sorby Research Fellow, Metallurgy Department, 
University, Sheffield, England 


Vhe dislocation theory of strain ageing, as previously given for an 
isolated dislocation, is applied to the ageing of the dislocation array re- 
presenting a small angle tilt boundary, and a change in the time law of 


ageing is predicted. 


The ageing of the array, and of isolated dislocations, 


is also considered using a model which allows for diffusion, and for com- 
petition for the solute atoms between arrays, or between isolated disloca- 


tions. 


The results are compared with available data for the initial stages 


of ageing and further experiments are suggested. 


B1. 


In a recent theory of strain ageing (Cottrell 
and Bilby, 19497) the number of solute atoms 
N(t) which have arrived after time ¢ per unit 
length of a stationary edge dislocation initial- 
ly ina matrix of uniform concentration 
cm-*. was shown to be: 

N(t)=3 mp(22/2)/3(A/k)?/2(Dt/T)2/8 (CLs) 
k, D, and T are Boltzmann’s constant, the 
diffusion co-efficient of the solute, and the 
absolute temperature respectively. A is a 
constant depending on the maximum binding 
energy Vm of a solute atom in a dislocation, 
and for V;,=0.5 eV, has the value A=1.5 x 10-”° 
dynecm?. The theory predicts the initial 
ageing rates surprisingly well (Harper, 1951). 

In the analysis an isolated dislocation was 
considered, and it was assumed that the solute 
atoms were attracted to the dislocation only 
because of the dilatation they produced’ The 
effect of Fick’s Law and of “saturation” were 
ignored, so that the treatment applies only to 
the initial stages of ageing and when Vn>kT. 
The role of diffusion caused by concentration 
gradients is quite different when Vin>kT and 
when Vn<kT. In the latter situation, the 
final concentration everywhere is of the form 

n=M exp{—V/kT} 
and diffusion hinders the ageing process. This 
is the “unsaturated atmosphere”, and we do 
not discuss ageing under these conditions in 
the present paper. When V;,>kT, there isa 
region near the dislocation where the final 
concentration is limited by saturation (C.B.). 
The dislocation then acts as a kind of sink, 
lowering the concentration in its immediate 
neighbourhood. As ageing proceeds solute 
atoms will diffuse towards the dislocation to 
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restore the concentration. Diffusion thus in- 
creases the rate of ageing. 

In this paper we consider how the rate of 
ageing is modified when the dislocations are 
not isolated but in arrays. This problem is 
of interest in connection with the well known 
phenomenon of preferential precipitation of 
impurities in grain boundaries and _ intra- 
granular networks, and in the stabilisation of 
martensite and mechanical twin boundaries. 
Bend planes (Washburn, Parker et alia, 1952, 
1953) should also exhibit ageing phenomena. 
In §2 we apply the “initial stages” treatment 
of C.B. to the ageing of a small angle tilt 
boundary. This is not satisfactory for large 
angles of tilt, and we therefore treat also a 
different model allowing for diffusion. For 
comparison a single dislocation is treated in 
§3 using a similar model. Finally in §4 we 
allow for competition for solute atoms between 
collections of isolated dislocations. The results 
are discussed in §5. 


§2. The Ageing of a Small Angle Tilt 
Boundary 


The hydrostatic pressure P at a point (a, y) 
due to an infinite array of positive edge dis- 
locations of strength b’ at the points z=0, 
y=nh is readily calculated from the formulae 
of Burgers (1939). An atom producing local 
dilatation at any point has there an interac- 
tion energy V in the stress field of the array 
which is proportional to P. Thus: 


* This paper was presented to the Symposium 
on Crystal Plasticity and Dislocation held at Nikko 
on September 12th and 13th, 1953, on the occasion 
of International Conference of Theoretical Physics. 
No alteration of the text was made since then. 


+ Referred to as C.B. in the sequel. 
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The continuous lines are the lines of 
There is a positive 


dislocation at the origin, and the arrows indicate the direction of motion of 


an atom causing local dilatation. 


(2) 


where C is a constant and X=2z2/h, Y=2ry/h. 
The interaction due to the relief of shear 
stresses is neglected. For small X, Y: 
__2CY_ _ Chsin#g 
X24Y2, gr 

where z=rcos@, y=rsin@. Thus C=Az/h, 
where A is the parameter occurring in the 
single dislocation theory (C.B.). 

Consider now the migration of solute atoms 
towards a stationary array of this type, the 
initial solute concentration being everywhere 
m,cm-*. A solute atom moving in the stress 
field acquires a drift velocity relative to the 
array of s=—(D/kT)pV. This velocity is 
modified as the ageing proceeds by the effects 
of saturation and concentration differences, 
but these are ignored in the “initial stages” 
treatment. As with the single dislocation, 
y?V 0, and the equation of continuity: 


7-{(nD/kT)p V} = oe 


shows that the concentration (except at the 
singularities of V) remains constant and equal 
to m for all times ¢. This result is of general 
validity in problems of dilatation interaction in 
this approximation, provided that the body 
forces F; in the elastic problem are such that; 


OF ;/Oa=0 . 
It is convenient to introduce an orthogonal 
curvilinear co-ordinate system (#,v) by the 


(3) 


transformation: 

W=u-+iv=—coth (z2/h) (4) 
where z=x-+zy. The loci w«=constant, which 
are the flow lines, and v=constant, which are 
the lines of constant V, are shown in Fig. 1; 
this drawing indicates only the general nature 
of the # and wv lines, and not their exact 
shape. The drift velocity becomes: 


s=—(DC/kTH)i 


where 7 is a unit vector perpendicular to the 
line v=constant and: 


ome [{(e-+1)? +02} {(u—1)2-+ 0} 172 * V4 
The dislocation at the origin is typical. It 
collects solute atoms from a strip bounded by 
two successive lines |%|=1, v>0; where |X} 
is large this is approximately the strip 
—372/2<Y<n/2. All the atoms in this strip 
enter the line sink at the origin, and the 
number which cross the boundary v=—vwz, 
U0 between ¢ and ¢+d¢ in a filament of 
unit length along the dislocation line is; 


aN (t)=(mDC/kRT) du dt 


which is independent of vw. As the ageing 
proceeds the regions near the dislocation are 
drained of solute atoms and the limits of the 
integration required to find N(Z) are functions 
of z. These limits are found by calculating 
the time 
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fe)=(kTI#/DCn)\"" Edy 
for complete transit of a flow line from v= 
+oo to v=—oo, and solving the resulting 
equation for w. This gives a qradratic equa- 
tion for w(¢), |w|<l and a cubic for 22(2), 
|z|>>1. Thus 


t Us 
IN Ey 2nyDERT)| \\ ‘ a Sir | , du\ at 


0 Uy spi! 


= (2m DCRT)\ (usta) 5 (6) 


0 

We introduce a_ characteristic time #= 
(RTh?/2DCz), the time for an atom to move 
by the shortest path from the v=-+o region 
of one dislocation to the y=—o region of the 
next. N(Z) is a complicated function, but 
approximations for the regions t<f# and ¢% 
may be obtained as follows. All flow lines in 
the region |z!<1 contribute until z=z% so 
ui(t)=0 for <t. When t<h, u is large and 
Uw2>U, SO u(t)~(%)/t)\/*. Thus for th, N(d) 
tends to the expression (1) for the single dis- 
location. On the other hand, if #>H, m(f)= 
(1—*)/t)/?~1—4(f)/2), while a simple iteration 
method gives w.(f)~1+4(t)/t), thus; 
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n (t/fo) (ive) 
where Z replaces zero in the lower limit of 
the integral. It is not easy to make a reliable 
estimate of the range of hk values for which 
the approximations (1) and (7) are valid. For 
iron we may take A=1.5x10°-2"dynecm.?; 
then for T=288°K we find for Df>10-“cm.? 
that £>10 4 when ¢=0'/h>9.5°, and for 
Dt<10-¥cm.?, #<%/10 when ¢<0.43°. It does 
not seem worthwhile to evaluate (6) numerical- 
ly for intermediate ¢/f values until the ap- 
propriate experimental! data are available. 
The form of equation (7) suggests however 
that it is not legitimate to ignore the effect 
of diffusion. The array rapidly absorbs the 
solute atoms in its immediate neighbourhood, 
and thereafter the rate of accumulation is 
very slow. In fact, solute atoms will diffuse 
towards the array to restore the concentration 
in its neighbourhood, and N(¢) will increase 
more quickly than (7) indicates. This process 
may be simply discussed by treating the dis- 
location wall as a plane sink so that the pro- 
blem is one-dimensional, each dislocation 
collecting solute atoms from a strip of width 
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h. Let the concentration of solute atoms in 
the immediate neighbourhood of each dis- 
location be maintained at n(¢) by the diffusion 


process. Then in (6) #=0 and w=, where 
uy 1S some large constant value, and 
AN _ 2DCwo 1 _ 
aoa n(t)=gnit) . (8) 
Thus the equation of diffusion, 
On 0?” 
—— = J) G 
ot Oa” iy 
must be solved with the boundary conditions; 
(a, O)=0 0<a<+ co (10) 
Oe il 
hD —=—49: z= 
2 Aa So gn o—( (11) 


These equations, and also those treated in §3 
and §4 below, are identical with equations 
occurring in standard problems of heat con- 
duction. The solutions, which are readily 
obtained by using the LaPlace Transforma- 
tion, are discussed by Carslaw and Jaeger 
(1947). We find; 


n/no=erf (@)+exp (A+ 27D?) erfc (@+A4/ Dd) 
(12) 
where x=2/21/Dt and A=g/2hD. N(d), the 
number of solute atoms which have arrived 
per unit length of each dislocation line after 
time 7¢, is given by; 


M(t)=2hD Nea) dt 
0 Ox r-0 


f 2hno Fin) 
2 


(13) 
where 
EFQn)= a m'/2-+e” erfc m?—1 
7 


and m=22Dt. We have 2?=(zAm/h?kT)*, and 
since for large “,uw~—h/x& where E=7/cos 0 
is the parameter of the single dislocation 
theory (C.B.), we set w=h/z&, E5=3X10-8cm. 
When m=>50, Fin)~ (2/4h/ 2)m'?—-1; an 
asymptotic expansion can be obtained by ex- 
panding the LaPlace transform of (12), apply- 
ing the inversion theorem and integrating 
term by term. Thus we find: 
y Pela ag a tL 1 
Fon~ Bot ue Ve m?? +0( saa) 
(14) 


§3. The Single Dislocation 
We now treat the migration of solute atoms 
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to a single dislocation using the model which 
for the array, leads to (13). We assume that 
there is a cylindrical surface of radius @ about 
the dislocation line at which the concentra- 


tion is maintained at n(¢) by diffusion. This 
leads to the equations: 

On 1 On O’n 

= J) (—-= 15) 

Ot i. Or a Or ) 

A 

Los Len F=G (16) 

or 

n=N for all v at 7=0 (ile) 


where “=(g/2zaD). For the rate of arrival 
of solute atoms per unit length we find: 
dN = 8D a*no 7, art, M) (18) 
at 7 
with 
= (—Mz?)dz 
1, ax, M)=| Ce 
a+ OQ? +R?) 
where M=(Dt/a’) and 
Q=2Yi(2Z)+arYv(z) 
R=2)i(z) +arJo(zZ) 

Y,(z) and J,(z) are Bessel functions. We 
expect a~10-7 cm. so that (D#/a?) varies from 
1 to 100 as Dz varies from 10-“cm.? to 10-¥ 
cm.? The notation J(1, az, M) is due to Jaeger 
(1942) who gives an asymptotic expansion of 
I for large M. Integrating this we find: 

N(t) eat 1 l-r ,20—r)+7?—7?/6 
~~ ( —+= 

Aza’no a? 


y P yp 


ry) 
+0(= 
ys 
where y=2/av—2y7+log, 4(Dt/a*) and y is 
Euler’s constant. For small M, Jaeger (1942) 


gives a series for Z which when integrated 
becomes; 


(20) 


eet, ag og, * No 3/2 2 
Ni)~onit eae (DI? +0(DE) 
(21) 
The first term agrees with (8). It is clear 


from (20) and (21) that for large and small 
values of (Dt/a’), N(¢) does not change in 
form rapidly with a. For intermediate values, 
t 
| Idt 
0 


must be evaluated numerically. 


$4. The Effect of Competition between 
Dislocations for Solute Atoms 


Consider a collection of parallel straight dis- 
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locations and let o be the dislocation density. 
Then we can make some ailowance for their 
competition for solute atoms by requiring that: 
the concentration gradient be zero on a 
cylindrical surface of radius b=1/'/? about: 
each dislocation line. The diffusion problem 
is now defined by the equations (15) and (16) 
together with the additional boundary condi- 
tions: 


N=Ny ANT<KOD ee =O (22) 
oT r=b (23) 
Or 


The expression for N(Z) is; 


N(t)=4r "No by (1—exp (—@m?D2))¥ (am) (24) 


m=1 


with; 
An? ¥ (am) 
mn as Soke ee, | J(anb) 2S * SS 
[atin J1(Ama) + LJo( Ama)? —(An2 +1?) J?(amd) 


(25) 
where am, m=1, 2,3, --- are the roots of; 


aji(aa)+4Jaa)_ a&Yi(aa)+uYo(aa) 


STilab) Yi(ab) 


If we take a~10-' cm. and &~10-4cm., then 
for 10°74 Dt<10-¥cm.?, corresponding to the 
early stages of ageing in iron, we have 1< 
(Dt/a?)<100 and 10-°<((Dt#/6?)<.10-*. Thus we 
require an approximation to (24) for large 
(Di/a*?) and small (Dz/b?). It is readily shown 
in the following way that this is given by 
(20). The LaPlace transform of (24) involves 
the Bessel functions K,(qb), Kn(qa), and I,(qh), 
I,(qa), where n=0 and 1, and q=(p/D)?, p 
being the argument of the transform M(p). 
Since (Dt/a?) is large and (Dt/b?) is small we 
may expand the Bessel functions using 
asymptotic expansions for those of argument 
qo and ascending series for those of argument 
qa (Goldstein, 1942). In this way we obtain: 


2raDpuno [ _ gKi(qa) | (27) 
dD qk (qa)+ “Ko qa) 


from which (18) follows by the inversion 
theorem. It is of course clear on physical 
grounds that the boundary conditions remote 
from the disiocation do not affect the initial 
ageing rate. In the later stages of ageing 
after heavy cold work the solution (24) would 
probably be required. 

The array problem can be treated similarly. 


(26) 


pN(p) ~ 


\ 
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If we take a sequence of parallel arrays dis- 
tant 27 apart, then we have the equations (9) 
and (11) together with: 


On 
==(') C= > 
Ae tL (28) 
nN=No Ut ati7—0) (29) 
The exact solution leads to: 
N(#) =a 1 — x —Zm2t) 
ee = 5 ee (ew) _ (9) 
ZED TEA nema Gem Rae) 
Bepere c= D/P and Zn, m=1, 2,3, -9« are-the 
roots of; 
eine Agee (31) 


These are tabulated by Carslaw and Jaeger 
(1947). For 7~10-‘cm. we require an ap- 
proximation for small values of Dz#/I?. This 
can be obtained by expanding the LaPlace 
transform N(p) of N(t) in powers of 1/p. On 


inversion, the leading term is the expression 
(13). 


§5. Discussion 


In order to test (6) and (13) directly, observa- 
tions on the strain ageing of small angle tilt 
boundaries are required. The experiments on 
the motion of bend planes (Washburn and 
Parker at alia, 1952, 1953), suggest that such 
observations might be possible using nitrogen 
loaded zinc single crystals. Experiments of 
this kind should provide a valuable test of the 
dislocation theory, since there is a specific 
model for the bend plane, and the above 
simple calculation could probably be refined, 
perhaps to the extent of enabling a quantita- 
tive test to be made. Further experiments on 
initial ageing rates in polycrystals of various 
grain sizes, and in single crystals with and 
without a pronounced mosaic structure would 
also be of interest. 

Meanwhile it is desirable to compare the 
available strain ageing data with the theory 
to see if this indicates whether the disloca- 
tions involved are isolated or inarrays. The 
most accurate published data are those of 
Harper (1951) who studied the decrease in 
internal friction after cold work of iron 
specimens containing carbon and nitrogen. 
From the quantity M(¢) calculated in the 
previous sections either the degree of forma- 
tion of the atmosphere, d=N(t)/Ns=0'N(?), 
or the fraction of the original solute atoms 
removed from the matrix, f=pN(d)/m, can be 
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obtained. The quantity d is appropriate for 
analysing hardness or yield point data (C.B.), 
and f, which is used by Harper, for measure- 
ments of internal friction or electrical resis- 
tance. Harper modifies (1) by assuming that 
the rate of “precipitation” is proportional to 
the fraction of solute remaining in solution 
to obtain:t 
f=1—exp |—3pG/2)*(ADYETY | a2) 

By plotting log (1—f) against ¢ Harper shows 
that this relation holds up to about 90% of 
the total ageing. This modification, like that 
of the treatments given in § 4 above, leads to 
a slowing down of the ageing process, and so 
allows indirectly for the effect of saturation 
(C.B.). It does not do so, however, by making 
the attractive force causing the ageing a de- 
creasing function of the time. Nevertheless, 
since to first approximation the dislocation 
stresses are relieved by ageing, but not the 
strains, it seems likely that the progressive 
alteration of V at large distances will be a 
second order effect, so that modifications of 
this kind may represent the ageing well at 
large times. We shall not attempt here to 
analyse the results for long ageing times, 
but shall confine our attention to the formulae 
(1), (13) and (20) appropriate to the early 
stages of ageing. It is worth nothing how- 
ever that since d/b’=fm/o we can define an 
fs=o/b’m corresponding to d=1. Then if in 
long time ageing experiments f >/fs, the re- 
moval of the solute atoms can no longer be 
due simply to their elastic interaction with 
dislocations. For Harper’s results (Fig. 1 
of his paper) we find f<fs, so that they are 
consistent with the removal of solute atoms 
by the dislocation mechanism. 

For the initial stages of ageing, say, f<0.25, 
Harper’s treatment of the results is not a 
very sensitive test of the variation of f with 
Dt, although for large f his law (32) is clear- 
ly obeyed very closely. We have therefore 
calculated Dz for Harper’s results (Figs. 2 and 
3 of his paper) using his estimates of the 
activation energies, and the values of Do 
given by Wert and Zener (1949).* 

We first compare (1) and (13). The latter 
is clearly a bad approximation when Df<_Dt. 


+ The exponent in Harper’s formula differs by 
a factor 2/3 from that of (32). 

* The author is {indebted to Dr. Harper for 
kindly furnishing details of his experimental data. 
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This limits our choice of k to h<4x10-7cm. 
(>4.3°) for the carbon results, and h<10-° 
cm. (¢@>1.7°) for the nitrogen results. If we 
se take W=1.5x10-7cm. ($=11.4°) then, for the 
S resulting #2 values, we can use the first term 
only of (14), except perhaps for the early Dt 
values for carbon. (1) and (13) are thus of 
the form f=B,(Dt/T)®: and f=B,(D2)*2 respec- 
tively. Regression lines, fitted by least 
squares, of log f on log (Dz/T) are shown in 
Figs. 2 and 3 for the carbon and nitrogen 
results. In calculating these lines only the 
values of f less than 0.25 have been used, 
although for each temperature the first ex- 
perimental point with f>0.25 is shown as a 
full circle in the Figures. The values of 0; 
are 0.618 for nitrogen and 0.654 for carbon. 
Regression lines of log f on log Df, which are 
more appropriate for testing (14), have also 
been calculated, and give dé, values of 0.643 
for nitrogen and 0.654 for carbon. It is thus 
clear that the initial stages of ageing are re- 
presented much more closely by (1) than by 
po gh (13), and we infer that the important disloca- 
Logef tions are probably not in boundary arrays of 

Fig. 2. Regression line of log f on log (Dé/T) for large angle. 
ageing of specimens containing carbon. We have compared (1), (14) and (20) in 
Fig. 4, where the differences 4f between the 


; Logyo(Dt/T) 


+02 


Af 


--O02}- 


4 — — i 
200 400 , 600 800 
Dt/a 
Fig. 4. Graph of differences af between the f 
values obtained from fitted curves, and those 
obtained from the regression line of logf on 
log Di for the nitrogen loaded specimens. 


Logo f J values obtained from fitted curves correspond- 

Fig. 3. Regression line of log on log (Dt/) for ing to these equations and the f values obtain- 
ageing of specimens containing nitrogen. ed from the regression line on log f on log Dé 
for nitrogen, are plotted against Dt/a?. The 
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lines 1, 2 and 3 correspond to the first two 
terms of (20), the first term of (14), and to (1) 
respectively. The results for nitrogen are 
used, since for Df>10-"%cm.?, these simple 
approximations to (14) and (20) are permiss- 
ible; (20) is in fact very nearly linear in this 
range of Dt/a? values. The value of a is 
10-‘cm. Clearly 3 gives the best fit, but 1 and 
2 both fit badly. We infer that the initial 
stages treatment leading to (1) is a better 
approximation than (20). However, the 
additional parameter @ gives a certain flex- 
ibility to (20), and to examine this fully (18) 
must be integrated numerically. It is clear, 
however, that more definite conclusions could 
be drawn from experiments in which the 
arrangement of dislocations is known, such 
as those suggested with bend planes. 


$6. 


The author is indebted to Professor Cottrell 
and Dr. Nabarro for a discussion of §2, and 
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On the Theory of the Kirkendall Effect” 


By Frederick SEITZ 
University of Illinois, Urbana, Illinois, U.S.A. 


The problem of determining the nature of the lattice defects which 
are responsible for transport of atoms in metals is discussed. The value 
of the Kirkendall effect in deciding that most of the transport is as- 
sociated with migrating vacancies or interstitial atoms is restated. It 
is emphasized that we do not yet possess a satisfactory experimental 
method for deciding which of the two types of imperfection most im- 


portant in typical metals. 


§1. Introduction 


The marker shift first observed by Kirken- 
dall in the interdiffusion of copper and brass 
has now been established beyond any reason- 
able doubt in a number of couples of face- 
centered cubic metals. Several independent 
groups of investigators, in particular Correa 
da Silva and Mehl”, Alexander, Kuczynski 
and Balluffi®, Barnes”, Biickle and Blin® and 
Seith and Kottman™, have studied the effect 
and have demonstrated that it depends pri- 
marily upon the existence of a gradient in 
chemical composition. Couples of CuZn-Cu, 


Ni-Cu and Ag-Au have received particular 
attention; however, several other systems 
show the effect to a comparable extent. To 
use the macroscopic concepts first introduced 
by Darken”®, there is little doubt that the 
intrinsic diffusion coefficients of the constituent 
atoms, D, and D, differ appreciable. In fact, 
the ratio of the larger to the smaller diffusion 


* This paper was received January 20, 1954 by 
the organizing commitee of the Symposium on Crystal 
Plasticity and Dislocation held at Nikko on Sep- 
tember 12th and 13th, 1953, on the occasion of 
International Conference of Theoretical Physics. 
No alteration of the text was made since then. 
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coefficient may be as large as five, as is the 
case in the copper-brass system. Only one 
body-centered cubic system has been studied® 
to date, namely that of beta brass in which 
case the ratio Dzn/Dcu=3.4. 

Thus far two factors have not been clarified 
to the extent for which one might hope. 
First, it is not known to what degree the 
diffusion coefficients depend upon the overall 
difference in composition which appears in the 
specimen being studied and hence are in- 
fluenced by the chemical gradient; second, it 
is not known with certainty whether the im- 
perfections responsible for transport in the 
cases studied are interstitial atoms or vacan- 
cies. It is assumed fairly generally that they 
are vacancies, and this course will be adopted 
in the present account of the topic. Never- 
theless, a convincing experimental proof of 
this matter would be highly desirable. Pro- 
posed methods of proof will be discussed 
further below. 

The primary equation® governing the vacan- 
cy current J, in a cubic material is 


Iyp= —Dy grad my +Kny, grad Na. Gy) 


Here D, is the diffusion coefficient for vacan- 
cies, which is a function of composition, 7» 
is the concentration of vacancies, grad7, isa 
gradient of vacancy concentration, grad Na is 
the gradient of A atoms, and K is the 
Kirkendall coefficient which provides a measure 
of the pumping action of the concentration 
gradient. The first term on the right hand 
side is the normal Fick current, whereas the 
second term represents the current responsible 
for the Kirkendall effect. The two terms 
have opposite sign in the cases studied to 
date, if we assume that diffusion occurs by 
means of vacancies; in fact we must conclude 
that the second term overwhelms the first 
since the vacancies diffuse from the member 
of the couple in which their density is pre- 
sumably smallest (1.e., Cu in the Cu-CuZn 
system) to that in which the density is high- 
est. The flow of vacancies evidently is a 
typical ‘irreversible’ effect associated with 
the presence of a non-equilibrium distribution 
of the chemical constituents. 


$2. Void Formation 

A number of couples which have been 
studied, particularly those mentioned above, 
display porosity near the diffusion boundary 
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on a scale of about 0.1mm. Such porosity 
suggests that not all the vacancies formed on 
one side of the diffusion boundary and pump- 
ed across this boundary condense at disloca- 
tions and thereby permit the specimen to 
retain its normal density. Instead, it appears 
that an appreciable fraction of the vacancies: 
may condense to form voids. Barnes, who 
has devoted particular attention to this pheno- 
menon, has shown that the fraction may 
constitute half the vacancy current in typical 
specimens of Cu-Ni. 

The observation of porosity implies that the 
vacancy concentration becomes supersaturated 
on the side of the boundary where pores form. 
The existence of such a superconcentration is 
not surprising in view of the pumping action 
of the chemical gradient. A fundamental 
problem arises, however, concerning the 
magnitude of the excess concentration at vari- 
ous stages during the diffusion process. An 
elementary analysis» based on a study of 
solutions of equation (1) shows that one might 
expect excess concentrations of the order of 
unity relative to the equilibrium concentration 
in a zone of thickness a|/ m where a is the 
lattice spacing and w is the number of jumps 
a vacancy makes from birth to death. Thus, 
one might expect superconcentrations of the 
order of twice the equilibrium value when the 
width of the diffusion zone is 1z if w is 108; 
whereas such superconcentrations could persist 
until the width of the diffusion zone is 1004 
if w is as large as 10%. A basic question 
which arises is the following: Does the exist- 
ence of porosity for a range of width of the 
order 0.1 mm (100) imply that superconcent- 
rations of this magnitude are retained until 
the width of the diffusing zone is 0.1 mm ? 
This would imply in turn that w is of the 
order of 10’. The answer to this question 
revolves about the magnitude of the relative 
superconcentration needed to form pores. 


§3. Magnitude of Superconcentration 


It is doubtful if the superconcentration of 
vacancies become sufficiently large to nucleate 
pores in the perfect crystal at any stage of 
the diffusion process. This would require 
relative superconcentrations of the order of 100 
or greater which do not seem probable, al- 
though the possibility cannot be excluded at 
this time. Instead, it seems much more likely 


the situation 
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that the pores are nucleated at specks of 


foreign matter, perhaps analogous to the nu- 


clei for solidification which enter in the ex- 
periments of Turnbull and which 
avoided by using small droplets. 


were 
According 


' to the Thomson-Gibbs equation, the concentra- 
- tion of vacancies 7, required to condense at 


a spherical particle of radius 7 is 

log (92»/2v,)=2s/RTNr , (C23) 
where s is the energy per unit area of the 
void, k is Boltzmann's constant, T is the ab- 


solute temperature and N is the atomic density. 
| Excess relative concentrations of the order of 
_two are needed if the radius of the nucleating 
| particles is of the order of 10 atomic dis- 
, tances; whereas values of the order of 0.1% 
/excess relative concentration are sufficient if 
|r is as large as 1,000 atomic distances. 


At 
the present time we do not know which of 
these two limits corresponds most nearly with 
in actual metals. In the first 
case, which we shall designate as case J, the 
observation of porosity over distances of the 
order of 0.1mm implies that » is as large as 
10%, whereas the second possibility which we 
should designate as case II, implies that the 
pores may form for very low superconcentra- 
tions and implies that w need not be larger 


HW than 10® or 10°. 


J 


| 
! 


§4, Experimental Evidence for Two Cases 


The experimental evidence available for 


“making a decision between the two alternat- 
‘ives is not very satisfactory at the present 


In fact, there is evidence favoring both 
A summary of this evi- 


time. 
sides of the issue. 


dence is as follows: 


Case I: Small Nuclet 
Perhaps the outstanding evidence in support 


fof the postulate of small nuclei, correspond- 


ing to values of w of the order of 10%, is the 
observation of Buffington and Cohen’ that 


}the self diffusion coefficient in specimens of 
alpha iron increases if the specimen is strained 
) during the diffusion experiment. 
| gators found that the diffusion rate could be 


| increased by a factor of 15 at 890°C by in- 


The investi- 


ducing sufficiently rapid creep; moreover, the 
diffusion rate was found to be proportional to 
the strain rate. This experiment implies that 
vacancies produced by plastic flow increase 
the rate of diffusion and that excess vacancy 
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concentrations of the order of 15 can be at- 
tained during plastic flow. 

Cottrell’? has propo ed a theory of the 
Portevin-LeChatelier effect based on the hypo- 
thesis that vacancies produced during plastic 
flow increase the rate of diffusion of foreign 
substitutional impurities and that the latter 
lock the moving dislocations when the diffusion 
rate becomes sufficiently high. The strain 
needed to produce discontinuities in plastic 
flow at a given rate of strain decreases with 
increasing temperature because fewer excess 
vacancies are needed to produce the required 
diffusion rate. Cottrell has shown that the 
critical strain is given by the relation 


€=5x 10-®x exp (7500/RT) , (3) 


when the strain rate € is 10-5sec-!, in the 
case of a series of aluminium alloys studied 
by McReynolds. The experiments imply that 
the vacancies produced endure for the entire 


time é&/€. Since the jump frequency of 
vacancy should be of magnitude 


10% exp (—7500/RT) , 


it follows the number of jumps during a 
lifetime should be at least 5x10. This result 
obviously provides only nominal support for 
Case I. 


Case Il: Large Condensation Nuclei 

Koehler and Kauffman’ have carried out 
quenching experiments on wires of gold which 
indicate that vacancies may be retained from 
temperature above about 700°C. The extra 
residual resistance associated with quenched 
vacancies is observed only if the 
quenching time for wires of the order of 0.4 
mm in diameter is 10-2 sec or less. Apparent- 
ly the vacancies disappear at dislocations or 
other sinks if the quenching rate is slower. 
A simple analysis, based on the assumption 
that the activation energy for migration of 
the vacancies is about 1.0 ev, indicates that 
the vacancies cannot have made appreciably 
more than 10’ jumps in the specimens before 
disappearing. This experiment would furnish 
strong support for Case II if it were not for the 
fact that the specimens probably have appre- 
ciable quenching strains, which imply that 
the density of dislocations is abnormally high. 
Thus the lifetime of vacancies may be ab- 
normally short. 

If the lifetime of vacancies in appropriately 
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chosen specimens of some metals actually 
corresponds to values of w as large as 10 it 
might prove possible to cool such specimens 
very slowly and still retain the density of 
vacancies corresponding to high temperature 
equilibrium. In the case of a metal having 
the general properties of gold, for example, 
it might then be possible to cool wires in 
times of the order of 10% sec instead of 107? 
sec. Rates of this type are sufficiently slow 
that one might expect to avoid serious quench- 
ing strains. It would be interesting to repeat 
quenching experiments of the Kauffman- 
Koehler type using well-annealed single 
crystals and cooling slowly instead of rapidly. 

Ballufii and Seigle® have observed the 
Kirkendall effect in specimens of brass-zinc 
and copper-nickel without any evidence for 
porosity. They suggest that it is possible, 
with moderate care, to eliminate the nuclei 
for pores. This would indicate that such 
nuclei may be large, although the result is 
not strongly conclusive. They also found that 
the marker shift varies as 7/ ¢ for shifts in 
the range from 60 to 210 in the silver-gold 
system, and for shifts in the range from 50 
to 1204 in the zinc-brass system. These 
results show that w is probably less than 10' 
in these cases, and may actually by consider- 
ably less. 

Ellwood and Bagley'» have found visible 
porosity in many alloy specimens when an- 
nealed for long periods of time. For example, 
porosity sufficient to decrease the density of 
80Cu20Ni specimen by 4.5% was obtained by 
annealing it for 4,125 hours at 900°C. The 
result suggests that pores can be produced by 
relatively slight concentration gradients and 
hence do not require large excess concentra- 
tions of vacancies. 


$5. Proposed Experiments 


The writer would 
avenues of study: 

First, it would be interesting to add sols of 
varying size to the alloys used in diffusion 
couples to see if there is a critical size at 
which porosity becomes prevalent. At the 
present time it is possible to obtain carbon 
blacks and silica sols in a range of size ex- 
tending to well under 100A. Experiments 
with alloys containing contamination of this 
kind might disclose the extent to which the 
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development of pores is sensitive to foreign 
particles. 

Second, it would be exceedingly valuable to 
carry out diffusion experiments which provide a 
test of the basic principles underlying the 
Matano™ method during the very early stages 
of diffusion. The two key assumptions are 
that the chemical diffusion coefficient is purely 
a function of the local concentration and that 
the diffusion equation can be reduced to an 
ordinary differential equation by introduction 
of the variable y=2/1/z, where x is the 
distance along the gradient and ¢ is the time. 
When these conditions are satisfied the chemi- 
cal diffusion coefficient may be computed from 
the relation 


. fe 

2 dal dy ’ 
where Ca is the density of A atoms, which 
should be a function of 7. The limits of 
integration and the origin of coordinates must 
be selected in accordance with the Matano 
stipulations. We should not expect the Matano 
method to be applicable when the width d of 
the diffusion zone is less than or comparable 
to a// w because the density of imperfections 
is far from equilibrium in the zone. Under 
these conditions it should not be possible to 
reduce the concentration versus distance 
curves c,(#, ¢) for different values of z¢ into 
coincidence by introducing the variable vy. 
Moreover, diffusion coefficients computed by 
arbitrary application of (4) from measured 
values of ca(z, ¢) for fixed ¢ should give ab- 
normally high values in the region where the 
density of imperfections is abnormally high 
and abnormally low ones in the region, on the 
opposite side of the boundary, where the 
density of perfections is abnormally low, the 
‘normal’ values being determined from couples 
in which diffusion has progress to a_ point 
where d>a1/ w so that the condition required 
for application of the Matano method pre- 
sumably are satisfied. A test of (4) of the 
type described here would be particularly 
valuable if the slices could be reduced to the 
order of 1 so that the width of the diffusion 
zone could be made appreciably smaller than 
100“. For a given thickness of diffusion zone 
the deviations should be more marked the 
larger the difference in composition in the 


IDG = ( 4 ) 


| two halves of the original specimen, that is 
the larger the concentration gradient. 

As always, the use of ingenuity may make 
it unnecessary to carry out slicing. For ex- 
;ample, the extension of the techniques em- 
, ployed by Balluffi and Seigle to a scale of 
‘dimensions ten or more times smaller, plus 
the introduction of a sequence of radial mark- 
ers might make it possible to test the 1/7 
ilaw without the need for slicing. 
It may be observed that the second type of 
-experiment offers a means of determining 
whether the imperfections responsible for 
diffusion are vacancies or interstitial atoms, 
provided the diffusion coefficient at a given 
composition is found to be a function of the 
overall change in composition through the 
diffusion zone for sufficiently small values of 
the width of this zone. If the marker shifts 
from A to B, in a couple A-B, vacancies 
}would be pumped through the diffusion zone 
fin the direction A to B, provided they are 
jthe dominant carrier; whereas interstitial 
jatoms would be pumped in the opposite direc- 
(tion in the alternative case. Thus the super- 
‘concentration of imperfections occurs on 
fopposite sides of the diffusion zone in the 
itwo cases. 
In other words, an experiment, based on 
jthe Matano analysis, which succeeds in 
detecting a dependence of diffusion coefficient 
on concentration gradient for sufficiently small 
ivalues of the width of the diffusion zone 
offers the hope of determining both the 
magnitude of » and the nature of the im- 
‘perfections responsible for diffusion. 


iS 6. Shockley’s Proposal for Determining 
Imperfections 


Recently, Shockley!” has proposed that one 
study the Kirkendall shift produced in a pure 
monatomic substance by a _ temperature 
'gradient in order to determine whether the 
imperfections responsible for transport are 
vacancies or interstitial atoms. His proposal 
‘is based on the assumption that a current of 
the dominant imperfection will inevitably flow 
in the direction of decreasing temperature 


because the density of imperfections is higher 


in the high temperature portion of the speci- 
men than in the low temperature portion. 
This is equivalent to the assumption that the 
main driving force for the current of imper- 


} 
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fections is the term in the chemical potential 
which originates in the mixing entropy of the 
imperfections. The writer is inclined to re- 
gard this assumption with very great reserva- 
tion. The mixing entropy of imperfections 
does not seem to play a preponderant role in 
the ordinary Kirkendall effect, as we have 
seen above. It is quite possible that other 
contributions to the chemical potential arising 
from lattice vibrational entropy terms may 
exert a force inducing the current to flow in 
opposite direction. Still further, the flow of 
imperfections in a temperature gradient can- 
not be regarded as a purely equilibrium pro- 
cess so that quantities other than the chemical 
potential will be important. In the case of 
vacancy migration, for example consideration 
shows that an atom on the hot side of the 
vacancy will jump into the vacancy more 
rapidly than an identical atom on the cold 
side of the vacancy. This effect is in sucha 
direction as to induce a current to flow in the 
direction of increasing temperature. More- 
over, its influence probably is of the same 
order of magnitude as the effect arising from 
mixing entropy which would induce a current 
of vacancies to flow down the temperature 
gradient. 

To consider the process more quantitatively, 
we may recognize two types of force which 
drive the imperfections in the specimen. The 
first is related to thermodynamic factors and 
is potentially reversible, whereas the second 
is related to the dependence of the rate- 
determining factors upon the temperature 
gradient. Only the first type of force appears 
in an isothermal system, in which case the 
current J of imperfections is given by the 
equation 


[=——— grad. (5) 


Here m is the density of imperfections, D is 
the isothermal diffusion coefficient, k is Boltz- 
mann’s constant, JT is the absolute tempera- 
ture and 4 is the chemical potential of the 
imperfections which may be expressed in the 
form 


n= kT logy abi « (6) 


The first term is associated with the mixing 
entropy, whereas the second is the intrinsic 
chemical potential, which would describe the 
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driving force if only a single imperfection 
were present. WN is the number of potential 
imperfection sites per unit volume. yy is a 
constant in a homogeneous isothermal system, 
so that only the first term in (6) determines 
the current in this case. The equilibrium 
density of imperfections is given by the 
equation 


n=N exp(—/y;/RT) . ies) 


We may expect a current of imperfections 
when a temperature gradient is present. From 
a kinetic viewpoint, this current may be deter- 
mined by examining the behavior of the ex- 
pression for the jump frequency of an im- 
perfection in the presence of a _ thermal 
gradient. We shall assume for simplicity that 
the imperfection is surrounded symmetrically 
by sites into which it can jump and shall 
designate the various sites by an index a@. 
The distance the imperfection moves when it 
jumps to ath site, projected on the direction 
of the thermal gradient, an algebraic quantity, 
will be designated by da. The jumping fre- 
quency for any one of the equivalent sites 
may be expressed in the form 


Y= YoeXP (—Ln/RT) G89) 
in the isothermal case. Here v» is presumed 
to be a slowly varying function of temperature. 
‘4m 18 the change in free energy of the im- 
perfection in passing from the normal position 
to the saddle point for the transition. 4m may 
be expected to be a function of temperature. 

The net current of imperfections in the 
presence of a thermal gradient is given by 
the expression 

T==D grad n-+mD (5 7" )erad Peo 
in which 

Desa (10) 
2G 

Terms arising from the temperature depen- 
dence of. »» are neglected. The second term 
in (9) evidently arises from the fact that the 
atoms in the surrounding sites are not equiv- 
alent in the presence of the termal gradient. 
Generally speaking, atoms on the ‘hot side’ 
of the imperfection will move at a different 
rate from those on the colder side. If “mn 
varies sufficiently slowly with temperature, 
this effect will exert a force tending to cause 
the imperfections to drift in the direction of 
the temperature gradient. 
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The first term in (9) has a simple form if 
mn retains the equilibrium value locally. In 
this case the two terms of (9) may be com- 
bined to 


d (&s—Hm) 
I=nD 7 aT grad T. 
In the simplest conceivable case “yr and Um 
may be regarded as constants equal to the 
activation energies €, and &; for migration 
and formation of the imperfections, respec- 
tively. The considerations valid for this case 
are also valid if “m—vy, contains no terms 
which vary more rapidly than the first power 
of T, for linear terms in these quantities will 
not contribute to the derivative in (11). Since 
the activation energy for formation is generally 
supposed to be larger than that for migration, 
one would expect the current of imperfections 
to be in the direction of —grad T in this case. 
It appears, however, that €;—&m may be 
substantially smaller than €;. For example, 
it is generally supposed, in the case of metals 
such as copper, silver and gold, that &m is 
not smaller than one half of €;. Hence the 
counter current term should be far from 
negligible in such cases. On the whole, it 
appears risky to assume that additional terms 
arising from the temperature dependence of 
Um—Hz, aS well as from terms not explicitly 
considered here, cannot combine with those 
considered above in such a way as to cause 
the imperfections to flow from low temper- 
atures to high. It seems -very desirable to 
have an independent method of determining 
the nature of the carriers which is not sub- 
ject to an assumption of this type. The 
second type of experiment discussed in the 
previous section, based on a test of the Matano 
method, does not appear to suffer from this 
shortcoming. 
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§1. Introduction 

The steady slow motion of a sphere in a 
viscous liquid bounded by two parallel plane 
walls was discussed by H. A. Lorentz”, R. 
| Ladenburg® and H. Faxén®”. Faxén seems 
‘to have studied a similar problem for a cir- 
‘cular cylinder, but as far as the present 
‘writer is aware, no paper on the problem 
'has been published by him, and moreover, no 
detailed theoretical discussion has yet been 
carried out by any one. 
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The steady slow motion of a circular cylinder in a viscous liquid 
bounded by two parallel plane walls is discussed on the basis of Oseen’s 
linearized equations of motion, confining ourselves to the case when the 
cylinder is moving midway between the bounding walls. The drag ex- 
perienced by the cylinder is then calculated to Lamb’s approximation. 
It is shown that at sufficiently small Reynolds numbers, the drag on the 
cylinder is independent of the Reynolds number, namely, it is of the so- 
called Stokes type, as was shown by White’s experiments on wires fall- 
ing in viscous liquids between two vertical plates. When the ratio of 
the distance between the walls to the diameter of the cylinder is greater 
than 20, our theoretical results coincide fairly well with White’s experi- 
ments, allowing for some experimental errors. 


C. M. White» studied the problem by car- 
rying out experiments on wires or ebonite 
rods falling midway between two vertical 
plane walls in viscous liquids, and obtained 
an empirical formula for the drag coefficient. 
At sufficiently slow velocity, there is a very 
marked difference between White’s empirical 
formula and the well-known Lamb’s formula 
for unbounded fluid; the former is in- 
dependent of the Reynolds number, while the 


latter depends on it. 
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The object of the present paper lies in 
theoretical treatment of the problem. Thus, 
the steady motion with low speed U of a cir- 
cular cylinder in a viscous liquid bounded by 
two parallel plane walls is discussed on the 
basis of Oseen’s linearized equations of motion, 
by developing an analysis similar to that in 
Faxén’s treatment of the sphere problem. 

The formula for the drag coefficient is ob- 
tained and is compared with White’s empirical 
formula. 


§2. Method of Solution 


Suppose that a circular cylinder of radius 
a iS moving, with constant slow velocity U, 
from right to left in a viscous liquid at rest, 
which is bounded by parallel plane walls. 
Referring to rectangular coordinate-system Oz, 
Oy with origin at the centre of the cylinder, 
where the z- and y-axes are taken parallel and 
perpendicular to the walls respectively, the 
liquid at infinity flows, with constant velocity 
U, past the cylinder at rest in the positive 
direction of the z-axis (Fig. 1). In this case 
the bounding plane walls should also move 
with the same velocity U from left to right 
in their own planes, so as to satisfy the 
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boundary conditions. 

In the case of no bounding walls, the strean 
function Y may be written as: 

¥=Uyt+y¢, (Za 

where # is the stream function for the per 
turbation and is connected with the com 
ponents of perturbation velocity as: 
1209 

Ox 
If we confine ourselves to Lamb’s approxima 
tion, the components of perturbation velocit: 
which satisfy Oseen’s linearized equations o 
motion and the boundary conditions at infinit; 
can be expressed as: 


v= (22 


u= Aor sin 0+ Bor! cos 6—kape**14 (kr) sin 0+ Rbype**{ Ki(kr) cos 0+-Ko(kr)} , 2.3 
v=—Apr cos 6+ Bor sin 6+ kaye**{K,(kr) cos 0—Ko(kr)}+kbve**Ka (ky) sin 6 , 
where x=rcos 6, y=rsin 6, and 
=O (2.4. 
bb=—B,. (2.4 


K,(z) is the modified Bessel function of the second kind and » is the kinematic viscosity of 
the liquid concerned. The condition (2.5) ensures that the stream function ¥ is one-valuec 
and continuous throughout the whole field of flow. 

Introducing the conjugate complex velocity w=u—iv (é=1/ —1), we obtain from (228); 


neglecting all terms higher than k?7? , 


ONS og RL ee kr 
ea (5 i In'y ) bo i(, tr+in® ae 


2 
kr 


=3) . Ao 0 bo 6 
ae te) = Bure 

s | fe tete ‘| 
ao, 


where 7=0.57721--- is Euler’s constant. 


(kr 


t br(r+ In 2D lao 


(2.6 


We can express (2.3) in integral forms as shown in our previous paper®, namely: 


o— 


ye ; F 
u= oe (4° Bo) exp aa —|a|iy\da 


ig 


—o | 


z a ; 
—5 | (“ha ah eb ) exp (Zax—Aoly|)da , 
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(> (2a 4), Il 
= ey a\ i 3 A -v (2.7) 
2 acer a y By) exp (Zax—|a||y|)da 


ate ta iy| , 
a 9 \(- A Qo + 7 by ) exp (awe —Aoiy)da 
where 4)=1/a?4+2ika . 


In order to satisfy the boundary conditions on the bounding plane walls, we now  super- 
pose, as done by Faxén in the case of the sphere problem, flows due to images, which are 


defined as: 
* 1 = | ° | 1 ce R 
es 2 |" |a| f1(@) exp (tax—|aly)da — a dof a) exp (tax—Ay)da , 
*K 1 foe ° | IL ae (2.8) 
t ay | fahila)exp(tax—lalyda—} (" ia fa) exp (tax—Ay)da , 
4K Pigs jae . i (is 5 
ei 1a | J 3(@) exp (tax+ |aly) da coral dof s(a@) exp (tax+ oyda , 
aA lf: . | , ae (2.9) 
xe — — _ taf (a) exp (Zax+|\a| yda— >| taf (a) exp (tax+dyyjda , 


where /,(@)’s are unknown functions to be determined by undermentioned boundary condi- 
tions. 

The conjugate complex velocities w*=u*—7v* and w** =u**—iv** for the superposed flows 
due to images can be written as: 


—c 


: kal bape ; : ; = ! 
wi=— 5 (Jal +a)f(a) exp Ga |aly) der 5 | (Anata) f x(a) exp (tax—Ayy)da , 


(2.10) 
a Wi (|a|—a@)f x(a) exp (tax+ lade (Aa—a@a) f (a) exp Gaxt doyjda . 
(2211) 


Since the conditions at infinity are already satisfied automatically by (zu, v), w* and w**'as 
given respectively by (2.3), (2.10) and (2.11), we have only to consider the boundary ~condi- 
tions on the bounding plane walls y=6, and y=—b, as well as at the surface of the cylinder. 
They are 


(i) (w+ w*+w**)y_», =0 , (QM) 
or (u-+u*+u**)y-9,=0 , (vtu*+u**)y-5,=0 , (2alZa)) 

(ii) (w+w*+w**)y—-»,=0 , (2.13) 
or (utu*+u**)y_»,=0 , (vt u*+0** )\y_-0,=0 , (2.13a) 
and 

(iil) (wtw*+w**)a=—U . (2.14) 


§3. Determination of the Functions /,(a@)’s 


Inserting the values of (u, v), (u*, v*) and (w**, v**) as given respectively by (2.7), (2.8) 
(2.9) into (2.12a) and (2.13a), we get 


48 oxy (—b, |a@|) 


ii exp Gain] Ay exp(—hi|a|)—Bo ia| 


—dy exp (= bho) by” exp (—ByAo)—|a| f(a) exp (—bila|)—Aof 2a) exp (—b1 40) 


lad feledvexp (bilarl)-+ dof (a) exp (io) AHO) (3.1) 
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\ exp (is Ay sr sees —b,|a|)+Bo exp (—d;\a) 
me a exp (—ByAy)-+by exp (—Brdy) tar f x(t) exp (— baler) taf 2) exp (—Bido) 


0 


—taf (a) exp (bi|a|)—taf (a) ape da=0, (3.2) | 


“exp (—b:|a]) 


— 0° 


le exp (iawn) Ay exp (—b,|a|)— Spe: 


|a| 
aylexp (=badal— Oo He exp (—bedo)—|a'| f(a) exp (bz|a|)—Aof 2(@) exp (b2A0) 


+|a| f(a) exp (—b:\a|)+Aof (a) exp (—bato) | da=0, (3.3) 


-exp (—b,|a|)—Bo exp (—dz| a) 


—oo 


\" exp (Zax) Ee a 


Qo ae exp ( lis »hdy)— Do exp (— —byhy)—taf (a) exp (b,|a|)—taf oa) exp (bz Ao) 
0 


Se eae Ur ee exp(—bote) | Adon (3.4) 


In order that these relations are satisfied for all values of x, the quantities in the square 
brackets must be identically zero. Thus, the functions fx(@)’s so far undetermined can be 
expressed in terms of four unknown constants Ay, Bo, a and bo. 

In the special case when the cylinder is moving midway between two bounding plane 
walls, we may put, due to the symmetry of the flow, 


Ap=a=0. (3.5) 


Making use of the relations (2.5) and (3.5), and putting 6,=b:=b, we have finally from 
(SL. 3.2), bose) anc. (G4) 


Si(a)=—f3(a) 

Qo+\a|) exp {b(Ao—|a|)}+(Ao—la@}) exp {—b(Ao +a) }—220 
Ao—|a|)[exp {b(Ao-+ |a|)}—exp {—B(Ao+ |@|) }]—(o-+ |e) [exp {b(Zo—|a])}—exp {—b (Ao— | a|)}] 
“os 

a 
Silajy=—fy (a) 
(Ao+|a|) exp {—b(Ao—|a|)} —(Ao—|a@|) exp { —bU0 +|a|)}—2] a| 


? 


~ Go— la fexp {6(4o+ |a'|)}—exp {—B(do+ ||) }}—-(o+ a) exp {B(4o—|@))} exp {—b (4o—lal) 


7Bo 
>< s Fi 


a 


(3.6) 
Inserting these expressions into (2.10) and (2.11), and putting a=k$, 4=7/ 8+ 218 and 
d'=1/ B?— 278 , we have 


= =i { ne 5 exp (¢kBa—kBy)dB 
0 


__ (+8) exp {Rb(A—B)}+(A—B) exp {—Rb(A+8)}—2a . 
*(a—Bllexp {ROA -+8)}—exp {—hb +B} — —(A+B)lexp{kb—8)}—exp{—kb(A—B)}] 


Sd 
25 a 3 -exp (¢kBu—kiy)dB 
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(A+8) exp {—kb(A—8)} —(A—8) exp {—Rb(A+8)} —28 
Sem Saat a ce —kb(A+8)}]—(A+)lexp {kb(A—8)}—exp{—kb(A—B}] 
1 


a? es 
Speer 9 \ a exp (—zkBa—kd’y)dB 


(A°+B) exp {—Rb(A' —8)}—(4'—B) exp {—kb(1’ + 8)}—28 
(2’—B)lexp {Rb(A’ + 8)}—exp {—kb(2' +8)}]—(2' + B)lexp {kO(2’—B)}—exp {—kB(1’ —B)}] }, 
(3.7) 


w** 


as iBol | “exp (—tkBz+kBy)dB 
0 


(4° +8) exp {kb(A'— B)} +(4’—B) exp {—Rb(’ + B)}—22! 
—B)lexp {RO(1’ + 8)}— exp {—kb(2'+8)}]—(2’ + B)lexp {Rb —B)}—exp {—Rb(4’ —B)}] 


2 
am a ae exp (ihAa-+kay)d8 


(A+86) exp {—kb(A—B)}—(A—B) exp{—kbU+h)}—28 


aoe B)[exp {kb(A + 8)}—exp{ —kbA+B)}H—(A+ Blexp{kb(A— 8)}—exp{ —kb(A—8)}] 
i = 4’+8 


_|+-— —exp (—zkBz+ki'y)dB 
Zijar- Bp 


(A’+8) exp {—kb(A'—B)}—(4’— 8B) exp {R011 + 8)} 28 : 
— B)[exp {kb(2' + B)}—exp {—kb(’ + B)}]— Gi + Blexp (ROU = B)) Ses CERT 


(3.8) 
In this case (2.6) reduces simply to 
17 -(5 =1 —In"y Bo. (3.9) 
§4. Determination of the Constant By 
Using the obvious relations: 
x=” COS O=37(e'?+e~"®) , 
y=r sin 6=—4ir(e®—e-“*) , 
' we have 
exp (¢kBx—kBy) =1+72kBre'’+--- , 
exp (¢kBa—kiy) =1+30kr(A+-B)e—atkr(A—Bje""’ +--+ , | (4.1) 
exp (—zkBx—ki'y)=1+20kr(0’ —B)e®—ickr(a’ + Be !+---, 
and 
exp (—skfpz-+kpy) =—1—7kpre®--*-- , 
exp (¢kBat+kiy) =1—ktkr(A—B)e’+3ckr(A+Bje?+--- , (4.2) 


exp (—2kBz+kd’y)=1—4ikr(d’ + Bye’ + d0kr(h'— Be +--- 


Thus, inserting these expressions into (3.7) and (3.8) respectively and retaining only con- 
stant terms as well as terms involving e~’’, we obtain, on neglecting all terms higher than 


RY, 


Kk 
=1Bp 


(A—B)[exp {kb(A + B)}—exp{ —kb(A+8)}]—(A + B)lexp{kb(A— B)}—exp{ —kO(A—8)}] 
ash 
B22. \o2_P 


{_ i A+B) exp {RO(A—B)} + (A—B) exp {—ROA+B)}—22 ee 
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(A+B) exp {—kb(A—B)}—(A— 8B) exp {—kOA+6)}—28 
re -B)|exp{kb(A+ B)}—exp{ —kb(A+8)}]—(A+ Blexp{Rb(A— B)}—exp{ —kb(A— “ene 
(wear 
oak 8 
(1’-+B) exp {—kb(1’ — B)}—(’ —B) exp {—kb’ + B)} 28 Bee i: 
*(/—B)lexp {hb(’ +8)}—exp {—R(’ + B)}]—(a' + B)lexp {kb —B)}—exp {—kb(1’—B)}] 
IG: 2 pee Wh eon’) 
17g gee \ 23 
(A+) exp {—kb(A—B)}—(A—B) exp {—ROU+B)}—2B 
(= B)lexp{kb(A + 8)} —exp{ —kb(A+ 8) }]—(A+ Bylexp{kb(A— 8) } —exp{—kbA— ay? 
AG — 
Ae B 


(A! + Byexp{ —kb(0’ — B)}—(’ — B)exp{ —kb(1’ + B)} —28 5 ds} 
oO —f)[exp{kb(A' + B)}—exp {—RO(1’ +8) }1—(’ + B) exp {Rb(0’ — 8B) } —exp {—kb(4’ — B) f] 


(4.3) 
= 1B 

x (A'+8) exp {kb(X’ — B)} +(A’—B) exp {—Rb(X’ + B)}—22’ 
«{\) (4’—B)lexp {kb(1’ + 8)}—exp{—Rb(1’ + B)}]—(0’ +B) exp {kbU’ — B)}—exp {—RB(A —ay 


pet hoes 
Ze. 


_ (A+8) exp {—kb(A—8)}—(A—B) exp {—RBU+B)}—28 se 
* A—)lexp{kb(A+8)}—exp{—kO(A+H)}]—(A+ B)lexp (kb(2—8)}—exp{—kb(A—B))] 
eae 
a i B 
(A’+B) exp {— RB(X’ — -B)}—(" — 8) exp {— Rb(2' +B)}— 2B as 
Ae ee a Seer —kb(0’ +8)}]—(’ +B) Lexp {kb(1’ —B)}—exp {—kb(0’ — B)}] 


eal =e 
aie 1 Be ie 3 


(A+B) exp {—Rb(A—8B)} —(A—B) exp {—kO(A+8)}—28 dp 
= —B)[exp{kb(A +B)}—exp{—Rb(A+8)}]—(A + B)lexp {20 —B)} — —exp{—kb(—Bf)}] 


A? — 
Vie 
(A° +B) exp {—RB(d’ — 8) } —(2’—B) exp {—Rd(X’ + B)} — 28 ds 
G0 —B)lexp{kb(X’ + 8)}—exp{—kb(’ +8)}]—(’ +B)lexp {kb(1’ —8)} — Se al : 
(4.4) 


The constant By in this case can be determined by inserting (3.9), (4.3) and (4.4) into (2.14)3 
Writing for brevity 


F(kb) 
=|" 4rexp{ —kb(A + 8)}—2(A—B— expe —2kb(A + B)}—(A+ B)exp(—2kbB)—(A fais + 2é)exp(— —2kb2) 
0 


A{1+exp(— 2kb’) 1 — —~exp(—2kb8)}—B{1— —exp(— 2kb2) }{1 +exp(— —2kbB)} 
x dB—C.C. , 


we have 


(4.5) 


1 Wer | 
1/2—1=In (ka]2)—aF (RB) be me 


Bi 


In (4.5) the notation C.C. stands for “the conjugate complex of the foregoing integral ”. 
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§5. Evaluation of the Function F (kb) 


Since it seems very difficult to evaluate exactly the integral in (4.5), we confine ourselves 
to the evaluation of F(kb) for sufficiently small values of kb such that all terms higher than 
(kb)'/? can be neglected. 

In the first place, we put 

Fy) 


1/Hi/2 
-| 4dexp{—I4 +8) }—2(4—B8—i)exp {—21(A+ B)}—(A+ Bexp(—2/8) — (A+ B+ 2é)exp(—2/2) 
0 


A{1 +exp(—2/A) }{1—exp(—2/8)}— B{1—exp(— 2/2) }{1+exp(—2/8)} 
Sess OAC - (D1) 
where /=kb. 

If we expand all the expotential functions in (5.1) into Taylor’s series with respect to if. 

we have, after some calculations, 

; vee | i 
F=— 5 {\ : dpe c.c.| on) =i(— in /— In 2-1) +0"). (5.2) 
0) 


In the second place, we put 
Gi) 


a < 4dexp{ —1(A+8)}—2(A—B—a)exp {—21(A+8)}—(A+B)exp(—2/8)—(A+8+22)exp (— 212) 
nee A{1+exp(—2/4)}{1—exp(—2/8)}—8(1 —exp(—2Ua) {1 +exp(—2/8)} 

x dB—C.C. . (5.3) 
The functions 4(=7/§?+4 278) and exp(—/A) can be expanded into Taylor’s series with 
respect to 1/8 af: 


PO) HG MOD: 2S 9313 


AB +t +99 — 9p eae? Bat iepe 112g°* *’ 
) emilee, Pie eee Cle Wi? ole erator 1 il ) 
ee Pl (il heaters te it: )exp(—J8), 
exp (—/A) (1 al gine? 28 es 2818 83? tT oget g 8g? 84 p 


and if we insert these into (5.3) and neglect higher order terms, we have 


(1-208 +2126) exp (—218)—exp (—418) 4 
b{1—4/8 exp (—218)—exp (—4/8)} i 


Gu~—2i| 
1/BP 


which, by putting 78=v, can also be written as: 


(1—2v+2v") exp (—2v)— exp (—4v) Pi 5.4) 
pe v{1—4v exp (— 2v)— —exp (— —4y) 


Cue: il" 


For the sake of convenience in evaluating the integral on the right-hand side, we divide 
-the range of integration from 1/7 to oo into three parts and we write 


‘ GOD=FLQY+F:0)+FD , 
where 
ee MT a) lg eas CUICXD ed) exp. 0) lege (5.6) 
Ue zi v{1— 4v exp (—2v)—exp (— 4v)} 


(1—2v+2v?) exp (—2v)— exp (— 40) ay 
, v{1—4v exp (—2v)—exp (—4v)} 


= 2v +2v*) exp (— =eela= EXD (= 40) ay , (5.8) 
an 4v exp (— —2v)—exp, (= (—4)} 


bs 


F,() = —2% ih 


P= —2i \" 


2 
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In order to evaluate F,(J), we expand the integrand in (5.6) into Taylor’s series with 
respect to v. We thus have 


1 LHe at 1* E al 
( V+—v wT e759 ” 


5.9 
2 30 525 ey 


Fd~—i\ ar 


(ipasiees | \dv=i( In 1++0.4893) : 
py2 UV “ 


Next, the integral in (5.7) has been evaluated numerically by making use of Simpson’s 
rule, and we have found that | 


F(1) = —0.26032 . (5.10) 
Finally, the function F,(Z) can be calculated as follows: 
FyYD)~—22 | | _9u-4-208) exp (—2v)—(1—4v+8v?—8v*) exp (—4v) 
by yy 
+(1—6v-+18v? —32v3 + 32v*) exp (—6v) +--+ }du=—0.06742 . (5.11) 


Tits, le vA, Da GAO) ariel Gib, wwe 
have 


4 
IRS 22, FW) 


l 
= 7( In-— —0.8384 
i(in-5 0.83 vy 


or 


F(kb)=i(In si —0.8384) (5.12) 


and inserting this into (4.6), we have finally 


She Slates Ee 
~ In (b/a)—0.9156 k * 

As in the case of a cylinder immersed in 
an unlimited stream of viscous liquid, the 
drag D experienced by the circular cylinder 
under discussion per its unit length can be 
expressed as: 


By (5.13) 


D=270UB, , 


where ¢ is the density of the fluid concerned. 
Hence, making use of (5.13), we have 


LE ee: ee rae 
uU ~ \n(b/a)—0.9156 log (0.4003 b/a)’ 
(5.14) 


vu being the viscosity of the fluid. 


§6. Discussion of the Result 

Lamb has shown analytically that the drag 
experienced by a circular cylinder moving 
laterally in an infinite viscous fluid with 
constant slow velocity U is given by 


EDs 2 dpe ie SG 
wU 1/2—r—In (ka/2) log (1.85/ka) ° 
(6.1) 
By carrying out experiments with wires 
falling sideways in viscous liquids in a cir- 


cular jar or between two vertical parallel 
plates, White has found however that Lamb’s 
formula can be applied only in an infinite or 
nearly infinite fluid, and that in any practical 
case when the fluid is limited by outer bound- 
aries there is a very marked deviation from 
(6.1). 

At sufficiently slow speeds, experimental 
results conformed closely with a formula: 


(6.2) 


where the value of the constant depends only 
on the shape of outer boundaries and on their 
distance from the cylinder, but not on Rey- 
nolds numbers. 

In the previous paper”, the present writer 
has shown analytically that the drag ex- 
perienced by a circular cylinder moving in a 
semi-infinite viscous liquid parallel to its 
bounding wall is of the type (6.2). 

It is seen that our present result (5.14) is 
also of the same type: namely, the drag co- 
efficient D/“U is independent of either of the 
two Reynolds numbers R (=Ud/v) and R* 
(=UH]/v), where d is the diameter of the 
cylinder and A is the distance between the 
walls. In other words, the drag on a circular 
cylinder moving in a viscous liquid midway 
between two parallel walls is also of the so- 
called Stokes type, as in the case of a Cir- 
cular cylinder moving in a_ semi-infinite 
viscous liquid parallel to its bounding wall. 

The values of the drag coefficient D/uU 
have been calculated by our formula (5.14) 
and they are shown by curve I in Fig. 2 
plotted against the ratio b/a. 

By the above-mentioned experiments on 
wires falling in a viscous liquid midway be- 
tween two vertical plates, White obtained the 


D/vU=const , 


ZTOnmMmVODyY 


k 

} © 50 100 150 

f Dfa 

| Fig. 2. Curve I. Drag coefficient calculated by 

f (5.14). 

Curve II. Drag coefficient calculated by 

| (6.3). 

.e A,B...H. Data obtained by White’s ex- 
periment. 


| data, corrected properly for end-effects, which 
| are shown in Fig. 2 by points A, B,---, G 
|} and H. Excluding, due mainly to experi- 
mental uncertainties—perhaps 20% in error—, 
' the two data shown by G and H, White ob- 
tained an empirical formula for the drag in 
' the form: 


LR. Seen (6.3) 
zwU log (b/a) 
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The values of D/#U have also been calculated 
by this empirical formula and they are shown 
for comparison by curve II in Fig. 2. Allow- 
ing for some experimental errors, it is seen 
that the coincidence of our theoretical results 
with White’s experimental ones is fairly well, 
provided the values of the ratio b/a are greater 
than 20. 

However, when the ratio b/a is smaller than 
20, we should perhaps proceed with approxi- 
mation one step or more, and the analysis 
would then become more and more lengthy 
and difficult. 

In conclusion, the writer wishes to express 
his cordial thanks to Professor S. Tomotika 
for his guidance and encouragement through- 
out the present work. The writer’s thanks 
are also due to Professor I. Imai, University 
of Tokyo, and to Professor K. Tamada, Osaka 
City University, for their invaluable discus- 
sions. 


References 


1) H.A. Lorentz: Abhandlungen tiber theoretische 
Physik. Teubner (Leipzig) (1907) 23. 

2) R. Ladenburg: Ann. d. Phys. 23 (1907) 453. 

3) H. Faxén: Diss. Uppsala (1921). 

4) H. Faxén: Ann. d. Phys. 68 (1922) 89. 

5) C. M. White: Proc. Roy. Soc. A186 (1946) 
472. 

6) Y. Takaisi: J. Phys. Soc. Japan, 10 (1955) 407. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 10, No. 8, AUGUST, 1955 


The Critical Reynolds Number for the Flow past a Sphere 


By Mitutosi KAWAGUTI 
Institute of Science and Technology, University of Tokyo 
(Received April 18, 1955) 


The stability of the flow past a sphere which has been calculated 
previously by use of the Galerkin method was investigated by the method 


of small perturbation and the Galerkin method. 


Thus, the ciritical 


Reynolds number for the flow past a sphere was determined as 51 which 
should be compared with the experimental value of about 100. 


Introduction 


§1. 


It is well known that the flow around an 
obstacle submerged in a viscous fluid can be 
treated successfully with the Stokes or the 
Oseen approximation to the Navier-Stokes 
equations, when the Reynolds number of the 
flow is sufficiently low. On the other hand, 
it has been shown experimentally that above 
certain critical Reynolds number the flow be- 
comes unstable and periodic and transforms 
into flow with von Karman’s vortex-street 
(two-dimensional), or with distorted loops of 
vorticity arranged with some measure of 
symmetry [1] (axi-symmetrical). But unfor- 
tunately, Stokes’ and Oseen’s approxima- 
tions become worse as the Reynolds number 
is increased, so that we must grapple with 
the exact Navier-Stokes equations in order 
to investigate the phenomena, such as the 
existence of the critical Reynolds number, 
which correlate with the flow with Reynolds 


number close to the critical Reynolds 
number. 
For such an intermediate régime, the 


author investigated the flow past a circular 
cylinder and a sphere by use of Gelerkin’s 
method and Liebmann’s method [2], [3], [4], 
[5], [6]. Also he investigated the limiting 
form of the flow past a circular cylinder 
when the Reynolds number is increased in- 
definitely [7]. From these studies, he con- 
cluded that the Navier-Stokes equations have 
a steady solution even when the Reynolds 
number of the flow is so high that the steady 
flow cannot be found experimentally. Fur- 
ther he suggested that the origin of the non- 
existence of the steady flow at higher Rey- 
nolds numbers may be found in the instabili- 
ty of the steady flow which is expected to 
exist theoretically. 

In this paper, the stability of the flow past 


a sphere, which has been calculated by use 
of the Galerkin method [3], will be investiga- 
ted by the method of small perturbation and 
the Galerkin method. 


§2. The Steady Flow past a Sphere 

The equation of motion for the axi-sym- 
metrical flow of viscous fluid can be given 
in the non-dimensional form as: 


ODF)... 1 OW, DF) 

ot 7 sin OW, @) 

2 DY (0¥ 1 Oo” . 
Lae cos sin 

7 sin? @ (ee a r OO ne ) 

1% pepo: (2.1) 
R 

with 
: : 

Te Ee eo 6 ee (2.2) 


Or ? 06\sing 00)’ 
where (7, 0, w) are the polar coordinates, 
R(=Ud/v) is the Reynolds number, U is the 
undisturbed velocity, d is the characteristic 
length, v is the kinematic viscosity, and ¥ is 
Stokes’ stream function. If (uw, v, w) and 
(&, 7, €) are the v-, 0-, w-components of the 
non-dimensional velocity and vorticity re- 
spectively, they are given by 


ede 410 fort ere 
sind 06’ rsin@ Or 
w=03)» €=7=0, GS] = Q De. 
rsin @ 


(2.3) 
In this section, we deal only with the 
steady flow case, so that (2.1) becomes 


tee ROU) 
sind od(7,.6) 
2 DY (Ov he. 
7 eo Byaacas 7 Oder 0) 
Z 
aD, 
R (2.4) 
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yet been obtained. 
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Table I. 
Rk Ay By | Cp [¢]r=1 
10 | —4.4785 —0.9237 4.4855 —3.0177 sin 6+0.4105 sin 29 : 
20 | —4.4145 —1.8498 2.4557 —3.0707 sin 6+0.8221 sin 26 
40 | —4.1621 —3.7605 mOOrS — 3.2796 sin 6+1.6713 sin 20 
60 —3.7564 —5.7848 1.5628 —3.6153 sin 6+2.5710 sin 20 
80 —3.2241 — 7.9509 1.6406 — 4.0558 sin 0+-3.5337 sin 20 
Table II. 
R Ay By Cy al [Clr=1 
0 —0.7500 0 24/R —1.5000 sin @ 
1 —0.7491 —(0.0477 24.0301 —1.5014 sin 6+0.0477 sin 20 
2 —0.7463 —0.0941 12.0594 —1.5056 sin 6+0.0941 sin 20 
5 —0.7264 —0.2399 4.9511 —1.5354 sin @+0.2399 sin 20 
10 —0.6491 —0.5171 2.7230 —1.6514 sin 6+0.5171 sin 20 
20 —0.1810 —1.5323 2.1104 — 2.3535 sin @+1.5323 sin 20 
PAL ALS 0 —1.8953 2.2728 — 2.6250 sin @+1.8953 sin 20 
The boundary conditions for the viscous Be ce 
ecu B 8s) sin? 
flow past a sphere can be given as +( TDs ne, e+e) sin Meositls 
(2.8) 
(i yr ee oy 2 , 
1) = Bar sin*’@, aS 7>o, (2.5) where A;, and B; are the undetermined 
4 parameters. The form (2.8) is appropriate 
mye %>= 0 /or—0', for small Reynolds number, and reduces to 
on the surface (7=1). (2.6) the Stokes approximation as the Reynolds 


Owing to the mathematical difficulty, the 
exact solution of equation (2.4) with the 
boundary conditions (2.5) and (2.6) has not 
In a previous paper [3], 
however, the author has obtained approxi- 
mate solutions for the case of a sphere by use 
of the Galerkin method, which will be 
reproduced here for the sake of convenience. 

According to the Galerkin method, we as- 


_ sume an appropriate functional form involving 
/ some 
stream function /%, 


undetermined parameters for the 
and determine such 


parameters by the boundary condition and 


some approximate conditions which replace 


the exact Navier-Stokes equation. 


We have adopted two forms for the 
solution: 
1 A, , As, As, As A 
(a) Balti | S 24S) sin? 0 
+ (Ft a) sim? 0.605 9, 
(2:7) 


fb), = C r+Ayrt+ As +4 24 =4) sin? 0 


number tends to zero. The form (2.7) is 
chosen for higher Reynolds number régime. 
These two forms satisfy the condition at 
infinity. For the approximate conditions 
replacing the Navier-Stokes equation we take 
following two conditions: 


(NS)=0, on the surface (v=1), (2.9) 


\\ 1 {P,—P.(2)(NS) dzdr=0, (2.10) 
=t 


1 


\\ y-24,P,(2)—Ps(2)}(NS) dedr=0, (2.11) 
it -1 


where (NS) is the left-hand side of equation 
(2.4), Pna(z) is the Legendre function of order 
m, and z=cos@, The conditions (2.10) and 
(2.11) have been derived by the consideration 
that if we expand (NS) in the orthogonal 
function system 
7 ™*2)(] —cos? 0)P»'/(cos 0) 
each term must be zero. (2.10) and (2.11) 
correspond respectively 10) EN, Ze 
The conditions (2.6), (2.9), (2.10), (2.11) give 
respectively 4, 2, 1, 1 relations between the 
eight coefficients A;, B;. Thus we can deter- 
mine the parameters completely. The values 
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0 Allen 

® Arnold beat (9) 
® Liebster 

@Numerical (4) 


R=40 (2.7) 
=60(2:7) 


Oseen 


<o 
~ Goldstein 


| 10 100 


. perfect fluid 
Fig. 1. Drag coefficiento f a sphere. 


of Ai, and B,, the calculated drag coefficient, 
and the vorticity distribution over the surface 
are given in Tables I and II for the case (a) 
and (b) respectively. A»,---, Bs,--- can be 
found by the following relations: 

For the form (a)— 


Fig. 2. Pressure distribution over the 
surface. 


an appropriate functional form is used; the 
form (a) is appropriate for the régime 10<_R 


oe ee B= 3 Bo <80, and the form (b) for the régime 
29 29 9 REQ. 
15S, OS 19 

AG (= A Bz3=-—-B 

i te * 59 i) nt Ql od 

G17 5 

Anere eee (3) ee 

4 (erie) ) 4 9 B,, 

(a2) 


and for the form (b)— 


2 
A,=—(F +7 As) ’ B.=—2B, ’ 
11 
Ar=(5 +54) ’ B;=B, , 
eel 
A=—(s54 541) ia Os iota) 


The calculated drag coefficient and the pres- 
sure and vorticity distributions over the sur- 
face are given in Figs. 1, 2, 3 respectively. 

The author has also treated the same 
problem numerically for the Reynolds num- 
ber of 20 [4], and the results are also shown 
inf Figsilh 12:13; for the sake, of of | com:= 
parison. 

Comparing our results obtained by the 
Galerkin method with the numerical and ex- Fig. 3. Vorticity distribution over the surface. 
perimental ones, we can conclude that the 
Galerkin method gives satisfactory results if 
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$3. Discussion of the Stability of the 
Steady Solution 


The Navier-Stokes equation has always 
steady solution, which is very similar to the 
actual flow when the Reynolds number is 
below the critical Reynolds number (about 
100 in the case of the flow past a sphere). 
But we cannot produce steady flow whose 
Reynolds number is much higher than the 
| critical one. The author suggested that the 
origin of the non-existence of the steady 
t flow at higher Reynolds numbers may be 
found in the instability of the steady flow 
{ which must exist theoretically. 

{ In this section, the stability of the steady 
solution which is obtained in §2 by means 
- of the Galerkin method will be investigated 
by adding a certain type of small perturba- 
tion to the steady solution and considering 
whether this perturbation will die out or 


grow up. 
The basic equation for this problem is 
DY) 1 dav, DY) 
dt = sind G(r, 8) 
2 DY ee Os 6 o— ov sin 0) 
yr sin2@ \ dr r 06 
2 , 
a | JA (i (ib) 
R 


where / is the function of 7, #, and ¢. Here 
| we put 
Vir, 6, H=V (7, —A+V7, A, 2b), (3.1) 


where ¥, is the steady .solution, of which 
approximation has been given in §2, and ¢ 
is the perturbation term which depends on 
the time ¢. 

Substituting “Y from (3.1) to (2.1) and 
neglecting the second order terms in ¢ and 
its derivatives, we have 


Dy) 1 ne ees AY, DY) 


ot rsindl Or, 0) Or, 0) 
2 Dy (09 cos 6— A0P song 
p sin? 6 \Or ry 00 
2 Dp (av, & 1O¥5 ) 
is eaghe he xr OO ve 

ee 2 pb=0 ; (i) 
R 

If we put 
p=e'h iy, 0), (3.3) 


(3.2) becomes 


3) {oo oP) OF, D¥s)) 


rsindl Ar, 0) ar, 0) § 

st idl 2 (2 co Deb ain 

Yr sin? 6 \ar r 06 ) 

2 DF av, 1Aa¥, 

7 sin? aah Ce x 00 sind) 

Z, 
—— )4F=(, . 

a (3.4) 


For Fi(y, @), we assume a functional form 
F=(Qyr+C.4+C3/r+C,/7) sin? 6 
+(Dir+ Dz + D3/7+ D,/7*) sin? 6 cos 6, 


(335) 
which is analogous to (2.8) for V(z, @). 
The boundary conditions are 
1) F=0h0r=0, at 7=1) (3.6) 


and 


il) The perturbed velocity tends to 0 as r>0. 
(Gil) 


The condition (3.7) is automatically satisfied 
by the form (3.5), and from the conditions 
(3.6) we have 
C3= —(3C,+2C,), | D3=—(3D,+2Dz), 
C= ZC D,=(2D,+ Dz) . 
(3,8) 
On the other hand, we use the approximate 


conditions for equation (3.4) which are 
analogous to the conditions (2.9)—(2.11), i.e. 


(ns)=0, on the surface (v=1), (3.9) 


ie 


i) PP Pid Vos ce dr = 


z)}(ns)dz dr=0, (3.10) 


where (7s) stands for the left-hand side of 
(3.4). 

If we use (3.6), (3.8) and the form (2.8) 
for the steady solution, the conditions (3.9)— 
(3.11) give 

(144.R-1—3R)C, +(64R'—R)C,=0 , (3.12) 

(96R-—3k)D, + (48R!—k)D2=0, (3.13) 

—288B,+282240R")C, 
+(—112B,+117700R)C, 
+.(723+4A;)D;+(201+20A:)D.=0, (3.14) 

(2763 +1404.A1)C; + (666 +-360.A1)Cz 

+(—208B,+136080R*)Di 
+-(—56B,+60480R*)D.=0. (3:15) 


If, in place of (2.8), we use (2.7) for the 
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steady solution, we have four relations 
analogous to (3.12)—(3.15). The equations 


(3.12)—(3.15) are a system of homogeneous, 
simultaneous, algebraic equations for the four 
undetermined parameters C;, C., D;, D2. 
Therefore we can determine the eigenvalue 
k (as the function of Reynolds number FR) 
from the condition that the system has non- 
trivial solutions. The eigenvalue k may be 
complex, and the sign of its real part gives 
the criterion for determining whether the 
perturbed flow may die out or grow up; 1.e. 
the positive sign means the growing up of 
the perturbed flow and hence the instability 
of the steady flow, and the negative sign 
means the dying out of the perturbed flow 
and the stability of the steady flow. Actual- 
ly we have two real eigenvalues from the 
system (3.12)—(3.15) for each Reynolds num- 
ber considered. 

We have calculated the eigenvalues k for 
the Reynolds numbers 1, 5, 10, 20, and 30 
using the form (2.8) as the steady solution 


Table Ill. Eigenvalue k. 


R (1) | 


| | (11) 
1 | -15.452 —16.562 
Res 2. G21 7 9 8. 8420 
10 |= 1.0416  — 2.2950 | -1.4976 —9.8137 
2. 0.2688. — 1.6992 | 0.611 =5 2077 
30 | ~ 0.1418 — 2.1094 | 
40 | -0.1054 —3.0974 
60 | 0.0648 2.4468 
80 0.1307 


~ 2.0620 
“ (1) with (2.8) as Vp, (II) with (2.7) as W. 


Y, and for the Reynolds numbers 10, 20, 40, 
60, and 80 using the form (2.7) as ¥,. These 
eigenvalues are tabulated in Table III, and 
are shown in Fig. 4. By interpolation, we 
can determine the critical Reynolds number 
for which one of eigenvalues vanishes and 
the other is negative. Thus, we have 51 as 
the critical Reynolds number for the flow 
past a sphere, above which the steady flow 
may be unstable. 


$4. Discussions 


In §3, we have succeeded in the theoreti- 
cal determination of the critical Reynolds 
number for the flow past a sphere, but 
several points are left to be discussed. 
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First of all, since we have used a specia 
type for the perturbation, the calculatec 
critical Reynolds number should be _ highe 
than the ‘‘ lower critical Reynolds number’ 
below which the steady flow is stable for 
any type of perturbation. Experimentally 
the lower critical Reynolds number for the 
flow past a sphere is known to be about 
100, but our critical Reynolds number whicl 
should be larger than 100 is 51. This dis 
crepancy between the theory and experimen 


Fig. 4. 


Eigenvalue k. 


is rather large, but considering that we have 
used an approximate solution for the steady 
solution, and the Galerkin approximation ir 
place of solving the exact Navier-Stokes 
equation, our result may be regarded to be 
fairly satisfactory. 

The origin of the discrepancy between the 
theory and experiment may be found in that 

i) We have used an approximation for the 
steady solution. The result due to the 
Galerkin method seems fairly good in the 
case of the steady flow past a sphere, if we 
compare the calculated drag with the ex 
perimental one, but the vorticity and pressur 
distributions over the surface may be fairl 
different from the reality, as we can se 
from Figs. 2 and 3 where the results of th 
numerical method which are expected to b 
more accurate are also given for the case o 
Reynolds number 20. 

ii) We have used the Galerkin metho 
without solving exactly the Navier-Stoke 
equation (3.4). It seems very plausible tha 
this procedure may _ produce fairly larg 


quantitative discrepancy in such a delicate 
problem as the determination of the critical 
_ Reynolds number. 
We have used the same form (3.5) for 
_both forms of the steady solution (2.7) and 
(2.8). We have also tried to use a functional 
‘form analogous to (2.7) for the perturbation 
‘in the case of the steady solution (2.7). But 
‘this procedure gave the critical Reynolds 
‘number less than 20, and therefore this form 
‘seems inappropriate for the perturbation 
function. The two upper branches of curves 
in Fig. 4 are nearly coincident in the adjoin- 
ing régime of both types of steady solution, 
and it may suggest that the use of the same 
form for the perturbation was appropriate. 
It seems to the author that the success (at 
least qualitatively) of the theoretical deter- 
‘mination of the critical Reynolds number for 
the flow past a sphere suggests the possibili- 
‘ty of explanation of the critical phenomena 
related to the transition from laminar to 
turbulent flow past obstacle, by means of 
the Navier-Stokes equation and the perturba- 
tion method. In relation to this problem, 
further study of the steady flow, both 
theoretical and experimental, seems to be 
important. 


1}§5. Summary 


The author studied the stability of the 
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steady solution for the flow past a sphere 
which has been obtained previously by use 
of the Galerkin method, and determined the 
critical Reynolds number for the flow past a 
sphere as 51 which should be compared with 
the experimental value of about 100. 


In conclusion the author wishes to express 
his hearty gratitude to Professor Isao Imai 
for his kind suggestion and discussion in the 
course of this work. 
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We obtained the rigorous solutions of Maxwell's equations in an in- 
homogeneous medium, which led to descriptions of the electromagnetic 
waves from a dipole source in the medium, where the inductive capacity 
is an arbitrary function of the distance from the center of the earth 


sphere. 


The first approximation of these descriptions give more abundant 


and complete results than those which have as yet been obtained by 
Fermat’s principle of geometrical optics and lead to a satisfactory theory 
for the so-called superrefracted propagation in a layer called the duct.1»») 


§1. Introduction 


The geometric optical descriptions? of the 
electromagnetic waves, derived from Fermat’s 
principle, are usually used for practical pur- 
poses. It is interesting as well as practically 
important to deduce these descriptions directly 
from Maxwell’s equations and establish the 
method of calculation of the field strength. 

Theories on the propagation of the electro- 
magnetic waves in an inhomogeneous atmos- 
phere have been put forward by many writ- 
ers,?®»">8) among whom only Bremmer® is 
concerned with the above geometric optical 
solutions. He has obtained approximate solu- 
tions of Maxwell’s equations in an inhomo- 
geneous medium by means of the W.K.B. 
method, and connected them with usual solu- 
tions in a homogeneous medium by the help 
of the coeficients of reflection. He resorts, 
however, to too much artifice in treating this 
subject, so the physical meaning of his calcu- 
lation is not clear. We have found an easier 
and clearer method of calculation which starts 
from the rigorous solutions of Maxwell’s equ- 
ations in an inhomogeneous medium. 

The atmosphere is assumed to be composed 
of many concentric spherical layers, in each 
of which the inductive capacity &€ is pro- 
portional to 7°”, where 7 is the distance from 
the center of the eath, and the constant m1, 
gives the measure of inhomogeneity of the 
#-th layer.* As seen in the following, kr” = 
(w/c)V¥ ye which characterizes the propagation 
of electromagnetic waves, varies continuously 


from layer to layer, i.e. kr” is continuous a 
each boundary between the layers. 

We shall find the rigorous solutions of Max 
well’s equations in such an inhomogeneou 
medium, which lead to the diverging ele 
mentary wave and converging one, the forme 
propagating in the direction of the radia 
vector 7, and the latter conversely. Thesi 
waves propagate from layer to layer with n 
reflections, so long as the radius 7 is large 
compared with the wave length. The diverg 
ing elementary wave reflects at the sphere 
which is assumed to be at infinity, into ; 
converging elementary wave. The latter wav: 
reflects at the infinitesimal sphere at the center 
as well as at the discontinuous surfaces, int 
the diverging elementary wave. 

These waves will be summed up to describx 
the electromagnetic waves transmitted from < 
dipole source. This summation will be trans 
formed into a contour integral, which is < 
form convenient for the calculation by the 
method of the saddle point. This approximate 
calculation will give the formulas, which have 
a simple form and a clear physical meaning 
The geometrical ray curves will also be giver 
in the same form as obtained by the Fermat’: 
principle, except their additional factors. Ow 
theory gives such waves as will propagate 
through the atmosphere and reach at infinity 
and return back to us. These waves, how 
ever, have an infinitely large phase, so tha 


* Sufhx » is used without being confused 
the permeability p. 


with 
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the time needed for them to travel along 
these rays become infinitely long. Such waves 
need not be considered for practical purposes. 
Neglecting them and putting »2=0, our theory 
can be reduced to the usual one in a homo- 
geneous medium.” 


$2. Solutions of Maxwell’s Equations 

If we adopt the Gauss system and omit the 
time factor exp (zwt), Maxwell’s equations are 
reduced into 


rot jee E, rot H=—2°4 
Cc c 

div €E=p , div zH=0 , (1b) 
where £ is the electric field, H the magnetic 
field, and € the inductive capacity, » the 
permeability of medium. Owing to the fact 
that # is a constant while € is a function of 
Y, EK and H lose the symmetric property as 
seen in the case where the medium is homo- 
fgeneous, and the differential equations deduced 
from the Maxwell’s equations are different 
from each other according to the type of the 
source, and the field of each type can be 
described in terms of the series of the solu- 
tions of each type respectively. 


H, 


1. Magnetic type 

On the assumption of no space charge,* we 
can put 

E=rot rd. , (e225) 

where ¢;(7, 0, %) is a scalar function of polar 
coordinates, and from the second of the equa- 
tions (1), we get 

H=——* rot E=——“—rotrotré.. (3) 

ZOU ZOU 

When 4, is determined, the field H and 1 
can be determined by ¢: by means of these 
two equations (2), and (3). For simplicity $1 
is assumed to be a function of 7 and @, and 
not to depend upon ¥. Operating “rot” on 
the both sides of (3), and using the first equa- 
tion of (1) and (2), we have 


wo 0¢, 1 mel aa 
Ce Le 00 abe ” 00 


wrlesn ooo 08 HT 


If we write 


ww” 
C pe=f(r) ? 


and = $1 =9(7)Pn (cos 8) , (5) 


? 


the equation (4) splits into two equations for 
giv) and P,(cos 8): 


3 (79) + (7 store Nigel (6) 
dy? fe 
and 
Ih ah Gh 
—- 0 Ae I WEF es ‘ 
sin @ asin ao +m cars 


If &7) and thus /f(7) are proportional to 
”™(m==—1), (6) becomes 


ag 2 ag ( aa 
eC Se nei ey, k? OI Ne —() , 
dad? + Y FES ‘ ie 7 


This equation has particular solutions ex- 
pressed by using the Hankel function H, 


g= YOO, nay E How 2 | mee) 
‘ mm 2x m+1 


where 


2 


_nt3 


ee 
m+1 
Connecting this Y-function with the Le- 
gendre function P,(cos 9), a particular solution 
of the equation (4) is 


Y .2(k, 1)Pr(cos 6) . (8) 
The fields due to this solution are 
E=rot r Yk, v)Pulcos @) , CoN 


H=— -*— rot rot r¥ 2k, r)Px(cos 8) , 
Zw YUL 
(9) 


the components of which are 


H,= _¢ n(n+1) YO.OP,, , 


E,=0, . nn 
OVE fe 
Cod. GPx, 
Ey=0 Hy = 4 4 gym, 
: ; top ¥ ar (re Yao 


Ey=-YQO 2 , Hy=0. 


When the field vector H has no radial com- 
ponent near the source, Maxwell’s equations 
lead to the equation (6), and the field can be 
developed in the series of YO. In a parti- 
cular case where the sourse is an infinitesimal 
loop, the series of the functions (8) is sufficient 


to describe the field. 
2. Electric Type 
In the case of electric type, too, let us 
make a start on the same assumption of no 
charge distribution, 
div €H=0 , (10) 


* div ceH=div (€ rot ré;)=grad €-rot r¢,=0. 


or 
Giveje—0e 
Where / has been given in (5). In order 
that this condition may be satisfied, it is suf- 
ficient to put 


fE= o ueE= rot rot rd» (11) 


Taking into consideration that all coefficients 
are constant except the inductive capacity € 
in the Maxwell’s equations (2), we get 

rot rot K=/fE, (12) 
after cancelling the field vector H out of 
them. In order to obtain the solution ¢, in 
(11), which satisfies the equation (12), we put 

o2=9(7)Px(cos 8) . (13) 


Substituting (13) and (11) into the equation 
(12), we get 


_mmtiy djl d n(n +1) 
ia ab dr fr 9 
_n(n+)) | 
= S g 
for the v-component, and 
" £4} 4g) 
y ar \{f dr eat 
Ll dad (n@al) yy ad, 
Yr on TZ # = r qa 
for the 6-component. Putting 
P=7g(7r) , (14) 
we satisfy the above two equations by the 
solution of the equation 
@i (dk @ { ae 
—{——_@ ——-~—_—‘lg=0. 15 
ava anna. st) 
Now we put 
R272mr1 
d k? 2m of. i 
=|’ ee \ Hes ie 2m+1 ° 
The equation (15) leads to 
BP Sp2 a3 DPH1)) g _, 
mt eae he=0, (16) 
where 
es Ae m/(2m +1) 4 m 
k ot : ~~ Im+1 
and 
wef Mgr) 5 a L 
y (ener: fleeces 


The equation (16) is the same differential 
equation as seen in the previous paragraph, 
and a particular solution of (16) is 
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=2ZYMOCVE, 2 


rm 


$(z)= 


in terms of the above Y-function. Therefore 


fa a pa00.0( Hn) 
2(2m+1)7 m+1 


=ZD,O(R, 7) 


wun (17 
where 
y={n(n+1)+m?+m+4}7/0n+1) . 
The fact that the function (17) satisfies the 
equations 


rot rot H=f £ , 
and b2=9Pn ’ 
and the relation 


f E=rot rot rdz , 


HS oe ro» (18 
Toye 
lead to relation 
rot H=rot ré2.=— pai! , 
and 
to) 
rot H=— ee rot rot ré,= —— © _f R= io <BR 
LOU ao) yn Cc 


These equations are the Maxwell’s equation: 
themselves, and the fields derived from thi: 
particular solution @». are 


VE mnt) GE , Li) ? 
Rk2y2mri~ | 
( epee 
hr’ 2m +1 a a ? 
G dea 
Eo=0, Hee ae 
(19 


When the electric field vector H has th 
radial component in the vicinity of the source 
and the field is symmetric around the axi 
#=0, it can be described by superposing sucl 
particular solutions as ¢2. Based on whethe 
the field vector HE has the v-component o 
not, differential equations different from eac] 
other have been derived from the Maxwell’ 
equation. These two equations have th 
particular solution ¢, and $2 respectively. 


§ 3. General Description of the Field 


The radius of the earth is 7, and its pre 
pagating constant is kkx=k. The atmospher 
is composed of N layers, which are concentri 
spherical shells. In each layer the quantity 


Oo = 
: V ne 
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Ry rm varies as 
N-| = m = 
Ry-| Ce N*! , ‘ 
ee Rur=R( yu, 7) , =a, Bpoe, IN 


Le Seas pee Ss a and is continuous at the boundaries 


Rs VMs Tin JY, Poh INI 


, 


LMR < Seeks 1.6. Rey J—=— Rul) 


% The constants miu(u=1,2,---,N) give the 
i ep measure of inhomogeneity of the -th layer, 


Ba ee where the Maxwell’s equations have particular 
5 a ae yay solutions 
cae ip clan Ye eat) mn) for magnetic type, 


nM, 


nae PEC and ZO O(Rus rv) (17) for electric type. 


Fig. 1. The multilyered atmosphere. 


MELEE darth’s Sarfate. In the following we shall write these two 


1,72, +++,%y-1: Surfaces where the mediumis kinds of solutions together as 
continuous, but ku and mx may be dis- 
continuous. 
/ + HY® ees) for magnetic type, 
H,,! DOR r= 27 Mut+l 
rT ay FOE ; : 
Ry, ry/ is HD les » 4) for electric type. (20 
eae 22mut lyr mutt , x 
and 
In( Ra, 1)=3{ AO (Ry, 1) +A (Ru, 1)} , (21) 
where 
yl i i aa, 1/2 
vton) = 2/2) at y(e)= nt) ty? mn + LAP (22) 
mMut+l Mut 


and Ay, on the right side denotes the Hankel function. The source Q(7,0, 0) and the ob- 
serving point P(7, 9,0) are assumed to be in the q-th and the s-th layer respectively. 
The primary wave from the source Q is written as follows: 


ne In(Ra; 1) An (Ra, YT) 4 1ST 
A 2n+1)Pr( 6 “ = is 
ss 2 er ) ee Hy, (Ra, I) In(Ra, Y) FOES (ES f ee 
where 
: 
nes Se for net 
ae ear or magnetic 
A= ; 9 
U 2a 1 for electric. (24) 


~ Artk(q, NY m+ 
The expression (23) is split into 


* It is proved that (23) is the solution of the d(r —F) 6(8) 8(¢) ee: 
equation ae Ce 5 AYES 
i Ga on wh 24 sh + fous and therefore it takes the form 
oe BUS oe heexp (stkr@RAnR, (R= PQ) 
1 @ Wh 1 Ou in the vicinity of the source Q. 
sin 9 + 


ae siné@ 00 00 r?sin?@ d¢? 
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ees S (2n+1)Po(cos Hv len, DH w (ke, 7)» FZIZIa, 
ve (25) | 
Do -= s (2n+1)Pr(cos 0)H,O (Ra, 7) Hr (Ra, TA) Vo=VEY 
=0 
For brevity’s sake we shall write 
C8 SiGe SO eas and SD, = Da ee (26) | 
n= n=0 cr n=0 
where 
A xa A | bys : 
=F (2m+1)Px(cos On P(ha, 7), and = Bu="5-(2m-+1)Pa(Cos Oa (Kea, 7) , (27) 


Besides the converging wave Cy and the diverging wave Do, the expression (23) contains 


3 AnH,” (ka, 1) F 
n=0 
which can be regarded as a part of the secondary wave, reflected on the earth’s surface, 
and it need not be considered as a primary wave. On the other hand the coefficients of 
reflection of the diverging wave H,(ks,7) and the converging wave AH, (Rus, 7) at the 
boundaries y=7; and 7, are 
{log rsHn(Rs41, 75) }’ —{log rsHn™ (ks, 7s) }" 


{log 1sHn™(Rs, %s)}! — {log rsH (R41, rs)}! 


{log Vn? (Rusts “i u)}! = {log rptdn™ (Ry, ud} 
an Fuld Ru Oe Mle eer oe Be Wap pes sa hs! a 
2 16g Fall P leur t= Oe FEO aaa he Nn , 


respectively for both magnetic and electric types. 

As the medium varies continuously from layer and 7, and 7; are very large, these coeffi- 
cients are all negligibly small of the order 1/7 or 1/7;. Thus Con and Dox may propagate 
from layer to layer, without reflection and they can be expressed as 


Con= ant, O (Re, 1) rg TT 


=anCr(s, q—1)Hn™ (ks, 7) s > >Ts-1 s=1,2,---,q—l, (28) 
where 
Be 2 (Rust, Lg ) 
Crp, q)= I - eee =Cn(q, D) . (29) 


This converging wave Cy» reflects on the earth’s surface into the diverging wave Dy» F 


Hin (ki, 7) : 
Diy = anCn(1, q— DE ee sHaRe 1) Sr Sa se Ne 


(30) 
4 (Ri, Mn) 
Dip, Q= VW FeO Gu M0) : 
(? D= KB=p AO (Rusi, Tale 4 q, 0) l 
and 
ee {log roHn (la, 10) }’ —{log roHn™(Ro, 70)}! 
{log ron (Ro, 70)}'’ — {log roHn@(ki, ro)}! ’ for magnetic type, 
1 
{R(1, 7) }? ele {log Lee ee nie xe {log 1 Hn(Ro, ro)}! 
iS for electric type , 

uni nC {log rH (he, AN Fea a oF e {log roHn®(ki, 70) 


(32) 
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where the earth is assumed to be homogeneous, and its propagation constant is k, therefore 
H,©>@(Ro, 7) and k(0, 7) are reduced into 


Hn) =F y+, rm z Fe AR hor), 
and 
k(0O, H)=Rko=k . 


| The converging wave Cy, goes into the earth partly, and transmits to and fro between 
| the center and the surface of the earth «-times (c=1,2,---) and goes out of the earth as a 
diverging wave D,,“, 


Dy, =e OGL q—)T, D,(1, s—1)A,, (Res, r) Vs PU S731 5 s=15 De ae abe) N (33) 
where 


T00) = AO (ky, To) Cn? (Ro, = (1+ Rn)(1+ Ry’) {ones 2) Rh | 


CnO(Ro, 7) Hn©(Ri, © n(Ro, 70) (34) 
f Pel : 
and 
{log HO n(ki, 7%)}'—L{log mF n(Ro, To} p : 
R,,’=-— . 0 Ly :* VANS 70% n\io, 40 
{log 70 n(R, 70} —{log mH @n(ki, rm} ” i ote Soe ar 
1 
oes = {log HH a (Ri, aes ae ~ 4g 08 Yo Oe ro) } 
= LF : 
= ae = for electric type. (35) 
mf Bb, ; 
hey? {log En (Ro, 7%) }’ — ee r)} Glo ToT n (Ri, Yo) } 


Thus the total diverging wave coming out of the earth caused by the primary converging 
j} wave Co» is 


Din= > Dysf? . (36) 
K=0 


Next we shall pay our attention to the primary diverging wave Dy,. In the same way 
‘as above, we get the following expression: 


Don= Bu A (Ra, fa) ta>v>7 
= BrDn(q, s—1)An™ (ks, YT) Ta terres, s=q+tl, Oe 2hek ING (37) 


This diverging wave reflects into a converging wave C;, at the sphere which is assumed 
to be at infinity, so 


Cin=BrDrlQ, N—1)C,(s, N—1)An© (Rs, Tas 15> >Ts-1, sal, Doc aioe N (38) 


This converging wave C;, reflects on the earth’s surface into the diverging wave Dz», 
Dyn=>; Dor, (39) 
K=0 


On the same way as the primary converging wave Cp, reflects into the diverging wave Din. 
The diverging waves Di, and Ds, reflect into converging waves C2, and Cz, respectively at 
y=, Such transmissions and reflections are repeated without limitation between 7v=0 and 
y=oo, and the final expression of the field produced by the primary wave (25) is 


u=> (D:+C), (40) 


where 
Co > Contes ee = oy De eet = Cin ee DO=> Dink, (41) 
vi nN Ww 


ny K 
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$4. Geometrical Expression 


Transforming the summation formula of D and C, obtained in the previous section, intc 
the contour integral in the complex »-place, we get 


Co 


Do =| NEN D (cos(e—O)}H,O(ka, 7): 
1a 


2 +r, COS NT 
Do 
Ci(s, q—lHy (Rs, 7) 
H,©(Ri, 70) | 
my = 1) Rj De sa aes, 
CL, ADR Er wpe gods SDH, 1) (42 
Cv, q—DT ODI, s—DALO Rs, 7), 
a nd C C 
=F nan Pp fcos(n—0)} Hy (ke, 7): if 
C, D ry+r, COS NT 


D,(q, s—1)H,™ (Rs, 7) 


Dq, N—\)CuUs, N—1)H (Rs, 7), 
TC. {76 
2D) 2) 


Pigs 32: ire, 3 


where y=m—1/2, and 73 >7>75-1. 

If we neglect all waves which propagate round more than once along the great circle of 
the earth, 1/cos mz takes the value 2exp(—znz) on the contour 7; and 2exp(émz) on the 
contour /’,. The integral on the latter can be neglected as compared with the former, a: 
will be clear after calculating the integral along the contour 7; and /’, seperately by the 
method of saddle point. 

We shall introduce the following integral representation of the Hankel and the Legendre 
functions in order to make use of the saddle point method. 


m+1 7 
: | exp | ti — COS T=K2 - Le Cage 
Ay Cy 


V 2Qer és m+] m+1 Zz 
HO. Ok, Y=: for magnetic type, 
ky A Ryn 4 V n° ot m(m- aie 1) t 
ee e ae per URIS Les —— = 
Tian |. es xp{ =? m-+1 wa m-+1 (= 2 \} as 
for electric type, (44 
and 


Pies or ah exp {7 log(cos +2 sin 0 cos ¢)} Hite 


‘ V cos 6+2 sin 0 cos ¢ (45 


We multiply both the numerator and the denominator of the expression (42) and (43) b 
H® and H™ in order to make each H@ and H™ in the denominator become such nor 
exponential functions as Hi (k, r)H, (k, r). Next we substitute the above expression 
for H and P function into the numerator as follows. At first we shall write 
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Fi, (Ra, p=\---dee, 1S igh(ieane =| dea Hy(Rs, =| der 


for the various H-functions in the expression, and we get 


Oe ered ndn Karo [anit lac 1; jae 1 
(27 )?(mtg +1)V 77 1 uss ie ¢ oy 
x 
\ {cos(z—@)-+-2 sin(z—@) cos ¢}"!/? e*™ d¢ , (46) 
where 
1 
ae Ar 


_ KS, 7) ( 2mq+1 Ne 
4rk(q, 7) \ 2ms+1 


q-1 
gh C229 ea WS ar 
| M=S 


q-1 
Ay= 0 AiO Ry, ru) Ay (Ry, 7u)- (47) 
h=S 


1 mut 
peas, {R(4,, Tu) ; 


Upper part of these double expressions is taken for the magnetic type, and the other for 
the electric type, and 


(27c)t-8 


. Rg, 7)r -R(s, 7); 
F(t)=—1 Ad, 7)9 COS Tg + gis, os COS Tp 
Mat+l ms+1 
4) (k(u+l1, 7u)7 RL, Ty), 
+4 Sf se a) E COS Tust, p— (4, Tu) * cos zee 
=s |) Myst +1 Mp1 J 
in Tq— m/[2 on tTe—7/2 5 Sin T +l u—7/2 Typ— 7/2 } 
as q I s L +l : = EU ee eee 
' mMq+1 ms+1 Mas Musi tl mMyu+l i 


—inz+n log{cos(z—4)+7 sin(z—9) cos ¢ }, 


where 
n mag 
ae V n+ mu(my+1) electr. 
The approximate value of (46) is given by the values at the saddle point, where 


Ac ‘ 0g On 
If ts, Y and » denote their values at the saddle point, from the first of these equations. 
We get 


nq=RK(q, 7)7 Sin tg=R(Q, Va-1)¥a-1 SIN Ta, a-1 


Ns=R(s, r)Y sin tep=RK(s, s)%s SIN Tes Fi 
My=R(L, %u1)7u-1 SIN Ty, wir=RK(H, Tue SiN Tuy, A=St1, st+2,---,g—-1, 


- where all ms on the left hand are very large except the case in which te is very small, 
and we may put 
No=Nyp=Ns=N 


- for both the magnetic and the electric type. Thus it follows that 
n=k(q, Mr sinte=Re+1, “resin tua, w= RY, %u)7u SiN Tup=R(s, Y)Y SIN TP , (48) 


where 
Mas; SEY,i-i--yrg—L.: 
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Under the condition that the medium is continuous at the boundaries 7=%, 


k(u+, Mu) =R 4, Tn) 5 “=i, 2, ayes) Nie 


we get 
T tly PCBs MT ’ 
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which shows that the incident angle is equal to the refracted angle at the boundary where 


the medium is continuous. 
Next we get 
y=0 from OF/0?=0. 
Substituting (49) into 0F/0n=0, we get 
_te—n/2  te—n/2 


Hs, ID): 
mMq+1 ms +1 1 
where 
1 1 ) 
Wa, = a Tu—7/2) 
( B= he ot aera ig mu+l j\ : i2) 


If we let F be the value of F(r) at the saddle point, we may write 


ee COS Te + ae cos tp-+2F(s, q—1), 
where 
F(a, B)= pa Sie a — hele Vn.) ys COS: Gir 
When 
Rpm, Tu) u>Rq, Y7SINtTg=n, w=S, St1,---,q-—l, 
and 
R(s, r)r>n 


Fig. 4. The geometric optical ray of the primary taken along the ray S 


(49) 


(50) 


(51) 


(52) 


(53) 


are all satisfied for a real angle te, the saddle 
point gives a geometric optical ray S from 
Q to P, which satisfies the Fermat’s principle, 
as shown in Fig. 4, and a brief calculation 
gives F (52) an integral form 


B SIEE 
a V né€ ds , 
cC Je 


where the contour of the integral should be 


converging wave Cy. The angles co, ---, tp are ’ 2 
the values at the saddle point. Substituting the values at the saddle point 
into A,, and denoting it by K, we get 
ea Aln(2z)-* «Fie -0)/2 
(ma+l)V 77 KV 4 i 
where 4 is the value of the determinant of the order 2(s—q)+4: 
|OP?F'/O2; O25 | Bi— Coe rl Fee va, 


at the saddle point, and 


=1 


ae k(q, vr R(s, r)r {R(u, 7%). COS Tu}? 
4=nsin 0-exp{—(z—0)} 9 cos 79-4! 2” cog cp TI eee THe te 
: Lei) gles REE idea re (muss + We 1) Be 


and 
gees aa 1 


Seer aE +O(s, q—1), 


On (mg +1)R(q, YF cos To (ms +DK(s, ‘Dr COS Tp 


(54) 
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where 


B 
Rey Sle teat lel rene 
=e (Mpsitl gmtyt1) RL, un) 7 COS Tp 
Furthermore, substituting the approximate relations 
Hen, 1) Hy (Reu, 7e)~ et} Mag. 
R(p1, ¥:)%t COS Te 
Mtl Rv, %) 


Elect. 
2mmy+ 1 7%? cos t, 


into K, we may write 


q-1 
K=(2n)3 5 Pee 
= > Rut, 0) ekCOS Gi 


for both types. On the other hand » can be written as 
n=[R(q,7)rsinte Rs, yr sin tp]! 


by the help of the values at the saddle point, we get as a final formula for Cy, 


tan Te tan tp /2 
Cy AG ef 
: ee ee a 


Integral formula for D,“ is written in the form 


AY 
6) — es Sue) 
D, (27mg t1)V 77 i ndnk,y 18 |e | an 
q-1 8-1 
{ eo de i [ir ode U1 \dresie | roe 
(ees a= 
: |cos (x—8@)+72 sin (x—8) cos ¥}~!/* exp {F(t)}d? 
where 
v=n—2, 


Kea TT lak Oky, Fu)? "Ry, 7) | i Aye \Roxt Vo)Hy Ok Bort. ee 


fe=l 
q-1 $-l 
(2n)jire-t I Tu] UT Yo Mag. 


5 (2m +l p es 7, mart re 


V2? 


7 1 Elect. 


u=1 {R(Ht, Wu)}? o=0 {Ro +1, Fo} 


FC 17 VACR IIE 
cos +42 ——- — COS tur 
el He ms+1 : 


(RA, %)7%0 COS Tip+ jis 7)" cos T20 


m+1 mu+1 


90 ( R(w+d, Tre Ries Tw cos ey, | 
ga i Musitl EEG ee i a7) 


ee {Meet Va) %o R(6, ¥a)%o 


F(r)=— 


+7 


p=l 


+73) — COS To+1,0— 


COs rer 
o=1 Moritl Mot+1 


pele emag The OL 4 Fie FIZ. 4, 220 ae 
ta: mq+1 give ms+1 IS m+1 m+1 


ager Tut ,w— 7/2 eet 
ek mMutl 


pan Tosi,0—7/2 Too—T/2 
{ress oe A 


oe 


W 
Merit Mo+1 
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In the same way as above we get the following equations at the saddle point. 


n=RKq, 7)7 sin te=K(S, Yr sin te =R(1, %0)7 SiN To =A, %)7SiN To 
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=R(t+1, 74) Sin Tr41,e=R(E, %)7, SIN Tee , 


t= ie 
oO 
9) ==(()) 
and 
des 7/2 
Ma+1 


mMs+1 


where, from the condition that the medium 
is continuous at the boundaries v=/7,, it fol- 
lows that first relation above leads to 


T el, oT ppe—T py T1090 =T20=To 


AnGmna i —GemelOl 

In case all the rs are real, the above saddle 
point determines such a geometrical ray S as 
shown in Fig. 5, and the geometrical expres- 


sion of D,“ is 
, t/2 
DO= AI are ane | Re* , (58) 


[“L=O. 


nry sin 60 
where 
. ks, 1)7 


-R(q, 7) 
—Z- “~ COS Tg—2 
ta ms+1 


Ma+l 
RL, r)7% 
+1] 


il 


= 


COS Tp 


+27 COS Ty 


+7F(1, g—1)+7F(1, s—1), (59) 
and 
(a —l ‘. if 

(ma+1)R(G, 7)¥ COS Te = (ts-+1)R(5,r)r cos tp 

jae 

(9. +1)R(1, 70)70 COS To 

+01, q—1)+@(1, s—1) . (60) 
R is the value of R, at the saddle point, and 
making use of the approximate relation, we 
have 


{log mf (Ro, %0)}’~ ty COS Ty’ , 
and {log mH,™:@(k,, 7)}’~+2R(1, 7) cos Ty , 
(61) 
where ky sin To’ =R(1, %) sin to. Ry is reduced to 


ky COS To’ —R(1, 7) COS To 


ee Ro COS To’ +R(1, 7%) COS T) Mee 
(1/Ro) Cos to’ —(1/R(A, %)) COS Tact. 
(1/Ro) cos to’ +(1/R(1, 70)) cos to ’ 
(62) 
In case A(2, 7.) %u>n for w=g—1, q—2,-- a ip 


=i, Z--°,g—1 
Cie eS — lee 


ie 7/2 2T0 


i m+1 


<1, g=1) a6 (57) 


and Rh, 73-1) 7j-1<N 5 


there exists such a radius % as 


RG, Mo) Vo=N , j5-1< KT; . 
Upon putting 
Tu T | ) 
= —Tp Used ) 


which satisfies the conditions at the saddle 
point, we get geometrical ray curves as shown 
in Fig. 6. 


Fig. 5. The geometric optical ray of D, ©. 


he 


Fig. 6. The geometric optical ray of D,. 


7», 7,': Boundary surfaces where the angle +c 


can be real, which have the physical 
meaning of total reflection. 


The geometrical expression of Do for this 
case is the same as that of Cy except the 
value of f and 9, which are now as follows: 


955 says : ; 7, ; 
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ie ia 77 COS To—2 - z Z COS Tp 
+2F(7, q—1)+2F(j, s—1) , (63) 
and 
— 1 : 
(924 +1)R(Q, 7)7 Cos Te 
if il 
(s+ 1)k(s, 1)7 Cos tp 


+O0(7, q—1)+O(j, s—1). (64) 


Fig. 7. The geometric optical ray of D)“®. The 
ray is the straight line in the earth 7<79, since 
the earth is assumed to be homogeneous. 


Rr \@ 


Fig. 8a. The geometric optical ray of Dp. 


Q 


Fig. 8b. The geometric optical ray of C). 
Ye, 1c’: The distances from the center, where 
the total reflection occurs. 


To the wave along S not only D,“ but also 
~D,“ makes a contribution. Now let us ex- 
amine the latter wave in the following. When 
at first 

Rp, Tu)%u>n , 
the geometrical expression of D,“? shows as 
that it is a wave which, after having trans- 
‘mitted into the earth, reflected («—1)-times on 
the inner side of the earth’s surface, and 
again refracted out into the atmosphere. 


=o“; q-—2,° ans 1; 0, 


Atmosphere 711 


(Fig. 7) 

As the conductivity of the earth is consider- 
ably large, such a wave fades out in the 
earth. Thus we need not consider such waves. 
Next in case 


RUM, Tu )%u>n ’ 4=q-Il, q—2, ne j ’ 
and 

RG, 73)ri<n , 
we obtain such a ray Sas in Fig. 6, and along 
this ray D,“ is expressed as 

D,wo= A‘ ante tan tp Wor . 

| nrr sin OO 
where / and @ are the same as given in (63) 
and (64) respectively, on the other hand T™ 
is 

(+ Ry) hy Ry * ; 
into which the values at the saddle point 
should be substituted. 
As R’=—R, which is obtained by the help 

of the approximate relations (61), we get 


T=(1+R)(1—R)(—R)* . 
Thus we get 


D=DO+ SD 


K=1 
tantgtantp | { ee 
= afiansetanee” Ley 3 poole, 
| nry sin 0 O | { Pa 
By 
¥ T=(14R) (1-R) S (Ry 
K=1 K=1 
Sil 
therefore 
peta te tan tp 
= A aoe (4 , 
He | nyry sin 00 | 


which is the same expression as that of Cy, . 

The geometrical expression of the primary 
diverging wave D, is the same in form as 
that of Cy, except the value of F and @, 


which are now given as follows. When 
k(t, Tu)%u>n for s>“>q, we get 
Fs RQ; rr = Rs, Or COS Tp 
ho 4 wi COS Tg—2 eed J 
Pd, Sl (65) 
g=———_ peer 2 
~ (ma +1)kR(q, 71)7 COS Te 
aa tek Seer O(G, 5—l).,. (66) 


a, (s+ DRs, ry COS Tp 


and 


te—n/2 _ tp ne. 
(js : +4 ) s—1) 
Ms+1 ms+1 ; 


when 
CAs Un Geel, , é—1, 
and 
RL, n)n<n , 
there exists such a radius 7% as given by 
N131< MeN . 

In such a case the rays S, S’, - which 
make a total reflection at v=”, 7’ ---- are 
presented as Fig. 8, and the expressions of 
these waves C, are the same in forms as 
those of C, (56), except / and @, which are 
now given as follows, 

[ies jh 7 : RS) 7 COS Tp 
mea ms+1 

+7F(q, 1—1)+7F(s, /—1) , 

1 
~ (nat Dk(q, 7)7 Cos Te 
= 1 ee 
(ms+1)R(s, 1) cos tp 
+0(q, !—-1)+Q(s, /—1), 


RL, %e)%e=Nn , 


’ cos t Tatt 


(68) 


+- 


and 
ane 
ms+-1 +8 


Ta—n/2 Tp 


j= =f 
Mal 


(q,/—1)+6(s,/—1), 
(70) 


$6. Geometrical Expressions of the Waves 
which reflect Many Times 


We shall consider at first the waves which 


reflect on the earth’s surface. When 
RL, %p)%p>R(q, 7)7 Sin to=N 

for (ESSA. 

and 


RL; n)nm<Mn , 
there exists such a radius 7, that satisfies 
ki, %e)%c=N , 1 Min 11 ; 
where 7 is the height which the ray waves 
can reach. In such a case we get the geo- 
metrical expressions of the waves which re- 
flect on the earth’s surface, say Z-times, as 
shown in Figs. 9 and 10, where we shall 
write u(P:) which makes the above Z-times 


reflections and arrives at the point P; (¢=1, 
es Be, 2%) 
tan tg tant 
P;)=A’ Q P RZ F, ; 
ue y anzetane oAP 
eile amr 2% (71) 
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where 

Fi) kag, 7 HS. OF cose, 

nto Oe hee Peis A 
LF, g=1)-440Z—1)F, (eee 


Fig. 9. The geometrical optical ray of u(P,) o 
u(P,), which arrived at P; or Py, after makin; 
Z times reflection against earth’s surface 7=7% 


Fig. 10. The geometric optical ray of u(P3) anc 


u(P4). 
an =2 MQ, 77 COS Tg i iM 
FP, mq+1 ms+1 


—7?F(1, q—-1)4+u42Z—1)F(, /—1)#7F(s, /—1 


COS Tp 


and 
ae ig PRS 
As (mq +1)R(q, 7)7 COS Te 
= 1 
Gms+1)k(s, )r cos tp 
+00, q—1l)+(2Z—-1)00, 1-1) = Os, 1-1), 
(@ 


4; 1 
2) . (ma+1)R(q, 7)7 cos Te 
gee ye ee 
(s+1)R(s, 1)7 COS Tp» 
—O 1, q—1)+(2Z—1)0(1, /—1)+@s, 1—1) : 


(73° 
A, } To—7/2__ te —H/2 
= : - 61, q—1 
Po) m+) ms+1 at : | 
(27 Ae =) as oe (7 
O3 Te—7/2__ Go 7/2 
ae eh 01, q—1 
oi Mati ue ms+1 (ga) 
+(2Z—1)0(1, 7-1) FAs, 7—1). (74) 


The waves, whose rays make total reflec 
tions at y=7) in the j-th layer (¢>j) and a 
y=re in the J-th layer (/>q), propagate to an 
fro between these two surfaces v= an: 
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v=7r. The waves which reflect Z times at 
v=7), are written in the form of w(P:), whose 
meaning is obviously seen from Fig. 11 and 


Wek. 


= 


Fig. 11. The geometric optical ray which does’nt 
meet earth’s surface. 


sS 


Fig. 12. The geometric optical ray which does’nt 
meet earth’s surface. 


Then we may write 


u(Pi)=A’ a — 5. | exp SF WTS) 
nry sin 4:0; 
where 
q = aes COS ToFZ ealtt COS Tp 
+2F(7, q—1)+2(2Z—1)F(j, 1—1)#7F(s, 1—1), 
(76) 
Bf IAG EY msi cone 
—tF(j, q—1)+0(2Z—1)F(j, l—1)F7F(s, /—1). 
(767) 
and 
= Sed ; 
A.) (mat RG, N7 COS Te 


1 
Gms DRs, Y)Y COs Tp 
+04, gq—1)+(2Z—1)0(j, 1-1) FO(s, /—1), 
(77) 

ae pee 4 
OS (matDRG, AF COS To 

, oe oe 

~(m+1)K(s, V)¥ COS Tp 

—O(9, g—1) + (2Z—1)9(7, 1-1) Fs, /—1), 


(77) 
Ay | tg—7/2__te—7/2 
= 
Z 0, Ma+l Ms+1 
(78) 
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Os | _to—n/2_tr—n/2 
Be hemlet 
—Hj, a—1)+(2Z—1)0(j, 1—2)6(s, I—1) . 
(78’) 


$7. Conclusions 


In this paper we started from the rigorous 
solutions of Maxwell’s equations in an in- 
homogeneous medium, whose inductive capa- 
city is proportial to 7?” and generalized the 
expression of the dipole field in such a medium 
for the expression in a medium whose induc- 
tive capacity is an arbitrary function of 7 by 
deviding it into many laminar spherical shells. 

The geometrical expressions of the first 
approximation have a clear physical meaning, 
and the derived geometrical ray satisfies 
Fermat’s principle. So long as the first ap- 
proximation is concerned, the above geometri- 
cal expressions suggest the possibility of being 
generalized for the case of an arbitrary in- 
homogeneous medium. As the saddle point 
coincides with Fermat’s principle, the former 
can be generalized as 


f=(oley/ per, — (79) 
for an arbitrary medium, and this relation 
determines the ray S, along which 


f sint=n, 


Me or a OS. aaah ar. 
On the other hand we get 

Or il 

On V ft—n’ 


by differentiating the above relation partially. 
Therefore we get 

Oba pe ek Ae, 

an -\. ear 

which appeared in the denominator of all the 
geometrical expressions in the previous sec- 
tion. As is easily seen, in the limiting case 
when the thickness of all layers tends to zero, 
the expressions of 06/0m in the previous sec- 
tion coincide with the above one. But the 
above expression is very difficult to integrate, 
when € is an arbitrary function. The ex- 
ponential part F in the previous expression is 
written in the form: 


f=-2 al V péds , 


which is integrated along the ray S. Using 
these generalized expressions we may rewrite 
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the previous expression, say (56), as 


/ tan tg tan tp 12 
GH=A [ SS Spy 2 7 ral 
nry sin 0\ P= i 
o 


5 
exp} —i ’\ Vieask. 
C Je j 
with the boundary conditions 
) 2. 
n= mas 7 SIN Tg = : VuErsintr . 


Returning again to the discussion of the 
previous sections we have calculated numeri- 
cally the propagation of the electromagnetic 
waves in N.A.C.A. standard atmosphere. 

The measure m of the inhomogeneity of 
the N.A.C.A. standard atmosphere is 

__(—0.1677 for dry standard atmosphere, 
=e for 60% moist standard atmos- 
phere 


is calculated from the table of the 
earth’s 


which 
standard atmosphere between the 
surface and the height of 1500 meters. 
For the numerical calculation we take the 
following values 
ie { 4 (es.u) 
(80 (e.s.u) 
a= {io (e.m.u.) for the earth, 

10-1! (e.m.u’) for the sea water, 
where o denotes the conductivity. Both the 
dipole source and the observing point are at 
the height of 100 m, and the strength of the 
source is 1K.W. The strength of the direct 
wave at a distant point from the source is 
larger in the moist standard atmosphere than 
in the dry. Conversely the once reflected 
wave is stronger in the dry atmosphere. The 
vertical broken line in the Fig. 13 denotes 
the distance of sight. If the atmosphere were 
homogeneous, there would be only diffracted 
waves on the right side of this line. In the 
case of the standard atmosphere, the longest 
distance D on the ground, which the direct 
wave can reach is larger than that in the case 
of the homogeneous atmosphere. Taking the 
central angle @ in place of D, we get @ 


= es 2h/a » for homogeneous ‘atmosphere, 
V 2h/(m+l1)a, for standard atmosphere, 
where a is the earth’s radius and h is the 
height of the source (hk<a). When we take 
into account the results in the previous sec- 
tion, the field strengths as well as the central 
angle in the homogeneous atmosphere coincide 
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roughly with those in the standard atmos: 
phere, if we use a/(m-+1) in place of the 


actual earth’s radius a. But 
a/0.7285 , for 60% moist standaré 
ss atmosphere, 
tz a/0.8323 , for dry atmosphere. 


10 20 30 40 50 60 70 ‘80km 


Fig. 13. The intensity of the electric field # in 
N.A.C.A. standard atmosphere. (microvolts per 
metre.) 

The absissa: The distance of the observing 
point from the source. 

The ordinate: The intensity of the electric 
field FE. 

P: The primary waves. 

FR: The waves reflected once at the earth’s 
surface. 


The suffixes D and M denote that the atmo- 
sphere is dry and 60% moist respectively. The 
vertical broken line denotes the distance of 
sight, i.e. the distance that the source can just 
be seen from the observing point if the atmo- 
sphere were homogeneous. 


Therefore we can safely affirm that the 
well-known (4/3)a@ law is reasonable in the 
moderate atmosphere. We shall give further 
discussions about the propagation of the 
electromagnetic waves in the ionized layer 
and in the duct and etc. in the following 
papers. 
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Effects of Infrared on Emission of 
ZnS:Cu Phosphors 


By Ken-ichi NAKAMURA 
Shizuoka University, Oiwa-machi, Shizuoka-city 


(Read, April 8, 1955, Received June 9, 1955) 


ZnS:Cu phosphors have the maximum sensitivities 
of a stimulation band approximately at 0.85u and 
1.320. Bube?) reported that a stimulation band at 
1.34 corresponded to the difference between the 
conduction band and the excited state of the green 
emitting center as a result of his experiment using 
a broad band of infrared from 0.8 to 3.0n. 

The present paper reports the interesting results 
obtained when hex-ZnS:Cu phosphors with 0.009% 
silvers) are irradiated at various temperature with 
infrared, transmitted through a Matzuda 1R-DI 
filter (ir) or combination (red) of a V—RI filter with 
a V-VI filter in addition to the steady radiation 
of 3650 A ultraviolet. Effective wavelength through 
the former is approximately from 0.954 to 4p 


UV: 
uel. ir = red ULV. 


Intensity 
Units ) 


Emission 
( Arbitrary 


O 4 8 12 16 
Time in Seconds 


Fig. 1. Effects of ir and red irradiation added to 
ultraviolet excitation on emission in ZnS:Cu 
(0.0001%) at 15°C. Other samples show similar 
feature. 


Results obtained, when above three filters are 
combined are the same as when a IR-DI is used 
alone. As the latter combinated filter transmits 
the light of wavelength above 0.7, the difference 
between ir and red filter corresponds to the range 
in wavelength approximately from 0.7% to 0.95. 
Eight samples of hex-ZnS phosphors (NaCl, 2.5%) 
with copper contents from 0 to 0.03% in weight 
percent are prepared, being heated for thirty 
minutes at 1200°C. These phosphors have the 


blue emission band of the peak approximately at 
1400 A and the green emission band at 5200 A. 
When they are irradiated with ir or red under the 
steady ultraviolet excitation, the brightness in- 
creases instantaneously and decreases later, and 
when ir or red is interrupted it decreases instant- 
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Fig. 2. Effects of ir and red irradiation added to 
ultraviolet excitation on emission in ZnS:Cu 
(0.0001%) at various temperature. 
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aneously and recovers slowly. However, the 
feature of blue emission is not the same as that 
of green emission and also the feature under ir 
irradiation is not the same as that under red 
radiation. Fig. 1 and Fig. 2 show the features. 
A Matzuda V-G1(B) filter and a V-O3 filter are 
used to isolate the green emission band and a 


715 


716 


Matzuda V-—B2(A) filter and a V-V1 filter to isolate 
the blue emission band. At low temperature, the 
brightness of the green emission increases during 
ir irradiation (stimulation), whereas the brightness 
of the blue emission decreases (quenching). Above 
a certain temperature, the initial increase is not 
observed. In wide range of temperature the blue 
emission is much quenched than the green emission 
when ir is irradiated. In case of red radiation, 
however, the feature is different, although both 
intensities are not the same. In this case the 
quenching effect on the green emission is more 
remarkable. In other words, the present investiga- 
tion shows a spectral shift to the green under ir 
irradiation and to the blue under red radiation. 
The results are not consistent with Bube’s conclu- 
sion), Our results may lead to the following 
assumption. Deep traps‘) caused by activators may 
be associated with the blue emitting center or 
green emitting center. Ir irradiation perhaps 
makes the strong coupling of the trap with the 
green emitting center situated near and free 
electrons are removed from conduction band through 
this process, and consequently the decrease of the 
blue emission is observed. Red radiation perhaps 
makes the coupling of the trap with the blue 
emitting center near the trap stronger. Moreover, 
as to quenching effect, it is observed that this 
effect is remarkable under red radiation. In any 
case, however, it depends upon temperature and 
the green emission is more sensitive than the blue 
emission. Above all, the green emission under ir 
irradiation is remarkably affected by temperature, 
and yet the blue emission is not so. Therefore it 
can be concluded that infrared irradiation, parti- 
cularly red radiation, may cause trapped electron 
recombine directly with the free positive holes in 
valence band without emission»), but the effect of 
temperature on this process is predominant in the 
green emitting center, and at low temperature this 
quenching effect is not observed under ir irradia- 
tion. It seems that these results give a clue to 
obtain the information of quenching mechanism. 
We wish to express our hearty thanks to Prof. 
K. Takagi for his encouragement and his discus- 
sion. This research is carried out by the Scientific 
Research Grant of the Ministry of Education. 
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On Chemical Change of n-Higher Alcohol 
Caused by the Influence of Strong 
Electric Field 


By Kenjiro ASAI 
Depariment of Physics, University of Kyoto 
(Received May 6, 1955) 


It is found that the electric breakdown occurs 1n 
n-higher alcohol at a certain field strength of 
several thousands volts per mm, the value of which 
fluctuates depending on the purity of a sample. 
In this case the breakdown occurs locally, so that 
almost the whole part of the substance is not 


damaged. However, if we apply a strong electric 
field by such a method as shown in Fig. 1, 
60c 


QO YQQQ 


(a) 


Fig. 1. (a) Measuring circuit. s: 
denser. 

(b) Sample condenser. p: condenser plate, 
m;: mica plate (2/100 mm), mz: mica speck (2/100 
mm) s: sample. 


sample con- 


chemical change in the whole part of a sample be- 
comes possible to occur. The degree of chemical 
change was detected by measuring the temperature 
dependency of the capacity of the sample condenser 
as is described below, where a mica plate was 
used to prevent the electric breakdown of the 
condenser, so that only a small fraction of the 
total applied voltage V acted on the sample. The 
ratio V;/V»2 will be proportional to the ratio of the 
impedance of the mica plate to that of the sample, 
and in our experiment it was nearly of the order 
of 10, but V2 did not exceed the breakdown voltage 
of a sample. The measuring frequency of the 
capacity was 5 mc and the field applied to the 
sample was an alternating field of 60 c. 

The normal capacity versus temperature curve 
for the sample, which suffered no treatment, is 
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given in Fig. 2 (a). But, once the strong field of 
about 20,000 volts per mm (average value) was 
applied for several hours to the condenser contain- 
ing the sample in molten state. The feature of 
capacity versus temperature curve in this case 
changed into the type given in Fig. 2 (b), showing 
the lower transition point and the indistinct freez- 
ing point which are characteristic to the sample 
of less purity. It is known that the transition 
point of n-higher alcohol is sensitive to its purity 
and shifts to the lower temperature side by adding 
a small amount of impurities such as other al- 
cohols, paraffins, esters, etc. In this case V» is 
considered to be nearly equal to thebre akdown 
voltage. 
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Fig. 2. Temperature dependency of the dielectric 


constant of octadecyl alcohol suffered various 
treatments. Each measurement was done under 
no external field. 

(a) Curve for the sample which has been 
suffered no previous treatment (standard curve). 
(b) 800 v of 60 c was applied to the sample 
condenser for about 3 hours at 60~62°C. 

(c) 800 v was applied again for about 5 hours 
under the same conditions. 


After repeating the treatment mentioned above, 
the form of the capacity versus temperature curve 
became finally as that given in Fig. 2 (c).. The 
similar strong field was applied to the sample in 
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solid states of « and §; phases”, but no detectable 
change was observed for the treatment of the 
same interval of time. Thus, it seems certain that 
the degree of chemical change of a sample is 
determined by the time duration during which the 
sample is exposed to the electric field at the liquid 
state. This point of view is supported by the 
following experiment. The dependency of the 
capacity of a sample upon the applied voltage was 
measured at each phase of a, 8; as well as at the 
liquid phase under the existence of the applied field. 
It was found that the influence of the external field 
was not so remarkable in «a and f; phases (Fig. 3), 


€ Liquid phase 
O 200 400 600 = 800 Y volt 
€ 
& phase 
— 
es 
— hase 
= als 
O 200 400 600 800 V volt 
Fig. 3. Voltage dependency of the dielectric con- 


stant at each phase (a, 8; and liquid). 


but in the liquid phase the capacity increased in- 
itially with voltage and began to decrease for the 
voltage exceeding a certain value (V=15,000 volts 
per mm). In this last stage the change in the 
capacity was irreversible and proceeded under the 
constant applied voltage. The change of the 
capacity versus temperature curve from a type 
shown in Fig. 2 (a) to those shown in Fig. 2 (b) 
and (c) occurred only in a sample which had been 
suffered an irreversible chemical change in the 
liquid state. In other words, the occurrence of the 
irreversible chemical change is revealed by the 
evidence that the dielectric constant of a sample 
decreases with increasing voltage or time. As a 
result of this process a part of the original pure 
alcohol changes into some other substances, and 
thus the formation of a mixture gives rise to the 
lowering of the transition point of the sample. By 
the test in which the fuchsin solution decolourized 
by SO, gas was again coloured by such a damaged 
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sample, it was found that the main part of new 
substances produced was probably aldehyde. 

The damaged sample was also examined by the 
electron diffraction investigation at different tem- 
peratures, and it was confirmed that the structure 
change of hexagonal (a) @ orthorhombic (1) 
occurred at the transition point, which was observed 
in the dielectric investigation. But, the observed 
Debye-Scherrer rings of the « phase were very 
diffuse in this case, suggesting the increment of 
the amorphous part in this phase as a result of 
the chemical change of the sample. 
the experiment was carried out by Mr. K. Harada, 
to whom the author wishes to express his cordial 
thanks. 
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On the Galvanomagnetic Effects in 
n-type Indium Antimonide 


By Yasuo KANAI 


The Electrical Communication Laboratory, 
Nippon Telegraph and Telephone Corps. Tokyo 


(Read March 29, 1955; Received May 18, 1955) 


In the usual theory of the galvanomagnetic effects 
in conductors it is assumed that the influences of 
the magnetic field on the energy states of electrons 
are small compared to those of scattering processes 
by the lattice vibrations and/or impurities, and so 
they can be treated as small perturbations. This 
condition is expressed by the following relation); 


etH/m*cK~1 , 


the absolute value of electronic charge. 
the collision time of the carrier. 


m*; the effective mass of the carrier. 
ce; light velocity in vacuum. 
H; the magnetic field strength. 


and the above relation is expressed also in a more 
convenient formula; 
pH x10-8K~1, 

where 

pw; the mobility of the carrier in the unit of 
cm?/volt.sec. 
the magnetic field strength in the unit of 
Gauss. 
On the other hand, due to the recent pregresses in 
the techniques of the preparations of pure homo- 
polar semiconductors, the mobility of the carrier 
in some of these semiconductors become so high, 


H; 
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especially at low temperatures, that the above re- 


lation ceases to be valid in the usual experimental 


conditions. For instance, in pure germanium, the 
electron mobility is higher than 10° cm?/volt.sec. 
in the temperature ranges below 40°K”, so the 
condition, »Hx10-8>1, holds even in such weak 
magnetic field as 1 kilo Gauss. In such cases, the 
validity of the usual theory of galvanomagnetic 
effects may become doubtful. 

To investigate the galvanomagnetic effects in 
the case of »H~x 10-8K~1, the magnetoresistance 
and Hall effect of n-type InSb were measured. In 
this material, the electron mobility was so large? 
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Fig. 1. The magnetic field dependency of the 
Hall coefficient in n-type InSb. 
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The magnetoresistance effect of n-type 


that the strong magnetic field was not necessary 
to realize the above condition, »H x 10-8 ~1, and 
furthermore as this material was isotropic), the 
analysis of the experimental data may be simple. 
The samples used here were the polycrystals o1 
n-type InSb prepared by fusion of In and Sb ir 
stoichiometric quantities in vacuum crucibles. The 
resistivity and Hall coefficient of these samples 


<r 


' most degenerated. 
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} were measured from room temperature to liquid 


air temperature, and it was found that these 
quantities and the electron mobility, which value 
was about 2x 10' cm?/volt.sec. in our samples, had 
constant values independent of temperatures. The 
electron density, which was given approximately 
by the following equation; 
nm=Il1fecR , 
where 
Ft; the Hall coefficient. 
was about 2.9x10!%/c.c.. As the effective mass of 
electrons in InSb was as small as 0.03 m®), the 


» state density of conduction band was about 1.6 


1017/c.c.6), so in this sample the electrons were al- 
Therefore, the constancy of 
resistivity and Hall coefficient would be explained 
by the scattering process of degenerated electrons 


_ by the impurity ions”. 


The magnetic field dependency of Hall coefficient 


/ measured at —136°C was shown in Fig. 1, and it 
' shown that the Hall coefficient had a constant value 


independent of magnetic field strength. At this 
temperature the electron was almost completely 


| degenerated, the constancy of Hall coefficient might 


be reasonable. The transverse and longitudinal 


' magnetoresistance of this sample were measured 


at low temperatures and these were shown in Fig. 
2. It seemed to us that the magnetoresistance data 
would be unexplainable by the usual theory; for 
when the electrons are completely degenerated and 
the sample is isotropic, the magnetoresistance 
effects would not be expected. 
the existence of magnetoresistance effect in our 
experiment, and especially if we notice the fact 
that the magnitude of the longitudinal effect was 
the same order as that of the transverse one®), the 
magnetoresistance of n-type InSb would be caused 
by the unusual mechanism, probably the quantiza- 
tion of the electron orbit as was discussed already 
by Titeica%, 
Further investigations are now in progress. 


So if we consider 
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On the Inductive Part in the a.e. 
Characteristics of the Semi- 
conductor Diodes 


By Yasuo KANAI 


The Electrical Communication Laboratory, 
Nippon Telegraph and Telephone Corps., Tokyo 


(Received May 18, 1955) 


The small signal a.c. characteristics of p-n junc- 
tion diodes of silicon and germanium were measur- 
ed by the bridge method in the frequency range 
from 3.k.c.p.s. to 5m.c.p.s., at various temperatures 
and various bias voltages. The a.c. characteristics 
measured at zero and negative bias voltages were 
well explained by the Shockley’s theory). But in 
the measurements at forward bias voltages, it was 


Fig. 1. Schematic diagram of the circuit by 
which the small signal a.c. characteristic of the 
hole flow in the n-region was measured. 


1000 


0.C. Bias Current ; +0-985mA 
at 24°C 


100 
al raat nee 
2 YA 
£ 
) 
18) 
Cc 
o 
3 10 
a 
£ 
! 
' 10 100 1000 
Frequency in K.C.P.S. 
Fig. 2. The impedance curve of a junction 


transistor which was connected as shown in Fig. 
1. Notice that the reactance was completely 
inductive. 


found that the susceptance began to decrease at 
high frequency, and thus experimental results 
deviated from the Shockley’s theory. These decre- 
ment of susceptance at high frequency range 
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would be explained by introducing an inductive 
part which were in series with the impedance of 
the barrier of the p-n junction. Independent of 


our experimental results, H. Shimura in our Labo- 


ratory found the similar inductive part in the 
measurement of the small signal a.c. characteristics 
of the point contact germanium diodes at forward 
bias in the frequency range of the several m.c.p.s.. 
Considering these experimental results, it would be 
sure that such inductive part in the a.c. character- 
istics of the semiconductor diodes arise only when 
they were biased positively, namely this pheno- 
menon occurs in accompany with the hole injection. 

On the other hand, it was well known already 
that the forward resistance of point contact and 
p-n junction diodes of germanium was higher in 
the high frequency than in the low frequency. It 
was investigated in detail by Bray and Gossick”) 
and this phenomenon could be explained as follows; 
it was caused by the decrement of the bulk 
resistance by the hole injection, namely by the 
conductivity modulation. As this phenomenon, the 
higher resistance at higher frequency, is equivalent 
with the inductive part, it may be reasonable to 
assume that the origin of the inductive part is the 
conductivity modulation caused by the hole injec- 
tion. Following this assumption, the large conduct- 
ivity modulation is necessary in order to obtain 
the large inductive part. When the p-n-p junction 
transistor is connected and biased as shown in 
Fig. 1 the a.c. characteristic is determined chiefly 
by the current flow through the thin n-region. 
Then the large conductivity modulation in this 
region will occur, and hence large inductive part 
will be expected. The experimental result, which 
is shown in Fig. 2, indicate that this is the case. 

Now the existence of the inductive part can be 
calculated by the following very simple assump- 
tions; The a.c. current 7, which is to be consider- 
ed here, will be given approximately by the next 
formula; 

t=ADP-d- (ppt pn) EF , 
where 

Ap; the total number of injected holes in the 
n-region. 

q; the absolute value of the electronic charge. 
up, Yn; the mobilities of holes and electrons. 

Hy; the electric field strength in the n-region. 
For simplicity, the field strength #7 is assumed to 
have a constant value indesendent of the position 
in the n-region. When sinusoidal small a.c. volt- 
age ve’! is applied, the hole density which is 
injected from p-region is given) by; 

pelo! =(qpn[kT)-e9V kT ycbat , 
where 
Pn; the hole density in the 2-region, 
V; the d.c, bias voltage, 


(Vol. 10, 


On the other hand, Ap is given approximately by 
the following formula; 


oT 
apowe=al peiolt-te-t'/rbdt! 
a0) 


br é 
Sexp(e ne 
i cy exp(—T/t-—iwT)] , 


=Cpe't 


C; the cross section of the -region. 
the lifetime of the injected holes. 
the velocity at which the injected holes 
travel in the 2-region. 
T. the time which is required the 
holes to travel across the 7-region. 
Using the equations calculated above, the a.c. im- 
pedance (z) is given approximately as follows; 
Case (1). When the z-region is wide enough, and 
the condition, 7c, is valid, then 


injected 


bc 
Ap(imt)=-C- petot -—_— , 
ae 4 I 1+ awrt 


SO, 


where A is a real quantity in which zw is not in- 
ciuded. Thus in this case there is inductive part, 
and this is the case of the usual p-z junction or 
the point contact diodes. 

Case (2). When the z-region is so narrow that 
the condition, 7<ct, is valid, and furthermore the 
frequency of applied a.c. voltage is so low that 
the condition, w»7’<1, is valid, then 


Ap(iwt)=C- pet -bT {1 —(T/2c)1+iwr)} , 
sO, 


vetot 


2B x {1+iw(T/2)} , 


i 
where B is the same quantity as A. In this case, 
there is also inductive part, and this is the case 
of our experiments on the p-x-p junction transistor 
as it was shown in Figs. 1 and 2. 

To explain the a.c. characteristics of the semi- 
conductor diode completely, it is necessary to ob- 
tain an exact solution of the equation of the hole 
flow in m-region, but it is very difficult®), How- 
ever, considering the above calculations, which 
was based on the very simple assumptions and 
concerned with the effects of condtctivity modula- 
tion only, it might be reasonable to suppose that 
the inductive part, at least a part of it, will be 
due to the conductivity modulation caused by the 
hole injection. 


References 
1) Shockley: B.S.T.J. 28 (1949) 435. 
2) Bray and Gossick: Phys. Rey. 91 (1953) 1011. 
3) van Roosbroeck: Phys, Rey, 91 (1953) 282. 


J. PHys. Soc. JAPAN 10 (1955) 000~-000 


Specific-Heat versus Temperature Curves 
of Aged Cu-Be Alloys 


By Ken-ichi HIRANO 


Department of Physics, 
Tokyo Institute of Technology 
Oh-okayama, Meguro-ku, Tokyo 


(Received May 20, 1955) 


Supersaturated solid solution of beryllium in 
‘copper is obtained when it is quenched from the 
temperature at which only one phase is stable. 
The breakdown of the supersaturated solid solution 
during aging at various temperatures has been 
investigated using a 1.8 weight percent beryllium 
alloy by means of Nagasaki-Takagi’s high temper- 
ature calorimeter. 

Before quenching, the specimens were held at 
800°C for more than 4 hours for the solution heat 
treatment. 

Specific-heat versus temperature curves have 
/been obtained on the alloys aged at 130°, 190°, 
300° and 400°C respectively after quenching. The 
heating rate employed was about 2°C per minute 
which seems to be suitable to detect the changes 
in the apparent specific-heat with sufficient ac- 
curacy for the present investigation. 

Figs. 1 and 2 show the specific-heat versus tem- 
perature curves obtained on 130°C- and 300°C-aged 
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specimens respectively. The period of aging is 
described in the figures. If the specimen is re- 
heated immediately after quenching, the dashed 
curve is obtained. From the known values of the 
specific-heat of pure copper and pure beryllium, 
the specific-heat of the alloy is calculated and 
shown in the figures as denoted by XY. XY 
should be the specific-heat versus temperature 
curve of the alloy when no change in atomic con- 
figuration takes place. 

The specific-heat versus temperature curves 
obtained show marked deviations from XY at 
higher than 160°C. The heat evolution (diminution 
of the apparent specific-heat) between 160° and 
450°C may be attributed to the precipitation of the 
new phase during heating. Above 450°C an ab- 
sorption of heat is observed, which seems to be 
due to re-solution of the precipitate. 

It will be noted, as seen in Fig. 1, with 130°C- 
aged alloy, another heat absorption is observed at 
about 200°C which represents the energy to re- 
dissolve a product formed at 130°C. This effect has 
not been reported by the previous workers!). Very 
similar phenomena have been observed in low tem- 
perature aged Al-Cu alloys!)~%). 

As in the case of the Al-Cu alloy, above fact 
may be taken as one suggestion of the formation 
of Guinier-Preston zone which is an aggregation 
of solute atoms on some crystallographic planes of 
the matrix lattice. Other evidence for Guinier- 
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Fig. 1. Specific-Heat versus Temperature Curves of 130°C-Aged Alloy. 
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Fig. 2. Specific-Heat versus Temperature Curves of 300°C-Aged Alloy. 
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Preston zone in Cu-Be alloy has been put forward 
by Guinier and Jacquet on 2.3 weight percent 
alloy®)®). Their x-ray small angle scatter films 
indicated the presence of beryllium-rich platelets 
on {100} planes in the early stage of aging. 

Fig. 2 shows that some metastable state occurs 
during aging at 300°C before completion of final 
y-precipitation, this result is in agreement with 
that of Jones and Leech‘) on the 2.5 weight percent 
alloys and further with the results of X-ray exami- 
nation carried out by Geisler, Mallery and 
Steigert?, who reported the work on the 1.73 weight 
percent alloy aged at 300°C and suggested the 
occurrence of y’’ and y’ intermediate structures. 
Similar process has been also reported on high 
temperature aged Al-Cu alloys®). 

With 190°C- and 400°C-aged specimens, qualita- 
tively the same curves as in Fig. 2 have been 
obtained. 

Thus it is suggested that the aging character- 
istics of this system are similar in many ways to 
Al-Cu age-hardening alloys. 

In conjunction with the results of other measure- 
ments such as the Young’s modulus, hardness and 
X-ray measurements carried out in co-operation 


with Tanaka and Mishima, full report will be 
published later. 
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the Collector of A-type Transistors 
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We have already reported about the “step” 
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phenomenon which was found in the backware 
direction of Ge point contact rectifiers. That ig 
a sudden decrease of resistance which occurs aftet 
the application of high reverse voltage (>150V), 
When certain voltage is applied to the rectifiet 
instantaneously in the backward direction, the 
current remains almost constant for first severa, 
microseconds and it suddenly increases. It has 
also been found out that the time Tg, i.e., the time 
spent until the “step” occurs after the application 
of the voltage, was quite dependent on the product 
of the values of the voltage and the current before 
the “step.” 
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Fig.l Shapetof, Wen 2crandede 
(a) (b) show the “step” for the case of no 
emitter current, (d) (e) for the case of Ze pulse 
like (c) is being applied. 


We have proposed a possible explanation assum- 
ing that the “step” occurs when the contact tem- 
perature reaches to a certain characteristic temper- 
ature 9, and that the contact temperature is raised 
by the self-heating. Experimental results seemed 
to support this physical picture, and 9 was esti- 
mated to be about 90°C for our samples”). 

Recently, we have observed new effects about 
this phenomenon with point contact transistors 
using the collector as a diode, and the emitter as 
a subsidiary electrode. 

It has been found out that under the presence 
of hole current from the emitter, the “step” oc. 
curred far sooner than in the case of no emitte1 
current. Typical results are shown in Fig. 1. 

When the emitter circuit is being opened, the 
collector voltage V, and the collector current J, 
show “step” as in Fig. 1 (a), (b). If an emitter 
current pulse (Fig. 1 (c)) is applied to the above 
situation, the shape of V, and JZ, varies like Fig 
1 (d), (e). Asis shown, the time c, is far reducec 
by the emitter current. 

We next measured the values of V. and I, be 
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fore the “step” as a function of the emitter cur- 
rent, always adjusting V, so as the “step” to 
occur just certain value of rs after the application 
of V;. The product of V, and J, decreased al- 
most linearly with the emitter current as shown in 
Fig. 2. It must be noticed that almost the same 
results were obtained by the emitter current pulse 
of 1u-sec. length applied just before the step. 

One possible explanation may be as foilows. 
Sudden decrease of the collector reverse resistance 
occurs when the hole concentration 7, just beneath 
the collector contact reaches to a certain critical 
amount 7,,°. The hole concentration 2, can be 
increased by the self-heating of the contact and/or 
by the hole injection from the emitter. From this 
model, it is expected that the power dissipation 
(<V,.TJ-) before the “step” for a fixed rc, will 
decrease linearly with the emitter current just as 
shown in Fig. 2. 
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Fig. 2. Power versus emitter current relation. 


“Oscillation” has been sometimes observed in 
these transistors even if the emitter circuit was 
kept opened, but it was stabilized by connecting 
the emitter to the base directly (or by an a. c. 
means). The shape of such an oscillation is shown 
in Fig. 3. This photograph shows the oscillation 
in the collector voltage when the emitter is directly 


grounded. The oscillation seemed to follow just 
after the “step.” A possible explanation is as 
follows. 


When the “step” occurs, the potential just be- 
low the emitter contact abruptly falls to a large 
negative value, which in turn enforces large hole 
injection from the emitter. The collector current, 
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therefore, increases but it will become to a situ- 
ation soon that the power dissipation at the col- 
lector contact begins to decrease, since the collector 
voltage decreases very fast. Hence, the contact 
temperature goes down. This cycle repeats again 
and again in the mood of relaxation oscillation 
oscillator. The frequency of the oscillation in- 
creased when the transistor was heated externally, 
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Fig. 3. Shape of the oscillation in V, when the 
emitter current is flowing. 


which is consistent with the model mentioned above. 

Strictly speaking, some other factors, such as 
multicontact structure of the contact, must be 
taken into account for more detailed and general 
explanation. More detailed investigations are now 
being undertaken. 
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Multipolarization in the Hexagonal 
Barium Iron Oxide Magnets 


By Buichi KUBOTA and Chisato OKAZAKI 
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Oo., Lid., Kadoma-cho, Kitagawachi-Gun, 
Osaka, Japan 
(Received June 13, 1955) 


In this paper some experimental results are re- 
ported on the unusual phenomena of multipolariza- 
tion found in the magnetization process of barium 
iron oxide magnet: BaO-6Fe,0z. In the present 
experiment, we used rod-shaped polycrystalline 
specimens of this material (length: 50mm, dia- 
meter: 3.5mm and 1.5mm). At first the specimen 
was magnetized to its saturation in the longitudi- 
nal field, then the field was removed. When it 
was heated up to about 350-400°C, a suitable 
strength of magnetic field was applied in opposite 
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room temperature 
without applying the magnetic field. Then. it was 
found that the specimen was divided into several 
regions, each of which magnetized in the 
direction parallel or antiparallel to the axis of the 
rod. 
ing the iron powder on the specimen (Fig. 1 and 


direction; and it was cooled to 


Was 


These regions could be observed by sprinkl- 


Iron powder indicates the direction of magnetiza- 
tion of alteanately alined poles. 

The magnetic field 3000 Oe was applied, when 
the temperature of the specimens was 350°C at 
their centre and temperature gradient in the 
longitudinal direction were as follows: 

Fig. 1. 12°C/cm at the centre, and 

Fig. 2. About 40°C/cm at the six boundary 
points, where the direction of the magnetiza- 
tion were reversed and the sign of the tempera- 
ture gradient at each points changes alternately. 

The length of the specimen in Fig. 2 was 70 

mm. 


2). The volume of the reversed regions increased 
with an increase of the strength of applied magne- 
tic field of opposite direction. Several important 
points concerning this phenomenon are as follows: 


1. Effects of the temperature at which the re- 
verse magnetic field was applied. 


When the reverse magnetic field was applied 
above 300°C and when the temperature gradient 
along the longitudinal axis of the specimen was 
considerably large the specimen began to reverse 
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its magnetization at the part of higher tempera- 
ture. When the temperature gradient was large, 
the boundary between two regions was clear. As 
the temperature gradient decreased, the boundary 


ecome broad and obscure. When the reverse 
magnetic field was applied below 300°C, the 
specimen began to reverse its magnetization at 


the part of lower temperature and the boundary 
was broad and not so distinct as that above 300°C. 
These phenomena may be explained by the fact 
that the coercive force-temperature curve has a 
maximum about 300°C and its slope is steeper at 
the high temperature side than at the low tem- 
perature side. 


2. Effects of grain size. 


The finer the grain size was, the clearer the 
The specimen which had the 
of various size 


boundary was. 


grains began to reverse _ its 
magnetization at the part where the large grains 
were included and showed the 
even where there was no temperature gradient. 
These phenomena hardly occurred 
mens composed of coarse grains (larger 
about 2-3) even under larger 


gradient. 
3. Effects of internal field. 


multipolarization 


in the speci- 
than 
temperature 


These phenomena were not observed in the 
specimen with no temperature gradient and with 
uniform grain size distribution. But when the 
reversely magnetized chip of the specimen was 
attached to one end of such a specimen, the 
specimen began to reverse its magnetization at 
the part where the chip was attached. This may 
be explained by the local field which the opposite- 
ly magnetized chip or region produces. Besides 
this, there is a demagnetizing field acting on the 
whole unreversed region. When the resultant of 
these internal fields and the external field, which 
act on the grain near the boundary, exceeds the 
value of the turn over field strength of the grain, 
the magnetization of the grains near the boundary 
reverses its direction and accordingly the boundary 
displaces. 

In many cases the nucleus of the formation of 
reversed regions would be the large grains includ- 
ed in the specimen. And the internal fields pro- 
duced by the reversely magnetized large grains 
would play a rdle in reversing the magnetization 
of the neighbouring grains. 

The authors express their thanks to Dr. K. Yo- 
sida for his, helpful discussions. | Acknowledg- 
ment is made to Dr. T. Suita, Mr. S. Kisaka and 


the other members in this laboratory for their 
assistance. 
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On an Empirical Formula for the 
Ferromagnetic Anisotropy Constant 
in Cubic Crystals 


By Mikio YAMAMOTO 


Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai 


(Received June 17, 1955) 


Previously the present author!-3) indicated ex- 
/perimentally that the absolute value of the first 
ferromagnetic anisotropy constant, K, in cubic 
crystals was given by a quater of the product of 
the saturation magnetization, 7;, and the satura- 
tion field, Hs, of quasi-isotropic polycrystal, 
' namely 
|A|=Zs5H5/4 . (Gls) 
For nickel-cobalt and nickel-copper alloys values 
calculated from this formula and those measured 
directly with single crystal specimens*®) are com- 
pared in Figs. 1 and 2. The theoretical ground 
for this empirical formula will be given in this 
note. 

Theoretically, for quasi-isotropic polycrystal of 
cubic ferromagnetics the magnetization, J, as a 
function of the magnetic field, H, in moderately 
high fields may be expressed, to a first approxima- 


| tion, as® 


pag /y Lie b 8 ke ) 
= = —(M- —he— —— 

han ghee 105.12? 
The term a/,/H in parenthesis may be considered, 
according to Néel?), as due to the inevitable ex- 


(2) 


-istence of cavities or non-magnetic inclusions in 


the specimen. The term 6(8/105)(K?/Ts?H?) 
originates from the reversible rotation of magne- 


| tization vectors toward the field direction’? and 


the factor 6 representing the effect of magnetic 
interaction among crystal grains in the specimen 
is approximately 1/2, according to Néel®). When 


_|K] is very large so that the former term may be 


negligible as 


compared to the latter one in 
moderately high fields, as in iron and _ nickel®), 
Eq. (2) becomes, taking 0 as 1/2, 
ssa NS :) 
105 J7.2H? 
Now, since Eq. (2) shows that J attains J; 
when # increases to infinity, the saturation field, 
H,, for polycrystal has no meaning theoreticaliy. 
Practically, however, for most cubic metals and 
alloys the magnetization attains a saturation at a 
moderately high field, which may be defined ex- 
perimentally as the saturation field. Thus, it may 
be seen that the saturation field depends on the 
accuracy in the magnetization measurement. 
Then, denoting this accuracy (I;—I)/Is as ¥, we 


(3) 


T=I,(1 = 
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have, from Eq. (3), 

|K|= V(105/4)a-T 5H, (4) 
As mentioned above, the present author found ex- 
perimentally that V(105/4)a=1/4, which yields ~ 
=1/420. This value of accuracy is that of an 
usually adopted ballistic method of the magnetiza- 


tion measurement. Thus, the empirical formula 
(1) has been interpreted theoretically. 
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Fig. 1. Ferromagnetic anisotropy constant, K, 


in face-centered nickel-cobalt alloys, as calculat- 
ed from Eq. (1) (©) and as measured with 
single crystal specimens ({_] and x ). 


T, 


© A-group specimens 
2 B-group specimens 
a Williams - Bozorth 


a 


IKI (10° ergs/cm?) 


/0 20 30 40 
Composition (wt-% Cu) 


Ni 


Fig. 2. Absolute values of the ferromagnetic 
anisotropy constant, |K|, of nickel-copper 
alloys, as calculated from Eq. (1) (O and (1) 
and as measured with single crystal specimens 


(A). 
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The above consideration incidates that if the 
saturation magnetization of quasi-isotropic poly- 
crystalline specimen of cubic ferromagnetics is 
measured with an accuracy of approximately 1/ 
400 and the corresponding lowest field or saturation 
field is determined, then the absolute value of the 
first anisotropy constant is given approximately 
by Eq. (1). It is to be noted, however, that when 
|K| is so small that the term aZ;/H in Eq. (2) 
may be not negligible, Eq. (1) offers an over- 
estimated value for |K| unless 7; is also small as 
in nickel-copper alloys). 

In closing, the present author thanks to Mr. S. 
Taniguchi for helpful discussions. 
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Errata 


Theoretical Study of Residual Resistance of Binary Alloys Containing 
Foreign Atoms in small Concentration 


By Hiroshi FUJIWARA 
J. Phys. Soc. Japan Vol. 10 (1955) 339~346 
Unfortunately there was an oversight of minus sign in the screened Coulomb potential, formula (18) 


page 341. Accordingly, the values 7;, ¢; in Table III in page 343, J; in Table IV in page 344 and 
Ao in Table V in page 345 should be read as follows. 


Table III. 
Ca Solvent No | M1 Ne | Co | G | és 
te 1.1374 | 0.1349 | 0.0262 | ieee. i 
1 : (1.4187) (0.1847) | | All other minus signs should 
ne 1.0705 0.1420 0.0276 be read plus 
* (1.3041) (0.1862) | (0.8217) | (0.1585) 
3 N 2.0803 0.2138 0.0356 
23 AS (2.6911) (0.4919) 
#/ Wiecse Ge addedia thst. i Zz ia = aa 
Table IV. Table YV. 
Z [Solvent | by : Tn Tz Teter eye | 6 Z iSotventi Calculated ap 
eae | ee Poe A ae Ths 6 a : sexe (AO)p-s i (AO) p-» 
x 0.474 —0.521 1.052 1.005 6.31 A 3.09 3.15 
i & | (0.714) | (—0.642) | (1.192) | (1.264) (7.94) ; & (3.89) (4.10) 
Cu 0.353 —0.332 0.690 0.711 4.47 Cu 2.50 2.55 
(0.535) | (~0.494) (0.751) | (0.792) | (4.97) (3.28) (3.33) 
1.017 6.39 2 Ag | 3.12 3.35 


2 Ag fog —4.797 4,285 


From these corrected values, we find that the calculated values Ag which are obtained by using the 
method of partial waves, are greater than the ones which are calculated with the Born approximation, 
thus the discrepancy between the theory and experiment, is enlarged by the use of partial waves. But, 
in the case of Z=2, this circumstance is inverse. Some parts of the discussions in the previous paper 
should be modified and will be reported shortly together with the results of the study in which the 
exchange effects are taken into account. 


P, 342 formula (26) first minus sign should be read plus 


P. 344 formulas (45) and (47) ” 
P. 344 line —21 right V(r)=Ze?--- should be read V(7)=—Zec?--- 

Lie = ) 
P. 345 formulas (53) Ap=~ aL p> [(21+-1) sin 7,—----] 

“Kk 1=0 

: 2h ey nee 
shouid be read Ap=— ay, p- > [(21+1) sin?y7,— +--+] 
"ie 1 =0 
2rmv ns 2nmv 


P. 343 formula (27) Magee should be read : 
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Angular Correlation of Gamma Rays from Fe*6 


By Mitsuo SAKar* 


Department of Physics and Astronomy, the Ohio State University, 
Columbus, Ohio 
(Received June 7, 1955) 


The gamma rays emitted in the decay of Co were studied by gamma- 


gamma angular correlation measurements. 


The results of these experi- 


ments permitted the discussion of the energy levels of the daughter 


nucleus, Fes, 


The gamma-gamma coincidence experiment showed the 


presence of 2.03-Mev. gamma ray decaying to the second excited level. 
One part of the decay scheme was confirmed by positron-gamma coinci- 
dence experiment. The first and the second excited levels were assigned 
to be 2+ and 4+ respectively from the special consideration on the 


angular correlation data. 


also. 
$1. Introduction 
The radiations from Co* were already 


studied by several groups'. But, so far, 
the decay scheme was not quite established. 
Moreover the spin assignment to the second ex- 
cited state seems very interesting since the 
1.24-Mev. gamma ray associated with this 
level has not been detected in the decay of 
Mn*® and the main positron component of Co*® 
decaying to this level has a high ft value. 
Unfortunately the insufficient knowledge of 
the decay scheme and the Compton tail from 
higher energy gamma rays have made it im- 
possible to determine the spin value of this 
level. 

The determination of the decay scheme by 
the improved coincidence apparatus was des- 
cribed in the following section. The angular 
correlation measurement for the assingnment 
of the spin of this level and the others was 
treated in the next section. A method was 


- devised for this purpose in order to avoid the 


contribution from other higher energy gamma 
rays to the genuine correlation. 


§2. Decay Scheme 
A. Gamma Ray Measurement by Scintillation 
Crystals 

The gamma ray spectra were measured by 
two Nal(T1) crystals, of 14-in. in diameter by 
13-in. thick and 2-in. in diameter by 2-in. 
thick, taking advantage of the fact that the 
ratio of photo peak, pair peak and Compton 
bump varies with the crystal size. This 
method is very useful in the case of the 


The spins of the other levels were discussed 


presence of many high energy gamma rays 
such as the present case. The results are 
presented in Fig. 1. It is very obvious that 
the 2.03-Mev. peak appeared and was more 
eminent in the case of larger crystal. This 
means that the previously reported 2.30-Mev. 
gamma ray” could be attributed to the pair 
peak of the 3.25-Mev. most energetic gamma 
ray but its presence is not completely ex- 
cluded by this measurement. 


B. Beta-Gamma Coincidence Experiment 

An RCA 5819 photomultiplier tube coupled 
with a l-in. in diameter by 1-in. thick crystal 
of stilbene served as the beta counter and an 
RCA 5819 photomultiplier tube coupled with 
a 14-in. in diameter by 13-in. thick crystal of 
Nal(Tl) was used as the gamma counter for 
the other channel. The coincidence time 
constant was 510-7 sec: The curve A in 
Fig. 2is the pulse-height spectrum of the beta 
counter. The curves Band C are the coin- 
cidence curves taken with the gamma gate fixed 
at the peak of 0.845-Mev. and 1.24-Mev. gamma 
rays respectively. Remarking the end point 
of each coincidence curve is same, one can 
confirm clearly the cascade relation of posi- 
tron component, 1.24-Mev. and 0.845-Mev. 
gamma rays as proposed by former reports!»”?. 
C. Gamma-Gamma Coincidence Experiment. 

The same coincidence apparatus as the 
preceding section was used. The counter of 
the first channel consisted of a 14-in. in dia- 
meter by 1li-in. thick crystal of Nal(Tl) 


* Now at Tokyo University, Tokyo, Japan, 
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Fig. 1. Gamma ray pulse-height distribution. The curve A was taken with an RCA 6342 photo- 


multiplier tube coupled with a 2-in. in diameter by 2-in. thick Nal(T1) crystal. The curve B 
was taken with a DuMont 6292 photomultiplier tube coupled with a 13-in. in diameter by 1}3-in. 


thick Nal(T1) crystal. 
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ie) 20 30 


40 5-0 
Pulse Height (Volts) 


Fig. 2. Positron pulse-height spectrum. The 
curve A is the single channel spectrum. The 
curves B and C are the coincidence spectra 
taken with the gamma ray gate fixed to the 
peak of 0.845-Mev gamma rays and 1.24-Mev 
gramma ray respectively. 


mounted on a DuMont 6292 photomultiplier 
tube and that of the second channel of a 2- 
in. in diameter by 2-in. thick crystal of 
Nal(Tl) mounted on an RCA 6342  photo- 
multipher tube. A special attention was 
payed to the genetic relation of 2.03-Mev. 
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Fig. 3. Pulse-height distribution of high energy 
radiation from Fe. The open points are obtain- 
ed with the channel II. The closed points are 
the coincidence counts taken with the gate of 
channel I fixed to the 1.24-Mev peak. 


gamma ray which was masked by 2.30-Mey. 
peak in the previous work”. The coincidence 
spectrum was taken by fixing the gate of the 
first channel at 1.24-Mev. gamma ray. This 
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spectrum is presented in Fig. 3, indicating 
the cascade relation between 2.03-Mev. and 
1.24 Mev. gamma rays. It must be borne 
in mind that this experiment can not 
exclude the possibility for the very weak 2.09- 
Mey. cross-over transition between the second 
excited state and the ground state. 


D. Proposed Decay Scheme. 

Based on the above experimental facts, a 
decay scheme is proposed as is shown in Fig. 
4. The 3.25-Mev. and 2.03-Mev. gamma rays 
are tentatively assumed to have originated 
from the same excited state. But this point 
remains to be verified. 


§3. Angular Correlation Measurement 


_A. Experimental Procedure 


The apparatus used for the angular cor- 
relation work was the same as that of the 
gamma-gamma coincidence experiment. The 
angular resolution curve was measured by 


| using the annihilation gamma ray. The full 


width at the half maximum was 30.0°. The 
geometrical attenuation coefficients were cal- 
culated from this curve according to the 
Church and Kraushaar’s method*® and were 
found to be 0.866 and 0.607 for G, and G, 
respectively (See §3. B). The experimental 
results were discussed, in taking account of 
this effect. 

The angular correlation measurement of 
the 0.845-Mev. and 1.24-Mev. gamma rays was 
first attempted. As mentioned above, the 
analysis of this angular correlation data was 
very complicated because of the contributions 
from many gamma rays other than the ones 
in question. In order to avoid this effect, the 


_ following method was devised. The counting 


rate, Ni, at each peak point on the pulse 
height spectrum were decomposed into the 


‘contributions of each gamma ray, mi’ or ni’ 


as follows, 


Nip.) =m by )+ 22 pi.) + 13 pr) +7. pr’) 
+5 Pr’) 

N3( ps’ )=n3( bs’) + mil Bs’) +25 £3’) 

No £2”) = Mol £2’) + 03( D2’) +i Do!) +5 b2’”) 

N3( Bs")=n3( bs’) +2, bs) +m3( bs") 
where each peak point is designated by fi’ 
or pi’ and the single prime refers to the 
first channel and the double prime to the 
second channel and the subscript numbers 1, 
2, 3, 4 and 5 indicate 0.845-Mev., 1.24-Mev., 
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Gor 


(4+ or5+) 


Fig. 4. Proposed nuclear energy levels of Fe®s. 


1.75-Mev., 2.03-Mev. and other higher energy 
gamma rays, respectively, in the order of 
their energies. The angular correlations of 
the following points were measured; <N,( py’), 
N2(2"")>, <Ni( br"), Na(bs"")> and = <N3(p3"), 
N.(p2’’)>. From the decay scheme these 
angular correlations can be decomposed by 
the following ways. 


(Ni pr), No bo” )> = m1 (bv), mo bo”) 
+ <m( pr’), m3 p2’")> + <m( pr’), 14( P2”)> 
+<m( pr’), Ms( P2’”)> + <n pi’), 23( Bo’ )> 
+ (nol br’), mi _Po!”)> + <a pr’), nx po’’)> 
+ <n pr’), Mp2") , 
<Ni( bi’), N3( £3")> = <a pr’), a Bs’) 
+<m( pr’), na b3’”)> + <i br’), 15( £3"")> 
+ <n2( pr’), ns p3’")> + <n br’), ma £3") 
<N3( bs"), Nol bo”)> = <ns( bs’), M2 bo’) 
+ <ni( ps3‘), nx p2'")> : 
The angular correlation between 0.845-Mev. 
and 1.24-Mev. gamma rays is deduced from 
these equations. 


<m( pr’); No p2"")> = <Mi( 1), Nx p2’’)> 
—<Ni( pr’), Na( b3"")> —<Na( 3"), No(b2"’)> 


+<mi( py’), nooo) 41 Set 
+¢m(bi’), mobs! {1 OT 
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Table I. 
9 oPimin | Ni(p1"), Nol2!")> | <Nilr'), Na(s!")>| Nps"), Nala! )> | <a> 
180° 73.89 £0.95 | V7 LOSE 0846, | 4, 9140.18 51.88+1.07 
ovieos 72.90+0.95 17.290 47, 4.82+0.20 50.79+1.08 
IS 6OR53E 0298: 18.54+0.48 Sadie O E22 45,88+1.07 
i Ze5= 69.08+0.86 1OP2acz Ong SpoAesORZS 44,49+1.02 
90° 68.42+0.85 19273220749 Seay ae), 1) 43.07+1.00 
i ns D2’) 
+ <n3( ps"), Mo( Do’ »41- mp m +n pr’), Ns D3 pi are | 
3 (bs) 
<n py), ni 3’) fol | From the pulse mh distribution of 2.19- 
et atl n,( ps") Mev. gamma ray of Pr'4##, we have a good 
TG nD oie A reason to believe of ;(p.’’)~m(p3’’) and of 
etek ia ni £3" ") 91,( Pi’ 1 3’). And 2,(p2’’) should be nearly 
EN N | n( pr’) } equal to 7;(f3’’) because the points p,’’ and 
+ <ni( ps"), mal po’”)> 41 — = 
l Be (ps) P;’ lay on the Compton plateau of pulse 
5 height spectrum of the high energy gamma 
+ <mil pr’), 5( D3” hy aa a = ; ; cer ee Her! 
{ ae ) rays. Since <m(p1’), 2 (3, <2 (pi), M% 
It is easy to obtain the pulse height distribu- (£3)>, <%(Ds"), m2x(b2)> and <ai( br’), Mo bs‘) 


tion of 73(p:’) being equal to 73(p3) and of 
13( po’) being equal to 3(p3’") by the appro- 
priate choice of the crystal size and the gate 


$s CNP, NAD 


As <NiF), NA B)> 


Nei) Ls <NgR), NIRD 
Ane (90 ; 

> <a> 
1:10 ? 


0-80 
Fig. 5. Angular correlations of <N,(p1’), No(p.'")>, 
<M1(P1'), Ns(p3!")>,  <N3(p3'), N2(92!")> and <a>. 
The data are presented as a function of 
no(8)/¢(90°). 


width*. 
tained. 


<nX pr’), M2 P2’”)> = <Ni( bi’), No( p./’)> 


Then the following formula is ob- 


—<Ni(bi’), Naps”) —<Nel Pr’), Nol bs!) 
on (path — Mabe 
GACH ETO pu ane 
+<ml pr’), msl Bs >| Peal 
+<nd be), nebo) 41 — mak Da) a 
n4( P3") 


are all small quantity, the last four terms 
are the product of two small quantities. 
Therefore the formula 
<ni( pr’), Nx po’ W= IN ipy); Nip 
=< NalPip) 
eae 
can be considered as a good approximation. 
The results of these three angular correlation 
data and the value of <a> are tabulated in 
Table I. Each angular correlation curve was 
presented as a function of <(@)/2-(90°) in Fig. 


5 where 7-(@) is the coincidence counting rate 
at the angle 0. 


po’ )y 
» N3( p3"")> —<N3( Bs"), No( po’) 


B. Discussion of the Results 

The correlation function is generally des- 
cribed as W(@#)=1+G,A2P,/cos 0)+G,A,P,- 
(cos #), where G, and G, are the attenuation 
coefficients and A, and A; are the angular 
correlation coefficients. For the following 
discussion Gz, and G, are regarded as the 
geometrical attenuation coefficients. From 
the experimental results the most probable 
values of GA, and G,A; can be deduced by 
the least square method and A, and A, are 
found to be 0.126+0.014 and 0.045-++0.033 re- 
spectively. Since the spin and parity of the 


* 


The required pulse-height distribution was 
obtained experimentaly, by making use of the 
spectra of 1.12-Mev gamma ray of Zn®5, 1.51-Mev 
gamma ray of K* and 2.19-Mev gamma ray of Pri“ 
and by interporating to the case of 1.75-Mev 
gamma ray. 
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first excited state was assigned to be 2+, the 
experimental values A, and A, were compar- 
ed with the theoretical correlation coefficients 
calculated for the possible decay sequence 
such as j.(Q+D)2(Q)0, assuming the inten- 
sity ratio 6? and 0° or 180° relative nuclear 
phase”. Two sequences were found to be 
passable for the comparison with the experi- 
mental values. The one is the sequence 
4(@)2(Q)0 of which Az and A, are 0.102 and 
0.0091 respectively and the other is the 
sequence 2(2.56%Q@—D)2(Q)0 of which A, and 
A, are 0.126 and 0.0082 respectively. The 
angular correlation coefficients as a function 
of |—6| for the decay sequence 2(Q—D)2(Q)0 
are presented in Fig. 6. Those for the decay 
sequence 4(@)2(@)0 and of the experimental 
values are also put on the same figure. 

For the further comparison the results were 
examined in taking account of two effects. 
The first is that of the resolution curve. The 
resolution curve was assumed to be same for 
all correlation experiments. But this is not 
the case as pointed out by Lawson and 
Frauenfelder®. The resolution curves of the 
correlations <Ni(f1'), N3(3’)> and <N3(p3’), 
N2(p2’)> are narrower than that of <Ni(pv), 
N.( p2"’)> because the former correlations con- 
tain the gamma rays of which the energies 
are higher than that of the latter one. If 
the attenuation coefficients G, and G, of 
<Mi( pr’), N3(b3"")> and <N2(p3"), No(p2’’)> are 
assumed to be 10% larger than those of 
<Ni( pr’), No( p2’’)>, 0.33 counts per min. should 
be subtracted from the counting rate of <a> 
at 180° in order to reduce all resolution 
curves to that of <Ni(p1’), No(p2’’)>. 

The next effect is the annihilation gamma 
rays from the positron component. Since the 
positron component has a cascade relation to 
the 0.845-Mev. and 1.24-Mev. gamma _ rays, 
there is a possibility that these gamma rays 
impinge on the counter in coincidence with 
the annihilation gamma rays. 

This case can take place in the counting of 
<Ni( pr’), Neo( p2’’)> at 180°. The positron may 
annihilate at the inside of the source, the 
source holder and both of counter windows. 
This probability was estimated taking account 
of the geometrical configuration of the ap- 
paratus and the branching ratio of positron 
component. The contribution was found to 
be 0.7% of the coincidence counting rate of 
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<a> at 180° which corresponds to 0.36 counts 
per min. 

In taking account of these two effects the 
angular correlation coefficients A, and A, 
were recalculated and were found to be 0.112 
and 0.088 respectively. Since these values 
were deduced by using G, and G, calculated 


by the resolution curve for the annihilation 


0.2 ‘ Ae: 2(Q-D)2(Q)0 


Aa: 2(Q-D)2(Q)O 


SS xe) 


10° I] 


Fig. 6. Angular correlation coefficients A, and 
A, as a function of |—6| for the decay sequence 
2(Q—D)2(Q)0. The angular correlation coeffici- 
ents for the decay sequence 4(@)2(Q)0 are in- 
dicated by arrows. The experimental values 
are also presented with the probable error. 


radiation, the true values should be lower 
than these values. Any way, the situation 
is so delicate* that it seems almost impossible 
to decide from the above experimental data 
which one of these two alternatives is correct. 

However the following discussion leads to 
the favorable conclusion for the decay 
sequence 4(@)2(Q)0. It is easy to see from 
Fig. 5 that the angular correlation functions 
of <Ni(pr'), Ne(p3"")> and <N3( £3"), No(b2’")> 
are same within the experimental error. This 
fact can be satisfied if any gamma ray de- 
caying to the second excited state have al- 
ways the same angular correlation for both 
of the 1.24-Mev. and 0.845-Mev. gamma rays**. 
One can deduce easily from the theory” that 
this condition can be fulfilled only in the case 
of the decay sequence j3(Z2)72(@)2(Q)0. This 
reasoning might exclude the altanative 


* For instance if the value of § is taken as 
—0.195, A, and A, for the decay sequence 2(Q+ 
D)2(Q)0 become 0.102 and 0.012 respectively, while 
those for the decay sequence of 4(@)2(Q)0 are 0.102 
and 0.0091. 

** In this discussion a very small term of 
<4(p1'), 75(p3'')> was neglected. 
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sequence 2(2.56%Q—D)2(Q)O*. 

The angular correlation <N.(p,’), No( p2’’)> 
was also measured. Then the <s3( p3’),722( p2’’)> 
and <74( pi’), %2(pe’’)> are deduced from the 
folowing formulae. 

<ns( ps3’), M2( P2’’)> = (Nal bs’), No(d2’)> 
7 a KNil pi’), Nol bo )> , 
<n pi’), Mol Po’ )> = (Nal fu’), Nol po") . 

These correlation functions are presented in 
Fig. 7. In this case, <3( 3’), #2( p2’’)> was 
obtained by putting 724(p3’) equal to 24(p.’) as 


oh + < mapa, NIP) 
< ' - 
0) 1 < Ma(Pa), M2(Pe)> 
fe! 

0% 

0-9 

0-8 

Fig. 7. Angular correlations of 2.03-1.24—-Mev 


cascade and 1.75-1.24—Mev cascade as function 
of m,(@)/2-(90°). The theoritical correlation 
functions for the sequences 5(Q)4(Q)2, 4(Q)4(Q)2, 
4(D)4(Q)2, 3(Q)4(Q)2 and 3(D)4(Q)2 are present- 
ed for the comparison. 


an approximation. The results were compared 
with the theoretical correlation function for 
the case of the sequence 73(Q or D)4(Q)2. It 
appeared that the <713( D3’), 22(p2’")> was con- 
sistent with the sequence 3(D)4(Q)2 or 5(Q)- 
4(Q)2. But the latter sequence could be 
adopted, because if the 3.84-Mev. excited level 
was assigned to be 3+, the cross-over transi- 
tion gamma ray between this level and the 
0.845-Mev. excited level should be expected 
and there was no evidence for its presence. 
The <2.( pi’), %2(p2’’)> seemed to be compar- 
able with that of 4(Q)4(Q)2 with a small 
mixture of D. These theoretical correlation 
functions are presented also in Fig. 7. But 
the accuracy of the measurement did not 
permit to decide the definite decay sequence. 
These tentative spin assignments were put 
on the decay scheme in parenthesis. (See 
Fig. 4) 


§4. Conclusion and Acknowledgement 


The experiment was intended for the deter- 
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mination of the spin value of the second ex- 
cited state of Fe by the angular correlation 
measurement. But the experimental accuracy 
did not permit to discriminate clearly the 
either one of two alternative values 4+ and 
2+. In this case it should be stressed that 
the correlation coefficients for the decay 
sequences 4(Q)2Q)O and 2(Q+D)2@)O are 
too similar to distinguish one from the other 
by the angular correlation measurement if 
the quadrupole and dipole mixing ratio of the 
latter sequence is appropriate. But from the 
behaviors of the angular correlation functions 
of <Ni( pi’), N3(f3’’)> and <N3(p3"), Neo p2/)> 
the spin of the second excited state was con- 
cluded to be favorable for 4+. 

This assignment may explain why this level 
did not appear in the decay of Mn*® of which 
the spin and parity could be 2+. As the 
configuration of Co® is (f7/2)(p3/2)! from 
the shell model, its spin may be 4+ or 5+ 
according to the Nordheim’s rule”. There- 
fore the characteristic of the positron com- 
ponent decaying to this level is the allowed 
type. The abnormally high log ft value 
8.64%) then might be explained by the very 
slightly mixed configuration® of (f7/2)-*(f 5/2)! 
(p32)! in this level. 

The author would like to express his sincere 
thanks to Professor J.D. Kurbatoy for his 
constant encouragement of this work. He is 
indebted to Mr. M. Morita for his valuable 
theoretical discussion and to Mr. H. J. Sathoff 
for help with the chemical separation of Co. 
This work was supported in part from funds 
granted to the Ohio State University by the 
Research Foundation for aid in fundamental 
research. The author express his deep grati- 
tude to the Ohio State University Develop- 
ment Fund for the grant which made this 
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* Mr. M. Morita kindly checked this reasoning 
more carefully, making use of his formula for the 
correlation with intermidiate mixed radiation un- 
observed. He showed that even if the experiment- 
al errors were taken account for, the sequence 
JQ +D)2(2.56%Q —D)2(Q)0 could not explain the 
behaviours of <Nj(p1'), Na(p3'’)> and <Ns (p3’), 
N2(p2'')>. He also proved that in the decay sequ- 
ence J3(¥3)Jo(¥2)Fi1(11)0 the correlation function <y3, 
Yi> was in general more isotropic than that of <y3 
Y2> if the y, had a mixed characteristic. 
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The momentum spectrum of 


pw-mesons near sea-level and at geo- 


magnetic latitude 24°N has been obtained by means of a magnet cloud 


chamber. 


Above 700 Mev/c the results are in agreement with the 


momentum spectrum derived from Olbert’s production spectrum at 24°N. 
At lower momenta, our spectrum is found to decrease more rapidly than 
the corresponding spectra derived from differential range measurements. 
This discrepancy, which is not understood, may be due to some systematic 
error in either the magnetic deflection or differential range method. 


§1. Introduction 


Study of the geomagnetic latitude effect of 
the ~-meson spectrum has a important bearing 
on the analysis of the development of cosmic 
rays through the atmosphere. Except for the 
differential range measurements of del Rosario 
and Davila-Aponte” at 29°N little data has, 
hitherto, been available at low latitude. 

In the present paper we discuss our measure- 
ments of the differential momentum spectrum, 
taken at this latitude, 24°N. In §4 our 
results are compared with a differential 
momentum spectrum derived from Olbert’s 
production spectrum”. Our results are also 
compared with the differential range spectrum 
found by del Rosario and Davila-Aponte and 
various other differential range®? and 
momentum spectra», which have been 
obtained at high latitude, including the curve 


given by Rossi”. 


The present investigation, using a magnet 
cloud chamber, is a part of a general con- 
tinuation of the study of “~-meson underground 
in this laboratory. 


§2. Apparatus and Procedure 


The arrangement of the apparatus is shown 
in Fig. 1. The cloud chamber was of the 
cylindrical type, 30cm in diameter and had 
an illuminated depth of about 9cm. The thick- 
ness of the glass wall was lcm. The 
chamber was filled with argon gas at about 
one atmosphere pressure. The vapor source 
was a mixture of equal parts of isopropyl and 
ethyl alcohol. The chamber and two of the 
counter trays (A and B) were enclosed in a 
thermally insulated box where the tempera- 
ture was held constant to about -40.2°C. 

Three fold coincidences, A-~B-C, served to 
trigger the cloud chamber. Trays A and B 
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defined the solid angle and trays C, Dand E 
were connected to a hodoscope. These latter 
three trays were appreciably larger than the 
area subtended by this telescope solid angle, 
and were used to set limits on the particles 


a 


9 10 20 
escee cm 


FRONT VIEW SIDE VIEW. 


Fig. 1. Arrangement of apparatus for observa- 
tion of momentum spectrum of p-mesons. 


Table I. The dimensions and the number of the 
counters. 
an Inner Effective Number of 
y Diameter Length Counters 
A 2.0cm 6.6cm 3 
B 2.0 Gad 3 
C 3.0 24.0 iz 
D 3.0 55.00) 16 
E 4.0 54.0 19 
| 
lool - ---------------+=== 
lu 
oO 
& 
ee 
} 
& 90 
tu 
a 
al 
$ 
> 
[a2 
= 
n 
oe Ole 10:0 METER 
RADIUS OF CURVATURE 
Fig. 2. The correction for the magnet cut-off, 
ranges. All of the counters were made of 1 


mm wall aluminium tubing with 0.1mm 
center-wires made of tungsten. The size and 
number of counters in each tray is listed in 
Table I. 


The photographs of the cloud chamber were 
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taken stereoscopically by two “Robot” 
cameras which were placed in a hole bored 
in one of the magnet pole pieces. One of 
the cameras was placed right in front of the 
chamber and the other made an anzle of 6 
degrees with the axis of the chamber. The 
magnification of the image was 1/23. Coordi- 
nate plots of the tracks were obtained witha 
comparator. Tne plots were fitted to a 
parobola by means of the method of least 
square?®. The curvature and hence also 
the momentum of each particle was found 
from the parobola parameters. The maximum 
detectable momentum in the present work was 
22 Bev/c when the field intensity was 7000 
gauss. 

The total thickness of material (concrete 
and wood) covering the apparatus was 
evaluated to be 110 g/cm? air equivalent. Con- 
sequently the data obtained in the present 
observation correspond to 1140 g/cm? atmo- 
spheric depth. 


$3. Measurement of the Momentum 
Spectrum 


We were able to make a very rough meas- 
urement of mass for low momentum particles, 
since the hodoscope data set wide limits on 
the particles’ ranges. Six particles in the 
momentum range 650-1400 Mev/c had ranges 
too small for mesons of their measured 
momenta, and five particles in the momentum 
range 200-600 Mev/c had ranges too great for 
mesons of their measured momenta. 

Presumably the particles in the first group 
were protons, and those in the second group 
electrons, although the cascade process of 
electrons in lead make the _ identification, 
particularly of the latter group of particles, 
uncertain, if deduced from our data above. 
The total numbers of particles in each of the 
above groups were about 300 and 100, respect- 
ively, so that the fraction of particles rejected 
was small, and the final results was influenced 
hardly at all. 

A detailed summary of the data is shown 
in Table II. The columns headed “ Measure- 
ment error at middle point” are the errors 
for the momentum measurements in each of 
momentum groups, and are those implied 
from measurements of the curvature of no- 
field track. The data for positive and nega- 
tive particles have been examined separately 
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Momentum 
Regions 


Mev/c 
240-309 


310-449 
450-549 
650-939 


Bev/c 
0.94-1.39 


ie —1 799 
Za0r 2. 19 
2.8 —4.09 


a A509 


Mev/c 
300-429 


430-519 
620-899 


Bev/c 
0.9-1.29 


V.3=1.389 
1 Qe 78) 
220-0209 
329=5.09 
SAV (toy5 728) 
8.3-11.79 
11.8-20.69 


$20.7 
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Table H. Crude and corrected number of particles. 


A) Magnetic Field 3000 Gauss. 


Mid. Neaseeee pa | 
Rt BOS ae Number 
Mid. Pt. Particle 
Mev/c Mev/c jeriite as 
275 +9 5 5.88 
—7 
380 +15 18 202 
—14 
550 +36 41 44.5 
—24 
795 +68 70 (S308 
—57 
Bev/c Bev/c 
Teal +0.15 114 119 
—0.12 
ey +0.33 106 108 
—0.24 
2.4 +0.72 88 89.4 
—0.45 
Se +1.72 77 US) 
—0.87 
SAE +4.82 67 67.4 
—1.66 
8.35 +7.55 68 68 
—3.53 
90 90 


Total 743 Total 763.6 
>300 Mev/c 739 
SZ Bev/c 390 


B) Magnetic Field 6000 Gauss 


Mev/c ~Mev/c_ 
365 +8 13 See 
—5 
2D +15 28 30.9 
—12 
760 +29 60 63.6 
—27 
Bev/c Bev/c 
1.10 +-0.06 67 69.1 
—0.06 
1.60 +0.12 94 ond) 
—0.12 
DESO: +0.31 90 CIES 
—0.24 
Bast +0.67 a2 Bes 
—0.45 
AST +1.37 65 Gay, Il 
—0.88 
7.0 +3.6 40 40.0 
—1.77 
10.05 +9.55 22 22.0 
—3.28 
16.25 --98.75 28 28.0 
ellis 


BY) 3220) 
Total 618 Total 632.3 
>2 Bev/c 346 


Abs. Int. 


087322 0838 


ISZ5EE 0229 


1.93+0.30 


Mae) All 


2.22+-0,21 


Ii seeO) 5) 
On9722 0m 
0.52+0.06 
0.31+0.04 


0.13+0.02 


ligilaaeO) saul 


i 


-60+0.31 


bo 


222420 no 


— 


.69+0.21 


— 


20/0015 


0.99+0.10 


co) 


-71+0.08 


0.40+0.05 


0.15+0.02 


a 


.062+0.01 


i=) 


-031 +0.006 


(37 


cm-?sec-!st-(Mev/c)-} x 10-6 


cm sec-!st- (Mev /c)- 1x 10-6 
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and compared. The momentum distributions 
for the two groups were the same within the 
statistical uncertainty. Two different values 
of the magnetic field were used, 3000 and 6000 
gauss, and after the corrections discussed 
below were applied, the data for the two 
groups were in agreement. (See Fig. 3). 

The amount, by which the measured inten- 
sities should be increased owing to the effect 
of the magnetic field has been computed as a 
function of the radius of curvature of the 


cm! sec’ sterad" (Mev/C)' 


ro 
oO 
— 


© 6000 GAUSS 


es x 3000 GAUSS 
g ; 
WwW 
f= 
< 
‘on =! ! 
(oy 0 10-0 Bev/C 
MOMENTUM 
Fig. 3. Corrected momentum spectrum of p- 


mesons at 1140 g/cm? atmospheric depth obtain- 
ed in the field of 3000 and 6000 gauss. 


a 


POSITIVE / NEGATIVE 
o 
> 
oO 
oO 
o- 


co) 
ie} 
x PRESENT 
© OWEN AND WILSON 
eee ee a 


10 10:0 Bev/C 
MOMENTUM 


Fig. 4. Ratio of numbers of positive to negative 
mesons at 24°N geomagnetic latitude. 


tracks. The result of this computation, given 
in Fig. 2, indicates that the effect of the 
magnetic field is not a slowly varying func- 
tion of curvature but something like a step 
function. In fact, no particle with momentum 
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less than a definite value, which depends on 
the intensity of the magnetic field, should be, 
nor was, observed. 

In addition, a correction for scattering in 
the material between trays A and B was 
applied. Particles traversing the 10cm lead 
absorber above tray C were scattered in the 
lead, and so traversed more than the 10cm 
of material. Some mesons having momenta 
in our nominally accepted range, therefore, 
were excluded because they failed to penetrate 
as far as tray C. We have made an approxi- 
mate computation of this effect, and find it 
to be small. At 250 Mev/c it is an 8% effect, 
and at 280 Mev/c is only 2%. The corrected 
numbers of particles for these combined 
effects are given in the fifth column of Table 
ne 

Our normalization procedure was direct in 
the sense that we have used the solid angle 
and effective area of the telescope AB to 
determine intensities. The aperature of the 
telescope was 0.57 sterad cm*. For technical 
reasons it was not possible to measure the 
counting rate of the telescope during the cloud 
chamber operation. Rather, we measured the 
counting rate (with the field of 3000 gauss 
on) in an auxiliary experiment. From this 
measured rate and total number of measured 
tracks (with 3000 gauss) we deduced an 
effective operating time, ¢. We were then 
able to express the observed number of tracks 
in a given momentum interval in terms of 
absolute differential intensity by using this 
effective time, 7, and the known telescope 
aperture. The 6000 gauss data were nor- 
malized to 3000 gauss data by relating the 
number of tracks with momentum greater 
than 2 Bev/c. 

The intensities, including all corrections, 
are given in the sixth column of Table II. 


§ 4. Discussion and Results 
A. Positive Excess 


It has been found by many workers that at 
sea-level positively charged particles predo- 
minate over negatively charged ones”. This 
positive excess has been interpreted theoretic- 
ally considering the developement of the 
nucleonic component and the production of 
mesons in the atmosphere. Relative to the 
behavior of protons, neutrons favor the pro- 
duction of negative mesons. Since at low 


energies there are more neutrons than 
protons, one expects the positive excess to 
diminish as the meson energy decreases. At 
low geomagnetic latitudes, the number of low 
energy neutrons, relative to protons of that 
same energy is less, the above tendency 
should be enhanced. The positive to nega- 
tive ratio, 7, from the present experiments 
is shown in Fig. 4. While the statistical 
precision is poor, there does seem to be a 
more pronounced falling-off of the ratio, 7, at 
low momenta at this latitude than at 50°N 
where the data of Owen and Wilson!) were 
taken. 


B. Anomaly found by Glaser 


We find no evidence for or against the 
anomaly in the momentum spectrum reported 
by Glaser et al!®. (See Fig. 5.) 

C. The Integral Vertical Intensity at 

24°N 

From the observed counting rate and 
measured telescope aperture, we have found 
a value of (6.60.2) x 10-%cm-?sec"isterad7} 
for the vertical intensity of particles able to 
penetrate 15cm Pb* plus the 110 g/cm? of air 
equivalent material comprising the structure 
over Our apparatus. This intensity has been 
corrected slightly to allow for the effect of 
the magnetic field and scattering. The 
measured intensity has been decreased by 
6.4%, since that was the measured propor- 
tion of showers found during the cloud 
chamber observations. The corresponding 
intensity at sea-level for particles with 
momentum greater than 300 Mev/c (obtained 
by extrapolating our spectrum) is (6.70.2) x 
Os cm sec: *sterad *. 

D. Momentum Spectrum at 24°N 

The empirical -meson spectrum at produc- 
tion which was introduced originally by 
Sands! has proven to be very useful in 
dealing with the phenomenological analysis of 
the mesonic component of cosmic rays in the 
atmosphere. Olbert” has recently improved 
this production spectrum and also studied the 
dependence on geomagnetic latitude. Olbert’s 
production spectrum makes it possible to com- 
pute the differential range spectrum of p- 
mesons at any desired altitude and _ latitude. 
It seems interesting, therefore, to compare 
our differential momentum spectrum with the 
one expected from Olbert’s production 
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spectrum. Olbert expressed the production 
spectrum of s-mesons having range R at 
geomagnetic latitude 4 by the following for- 
mula. 


G(R: 4)=(7.3 x 10*)/(a(A4) +R) 8, 
(g-*cm?sec™!sterad“) 
where a(A) is the latitude parameter. 

The differential momentum spectra of p- 
mesons at sea-level at 50°N(a@(4)=520) and 
24°N(a(4)=613) were derived from this pro- 
duction spectrum using the -meson survival 
probabilities and the absorption length of the 
N-component given by Olbert. These are 
shown in Fig. 6 with the observed momentum 
spectrum converted at sea-level. For com- 


parison, Rossi’s momentum spectrum” at 
geomagnetic latitude larger than 45°N is 
shown, too. 
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Fig. 5. The differential momentum distribution 


at 6000 gauss in linear scale. The dashed curve 
represents Glaser’s distribution showing an 
anomaly. 


At momenta higher than about 5 Bev/c, our 
spectrum is in agreement with the momentum 
spectrum given by Caro et al.” which was 
chosen by Olbert as the basis of his produc- 
tion spectrum. Our observations and those 
of Caro et al. both indicate that the slope of 
the momentum spectrum at these higher 
momenta is steeper than the slope shown by 
Rossi. Between 1Bev/c and 4Bev/c, our 
spectrum agrees reasonably well with the 
spectrum computed from Olbert’s production 
spectrum. It is expected of course, that the 
intensities at low momenta (500 Mev/c—1.0 
Bev/c) at our latitude, 24°N, should be lower 
than those at 50°N because of the difference 


* Five cm of Pb were added to the absorber 
for this part of experiment to conform with the 
usual phenomenological definition of hard com- 
ponent. 
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of the geomagnetic energy cut-off of the 
primary component. However, the fact that 
our intensities are lower than those calculated 
from Olbert’s spectrum at 24°N is interesting. 
It should be noted that other normalization 
procedures have little effect on this tendency 
of the spectrum. 

Olbert’s production spectrum has been based 
on the results of altitude and latitude depen- 
dence of slow mesons using the delayed and 
anti-coincidence methods of detection. Olbert’s 
spectrum at low momenta is in agreement 
with the experimental results at 29°N obtain- 
ed by del Rosario and Davila-Aponte” using 
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Fig. 6. The differential momentum spectra at sea 
level. Figure shows that points obtained by 
the magnet cloud chamber fall somewhat lower 
than obtained by differential range method. 


the delayed coincidence and anti-coincidence 
methods. Most of the measurements on the 
differential range spectrum of low energy s- 
mesons (10-250 g/cm? air equivalent) near 
50°N are in agreement with the spectrum 
given by Rossi? and Olbert®. On the other 
hand, the magnetic deflection method®>!) has 
given results somewhat lower than those 
obtained by the differential range method in 
spite of careful corrections for magnetic de- 
flection and scattering. A similar tendency 
has been noted at mountain altitude®>®.1, 
The intensity of -mesons stopped in nuclear- 
emulsions at sea-level has been measured by 
another group in this laboratory. The dif- 
ferential intensity was found to be (2.60.2) 
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x10-°g-'sec!sterad at (15+5) g/cm? air 
equivalent!», This value appears to be in- 
consistent with our momentum measurements 
as shown in Fig. 6. The emulsion method is 
essentially the same as the delayed coincidence 
and anti-coincidence methods, since the 
quantity actually measured is the differential 
range intensity. The inconsistency is in the 
same direction as the inconsistencies which 
has been reported many times before between 
differential range and differential momentum 
measurements. Among the possible causes 
of the difficulty we may mention the possibil- 
ity of meson production in the absorbers 
which are normally over a differential range 
apparatus. Since absorbers are characteristic 
only of differential range measurements, 
locally produced mesons tend to increase the 
intensities measured by these methods but 
not the intensities measured by magnetic de- 
flection. Olbert’s production spectrum _pre- 
dicts that only about 3% of the mesons 
stopping under 125 g/cm? air equivalent of 
absorber are produced locally. On the other 
hand, Olbert’s spectrum was derived from 
differential range measurements, including 
measurements at high altitude where local 
production should be more pronounced. 

Our momentum spectrum (24°N) and those 
of Wilson and Whittemore and Shutt» 
(50°N) are compared in Fig. 6. The difference 
between the two at low momenta is larger 
than the difference predicted from Olbert’s 
spectra at these two latitudes, and as pointed 
out before, the actual predicted intensities are 
appreciably greater than the measured ones. 


§5. Summary 


We have measured the differential 
momentum spectrum of mesons at 24°N 
geomagnetic latitude. The spectrum falls off 
rather sharply at low momenta, and our dif- 
ferential momentum measurements indicate 
appreciably smaller intensities at low momenta 
than differential range measurements made at 
this latitude. If our momentum spectrum is 
compared with momentum spectra obtained 
at high latitude, the decrease in the intensity 
at low momentum is larger than the decrease 
predicted by Olbert’s production spectrum. 
The positive to negative ratio falls off more 
rapidly at this latitude than at higher latitude. 
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On the Penetrating Showers Produced in Paraffin and Graphite* 


By Isao MIURA 
Physical Institute, Nagoya University, Nagoya, Japan 
(Received January 29, 1955) 


The production of the penetrating showers in paraffin and graphite 
was studied by a cloud chamber connected with a hodoscope at an eleva- 
tion 2760 meters, geomagnetic latitude 25°N. Results indicate: 

(1) There is an evidence of multiple production of mesons in the 


collision of an incident nucleon with a hydrogen nucleus. (2) 


There is 


no appreciable difference between paraffin and graphite in the projected 
angle distribution of lightly ionizing shower particles with respect to the 


primary particles. (3) 


The flux of ionizing particles which produce the 


local penetrating showers is (3.0+ 0.4) 1075/cm?. sec. sterad. 


§1. Introduction 

Hitherto, most experiments!)-? for the study 
of the penetrating showers have been per- 
formed by the use of dense materials such 
as lead or iron as producer. From those ex- 


periments, it was difficult to know directly the 


elementary process of meson production in the 
nucleon nucleon collision. In order to obtain 
more precise information about the elementary 
process, many experiments®~*” of the penet- 


* Presented at the annual meeting of the physic- 
al Society of Japan, April, 1953. 
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rating showers with light materials such as 
graphite, paraffin, lithium, beryllium and 
hydrogen, have been performed. But there 
was a large discrepancy among their conclu- 
sions. Some of them!”1!%118 reported an 
evidence of the production of penetrating 
showers in the nucleon-nucleon collision, but 
others!?”) denied this fact. Such discrepancy 
will be considered to be arisen from different 
conditions of their measurements: for instance, 
differences of altitude and of the detecting 
efficiency of the penetrating showers. A re- 
cent investigation by Cosmotron?» has shown 
directly the production of two z mesons in 
the nucleon-nucleon collision in the region of 
a few Bev of incident energies. 
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Arrangement of experimental apparatus. 
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The present experiment was undertaken to 
obtain the information about the meson pro- 
duction in hydrogen nuclei, comparing the 
penetrating showers produced in a graphite 
plate with those in a paraffin plate containing 
the same quantities of carbon. Because the 
present experiment was performed with a 
cloud chamber in which two paraffin and 
graphite plates were interposed, combined 
with a hodoscope, we could obtain not only 
the information about the elementary process, 
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but also some informations about multiplicity, 
angular divergence and the penetrating power 
of shower particles. 

The experiment was performed at an ele- 
vation 2760 meters above sea level (Laboratory 
at Mt. Norikura, Japan), during the summer 
of 1952. 


§2. Apparatus 


The entire apparatus was set up inside a 
house with a roof of about 2cm of wood and 
0.3cm of iron. The cloud chamber (see Fig. 
1) hada diameter of 30cm and an illuminated 
depth of 14cm. The chamber was filled with 
85cm Hg of air and was saturated with vapour 
of a mixture of 60% of ethy! alcohol and 40% 
of water. 

Two pairs of a graphite plate of 14cm x14 
cm x2.0cm and a paraffin plate of 14cmx14 
cm xX 4.35cm were arranged in the illumination 
region keeping each pair in the same level. 
Each pair corresponds to 3.3 g/cm? of graphite 
or 0.063 radiation length and 3.9g/cm? of 
paraffin, the latter consisting of 3.3 g/cm? of 
carbon and 0.6 g/cm? of hydrogen. This ar- 
rangement was suitable for the comparison 
of the penetrating showers produced in two 
different materials, because the detection 
probability was kept constant against possible 
variation of the flux of the incident nucleons 
and the other experimental conditions. 

Underneath the cloud chamber, four G.M. 
counter trays (A, B, C and D) were arranged 
as shown in Fig. 1. All counters in A and 
eight counters in B trays were 2cm in dia- 
meter and 20cm in length and all the other 
counters were 4cm in diameter and 28cm 
in length. Two lead plates (each 5 cm thick) 
were placed between A and B trays and B 
and C trays. Lead plates between C and D 
trays were varied from 0 to 20cm to measure 
the penetrability of shower particles. Sides 
of G.M. counter trays were surrounded by 10 
cm of lead to reduce the number of unness- 
sary expansions caused by the electronic com- 
ponent of the extensive air showers and the 
local showers generated in surrounding 
materials. 

Pulses of the coincidences A (>>2) B(>2)C 
(>1) which had a resolving time of 10 micro- 
second, expanded the cloud chamber and 
operated the hodoscope. The hodscope was 
constructed by the method designed by 
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* the errors are only the statistical one. 


Regener*». The cloud chamber was _ photo- 
graphed stereoscopically. Simultaneous photo- 
graphs of the hodoscope were taken 
automatically by another camera. 

Although various events are observed in 
the cloud chamber photographs, care must be 
taken to pick up the penetrating showers. 
Usually the penetrating showers are defined 
as such showers whose particles satisfy one 
of the following conditions: (a) Two or more 
particles penetrate at least one or two thin 
lead plates without any cascade multiplication, 
(b) one or more penetrating particles and 
one Or more heavily ionizing particles. In the 
present experiments, the penetrating showers 
could not be distinguished solely by the cloud 
chamber photographs, because no lead plate 
was interposed in the cloud chamber. How- 
ever, examination of the ionization of tracks 
and the correspondency between cloud chamber 
tracks and hodoscope tracks were sufficient 
for the selection of the penetrating showers. 

In fact, the penetrating showers were 
adopted by the following condition: Two or 
more counters in B tray and one or more in 
C tray lying on the direction of tracks of 
shower particles, discharged simultaneously. 
In order to ascertain the correspondency, 
cloud chamber tracks were projected in 2/5 
scale of actual dimension on a paper where 
counter disposition were drawn in the same 
scale. We took care especially when any 
accompanied particles with shower were 
detected in the photograph, for there was a 
possiblility that the cloud chamber and the 
hodoscope were worked by those accompanied 
particles while no penetrating shower particles 
were contained in the observed showers. 

Thus 204 event were obtained from about 
4400 photographs taken in the experiment. 
Two examples among them are shown in Fig. 


2 (a) and (b). 


Fig. 2. Cloud chamber photographs of the typical 
examples of the penetrating showers. In Fig. 
(a), six shower particles are emitted from the 
penetrating shower produced in a paraffin plate. 
In Fig. (b), the penetrating shower with five 
shower particles is originated in a graphite plate 
by the charged particle. 


$3. Results 


(1) The Ratio of Numbers of the Penetrat- 
ing Showers in Paraffin to Those 
Generated in Graphite 


Numbers of the penetrating showers gene- 
rated in paraffin and graphite and their ratios 
are shown in Table I. 

In Table I, numbers of shower particles (3rd 
column) do not include heavily ionizing par- 
ticles, numbers of showers (4th or 5th column) 
are normalized to the equivalent area of 
source materials. Numbers of the penetrating 
showers generated in the lower producer in 
the cloud chamber are comparatively less than 
those in the upper producer. This is caused 
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by the fact that the space available for detec- 
ting the penetrating shower under the second 
plate is smaller than that under the first 
plate (see Fig. 1). 

As is easily seen from Table I, the ratios 
of numbers of the penetrating showers in 
paraffin to those generated in graphite obtain- 
ed in various positions of shower initiating 
layers are nearly equal to 1.5 within the 
statistical accuracy. Large fraction of these 
penetrating showers contain the penetrating 
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Fig. 3a. The multiplicity distributions of all 
lightly ionizing shower particles produced in 
paraffin (dotted line) and in graphite (solid line). 
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Fig. 3b. The multiplicity distribution of differ- 
ence between the penetrating showers produced 
in paraffin and in graphite. 


particles which can penetrate 5 and 10cm of 
lead and generate master pulses for trigger- 
ing. But asmall fraction may be attributable 
to spurious events, such as, (a) high energy 
cascade showers originated in graphite or 
paraffin layer and capable of triggering, (b) 
low energy cascade showers coming into the 
cloud chamber accidentally during the sensi- 
tive time interval of the cloud chamber and 
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(c) stars accompanied with penetrating 
particles. Number of cascade showers in 


cases (a) and (b) which contain four or more 
particles under thin graphite plates (0.063 
radiation length) was calculated and was found 
to be only about a few-tenth percent of the 
obtained total showers. In the case (c), only 
small fraction of star particles can appear in 
the space under the graphite or paraffin plates, 
because of their small energy and large 
angular divergence. Moreover they can be 
excluded simply by observing their hodoscope 
correspondence and their heavy ionization. 
Thus the effect of such spurious events will 
be negligible in the present experiments. 
Although a small fraction of them must be 
contained in the data, the number of them 
may be identical in both materals because 
almost all spurious events are produced in 
carbon. Therefore the ratio of the numbers 
of the penetrating showers corrected for them 
will be a little larger than the observed one. 

From the data and the above consideration, 
we conclude that more penetrating showers 
are produced in paraffin than in graphite, 
namely, the penetrating showers are generated 
in hydrogen nuclei contained in paraffin plates. 


(2) Multiplicities of Shower Particles. 


The multiplicity distribution of all lightly 
ionizing shower particles produced in paraffin, 
graphite and paraffin minus graphite (hydro- 
gen), are shown in Fig. 3a and Fig. 3b res- 
pectively. 

These Figs. show that the number of showers 
with low multiplicities are remarkably small. 
This will be explained as follows: Because 
the solid angle sustained by counter tray A, 
B, and C is very small (0.23 steradian), the 
detection probability of the penetrating 
showers with low multiplicities must be con- 
siderably smaller than those with high 
multiplicities and because at least two shower 
particles coming into small solid angle have 
to penetrate more than 5cm and 10cm of 
lead, only a small part of the penetrating 
showers with low multiplicities can be de- 
tected. Therefore the shape of low multipli- 
city parts of the distribution curve will be 
considerably different from no-biased one2*). 
The detection probabilities of the penetrating 
showers in paraffin and graphite are equal to 
each other. Thus it is possible to compare 
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the distribution curves of graphite, paraffin 
minus graphite. Remarkable difference among 
them cannot be proved because of their poor 
statistics. 

From the charge conservation, the multipli- 
cities of shower particles produced in hydrogen 
must be even or odd number, if the penetrat- 
ing showers are generated in proton-proton or 
neutron-proton collision, respectively. Multi- 
plicity distributions of difference between the 
numbers of the penetrating showers produced 
in paraffin and in graphite were taken in the 
case of the charged or neutral primaries. 
From them, the tendency was recognized that 
the number of showers with even multiplicity 
(4and 6) seemed to predominate in the case of 
charged primary particles and that with odd 
multiplicity (3 and 5) seemed to predominate 
in the case of the neutral primary particles. 


(3) Angular Distribution of Shower Parti- 
cles with Respect to the Direction of the 
Primary Particles. 


The histogram in Fig. 4 represents the 
relative number of all lightly ionizing shower 
particles of the penetrating showers produced 
in graphite, observed per degree as a function 
of the projected angle between the primary 
particles and shower particles. Dotted histo- 
gram represents the Green’s result® obtained 
for graphite. Both distributions are nearly 
equal to each other if the statistical errors 
and the difference in geometry of counter 
trays are taken into account. 

By comparison of the angular distribution 
of shower particles from paraffin with those 
from graphite, some informations of that 
from hydrogen will be obtained. In Fig. 5 
solid and dotted line show the distributions 
obtained with paraffin and graphite, respective- 
ly. From general shapes of both distributions, 
no remarkable difference more thans ta tistical 
errors can be noticed between them. This 
fact may be interpreted as either that shower 
particles from hydrogen have no contribution 
to the angular distribution from paraffin, or 
that the shape of the angular distribution 
from hydrogen is similar to that from graphite. 
The former may be less probable because 
hydrogen nuclei contribute considerably to the 
penetrating showers from paraffin as shown 
in §3, (1). Therefore the latter will be fa- 
vourable. In that case, it will be tentatively 
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concluded that shower particles produced in 
a carbon nucleus will not be suffered large 
deflection when they pass through the same 
nucleus. 
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Fig. 4. The projected angular ditributions of 
ionizing shower particles of the penetrating 
showers produced in graphlte, with respect to 
the direction of the primary particles. The 
dotted and the solid histograms represent the 
Green’s result and ours, respectively. 
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Fig. 5. The projected angular distributions of 


shower particles from paraffiin (dotted his- 
togram) and from graphite (solid one). 
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(4) The Flux at 2760 Meters of Ionizing 
Particles that produce the Local 
Penetrating Showers. 


The flux of ionizing particles that produce 
the local penetrating showers at 2760 meters, 
geomagnetic lattitude 25°N, was obtained from 
the experiments. The flux is 


N 


als Q-¢-S{1—exp (—x/A)} ’ 


where WN is observed number of the local 
penetrating showers generated in the plate of 
x g/cm? thick, with an active area Scm?, ina 
net observation time ¢ sec. © is the solid 
angle sustained by counter trays and 4 is the 
collision mean free path of ionizing primary 
particles in the layer. 

For instance, in the upper position of 
shower producing layer ©Q=0.23  steradian, 
S—196icm2, ¢—2 < l0Ssecuandse—3.3:2/Cm= Ob 
graphite. Using the theoretical value for 2, 


No=(3.0-£0.6) x 10-°/em?. sec. steradian. 


This value is equal to the one obtained from 
the data in the lower position within the 
statistical errors. From these values it is 
concluded that the flux of ionizing particles 
that produce the local penetrating showers is 
(3.0+0.4) x 10-°/em?. sec. steradian at 2760 
meters. 

The value is several times larger than the 
value obtained by Hazen et al.? if the alti- 
tude difference is taken into account. But 
such discrepancy is not so serious, if we 
consider the following facts: We selected 
the local penetrating showers containing at 
least two penetrating particles which penetrat- 
ed a 55 g/cm? and a 110 g/cm? of lead, While 
Hazen et al. selected such penetrating showers 
as containing three penetrating particles 
which penetrated 115g/cm? of lead. Thus 
energy region of the events observed by us 
is considerably lower than those observed by 
Hazen et al. 

If the lower limits of energy regions in two 
experiments were determined, energy spectrum 
between two limits could be obtained. This 
is an interesting problem, but the esitimation 
of the lower limit is difficult owing to dif- 
ferent loss of the penetrating showers due to 
different geometry or angular spread and 
penetrability of shower particles, 
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(5) Absorption of Shower Particles in Lead. 


From combination of track in the cloud 
chamber photographs and the array of light- 
ing neon bulbs, the behavior of absorption in 
lead of shower particles produced in paraffin 
and graphite was investigated by varying the 
thickness of Lead absorber from 0 to 20cm 
with interval of 5cm between C and D trays. 

Before the study of the absorption in the 
variable lead, penetrating shower particles 
were selected by the following condition, they 
could penetrate three counter trays A, B and 
C and had such direction as possible to hit 
the D tray from the front view. Although 
we excluded particles which passed through 
gaps between neighbouring counters of A, B 
and C trays or the outside of the effective 
region, there remained the ambiguity whether 
selected penetrating shower particles were 
contained certainly in the solid angle 
sustained by A, B, C and D trays or not, 
because those passed the front or the near of 
the D tray could not be excluded from the 
front view only. So the ratio of such particles 
to the selected penetrating particles was 
measured in the case of no absorber. This 
value was consistent with the value expected 
from geometrical consideration of counter ar- 
rangement. Of course, the ratio will depend 
on the thickness of the absorber, for there 
must be nuclear interactions in the absorber. 
But correction for such events could not be 
done, as the measurement was done with 
simple counter trays (not crossed trays). 

From data obtained from the front views, 
events suffering a large angle scattering above 
50° respect to the selected penetrating parti- 
cles at the central point of lead absorber are 
classified as absorption. Thus the absorption 
mean free paths of shower particles generated 
in paraffin and graphite were about 340 g/cm? 
and about 250¢/cm? of lead with probable 
errors of order of 100 cm? of lead, respectively. 
Unfortunately, because of large errors, we 
failed to determine whether two value were 
different or not. 


§ 4. Discussion 


As seen in chapter 3-1, it is evident that 
the penetrating showers with four or more 
shower particles are produced in hydrogen 
nuclei contained in the paraffin layer. How- 
ever, the following consideration is necessary 
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to conclude the multiple production of mesons 
in a single nucleon nucleon collision. 

In the first place, we have to consider the 
effect of secondary collision in materials. In 
graphite, the number of the penetrating 
showers with 4 or more particles generated 
by a single collision in the thickness of gra- 
phite between 2 and x+dzg/cm?, is 


dn, = Np exp (—2/2e): ae exp | —(a0—2)/2e | 
and the number of the penetrating showers 
which have low multiplicity in the first col- 
lision occured in the thickness between 2 and 
xt+dzxg/cm* and then developed into 4 or 
more particles by secondary collision through 
xp—zx g/cm? of graphite is 


dnx=Ny' exp (- * ) . we 


Ac he 
- m{1—exp[—(20—2)/Ac]} , 
where and m#)’ are numbers of incident 


nucleons which can generate the penetrating 
showers with multiplicity of 4 or more, and 
those with 3 or 2, respectively. 2. is the col- 
lision mean free path of nucleons in graphite, 
x) is total thickness of graphite and 7 means 
average number of shower particles which 
can produce successive high energy nuclear 


collision. Taking z<A- and neglecting higher 
terms, total number of the penetrating 


showers produced in the total absorber is 


ne=| “an. aa 


0 0 


x m no zo \*) 
~nol ae: ny =a ) eee) og 

For paraffin, the number of secondary 
events occuring in hydrogen are added to 7: 
(a) The first collision of incident nucleon NV 
with carbon nucleus C and the secondary 
collision of #2 shower particles with hydrogen 
nucleus H, and (b) the first collision of NV with 
H and the second collision of m’ shower 
particles with C or ZH. 

The number of the penetrating showers 
generated by (a) or (b) at the depth of f2’ 
g/cm? of carbon or (l—/f)a’ g/cm? of hydrogen 
are, respectively. 


oa! A 


ee, 


Penetrating Showers Produced in Paraffin and Graphite 
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dy =n! exp) OD” (ee 


An Au 
-m'|1—exp | aieie ) | 


an a bees) n= 29) } 
+1 exp] i | (- 

where / is the fraction of carbon quantity in 
unit g/cm? of paraffin (f==0.85), 2, is the 
collision mean free path of nucleons in 
hydrogen and a’ is thickness of the paraffin 
layer. 

Taking fa’<is, and (1—/f)a0’<Au, total 
number of the penetrating showers produced 
in the total absorber is 


x 


, Lol 
No n,=Ne+ | ta + | dn» 
0 


0 . 


= net {| (mm) £02) 


wl St Rte? 
ne An® | 2 
I F70=f) +t 


(ae a= 
osha ag rae 


Thus the ratio of the numbers of the pene- 
trating showers produced in both materials 
expected from single production of mesons is 
Non|(Ne. Taking xa=3.3 g/cm’, 2x =3.9 g/cm? 
and assuming 4, and Ay have values expected 
from geometrical cross section, 
Non,/Ne=1+e(m, mM’) . 

The value of no,/n- is depend on the func- 
tion of mm and m, ¢(m,m’), but the depen- 
dence is not remarkable. For instance, the 
values of %cxz,/”_ are 1.06 or 1.04 respectively 
{Of i=) ==3 OF = 71 —2. 

As shown in Table I, the observed value 
1.50+0.17 is obviously larger than the value 
expected from single production of mesons, 
even though errors are taken into account. 
Therefore, the surplus penetrating showers 
produced in paraffin must be interpreted as 
those produced by a single collision of an 
incident nucleon with a hydrogen nucleus. 
Thus we can conclude that the multiple pro- 
duction of mesons occurs in collisions of 
nucleons with protons. This conclusion is 
furthermore supported by the fact that the 
shape of the multiplicity distribution of dif- 
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ference between the penetrating showers 
generated in paraffin and in graphite seems to 
fit the shape expected from the charge con- 
servation [in §3 (2)]. 

In the second place, in the collision of the 
nucleon with the carbon nucleus, there is a 
possibility that some or all of shower particles 
are fast nucleons (knock on proton). Such 
events would not be distinguished from the 
penetrating showers containing mesons in the 
present measurement, but a rough estimation 
of the number of such events is possible from 
the combination of the following data obtained 
by several authors”»?): (a) Integral spectrum 
of the shower initiating particles, (b) distribu- 
tion of the number penetrating particles 
produced by the primary particle of definite 
energy, (c) the frequencies of z mesons and 
protons contained in penetrating particles 
which are able to penetrate 5cm or 10cm of 
lead and (d) the angular distribution of shower 
particles with respect to the direction of the 
primary particles in the no-biased measurement 
for shower selection. Asa result of estimation, 
about 12% of the penetrating showers pro- 
duced in graphite is attributted to the penet- 
rating showers which contain less than two 
mesons. Taking this correction into account, 
the ratio of the numbers of the penetrating 
showers containing 2 or more mesons turns 
out to be 1.63-+0.20 which is larger than the 
value 1.06 expected from the single production 
of meson. 

From the present experiments, the thre- 
shold energy of multiple production of mesons 
was not determined, because the determina- 
tion of energies of the penetrating showers 
was difficult. To determine the energy spectra 
of shower particles, further experiment by a 
cloud chamber connected with an electromag- 
net is now in preparation. 


§5. Conclusion 


From the experiments, the following con- 
clusions were obtained: 

(a) The observed excess of production of the 
penetrating showers in paraffin as compared 
with those in carbon must be interpreted as 
an evidence of multiple production of mesons 
in the collision of incident nucleons with 
protons. 

(b) The projected angular distributions of 
lightly ionizing shower particles with respect 
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to primary particles, produced in paraffin and 
in graphite, are similar as shown in Fig. 4. 

(c) The flux of ionizing particles which pro- 
duce the local penetrating shower is (3.00.4) 
x 10-*/cem?. sec. steradian at an elevation of 
2760 meters, geomagnetic lattitude 25°N. 

The author wishes to express his gratitude 
to Professor Y. Sekido for his valuable dis- 
cussions and encouragement. He is also very 
grateful to Mr. T. Matano, Y. Toyoda and 
T. Murayama for their cooperation and valu- 
able help in carring out this experiments, and 
to Professor Y. Watase who gave him 
facilities to achieve the work. This work 
was financially supported by the Scientific 
Reasearch Expenditure of the Department of 
Education. 
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of the Thomas-Fermi Equation 
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Based on the generalized Brinkman’s remark that x7 can be treated 
as a constant over the whole range of », three homologues of the ap- 
proximate TF solutions, i.e. 1. Brinkman, 2. Kerner-Tietz-Umeda and 3. 
Sommerfeld-March, are systematically established under either of two 
different guiding principles, the linearization of the TF equation in regard 
to @ and the elimination of the explicit w in the TF equation. 


it 


Since the exact solution of the Thomas- 
Fermi (abbreviated as TF) equation ,¢’ =¢°/? 
/x'/?, is given only numerically, its approximate 
expression in a closed analytical form is 
strongly desired for the practical purpose. 
Hitherto several different forms are known, 
as follows. 


Scope of the Present Investigation 


1. Sommerfeld» asymptotic form 

(x)= 1/[1+ (2/1274) P/* , cel.) 
A4=0.7722 being determined by the asymptotic 
behavior of ¢. 


la. March” modification 


March treated in this formula Eq. (1) 4 as 
an adjustable parameter and determined the 
value 2=0.8034 by the mean value method 


6 3/2 
| (o”— & 3 ie dz=0., 
0 ale 


lb. Umeda*® medzfication 


Umeda determined in the March modifica- 
tion the value of 4=0.8371 by the minimiza- 
tion of the “approximation degree” of ¢ 


4 o/2 ) 


(2) 


ik? : 
il=\, iS ote ae 3 
proposed by him. 
2. Kerner» form 
o(#)=1/1+ Ba) (4) 


with B=1.3501. 


2a. Umeda modification 
Umeda adjusted the value of B=1.3679 by 
means of the approximation degree. 


3. Rozental form 


(x)= 0.7 34516-80225 0.2055 6-2 Ga)) 

and 
(x) =0.255 e- 924624 ().581 e-9°9472 4). 164 e-4:3562, 
(Sa) 


Recently there have been added two new 
kinds of those, i.e. 
4. Brinkman form 
o(a)=const a!/? Ki(2ax'/?) , (6) 


J, being a modified Bessel function of the 
second kind, derived by the transformation 


3/2 j 
67 =o eye 2 ; ce) 
ora liae wv xv 
and 5. Tuzetz form 
o(x)=1/[1+(0/6')aP (8) 
derived by an alternative transformation 
: 3/2 il m 4 
o = gatg?. (9) 


pie ~ (ag 3/2 


In these both cases the common basic idea 
is the Brinkman’s remark that z@ is so slowly 
varying that it can be treated as if it werea 
constant over the whole range of 2 while the 
guiding principle is found for the former in 
the linearization of the TF equation with re- 
gard to @ by rearranging «'/ and for the 
latter in the elimination of the explicit 2 from 
the TF equation by rearranging ¢'”. 


In this paper the systematization of these 
approximate TF solutions is carried out theore- 
tically by generalizing the Brinkman’s remark 
and obeying these guiding principles, except 
that the Rozental forms are laid aside since 
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they are nothing but the Prony expressions of 
the exact values of ¢. 


§2. Generalization of the Brinkman’s Re- 


mark 
Now, it may be expected that the better 
transformations than those mentioned above 
could be obtained by rearranging the optimum 


xe py- 


Generalized Brinkman’s remark. 
curves for a number of the values of a. 


aoe lle 


scale for broken lines 


scale for full lines 


al 

Fig. 2. Height %n%(¢)dol@m(c)] and place x(a) of 
the top of the #7¢-curve for given value of oa 
in the allowed range 0 to 3, cf. Eqs. (12) and 
(14). 


power of 2 or @ instead of their square roots 
respectively, as follows. 


gn OP acawmignt Pa(aerggynd 
(10) 
ae FE MCAD G)- CHD Ig 
= (a1/@B-8) hq)“ @B-8)/2G8 (J) 


go being the exact TF function, because then 
the Brinkman’s remark can be more effectively 
generalized by determining the value of the 
exponent ¢ which makes the expression a7 
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as slowly varying as possible over the whole 
range of x. In other words the maximum 
value of 77¢ 9 should be made as low as pos- 
sible or the radius of curvature at the maximum 
point of the 27¢o-curve should be made as 
large as possible. 

Since x%¢) should vanish at the both limits 
z=0 and o, the allowable value of o is 
restricted in the range 


Sos (12) 
The optimum value of o denoted by oo is 


found by the condition of the lowest height of 
the x«7#-curve 


SA CEN ROMER (13) 


do 


where 2m(a) is the root of the equation which 
determines the maximum of x7¢p. 


Z [x"oo(x)]=0 or pore EY) | 
dx x 
(14) 
Eq. (13) is reduced due to Eq. (14) simply to 
aI) (15) 


which enables us to evaluate the value of oy 
from Eq. (14), that is 


oo=(— xo’ /o)2-1= 0.6462, (16) 


the Miranda” value of the exact TF function 
being herein substituted. This value of oo 
lies in the above allowed range, Eq. (12), as 
it must be, and determines the corresponding 
optimum values of @ and # in Eggs. (10) and 
(11) respectively 


a@=0.8231 and Po=2.274 , (17) 


While Gprimmanonem = Lj Cprincman ane Brictz 
=2. It is noteworthy that the values of 
Brinkman and Tietz are very near to the 
optimum values. 

According to the alternative method of the 
maximum curvature the optimum value of o 
is 0.8196. 

In Fig. 1 the 27¢o-curves for a number of 
the value of o are given. Fig. 2 shows the 
dependence of am(o) and am(o)ol2m(o)] upon o. 
Since 2m7(a)Polam(o)] remains nearly constant 
over wide range of the value of o in the 
neighborhood of o9, we find there the freedom 
of adjusting the value of o in sucha way that 
it may satisfy any further condition in addi- 
tion to the condition of lower height. 
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$3. Brinkman Homologue 


By putting in Eq. (10) according to the 
generalized Brinkman’s remark 


z*-14¢5=const=a', (18) 


we obtain a generalized form of Eq. (7) 

ob” =a7g/x% (19) 
which can be solved in general in terms of 
the Bessel function with purely imaginary 
argument, as well known. The boundary 


condition ¢(cc)=0 determines the form of the 
approximate TF solution 


@(x)=const x1/? Kya-a( : axit-r) (20) 


2—a 
a homologue, of which the special case of a 
=1 is just the Brinkman form, Eq. (6). The 
only drawback of this solution is that it does 
not satisfy the other boundary condition ¢(0) 
= 1 
The value of a@ is restricted according to 
Eq. (12) in the range 
STE SVP (21) 
so that w=1, Brinkman value, is the only one 
possible integer. Correspondingly the order 
of the Bessel function lies in the range 
co >1/2(2— a) >2/3 (22) 
so that 1/(2—q@)=1, Brinkman value, is the 
smallest possible integer, which gives Ki. 
This circumstance characterizes the Brinkman 
form, Eq. (6). 
The values of the adjustable parameters @ 
and a can be determined conveniently by the 
mean value method, Eq. (2). 


§ 4. Kerner-Tietz-Umeda Homologue 


Next, by putting in Eq. (11) according to 
the generalized Brinkman’s remark 
x/C8-3) 6)=const=b-4/C8-4) 

we obtain a generalized form of Eq. (9) 

6’ =b'¢° (24) 

which gives, in virtue of the boundary con- 

dition ¢(co)=¢’(co)=0 and the subsidiary 

condition ¢’(2)<0, the first integral 


(23) 


(25) 


and further, on account of the boundary con- 
dition ¢(0)=1, the approximate TF solution 


o(x)=1/1+ Ba)" (26) 
with 
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"p and Z 
9 B41 ) nd n 


p-1 ’ 
(26a) 
a homologue proposed ever by Umeda”, of 
which the special cases of m=1 and 2 are 
just the forms given by Kerner, Eq. (4), and 
Tietz, Eq. (8), respectively. 
The value of 8 is restricted due to Eq. (12) 
in the range 
co >B>5/3+1.7 , (27) 
so that B=2, Tietz value, and 8=3, Kerner 
value, are the smallest and the next smallest 
possible integers respectively. Correspondingly, 
the value of » lies in the range 
Ba) .. (28) 
so that m=1, Kerner value, and »=2, Tietz 
value, are the only two possible integers. These 
circumstances characterize both forms, Ker- 
ner and Tietz, Eqs. (4) and (8): 
The most suitable values of the adjustable 
parameters B and » follow from the appro- 


3 
ah 
Re 
= 
e pee (Tet?) 
‘ B=19532 
Vcore soe”, cor4gel.me 
ak “| lower timity [| 
% 
Fig. 3. Dependence of the lefthand side of the 


first integral of the generalized Tietz equation, 
— ho’ (8B +1)/2]}:/°ho- Ft, upon w and its ap- 
proximation by a power function ex-G-™) with 
c=1.4481 and m=0.92377, cf. Eq. (25). 


ximation degree of the above solution Eq. 


(26); thus 
B=0.8861 and 7=1.394 


and correspondingly 
b=1.864, B=2.435 and o=0.5349 (29a) 


The detailed discussion on this homologue 
has been recently carried out by Tietz! in 
close connection with us. 


(29) 


§5. Sommerfeld-March Homologue 


Meanwhile we have evaluated the lefthand 
side of the above first integral, Eq. (25), for 
a number of values of 8 by substituting the 


Usye 


exact TF function ¢0, as shown in Fig. 3. 
The weak upward concavities of these curves 
could be taken into consideration if the con- 
stant b in the righthand side of the first 
integral, Eq. (25), would be replaced by a 
slowly varying power function ca~C-™(m<1) 
with likewise weak upward concavity. Then, 
we obtain an approximate TF solution with 
three adjustable parameters, more generalized 
than Eq. (26) with two of these, 


b(a)= 1/(1+C2™)” (30) 
with 
“ 1/2 
ca" (giz) © and pee rf 
2 B+1 B—1 
(30a) 


a homologue, of which the Sommerfeld-March- 
Umeda asymptotic solutions, Eqs. (1) to (3), 
are the special cases satisfying in addition 
the asymptotic condition 6(#>1)~144/2?. 

The values of the adjustable parameters C, 
mand 7 should be determined on the basis 
of the approximation degree of the above 


solution Eq. (30) 
1 1 1 
——— p= 
Meee m ? m ) 


eg on 21) Ad 
a 5m C Mem) B( Dy x et 


| = Ou! "B(2n ete 


(31) 
Bp, q) being beta-function, by three simul- 


taneous equations 
1 a9) 
mn) r( \ n+2) | 
2m 


CG/2m) — ==§ aR G- 
fe n? 
Lit al 


eed ulae 
nde-3)ee( ah) 


t om)7 unt) : 
and 


n= $@n+2)—o(2n+ >) 
ree ol 


(32) 
being psi-function. These equations give 
in turn the following suitable values of para- 


meters 
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m=0.92377 and m=2.0982 
(33) 


C=0.31092; 


and correspondingly 
c=1.4481, B=1.9532 and o=1.1033. 
(33a) 


The corresponding value of the degree of 
approximation is 

V1/A+Cez™)"]= 1.3614, (34) 
a value surprisingly near to its limiting value 

Timit= 1 ¢0]= 1.36124 (35) 
which has been evaluated anew by us using 
the most accurate values of the standard TF 
function recalculated recently by Matsukuma, 
Nagai and us'®. Thus, the above approximate 
solution, Eq. (30), has the highest approximation 
degree among the hitherto known approximate 
solutions. 

Since the above values of m, ” and # Eggs. 
(33) and (33a) can be rounded into m=1, n=2 
and B=2, Tietz values, it can be said that 
the Tietz form, Eq. (8), is quite a good ap- 
proximation. 


$6. Remark 
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Aid for Fundamental Scientific Research from 
the Ministry of Education of Japan as a 
program of Research Group for the Study of 
Atomic and Molecular Structure. 


References 


1) A. Sommerfeld: 
Zee Nee Lia \iarche 

(1950) 356. 

3) K. Umeda: J. Phys. Soc. Japan 9 (1954) 290. 
4) E. H. Kerner: Phys. Rev. 83 (1951) 71. 

5) H. C. Brinkman: Physica 20 (1954) 44. 

6) i, Bietziay J. Chemms Physa 22(1954)—2094= 
Ann. d. Phys. VI 15 (1955) 186. 

7) C. Miranda: Mem. Acc. Italia 5 (1934) 283. 

8) For instance, G. N. Watson: Theory of 
Bessel Functions, Cambridge, 1922, p. 96. 


Z. Phys. 78 (1932), 283. 


Proc. Camb. Phil. Soc. 46 


9) K. Umeda: Private Communication to Dr. 
diietz: 
10) T. Tietz: Private Communication, scheduled 


to be published shortly in Phys. Rey. 
11) S. Kobayashi, T. Matsukuma, S, Nagai and 
K. Umeda: J. Phys. Soc. Japan 10 (1955) 759. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 10, No. 9, SEPTEMBER, 1955 


On the Influence of the Packing on the Atomic Scattering 


Factor Based on the Thomas-Fermi Theory* 


By Kwai UMEDA and Yasuo ToMISHIMA 
Department of Physics, Faculty of Science, Okayama University 
(Received May 6, 1955) 


The influence of the juxtaposition in the crystal on the atomic scatter- 
ing factor has been investigated on the basis of the Thomas-Fermi (ab- 
breviated as TF) theory, using the TF functions appropriate to the 


packed neutral atoms. 
of sin@/4-Z-V/3, 


It is pronounced especially for the smaller values 
The values of the atomic scattering factor for free 


neutral atom have been recalculated anew, using the most accurate 
Miranda values of the free neutral TF function. 


Previous Calculations of the Atomic 
Scattering Factor 


§ 1. 


The atomic scattering factor (the atom- 
formfactor) of a _ spherically symmetrical 
atom or ion at rest, i.e. without thermal 
agitation and zero point vibration, denoted 
according to James by fy, is defined by a 
general expression 


fol eye co 


Te, Ue 

with 7,=radius of the atomic sphere or half 
the lattice spacing, o=electron number den- 
sity, R=4zsin6/A and #=half the angle of 
of scattering or glancing angle of reflexion. 
The values of f, have been extensively calcu- 
lated and tabulated, o being expressed in 
terms of 

1. hydrogenlike wave function 
and Sherman!), 

2. Hartree selfconsistent field (James and 
Brindley”), 

3. TF function for free neutral atom or 
ion (Bragg and West), 

4. approximate TF function for free neutral 
atom (Nagy”, Kerner» and Umeda’) 
or the like. It is necessary to emphasize the 
fact that these f)-curves refer all to the free 
atoms or the free ions. 


(Pauling 


§2. Scope of the Present Calculation 


As many investigators”»*» remarked, the 
fo-curve appropriate to an atom in the crystal 
will be somewhat different from that calcu- 
lated for the atom in the free space. In 
determining the shape of the fo-curve, the 
inner electrons which are not influenced by 
the exterior are in general of prime impor- 


tance, while the outer electrons can play a 
role only for small values of k, since their 
effects cancel so rapidly by interference as k 
increases. The juxtaposition of the atom in 
the crystal must disturb mainly the outer 
electrons, so that its influence on the shape 
of the fy-curve should be noticeable only for 
small values of k. This expected influence of 
the packing on the atomic scattering factor 
has been investigated in this paper on the 
basis of the TF theory, using the TF functions 
appropriate to the packed neutral atoms, since 
for atoms with Z>>25 the TF method may be 
quite accurate enough. 


§3. Process of the Calculation 
In the case of an atom with atomic number 


Z, substituting the TF density 


Z (3? 
= 2 
i aes : Oo 
Vp pp’ 
—— 2 
MeiUh? ai” ey 


with ¢=TF function, =7/4 and w=TF unit 
in Eq. (1), we have the basic expression of 
the atomic scattering factor per electron** for 
a packed TF atom 


Hous SEN 27: PGES. 
-o=— \ sin(ky ie Ode, (3) 
= (hy) sin (kya bda 
0 
+ (See —costhyt)r\O(ee) » (3a) 
(Ry) 


* Published partly in the form of a Letter to 
the Editor in the J. Chem. Phys. 21 (1953) 2085. 
** The concept of the atomic scattering factor 
per electron and its notation % are due to Bethe. 
In regard to the notation we adopt, however, 
rather fo instead of %o, since for the atomic scatter- 
ing factor itself we take with James. jo, while 
Bethe uses F’. 
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P(a9)/2%9 


determining the value of 2», is contained in 


it: 


p' (a9) 


7/4, provided that Eq. (3a) is valid 


for a neutral atom only, since the boundary 


condition for neutrality 
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Eq. (3) is more suitable than Eq. (3a), since 


Eq. (3) is less sensible than Eq. 
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The values of the TF functions for a 


boundary values which can be determined in 
general only with comparatively poor preci- 
number of the value of 2) were tabulated 
previously by Slater and Krutter®, 

by Feynman, Metropolis and Teller, and 
recently with higher accuracy by March. 
By means of the Slater-Krutter values of 6 
for #)=0.825, 1.194, 1.69 and 2.205, ignoring 
their lower accuracy, as well as the March 
ones for 2, 

9.229, 6.206 and 7.790, we have numerically 
calculated the values of f, for sixteen differ- 
ent values of ky,, from 0° to 200° in step of 
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with the free one (#=0oo) in function of 
—. From the figure we see the expected 
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influence of the packing on the atomic scat- 
tering factor in such a way that the devia- 
tion of the packed f,-curve from the free one 
is of course more noticeable with the in- 
creasing packing and pronounced especially 
for the smaller values of €. It seems to be 
of interest that the packed j’-curves (v= finite) 
converge into the free one, fluctuating about 
this more frequently with weakened packing, 
i.e. with increasing value of xj. The system- 
atic fluctuating course of the value of 


Of =fo exp ii Hartree (free) 
in function of sin 6/4, in particular the positive 
values of df, for the very small values of 
sin 6/2, observed by Wasastjerna’ (cf. his 
Fig. 1), seems to be in favor to our theoreti- 
cal results. 


$5. The Packed j,(&)-Curve in the Neigh- 
borhood of €=0 


For the packed atom the sufficiently small 
values of k simplify the definition formula 
Eq. (1) in such a way as 


to(k<1, 7= finite) 


"0 1 She : 
= — —(kr? Anrdr , 
\ E 6 kr le 97a} 


| 
ie (7) 

6 ’ 
where 7? means the mean value of 7 taken 
over the volume of the atomic sphere. It 


should be remembered that this expansion is 
not allowable for free atom (%=~©). 

The value of 7 can be evaluated for any 
neutral atom, packed as well as free, by 
means of Eqs. (2a) and (4) in such a way as 


Fae) = 620 | OY We ; (er) ) (8) 


which becomes in the limiting case of the 
extremely high compression, i.e. 20, 


og 


0 


—> Dee 
Fag) = 67 (9) 
8 
by the use of the TF function appropriate to 
this case 
lf Nod eos x 
ieee lmao da 


Z, 0 Xo Xo 


(10) 


given by Gilvarry’™ recently, and in the other 
limiting case of the free state, i.e. 2y>©, 


(free) =6,4| “oboe dx (11) 
; 0 
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since Xo" O(a) 20" Pree (a) 144/20 . Ants? 
the normalized value of 7? or the ratio of 72 


(packed) to 7 (free) 


—_ P(e) 


xo 1 4.0) 
oe) =e | |, xodx— 3 re 6a) | 
| eae dx (12) 
| Jo 


is an universal, monotonously increasing func- 
tion of 2» independent upon Z, and its values 


0 : 02 04 
Fig. 1. Two packed  fo(t, v=const)-curves of 


x =2.800 and 4.330 in comparison with the free 
one (%j= ©). 


06 § 


16 % 


0) = 


baz C(Xo) 

Fig. 2. w(ay)- or ¢(w)-curve, w- or c-axis being 
taken downwards for the sake of convenience 
to determine the initial slopes of fo(t, wo =finite)- 
curves in Fig. 1 as well as fo(a, =finite)-curve 
in Fig. 4, cf, Eqs. (12), (14), (14a) and (18). 
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Table II]. Values of (a) and c(a), cf. Eqs. (12), 
(14) and (14a). 

Ly (Xo) c(xo) 

9.000 | 0.00000 0.00 
0.825 ().00652 D On 
1.194 ().01288 4.09 

1.69 ().02362 7.50 
2.205 | 0.03687 ill 7A 
2.800 ().05392 NG iW 
3.043 | (0.06120 19.43 
3.285 (0.06861 | 21.79 
3.704 0.08163 25.92 
4.330 0.10140 32.20 
5.229 0.12971 | 41.19 
6.206 0.15984 50.76 
7.385 0.19473 61.84 
7.790 (0.20610 65.45 
8.588 (). 22782 72.34 
9.565 0). 25355 80.51 
10.804 (). 28367 90.08 
11.963 0.31017 98.49 
15.870 0.38711 122.92 
16.000 | 0.38858 123.39 
o<(free) 1.00000 315.81 


are given numerically in Table II and graphi- 
cally in function of zw in Fig. 2. Due to the 
xwy’-dependence given by Eq. (9), the w(2>9)- 
curve commences at the origin tangentially 
to the a j-axis and approaches asymptotically 
to the limiting value unity. 


The dependence of 7 upon 2» embodies 
mutatis mutandis the dependence of the 
diamagnetic susceptibility of the spherically 
symmetrical atom upon its radius 


2 A 
%Xar (packed)= —- ie 3 37729) 
6m? 


(lS) 
At any rate, so long as the packing is 
finite, i.e. ay<coo, Eq. (7) may be written due 
to Eqs. (5) and (8) in such a simple function 
of € as 
fo(Ru<1, vo=finite)= 1—c(a,y)E 


= Yar (free) w(29) 


(14) 
where 


6) = 34.657| |" xpdx— se Ha) (14a) 


0 
=3.1581- 10? wa) 
the numerical coefficient 
34.657 = (5.88706)? = 22(922/2)? 3a, 


following from that in Eq. (5). Eq. (14) is also 
equally derivable from Eq. (3a) on putting 
ku<l. The numerical values of c(2) are 
given in Table II, too. Due to the &?-depend- 
ence given by Eq. (14) the packed f)(&)-curves 
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with definite values of x) commence all at 
the value unity with the initial tangent 
parallel to the &-axis, whatever 2 is, and 
decrease with increasing value of € the more 
steeply, the weaker the compression is, i.e. 
the greater x is, as shown in Fig. 1. 

In the contrary, for the free atom it is 
needed rather to proceed from the rigorous 
formula following from Fq. (3a) 


i(ku=finite, x=) 


= Ihr) (sin (ky) bree de (15) 
0 


The dependence of | sin (Ry)a-Prreedx upon 
0 


kw in the limit kyu—-0 demands the careful 
investigation. Since ¢rree behaves asymptoti- 
cally like 144/x%, the approximation 


("sin (Ry) 2+ Pree drm hy\ “eb. da (16) 
0 0 


may be allowable, while the approximate 
analytical formulas for @rmee do not give 
straightforwards the linear dependence of the 
integral upon ky, for instance the Rozental'” 
three exponential terms formula gives (ky) 
4.8704 and the Kerner formula a diverging 
value. Thus, Rethe has rounded Eq. (15) 
into the following form similar to Eq. (14) 


1(&<1, free) 
=1~(5.85 £)*| “2b code 1—1608? . (17) 
29 


This numerical coefficient 160 seems to be 
less reliable, as it resultates | UPtree dx~4.62, 
0 


while the Sommerfeld! asymptotic formula 
and the most accurate Miranda‘” values for 


Piree give | rw de =8.8065 and 9.1124 re- 
0 


spectively and followingly the numerical 
coefficient corresponding to 160 in Eq. (17) 
such as 305.21 and 315.81 respectively. 


$6. The Free f,(&)-Curve as the Convergence 
Limit of the Sequence of the Packed 
Ones 


As mentioned above, the packed fo(&)-curves 
converge with vanishing compression, i.e. 
xo—oco, naturally into the free f(&)-curve, in 
particular more closely in the region of larger 
larger values of €. The free TF f,(&)-curve 
accepted usually as the standard is that 
calculated by Bragg and West from the 
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charge distribution given by Thomas'®) ini- 
tially. That has, however, in the region of 
larger values of &, somewhat too small values 
for the convergence limit of the sequence of 
the packed fi(&)-curves. Therefore, we have 
recalculated the values of the free f) anew 
using in Eq. (3) the most accurate Miranda 
values of @rree. Our numerical values are 
given in Table III in comparison with the 
Bragg-West values. Our free f(&)-curve runs 
just in the position expected from the sequence 
of the packed ones, as shown in Fig. 3. 


Table III. Values of staadard {,(free) recalculat- 
ed by Umeda and Tomishima anew in com- 
parison with those given by Bragg and West in 

function of (sin@/A)cs or &, 


oe ee U-T B-W 
0.0 0.00000 1.0000 ——-1.000 
0.1 0.02630 0.9130 0.922 
0.2 0.05259 0.7983 0.796 
0.3 0.07889 0.6857 0.684 
0.4 0.10518 0.6002 —0.589 
0:5 0.13148 0.5295 0.522 
0.6 0.15777 0.4702 ~—0.469 
0.7 0118407 0.4212 «0.422 
0.8 0.21036 0.3799 ~—«*0.378 
0.9 0123666 0.3446 «=. 342 
1.0 0.26295 0.3143 0.309 
ea 0.28925 0.2884 0.284 
1.2 0.31554 0.2656 «0.264 
1:3 0134184 0.2455 ~—-0.240 
114 0.36814 0.2280 +0224 
1.5 0.39443 0.2123. -0.205 
1.6 0.42073 0.1983 0.189 
1.7 0.44702 0.1859 0.175 
1.8 0.47332 0.1745 «0.167 
1.9 0.49961 0.1644 0.156 
2.0 0.52591 0.1551 _—=O. 


§7. The Packed fi(x.)-Curves with & as 
Parameter 


Now, on interchanging the roles of &€ and 
z in Fig. 1, all values of jo are plotted in 
Fig. 4 in function of z) with € as parameter, 
which embodies the expected influence of the 
packing on the atomic scattering factor more 
directly in the following way. That is, as 
the packing proceeds on from the free state, 
i.e. as the value of 2» decreases from o, the 
fo(vo)-curves with smaller scattering angles 
(smaller values of &) increase immediately 
and further monotonously, while those with 
larger scattering angles (larger values of &) 
remain nearly unaffected up to the very high 
packing, except of small fluctuations. 


For sufficiently high packing (20<l1) we 
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Gon 


obtain from Eq. (3a) just the same equation 
as Eq. (14) 


fo(ao<1, Ru =finite) 
= (hn) |" dx— ; Xo" #20) | , ces) 


r,( = 0) 


0357 - SE 


Fig. 3. Comparison of fo(free)-curve recalculated 
by Umeda and Tomishima (U-T) anew with 
that given by Bragg and West (B—W) previous- 
ly for the convergence limit of the sequence of 
the {,(packed)-curves in function of &. 


E-5887 
FoF, %) 47 (sin 6/A) p 
10 . = 


\\\ 


\\ ° 


ogi 


08 


06 


04 


03} 


.1378°-- 
02 Y 1 ee 


01 


Fig. 4. fo(wo, €=const)-curves. 


which means that the shapes of all the fo(a»)- 
curves are similar to the w(x)-curve given in 
Fig. 3 in scale of (Ry). 

Finally, in the limit of a0, Eq. (18) 
reduces by taking account of Eqs. (8) and (9) 
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8 
Due to this 2»?-dependence all the fo(2o)-curves 
meet together with the same tangent parallel 
to the a-axis at the limiting value unity, 1.e. 
the value of jo for a point charge, whatever 
the value of ky: is. 


fo(ao~0, ku =finite) = 1—(Rv) (19) 


§8. Remarks 


The expected influence of the packing on 
the atomic scattering factor is hereby theo- 
retically ascertained. But, by taking it into 
account that the packings in the existing 
crystals are of such order of magnitude as 
a9=8 to 20 for atoms with Z>ca. 10, as seen 
from the table given by Mott and Jones’, it 
may be said that the values of the atomic 
scattering factors for the free atoms can be 
simply sufficient for practical use without 
regard to the packing, whereas for lighter 
atoms with Z<ca.10 the influence of the 
packing should be taken into consideration, 
since for instance z»=5.3 (Li), 4.2 (Be) etc. 

A supplement to this paper containing the 
figures for Cs-atom taken usually as the stan- 
dard atom for the calculation of the TF atomic 
scattering factor will be shortly published in 
the Research Notes of the Department of 
Physics, Faculty of Science, Okayama Univer- 
sity, Okayama, Japan. 
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By the inward numerical integration of the TF equation the accurate 
values of the initial slope as well as the asymptotic parameter of the 
ordinary TF function have been ultimately determined as 

Bo=1.5880710 


and 


Ff) =13.270934, 


and the exact values of the function itself have been tabulated. 


$1. Seope of the Present Calculation 


The ordinary Thomas-Fermi (abbreviated 
as TF) function, i.e. the solution of the TF 
equation 


p= G3/2/21/? Cis) 


subject to the boundary conditions for an 
isolated neutral atom 

o(0)=1 (F} 
and 


(co) = h’(0co)=0 (2a) 


has been computed hitherto by a number of 
investigators referred to in Table I. They 
have carried out the outward numerical inte- 
gration (z=0->cc) for a sequence of values 
of initial slope converging step-by-step to that 
of the final curve which should approach the 
x-axis asymptotically. However, the integral 
curve is very sensitive to small change in 
the initial slope and its tangency to the 
x-axis at infinity is very difficult to ascertain 
so that the final values of the initial slope 
obtained by them are different from each 
other as seen in Table I, even though the 
calculation has been carried out in particular 
by Miranda so extensively and so precisely. 
One of us (M) noted that these difficulties 
could be avoided by using the inward numeri- 
cal integration (2e=co—0), and a similar pro- 
cedure was employed by another of us (U)” 
successfully to overcome the similar diff- 
culties occuring in the case ot the TFD func- 


Table I. Values of the initial slope of the 
ordinary TF function given by several in- 
vestigators. 

Investigator Bos ~ $o/(0) 
Baker (1930) 1.588558 
Bush-Caldwell (1931) 1.589 
Miranda (1934)%) 1.5880464 
Slater-Krutter (1935)9 1.58808 


Feynman-Metropolis-Teller (1949)>) 1.58875 


tion subject to the Brillouin boundary condi- 
tion. In regard to the former, only the final 
value of the initial slope obtained preliminarily 
by him, B,)=1.5880706, was cited by the 
latter. Recently, quite independently from 
us, March” has extensively discussed about 
the inward integration in order to obtain the 
TF function of the type needed in the inves- 
tigation of the TF field for molecules with 
tetrahedral and octahedral symmetry. 

In this paper we have evaluated again along 
the line of calculation mentioned above the 
value of the initial slope of the ordinary TF 
function ultimately as accurate as possible 
and also the values of the function itself. 


§2. Process of Calculation 

For the first range co >a >1 it is convenient 
to introduce the change of variables y=1/x 
as taken usually about infinity, and d=—2’?’. 


1. We start from y=0 (#=0o) and calculate 
first the values of ¢, dé/dy, d’¢/dy’ for six 
small values of y, y=0.0200 to 0.0225 in step 
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(0.0005, the starting values for the numerical 
integration routine of y=0->1, with accuracy 
of ten effective digits for #, for instance 
¢=0.00063 94955 298, dp/dy=0.08241 97762 3 
and d?¢/dy?=6.05194 032 for «=0.0200, using 
the Coulson-March® aymptotic expansion 


b(a>1)~ 144y9[1—cry* +e2y?*— cay + - > -] 


(3) 
~144y9[1—Fy* +0, (Fy? —os' Fy + ++] 
(3a) 
with A=0.77200 18726 58766 , 
Rill ByiGl Cyr=OHIO © (3b) 
The numerical coefficients up to ¢1, have 


been calculated anew with accuracy of fifteen 
decimal places as seen in Table I, while the 
ones up to Cio’ were previously given by 
March” with accuracy of five decimal places. 


Table II. Numerical coefficients of the asymptotic 
expansion of the TF function, cf. Eq. (3a). 


cy’ =0.62569 74977 82349 
3 =0.31338 61150 73309 
C0813 739 12767, 19371 
C5’ =0.05508 34346 64149 
C5’ =0.02070 72584 99192 
€7'=0.00741 45294 78496 
cs’ =0.00255 55311 67949 
=0.00085 41653 77807 


C19 ’=0.00027 83738 39349 
€1;'=0.00008 88230 01411 
C12’ =0.00002 78360 15974 
€13' =0.00000 85895 00194 
C14’ =0.00000 26150 62632 
€15'=0.00000 07867 99377 
C16 =0.00000 02342 63579 
C17’ =0.00000 00691 03239 


A particular value of the asymptotic para- 
meter F affords a particular solution ¢» which 
satisfies of course the boundary condition Eq. 
(2a) but not the other one Eq. (2) in general. 
We have adopted rather an approximate value 
F=13, while March” calculated the case 
F=+1 referred to as Master Solutions. 


2. We integrate numerically Eq. (1) in the 
form of simultaneous equations of the first 
order written in terms of y, ¢ and y, 


db _ 
dy ? 
ele "2p (4) 
dy wil\y 
where the interval for each step of the 


numerical integration is taken such as 


4y=0.0005 for y=0.023 to 0.0280 
0.001 0.027 to 0.080 
0.005 0.080 to 0.200 
0.01 0:20) tote L.06 


and occasionally up to 4°? and 4° are taken 
into account. The error in each step is <0.0!22 
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For the second range 1>>25>0 it is covenient 
to introduce change of variables z=2'/?* 
capable of removing the difficulties at origin, 
and %=2¢’. 


3. In the neighborhood of the continuation 
point z=y=z=1 we continue the (y, ¢, ¥)- 
system adequate for the range ~ >a >1 to 
the (z, ¢, Z)-system adequate for the range 
1>2x>0 by the connecting relations 


zZ=1/y'? 
o(z)=(y) (5 ) 
L(z)=—Y Py) 


Actually, calculating the values of # and & 
for y=(1.06)"?> (Gi04)-7, (1002) and: 1L:00gbm 
means of Bessel as well as Stirling interpola- 
tions we provide the values of ¢ and % for 
z=1.06, 1.04, 1.02 and 1.00, the starting 
values for the numerical integration routine 
of z=1-0. 


4. We integrate numerically Eq. (1) in the 
form of simultaneous equations of the first 
order written in terms of z, 6 and % 


p (6 ) 
Xx , 

—4 3/2 

dz ¢ 

where the interval for each step of the 


numerical integration is taken such as 
AVIS Oe A=IOO) ko OOO 
The error in each step is <0.02 in @. 


5. The integral curve does cut the ¢-axis 
in a finite nonvanishing angle so that it 
determines the point of intersection as well as 
the slope there very accurately as follows: 


r—13(0)= 1.0834 68762 

%p=13(0) = —3.5344 49460 

! w=13(0) = —1.7672 24730 . 
Evidently, this integral curve does not satisfy 
the boundary condition Eq. (2). 


6. Based on the Sommerfeld® invariance 
property of the TF equation we apply such 
scale factors as 


* Instead of w==(2x)!/2 taken by Feynman-Me- 
tropolis-Teller as well as March, we have rather 
preferred z=w!/? since it makes the arguments in 
both regions take the same value pa at the 
cantinuation point (w=1). 


een ct 


[pr(O)]/8 ae ; 

[dr(O)|1-dr — dq, 

Ldr(0)]-4/3-be’ > dy’ , 

[GON EE eS ais 
in order to make the above obtained solution 
satisfy additionally the boundary condition 
Eq. (2), too. This normalization by the scale 
factors gives the correct value of the initial 
slope 


(Cro) 


Bo=— $0 (0)=1.5880 70972 (8) 
in contrast to the values collected in Table I, 
as well as the correct value of the asymptotic 
parameter 
F’o=13.270 97391 (9) 
while the value given by one of us (M) pre- 
liminarily combined with his value of Bo is 
13.2684 and the value given by Coulson- 
March* is 13.21. 


§3. Tabulation of the Exact Values of the 
Ordinary TF Function 


Initial Slope of the Ordinary T'F Function 
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Now, it is inconvenient that the values of 
the TF function normalized thus by the scale 
factors are given only for irregular values of 
x. Therefore, we have recalculated the 
values of the TF function for regular values 
of 2 using the usual outward numerical inte- 
gration initiated with the accurate value of 
the initial slope obtained above, Eq. (8), which 


Table If. Some coefficients in the series expan- 
sion of the TF function for smaller values of . 


Scab Ay3 
405 '1575 7 
ADSresosly, 
~ 1001007” > 9152"” 
“Ay — cE: 
693.” 24255 > 
E01 623 
52650 351000 
46, 
450457 
ay7= Je ay 
S17 8100.05 


4 


Ay = 
43 


ay4= 


7 


34 6 
2" 49920” 


5 


68 2 

Ay” 

105105 ~ 
153173 _ 3 


pel Pop hee jot 
116424000"? ~ 43520” 


ag=—- + 


at 


Table IV. Exact values of the ordinary TF function and its derivative. 
x ho x) — po'(x) x fox) | =do'(a) | x Pox) — do/(x) 
0.00 1.00000 1.588071 1.20 0.37424 0.22591 8.0 | 0).036587 0.0? 80885 
1 0.98545 1.38956 is/45) 36320 21579 Bh. 32833 69642 
2 97198 1.30930 1.30 35265 20631 9.0 | 29591 60331 
5s 95920 1.24897 1.4 33290 18904 9.5-| 26774 52559 
4 94696 1.19910 123 31478 17374 10.0 | 24314 46029 
0.05 0.93519 1.15600 1.6 0.29810 0.16011 1J 0.020250 0.0? 35798 
6 92383 1.11774 ihe 28271 14793 WW, 17064 28305 
7 91282 1.08319 1.8 26847 NEVA) || al} 14526 22705 
8 90215 1.05161 1.9 25527 ales ale 12478 18445 
9 89178 1.02246 ZAO 24301 11824 5} 10805 iaulins? 
0.10 ().88170 0.99535 2.1 0.23159 0.11017 16 0.0794241 | 0.0?12574 
12 86229 94619 Des 22095 10283 17 82728 | 10529 
14 84381 90245 Py) 21101 (96140 key 73048 | 0.0388883 
16 82616 86303 ond 20170 090026 19 | 64847 75592 
18 80927 82714 220 19298 084426 20 57849 64725 
0.20 0.79306 0.79423 2.6 0.18480 0.079286 | 25 0.0°34738 0.038 32404 
25 75520 72231 BF 17711 74558 30 22558 18067 
30 72064 66180 exe) 16988 70200 Bo 15509 | 10891 
ao 68888 60987 2.9 16305 66178 40 11136 | 0.0*69668 
40 65954 56464 Sl) 15663 62457 50 0.03 63226 32499 
0.45 0.63233 0.52481 See. 0.14482 0.055813 60 0.0339391 | 0.017198 
50 60699 48941 3.4 13425 50077 70 26227 | 0.0599566 
55 58332 45772 36 12474 45098 80 18355 61662 
60 56116 A297 WSS 11617 40753 90 13355 40245 
65 54036 | 40332 || 4.0 | 10840 36944 100 | 10024 27393 
0.70 | 0.52079 | 0.37979 Ae es OLSGR al enO 038000 mame 200 0.04 14502 0.06 20575 
75 50235 | 35831 4.4 094942 | 30625 300 0.0545486 | 0.07 43660 
80 48493 33851 4.6 089085 27995 400 19797 | 14367 
85 46847 32049 4.8 083725 25653 || 500 10341 | 0.0860344 
90 45286 30378 5.0 078808 23560 | 600 0. 08 60687 29618 
| | | 6198 
0.9 0.43806 0.28832 Ded) 0.068160 0.019221 | 700 0.0638618 | 0.081 
100 42401 | 27399 6.0 59423 15858 | 800 26081 | 0.0995924 
1.05 41065 26067 Ono WALI: 13236 , 900 18437 60377 
1.10 39793 24828 7.0 46098 11143 | 1000 13513 39880 
the 23671 ne) 40962 (0). 0? 94583 oo 0 0) 


38580 
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has enabled us on the other hand to check 
our computation by the inward numerical 
integration carried through above. In this 
case it was needed first to calculate anew the 
coefficients diz to a@i;* of the Baker” series 
expansion of the TF function for smaller 
values of x, 
p(e<1)=1+arv+azr3/*+a,°?+--- 
with @g=? 0=—B. 
as given in Table III, since the ones up to 
au were previously tabulated by Metropolis- 
Reitz. 

The exact values of the ordinary TF func- 
tion thus obtained are columned in Table IV 
against to the regular values of argument 2. 
It is practically convenient that the values 
of @ for larger values of 2 are being given 
in as many effective digits as the ones for 
smaller values of x. 


(10) 
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A Note on the Paramagnetic Relaxation 
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Introducing the spin-spin relaxation time and the spin-lattice relaxa- 
tion time in Bloch’s equation simultaneously, we have calculated the 
relaxation equation of paramagnetic substances. As the contribution from 
the spin-spin relaxation to the imaginary part of the complex susceptibility, 
a term proportional to (1—#’)? instead of (1—#’) given by Broer has been 


obtained. 


Our theory explains the experimental results obtained by 


Gorter et al for the depedence of the spin-spin relaxation time on the 


static field strength. 


$1. Introduction 


An exhaustive study has been made during 
the war on the paramagnetic relaxation by 
Gorter and his collaborators. The experimen- 
tal results and the theories are discussed by 


Gorter in his famous book “Paramagnetic 
Relaxation.”») 


Although the theories developed by Casimir 
and DuPre”), Broer®, Van Vleck, and 
Wright® have been successful in interpreting 


1955) 


most of the important features of the pheno- 
mena, some discrepancies still remain unex- 
plained. Especially, as many authors pointed 
out, the dependence of the spin-spin relaxation 
time on the strength of the longitudinal static 
magnetic field requires a further examination 
from the theoretical side?”. 

The first thing to be done to discuss these 
phenomena in detail seems to us to reconst- 
ruct a more precise phenomenological theory 
treating the spin-spin relaxation and the spin- 
lattice relaxation simultaneously. This is the 
main purpose of the present paper and is done 
in §3 with the use of Bloch’s equation for 
the longitudinal relaxation. It seems appro- 
priate to start with the discussion of the 
previous theories, so we make a survey of 
them in §2. The dependence of the spin-spin 
relaxation time on the intensity of the static 
magnetic field is discussed in $4 for the case 
of weak exchange coupling, and in $5 strong 
exchange. 
$2. The Previous Theories 

In the presence of a static magnetic field 
H, a paramagnetic substance has the magne- 
tization M, following the equation, 

ATMEL. (ale) 


where % is the magnetic susceptibility general- 
ly being a tensor. For simplicity, however, 
we take it as a scalar. 

When we abruptly reduce the magnetic 
field strength by AH at a time %, the magne- 
tization relax in course of time to M, which 
satisfies the relation 

Mo=%(H—A;) . (G2) 


The relaxation function ¢(r) is defined by 


M(t)—Mo= o(t—-ty) , (3 ) 
where M(¢) is the magnetization at 7. 

If the relaxation function is known, the 
complex susceptibility is obtained by the 
equation 

TONES ches) ee weed 
ee tr ae Ca OTs (4) 


where V is the volume of the sample and o 
the frequency of the oscillating magnetic 
field. 

Casimir and Du Pre assumed that the spin- 
spin relaxation time is so short that it can be 
regarded as infinitesimally small compared 
with the spin-lattice relaxation time. This 
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means to assume (cr) to be of the form shown 
in Fig. 1, so that d¢/dr in Eq. (4) is assumed 
to be 


do = —%,( 1—F)d(0)— Kok 1/p ( 5) 
V at 0 4 
M(t) 
M 
(M-MoN!-F) 
= is aciek 


Fig. 1. Relaxation function of Casimir and Du Pre. 


In Eq. (5), o is the spin-lattice relaxation 
time and F is defined by 
Cu 
[Pes ; 6 ) 
Cut+Cr 


where Cy and C, denote the specific heat of 
the interaction with the static external field 
and that of the magnetic interaction including 
the exchange coupling, respectively. 

The derivation of Eq. (6) is given in Ap- 
pendix. 

Using Eqs. (4) and (5) we get the suscepti- 
bility as 

Xof _, tof wo 
l+w?9 1+07p? © 

Broer has considered the finiteness of the 
spin-spin relaxation time. In this case the 


4*=%(1—F)+ es) 


relaxation function may be written in the 
form such as 
pO) = tL Pen 4 Pye ; (8) 


where 7; is the spin-spin relaxation time. 

There are, however, certain ambiguities in 
this expression about the meaning of oa, 
because here we have two processes of the 
energy transfer to the lattice from the spin 
system. The first is the energy transfer from 
the Zeeman coupling and the second from the 
magnetic interaction to the lattice. 

Van Vleck considered these two processes 
and showed that the apparent spin-lattice 
relaxation time ¢ is given by 


Gra’ 
f t+PCr ae 


(9) 
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Here P represents the ratio of the two rela- 
xation times zy, from the magnetic interaction 
energy to the lattice and ¢rz from the Zeeman 
energy to the lattice. Even when we take 
account of these facts, still the meaning of F 
is not very clear. 


§ 3. 

To treat the paramagnetic substance placed 
in a static magnetic field, we assume that the 
whole system can be separated into three parts 
and define the temperature for each part. 
The energy transfer between these systems 
can be characterized by the relaxation times. 
Taking account of these relaxation times 
simultaneously, we can obtain Eq. (9) pheno- 
menologically and can clarify the meaning of 
F in the relaxation function (8). 

The first system is the coupling energy of 
the magnetic moment with the magnetic field 
and may be called the “ field system,” having 
its own temperature Ty defined by 


SN 
3kRT x 
where JW is the total number of atoms, ys the 


atomic magnetic moment, and & the Boltzmann 
constant. 


Relaxation Equation 


M: H., (10) 


Interaction 
system 


Ts 


Lattice 
To 


oe 


The second system is the magnetic interac- 
tion which contains the dipole energy and 
exchange energy and will be called the “ in- 
teraction system.” The temperature of this 
denoted by Ty. 

The third system is the energy of the 
lattice and is assumed to be at a constant 
lattice temperature Yo. This is justified 
because the specific heat of the lattice is 
large compared with the other two systems 
provided that Yo is high enough. These 
situations are shown in Fig. 2. 

In order to carry out our programm, we 
start from Bloch’s equation. Similar procedure 
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has been employed by Anderson” and Bloem- 
bergen” in their treatments of the paramagne- 
tic resonance. Bloch’s equation for the 
longitudinal magnetic moment can be written 
as 


M= ape } (M, —Mp,”) * F* (M,—Mo.) ; 
7; tvs. 
(11) 
where 
Nw Nw 
So deivipz—== — FT (t) . 
Mo: kT IG1NG) an a) RT, ) 

(12) 


Since the oscillating field is now parallel to 
the static field, its direct effects are not 
included in Eq. (11). Our assumption expres- 
sed by (11) and (12) is a good approximation 
when temperature is so high that Curie’s law 
is valid and the frequency » of the oscillating 
field is fairly small compared with 1/¢, because 
the temperature of the interaction system Ts 
may be defined when w “4<1. We further 
assume that the amplitude of the oscillating 
magnetic field is very small in comparison 
with the static field, to eliminate the possi- 
bility of the appearance of a negative 
temperature. 

The change of the magnetic moment is 
caused by the variations in the magnetic field 
and in the temperature of the field system. 
So we have 


1 Ne (ay @ (1 1 dH 
M,= w@(1)\,1 4 
aera Gar Cale dt is 
(13) 


Using Eqs. (10) and (11) we get equation for 
the temperature variation as follows: 


dha ( Ve ol Gl 
diy Tr ti Whe Ts trt\ To Tr 
1 dH 
— 14 
dil eat 2 
In order to consider the time dependence 
of the temperature of the interaction system, 
it is now necessary to get the power-balance 
equation of the interaction system. This 
equation was already obtained by Anderson”, 
SO we repeat his procedure briefly here. 
The energy of the interaction system U; can 
be written as 
Pe 
u.=| *CrdTs . (15) 


At high temperatures C; can be approximated 


-where Ty’ and Ts’ are complex and |Tv 
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as C,=D/T?. Thus one has 
D 
U;=— r +constant (16) 
and 
au, oer SOAS Neal 
= —C Ts? 7 
dt ; di Ls— ey) 


The power input to the interaction system 
is the same as the rate of energy transfer 
from the field system to the interaction system, 
which is given by 

1 meee ( 1 1 ) 


ti 3k Tanke Pe 
1 1 1 
= G Ts2 —- 
ti ba ( Ty Ts ) : a 


Thus, taking account of the energy transfer 


to the lattice, the relaxation equation of the 


interaction system becomes 


d ( 1 Od. mal 1 1 
dt T; )= i C, tT; ) 


1 1 1 
iw En (19 
ter Ge 7), 
The magnetic field is now written as 
A= H,0+ Hye", (20) 


where we assume H,’<A.wo. 
In the steady state the temperatures of the 
systems are expressed as 


1 pom 1 2. Ty toot 
pie (2 wae ) (21) 
and 
it 1 ( ise i ‘) 
_ ea (22) 
Ts To } To ’ 


i 


<To,| Ts’ |KTo. 
The fundamental equations of our problems, 


| Eq. (14) and Eq. (19), are written with Eqs. 


(20), (21) and (22) as 


T= Tr( me +1+ iot:)—toT ot 
(23) 
| and 
Tq! =T 9! (Itfoknt KP ) (24) 
SL , 
where 
Kk= C,/Ca . (25) 
From Eq. (10) we also have 

_ Ty" ee HH,’ (26) 

To Mzo Jake 
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and 
MiS/HZ = and Mio/Ho=Xo . (27) 
Using Eqs. (23), (24), (26) and (27) we ex- 
press the complex susceptibility as 
No 


ZtiXo 
] . a ° Qr ti ‘er 
a= Ova Sie a 1 + twKit, +K 
tres tsi 


(28) 

If the condition wi<l<wp is satisfied, p 
being given by (9), we easily get the expres- 
sion for 77” as 

Fo 
1+ 07? 
However, Broer’s equation corresponding to 
this, under the condition w7#:<l, is 


=| 0—P)b+ ees Xow . 
When the condition 1<p is not satisfied, 
the expression of %’’ is not so simple as Eq. 
(29), and it is difficult to separate the spin- 
spin relaxation time from experimentally 
obtained %’’. 
We reproduce here the definition of 0: 


pa Crt ln 
Cr+ PCa 


x” ={—F)%*, ar boo ; (29) 


(30) 


ts, With P=fs7/trx . (31) 

This Van Vleck’s equation, Eq. (31), means 
that when the strength of the static magnetic 
field is raised, the energy of the field system 
is increased, and that the energy transfer to 
the lattice takes place mainly through the 
direct way from the field system to the lat- 
tice, so that » approaches fy». 

Van Vleck assumed that the energy transfer 
from the field system to the lattice is always 
accompanied by that from the interaction 
system to the lattice and got a result P=1/2. 
However, the relaxation corresponding to ty; 
is not always attended by the flipping of 
spins. The relaxation mechanism without 
flipping of spins is especially important in the 
case of large exchange coupling, because the 
energy of exchange coupling is transferable 
to the lattice keeping the magnetization con- 
stant. Hence zs, is generally smaller than 
trz/2, i.e. P<1/2. 


$4, 
The essential difference between Eqs. (29) 
and (30) lies in the coefficient of the spin- 
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Table I. 
Substance FeNH,(SO,)2-12H2O 
YH, )min ORa2Z 
H, for min. 800 
H;/V 2 320 


spin relaxation time. In our theory it is (1— 
F), while Broer’s is proportional to 1—F. 
Following Gorter, we give the expression for 
the first term of %’’ as 


Xss'=(1—F)r(A.)h(0) , (32) 
and considering Eq. (29) we have 
7(42)=1—-FP)ii( AZO) , (33) 


where 7,(H7.) is the spin-spin relaxation time 
when A, is applied. 

The amount of energy transfer due to the 
flipping of a spin increases with increasing H,, 
and the energy density of the interaction sys- 
tem decreases at the corresponding energy 
values. This results in the prolongation of 
the relaxation time. This fact was already 
pointed out by Kronig and Bouwkamp* for 
paramagnetic substances without exchange 
coupling, and by Kubo and Tomita” for 
substances with strong exchange coupling. 
Kronig and Bouwkamp expressed this situa- 
tion by 

é(H,)/t(0)=exp (H."/H’) , (34) 
where Hi; is the internal field produced by 
the surrounding spin dipole moments, and 7;(0) 
is the limiting value of ¢,(H’.) when H. tends 
to zero. Then we have 

1(H.)=(1—F) exp(H2/H?). (35) 
Waller and Van Vleck! showed that C, 
= CH,7/2T* (C.is the Curie’s constant) and, 
is expressed as 
= ee 
£24 HH? * 
This gives the minimum value 4e!/?=0.824 to 


(36) 
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Comparison with experiments. 


Mn( NH { Jo( SO { ) y 6H.2O Gd.(SOx); * 8H,O 
0.87 OMS 
400 1600 ~2400 
420 976 


(HH) at H=Aiv 2. © Comparison of teus 
results with the experimental data obtained 
by Gorter e¢ a!’ is made in Table I. Their 
experiments satisfy the condition 1<wp, since 
they used an oscillating field with a frequency 
of 78x10° H, and the spin-lattice relaxation 
times observed are about 107° sec. for most 
of the salts. 

Remembering that the spin-spin relaxation 
function has the form exp (—#?/2¢) rather 
than exp(—i/Z,), we cannot define 4 by Eq. 
(11). This fact, however, may not change 
the feature of the theories qualitatively. 


$5. Spin-spin Relaxation in the Existence 
of Exchange 
Kubo and Tomita®? have shown that the 
spin-spin relaxation time of the paramagnetic 
substance with exchange coupling is expressed 
as 


1 1 3 vs 
; , o> 2 Dz at 
t(H.) 2h? >, |" exp (27 Wz) 
Se) y / co 
ye (SV QUO), SI? (30) 


gS) 
where ow. is the Larmor frequency and &,/ 


are the components of the dipolar interaction 
defined by 


Sy = DOR IB}y (38) 


The abbreviations used are the same as those 
in the paper of Kubo and Tomita”. Using 
the approximations which are used in calculat- 
ing the 10/3 effect of the paramagnetic re- 
sonance for the case of a strong exchange 
interaction, Eq. (37) can be transcribed as 


Ey OV -(0), Se]> 


(Ss?) 


[S:, 4° y OM -¥(0), Se], H cz) 
(S., 47 OU A (0). Sel 
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co 


exp(22.t) dt exp = Wen 


202 
SU ee 


aa 
2 Mer” 


(39) 
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Here 
ro Ise 7 OL Oe SD 
Ony = Pm az u ee y (0), Sz] (40) 
and 
Onn 1 FE es [S., AE (0) [LHX -y'(0), S],AF ex|> (41) 
h’ LS:, Hy (0) [A _7'(0), S.}> 


The quantity (41) has been calculated by 
Negishi and Obata for crystals with a good 


' symmetry'’®. Using their results we obtain 
mor S—1/2 
ey V~] i os SDS) (42) 
Ops WM) 2 
and 
C,~=(N/3RT2)\ Qh? We17/8) . (43) 


Defining the exchange field Ay by pHr=hoer 
E =fiwer, we have 

r(H,)=\ FP +9He#/8 

; 9 p?/8 


x( 
(44) 


Assuming 7(4,)=1.5 at the field strength 
of H,=3000 oe, we apply (44) to CuSO,-5H.O 
and get 9Hpn?/8=2.0x10' oe”, which agrees 
fairly well with the value of 2.010’ oe? 
obtained by Gorter e¢ al from the spin-lattice 
relaxation. 

For a substance with strong exchange coupl- 
ing the function 7(#.) should be constant, 
' because (1—F) and 24,(H-)/4(0) remain unity 
for a considerably wide range of the static 
field strength. 

This is also confirmed experimentally by 
' Gorter ef al’ for CuCl.-24,0 and Cu(BrO;) 
-6H,O. The above explanation is not applic- 
able to MnSO,-4H,O because of its weak 
exchange coupling. 
| In spite of the existence of a strong ex- 
' change coupling, 7(H-) in FeNH,(SO,), and 
' MnSO, depends upon H,'». This cannot be 
_ explained by the present theory. 

The approximation used in the derivation 
of Eq. (39) may be good for weak field case, 
but the dependence of 7(#.) on Hz is some- 
what exaggerated in this equation. This dis- 
crepancy seems to be found in the 10/3 effect 
of the paramagnetic resonance in K,CuCl, 
PASO 2a 

When the paramagnetic crystal 


J) SS: 


exp (— 7/25) + ; exp ( —2H2|H,*) 


contains 


two kinds of inequivalent ions with different 


anisotropic g-factors, the following term 
should be added to Eq. (39)'!®© 
2? 2a é 3h?0,7 
on H E ae 
J V¥2ssste ( sist neh ye 
(45) 


where § is the Bohr magneton and (g’H), is 
the x-component of the effective field when 
we take z-axis in the direction of (g’+g’’)-# 
and z-axis to lie in the plane containing the 
direction of g’H and g’’H. The contribution 
of this effect to z“,(Af) is most efficient when 
hwz<J, so if the exchange coupling is strong, 
this effect should play some role in the re- 
laxation phenomena. 


$6. Conclusions 


The spin-spin relaxation phenomena can be 
explained by a thermodynamical treatment 
under the conditions that wd; is much smaller 
than unity and that the temperature is not 
very low. 

Apparent decrease of the spin-spin relaxation 
time accompanied with an increase in static 
field is due to the factor (1—F) in Eq. (33). 

The function y (JZ) can be written in the 
form of (1,7)(H.2+a@H,”)"' exp (—H,7/H;?), and 
the value of this function is quite sensitive to 
the parameter @, which depends upon the 
exchange coupling, the hyperfine interaction, 
the initial splitting and dipolar interaction in 
a complicated way. This explains the fact 
that 7(#7/.) varies for different substances. 

Finally we should like to express our indebt- 
edness to Dr. P.W. Anderson. The problem 
of this paper was inspired by his lecture at 
the University of Tokyo. Our thanks are also 
due to Professor R. Kubo for his valuable 
discussions, and to Messrs T. Negishi and Y. 
Obata for supplying the results of their cal- 
culations before publication. 


Appendix 


When the magnetic field is suddenly reduced 
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from H to H—H;, the temperature of the 
field system drops down from Ty to Ty—d0Tyr. 
Then the spin-spin relaxation reduces 07 to 
oT; given by 

Cu 
Ca+Cr 

The change of static field and of tempera- 
ture by AM; and dT; induces a change of 
magnetization, i.e. the magnetization is reduced 
to 


ol; = OL — Ode 3 (A-1) 


(tieeds 6) 


Via C : \ =D 
_ To—oT; ( ) 
The difference from the initial value ™, 
=CH/T> is therefore 
; IEE ake Nik 
M,—M, =C == = 
al Tain EES ) cor) 


Since the change of field strength corresponds 
to the change of temperature of the field 
system, we can express 


H Se — Ee 
=C —, 
CR. To—0TF © ae 
Then 
Ef, /H= 6T /' oO. (A-5) 


Using Eqs. se) (A-5) and (A-1) we have 


aot 


M,-M/=Cy ne —o17)=C (1—F) 


=C#(1—F)=(M,—My\1—F) : 
To 


(A-6) 
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Formation Energy of Superlattice in NisFe 
Part (1V) 


Transformation in Alloys 


By Shuichi [ipa 
Faculty of Science, University of Tokyo 
(Received March 3, 1955) 


The paper consists of two parts. In part I, the disorder-order 
transformation of AB type superlattice was studied by postulating an 
elementary mechanism oi atomic diffusion through vacancy, that is, the 
of a and The height of 
potential for the atomic migration was assumed to be a constant plus 
nearest neighbour energies of the atom. The kinetics of the ordering 


exchange vacancy its neighbouring atom. 


was treated in an approximation which is equivalent to the well known. 
Bethe approximation. This is described by five differential 
equations to determine five time dependent variables, three of which are 


Peierls’ 
concerned with vacancies. By solving these equations, it was shown that 
if an AB type alloy is quenched from a high temperature disordered 
state to a temperature somewhat below the critical temperature, and then 
annealed at that tempertature, the following disorder-order transformation 
will exhibit a multiple-step character. In part IJ, this prediction was 
compared with the experimental results of NieFe. It was found that the 
theory can describe at least qualitatively, each of the observed four 
stages of the disorder-order transformation at 490°C of this alloy. 
Namely, the first stage is the abrupt change in the state of imperfec- 
tions, the second, the development of short range order without long 
range order, the third, the cooperative formation of long range order, 
and the fourth, the process to complete its long range order against the 
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A Theoretical Treatment of Vacancy Migration and Disorder-order 


retarding effect of antiphase and imperfections. 


Part I. A Theoretical Treatment of 
Vacancy Migration and Disorder- 
order Transformation in Alloys 


§1. Introduction 

Since 1949, we reached to several general 
conclusions of the mechanism of disorder-order 
transformation in the superlattice. They were 
obtained through a series of calorimetric 
studies of Ni3Fe superlattice)». One of 
them is concerned with the development of 
long range order below critical tempera- 
ture. It states that the development of long 
range order on constant temperature anneal 
starts very slowly at first, and the rate 
increases gradually, reaches its maximum, 
and then decreases gradually to zero. We 
called this the cooperative development of 
long range order. The experiment showed 
also a multiple-step character of disorder- 
order transformation of Niz;Fe at 490°C. The 
transformation was supposed to consist of 


four processes with different mechanisms, 
which will be discussed in detail in the last 
section of this paper. The kinetic theory of 
superlattice formation has been worked out, 
for example, by Y. Takagi and others”. It 
seems however, worth while to examine the 
theory again from a view point of the vacancy 
theory of atomic diffusion, because the former 
theories did not take account of the migration 
mechanism. 

Our theory deals only with AB type super- 
lattice, so that the essential characteristic of 
A3B type superlattice, that is, the first order 
transition, is left out of the scope of our theory. 
Moreover, there is much doubt as to the 
question, which process is dominant in b.c.c. 
lattices among ring diffusion, vacancy diffu- 
sion and interstitialcy diffusion etc., though 
it is generally accepted that vacancy migra- 
tion is dominant in f.c.c. lattices. Our study 
may be regarded as a first attack to the pro- 
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blem of order-disorder transformation and 
atomic migration mechanisms. Our purpose 
is to obtain a qualitative interpretation of the 
experimental facts. 


§2. Derivation of Basic Equations 


We treat vacancies as the third component 
atoms. Whole lattice points are Occupied 
by A-atoms, B-atoms and vacancies. The 
lattice is composed of two sublattices I and 
II, the nearest neighhour lattice points of a 
lattice point on sublattice I being always on 

D 
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i 
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vi 


Jamon 
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M 
3 + nl (pu—Pp1) , 
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the other sublattice II. Each of the states 
of atomic arrangement is specified by the 
numbers of A, B, and D (vacancies) on I. 
and II sites and the numbers of pairs 
ESA Ea Fea lee re 
TTP Poa |! rere | NTIS eee ee 
expressed by suitable parameters. We consider 
only the changes in state at constant tem- 
perature. 

We define the concentration parameter of 
vacancy y,pPy and the long range order 
parameter s as follows; 


I 

|i [Mon 

A 1l—s M 

| ir [=M ; 4 (Pi- bw (15 
Ee lic a: eee eee 

lr l-M 9 -- 4 (pi—hu) 


N=2M+ M p1+ hi) - 


where P means the vacant site, [A/7] the number of A-atoms on sublattice I, M the total 


number of A or B atoms and WN the total number of lattice sites. 


Next, we define the short range order parameters o1,¢% and the quasi-long range order 


parameter 7 as follows; 


Bilas ley poate a eee 
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- =2iV ee ce Noe r | 
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A 
where Ee fd means the number of nearest neighbour pairs which are constructed by an A- 


atom on I site and an A-atom on If site, and z 


the coordination number of the lattice. 


Here, we neglected the possibility of nearest neighbour pairs consist of two vacancies 


The elementary process of atomic diffusion is assumed to be an exchange of an atom and 


a vacancy. That is 
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A Dd BD AID je 10) 
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where A/J->D/IJ means an elementary process in which an A-atom on I site jumps into a 


nearest neighbour vacant site on II site. 
For convenience, we divide each elementary process into two processes such as 


where (A//->) means the number of elementary process occurring in unit time in which an 
A-atom on I site jumps out into II site leaving a vacancy on I site, and (—A/J//) means the 
number of another elementary process per unit time in which a vacant site on II site is 
filled by an A-atom migrated from a nearest neighbour I site. Evidently, 


Erementar) ey) a): 


Then, the change of the system per unit time will be expressed by 
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But here only two equations d[A//]/dt and d[B/I|di are independent. It should be remembered 
that we are dealing with constant temperature, and the total number of vacancies, being 


assumed to be dependent only on temperature, does not change during the annealing. 


Next, 
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aE (4) creased per unit time by elementary processes 
A ‘ (—A/J) in the kind of pairs considered. Mean- 
ae l 0 (=5) ing of this will be given more in detail in the 
aa following. 
() +1 (—5) As can be seen easily, only three of the 
II eight equations are independent and we can 
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Next problem is to set up the mechanism 
of elementary process. The elementary 
process of state change is an exchange of a 
vacancy and its nearest neighbour atom. 
The probabilities of finding, for instance, an 
A-atom on I site which has 7-A-atom, z—1—7 
B-atom and a vacancy on its nearest neigh- 
bour II sites are calculated in the same 
degree of approximation as the Bethe-Peierls’ 
method. Next, the mechanism for an A-atom 
which has z A-atom, B-atom and 
a vacancy as nearest neighbours to exchange 
its position with its nearest neighbour vacancy 
is assumed to be a simple thermal activation 
process, in which the activation energy varies 
with the kinds of surrounding atoms by the 
change of the total amount of nearest neigh- 
bour pair energies. 

First we consider an A-atom on I site. If 
there is a vacancy on a nearest neighbour 
II site, there will be some probability for the 
A-atom to exchange its position with the 
vacancy. Now we assume that the A-atom 


z—l-7 


have z like atoms, z—l—z unlike atoms and- 


a vacancy on its nearest neighbour II sites. 
Then the probability for the A-atom to 
exchange its position with the neighbouring 
vacancy per unit time is assumed to be 


P Ug Os 19 PN lB Vav)\(Z—1—2)) 
ae kT 
eae (2—1)(vsn—Vep) 
=f4 €) =a ae 
a kT 
i{vas—Vap—Vaat Viv) } (6) 
RT j 


where, v.14, Vis, Viv and Vsy are the nearest 
neighbour energies of A—A, A—B, A-Vacancy 
and B-Vacancy pairs, and x. is a temperature 
dependent function. In the derivation of the 
above expression, we assumed that the 
potential energy of an A atom on I site 
varies with the kind of nearest neighbour 
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dike 


on II site has j+1 A-atoms and z—j—1 B- 
atoms on its nearest neighbours, the total 
energy difference between before and after 
the atomic migration will be expressed by 


OE = —|(Vsa—Vav t+ (V4n—Vap)\(Z—1—2)] 

+[(v¥4s4—Vav)J +(Vaz—Vev\(2—-1—7)]. (CH) 
Therefore it will be reasonable to assume as 
a first approximation that the activation 
energy €, of atomic migration through a 
vacancy is expressed by 


€4=Qat(Vss—Vav)t+(Vss—Ven)(zZ—-1 —t) 


(8) 
where qi is a constant. Thus the expression 
of equation (6) is obtained. Adding to a 
part coming from qui, «, contains temperature 
dependent parts which come from the entropy 


AE 


Fig. 1. AM =(vs4—Vapii+Wap—vap\(e-1-7) 


consideration. However, it is assumed that «4 
contains no part which would be influenced 
by the kind of nearest neighbours. A similar 
expression will be given to a B-atom. 

Then 
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where, |A//DzA//] indicates the number of 


A-atoms on I site which have one vacancy, 
z A-atoms and (z—7—1) B-atoms on its nearest 


atoms, while that at the top of the potential peghbour II sites. [A//DiA/I| will be ex- 
barrier is not very much changed as shown pressed approximately, 
in Fig. 1. If the vacancy present initially 
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By taking the first power of p we obtain 
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The other terms will be obtained by permutation. 
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The other representations are obtained in similar ways. 
Next, we assume 
(LACALE LIT) -(7- ) — da(@—1)e[( DIA) /TT] (15) 
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where [4 it [ir means the number of E 7 pairs increased by (—A/J/) processes 


and [era means the number of vacancies on II site which have 7 A-atoms and z—7 B-atoms 


on its nearest neighbour I sites. This procedure involves an approximation equivalent to that 
in the Bethe-Peierls’ treatment and does not take account of the influence of second nearest 
neighbours. Then, 
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The other terms will be obtained by permutation. 
By these notations equations (5) become 


(18) 
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which can be expressed by our parameters defined by Eqs. (1) and (2). We put further 
Pee Pir! “Pir= Pie, (21) 


s—r=hk , J1—on=4pK 


and expand all the terms in powers of p. It is quite reasonable to retain the first power of 
p in these expressions. The equation obtained by this simplification is 
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where we have used the notations, are larger than those of s and o by a facter 
bo eae ese of 1/p. In the approximation used, it indicates 
exp (wi/kT)=e4 exp (wa/kT) =e? that the parameters p,@a and # have always 
; 4 their equilibrium values determined by s and 
ct+k= c. That is, if we assume initially arbitrarily ¢y. 
Q@, Bo, So, and og, at a given temperature T, the 
k—k= “ae B (23) variation of p, a, and f will occur very rapidly 
to attain equilibrium values 0.(T, So, 69), a(T, 
Ieee are wee Con So, 69) and (A(T, so, og) without resulting in any 
= change of s and o. The equilibrium values 
Reve sack Le are obtained by putting do/dt=0, da/dt=0, 

9 = 


Thus we could obtain five basic equations 
to determine the change of the system with 
time in terms of five variables p, a, 8,s, and 
o, of which s and o are the usual long range 
order and the short range order parameters 
respectively. The physical meaning of other 
variables is seen from the relations 


=P [PIT 
[DIT] +[D/7| ’ 
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a D/IT] 
[D A/T IT|—[D B/I 11 
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Namely, op is concerned with the difference 
of vacancy concentrations of the two sites, a 
with the unbalance of atomic distribution on 
I site neighbouring to a vacancy on II site, and 
8, with that on I site. In a perfectly ordered 
state 


(24) 


[re 


p=0), p=-1 (25) 

They are the characteristic parameters of 
this theory, in which vacancy migration 
mechanism for atomic diffusion is considered. 
It will be noticed that the time derivatives 
of these three parameters are multiplied by 
p in equations (22). It shows that the rates 
of variation of these parameters with time 


(Gl 


and d8/dt=0 in equations (22). Therefore we 
have actuaily two differential equations of mo- 
tion for the system and equations (i), (ii) and 
(ii1) may be regarded as auxiliary relations 
to determine the functional relation of 0, w 
and § to s and o. 


Besides the five variables, the equations 


contain vacancy concentration ~, nearest 
neighbour energy  24=UV4as—VsstVap—Vap, 
Wh=VaB—VEB+VED—Vap and two atomic 


migration coefficients AK, and Ky, independ- 
ently. Thus the difference in properties of 
A- and B-atoms can be considered in our 
treatment. 

p, Ka and Kz will change exponentially 
with temperature. But in this paper, we 
shall not discuss the temperature variation 
characteristics of these. 


§3. The Equilibrium State 


Using the basic equations (22), we shall 
study first the equilibrium state of the system, 
for which we put all time derivatives equal 
to zero. Let us consider first the case where 
no long range order exists. This state is 
stable above the critical temperature. Then 
T>Tc, p=0, a=8, s=0 and we can obtain 
easily 
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ts exp{(A—B)/2}—1 < 
exp{(A—B)/2}+1 ’ | 


(26) 
oa CXP{(A+B)/2}-1 | 
exp{(A+B)/2}41 °/ 
where 
A+B W4-Ew 
exp( == J=exp ape (27) 
2 PORT 


[he expression of o accords perfectly with 
the Bethe’s solution of short range order, 


(Wa t+Wa=—V44— Veet+2V4R) 


but we have another parameter a, when 
Wa4-<Ws. The non-zero value of a indicates that 
the vacancy associates some atomic cluster on 


Disorder-order Transformation in 


Alloys EE, 
its nearest neighbours and the characteristic 
energy of this cluster is determined by 

Wsa—Ws=(—V4stVK8)+2(U4n—Vap) (28) 
It will be noticed that in our treatment the 
first term of the expression, which comes 
from an indirect coupling between vacancies 
and atoms, has the same order of contribu- 
tion to the characteristic energy as that from 
direct coupling. 

Next the general case having long range 
order will be studied. It is realized below 
the critical temperature. After some calcula- 
tions we obtain the following equations: 


ath e4—e# 
2 e*+e*%+2{(1+0)/1—a)} ~ 
rt _2s 
3 ~ (1—o)/2(e4+e*)4 +(1+0) ve 
l+p ease (1—o)/2}e4+(1+o0)/2—s][{(1—o)/2}e#+(1 +0) /2+s]]°” (C 99) 
l—p ([Q—o)/2}e4+(1+0)/2+s][{(1—o)/2}e2+( (1+a)/2—s] oe 
Cae) Ur 1—o)/2}e4+(1+0)/2—s][{(1—o)/2}e#+ (1+0)/2—s] ee (D 
1 {(1—o)/2}e4+(1+0)/24+s][f EA ee ) 
2 l+o ‘ 12 = ob £4 
o=( 5 7) -(— 5 Neg (E) 
By the above equations it is possible, in where 
principle, to obtain the solution. Fora given Witwer 
temperature we can determine s and o by i= KE 


equations (D) and (E), and using these s 
and o we can obtain a, 8 and oe by (A), (B) 
and (C). There is a significant feature that 
these equations are not containing the atomic 
diffusion coefficients A, and Ke. Hence, the 
solution is not influenced by the variation on 
the atomic diffusion coefficients K, and Kz. 
Moreover a careful examination proves that 
the long range order s and the short range 
order o are dependent only on the sum of 
ws and we as was the case in the usual 
treatments, and the solution obtained accords 
exactly with Bethe’s result as far as the 
behaviour of s ando is concerned. Thus 
the critical temperature and the values of 
specific heat just above and below the critical 
temperature are 


= 7 [low Zz 
k z—2’ 


C WiMia 2 2)") tee? 
Ae, ele (30) 
i BMG ree = 2)(32=—-2)) se" 
eo, (z—1) kT? 


The vacancy parameters p, a and 8 show 
also second order changes at the critical tem- 
perature. Hence, there is no abrupt change 
in these parameters. With development of 
long range order, a@ increases and 8 decreases. 
But here, the behaviour of @ and #8 at low 
temperature is worth noting. As can be 
seen easily in (A) and (B) of (29), w and 6 
have a singular point at T=0. Namely, 
when 7-0, then s—1, o-1, e400, e€? > 00 and 
we can obtain arbitrary values of @ and o 
apparently. This kind of anomalous behaviour 
of the vacancy parameters seems to correspond 
to the phenomenon of frozen imperfections at 
low temperatures. The problem will be 
discussed later. 


$4. Development of Short Range Order 
without Long Range Order 


Although s and o in the equilibrium state 
were described only by wi+wz, the vacancy 
parameters ¢, a and o are affected by the vari- 
ation of w4—wz, as shown in (26) and (29). In 
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general nonequilibrium cases, however, all of 
the parameters are strongly dependent on 
Ku, Ke and wa—we. 
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equilibrium state of s=0, the vacancy para- 


meters a= 8 is expressed by 


Di _ De¥ a v a a) (= a) 
ih Ey +5) tO ae Da Ey En} \ Ey" En (31) 
Ds—Dp 
where Hence, the different characteristics of develop- 
(1Et gual eaten ment process of actual superlattices will be 
Di=K 2 eos og , ascribed to the difference of Ku, Ke and wu, 
- ya we. To avoid too much complications, we 
Du= Kf ace a ae ; assume hereafter Ky=Ks=K and wa=we=w. 
: : (32) By this assumption, o vanishes automatically, 
Wy 
ea=(1+ ie a=P=0 when s=0, and B=—a when s+0. 
I+o Thus we have two differential equations ds/dt 
l¢ and da/dt and one equation to determine a. 
En=( 1+ CZs 
( l+o ) They are 
La ds ny (Basho yan (aT 
pK dt paeiees  pbigless 
lo we (34 ; ) aia / Rt Ni 
=4(z=1)| (-—Se/R* a= = 
pk dt \ | 2 2 4 exbany 
7a ry ze R- \27} 
+421) (Ser) pe ( ) 
2 2 4 l—s (33) 
oe \ = hen af if - l+o ‘)/ 2 ial Re Me 
0= {ee 1) 9 aie 1) 5 +s / rig ae: 
1 1 1l—a/f-R: \ 3 
[leat poo DPSS) 
o JEG. IESG 
IRE ~~ e+ 
z 2 


where, e means exp-(w/kT). 

In Fig. 2 the internal energy-temperature 
diagrams for the equilibrium state are shown 
for a case of z=8. Below the Curie tempera- 
ture, there are two lines o, and os. as gives 
the real equilibrium state which has long 
range order s. o, means the hypothetical 


equilibrium state having no long range 
oo i 
0-2 
| oa 
o 
0-6 


a 


©) y TRC) 


2:0 


T/Tc 


Fig. 2. Equilibrium diagram of short range order 
with temperature. 

order. In equation (33), if we put s,=0 as 

the initial state then a=0 and ds/dt=0. 

Hence, there is no possibility for the long 


range order to grow at any temperature. 
In the actual case there may be a certain 
probability for the generation of long range 
ordered nuclei when temperature is lower 
than the critical temperature. In the present 
theory, this situation is described partly by 
the stability of the disordred state. The 
Taylor’s expansion of equation (33) for the 
parameter s is 


pig Se a ar ak 
pK dt Ne as 
(a(n 
9 ie = 5 gave 
. 2 
(34) 


Then, the stability of the state s=0 is deter- 
mined by the sign of 
e)—e 


/ —1 l+o  _l—o 
i ee | eee ar 
a ( ual 2 


| 


denotes 


temperature. 
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where 


The dotted line in the figure illustrates o¢ 
against temperature. 

Below the critical temperature, the equili- 
brium state with s=0 becomes unstable. The 
situation is clearly shown in the figure. But 
if we fix the temperature the results indicate 
that the stability of the state s=0 increases 
with the increase of o. This expectation is 
contrary to our experiments of Ni3;Fe®?, and 
it will be due to the neglect of nucleation 


' mechanism. 


Hereafter, we shall make some attempts 
to solve equations (33) by using numerical 
integrations. At first, we calculated the rate 
of formations of short range order o without 
long range order namely s=9. The initial 
state is a perfectly disordered state. In the 
case, s=0 and a=0, equations (33) become 

1 do ie. 1-6 

pK reid oe 


ise Ere, 
A camara 
(36) 
In Fig. 3 da/dt is plotted against o where 
the initial values are adjusted. In Fig. 4 


| do/pKe'dt are plotted against pKe't, where @ 


T/T.. Of course the curves for 
6<.1 are hypothetical but the curves will 
have some physical meaning, which will be 
discussed later. As shown in the figure, the 
processes are represented quite well by a 


-relaxation of the simplest type above the 
'critical temperature, but at lower tempera- 


tures, some deviation appears. 


§5. Development of Long Range Order 


As can bee seen in Fig. 2, there is a devel- 
opment of long range order below the critical 
If we cool the actual alloy 


‘from a higher temperature to a temperature 


‘below the critical temperature, 


the initial 


state will be a perfectly disordered state and 


developments of short range order and long 


‘range order will occur simultaniously. But 
‘in our treatment, if we start from an initial 


state s=0 and o=0, then o will develop in- 


‘dependently until it reaches the final value 


o=0, in Fig. 2, and there is no possibility of 
growth for s. Of course if we give small 
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deviation of s;dss<0, at the initial state, then 
a cooperative formation of s and o will occur 
until they reach their final equilibrium values 
Ss. and o-. But in this case the whole character 
will be strongly dependent on the magnitude 
of the initial value ds. Therefore we attempt 
first to calculate the cooperative development 
of long range order, starting from the states 
of short range order equilibrium a=0, s=0, 
6=06,, which correspond to the upper curve 


0:0 
[o) 


Fig. 3. doa/dt—o for annealings at various tem- 
peratures, with s=0. 


0:4, 


\ 


{ SS 


Fig. 4. do/dt—o for annealings at various tem- 
peratures, with s=0. 


2, poke 


of Fig. 2. In this case the initial states are 
in equilibrium, but they are not stable as to 
the variation of s. Hence, if we take ds=0.01 
for example, the whole mechanism begins to 
work consistently towards the final equilibrium 
state having long range order. 

The method of numerical calculations is 
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Table I. 
phty =0 pkt;=pktp+(apkt)) | pkts=pkt:+(apkt), | 
=a : ' | 
| $= 0.01 | 8:=0.1 8,=0.2 | 
eee —— | \ ee ey AT ee i > 
| | | 
| d0= 90 | ae 2 | 
7 1 ds, 1 ds as 
aa : $1, /, (82502) 
| pk ag 80 70) pk dt 01) pk dt 
1 da, 1 da 1 da 
soit (Se, d2 
pia a pdt?” Ay ee at 
0.09 0.10 0.20 
kt)y == ——— | (apkt) =——_— Apkt), = 
(APKt)o (ds/pkdt)y | Pen (ds /pkdt), ean (ds/pkdt)» 
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Pte cai eo aa 
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A gg 
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| ‘ y | aoe ail 
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g 2 a 
4 al yee 
———— S< 
Fig. 5. The variation behaviours of o against s 
on the annealings. 
shown in Table 1. We give s,=ds=0.01 at 
t=0 and calculate the corresponding values 
of (ds/dt)), (do/dt),. Using this (ds/dt),, the 
time for s to develop to the value 0.1 is 


calculated as d4zf,=0.09/ds/dt (So, 04). 
Li=tyt+4ty, o1=09+(do/dt)y-4t,, ds/dt(si, 01), 
do/dt(si, 01) are calculated. These procedures 
are repeated with 4s=0.1, until the final state 
is attained. 

The results are illustrated in Fig. 5. in 
s—o plane. Here we plotted the point (s:, a:) 
and (do/ds);=ds/dt(si, o;)/ds/dt(s:, o:). The last 
values are illustrated by the inclinations of 
short lines. In Fig. 6, do/pKe'dt plotted 
against o and in Fig. 7 do/pke'dt are plotted 
against pKe’t. 

The cooperative characteristics of long range 
order development can be seen quite clearly; 
The rate is sufficiently small in the beginning 
and increases gradually to its maximum and 
then decreases to zero. Near the critical 
temperature, the transformation course of the 


Then 


internal state is decisively determined to one 
route on s—o plane. Namely the route from 
disordered to ordered state is a very stable. 
one. But at. lower temperatures, the route 
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seems to be not so stable. 
route. 


in the figures. 


decreases. 


antiphase problem in superlattice®. 


in equation (24). 


1,000 at o=0.9999. 


T=0 as was already mentioned. 


tion but due to the essentiai 
of the theory. This 
nected to the effect of frozen imperfections”. 
The effect will be discussed later. 


Development of Order 


can calculate the number of atomic migra- 
tion per unit time. 


In Fig. 9, F is plotted against o for the 
-development of short range order without and 
‘with long range Order. 

For the case without long range order, the 
‘variation of F are small at the temperatures 
about and above the critical temperature. 
‘But the variation increases greatly by decreas- 
ing the temperature of anneal. It will repre- 
‘sent the effect of frozen atoms by the ordering 
‘energy at low temperature. For the case 
with long range order, we must notice that 
ithe derivatives dF/do at s=0 are almost zero. 


i 
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Small deviation in 
the initial state will cause a much different 
The conclusions are obtained from the 
fluctuation behaviour of do/ds and do/pKe'dt 
By lowering the temperature 
of anneal, the development of long range 
order s is retarded gradually and becomes 
slower than the development of short range 
order og. Namely, do/ds near the final state 
The last statement is important 
because it is related at least partly to the 
Next, in 
Fig. 8 we showed variation behaviours of @ in 
these processes as functions of o. Here ,@ is the 
vacancy cluster parameter as was expressed 
The variation character- 
istics of a in 6=0,2 are very much interesting. 
In the case, the value of @ in equilibrium is 
Regardless of this value, 
the final value of @ in the process seems to 
reach 0.4 at c=0.9999. This phenomenon will 
be due to the fact that @ has a singularity at 
It will not 
be due to the systematic error of the calcula- 
characteristics 
is presumably con- 


§6. Jumping Frequency of Atom and the 


Here we add one more interesting feature 
of the theory. According to our theory we 


The general expression 


is 
} + i 
dn =KMz.| (1 ) _ lta 
dt 1+s 2 
+( ie ‘a y [-PKM (37) 
l—s 2} 
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Fig. 8. The variation behaviour of vacancy 
cluster parameter « against short range order a. 
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Fig. 9. The variations of atomic diffusion fre- 
quency against the development of short range 
order at constant temperatures. 


Before the calculation we expected that F 
might show some maximum in the process. 
Namely, we expected that the requirement 
for ordering overcomes that for the stability of 
vacancies when the rate of ordering is maxi- 
mum. The stability will be proportional to 
F in our theory. Though the resuits obtained 
is not so clear, the characteristic mentioned 
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Fig. 10. Multiple-step characteristic of disorder- 
order transformation as superposition of the 
development of short range order without and 
with long range order. 


. 


—>x % X % sts 
(a) (b) (c) (d) 
Fig. 11. Various characteristics of relaxation 


processes illustrated in dX/dt—X plane. 


above will show the existence of the expected 
tendency. It must be noticed that the varia- 
tion of / for 0=0.8 is small in spite of the 
large fluctuations of do/dt as shown in Fig. 6. 

The next schedule for calculations will be the 
investigation of the cooperative development 
of both long and short range order below the 
critical temperature, starting from a disordered 
state s=0, o=0. But there is complications 
as mentioned before, and here we only show 
the two previous results for 0=0,6 in Fig. 10 
with the same scales. 

As shown in Fig. 10, the rate of the two 
processes are almost equal, and then if we 
calculate strictly starting from s=ds, o=0, 
we would obtain a curve like the one shown 
by a dotted line in the figure, This is similar 
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to a curve observed experimentally for Niz;Fe”. 


§7. Cooperative Characteristics of the 


Process 


In a simplest relaxation process, the equa- 
tion is 
dx oe 


dt T 


and it will be illustrated in a dX/dt—X plane 
with a straight line as shown by (a) in Fig. 11. 
We can see that the same illustration for the 
development of short range order without 
long range order in Fig. 3 shows some devia- 
tion from straight lines as (b) in Fig. 11. It 
will be expressed by 

pou 

die ZOO) 


=(X,—X)(A+ BX) (39) 


where 
Ba) 

Thus the relaxation time rt is a function of 
X in this case and becomes larger with the in- 
crease of X. Therefore we can say that the 
process is anticooperative. The development 
of short range order without long range order 
has the characteristic of an anticooperative 
rate process and the degree of anticooperation 
increases with the decrease of temperature. 
In the writer’s first paper we defined the 
cooperative rate process as 


S $i) BK eh BESO (40) 
which 1s shown by (c) in Fig, 11. It was 


postulated that the formation of superlattice 
with long range order has a cooperative 
character. 

Now we shall extend the definition. In the 
expression of (39), the process will be called 
a cooperative rate process if B>0. The 
characteristics are shown by (d) in Fig. 11. 
We see that the development of short range 
order with long range order below the critical 
temperature hasa character of the coopera- 
tive rate process. Therefore, there is an 
essential difference of cooperation characters. 
between the development of order with and 
without long range order. This concept haa 
an important physical meaning. Standing on. 
this point of view, we can understand much 
better the experimental results of Fig. 14 or 
Fig. 15 in the writer’s third paper®). 
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Part Il. The Disorder-order Transforma- 
tion in Ni3Fe Superlattice 


The Four Stages of Disorder-order 
Transformation in Ni;Fe 


In 1938, Prof. S. Kaya found a multiple- 
step character of disorder-order transforma- 
tion in Ni3Fe superlattice at its critical tem- 
perature annealing”. He investigated the 
transformation by measuring the change of 
electric resistivity with time and concluded 
that a completely ordered state would be 
attained by two week’s annealing from 490°C 
to 400°C, especially one week annealing at 
490°C. The critical temperature of the alloy 
is just above 490°C, and the alloy shows a 
first kind disorder-order transformation at 
that temperature. In this annealing at 
490°C, the total change in resistivity of about 
9 wOcm was attained not by a single process 
but by two processes apparently. Since then 
a number of experiments were carried out in 
our laboratory directed by Professor S. Kaya, 
seeking after the transitional behaviour of 
ferromagnetic alloy Ni3Fe in this disorder- 
order transformation at its critical temperature 
annealing®>>®).%, 

The procedures most frequently used in 
this study was as follows; firstly the specimen 
alloy was quenched from 600°C, and measure- 
ments of various physical quantities were 
carried out at the room temperature. They 
indicate the values correponding to the dis- 
ordered state. Then the specimen was in- 
serted in a furnace kept at 490°C. After a 
certain time interval, the specimen was 
quenched to room temperature and measure- 
ments were again carried out to obtain the 
values of the quantities corresponding to 
partially ordered state. After that the speci- 
men was again inserted in the furnace to 
anneal more at 490°C. The procedures were 
repeated until further variation of the quan- 
tities ceased. 

All these data concerning variations of 
various physical quantities of NisFe with 
times of annealing at 490°C indicated the 
interesting multiple-step character of this 
transformation. (electric resistivity, internal 
energy, hardness, internal friction constant, 
magnetic properties, dilatation, thermoelectric 
power etc.). 

Since 1947, we have also engaged in the 
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study of this transformation by measuring 
thermal effect of the transformation. And the 
whole annealing was devided into four stages 
as follows); 

Ist stage 

2nd stage 
nealing, 

ord stage 10~60 hours of annealing, 

4th stage 60~150 hours of annealing. 

In the first stage, structure sensitive quan- 
tities are largely influenced. At the end of 
the second stage, the variation of all physical 
quantities seem to attain their apparent satu- 
rations. After that the variation of all physi- 
cal quantities begins again and they show 
their maximum rate of variation at about 30 
hours of annealing and then gradually reach 
their equilibrium values at about 60 hours of 
annealing. This stage is named the third 
stage and the main variations of all physical 
quantities occur at this stage. Further an- 
nealing shows no large effect for many 
physical quantities, but there are certain 
evidences for the existence of the fourth stage 
(electric resistance, rigidity, hardness). 

From our studies we concluded the existence 
of following four kinds of processes in this 
disordes-order transformation. Each corre- 
sponds to one of the above four stages 
respectively. 

(A process.) 

In an alloy having a superlattice, the sta- 
bility of the imperfections such as vacancies 
impurities and dislocations will be influenced 
by the ordering tendency of atoms. Hence, 
the atomic configuration arround the imperfec- 
tions will be a suitable one which minimize 
the ordering free energy at that temperature. 
We shall call it the cluster of atoms. If the 
specimen has been quenched from 600°C, the 
cluster will have the equilibrium configura- 
tion at 600°C. When this is inserted in a 
furnace at 490°C, the configuration will 
become unstable at that temperature, and a 
change will occur abruptly to establish the 
stable cluster at that temperature. In the 
neighbourhood of imperfections the activa- 
tion energy for atoms to migrate will be so 
low that the change will proceed sufficiently 
fast without resulting in appreciable change 
in the degree of order in the bulk lattice, fini- 
shing by only several jumps of neighbouring 
atoms. The process will make the first stage 


0~20 minutes of annealing, 
20 minutes~ 10 hours of an- 
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of the transformation. 
(B process.) 

Development of local order without jong 
range order. This type of ordering has a 
characteristic of simple type relaxation process. 
Therefore, the process starts with a maximum 
rate at the beginning of the anneal and the 
ordering rate decreases monotonously to zero 
at about, 10 hours of annealing. 

(C process.) 

Development of order with long range order. 
We concluded in the first paper” that, as the 
equilibrium state having no long range order 
is stable at above the critical temperature, 
the state should still be fairly stable just 
below the critical temperature and the rate 
of the development of long range order at 
490°C will be very small at first, but it 
increases gradually up to its maximum 
at about 30 hours of annealing and then 
gradually decreases to zero at about 60 hours 
of annealing. The process has a cooperative 
characteristic and will make a main process 
of the transformation corresponding to the 
third stage. 

(D process) 

In the end of the third process, there exists 
several reasons to prevent the completion of 
long range order. One reason is the existence 
of antiphase boundaries which can be as 
stable as the twin boundary in Ni3Fe super- 
lattice». The other is the existence of frozen 
imperfections. These two may interact each 
other. For instance, the imperfections will 
associate atomic clusters arround them, the 
antiphase boundary combining with disloca- 
tion lines. Hence, the completing process of 
long range order will require much time to 
result in the existence of the fourth process of 
the transformation. 


§2. The Comparison of Each Stage Be- 


tween the Theory and the Experiment 


In the mathematical treatment of this paper 
we first proposed to describe only B and 
C processes. However, the results contain 
the whole processes at least qualitatively. It 
must be remembered that our theory treats 
AB type only, although the Ni;Fe superlattice 
is a typical A3B type. Therefore we assume 
that the problem disorder-order transforma- 
tion of NisFe at the critical ordering tem- 
perature is similar to the associated change 
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occurring when the AB type alloy is abruptly 
cooled to the temperature T=T; sufficiently 
below the critical temperature from a higher 
temperature T.. at disorded state and annealed 
at that temperature. The description by 
equations (22) is as follows; 

(The first process) 

At high temperature T=T.., 
po=0, Bo=0 , 
and the equation will be satisfied with zero 
time derivatives. Then the temperature is 
changed abruptly to T=7;. The equilibrium 
conditions are destroyed and the induced 
relaxation prosess will occur according to the 
equations derived from the initial values 
po=0, a= 8o5=0;) 'S=0) and op=0. bHoweves 
we must remember the fact that the change 
of p,@ and ® is much faster than that of s 
and o. Namely, the vacancies will take their 
stable clusters sufficiently faster than the 
development of order in bulk. It wiil make 
the first process and thereafter equations (i), 
(ii) and (iii) must be regarded as auxiliary 
relations to determine o,@ and @ for given s 
and o in any time of annealing. 

(The second process) 

At the same time, as calculated before, the 
development of o begins with a pretty large 
rate from the first and then decreases monoto- 
nously without associating any change of s. 
The process has an anticooperative tendency. 
(The third process) 

Though this theory does not take account 


ae So 0) ands oa—07 


of the nucleation mechanism, small fluctua- | 


tions of s will cause a cooperative rate forma- 


tion of long range order. As calculated before | 
it starts with a zero rate at first, but the | 


rate increases gradually to its maximum and 
decreases to zero. It is the main process of 
the transformation. 
(The fourth process) 

Our theory can not contain the antiphase 
and the dislocation mechanism. Hence there 
is no possibility for the existence of the fourth 
process if T; is near the critical temperature, 
as will be seen in Fig. 5. 


features as to the existence of the fourth 
process. As has been noticed already in the 
curves of @=0.2 in Fig.5 and Fig.7, do/ds at 


the end of the process is fairly small for this | 
case and @ seems to reach an apparent satura- | 


But if it is suffi-] 
ciently lower than T,, there are interesting | 
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tion value different from the equilibrium 
value. The phenomena must be regarded as 
the effect of frozen vacancies. Namely, if we 
anneal the alloy sufficiently below the critical 
temperature the vacancies construct some 
clusters arround them and stabilize themselves. 
The existence of the clusters will make the 
completion of long range order very much 
difficult. In the caiculation we treat the only 
one case AK4=Kz and wa=we. In this case, 
there is no special preference for vacancies 
between A- and B-atoms. Therefore, though 
the equilibrium value of a@ is almost equal 
to one, the clusters have a tendency to take 
their statistical configuration of a=0, before 
the completion of long range order. The 
tendency would make the apparent final value 
of @ to about 0.4, and as the result the 
development of long range order is retarded 
compared with that of short range order. 
We consider that the phenomena represent 
one feature of the interaction between im- 
perfections and atomic ordering. 

Concerning the first process, the descrip- 
tion of our theory is only for vacancies and 
it does not take account of the generation 
and annihilation mechanism of these. The 
expected relaxation time is too short compared 
with the experimental results. In the actual 
case the behaviour of imperfections which 
have more longer relaxation times will play 
a main role in the process. 

Concerning the second process, the descrip- 
tion of the theory will be fairly good. 

Concerning the third process, the omission 
of nucleation mechanism and antiphase pro- 
blem will be essential and we cannot say the 
degree of approximation of the theory. It must 
be borne in mind that the internal friction 
constant shows an anomalous peak at about 
30 hours of annealing, when the ordering 
rate of the alloy NisFe reaches its maximum. 
Such an experiment was carried out by T. 


A Theoretical Treatment of the Disorder-order Transformation in Alloys 78 


ao 


Tomizuka! and our theory could only show 
the presence of the expected tendency as 
described before. It should also be necessary 
here to introduce the mechanism of genera- 
tion of imperfections. 

Concerning the fourth stage also the neg- 
lect of antiphase, dislocation and impurity 
will be essential. The introduction of these 
mechanism will undoubtedly result in an 
elongation of the fourth process and which 
will appear already just below the critical 
temperature. But the theory showed that 
even the vacancy itself still has such an 
effect at low temperature. 

As a whole, our theoretical treatment 
accords well with the experimental results of 
NisFe superlattice and our explanation about 
them. We hope a further study will be done 
by introducing the effect of dislocation and 
nucleation mechanism and the difference of 
AB and A;B type superstructure. 

The writer expresses his sincere thanks to 
Professor Seiji Kaya for his constant encour- 
agement and guidance. He also wishes to 
express his thanks to Professor Yutaka Ta- 
kagi and Professor Ryogo Kubo for their 
valuable discussions. 
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The variation of the chemical potential of electrons in Ag»S with the 
variation of the Ag/S ratio was measured with the help of the e.m.f. 
measurements of the galvanic cell Ag|AgI|Ag.S|Pt. The relation be- 
tween the chemical potential of electrons and the density of conduction 
electrons was found to be in accordance with the theory, and it was 
found that the conduction electrons in B-Ag»S obey the classical statistics 
while those in a-Ag,S are degenerate. Polarization phenomena when 
weak direct current of constant intensity is sent through Ag»S specimen 
were also studied. The potential distributions along the specimen 
and the time rate of building up or decay of polarization show good 


agreement with the theory in both «- and #-phases. The conductivities 


were measured and discussed. 


$1. Introduction 


Silver sulfide is an m#-type semiconductor 
and silver ions are mobile in both a (stable 
above 178°C) and 8 (stable below 176°C) 
phases. [ts conductivities and the transport 
numbers of both charge carriers, electrons 
and silver ions, have been measured by 
Tubandt and others. M.H. Hebb” has de- 
duced its electronic component as a function 
of the chemical potential of silver from his 
probe measurements on polarized samples. 
C. Wagner® has studied the variability of the 
Ag/S ratio with the use of the galvanic cell 
Ag|AglI|Ag.S|Pt. 

The present author, with the collaboration 
by Y. Suzuki» has carried out probe measure- 
ments on polarization and its decay processes 
of @-cuprous sulfide, a p-type semiconductor 
with mobile copper ions. His experimental 
results have been analyzed theoretically by 
I. Yokota®. 

The present study on the polarization of 
silver sulfide has been carried out with the 
help of the galvanic cell Ag|AglI|Ag.S|Pt 
following C. Wagner, and with the use of 
the theory developed by I. Yokota with some 
adaptations. 


§2. General Principles 
(a) Electromotive force of the galvanic cell 
Ag|AglI|Ag,S| Pt® 
In the galvanic cell Ag|AgI|Ag.S|Pt, Agl 
is essentially an ionic conductor. The chemi- 
cal potential of a silver atom in Ag.S, say, 


is, therefore, related to the electromotive 
force, E, of the cell by 

ftag— Lag? = —eE , (1) 
where /t47° is the chemical potential of a 
silver atom in the pure metallic silver, i.e. 
that in Ag.S which is in equilibrium with 
the metallic silver. The chemical potential 
of a silver atom is equal to the sum of the 
chemical potential of a silver ion, :, and 
that of an electron, we. wi is, however, in- 
dependent of the deviation from the ideal 
stoichiometric ratio of Ag to S, since Ag,S is 
an “ average crystal ”, i.e. its sublattice for Ag 
is so disturbed that the small deviation does 
not contribute anything to the chemical poten- 
tial. Hence, it follows from Eq. (1) that 


Me—pe=—eE . (2)) 
On the other hand, the density of conduc- 
tion electrons, , is related to je, as well. 
known, by 
ee aN a ee (3) 
V x Jo 1+exp (y—7) 

where N.=2(2xm*kTh-)3, n=6E/RT, and ye=| 
“Uel/RT. In these notations * is the effective 
mass of conduction electron and € its kinetic. 
energy. When the density, 7, is sufficiently 

small, Eq. (3) is reduced to 


ne=kT log (45) 


(classical case). In this case E is related to) 
Ne by | 


Se nN 
eLh=kT log 5, : (5 


é 
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When the density is not so small, the exact 
formula Eq. (3) must be used (degenerate case). 
For a narrow range of x, values, however, 
the following approximation may be available; 


/e=ckRT log is : (6) 


N 
where c and N’ are constant parameters 
depending upon the mean value of », within 
the range considered. 

A well-defined amount of silver can be 
added to, or removed from, a AgsS specimen 
by sending a current across the cell for a de- 
finite period. In this way the Ag/S ratio of 
the specimen can be varied easily. 
(6) Polarization and its decay?» 

When a direct current of a constant inten- 
sity is sent through a Ag,S specimen with 
platinum electrodes, silver ions in it move 
toward the cathode and when the current 
intensity is so small that the silver ions do 
not deposit at the cathode, a stationary state 
where the current is carried only by electrons 
is attained (polarization process). When the 
current is switched off, the residual potential 
is left and decays according as the previous 
homogeneous state is recovered (decay process). 

In general, the current intensity, J, is relat- 
ed to the potential, V, according to Ohm’s 
law, by J=+odV/dz, using the minus and plus 
signs for positive and negative charge car- 
riers respectively. V is given by /./e—@ for 
electrons, and by yw:/e+@ for positive ions, 
where @ is the electrostatic potential. Then 
the electronic and ionic components of the 
current intensity are given respectively by 


G fe) 


where o, and «; are electronic and ionic con- 
ductivities respectively. The first terms of 
the right-hand side of Eqs. (7) represent the 
diffusion current and the second terms re- 
present the conduction current. Since /; is 
independent of the composition in our Case, 
the second equation of (7) becomes [i= 
—oid0/dz ° 

In the polarization process, the ionic con- 
duction current causes the gradient of the 
chemical potential for electrons along the 
specimen, resulting in the electronic diffusion 
current which causes the electric field with 
the opposite direction to the original field. 
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According as the polarization builds up, the 
total electric field and hence also the ionic 
current decrease and a stationary state is at- 
tained. In the decay process, the electric 
field left with the gradient of the composition 
leads the ions to move back to the previous 
homogeneous distribution. On this subject, 
we can obtain the following formulae by simple 
calculations. 

At the instant of switching on, when the 
specimen is homogeneous, the current inten- 
sity, J, is given by 

_ ao 

fies da 

(8) 
where the bars above o’s denote their re- 
spective initial values. o; is independent of 
the composition as seen later and so the bar 
is unnecessary for o;. Then the ions move 
toward cathode and the gradient of composi- 
tion takes place gradually. Eqs. (7) may be 
applied to this process. From these equations 
and the total current intensity, JZ, which is 
maintained constant in this process, we have 


= vst ened i We 
Oe Or dz e Ot 


dx o, dz\e Ot 

(9) 
where o;, is the total conductivity, 1.e. o6.+0;. 
As seen in these equations, /. increases and 
d®/dz and hence also /; decrease according 
as the gradient of “. builds up. In the sta- 
tionary state J; is zero and hence also dO/dzx 
becomes zero and J is given by 


d [ te 
l=1,= (2 pea ae . 
: ma é ) 


In the classical case, we have, using Eq. (4), 


Pee 


T=f,--h;; 
dx 


> 


(10) 


[Athi oe (11) 
dx 
where p, is the mobility of electrons. From 


Eq. (11) we see that the distribution of », in 
the stationary state is linear along the speci- 
men. In the degenerate case, too, as far 
as the current intensity is not too large, we 
have, using Eq. (6), 

dn 


l=ep.kT—, Le 
chek a (12) 
Integrating this equation, we have 

no Fiet (OA) ) (13) 


where a is the integration constant which 
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will be Z/2 (Z being the total length of the 
specimen) if the total number of conduction 
electrons is conserved in the specimen. Then 
the potential difference between two probes is 
given by 

CV s(x) = Max) — (2%) 


=—ckT log (1 __ UX,—2) 


Ham) ) a 
1+i(a,.—a) 
where é is defined by el/co-kT. 

After the current has been switched off, 
the equations corresponding to Eqs. (9) become 


I, oid ( =) dd od ( =) 

Se 6.x e ]” dx o,dz\e/]- 

At the instant of switching off, the ratios 
V,/Vs and @,/Vs are given by 


(15) 


VY Re Ot @,. Oo 


—— = 16) 
WW Girne Vsw Gi * \ 
where V, is the residual potential and @, is 


the residual electrostatic potential. 


Potentiometer (a) For Measurements of 


Potential Distribution 


Rotory 
Switch 


Diffusion 


Porcelain Supporte' 


(b) For Measurements of 
Hall Constant 


(c) For Measurements of 
Thermoelectric Power 


Oil Bath 


stanta 


Fig. 1. Schematic diagram of apparatus. 


Now, the rate of the change of 2 in the 
processes mentioned above may be given by 


ON a & 


Ae a neee (17) 


where the first term comes from drift motion 
of electrons and the second, G, from capture 
or donation of them. If the current intensity 
is not too large, Eq. (17) may be reduced, 
using Eqs. (6) and (8) or (15), to 


Shin-ya MIyATANi 


(Vol. 10, 


One  PekTe 0% O’ne 
Of ees «Oa? 
When G is given by —y(0n./0t) (see later), 
then m- and hence the potential differences 
between probes will change approximately 
with the time constant, t, given by 
1 a? PRTC ren 


Pea 5. Z 1m ‘ 


Ge (18) 


(19) 


§3. Experimental Arrangements 


Silver has been reduced from AgNQ;3 and 
melted into a block in the stream of hydro- 
gen. Ag,S samples are prepared by direct 
reaction of a silver block and sulfur powder 
both sealed together in a vacuum hard glass 
tube. The dimensions of the specimens are 
various, e.g. 5010.5 mm for the measure- 
ments at the aw phase temperatures, 30x2x2 
mm for B and 35x8x0.5 mm for the Hall 
constant measurements etc.. Fig. 1 shows a 
schematic diagram of the apparatus. A speci- 
men holder (porcelain) is inserted in a glass 
tube immersed in an auto-controlling oil bath 
and evacuated by a diffusion pump. Platinum 
foils coated with carbon powder are used as 
electrodes, and copper or nichrome wires are 
wound tightly on Pt foils. When a thin 
specimen is used, it is laid on a porcelain 
supporter in order to protect the specimen 
from bending. Tungsten or nichrome springs 
with Pt heads are used as potential probes, 
and nichrome springs with Ag—AglI heads are 
used as chemical potential probes and as the 
cells to supply or remove Ag ions. The 
volumes or cross sections of specimens are 
calculated from their weight with the use of 
the value of the density (7.3 gr cm). 


$4. Experimental Results 


(a) Measurements on Ag|Agi|Ag.S|Pt 
When a current is sent across the cell, Ag 
ions are added to or removed from Ag,S, as 
described above. In this procedure, the situa- 
tion is simple in the @ phase. That is, when 
the current is switched off, an equilibrium 
state is attained very soon. Moreover, the 
ratio of the total amount of electricity, Q, to 
the increase (or decrease) of the electronic 
conductivity, 4oe, is almost independent of 
the Ag/S ratio, at least at the lower tempera- 
ture range of the a phase. It follows that 
every electron accompanied by the introduc- 
tion of a silver ion into a-Ag.S specimen is 


introduced into the conduction band of AgS. 
Accordingly, we have Q/do.=v/p., where v is 
the volume of the specimen. Using this rela- 
tion, p. is estimated as 160-45 cnz sec-! volt-! 
at 180°C. In the @ phase, however, the situa- 
tion is not so much simple: The equilibrium 
state is not attained so soon as in the a phase, 
and, moreover, the ratio Q/4o. depends upon 
the compositions. Fig. 2 shows an example 
of a series of such measurements. The e.m. 
f. of the cell, #, does not depend on whether 
the Ag.S sample is in true equilibrium state 
or not, but depends only on the momentary 
value of »,. Hence, the change of e.m.f., E, 
reveals that of #-. The rate of change of 7, 
may approximately be expressible as 

ane I , pr Ne—Net 

dt ve fo T1 
where the first terms comes from the current, 
the second from capture or donation of elec- 
trons, and the last from unknown mechanism 
with a large relaxation time, 71 (one hour or 
more), %< being the equilibrium value of 
at each moment. If the second term, G, is 
assumed to be reducible to —gdn-/dt (see 
later discussions), then Eq. (20) is reduced to 
D.Q mM Oe— Cet 
vl+g) ti(l+g)- 
In practice, the change of o, between just 
before and after sending a current is taken 
as 4o. in such cases as represented by the 
curves 1 and 2 in Fig. 2, whereas the change 
of o. during initial two or three minutes is 
picked up in such cases as represented by the 
curves 3 and 4 in the same figure, in order 
to avoid the influence of the second term of 
Eq. (21), for we are interested only in fast 
changes in our present work. The (1+ 7) 
values corresponding to Fig. 2 will be shown 
in Fig. 6, where p, will be assumed to be 
50 cm? sec volt. 

Now, although the relation between o and 
the Ag/S ratio is difficult to determine, one 
can measure the relation between o, and & 
with ease. Fig. 3 shows logo. vs e#/kT 
plots at several temperatures. Eq. (5) holds 
good for the 8 phase, whereas theoretical 
values deduced from Eqs. (2) and (3) fit to 
experimental values quite well for the a@ 
phase. In the latter case, moreover, using 
‘pe=160, Ne can be estimated as 5.5 x 10" cms 
and pw." as 4.2kT above the bottom of the 


(20) 


? 


4o.= (21) 


On the Polarization of Silver Sulfide 


789 


200 


E (mV) 


at 171°C 
O tee Me L x 
O | %) 4 
Time (hours) 
Fig. 2. # vs time in removing Ag from fpAg.S. 
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logo, vs eH/kT. 


conduction band. It follows from the JN.- 
value that the effective mass of conduction 
electrons, m*, is equal to 0.24 m. By the 
way, the experimental values of the thermo- 
electric power, 9, of a-AgeS at 180°C can 
be expressed as 

Rk Neonst 


O=~—le =. 4, 
e Ne 


(22) 


for nearly classical regions (e#/kT>1.5), 
where M%eonst=6.7 X 10°, while for more highly 
degenerate regions, @ becomes to deviate 
from Eq. (22) appreciably. Using the clas- 
sical formula O=(k/e)(2+r+log N,/nz.), and 
v=1/2, N, may be estimated as 5.5x10'8. The 
coincidence of these two N,-values deduced 
from quite different experimental bases is 


190 


interesting, although it may be rather for- 
tuitous. 
(6) Polarization and its decay 

Fig. 4 shows two examples of the potential 
changes during polarization and decay pro- 
cesses, A for the a@ phase and B for the 6 
phase. The potential difference between two 
Pt probes (P: and FP», in Fig. 1 (a)), Vi, and 
that between two Ag-AglI probe (A; and A: 
in the same figure), V2, are shown with full 


Time (minutes) 


Fig. 4. Potential vs time. 
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Fig. 5. Stationary potential distribution. 

lines. If the current intensity is not too 
large, the potential difference, Vi, is given, 
integrating the first equation of Eqs. (9), by 
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for the polarization process, where V; is the 
initial potential difference given by Eqs. (8), 
whereas by the first term only of Eq. (23) 
for the decay process. The potential differ- 
ence between two Ag-AglI probes, V2, is the 
sum of the difference of the e.m.f. of two 
cells, each of which consists of the Ag-Agl 
probe and AgeS specimen and a imaginary 
Pt probe at the same position of the speci- 
men, #,—,, and the potential difference be- 
tween such two imaginary Pt probes, (/e/e— 
®)2—(pte/e—@®)1, but the former is equal to the 
difference of —y-/e according to Eq. (2) and 
V. is, therefore, equal to the difference of 
the electrostatic potential, ®. Hence, V2 is 
given, integrating the second equation of Eqs. 
(9), by 


Vpn yy be teeta! peer) 


is (24) 
Ot (@ 


for the polarization process and by the second 
term only of this equation for the decay pro- 
cess, where the prime indicates the small 
difference of the positions between P; and Ai, 
or P, and A,. The difference, Vi—V2, with 
a proper correction for the difference of the 
positions of the probes, is equal to the dif- 
ference of the chemical potential divided by 
€, (ptelae)— pee(a1))/e, which is also shown as 
broken lines in Fig. 4. 

All features seen in the figure are just as 
expected from the theory described in § 2 (b). 
The experimental data for those two examples 
are as follows, where the first value in each 
parentheses is referred to A of those two, and 
the second is to B: Temperature (185; 170)°C 


the e.m.f., &, (152; 149)\mV; the current 
intensity, J, (0.84; 4.0x10-°) amp/cm?; the 
stationary potential, Vs, (31.7; 6.8)mV; the 


residual potential, V,, (0.7; 2.4)mV; the elec- 
tronic conductivity, oe, (140; 3.11072) Q-! 
cnt*; the ionic conductivity, o:, (3.1; 1.7x 10-2) 
O-' cm; the time constant, t, (17.4; 35) sec; 
c (1.5; 1.0); g (039); the mobility of electrons 
obtained with the use of Eq. (19), p, (142; 70) 
cm? sec’ volt*: the total length of the speci- 
men, L, 5.7 cm; and the distance between Pi, 
and P; is 5.2 cm for both A and B. 

In the stationary state, the potential dis- 
tribution is given by Eq. (14). Fig. 5 shows 
three examples, A for the 8 phase, and B 
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and C for the w phase. V;(2) vs x/Z plots 
are shown in the lower part of the figure and 
exp (—eVs(x)/kT) vs z/L plots are in the upper 
part of the figure, where x is the distance 
from the cathode. The e.m.f. of the end 
cells (Ai—P; and A,;—P, in Fig. 1 (a)) are 
also shown in the figure. The difference be- 
tween them is equal to Vs and potentials of 
six Ag-AgI probes are equal to each other. 

In regard to the rate of change of potentials 
one cannot expect so high accuracy, but, 
nevertheless, the experimental results are 
proved to be in accordance with the theory 
within their accuracies. The time constant, 
t, is expected to be given by Eq. (19) with 
g=0 and proper c-values for the a@ phase, 
whereas with c=1 and proper g-values for the 
B phase. The c-values can be evaluated easily 
from Fig. 3 as a function of o- or eE/kT, and 
the g-values may be obtained from measure- 
ments described in (a) of this section. 
Rigorously speaking, the third term of Eq. (20) 
should be taken into consideration for the 8 
phase. In fact, such slow changes are ob- 
served, but may be left out of consideration 
for our present purposes, since the amount of 
the slow change is not so large and its time 
constant, is far larger than t for the 
polarization process. Fig. 6 shows the results 
of two series of measurements with the same 
specimen, one for the @ phase (183°C) and 
the other for the 8 phase (170°C). In the 
figure are plotted the ionic conductivity o; 
(Q-! em-1), the mobility of electrons obtained 
from t with the use of Eq. (19), de (crm? sec} 
volt-!), for both cases, c-values for a, and 
(1+g)-values obtained from measurements 
shown in Fig. 2 for $, against eZ/kT. o; and 
pe. are independent of the compositions and 
the p.-values are always in accordance with 
the values obtained from the Hall constant 
(170+10 for aw and 60+10 for 8) and with 
those obtained from the ratio Q/doe (1605 
for a) within the accuracy of measurements. 
The similar consistency has been observed at 
other temperatures. 
(ce) Electronic and ionic conductivities 

In the @ phase, the electronic conductivity, 
oe, is almost independent of the temperature 
as seen in Fig. 3. The situation is similar 
to that of the B-Cu.,S” except the current is 
carried by electron-holes in the latter case. 
In the f#-phase, however, the situation is 
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rather complicated. Fig. 7 shows o- and o: 
vs temperature plots in the @ phase. a; 1s 
almost independent of the compositions and 
increases with rising temperature, whereas o- 
is varied by about 100 times according as the 
Ag/S ratio is varied, The upper limit of o 
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is that of a sample which is in equilibrium 
with metallic silver, while the lower limit is 
that of a sample which is treated at about 
450°C in a glass tube sealed together with 
sulfur. In these two limiting cases, o- in- 
creases exponentially with increasing tem- 
perature with the similar activation energy 
(0.8eV). The temperature dependency of ce 
of a sample with a fixed Ag/S ratio is, how- 
ever, not always similar to these limiting 
cases. The loop-like curves from 1 to 5 in 
Fig. 7 represent o. at varying temperatures 
when the temperature of the specimen 
(measured with Cu-Constantan thermocouples 
attached to the both electrodes as shown in 
Fig. 1 (c)) is lowered, starting from 174°C, 
and then immediately raised back to 174°C at 
the rate of about 2°C/mn.. The hysteresis 
effect is not remarkable. Although these 
plots do not represent oe vs T relation in the 
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true equilibrium state at each moment since 
it takes several hours for the specimen to 
attain equilibrium state at each temperature, 
they may be useful as far as only the fast 
changes are concerned. They will be discussed 
later. In the same figure, o. with the same 
g-values vs temperature plots (equi-g-lines) are 
shown as dotted lines, where the g-values are 
estimated from Fig. 8 in which the g-values 
obtained from experimental t-values and Eq. 
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(19), assuming ~-=50, are plotted against o- 
in log-log-scale. g may be related to o- and 
the absolute temperature, 7, approximately 
by 


g=g0exp(—U/kT)/a-? , (25) 


where U is about 1.1 eV. 


§5. Discussions 


The experimental results on polarization 
and its decay processes have been proved to 
be in good accordance with the phenomeno- 
logical theory. Upon the atomic view-point, 
however, some problems remain still unsolved, 
particularly for the ® phase. We should like 
to discuss those circumstances for a while. 
The situation seems to be simple for the @ 
phase. As has been deduced from x-ray 
investigations by Rahlfs™, silver ions are dis- 
tributed among a large number of nearly 
equivalent lattice sites. The excess Ag atoms 
over the stoichiometric ratio may be situated 
among these available sites and may be in 
ionized state, delivering the same number of 
electrons into conduction band. It is there- 
fore very plausible that the same number of 
conduction electrons as Ag ions are introduced 
when a current is sent across the cell, and 
that the density of conduction electrons does 
not increase with increasing temperature. In 
the B phase, however, the situation is not so 
simple. 

As seen in Fig. 7, the circumstances for 
the higher conductivity range are rather 
similar to those of the @ phase. That is, g 
is almost zero and o is almost independent 
of the temperatures. It may be supposed, 
therefore, that atomic features are also similar 
to those of the a phase described above. In 
the lower conductivity range, however, g is 
far larger than unity and o, increases as the 
temperature rises. In the case shown in Fig. 
2, for example, 3.810!” of Ag atoms must 
be removed from the specimen per 1 cy in 
order to change o from 0.7 Q-! em (E=22 
mV, Me=9X 10!°) to 0.03 O71 cm! (E=140 mV, 
m.=4%x 10°) at 171°C. If we suppose that the 
density of excess Ag atoms is nearly equal to 
that of conduction electrons in high con- 
ductivity specimens, then we must conclude 
that Ag atoms are deficient to a remarkable 
extent in low conductivity specimens. In 
spite of this deficit, AgS is still n-type. It 


follows then that a large number of Ag ion 
vacancies exists and plays a particular role 
in the lower-o, range. Let us propose a pos- 
sible model which has the required properties: 
Suppose a Ag ion vacancy forms a neutral 
“complex” cooperating with its neighboring 
sulfur ions, so that it may act as a sink for 
a silver atom. M. H. Hebb” has suggested 
that a certain fraction of sulfur may exist in 
the form of S. in AgsS. Our complex might 
be a combination of Ag ion vacancy and S,. 
In any way, such complexes will be in equili- 
brium with the Ag ions at the interstitial or 
available sites if there are several equivalent 
lattice sites as in the @ phase. Let the den- 
sity of the former be 7, and the latter, 22;. 
Then 


Riis SIN (26) 
Hence, g may be expressed as 
dN. nN? 


This expression is in accordance with Eq. (25). 
Moreover, in a sample with a fixed Ag/S 
ratio, 2:—m- (=n) will remain constant for 
varing temperatures. Then 2, may be related 
to the temperature by 


N(mi—n)= f(T). (28) 
It follows from Eqs. (27) and (28) that n=n, 
if g<l1, whereas ».=f(T)/—n (n<0) if g>1. 
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These two extreme cases can be seen in Fig. 
7; the curve No.1 or 2 in it represents the 
former case and the curve No. 5 is an ex- 
ample of the latter. Thus the general 
features are consistent with our model at 
least qualitatively. Alternative models may 
be of course possible. 

Finally, we have not payed much attention 
to the slow change which might be attributed 
to the diffusion of sulfur ions or vacancies. 
The more detailed discussions on this subject 
should be left to the investigation in future. 


The author wishes to express his sincere 
thanks to Mr. Y. Suzuki who kindly prepared 
the samples and to Mr. I. Yokota for his kind 
discussions and advices. This work was sup- 
ported by the research grant of the Ministry 
of Education. 
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X-ray Studies on the Structures of Solid Solutions NaCl-CaCle 


Il. Structures of {111} and {310} Plate-Zones 
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Structures of {111} and {310} plate-zones explaining the rod distribu- 
tions of intensity weight in reciprocal space revealed in X-ray patterns 
from solid solutions of NaCl containing a few per cent of CaCl» (reported 
in Part I) is proposed. The plate-zones are considered to be composed 
of a number of smaller units, called platelets, which are disposed in 
anti-phase relation among themselves in a plate-zone. We proposed 
probable models of the structures of the two kinds of platelets making 
up the {111} plate-zone and the {310} plate-zone respectively by assum- 
ing that each platelet has crystal structure resembling that of CaCls, 
retaining, however, coherency with the matrix. The qualitative agree- 
ment was found between observed and calculated intensities of rod dis- 
tributions in reciprocal space. 

The proposed CaCls-like structure of the {111} platelet seems to be 
plausible one, since it was found that its orientation was followed 
by that of CaCl, particle which precipitated by a certain heat treatment. 
In the case of the <310> rods, the proposed structure of the {310} plate- 
zones is rather tentative. Absolute intensity of the <1ll> rods was 
roughly estimated by comparing it with that of thermal diffuse scatter- 
ing from pure NaCl crystal. It was found that we could expect the 
intensity of the diffuse spots due to the rods to be of the same order as 
that of thermal diffuse scattering even when only a few per cent of the 


dissolved Ca** ions are participating in the {111} plate-zones. 


$1. Introduction 


In previous papers», Miyake and the 
present author have studied the diffuse scatter- 
ing of X-rays from single crystals of the 
solid solutions NaCl-CaCl., and have revealed 
that there are rod-like distributions of intensity 
weight in reciprocal space, running along<111), 
and <310>, through some of reciprocal-lattice 
points corresponding to the matrix. These 
rods were interpreted as being due to small 
plate-like precipitates formed in the solid 
solution. These thin plate-like regions, called 
the plate-zones, which are perpendicular to 
the rod concerned, were considered to be the 
places where the dissolved Ca** ions and ac- 
companying positive ion vacancies are con- 
centrated by the process of the motivated 
precipitation. 

As was fully discussed in Part I, the struct- 
ure of the plate-zone explaining the observed 
distribution of rods in reciprocal lattice (which 
are reproduced again in Figs. la and b for 


[111], rods and [031], rods respectively) can 


not be a simple inclusion having a coherent 
crystalline pattern, but should be a dense ag- 
gregate of a number of smaller units. It was 
supposed that these units, called the platelets, 
have certain crystalline structures with super- 
lattice periods, composed of Ca*+ ion, positive 
ion vacancy as well as Na* and Cl- ions. 
The platelets contained in a plate-zone were 
assumed to be disposed in anti-phase relations 
among themselves. The positions of ions in 
a platelet were regarded to be generally dis- 
placed from the lattice sites of the original 
matrix. 

The further step of our study is to propose 
suitable models of the structures of platelets. 
This can naturally be not easy, because be- 
sides the observed distribution of rods in 
reciprocal space only few knowledges are 
available for this purpose. The following 
conditions, however, may be presumed: (i) 
the packing of ions in a platelet should be 
reasonable with respect to their ionic radii, 
and also compatible with the structure of 
matrix surrounding the platelet; (ii) the 
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arrangement of ions in a_ platelet should be 
electrostatically reasonable. 

The presumption as follows may also be 
permissible: (iii) the arrangement of ions 
around a Ca** ion in a platelet and that in 
the crystal structure of CaCl, are similar to 
each other. 

Guided by the above principles, we propose 
in the present paper probable models of the 
structures of the two kinds of platelets making 
up the {111} plate-zone and the {310} plate- 
zone respectively. The qualitative agreement 
was found between observed and calculated 
intensities of rod distributions in reciprocal 
space. Concerning the structure of {111} 
platelet, there is an evidence favouring the 
proposed model (§ 4). The model for {310} 
platelet is of much more tentative nature. 

The theoretical basis for interpreting the 
diffraction patterns are to be referred to Part 
i. 


§2. Model for Structure of {111} Platelet 
a) Characteristic feature of distribution of 
<111>, rods tn reciprocal space. 

As mentioned in Part I, many of reciprocal- 
lattice points other than the reciprocal-space 
origin are accompanied by <111>, rods, but 
their intensities are uneven. For instance, 
[111], rods are absent at the reciprocal-lattice 


| points (000), (111), (222) etc., and very faint 
at some of the {220} reciprocal-lattice points 


(Fig. la). These features may be summarized 
as follows: 


The intensities of the [111], rods are miss- 
ing or very weak at the reciprocal-lattice 
| points with the indicies having the relation 


h+k+2l=0 (mod 3). (aly 


The [111], rods other than above mentioned, 


| so far as observed, show appreciable and all 
} comparable intensities. As has already been 
| explained in Part I, the missing of rod at the 


reciprocal-space origin is in accordance with 
the assumption that the number of dissolved 


} Ca*t+ ions and that of positive ion vacancies 


-resultingly produced are equal to each other. 


b) Analogous features in crystal structures 
of NaCl and CaCl; 


The crystal structure of CaCl, possesses a 


| rhombic lattice with parameters a=6.24 A, 
| b=6.43 A andc=4.20 A®. Fig. 2 shows its (001) 


/ 


(b) 


Fig. 1. Distribution of rods for a single plate 
orientation. 


(a) for the (111) plate; (b) for the (031) plate. 
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Fig. 2. (001) projection of CaCl, structure. Small 
circles are Ca++ ions, and large circles are Cl- 
ions. Open circles are on O-th layer; solid 
circles are on 1/2-th layer. Dotted lines con- 
necting the Cl~ ions in [100] and [010] directions 
respectively are drawn so as to indicate the 
wavy structure of Cl~ layers. 
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Fig. 3. Mode of packing of six Cl- ions around 
a cation (shaded circle) for NaCl and CaCl. 
Solid circles correspond to NaCl structure and 
dotted circles to CaCl, structure. Direction of 
projection for NaCl is [111]. 


Plane of prolection : (110) 


Fig. 4. (110) projection of NaCl structure. Small 
circles are Nat ions, and large circles are Cl- 
ions. Open circles are on the plane of the 
paper; solid circles are on a plane at the 1/2 
height from the plane of the paper. 


projection. It is noticed that the crystal 
structures of NaCl and of CaCl, have an- 
alogous features as follows: 

(i) In the both of structures each cation is 
surrounded by six anions and the configura- 
tions of these seven ions are quite similar 
(Fig. 3). 

(ii) The NaCl structure contains close-pack- 
ed planes of anions parallel to {111} accord- 
ing to the layer order --- ABCABC.: --, planes 
of cations being alternately inserted between 
them. Similarly, the CaCl, structure also 
contains nearly close-packed planes of anions 
parallel to both (100) and (010) planes, ac- 
cording to the hexagonal order ---ABABAB 
---, though these planes are not planar but 
wavy. The layers of cations, which are not 
wavy, are packed alternately between the 
anion-layers (Fig. 2), 
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(iii) The value of Cl- layer distance in the 
NaCl structure, 3.25 A, is near that of the 
Cl- layer distance in the CaCl, structure, 
3.12A in the [100] direction and 3.215 A in 
the [010] direction. 

(iv) The value of Na*-Na* (or Cl--Cl-) 
distance in the <110) direction of NaCl, 3.98 A, 
is near (within 10%) that of the Ca**—Ca** 
(or Cl--Cl-) distance in the [001] direction of 
CaCl, 4.20 A. 

On the basis of the above mentioned 
similarities, we can show that the CaCl: 
structure can result by a simple procedure 
from the NaCl structure, by replacing Nat 
ions at certain lattice sites by Cat* ions and 
correspondingly removing Na* ions from 
certain other lattice sites, and, finally, suit- 
ably distorting the resultant structure. Then 
the following assumption becomes plausible: 
The platelet is a transient product preluding 
to the precipitation of the full structure of 
CaCl., having a structure which resembles 
closely the CaCl, structure and at the same 
time maintains the coherency with the original 
NaCl matrix. 

c) Proposed model of structure of {111} 
platelet 

We propose in this paragraph a model for 
the structure of {111} platelet in accordance 
with the above anticipation. In order to make 
clear the essential features of the proposed 
structure, we explain below how this structure 
follows from the structure of original matrix, 
although the explained procedure does not 
necessarily imply the actual process of the 
formation of platelets. 

Fig. 4 is the projection of NaCl structure 


along [110] on (110) plane. where the species 


of Cl- and Nat layers parallel to (111), which 
is perpendicular to the figure, are discriminat- 
ed by symbols --- ABCABC.:-- and ---abcabc | 

- respectively. Let us replace a few ad-. 
jacent Nat layers in certain region of the | 
NaCl matrix by layers composed of Ca** ions. 
and positive ion vacancies (the Ca** layers). | 
The Ca** ions and vacancies, replacing Na* 
ions in the previous layers, are assumed re-_ 
spectively to align in chains in the [110], 
direction, the two kinds of chains in one 
layer being arranged in an alternating: 
sequence (cf. Fig. 7). Let us denote the new | 
layers as ---a’b’c’ etc.--- according to the 
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dablem: 


to the region of stacking fault. 
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Examples of stacking order of ionic planes in {111} platelet. 
corresponds to the region of CaCly-like structure, and ~ corresponds 


a 


layers. Let us next consider a process such 

} that the cubic close-packed layers of Cl- ions 

| in the replaced regions are transformed into 
hexagonal order, i.e., into ---ABABAB..., 
and, at the same time, the Ca*t layers be- 
tween them are displaced so as to fit these 
hexagonal Cl- layers. Then we obtain a 
CaCl,.-like structure locally imbeded within the 
original NaCl matrix. 

There may be a lot of varieties in both the 
number of Ca** layers replacing Na* layers 
| and the mode of their distributions. In Table 
| I some of the most simple types are shown, 
| where the first row corresponds to the original 
| NaCl matrix. The type shown in the 2nd 
row, in which only one Na? layer is replaced 
by a Cat* layer without any change in ionic 
|| sites, can contribute only little to the inten- 
| sity of rods (see Part I, §5). However, we 
-can expect appreciable rod intensities, when 
/ more than one adjoining Nat layers are re- 
| placed by Cat** layers as indicated in the 3rd, 
\ 4th and 5th rows in Table I and then a 
| CaCl,—like structure is formed there in a way 
-as mentioned above. The arrangement of 
ions for the case of the 4th row is drawn in 
Big. 5. 

In these examples we have assumed that 
the original NaCl matrix is subjected to no 
change except for the part of the CaCl.-like 
structure, although we should permit stacking 
faults to occur for a few atomic layers ad- 
|jacent to the CaCl,-like structure. The fault 
of this kind contributes to the intensities -of 


.rods as well. 

' The {111} platelet is, then, regarded as the 
‘region having the CaCl,-like structure, ac- 
companied by an additional part containing a 
few stacking faults. 


1 
' 
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sequence ---abc etc.--- of the previous §3. Intensity Comparison for <111), Rods 


In this section relative intensities of rods 
expected from the plate-zone composed of the 
platelets having structures proposed in the 
previous section are compared with those ex- 
perimentally obtained. 

The structures of platelets mentioned above 
are two-dimensionally periodic along directions 

f parallel to the plane of platelet. Let us now 


consider a (111) platelet composed of 3 
atomic planes (counting Catt, Cl- and Nat 
layers together), in which Cat* ions and 


vacancies aligning in chains along the [110] 
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Fig. 5. Structure of (111) platelet corresponding 
to the stacking of the type as shown in the 4-th 


row of Table I. Plane of projection is (110) of 
the matrix, 
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direction. Then the structure amplitude /” 
(corresponding to the expression (3) of Part 
I, contributing to the diffuse scattering) is 
given by 
I’ =F (h) > exp 2nimh(— 2a, + 32) 
ge 


x Si exp 2zin.h(a,+a3), (2) 


ns 
where @,, ad, and a3 are the vectors of the 
cubic cell for NaCl, —i3a,+ia. and 
@,+a; are the vectors parallel to (111) and 
are respectively the lattice period along the 


lattice rows [110] (parallel to the chains) and 


unit 


(121) 


(112) 


(112) 
Fig. 6. Possible directions of lateral displace- 


ments of layers in the (111) platelet. 


[011] (across the chains) (cf. Fig. 7); >. and 
ue 


>; mean the sums over the lattice points on 


Ne 
these rows. 

The structure amplitude F(A) which depends 
on the arrangement of layers in the platelet 
is expressed by 


F(h)= >i{ —frat+(1 +exp 27¢h(3a2 + 3a3)) 
nz 


+feat + EXD 2nthdn,} exp 2rinzhaz 
+2>i(—fa-+fa- exp 277hdn,) 
ane 


x (1+exp 277h(2d2+2d3)) exp 2xz(ms +3)hds 
PSC ee + frat exp 2nthén,) 
1, 


x (1+exp 2z7h(4a,+443)) exp 2xinshaz , (3 ) 
where co-ordinate origin is taken at a Nat 
site of the original matrix and 73 the index 
specifying each atomic layer in the platelet, 
ranging from 0 to N3—1 irrespective of the 
species of the layer, and é,, the vector of the 
lateral displacement of the layer concerned. 


The sum >) corresponds to the layers com- 
Ne 
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posed of Ca** ions and vacancies, the sums 
Sv and »” correspond respectively to Cl” 


Ne Ne : 
layers and Na* layers that are subjected to 


lateral displacements. 
a) Extinction rule of rods 

The equation (2) gives a rod distribution in 
reciprocal space. The relative intensities of 
rods are proportional to |/(A)|?, where H 
represents the vector of reciprocal-lattice points 
corresponding to the matrix. 

There are six possible directions for lateral 
displacements of layers in the (111) platelet, 
ie., [112], +[211] and +[121] (Fig. 6). When 
we assume the displacement to be parallel to 
+[112], 6, for each mode of displacement is 
given as follows: 


5, Sa a ee 
for e.g. A-B, bc’ , (4) 
On Dy vs — 
a 6 6 3 


for e.g. BoA, ac’ . 
Then it follows from (3) that /(4)=0 for the 
reciprocal-lattice points with indices satisfying 
(1) when the relation 2fya+~foa++ is taken into 
account. The same result also follows for the 


displacements parallel to +[211] or +[121]. 
The experimental features of the [111], rods 


mentioned in §2 a) is thus explained by the 
proposed model. 


b) Formation of platelets in anti-phase 
relation 

Though the <111>, rods are not observed at 
the reciprocal-lattice points corresponding to 
the super-lattice indices, e.g., (100), (110) etc., 
F’ given by (2) does not necessarily vanish 
at these points because the summation 
corresponding to >) in (2) has maxima when 


Ny 


h(a,+a3)=m, (mm: integer). (>) in (2) has 
cory 


maxima when A(—a,+d@2)=27m (9:: integer), 
so that this summation gives no super-struct- 
ure maxima.) As discussed in Part I, this 
discrepancy is removed by assuming the 
formation of platelets in anti-phase relations 
among themselves. 

Doubled circles and crosses in Fig. 7 show 


the positive ion sites in a (111) layer of the 
matrix. Let us consider a platelet such that 


the Ca** chains assume the [110] rows corre- 


mCrOSSES. 


sponding to double circles and the chain of 


vacancies the [110] rows corresponding to 
We can conceive another platelet 
having a structure which is different from the 
former only by the fact that the Cat* chains 
assume the position of crosses and the chains 
of vacancies assume the position of double 


. circles. 


Between the structure amplitudes F(A) for 
these two kinds of platelets, Fi(A) and F.(h), 


) we have a relation 


F(h)=F(h) exp 2zih(4a_+4a3) . (Ey) 


When the (111) plate-like region is made up 
of an aggregate of such anti-phase platelets 
disposed laterally from each other (Fig. 8), 
we can readily see, according to the consider- 
ation in Part I, that the rods appear only at 


_the normal reciprocal-lattice points but not at 
| the super-reciprocal-lattice points. 


(c) Relative intensities of <111>, rods 

The relative intensities of rods at the normal 
reciprocal-lattice points are not influenced by 
the formation of anti-phase structure, and 
are proportional to |F(M)|? as before; the 


' extension of rods depends on the thickness 
of the plate-zone. 


H 


The 4th column in Table II shows experi- 


Table II. Relative intensities of [111], rods. 


y 


) 


(hkl) h+k+2l Cal. Obs. 
(000) 0 0 = 
(111) 4 0.4 S 
(111) 0 0 2s 
(200) 2 10 vs 
(020) 2 10 vs 
(002) 4 10 vs 
(002) =4 10 vs 
(220) 4 8 s 
(202) 6 0 vw 
(022) 6 0) Vw 
(202) =? 8 S 
(022) —2 8 s 
(222) 8 6 m 
(25) Gs 0 0 — 


| mental relative intensities of the [111], rods 


according to visual estimation. The 3rd 
column corresponds to the relative values of 
|FUH)|? calculated from the model shown in 
Fig. 5. In the calculation we have neglected 
the effect due to absorption, polarization and 
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Fig. 7. Ca++ layer parallel to (111). Double 


circles are Cat+ ions; crosses are vacancies. 

m, and #») are indexes corresponding to >) and 
Ry 

> in Eq. (2) respectively. Pair of Ca*t*+ and 

Ny 

vacancy enclosed by a hatched area corresponds 

to a supper structure unit of Catt layer. 


Fig. 8. A plate-like precipitate as an assembly 
of super-structure domains in anti-phase rela- 
tion. 


temperature factors etc. We can readily 
verify that other types listed in Table I give 
almost the same results. 

The agreement between observed and cal- 
culated intensities is generally good except 
for the rod at the (111) point for which the 
observed intensity of the rod is stronger than 
the result of calculation. This discrepancy 
seems to arise from the idealization in our 
model that the ions in the platelet are assum- 
ed to occupy precisely the sites, say as given 
in Fig. 5. If such is the case, the contribu- 
tions to the (111) reciprocal-lattice point from 
the positive ion layers and the Cl layers have 
always the phase difference x with each 
other. Consequently, the intensities of the 
rods at (111) points can never become ap- 
preciable. However, we can conceive that 
shifts of Cl- ions as well as of Ca** ions 
adjacent to vacancies from the assumed 
positions are actually quite possible. When 
we take into account this possibility the phase 
relation between Ca** layers and Cl- layers 
are altered, and we can expect stronger in- 
tensities of rods at the (111) points of the 
matrix. From the similar ground, stronger 
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intensities can be expected also for the <111),. 
rods through some of the {220} points, for 
which the intensites calculated from our model 
are approximately zero. 


§4. Orientational Relationship between 
{111} Platelets and Precipitated 
Particles of CaCl, 


The CaCl:-like structure assumed in the 
above discussions is described by an orthor- 
hombic lattice. The orientational relation 
between this (P) and the matrix lattice (M) is 
as follows. 


(11D)w//(010)p , | 
[110]x//[00l]J>. | 


Though the CaCl-like structure is by no 
means the perfect CaCl, structure (C), the 
similarity between the both structure is 
obvious when we note that (010), corresponds 
to (100), or (010)¢ and [001] to [001]ec. 

In view of the close similarity of both 
structures, one may suppose that if there took 
place the precipitation of CaCl, particle in the 
matrix by a certain heat treatment, its orient- 
ation would be similar to that of CaCl.-like 
structure of platelet indicated by (6). This 


(6) 


Fig. 9. (010) projectian of NaCl matrix lattice 
containing Ca+*—Cl--Cl--Ca*+* chains in [103] 
direction. Double circles are Ca++ ions; crosses 


are vacancies. (Chains in [103] direction are also 
equally possible.) 


anticipation is proved to be actually the case. 
When the specimen was heated at 300°C for 
1 hour, the diffraction photograph taken by 
the rotating-crystal method showed a sharp 
spotty pattern superposed on the diffraction 
pattern of the NaCl matrix. It was found 
that these spots are due to CaCl, crystals 
having the orientational relation with the 
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lattice of matrix as follows: 


{111} //(100)¢ or (010)¢ 3 
£110).,//[001 Je : 


This relation is in accordance with that an- 
ticipated from (6) and the similarity between 
the CaCl, and the CaCl.-like structure. 

The above result not only favours the pro- 
posed model of the structure of {111} platelet, 
but also suggests the fact that the precipitat- 
ed particles of CaCl, have grown up from the 
{111} plate-zones by succeeding the orienta- 
tion of the platelets. We can conceive that, 
when the crystal is heated at higher tem- 
peratures, some of the platelets in piate-zones 
have greater opportunity to grow by consum- 
ing the rest of the platelets, and the ions in 
the plate-zones may rearrange themselves so 
as to result in the normal structure of CaCl, 
which is incoherent with the matrix. 


(7) 


§5. Structure of {310} Platelet 


Let us now discuss the structure of the 
{310} plate-zone. As in the case of the {111} 
plate-zone, the {310} plate-zone is assumed to 
be composed of a number of platelets. We 
propose below a tentative model for the (031) 
platelet which is qualitatively in accordance 
with the main characteristics of Fig. 1 as 
follows: 

(1) There are no rods through the reciprocal- 
lattice points (000), (020) (020), (002), (002), 
(022), (022), (022) and (022), for all of which 
we have h=0. 

(ii) There appear no rods around the re- 
ciprocal-lattice points (202), (202), (202), (202) 
and all of {222} (for which 7=+2). 

(iii) There appear no rods through all of 
the {111} points. 

On proceeding to our consideration we 
presume firstly that in the (031) plate-zone 
the displacements of ions from the original 
sites of matrix occur nearly in the directions 


[100] or [100]. This presumption renders the 
relation (i), for, if an ion at an original site 
is displaced along [100] by the distance 2/a 
(a: the lattice constant of the NaCl matrix), 
it may contribute to the structure amplitude 
(corresponding to the diffuse pattern) the 
factor proportional to —1+exp (2xihz/a), 
which is zero when h=0. 

Next, we consider that the following rela- 
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tion is important: 

(iv) In Fig. 9 showing the (010) projection 
of NaCl structure, we see that the Na*t- 
Na* distance along [103] direction, 8.90 A, is 
approximately equal to the length of Ca**-—Cl- 
—Cl--Ca**, 8.96 A, in the [110] direction of the 
CaCl; structure. 

Interpreting this numerical coincidence as 
not accidental, we assume that platelets 
making up the (031) plate-zone contain Catt- 
Cl--Cl-—Ca** chains in the direction [103] of 
the matrix. The formation of this kind of 
chain is compatible with the framework of 
matrix lattice. In Fig. 9, it is shown that 
the Ca**—Cl--Cl--Ca** chain results when two 
Na* ions of the original matrix are replaced 
by Ca** ions (indicated by double circles), 
and then the two Cl- ions (indicated by broken 
circles) are displaced to the positions between 
the two Cat* ions. Two Nat ion vacancies 
are simultaneously produced at positions in- 
dicated by crosses. By taking account of the 
relation of ionic radii, the components of 
Cl- displacements are assumed to be approxi- 
mately --2/a=1/6 and +2/a=1/18. Though 
these displacements are not exactly parallel 
to [100], the relation (i) is scarcely detracted 
as the z-component is quite small. 

We further presume that the structure of 
{310} platelet is again a CaCl.-like structure. 
Noticing the fact that the CaCl, structure is 
built of the two kinds of atomic layers parallei 
to (001), one composed of the Cat*—Cl--—Cl-- 
Ca*+ chain in the direction [110], and the 


other the similar chains in the direction [110] 
(cf. Fig. 2), we assume that also the (031) 
platelet is composed of two species of layers, 
one containing the Ca**-Cl--Cl--Ca** chains 
in the direction [103] and the other the short 
chains of new kind as indicated in Fig. 10. 
The new chains, being the short chains 


Ci--Ca*t-Cl- nearly parallel to [403], can be 
reasonably introduced into the NaCl frame 
work by locating Ca** ions at the positions 
midway between two adjacent Cl (or Na*) 
sites of the original matrix, and displacing 
these Cl- ions by the amount -t2/a=1/6, 
+2/a=1/18 (in the direction which is again 
nearly parallel to [100]). This displacement 
as well as the position of the Ca** ion is 
spatially allowable since the neighbouring two 
Na* ions (indicated by crosses) are regarded 
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to be removed according to the condition of 
neutrality of charge. 

Fig. 11 shows the structure of thus proposed 
model for (031) platelet. This structure, com- 
posed of the two kinds of chains as assumed 
above, being a sheet of about 4.45A_ thick 
perpendicular to (031), is compatible with the 
frame work of NaCl lattice, and is CaCl.-like 
although the angle between the two kinds of 


Fig. 10. (010) projection of NaCl matrix lattice 
containing Cl-~Cat+t-Cl- chains. 


(031) platelet 


5S ie 


rh 


Sy? 
\\y 


Fig. 11. (031) platelet composed of two kinds of 
chains shown in Figs. 9 and 10. 


chains is not equal to 90° and the spacing 
between two successive (010) layers containing 
either of the two kinds of chains (2.81 A) is 
much larger than the corresponding spacing 
2.10 A in the CaCl, structure. 

We can consider as weli another possible 
(031) piatelet which is built of the Ca**-Ci-- 


Ci--Ca** chain in the [103] direction and the 


S02 


Cl--Cat*-Cl- chain in nearly parallel to [403]. 

The formation of these platelets in anti- 
phase relation is also possible. 

By taking account of the above circum- 
stances, the intensities of [031], rods due to 
the (031) plate-zone composed of the proposed 
platelets are calculated as shown in Table III. 


Table III. Relative intensities of [031], rods. 
(hkl) Cal. Obs. 
(000) 0 — 
(111) 0 — 
(200) 10 vs 
(020) 0 — 
(002) 2 — 
(220) if Ss 
(202) 3 — 
(022) eS — 

) 3 — 


(222 


The result is in accordance with the experi- 
mental relation (1), and also qualitatively with 
(ii) and (iii). 

The above model for {310} plate-zone, how- 
ever, is by no means free from objections. 
Especiaily, the assumption concerning the 
presence of the ionic chains (Cat+-—Cl--Cl-- 
Cat* and Cl-—Cat*-Cl-) is only weakly found- 
ed. Furthermore, experimental evidences 
favouring this model, such that described in 
§ 4 with respect to the modei of {111} plate- 
zone, is wanting. As the number of rods 
observable is very scanty for <310>, rods as 
seen in Fig. 1, it seems to be difficult to 
arrive at the conclusive model of {310} plate- 
zone. The consideration presented in this 
section is, therefore, to give a probable model 
of the {310} plate-zone among other possibi- 
lities. 


$6. Discussions 


a) Absolute intensities of diffuse spots due to 
plate-zone 

In the above sections we estimated the 
relative intensities of rods on the basis of the 
proposed models for the structures of plate- 
zones. The result was especially successful 
for the case of <111), rods. 

There remain, however, questions concern- 
ing their absolute intensities, since the inten- 
sity of diffuse spot corresponding to rods is 
seemingly too strong in spite of small pro- 
portions, only a few per cent, of dissolved 
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component. 

To estimate experimentally the absolute 
intensity of diffuse spot due to plate-zones, 
the intensity of thermal diffuse spot from a 
pure NaCl crystal can be conveniently utilized 
as comparison, since the theoretical formula 
is available for the thermal diffuse spot, and 
moreover, the intensities of both kinds of 
spot are comparable with each other in many 
cases as revealed by the following observa- 
tion. 

We took series of stationary crystal X-ray 
photographs for two samples having the same 
external dimension, one the solid solution of 
NaCl-CaCl, containing 2% CaCl, and the other 
a pure NaCl crystal, by varying the angle 
around [001], with incident beam (filtered Cu 
radiation) in the direction perpendicular to 
[001] (cf. §2, Part I). Each photograph was 
taken under similar conditions of X-ray source 
and exposure. We compared specifically the 
intensity of diffuse spot from the solid solu- 
tion due to the <111>, rod passing through 
the (200) reciprocal-lattice point and that of 
thermal diffuse spot from the pure crystal 
accompanying the same reciprocal-lattice point. 
It was confirmed, for example, that the 
intensity of the diffuse spot from the solid 
solution for the angle g (the angle between 
incident X-ray beam and [010])=23°, and that 
of the thermal spot from the pure crystal for 
@=21°, agree to each other in order of 
magnitude. 

The intensity of thermal diffuse spot from 
the pure crystal is approximately given by” 
J=LART 2 )h/t PA/Q\F/8Pe?"(6V/v0) , (8) 
where J. is the X-ray intensity scattered from 
a single electron, dV the whole volume of the 
crystal, vw the one eighth of the unit cell 
volume, F the structure factor of NaCl 
crystal, C the average velocity of the elastic 
waves in the crystal, 2 the average mass of 
a Na* ion and a Cl ion, h the distance of 
the reciprocal-lattice point concerned from 
the origin, t the distance from the point con- 
cerned in the reciprocal space to the relevant 
reciprocal-lattice point, and e?” the Debye 
temperature factor. Corresponding to the 
thermal spot accompanying (200) (for which 
F/8=3(f vat+fo-)~10, e?*~1 and h=5cm-?) 
for g=21° (which corresponds to r=0.5 cm=), 
J becomes 


| 


| 


J~100-L,-AdV/vy . (9 

A formula giving the absolute intensities of 
the diffuse spots due to plate-zones can be 
derived by simplifying the structure of matrix 
crystal (NaCl) and that of plate-zones as 
follows: 

i) The matrix crystal is composed of one 
species of ions having the average scattering 
amplitude fo=3(fxa++fci-) occupying sites of 
a simple cubic lattice. 

ii) The plate-zones concerned are all 
identical among themselves, and are again 
composed of one species of ions occupying the 
original sites of matrix but with an averaged 
structure amplitude f,+/. Moreover, each of 
_ plate-zones are assumed to be composed of 

only one atomic sheet so that the intensity 
of rods in reciprocal space is homogeneous 
along their elongation. 

The total number of ions in the crystal 
with the volume 6V is given by dV/v. Let 
_pdV/vo be the total number of ions contained 
in all of the plate-zones concerned. Then the 
number of the plate-zones contained in the 
crystal is given by (p/N)(6V/w), where N is 
the number of ions contained in a single 
plate-zone. 

When each plate-zone scatters X-rays 
independently, the intensity of diffuse spot 
at its maximum, which corresponds to the 
centre of the cross section of rod concerned, 


is given by 
I=LANS (P/N \EV/v0) - (10) 

The (200) thermal diffuse spot from the pure 
crystal appearing for g=21° (as specifically 
exemplified above) is fairly distinct (althouth 
its intensity is very weak in comparison with 
the Bragg spot). If the diffuse spot due to 
_plate-zones shows a comparable intensity with 
it, we have by equating (9) and (10) the 
relation 

pNf?~100 , (11) 
‘where the factor A and dV in (9) and (10) 
/are assumed as common. 

The lateral dimension of plate-zones found 
in the NaCl-CaCl, solid solution is thought, 
fas was estimated in Part I, §7 from the 
observed thickness of rods concerned in reci- 
procal space, to be about 100A in order of 
‘magnitude. Then we obtain N by assuming 
the mean inter-ionic distance in the layer of 
the plate-zone to be about 4A. The value f 
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corresponding to the model for (111) plate- 
zone given in §3 is~13. Substituting these 
values to (11) we have 

P~0.1% . 

Since the contribution from the plate-zone 
to the diffuse spot comes not only from the 
dissolved Ca** ions but also from the dis- 
placement of Na* and Cl- from its original 
matrix lattice sites, the ratio of Ca*+t ions 
contained in the plate-zones to the total num- 
ber of ions in the sample should be a certain 
fraction of the above value of p. 

Summarizing the above consideration, we 
can say that even when only a few percent 
of the total of the dissolved Cat* ions (which 
is already only a few percent of the total 
number of ions contained in the sample) are 
used to form plate-zones concerned, the ap- 
preciable intensity of diffuse spot due to rods 
is possible to appear, provided, that the value 
of WN is sufficiently large, i.e. the lateral di- 
mension of plate-zone is as large as 100A. 
When NV increases, the intensity of diffuse spot 
increases though the total number of plate-zones 
decreases by a fixed p. 

The above consideration assumed the plate- 
zone of one atomic sheet. When the plate- 
zone contains more than one atomic layers, 
intensity of rod becomes not homogeneous 
along its elongation, but its intensity becomes 
more remarkable than in the above consider- 
ation in the vicinity of the reciprocal-lattice 
point concerned. 

b) Asymmetric rods 

It is observed that both <111>, and <310), 
rods are asymmetric across some of the re- 
ciprocal-lattice points. For example [111], rods 


at the (111), (111), (111) and (111) points of 
the matrix are asymmetric, and [031], rods at 
the (220), (220), (220) and (220) points of the 
matrix are also asymmetric (Fig. 1). Con- 
cerning the [031], rods, the asymmetry is 
easily explained when we assume an expan- 
sion of the (031) plate-zone in the direction 
perpendicular to the lateral extension. This 
expansion is conceivable in view of the rela- 
tion of ion packing when the (031) platelet 
possesses the structure as depicted in Fig. 11. 

On the other hand, the asymmetry of the 


C~3 x 10° cm 


* My = 4(M Nat +Me1-)~5 x 10-789, 


sec-1, 7~300°K. 
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111), rods seems to be hard to explain, be- 
cause the feature of the asymmetry is com- 
plicated as seen in Fig. 1. The expansion of 
plate-zone is improbable, because the space of 
the presumed model is quite reasonable with 
respect to ion sizes of Cat*, Cl and Na* 
(iiicwmo))s 

The author wishes to express his sincere 
thanks to Professor S. Miyake for his kind 
guidance and encouragement in the course of 
the research. 
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Theory of Viscoelasticity of Amorphous Polymers 
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A statistical mechanical theory of the intra-chain relaxation (or relaxa- 
tion of the micro-Brownian motion) in amorphous polymers is presented. 
The generalized diffusion equation of configurational changes of a chain 


imbedded in polymer environment is solved for a dynamical 


under suitable potentials assumed. 


case 
In order to avoid the complication 


of the chain space geometry, an artifice is adopted such that we replace 
each chain bond with a fictitious spring. The derived spectrum of relax- 
ation times just coincides with the experimental formula of the wedge 
type spectrum found by Tobolsky for polyisobutylene, manifesting a 
characteristic slope of —1/2 in the log-log plot of the relaxation spectrum. 
The theoretical expression also satisfies the condition of the thermo- 


rheological simplicity. 


§1. Introduction 


In these ten years viscoelastic properties of 
various solid polymers have been examined 
by many investigators over such a wide range 
of frequency and of temperature enough to 
enable one to deduce the essential feature of 
the phenomena and to clarify the underlying 
mechanism from the molecular structural 
view-point. Among many experimental data 
on viscoelasticity of amorphous polymers those 
of polyisobutylene will be the most complete 
and reliable ones ever investigated owing to 
an excellent cooperation of so many workers 
and laboratories in several countries”. 

According to the investigation of Tobolsky 
and coworkers” in this cooperation project 
the spectrum of relaxation times (or relaxa- 
tion spectrum) of polyisobutylene for stress 


relaxation or for dynamic modulus consists of 
two distinct parts: a “wedge ” type spectrum 
ranging from 10-° sec. to 107? sec., anda 
“box” type spectrum ranging from 107} to 
10° sec. (for unfractionated sample, at 25°C.) 
Such a “wedge-box” spectrum seems to be 
found commonly in most amorphous polymers 
or plastics, though polymers with a perma- 
nent network structure seems to lack the box 
spectrum®* Inspection of various experimen- 
tal facts about these two relaxation spectra 
will naturally lead us to imagine that the 
wedge spectrum will be due primarilly to 
relaxation of the configurational change of a 
single chain between junctions and the box 
spectrum will originate from relaxation of the 
relative displacement of many chains accom- 
panying therewith breakdowns and reforma- 
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tions of junctions and thus relating closely to 
the viscous flow of polymers. Accordingly 
the former may be called the intra-chain re- 
laxation and the latter the znter-chain relaxa- 
tion. 

Phenomenological theories of linear visco- 
elasticity have been developed by Alfrey, 
Gross, Leaderman, Schwarzl, Staverman and 
others. The molecular theoretica! treatments 
of these relaxation phenomena have also been 
made by several authorsas well. For example 
the inter-chain relaxation have been treated 
by Tobolsky, Eyring®, Green® and others and 
recently Yamamoto” developed a_ general 
theory of it, while the intra-chain relaxation 
have been investigated theoretically by Al- 
frey®, Kirkwood”, Blizard!, Bueche! and 
others. Especially Kirkwood!” developed an 
elegant general formulation of irreversible 
processes in polymers involving treatments of 
dielectric and dynamic relaxation phenomena. 
On the other hand, suggestive approximation 
methods are deviced by Rouse!” in visco- 
elasticity of dilute polymer solutions and also 
by Bueche!» in the treatment of viscoelasticity 
of plastics. But through the works referred 
in the above the wedge-box spectrum of 
amorphous polymers has not been explained 
on the molecular theoretical basis. The pre- 
sent author proposed recently a semi-quantita- 
tive theory of the intra-chain relaxation 
phenomena which involves the possibility to 
give the wedge spectrum'. 

In this article we resume the same problem, 
the intra-chain relaxation. In constrast to 
the previous treatment we here develope a 
theory along the line of Kirkwood’s general 
formulation, introducing the “random spring 
model” (see §2) which leads to analogous 
equation used by Rouse. 


§2. A molecular model of the intra-chain 
relaxation 


Here we consider a network structure of 
high polymer chains containing virtually no 
crystalline region. Network junctions may be 
composed either of permanent chemical cross- 
links such as sulpher bridges in vulcanized 
rubber or of temporary ones caused by chain 
entanglements as in linear polymers. The 
latter kind of links may not usually be called 
junctions. But whenever fulfilled the condition 
that the period of the applied force is so 
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small compared with the mean life time of 
temporary links that practically no breaking 
of them could ocurr during one period, there 
will be no need to distinguish between per- 
manent junctions and temporary ones according 
to their ultimate nature. Such an assump- 
tion is supporte by the fact that the spectral 
shapes of linear polymers and of nonlinear 
polymers with permanent network structure 
are found to be quite similar as far as shorter 
relaxation times are concerned. 

Now we shall confine our attention to a 
single representative network chain imbedded 
in a matrix of polymer segments which we 
smear out as a viscous fluid. Let qg denote 
symbolically the variables which describe the 
configuration of a chain and z the time, and 
we introduce the probability distribution func- 
tion f(q,z#) such that f(q,t)dq equals the 
probability that the chain would take configu- 
rations within the range g to g+dq at time 
t. The function f(q,z) is governed by a 
generalized diffusion equation of many dimen- 
sions, and thus once we could have determined 
the function f(qg,zt) by solving the diffusion 
equation provided the equation could have 
been set up explicitly, we should be able to 
predict the time dependent behaviour of the 
given network structure. 

Now suppose the representative chain to be 
made up of ” segments, numbered from 1 to 
m. We will express the configuration of the 
representative chain as a point in 32 dimen- 
sional configuration space formed by all the 
orthogonal coordinates of #2 segments. Such 
a representative point is not allowed to locate 
in any position in the space except on a 
certain supersurface, i.e. in the chain space 
of Kirkwood'!™, which is determined by the 
geometrical restraints such as fixation of each 
bond length and of each bond angle. But if we 
bring these geometrical restraints straight- 
forward into the diffusion equation, the 
resulting equation will become considerably 
complicated and intractable one, the solution 
of which may not be hoped in general. 

In order to avoid the complication we adopt 
in place of the literal geometrical restraints a 
fictitious potential field V; which will attract 
the representative point to the neighborhood 
of the supersurface im a statistical average. 
For convenience of later calculations we as- 


sume here 
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m= m—1 
Ve=a > 77 =a cere ae eee) 
t=1 i=1 


where 7 denotes the distance between the z- 
th segment and the 7+1-th segment, &:i, 7:, 
€; being its a-, y-, z-component respectively, 
and @ is the force constant. In other words, 
neighboring segments are connected by a 
fictitious spring instead of a chemical bond 
with a fixed distance. Thus the model might 
be called the “random spring model.” The 
constant a@ is determined by the condition 
that the mean square root of the distance 
between neighboring segments equals the 
bond length a: 


a 


© 1/2 
i\ eae ==) Reel) 
0 


2 exp(—ari?/kT)ri2dni 


The above condition leads immediately to 
Bie NCI IE’. @S)) 


Though the random spring model does not 
express satisfactorily the short range relation 
between neighboring segments it will never- 
theless describe sufficiently well the chain 
connection as a whole. The model will 
operate likely in good approximation as far 
as the frequency of the applied force is not 
so high that direct interaction of neighboring 
segments becomes important. 

Besides the geometrical restraint mentioned 
above, motion of the segments forming a 
chain suffers also a certain force caused by 
the internal pressure and by network junc- 
tions at both ends. Such a force will be of 
an intricated nature which has not been 
elucidated completely. Hence we shall express 
it simply as an internal tension which gives to 
the average chain length a fixed finite value. 
The corresponding potential V; will be 


= Ble.xX+ e,Y¥ +e3Z) : 


nm—-1 m—1 nm—1 
X= DSi, Ve eZ SS CaS 
i=1 i=1 i=1 
where e;’s are direction cosines of the vector 
directing from one end of a chain to the other 
end, and § is a constant. 
Finally the external potential V. of the 
oscillating applied field acts on the chain. 
Provided the field is in 2-direction the poten- 


tial V. may be expressed as 


Vi=re'X , ( 


on 
oe 
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The molecular qauntity which we seek for in 
order to get the dynamic compliance is the 
expectation value of X, the «component of 
the end-to-end vector of the representative 
chain. It is given by the weighted mean of 
X with a weight function f(q,¢t). Having 
specified the potential acting on a chain, we 
now turn in the following section to construct 
the diffusion equation for f(q, Zz) into which 
we substitute the potential V;, Vi and Ve. 


§3. The diffusion equation 


The generalized diffusion equation for the 
distribution function f(q,Z¢) of » particles in 
viscous fluid under the influence of potential 
field V can be written symbolically as 


ose — a div( grad fate grad 7. \e 

(6) 
where € denotes the friction constant of a 
particle and the suffix of f is added in order 
to specify the variable for convenience of fol- 
lowing transformations. In Cartesian coor- 
dinates of each particle, 2:,y:; and 2:, it will 
be expressed explicitly as 


B= BA Od tye * G08 
* cB ao(/oe) 


aul P on) aa Fae )} 


If we use the coordinate system, &:, 7; and 
&€; which correspons to each bond length and 
defined by 


(7) 


&;=2141— 20, Me=Yie1—Yi, Fi =Ziz1— KA, 
(¢@=1, 2,---, w—1) 
il a oT nm 
vor te Qn= Sara Gr ee) 
N i=1 N i=1 
(8) 
Eq. (7) is transformed into 
EERIE Sap ie Lg Ot fg BOR ) 
Ot Cust OE OE, On:07n  OC:0C, 


C i 0&. 
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Here we omitted the degree of freedom of 
mass centre, €n, ym and €n, assuming that the 
translational motion of a molecule as a whole 
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does not occur. The metric tensor g** appear- 
ing in Eq. (9) has the form 


(teal 
}-1 2 ~-1 
| = 2 i 
G=(g")=| Ad. 
| rows 
2-1 | 
(10) 
The explicit form of the potential V is given 
by 
V=V;4+Vit V. 
nm—1 n—1 
=a >) Fi? +97 +67)—Bler > & 
$=1 =1 
m—1 m—J1 nm—-1 
a6 eo Sm +es XSi} —7 ext ae : 
= 
(11) 


We remark here that the form of Eq. (9) 
is analogous to the equation used by Rouse 


in his theory of viscoelasticity of the dilute 
solution’. 
§ 4. Solution by linearization 


It can be shown that Eq. (9) is transformed 
into the following form™: 


(VstVi) ] 
ak Pl oer SE 
is f Vet V; if | 
=L| exp SET fs +@Q, 
ees m—1 ya 02 02 or 
is cc | Sa ie . Oni0ON ae 
“P n—-1 ae 
+ opp 24 
a eo? 2 : 
m ae i 070m | GEOG ) ene? 
(12) 
a 1 AP gual BV EVe) 
2RT | O&,0&; 
a: Viet Va POX sr aa 
Oni0 NK men ; 
ia f Van 6) ss gy ml ea 
Q= enh tot+ RT LS9 fe 


Now we shall expand the function fe in 
power series of 7, provided the applied force 
is sufficiently small, in the following form 


fe=fotr exp(iot)exp{—(Vz + Vi)/2kT jfit O(7’). 
(13) 
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By substitution of Eq. (13) into Eq. (2)\itas 
easily shown that 
Lfi-—tiofi=K , 
= 1 : an 
K=— — exp{((V;+Vi)/2kT} 
iS 
x Yagi 0 CS jo) 
OE; \OEx” 
(14) 


The equilibrium distribution function fo is, 
of course, given by 


fo=exp{—(Vs+Vi)/RT} 
n—-1 
exp{—(Vy+Vi)/kT} I d&idyid€: . 
RSs i=1 
(15) 
The solution of Eq. (14) is expressed by 


eigenfunctions and eigenvalues of the operator 
L as follows, 


—_ yy Kaa 
a 
where 4, %, and K, are defined by 
Ldyx+Adrn=0 , (17) 


=| ba tK ai déidyid€:. (18) 
=1 


Hence the expectation value of X, X is given 
by 


X(t)= | +: | xXpaldianiae. 


=Xp— 7 exp Zor) ds ee , (19) 
A +210 
Xs . {x exp {(—(V;+ Vi)/2kT} 
n—1 
xd LI déidyidl; . (20) 


i=1 


The eigenvalue problem of many variables 
expressed by Eq. (17) can be separated into 
those of a single variable by an orthogonal 
transformation and each of them is reduced 
to an Hermitian differential equation. Thus 
we have Hermitian polynomials as eigenfunc- 
tions. Details of calculation are described in 
Appendix. I. The normalized eigenfunctions 
aer given by 


(—1)*: +1, 4m, 
oe 1 V Qatle +m VI! ai! VY 73 


a® “te” $4 42 lg —t 4? mig ME ;2 
é 


REED NAG t i ee dia doen 
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(21) 


Di Uix |, 
Aa -k | 
where each of k:, and m can take any 
positive integer, 1,2,3,---, and wix’s are 
elements of the transformation matrix U 
which diagonalizes the metric tensor G of Eq. 


(10): 
M1 
E /42 0 
Uls(Gol Ufo x (22) 
0 XN 
Ln-1 
Here x is given by (see Appendix II) 
es Meine (23) 
2n 


The eigenvalue 2 corresponding to the eigen- 
fuction (21) is 


n-1 
ina =) (Ri thi +m) . (24) 


Using these eigenfunctions and eigenvalues 
given above, AK, and X, can be calculated by 
Eq. (18) and Eq. (20). And finally we get the 
required expectation value X in the following 
form (Appendix IID: 


X =Xo+7 exp(tot) > 


es 
Pies Oa NG 3 
Tk ine S55 cosec on 
1 RAG 
—— t? 
or an °S 2n (25) 


The summation in Eq. (25) may be approximat- 
ed by an integral as follows 


ae T 
X=Xo-+rexplie)| * Ge)de 
ta l+zturt 
We)=— 1, Vo— Ta 
ag G 
tet a 
vm Cx? 
Tet eee (26) 
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§5. Dynamic compliance and its trans- 
formation into dynamic modulus 


Now in order to arrive at the bulk proper- 
ties of the network structure from the 
molecular quantity obtained in the preceding 
section the structure of the network should 
be specifield in detail. For simplicity we shall 
assume here, as often done in the theory of 
rubber elasticity, that the network is com- 
posed of equal number of three kinds of 
chains each of which is directed along 2-, y-, 
and z-axis. The more detailed specification 
of the chain orientation would not affect the 
essential feature of the phenomena. Then ac- 
cording to Eq. (26) the strain in z-direction 
&€z iS given by 


Xo Ta ltdzwr ~ 


If we denote the density of chains per unit 
cross section by M, the applied stress in 2- 
direction per unit initial cross section o is 
given by 


0 a. g(c)dt 


o=My7 exp(zut) . 


Hence the complex compliance J* is expressed 
as 


ny 5 bs(t dr 
oy =Jo+= =J.+\, 1+éor 
[ = CY tte : Tet te 
a(t) ¢ ) ‘ 
ear otherwise 
Sie Ee 
7 TMX al : ate 


Here J.. is inserted to express the instantane- 
ous elastic compliance. ¢;(t) is usually called 
the retardation time spectrum, and ¢ the 
retardation time. 

Now that the experimental data to be com- 
pared with the theory is given in the form 
of relaxation spectrum, it is necessary to 
transform the retaradtion spectrum ¢,(r) into 
the relaxation spectrum ¢a(rt). A convenient 
formula for such a transformation has been 
given by Gross as follows: 


tOs(T) 
= (O@)P+[26s(0)P 


O(n)= Ts ial Ne GXU) 
—-Uu 


balt)= 


(28) 


Further we shall change the variable c to log 
t, introducing the function @n(log r) which re- 
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lates to x(t) as 


® »(log t)d(log t)=¢2(t)dr or Ox»(log t)=tdalt) . (29) 
Substituting ¢;(c) obtained above to Eq. (28) and using the relation (29) we get 
. CVE 
(J-+01 “t—te log ¥ ee Vet EE eee tany/* p= Ee ) + CXe—ra) , 
@ -(log t) Se ee aa a 
for ta<t<tp 
=i). otherwise 
i 2 
c=——,/ 
zMX)V at ° Se 


If ta<t<vg and J.. is sufficiently small com- 


pared with the static compliance Jy as it is > 
usually the case, Eq. (30) is approximated by | 
O(log t)~ Ar, Tax<t<tp 
| 
MX 
ean] j= 28 (31) | | 
If we assume that So chain segment is a or : 
sphere of radius 6 immersed in a viscous & 
fluid of viscosity 7, the friction constant € of & | ce 
a segment is given with the use of Stokes’ 7 aS 
approximation by a 
C=6zby (32) | 1 
Sake ; : | ' 
Substitution of Eqs. (3) and (32) into expres- | b: 
sions for A,tw and tg given in Eqs. (26) and | 1 
(31) leads to G Coy Ce Te %, 
/bTs avai 
ee = — Vv ORT MX, lOdig T 
V ax a Fig. 1. The theoretical curve of the intra-chain 
xa2by 2a2byn? 2 Felaxation Sg it | 
(iE |. L Ts= kT ; (33) The thick solid line: calculated from Eq. (30). 
3 The thin solid line: calculated from Eq. (31). 
Accordingly dynamic modulus F is expressed as The dashed line (a) shows shift of the spectrum 
a when tempercture is increased. 
E=Ey+ ot @x(logt ) dlogt). (34) The dotted line (b) shows shift of cs when chain 
co 1+ w?r? in length ” is increased by ten times. 


Here £, represents the static modulus. In 
Fig. 1 log@»z calculated by Eqs. (30) and by (31) 
are plotted against logr, where values of 
parameters are chosen appropriately. (see § 6). 
Behaviors of the curve when temperature or 
chain length is altered is also shown in the 
figure. It is seen from the figure that Eq. 
(21) is a fairly good approximation to Eq. (30). 
So we shall hereafter handle with 9,(log c) 
mainly in the form (30). 


“3° =6: =2EP NOMIC GS: 
-log w (rad. /sec) 


§6. Comparison with experiment and dis- bis tel 


cussions Fig. 2. The experimental curve of dynamic 


: ; midulus H(w) (the solid line) and stress relaxa- 
The experimental curve of dynamic modulus tion modulus E,(t) (the dashed line) for poly- 


E(w) and stress relaxation modulus £,(¢) for isobutylene at 25°C (Marvin, 
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t 10; 
ee 
Ss 
2 gt 
s 
al 
SS 
&) 
Str 
4 <@ -6)=4 el OME GAG 
10Gi9 T (sec.) —> 
Fig. 3. The ‘‘wedge-box’’ spectrum for poly- 


isobutylene at 25°C (Tobolsky”?). 


polyisobutylene and the coresponding wedge- 
box spectrum of relaxation times obtained by 
Tobolsky are shown in Fig. 2 and Fig. 3)”. 
The analytical formula of wedge spectrum (at 
25°C) is given by” 


=i). CA Go 
OHIO) SANE Exo Sie 
=0, Tat 
Ta bel OS] 
ep NSO 


A=3.4x 10° x (1/298). (Go) 

On the other hand, it is found in the preced- 
ing section that the theory also predicts a 
wedge type relaxation spectrum, (30). And it 
is remarkable that an approximated form (31) 
of the relaxation spectrum just coincides with 
the idealized experimental formula (35). 

In order to evaluate ta, ts and A theore- 
tically, it is necessary to know the magnitude 
of a,b,n,y, X) and M. First we shall assign 
for a,b and » the following values, 

a~b~l107*, n~10?, 
and hence 
Xy~V na? ~10-° . 
The density of chains per unit cross section 
M can be written as 
_ XopNi 


M= Qn , (36) 


where p and m represent respectively the den- 
sity of the polymer and the molecular weight 
of chain segment, and Ny; is Avogadro’s 
number. Taking account of the molecular 
structure of the polyisobutylene monomer, we 


may take 
m~50 , o~l1. 


Hence 
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Mw~4x 10" , 
which results in a correct order of the static 
modulus at room temperature: 
RUE his 
na 


= 


0 


Now 7 means in our theory effective vis- 
cosity of the circumstance acting on a seg- 
ment, and it is obviously not the same as 
macroscopic viscosity of the bulk system. It 
will probably take an intermediate value 
between the viscosity of the monmeor liquidand 
that of the polymer itself. But so far asa 
priori estimation of its magnitude is not known, 
we shall determine the value of 7 so that the 
theoretical value of A agrees with the ex- 
perimental one, and then proceed to calculate 


the values of ta and tg. This procedure 
gives 

4y~10, 
and ta~10-° , ef Yow Winctee 


It is seen that the theory gives the correct 
magnitude of ts. On the other hand the 
culculated ta deviates considerably from the 
experimental value. But such a _ deviation, 
especially towards longer time scale, is natural- 
ly anticipated in this treatment, because tight 
chain bonds are replaced artificially by loose 
springs and accordingly the short range motion 
among proximate segments along a chain may 
considerably be affected, or, in other words, 
the shorter end of the relaxation times may 
be shifed towords longer by such a treatment. 
It should be noted that the assigned value of 
% just lies in an expected region, i.e. between 
the values ~10-* for isobutylene and ~10!° 
for polyisobutylene. 

Next we shall examine the temperature 
dependence of the spectruin. It is clear from 
Eq. (31) that temperature does not affect the 
form of ®»(logr). Temperature comes in the 
spectrum only implicity through te, ts and A. 
In other words, when temperature is changed 
the whole spectrum will shift as a whole 
along both axes without any change of the 
spectral shape. Such a behavior is just the 
essence of the well-known working hypothesis 
of “ thermorheological simplicity” introduced 
by Ferry and others!!©,. Thus the present 
treatment establishes the theoretical foundation 
of the thermorheological simplicity. Accord- 
ing to Eg. (33) the temperature dependence 
of ta, te and A is primarily governed by », 


_ high?. 
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so that they decreases as temperature in- 
creases. Thus, whereas the temperature 


’ dependence of r is the same with experiment, 


that of A is opposite to the experiment. But 
the factor 7/298 in the experimental formula 
(35) was introduced rather arbitrarily by an 
analogy with the equilibrium rubber elasticity, 
so it is open to question. Thus in the present 


, state the details of the temperature dependence 
/ of A has not been uniquely elucidated even 


on the experimental side. 

Finally we consider the effect of the chain 
length on the shape of the spectrum. It will 
be seen from Eqs. (33) and (36), 

Ta~M , 
and ta and A are independent of 7, assuming 
xi 2a ) 
Thus if the chain length between juctions is 
increased, i.e. if the density of cross-links is 
decreased, only the longer time end of the 
spectrum will shift towards still longer side 


| without any change in the height and the 


shorter time end of the spectrum. The dot- 
ted line in Fig. 1 shows the spectrum when 
nm is ten times larger than that of the origi- 
nal curve. Unfortunately the experimental 
data to ascertain the effect have not been 
available. In this connection it should be re- 
marked that in linear polymers the initial 
molecular weight of the chains constituting 
the sample does not correspond to the chain 
length 2 in our case. It is known experiment- 
ally that in polyisobutylene the initial mole- 


| cular weight does not affect the wedge spectrum 


so far as the molecular weight is sufficiently 
This fact may be considered rather 
natural, because there should be no direct 
correlation between the initial molecular 
weight of the polymer and the chain length 
between junctions. 

In conclusion the statistical theory of the 


-intra-chain relaxation based on the random 
| spring 


model has been found to explain 
satisfactorily the primary feature of the 
wedge type spectrum of amorphous polymers 
in the higher frequency region. Especially 


we may conclude that the slope of —1/2 in 


the log ®@w vs. logt plot is characteristic of 
the intra-chain relaxation. Recently Tobolsky 
and coworkers!” proposed a more accurate 
experimental formula of the relaxation spect- 
rum to replace the idealized wedge type 
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It may be considered as an higher 
approximation when we regard the wedge 
spectrum as a first approximation. According- 
ly it will be necessary on the theoretical side 
to refine the model in order to adapt the 
experiment in such a higher approximation. 


spectrum. 
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Appendix I 
Solution of the eigenvalue problem 
of Eq. (17). 
As one sees from Eq. (17), the operator Z 
is given as a sum of three identical operators, 
L=L;+L,+L¢, (AI-1) 
where Le, Z, and Ze mean operators which 
involve respectively only one kind of variables 
denoted by suffix. So it is sufficient to solve 
the one of seprated equations, 
LeGetarve=0 . (AI-2) 
The eigenfunction ~ and the eigenvalue 4 of 
the original problem are given by 


p= Deda, 

A=Aetantie . (AI-3) 
We denote a orthogonal transformation matrix 
of the metric tensor G by U, i.e. 


M1 
fle 0) 
UG UF a. (AI-4) 
Oy ots 
Ln-1 ’ 
where G means the matrix of g‘* and we shall 
express each element of U by wix. Then the 
change of variables defined by 
n-1 nm—-1 
Wi= dD UWinée— Ber Or ines (AI-5) 
k=1 2a k=1 
leads Zs into a separable form, 
nm—-1 
Le= Li 
t=1 
kT i sna -( a y 2 | 
Be & ES Cm er | 
(AL-6) 
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Each of separated eigenvalue problems, 
Lifitiihi= (AI-7) 
is reduced to a Hermitian differential equa- 
tion, 
5 i i(Se i 
Se eae 258i oH > £64 (si) =0 
(AI-8) 
by a transformation, 


say ae Un, Y4=exp(—si?/2) Xi(si) . 


(AI-9) 
Hence ¢; and 2; are given by 
a are g/g, at exp(—Si”) 
Ye daly 1 ooee!) dsj*« 
a n-1 
av=2( 5 itt . (AI-10) 
€ jizi 


Eigenfunctions and eigenvalues of the opera- 
tor Z are easily constructed from (AI-10) 
resulting in the form Eqs. (21) and (24). 


Appendix II 
Diagonalization of the metric tensor G 
Eq. (22) can be written as 
( 2up—Up= yun 
—Uj1 + 2Uj,—U 73 = LjUbj2 


—Uj,n-3 + 2Uj,n-2Uj,n-1= L44jU5,n—2 
—Uj,n-2 +2Ujn-1= LjUj,n-1 

(j7=1,2,---,m—1). (AII-1) 
This is just the secular equation to determine 
the j-th vibration mode for vibration of par- 
ticles connected by identical springs when 
both ends, the lst and the w-th paticale, are 
fixed. 4 means square of the z-th characte- 
ristic frequency and uw; expresses the ampli- 
tude of vibration of the z-th particle for the 
j-th mode. Taking account of the boundery 
condition, we may put 


u.= Assin hep Z, = eA, 
(AII-2) 
where A; can be determined by normalization 


nm—1 
>) %x7=1. Thus we get 
k=1 


un=y/? sin SIE : 
n n 


(AII-3) 
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Insertion of the 2, into the first equation of 
(AII-1) gives 


a EL 


w= 4sin (AII-4) 
2n 


Also from Eq. (AII-2) we get 
/2 cot - JE. , “CATES 


a: ike: 


nm—-1 
uj=D Ujn= 


Appendix III 
(25) 


me fa) 


Calculation of ¢; in Eq. 
From Eqs. (14), (1), 2) and 5) 
1 { VstVe ) 


clea 
alee a eat ee 
i a SakT 


xexp| ope (eS Ee+ St PSC) 


f ik 
[4 aE; 


— Ge DE+eSa+eDCo | 
{ s gik 0 a go Sea 2 
x |= ae,°*P RT aCe + pe + ee 
— ple DE te Sintec} | 


) ee Ga a { Cae 1)p* 
| ig V fr eX| 


SakT L{Senanss) 
x exp| — ; (Sse eet =) (Tee 


n—-1 


») win, and “i, si f; and v; are defined 
C= 1 


by Eqs. (22) and (21). 
Hence 


where “#;= 


Ky A KMdE cdl 


Wace i ry oe exp| 
| BS 


ae Ac /ittiSi) EXP {5 (> 24+ S42 5 


3(n— 1)B? 
SakT | 


a en 
(AIII-2) 


where H,(2) means an orthogonalized Hermi- 
tian polynomial. Now using the relation 


co U 

| of -exp(—2")dx {= a ae 

CLC (=0, nay ° 
(AIII-3) 


> 


ae Bale ee, 
. if kj=1, and all other k’s, 
| di’s and mi's =0 
.=0., otherwise. 
(ATII-4) 
Similarly 


X,=| Se exp| a! zt ! ‘Ldatldgidnd 


2kT 
(Oe Sa) ee 
| ~ V 2a AR) 8akT J” he 
| if k;=1, and all other h;’s, 
| ii’s and gi’s =0. 
==0),, otherwise . 
(AIII-5) 
Hence 
—=—p1juj;2 , if jee 7) 
$0.8 Riagie D3 poi « Aj 
=), otherwise. 
(AIII-6) 


Substituting Eq. (AIII-6) as well as Eqs. (24), 
(AII-3) and (AIII-4) for 2:, w#: and «; we get 
immediately Eq. (25). 
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Application of the Thin-Wing-Expansion Method to the 


Compressible Flow past a Kaplan Bump 
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About ten years ago Kaplan calculated the velocity distribution over 
a certain cusped aerofoil set in a compressible flow as far as O(#%), ¢ 


being the thickness ratio. 


Here the same problem is reinvestigated by 


use of the thin-wing-expansion method due to Imai, which is believed to 


be more convenient than the usual perturbation method. 


Both results 


completely agree with each other in the analytical expressions, although 
the labour is considerably less in the present analysis than Kaplan’s. 


§1. Introduction and Summary 


It is well known that the compressible flow 
past a two-dimensional thin aerofoil can be 
treated successfully by the so-called thin- 
wing-expansion method which is originally 
due to Prandtl and Glauert. About ten years 
ago the method was elegantly developed up 
to the second order of approximation by 
Imai, and later the third aproximation was 
formulated by Imai and Oyama”). The ex- 
amples, thus far calculated as far as the 
third approximation on the basis of these 
formulations, are as follows: the flow along 
a sinusoidal wall by Imai and Oyama), the flow 
past an elliptic cylinder by Hasimoto”, and 
the flow past a biconvex circular arc aerofoil 
by Asaka)®.9, 

As another example of the calculation of 
the third approximation, we shall consider in 
this paper the flow around a kind of cusped 
aerofoil which is usually called Kaplan bump. 
It is true that Kaplan himself has already 
obtained the analytical expression for the 
velocity distribution over the Kapian bump»®, 
correct to the third approximation, and that 
the method to which he resorted is essentially 
equivalent to ours. But it is worth while to 
reattack this problem, since much simplifica- 
tion is expected with Imai’s analysis. In 
Kaplan’s procedure the whole region of flow 
was taken into account and moreover manipula- 
tion of some infinite series was needed. On 
the other hand, in Imai’s procedure, we have 
only to deal with the quantities on the surface 
of the obstacle, as a result of employing the 
stream function and the conception of conju- 
gate Fourier series. 

It will be shown that the final expression 


for the velocity distribution agrees completely 
with Kaplan’s result within the third approxi- 
mation and can be brought into a more 
refined form than Kaplan’s. 


§2. Outline of Imai’s Method 


It will be convenient to start with a brief 
account of the thin-wing-expansion method 
due to Imai. 

The two-dimensional irrotational flow of a 
compressible fluid is governed by the equations: 


~ OD p. OF 00 Oo OW 
Ox p Oy - OF OV Ge 


u , ; 


(2.0) 

and 
ae ae 
Os ie 2 ie a /) ‘ 
where (u,v) are the component velocities in 
the x- and y-directions, @ is the velocity poten- 
tial, Y is the stream function, o is the density, 
0. is the density of the undisturbed fluid, U 
and M are respectively the velocity and the 
Mach number of the undisturbed flow, q is the 
magnitude of velocity, i.e. g@=u?+v? and, 7 is 
the ratio of specific heats. 

On the assumption that the disturbance 
caused by an obstacle would be small, @ and 
Y may be expressed as 


O=2+6=2+¢bi1t+¢2+b3+-°-, 
Pa=ytyaytditdetdst--+ , 
where 41, $1; 2, do3--- 


(2.2) 


(2.3) 
(2.4) 


are respectively of 


the order of magnitude &, €,---; € being a 
small parameter. We now write 

Ear, ' 7=Hy, (2.5) 

X=) pt ’ Xn=Pn| (wl, 25 Oe a ay (2.6) 
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p=V1—M?, (2.7) 

and introduce the complex quentities 
C=Et+in, C=E—-iy, (2.8) 
GE, C)=b41%, Gil€, OS =¢nt+4{n. (2.9) 


Substituting the relations (2,3) to (2.9) into 
(2.1) and (2.2), then considering the order of 
magnitude of each term, and performing 
integration after successive iterations, one 
obtains 


Ge fo). (2.10) 


(Zales) 


\ . 

onal Jeoal a 
Mg 

vol athe 


= “m 4 ler (Git Gi)dl + fal), (2.12) 
where 

J=0G,/0€ +0G./0€ +8G,/06 +6G,/0€ , (2.13 
y=(7+)M/4p? , (2.14 
A=—(r+1)(3—27)M2/96 7 , (2.15 
B={6(r—1) 

— (27 —1)(38—7) M?}-M!4/96 7, (2.16 
C={8—8(3—7)M 

+-(13—97 +27?) M2} M2/32 22 . Cau 


F(f), falQ), and f3(€) are analytic functions of 
€ to be determined from the following bound- 
ary conditions: (i) OG/O€ is one-valued and 
continuous in the field of flow, (ii) OG/0€ 


vanishes at infinity, (ili) Y=const (=0, say), 
on the profile P; accordingly 
Im{2G(Cr, Cr) +e} =0 , (2.18) 


where Cp is the value of € on the profile. 


§3. Kaplan Bump and its Mapping Func- 
tion 
Suppose a Kaplan bump of thickness ratio 
t is set in a uniform flow with its chord 
parallel to the x-axis. Then, according to 
Ref. 8), the profile can be given parametrically 
by 
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t 
| xp= COS Pees Y—COS 3¢) , 
| eee eo 
| Yr= 4 (3 sin g¢—sin 3¢) , 
or 
Ep=CoOs v , (3.1) 
Yp= yp. sin? oft—3e COs? J 
Ata ite 4 AEN) 
ab at cos? 2(8 cos? 2—3) + O(E df Ge) 


The latter expansion has been made on the 
assumption that =O(6€). 

It must be noted that the profile given by 
(3.1) and (3.2) in the €-plane does not repre- 
sent a Kaplan bump in the correct sense. So 
that it is rather troublesome to determine an 
analytic function which maps the region 
outside the surface in the €-plane onto the 
region outside the unit circle Z=e® in the 
Z-plane. The practical procedure has been 
reported in detail in Ref. 1). Here we follow 
its prescription with some appropriate modi- 
fication. 

In general the mapping function €(Z) is 
assumed in the form 


s i 1 : 
biZ)=5 (2+ 7)+02), (3.3) 
with 
C(Z)=CPZ4+CO4COZ-14-+-, BA) 
where 
CM =AM+{B (n=—1, 0,1, +++). (8.5) 


When the obstacle in the €-plane is sufficiently 
thin, the function C(Z), and hence the co- 
efficients C™, A™ and B™ are all small 
quantities, say, of O(€). Then writing 
Cie!*) = A(6)-+2B(8) , (3.6) 
and using (3.1) and (3.3), we separate the real 


and imaginary parts of €p=€(@): 
Ep=cos 0 =cos 0+ A(A) , Bil) 
=BO6), (3.8) 


whence we see that #?—@ as well as A(#) and 
B(@) is of O(€). So that we put 


A(0)=ai(0)+a2(0)+a3(8)+ O(E*) , (3.9) 
B(O)=bi(0)+62(8)+63(9) + OCE*) , (3.10) 
I—0=6,(0)+ 6.(0)+03(0)+O(E4) , (3.11) 


where the subscripts 1, 2, 3 denote the order 
of magnitude. The relations between a(@) and 
6(9) are given from (3.7) and (3.9) by 


816 
a(0)=—6(0) sin @ , (Gal) 
a(9)=— : 6:°(0) cos 0—02(8) sin 0 , (Gels) 
a3(9)= ; 03(@) sin 0—0\(0) 0.(0) cos 0 
—03(9) sin ®@ . (3.14) 


On the other hand, comparison of (3.2) and 


(3.10) yields 


b(A)=phi) , (Qos) 

6,19) = p{O(O)hi (O)+h(A)} , (3.16) 

mi O)= 14 02(0)f/(8)+ Ahi (A) 
+-0(0)hs (0) -+hs(0)} (3.17) 


where the functions h,(@), in the case of 


Kaplan bump, have the form 


hi(6)=t sin? 6 , (3.18) 
ho(6)= — 32? sin? 6 cos? 0 , (3.19) 
ee 5 #! sin® 8 cos* 0 (8 cos’0—3) . (3.20) 


Now the function C(Z)—C° YP Z—C™, accord- 
ing to (3.4), must be one-valued and regular 
in the region |Z|>1, and its value on the 
circle Z—e" is 

Ce®)— CU De® C= A(O)— AC cos 0 
+BOY sin 0@-AM +7{B(0)— AC» sin 0 
aan PLB) cos 6—B} P 
Therefore the real part should be equal to 


the conjugate Fourier series of the imaginary 
part: 


A(#)—ACY cos 0+ BC sin 0—-A™ 
= {B(0)—A@ sin 0—BC» cos 0— BW }* , 
or 
A(0)=B*(0)+2AWY cos 0-2BO» sin 0+ A , 


yA) 
where /*(@) denotes in general the conjugate 
Fourier series associated with F(#), and use 
has been made of the relations: (const)*=0, 
(sin 26)*=—cos nO and (cos n@)*=sin n6 . 
Putting 


2AM = an-+aty-t as bOCES) 
—2BO)) = 81+ Bet B3+OCE") , 
AM =ritretrst Oe), 


and then splitting (3.21) in accordance with 
the order of magnitude, one obtains 
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a(0)=bi*(9)+ a1 cos 0+ 61 8in 0+71,) 

a(0)=b:*(0)+a_ cos 0+ 82 sin +72 , | 

a(0)=b3*(0)+a3 cos 0+83 sin +73. 

For a Kaplan bump, we have, from (3.15) 
and (3.18), | 

b:(0) = pt sin? 6 = , pt sin 0—sin 30) . 
Further we assume that the trailing edge at 
€=1 corresponds to the point Z=1, 1.e., 6:(0) 

6.(0)=63(0)=0. Hence from (3.12), (3.13) and 
(3.14) we get ai(0)=a.(0)=a3(0)=0 and ai’(0) 
=a»/(0)=a;'(0)=0. In addition the symmetry 
of the body yields ai(z)=a.(z)=a3(z)=0. 
With the aid of these three conditions the 
constants ai, 8: and 7: are fixed, whence 
a0) is determined. Then we also obtain 
0\(@) from (3.12). 

Thus repeating the similar procedure suc- 
Se we can obtain the expressions for 
D(A), a(A), 60); 63(8), a3(0), 03(8); ---, and 
ae we can ultimately build up the mapping 
function €(Z). Here only the results up to 
the third approximation will be given: 


a;(9)= —— * (cos 0—cos 38) , (323) 
3 5 
a(b)= 16 H1— )€(cos 30—cos 58) , (3.24) 
3 : 
a1 B)=35 MA pw8{2(.1— 2) cos 0 
—(3—2/2) cos 30—(1—2) cos 50 
ae cos 70} , (3.25) 
b(0)=", t(3 sin @—sin 30) , (3.26) 
3 
b(0)= Sg ee (2 sin @+sin 36—sin 58) , 
(3.27) 
b(0)= n1—p)#(2 sin 6+(3—2p) sin 30 
+(1—2y) sin 5@—2(1— ») sin 76} , (3.28) 
3.(0)= put sin 20 , (3.29) 
$:(0) oO nlsimeouaeea emo 


16 
(3.30) 


8,(0) = agit 94 —9pe bd) sin 20 


+6(3—2y:7) sin 40 
+(36—63 24282") 


sin 66} , (3.31) 


1955) 


il il ut eye 
ZZ) 2 (= ) 
CZ a +7) +ez( mn 


3° 1 1\? 
TLE Seta Oc = 
ip *0-#(247)(- zy) 
30° 1 1\? 
453 Ha Z4 z\(- =) 


Sele ad. DeRe 
§ 4, 

To begin with, we shall determine the 
first-order perturbation velocity potential ¢1(@). 


Since Im(Z+ z)79 on the circle Z=e'®, we 


First Approximation 


have from (3.32) 
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Im €p=— Im 


TOE fas 1 . 
Af 4 oe 2 7) +O). 
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satisfied the conditions (i) and (ii) in §2, the 
same conditions are obviously valid with 
H,(Z, Z), and consequently with f2(¢): df] al 
is one-valued and continuous in the field of 
flow and vanishes at infinity. It may be ex- 
pected in the present case that f.(€) will 
contain no logarithmic terms related to circula- 
tion. Thus f2(€) will be a one-valued regular 
function for |Z|>>1. Therefore (5.4) yields 
the relation R.(#)=/.*(0) for the same reason 
as mentioned in § 2. Hence 


$2(9) = P2(A)—Q2*(0) +%2*(8) , (5.7) 

Sa Cv) = %2*(8) + 2%2() —[Q2*()+7Q2()] . (5.8) 

The boundary condition (2.18) takes the 

form #°%2(@)+6.(0)=O(&*) for the second ap- 
proximation, so that 


(0) = 


So far as the terms of O(€) are concerned, 
the boundary condition (2.18) is rewritten as 


Im) 22 tG)— 48 (5 ale 0. 


Therefore if we assume that 
ay il 
FO (aa): 


all the boundary conditions are satisfied for 
the first order of approximation. Taking the 
real part of (4.1), we obtain 


$:(9) = 


(4.1) 


ReN73 cos @—cos 38) . (4.2) 
4p 
§5. Second Approximation 

Now the unknown function f2(€) must be 
chosen so as to satisfy the boundary condi- 
tions. To do this we define a function H,(Z, Z) 
such that 


IZ iZ) 
= uprtraan(asr+[ 7rd) |, 
(Bally 
and put 
Giller, Cr) =$2(O)+2%0(9) , (5.2) 
H,(e®®, e~)=P2(8)+7Q2(9) , (5.3) 
Ff (Ce) =R(0)+7L(A) . (5.4) 
Then 
Gill, C)=HZ, Z)+ SAO) » (5.5) 
¢(0)=P2(0)+R2(A) , eee aia ; 
5.6) 


Since /(€) as defined by (4.1) has already 


#2 sin 6+sin 39—sin 58) . 


(5.9) 


On the other hand, 
(5.1), we have 


substituting (4.1) into 


ye 


PO) +1Q)(9) = a e-**8 cos 6 


6 
(ty - Moe —2¢'8 


+4 ¢3i8 Cae ' (5.10) 


Thus, substitution of (5.9) and (5.10) into (5.7) 
and (5.8) gives respectively 


2 2 
Oye ee 
16 fle 


(2 cos 8—cos 3043 cos 50) 


-(-, -1)¢ cos 6-++-cos 300s 58), 6.11) 
16\ 4 
flr) = PF ie + Fee + Fee), 
where 
Fray ted —we+e), 
aL fh 
3M 
pee 1—pN143 
oh earn oe —#)1+34) , 
Oy M 
ja EE LE heyy fs 
40 2 1602 ,~d—-4)84+13-) . 


6.12) 


§6. Third Approximation 

Before calculating the velocity potential for, 
the third approximation, it should be noted 
that in the previous sections stream functions 
have been chosen from the boundary condi- 
tion (2.18) in such a manner that % should be 
expanded in a power series of the small para- 
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meter ¢, and that consequently Gi an G, have Gil, H= HAZ DZ, De Oe 


been evaluated as the terms of the first and 

the second order in ¢ respectively. Therefore where Ff, denotes the terms of Oe) involved 
if we wish to expand the velocity potential ¢ 1" H,, which have been omitted in deriving 
in powers of 7, we must make a slight altera- (5.10), and 

tion in (2.12) just as 


HAZ, D= Ast+B\7 sd@43B SF +-CF i 


4 ty) ar + Fd — ee (Gaede... = ae 


Further, inserting (2.11) in (6.2), and considering that it is permissible to add arbitrary 
functions of € to 3, we write A; in the form 


HAZ, Zy=A SE —O)4 BV Fd + 3B fF = cp \ Fd 


os on V+ vy QF °C +3F/ fF C+ 6F/F(FE-FO} 


M' Fe = as eth ee ee 


os (Lt yf F2+2f fF 4S “(f?2—f + ae a | 
A PLEO tty FAS Fe 7 fid®), (6.3) 
where NAL “ v(1+y), B=B+" (1+ v)Ci+ 2p), 
CaCe * (5-+10v+6y”) . (6.4) 


(Of course, £3(€) in (6.1) then undergoes some modification.) 
Thus we can avoid the singularities at Z==-1, which are caused by differentiation of df/dé 
and f» with respect to €. 


Put G3(Cv, fp) = 63(9)+72%3(0) , 
Az, 1(e", €-*®) = Px, 1(0) +7Q2,1(8) , 
F(e', e-) =P3(0)+7Q3(0) . (6.5) 


Then we obtain a relation similar to that for the case of $2; 
$3(8)=[P2,9)—Q2,1*(8)|+[Ps()—Q3*(O)] + x3*(8) (6.6) 


In deriving (6.6) the same discussion as asserted in $5 has been made ‘with fC). From the 
the boundary condition (2.18) 


1 Soe gel! F 
%s(0)=—— B(0)=— 5 G -1)P Qn sin 0+(3—2/) sin 30 
+(1—2,) sin 56—2(1—y) sin 76} , (6.7) 
and from (5.1) 
P2,(0)— Q2*(0)=2 : a (heaves eC 2cos 6-+cos 30+ 2 cos 50S cos 70) ; (6.8) 


In order to calculate P;(0)—Q,*(@), it is convenient to tabulate He, e-*®) term by term 
in the following way: 
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Constant factor Value on the surface 


i) A’ F7C—6) =O(E") 

indy 18# \7eat =39( 2 : e3i0__. : ea 

iii) 3B’ Ve peee 

Ny cs callin 2d& = 3a( 5 ¢ gio 1 e3ie 

3 5 

v) M'yv(1+y)/12 Ff 2C = —38(0%9 + €7"9) 

vi) Méy(1+v)/8 ff = —3B(e® + 2?) 

vii) M'v(1+y)/4 MORAG Ene hea cae 
vill) M*1+y)?/8 f f= —B(e—3e") 

ix) M4*(1+y)?/4 Sf f'= 

x) M1+»)/8 f"P—f)= ; B( Sele 4...) 

xi) M!y2/8 unig 

xii) M2y/2 2» (E—€)=O(€) 
xi) M?(1+y)/2 Pe ee ee gers) 
xiv) M(1+y)/2 fb, =(—38/2)( Fae + Fe? + +++) 

_ — _— 5 so: 

xv) M¥1+y)/2 7 Fed (30 20)( 5 nen ee 


where 6=92#?/164°, and dots denote the terms which involve negative powers of e”; for, 
when P;(9)—Q;*(9) is sought, we require only the terms involving positive powers of e’. 
In general let a function 9(Z) be a Laurent series 


= a, one" » Cn=An+tbn , 
and assume the form g(e’*)=h(@)+2k(@) on the unit circle. Then we can easily verify that 
h(@)—k*(0) =a +2. > (an cos n0—by, sin n8) . (6.9) 
Since 6,=0 and @,=0 in the present case, the formula (6.9) enables us to obtain 
P(O)—Q5*(0)=2 © an+1 COS (2N+1)0 
==) (Si ee 0+, cos 30+S; cos 50+S, cos 76) , 


where 
2 9 : 
Si= 9 +R Bia an eas dey eG ae ear Rode 
64.3 6443 
33M! 27 a 
27Mé ; a, 
S=-¥ = 7 Ete F +E) eS Ba) ar 6413 (1+») monyn Ce 
2 9ME 27 ; 
— Pas Masel ce 5) 
Ss= 100 ht 39,18 v(1l-+y)+ 1018 . 
ae . 9M: 27 B 
S=— 14, (1+y)Fs— 391 u(1+y)— 5 Gu 
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Substitution of (6.7), (6.8) and (6.10) into (6.6) yields 


$3(0) =8(T; cos 0+ T; cos 30+-T; cos 50+T; cos 76) , 


with 
T= = a a (14 180) 7 +28 (+240) AS tS eat - = Ne C =i) 
— a a - By (B+52e) 0 = so (11-4240) 
wee ee oN 
T3=— se _ + a B+40)" + aa 94-84) 
“ou ae ee 
where 
e=F rt) (6.12) 
AG a tee ; (6.13) 


§7. Velocity Distribution 


If the line element ds is taken along the surface in the positive sense, the velocity q(w) 
can be calculated by means of the relation 


iN RS ag eT tg 


F g(o=— 1 A 4 008.94 $:(0)-+ $4(0)+ 040)} (7.1) 


To this end it is necessary to know 41, ¢2 and ¢3 as functions of ¥. Using the expressions 
for 6 in §8, we have 


2 
cos 6=cos? +/E (cos 0} — cos 3v)— = {2-cos 3 +(3—2/) cos 38 +3 cos 5a}+O/(E%) , 


ay 
cos 806=cos 3 0+ ; Lt COS k— COos5a)— eth {3—r) cos 8 +3408 32 
ez 
—HCOS5v—(3+ 4) cos 73}+ O(E?) , si) 


COS 58 =cos 5a +} st(cos 33—cos72)+O(E?) , 
cos 74=cos78+O(E) . 


Hence one is led to 


70 = Cos J rare cos 3d —cos 38)+#(D; cos 3+ .D3 cos 33+.Ds5 cos 52) 
+2(£; cos 0 +3 cos 38-+E; cos 58+ E7cos 2), (AS) 


where 


3 1 3 it 9 3 dl 
D, =—( N——-+1 D3=——{ N+— Ds =— N+—— 
1 all si | ) ; 3 ae =) a nD? 80) aL (7.4) 
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3M 3 | Ms 
pee ght ie) : Mt E(L1+ 248) a Fa Rake ils eos (2 au 


64 64 fe a i eae, oy) 
: 9 M3 Mt 9% M9? MB 3 oho 
E3= ——_—“_(34.47x) 11+24«) = 
300 @ 300. Fe a Oh, a oe a 
27 M2 (27 Mi, 9 M° 9«? M8 27 3 2) 
ee eS.) ees z 
320 4 * 320° a el ac. hey Oe 
27 M? 27 4 OK M® 9x? M8 45 3 
SO i ey eG ae agentes = 
erage ae Oe eng OF eter: oye aa 
Now differentiation of (3.1) and (3.2) with respect to # gives 
Be 2s | (df&e\?, 1(dp\ R11 Of ee 
Fa =| ( aa ) +3( aE y| ere E — Tg cosdi)+ 3 (2-+8.c0829—2eos4—5eos6y) | ’ 
(7.6) 


| while differentiating (7.3) with respect to cos’, we get 


ge Gos PADS 24-6 DOH 2G Ds sDa cos oa WW Dacos 4) 
sine U do Qu 


+8((4,+363+525+7E,;)+ 2(3F3+5F;+7E7) cos 28 +2(5Ls+7E7) cos43+14E7cos63}. (7.7) 


Thus using (7.1), (7.6) and (7.7), we finally arrive at the expression for the velocity dis- 
tribution 


7 49)= LAY cos 20++ 7 a8) + a) : (7.8) 
with 
ue =# ( : ee ie) dy cos 20+( ; N= : : + *, ) cos | (7.9) 
peO=—F | oy = +z (1 Mn) ue = (+240) Bn oe in : ne At ; -1)! 
2M Sara Merge MS aM ah gay SL Sone 
[does plone 


(7.10) 


The maximum velocity gmaz is obtained by putting ¥=z/2 in the above expressions. Thus 


COVA Say 5 VE 
Aneel qt sabe ( z Ne cae + ) +H A (13-6626) —— 


Qu 2 8 ou \40 40 we 
3K MEST VE ak eae ky) 711 
Sai a eo. ue Fig alba" 16). tay) 


These expressions for the velocity distribution around a Kaplan bump and the maximum 
value of the velocity can be verified to coincide with those reported in Ref. 8). 

The author wishes to express his sincere thanks to Prof. Isao Imai for his continual 
guidance throughout this work. He is also indebted to Dr. H. Hasimoto for his advice in 


the course of calculation. 
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Interaction Between Slip Bands 
and Particles of Precipitate in 
an Aluminium Alloy 
By Shigeyasu KODA and Taro TAKEYAMA 
Faculty of Engineering, Hokkaido University 
(Received May 9, 1955) 
The cause of hardening in age-hardenable alloys 
is considered that the movement of dislocations is 


interfered by local segregation of solute atoms 
(Guinier-Preston aggregates) or precipitation of the 


intermeadiate phase which is coherent to the parent 
lattice. From this point of view, we tried to 
observe by the electron microscope how slip bands 
are affected by particles of precipitate. The 
specimen is a polycrystalline aluminium alloy of 
4% copper, and its shape is a sheet of 0.5mm in 
thickness. It was age-hardened at 250°C for 2.5 
hrs after water quenching from 530°C, stretched 
about 1% in length, and then prepared the replica 
for the electron microscope by the ordinary anodic 
oxiding process. By this heat-treatment the alloy 
may be at a little over-aged state.2) 

From the electron micrographs obtained, we may 
conclude the following characteristics. (Figs. 1, 2) 

(1) Shp bands are not a sharp and distinct line, 
but are composed of many elementary slip lines, 
i.e. the slip bands have a fine structure of Heiden- 
reich-Shockley type.*) 
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Table I. 
Total Slip Distance of a Band (A) 2640 2680 2580 1165 1110 815 890 1515 1465 


Total Slip Interval of a Band (A) 1390 1490: 1440 745 750 415 555 1040 1440 
Number of Elementary Slip Lines 18 18 18 ) 9 7 13 
or or or or or 6 or or 13 
iG 17 iff 8 8 6 12 


~150 ~160 ~150 ~140 ~130 ~135 ~140 ~120 ~110 
~85 ~90 ~90 ~100 ~100 ~80 ~100 ~85 ~120 


Mean Slip Distance of each Elementary Slip (A) 
Mean Interval between Elementary Slips (A) 


(2) The length of each slip band is short. 
Appearently they are broken into about 2-3 microns 
in length. 

(3) The plate-like particles of precipitate are 
bent by slip bands. This indicates the dislocations 
can pass through the particles. 

Moreover in our case we know the fact that the 
plate-like precipitates are the intermeadiate phase 
and are formed on the {100} planes of the parent 
lattice.*2 So we can determine the orientation of 
the surface of the specimen by means of stereo- 
graphic analysis.5) And we know also the slip 
planes are {111} planes and slip directions <110>, 
so we can determine the active slip plane and the 
active slip direction from the change of shape of 
plate-like particles. Thus we can draw the true 
three-dimentional shape of slip bands which are 
composed of many elementary slips, and can deter- 
mine the mean slip distances and intervals of them. 
The results are shown in Table I and Fig. 3. 

Finally, as shown in Fig. 4, these bent particles 
of precipitate were observed on the specimen which 
was dissolved by electropolishing over 0.1mm in 
thickness (of course we cannot see any slip band), 
so in our case the slip bands in the interior of the 
alloy have the same structure as on the surface. 
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On Upper and Lower Bounds of the 
Kigenvalues of a Free Plate 


By Yoshimoto NAKATA and Hiroshi FUJITA 
Department of Physics, Faculty of Science, 
University of Tokyo 
(Received June 9, 1955) 


The present note is concerned with the vibration 
of a thin elastic plate in the xwy-plane bounded by 
a sufficiently regular contour C. In case of free 
edges, the vertical deformation satisfies the dif- 
ferential equation (1) in D, the interior of C, and 
is subjected to the boundary conditions (2) on C:) 


AAW = Ay2w moat 1D) - Gls) 
zal oY |= 
Ae, Aw+(1—p aaa =) On G, | 
> (2) 


92 
paw+(l~nya > = (once | 


where »(0<p<1) denotes Poisson’s ratio and 0/07 
and @/0s have their usual meanings. We intend 
to calculate the upper and lower bounds of do, the 
positive square root of an eigenvalue A,?. 

Once the above differential system (1) (2) is re- 
duced to the form T*Tw=Ay2w by a suitable choice 
of the operator 7’ between Hilbert spaces and, Tx 
being the adjoint of 7, then the following approx!- 
mating theorem?) is applicable. 

Kato’s Theorem. Let an open interval 0=a<A<B 
contain no square roots of any eigenvalues but dp. 
Let w and v be trial vectors belonging to the 
domains of 7 and T* respectively and normalized 
v\i=1, y= (Tu, v)=0. Then we have the 
of Ap. 


as |lwll= 
following estimate 
2 2 
= ee (3) 
where = (||P |? +||T*v|2)/2—72 . 
It is remarked that as for the smallest eigenvalue 
the estimation 4p<| Tw | by the Rayleigh’s principle 
is more convenient than the right inequality of (3) 
in most cases. We perform the decomposition of 
the operator®) as follows. Denoting by L>(D: 0) 
the Hilbert space consisting of functions in LD) 
with the inner product defined by the integral with 
the density p, we construct two Hilbert spaces by) 
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and §/ as 
§=L(D:1) 


H! = LD: i) x DD: 1- ph) 

x DX D:1— pp) x L2(.D:2-—2p) « 
Let T be the operator from § to §’ such that 
uu du 2u ) 
Ox2 ’ Oy?’ dxdy 
A function w belonging to the domain of 7 must 
satisfy certain conditions of regularity but is free 
from any boundary conditions. Then it is seen 
that the domain of T* is the set of 4-component 
vector functions v=(vj, v2, V3, 74) which obey, be- 
sides some conditions of regularity, the boundary 
conditions 


IN (au , 


P(v) + “i @w)=0, Qw)=0 on C (4) 
where 
an Vy Avs Ov Av. 
Pr)= no +- we Fiat Mat ata ta Me} 


QW) = wr HL p){v2? + VgMy? +20yNgNy} , 
Rv) =(1= p) {08 2Nz +V38 yy +V4(SeNy +8 yNx)} , 
(%x, My)=unit normal vector, 
(Sz, 8y)=unit tangential vector. 


Furthermore, we have 
2 ay. : 2 
T*y = pAv, +-m(oe AB Ae “+ el : 
The equivalence between the differential system 
(1) (2) and the equation T*Tw=2,2w can be easily 
verified. 

As a numerical example we treat the case where 
C is the square with vertices at (1, IID) (Gta 
(-1, -1), (1, -1), and calculate the bounds of the 
eigenvalue corresponding to the vibration with its 
nodal line coincident with two coordinate axes. In 
consideration of the symmetry and physical analogy 
we put w=||w’||-1-w!, 


3 k ; 
= 5 ryt ate fly)+yf(a)} 
where @ is a constant to be determined later and 
(x) is the corresponding approximate eigenfunction 
of a vibrating bar®, i.e., 


aa OT ae BIN 51 
wv)=sin—-a— h si 
Fo) a (V asin = sinh | & . 
In this case v must satisfy, besides (4), a subsidiary 
condition (v=0) at vertices of C owing to the lack 
of smoothness.2 In accordance with these con- 
ditions we set v=||v’||-1-v/, 


1 
vy =>—(1—b)ay , vy’ =y(a3—ber) , 
py 
2 2 
v3 =x(y?—by) , ie ie ee 


where 6 is a constant to be determined later. 
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Poisson’s ratio » is taken to be 0.225 for the con- 
venience of comparison with the results of Ritz. 
We calculate the upper bound by the Rayleigh’s 
principle. In obtaining the lower bound by the 
left inequality of (3), we adopt 8=18.5 which seems 
to be sufficiently smaller than the approximate 
value of the square root of the next eigenvalue 
according to Ritz). Making use of these quantities 
and choosing a and 6 to get good approximation, 
we arrive, finally, at 


3.418 <Ag<3.554 . 


Ali detailed discussions and calculations will be 
published later. 
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Some Coefficients of the Series Expansion 
of the TFD Function 


By Shigehiro KOBAYASHI 


Department of Physics, Kagawa University, 
Takamatsu 


(Received June 17, 1955) 


The TFD (Thomas-Fermi-Dirac) function, i.e. the 
solution of the TFD equation ¢//=a[e+(¢/a)/?]3 
subject to the boundary condition ¢(0)=1, can be 
expanded about the origin in a semi-convergent 


$=>) dynx"/2, where the 


n=0 

coefficients up to a, were previously tabulated by 
Metropolis and Reitz). Now, the present author 
has calculated further the coefficients aj, to a7 with 
the intention that one can check the corresponding 
coefficients of the series expansion of the TF func- 
tion as their special cases, which were recently 
needed by the present author et al?) in the most 
accurate evaluation of the TF function. The ex- 
pressions of Gj. to ay; are as follows. 


power series such as 


duit 1 8 
Ay. = ——+——a, 22 
4 05 Vis + (pitt + Bap 25 
509 2 
—— ¢3_——q, ¢4 
5040 °° 7 175 ) 
557 3 272 AT 
Qie= gaia 5 = 
18 "100100 2) O1S0 oe a tsae 48048” 
US oe aie 
400400°** ~ 4576"? © + 4004% 
Ly eee :) 
6600° ~ 286 28") » 


4 29 211 1711 
A14e= G93 92 a4 pects +( degen are “3g808° 
232 og, 74863 
~ 24955 1940400” 
sein: 
arp?" T7200 7 * 
ayg= 10___623 . a 1916 
°= 52650 351000 ” Hs a! 535735 1 
es att ie SOM es, lps 4 
54912 7~ 72072000 7° ° 4160” 
896008). on tin pe SBRBOSute 
*21621600° 114472 * “180180007 
5 x 19765 — ie <6 ) 
520.7. 257400 7° 
a: SE: a P 
450457 "1051057 * \540540 © 
104413 |, | 225137 |g, 136 4 
~ 38012975 °° ' 27747720" * 21021 
78089 CO 
= Qe-E? + = = Ag°E 
3853850 2217600 ~ ~ 26952 
er 
1101100” 660° )” 
eee tlie, «of WISTS) B'S 
™=~ 11781007 116424000 7  43520°7 
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71471400 7 ° ' 622366” 
39993240031, , 310983079 |, .., 
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The bracketed parts in these expressions are proper 
to the TFD function. 


The author wishes to express his sincere thanks 
to Professor Umeda for his kind guidance. This 
work was supported by the Scientific Research Ex- 
penditure administered by the Ministry of Educa- 
tion. 
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Ultraviolet Absorption Spectra of 
Uranium Glasses 


By Kikusaburo OSADA 
Faculty of Engineering, Nagoya University 
(Received July 4, 1955) 


It has been known that an absorption band ap- 
pears near 250myp in glasses containing one of 
heavy metals)2), But an absorption spectrum of 
uranium glass has not yet been measured at the 
shorter wave-length than 400 mp3"). 

Therefore, absorption spectra of thin films of 
commercial and experimental uranium glass (c.u.g. 
and e.u.g.) were measured to 180 my with a quartz 
spectrograph. The e.u.g. was prepared by melting 
a mixture of SiQ., NaHCO ;, and UO.(CH3;CO,), in 
proportion corresponding to the formula 
3Na.0 - 7SiO,-0.2U03. The results obtained are 
shown in Fig. 1. 


(ie) 
= 
3 
rT) 
e Ge 
Se 
=) 
[= 
od 
65 
5 
1) 
Qa 
cd 
200 250 300 
Wave -length (mi) 
Fig. 1. Absorption (solid line) and reflection 


(broken line) of uranium glasses. (1), (3) com- 


mercial; (2) experimental. 


The spectrum of the c.u.g. shows a band with 
a maximum at 230muwu and the e.u.g. at 257 mu. 

The relative reflectivity of a plate of the c.u.g. 
was also measured to 220m, under an angle of 
about 45°. The relative intensity of light source 
was determined by the reflectivity of aluminium. 
As shown in Fig. 1, it was found that the reflec- 
tivity of the glass increases gradually below 280 
mu. This result is expected from the absorption 
spectrum of the glass. 

When illuminated with ultraviolet radiations, 
these glasses fluoresce emitting a green light or a 
yellowish one. So their out see copy spectrograph. 
Then, as the exciting radiation we used the mercury 
line 254m,5) or 366myz® isolated by means of a 
filter. 

By the irradiation of the former line, the e.u.g. 
emits a yellowish light which distributes in the 
region between 490~650 my, while by the latter no 
emission can be observed. By any radiation the 


c.u.g. emits a green light which distributes in the 
region between 490~620 my and has a maximum 
at 520 mp. 

Variation of their fluorescent efficiency with the 
wave-length was also measured continuously in this 
region by the same method as in the author’s 
previous paper), although the efficiency had been 
known at several discrete points’), In the c.u.g. 
its maxima appear near 390,320, and 235 my, and in 
the e.u.g. near 260mp. The maximum at 235 or 
260m, appears near the maximum of the absorp- 
tion spectrum respectively. 

It has been considered that uranium in glass is 
present in two kinds of state; i.e. the one is uranyl 
groups, and the other uranate groups. When ex- 
cited with a mercury line at 365mp, the former 
emits a green light and the latter a yellowish one 
only at low temperatures®). 

On the other hand, the uranyl acetate emits a yel- 
lowish light by the excitation of the radiation at 


254myp. This is composed of some bands with 
maxima near 620, 510, 495, 470 and 455myp. This 
spectrum differs from that of the e.u.g. So 


the fluorescence of the e.u.g. does not originate 
from the uranyl acetate. 

From these results of the fluorescent phenomena, 
it may be considered that uranium in the e.u.g. 
forms uranate groups and in the c.u.g. uranyl 
groups. So it may be concluded that in uranium 
glass an absorption band with maximum at 230 mu 
originates from uranyl groups and at 257m, from 
uranate groups. And glass containing uranate 
groups fluoresces emitting a yellowish light at room 
temperature only when illuminated with a radiation 
of the shorter wave-length than 300 muy. 
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The Thormoluminescence of Glasses 


By Takeo KIKUCHI 


The Institute of Polytechnics, 
Osaka City University 


(Received July 5, 1955) 


With regard to his theory of the electric break- 
down of amorphous substances, Fréhlich has sug- 
gested that in the glass state there are various 
shallow traps of electrons, characteristic of its 
random network structure, under the conduction 
band’). According to the analysis of our previous 
research in the electric breakdown of glasses, we 
have guessed the existence of these shallow traps”). 
Recently Yokota has found that the glow curve 
of fused quartz colored by X-ray irradiation is 
more complicated than that of the crystal, and he 
has emphasized that this is related to the pro- 
perties characteristic of glass structure). 

In this experiment, we observed the thermo- 
luminescence of glasses at the temperature range 
from ~—150°C to 300°C. The specimen whose 
composition is 0.6Na,0-2SiO., prepared from pure 
quartz powder"), was irradiated with X-ray (40KV, 
12mA, W-target) for 4 hours, at —150°C. After 
irradiation, the temrerature was raised at the rate 
of 5°C per minute and the intensity of the ther- 
moluminescence was detected by a photomultiplier 
and recorded. 


4 —$—S ——— = 
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Fig. 1. The glow curve of glass irradiated at 
— 150°C. 


Fig. 1 shows the glow curve thus obtained. The 
same specimen irradiated at room temperature 
showed the glow curve as Fig. 2. It is found that 
these curves consist of two groups, each of which 
has several peaks, centered at about —120°C and 
150°C. Corresponding to these peaks, we can 
consider that this specimen has two groups of 
traps, shallow and deep, apart each other. 

The depth of the trap H may be obtained by) 


E=kT* In S{1-+In (kT*2/@E)/In S} , 


1955) 


where & is Boltzmann constant, 7* the temperature 
of maximum glow and 8 the rate of temperature 
raise. Assuming S, the jumping factor to be 109 
per second, we find the depths of shallow traps 
lie between about 0.32~0.43 eV. and the deep ones 
between about 0.82~1.16eV. These agree ap- 
proximately with the values estimated from our 


; 
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Fig. 2. The glow curve of glass irradiated at 
room temperature. 


experiments of the electric breakdown. As de- 
scribed above, we expect that these traps are 
related to the network structure of glass. 

The absorption bands are all completely bleached 
after heated to 350°C. 

We also studied the other glasses of more com- 
plicated compositions, and found that they exhibit 
no or at most very weak thermoluminescence. 
This fact shows that the radiationless transitions 
are enhanced by the more complicated structure. 

The author is indebted to Mr. R. Yokota for his 
valuable specimen and he also wishes to thank 
professor H. Kawamura for guidance and counsel 
through the course of this work. 
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On Exact Solution of the Blast 
Wave Problem 


By Akira SAKURAI 
Tokyo Electrical Hngineering College 
(Received July 9, 1955) 


Recently J. L. Taylor) has presented ‘an exact 
solution of the equations determining the initial 
stage of a spherical blast wave which was assumed 
to start at a point. The object of this note is to 
show that his idea is also useful for the corre- 
sponding problems of cylindrical and plane waves 
and that the same kind of solutions can be obtained 
for both cases. 

The problem under consideration is reduced to 
finding the solutions f(x), ga), hax), (0<aS1) 
satisfying the equations”): 


(pnp s04 22 poy, 
(x — f(D) a =1f 04 af@ =a ee 
(e-fOy"t =feO4 2 FO , 
supplemented by the boundary conditions: 
FO) = F g= : nOy=te = C25 


where « takes on the values 0, 1 and 2 for plane, 
cylindrical and spherical wave respectively and y 
is the ratio of specific heats. These equations 
were found by G. I. Taylor®) at first for the case 
of «=2 and were solved by a numerical step-by- 
step method. The solution for «=0 was obtained 
also numerically by the author») and that for a=1 
by the author?) and S. C. Lin®. 

By combining the above equations (1) and (2), we 
get the following two intermediate integrals, 
namely: 

(ee 1 il 


g \ (fOr 1 g™ Vie 
(0) = = Fi 
De ee dh 


2 Ty=1 ho) 
or 
C —fO 


xf v ! 


g® 4-1 


Mca 
aa (02 
ho) 2 AS oe 


and 


(0) Day aN ; é. 
re Sari con), (a —f0))-ly-o , 
the first of which was found by Kynch®*) and the 
second by the author”). 

J. L. Taylor» has found that for the case of 
a=2 first order differential equation for / as 
obtained from the elimination of g, h©) from the 
above equations (1), (3) and (4) can be solved 
Now we shall show that this result can 


(4) 


exactly. 
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be extended to the general case of any «a. 
Eliminating g®) from (3) and (4), we get 
hO)= {4(y +1)¥*1(y-1)-O-D 
X 2 FCO? a7 — fO))- Ay fO) — x) VE-Y , 
Taking the logarithmic derivative of this equation 
and inserting it into the third of equations (1), we 
have the differential equation for f as 
ef; a fe  1-fe | vf-1 
2-7 la Se FO Bey” Fees 


a 
= f,,(0) + — fF) 
Sex t ie ehh , 


which can be easily integrated if we put f/w=F 
(say) and the result obtained is 


ua+3\(¢=1) 


2log fO) = — loz 2 
oss siya 
(a+3)(7—1) 5. eae 
par ist = =e fO) —a@ 
ea ee 


_ (+20 +5) +(— 30? +20 +x +4(a*— 1) 
(27¥-+a—-1){(@4+-1)y -(a—1)} 


(Vol. 10, 


is (a+1)y—-(a—1) 
a+3 

where C is a constant to be determined by the 
condition (2). It is easily verified that this solution 
is reduced to that of J. L. Taylor for the case of 


pe 


a. 


x log +logC , 
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Errata 


Zeeman Splitting of Nuclear Quadrupole Resonance 
in Paradibromo Benzene 


By Shoji KoJIMA, Kineo TSUKADA and Yasushi HINAGA 
J. Phys. Soc. Japan 10 (1955) 498~502 


The term yr—vyiy in Eqs. (6) and (8) should be multiplied by two. 
Eqs. (7) and (8) should be replaced by yvr-+viy—2yo. 


The term yy-tyry in 
The equation vi~—viry=(49.6+2) kc, 


which appeared at 6th line of the left column in page 501, must be ammended as y;— v= 


(24.842) ke. 
used in deriving the results. 


This establishes agreement with the Fig. 3. 


The correct equations were 
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Rotational Analysis of the CrO Bands 


By Masayoshi NINOMIYA 
Department of Phisics, Faculty of Sience, University of Tokyo 
(Received June 20, 1955) 


The (0, 1), (0, 0) and (1, 0) bands of the CrO, which appear in the red 
and yellow region, are analysed rotationally, and we have been able to 
show that these bands owe to the transition ®*J]—5]]. We have shown 
the theoretical formulae for the quintet state, which can be applied in 
the case of nearly (a), and obtained the molecular constants as follows, 

B,''=0.5286 +0.0002 cm-1 
B,'’ =0.4750+0.0002 cm-1 
a’’ =0.0050 cm-! 

a =0L0057em=! 
ee — O27 1052 em 

Pe! SI 1G WO Bem 


EA = NNO ran 
A’ =100cm7! 


§1. Introduction 


The band spectrum of CrO, which appears 
in the region between 5500A and 6500A, has 
been analysed vibrationally by C. Ghosh”, and 
he has predicted it as the triplet transition 
involving @ branches. But as far as we know, 
no other report on this subject has been 
published. The present paper is to give a 
rotational analysis of the (0, I) at 46395A, 
(0, 0) at A605IA and (1, 0) at 45794A bands 
and to present an example of the quintet band 
for the first time. 


$2. Experimental Procedure 


The source of the spectrum was obtained 
as usually from the arc between two carbon 
poles, one of which was of a diameter of 
30mm and had a bored hole of 15 mm charged 
with chemically pure chromic oxide powder 
and the other a usual rod of a diameter of 
8mm and between them a direct current of 
about I5 Amps. was discharged. It was neces- 
sary to fill up several times the hole with 
powder in 2~4 hours, which were suitable 
to take a good spectrogram. 


Figure Speccrogram of CrO 
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Spectrograms were taken in the third order 
of the 2I-foot concave grating in Eagle’s 
mounting and their dispersion was about 0.73 
A/mm. Iron arc lines and sometimes neon 
red lines were used as comparison. The 
parts of the spectrum are shown in the ac- 
companying figure. 


§3. Quintet States Intermediate Between 
Cases (a) and (b) 

The general equations for the intermediate 
multiplet states between cases (a) and (b) 
have been given by Hill and Van Vleck”, and 
for the doublet, triplet and quarted states 
have been solved’. For the quintet states 
the following equation to is be solved, 


w+w[5A2A?—2047AB 4+ 20B?J(J+1)+12B?] 
+w?[—28A2A2B 


Masayoshi NINOMIYA 
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+28 727A B?+56B3](J-+1)+16B?] 
+wil—441A'+324A3B—327A’B?J(J+1) 
+32A2A2B?—64.4'A?B? 
+128.7?- AB f(J+1)?+482°AB?3 
—64BtPJ+1)?+32B9I+1)] 
+164‘A'B—804:A?B?+327°A-BJ(J+1) 
+644!A2B?+6427AB*](J+1) 
wed ALLER ici be) 


ae) 
where 

w=W+2AB—Bi J(J+1)4+2] (2) 
Since the eq. (I) can not be solved in analy- 
tical formula, we must solve this approximate- 
ly. In the case of nearly (a), we can obtain 
the series solution in B/A by means of the 
expansion of w as follows, 


W2= —2AA+4B(A—1) odd 1)+0—Aj(3 1mi+(] ) Sale oe 
w= — AA+2B(A+1) a= Ld 1) +(1—A)(44+A)] a0els ai ae 

wy = 4B - oa +(q)boH (3) 
wi= AA — 2B (A—1) + °F IF (1+ A)(4—A)]4 Gilleace 

W2= 2ZAA— 4B (A+1) 4 iT +1)+ (1+ A)(34 sal+( bol 


where the suffix of w is the value of ». 


In consequence we can express the energy of the state neglecting the higher order terms. 


than (B/A) as 


W_5=—2AA—2B(A—1)?—4B*/AA-(1—A\3—44) EB ICDs | ae 


W_1=—AA—2B(A+1)(A—2)—2B?/AA-(1— A) 


Wo= —2B(A?—3)+12B7/A 


W,=AA—2B(A—1)(A+2)+2B2/AA - (4 4\4—4)+ BIT+D) 1455 |b | 


W.=2AA—2B(A+4+1)? +4B2/Aa - (4 AN34+44)+BJT+D) 14 


Therefore in the same way as in the doublet 
and triplet cases we may express the rotation- 
al energy omitting the terms independent of 


te 
Wes = Bory J(J+1) ( 0) ) 


where 


AA 
+4) +BII+1) 1 oe oe 
AA 
+BJ(J+1) pe (4) 
AA 
8S) ae 
AA 
Beyj=B(L+ ee | 
(6)} 


a= — 2, 02 


$4. Rotational Analysis 


Considering the combination principle w 
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Table I. Wave-number of the lines of the (0, 1) (0, 0) and (1, 0) bands and a,F 
for the ))= —2 states. 
J | (0, 1) (0, 0) ao, 
AF” RJ) PW) ak” | ak RW) PU) ak’ las” RG) PW) ak 
9 1651636 at 1724767 
10 1563012 1561057 1955 1967 1617 1649650 2191 2178 4738 1722823 1915 
11 2355 3004 0862 2142 2142 1587 9445 2398 2366 4666 2607 2089 
12 2559 2992 0657 2355 2327 1546 9219 2609 2579 4642 2372 2270 
13 2768 2958 0445 2513 2516 1494 8978 2800 2780 4577 2117 +2460 
14 2965 2921 0224 2697 2685 1431 8746 3009 3000 4501 1862 2639 
15 3174 2872 1559993 2879 2876 1361 8485 3212 3196 4404 1577 2827 
16 3379 2816 9747 3069 | 3060 1279 8219 3424 3404 4309 1305 3004 
17 3583 2748 9493 3255 | 3255 1191 7937 3636 3627 4196 1000 3196 
18 3786 2670 9233) 134376" | (3437 1080 7643 3856 3847 4071 0682 3389 
1 3991 2584 8962 3622 3613 0949 7336 4056 4043 3929 0349 3580 
20 4197 2487 8679 3808 3804 0826 7024 4245 4239 3780 0028 3752 
21 4401 2382 8387 3995 3997 0701 6704 4455 4452 3634 1719690 3944 
22 4607 2264 8086 4178 4185 0556 6371 4681 4683 3462 9328 4134 
23 4809 2140 7775 4365 4378 0398 6020 4885 4880 3278 8951 4327 
24 5015 2005 7455 4550 4556 0227 5671 5109 5091 3088 8582 4506 
25 5225 1859 7125 4734 4744 0033 5289 5317 5303 2877 8187 4690 
26 5427 1708 6783 4925 4924 1649834 4910 5507 5505 2657 7785 4872 
27 5634 1542 6432 5110 ‘syilas3 9641 4526 5719 5710 2426 7372 5054 
28 5835 1366 6074 5292 5297 9412 4115 5929 5915 2183 6947 5236 
29 6041 1176 5707 5469 5475 9187 3712 6119 6120 1927 6511 5416 
30 6238 0986 5325 5661 5651 8944 3293 6323 6323 1660 6063 5597 
31 | 6447 0779 4938 5841 5831 8695 2864 6525 6524 1382 5604 5778 
32 6648 0562 4539 6023 6017 8436 2419 6728 6729 1091 Blais) BUS 
33 6847 0338 4131 6207 6202 8159 1957 6950 6932 0786 4653 6133 
34 7050 0107 3715 6392 6391 7877 1486 7147 7131 0481 4159 6322 
35 7256 1559858 3288 6570 6569 7581 1012, 7353 7341 0150 3655 6495 
36 7453 2603 2851 6752 6750 7274 0524 7539 7539 1719815 3140 6675 
37 7651 9340 2405 6935 6927 6961 0034 7741 7742 9469 2611 6858 
38 7853 9066 1952 7114 7111 6644 1639533 7943 7948 9123 2073 7050 
39 8048 8781 1487 7294 7292 6310 9018 8147 8162 8742 1521 (220 
40 8249 8489 1018 7471 7475 5972 8497 8354 8354 8352 0961 7391 
41 8453 8188 0532 7656 7655 5614 7959 8559 8540 7962 0388 7574 
42 8653 7875 0032 7836 7838 5251 7413 8769 8750 7561 1709812 7749 
43 8851 7552 1549535 8017 8023 4878 6855 8964 8970 7145 9212 7933 
44 9052 7222 9024 8198 8200 4487 6287 9169 9150 6718 8591 8127 
45 9254 6883 8500 8383 8380 4089 5709 9369 9365 6281 7995 8385 
46 9454 6584 7968 8566 8559 3677 5118 9570 9566 5822 7353 8459 
47 9653 6178 7429 8749 8737 3255 4519 9773 9760 5350 6715 8645 
48 9857 5809 6881 8928 8928 2832 3904 9955 | 9958 4892 6062 8821 
49 10057 5429 6321 9108 9091 2392 3301 10176 | 10166 4392 5402 8990 
50 10253 5040 5772 9288 9288 1939 2656 10376 | 10374 3889 4726 9163 
| 51 4641 5176 9465 9464 1480 2016 | 3381 4018 9363 


| 52 


| Tables I~V for each subband respectively, in 
which we have had the each branches from 

the band head at about J=9 to about /=50, 
| since the R branches under J=9 were weak 
| and blended with the other lines and the P 
| branches over J=50 were so apart from the 
band head that could not be put in one plate. 

In the order from left to right 4.F’’( J), R(J), 

P(J) and 4,F’( J) of the (0,1) band; 4:F’( J), 
|R(J), P(J), and 42.F’’( J) of the (0,0) band ; 
AF’ J), RC J), PJ) and 4,F’(J) of the (1, 0) 


i 


| 
| could assign the band lines as shown in the 


band are shown in each Table, where 4,F”’ 
and 4.F’ are calculated by the relations 


4.F’(J)=RJ —-1)—PJ +1) 
and 
4.F'(J)=RJ)—-PY) 


respectively and all values are expressed in 
1/100 cm7. 

We may prove the rightness of the analysis 
from the satisfactory agreements between 
4.F’ of (0,1) and (0,0) bands, and between 
4,F’’ of (0,0) and (1,0) bands within the 
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Table Il. Wave-number of the lines of the (0, 1), (0, 0) and (1, 0) and A,F’ for 
the) —— INstaves: 
oi (0, 1) (0, 0) | (1, 0) 
| ep ae _—= : - ——— = > 
Aoki” REI) PCI © AaRY | Agh™ “RI PTW Ae AM Ast OY ROR Pie ake, 
9 1563413 1561625 1788 1767 1651994 1650227 1725288 1723510 1778 
10 2178 3408 1435, 1973 1957 1985 0028 2179 2191 YAY) 3311 1944 
al 2378 3393 1235, 2158 2151 1966 1649815 2388 2384 5196 3097 2099 
12 2587 3369 1030 2339 2339 1936 9597 2605 2589 5148 PASM PATE 
13 2797 3339 0806 2533 2534 1895 9361 2808 2785 5086 2607 2479 
14 | 3006 3290 0572 2718 4) .2718 1846 9128 3005 3009 5009 2361 2648 
15 3208 3237 0333 2904 2899 1789 8890 3216 Srl 4916 2077 +2839 
16 3413 3173 0082 3091 3091 1721 8630 3437 3414 4815 1798 3017 
iff 3619 3100 1559824 3276 | 3292 1644 8352 3625 3626 4705 1502 3203 
18 3823 3017 9554 3463 | 3464 1560 8096 3841 3839 4595 1189 3406 
19 | 4027 2926 9277 3649 3658 1461 7803 4045 4041 4467 0866 3601 
20 4233 2826 8990 3836 3837 1352 7515 4263 4262 4327 0554 3873 
21 4437 2716 8693 4023 4032 1230 7198 4475 4461 4178 0205 3973 
22 4649 2599 8387 4212 4219 1096 6877 4683 4680 4012 1719866 4146 
23 4853 2472 8567 4405 4405 0952 6547 4891 4891 3839 9498 4341 
24 5061 2330 7746 4584 4583 0788 6205 5099 5099 3649 9121 4528 
25 5263 2189 7411 4778 4780 0633 5853 5298 5305 3453 8740 4713 
26 5476 2032 7067 4965 4968 0458 5490 5517 5511 3239 8344 4895 
Pall 5682 1867 6713 5154 LSS 0271 5116 5726 5726 3017 7942 5075 
28 5884 1691 6350 5341 5340 0072 4732 5934 5936 779 7513 5266 
29 6104 1506 5983 5523 | 5526 1649863 4337 6138 6140 2539 7081 5458 
30 6304 1310 5587 5723 5721 9655 3934 6343 6343 2281 6642 5639 
31 6510 1105 5202 5903 5907 9427 3520 6559 6547 2002 6196 5806 
OF 6715 0891 4800 6091 6091 9187 3096 6760 6760 1717 5734 5983 
33 6922 0667 4390 6277 6281 8948 3667 6971 6955 1432 5242 6190 
34 7128 0433 3969 6464 6466 8682 Pe) TAF 7158 1136 4762 6374 
35 7333 0190 3539 6651 6651 8422 MM S393 7381 0807 4274 6533 
36 7539 1559939 3100 6839 6840 8129 1289 7594 7590 0476 3755) soz 
37 7748 9678 2651 7027 7027 7855 0828 7794 7788 0132 3217 6915 
38 | 7952 9404 2193 72 7218 7553 2335 8015 8015 1719771 2688 7083 
39 8155 9124 1726 7398 7396 7236 1639840 8223 8220 9407 2117 7290 
40 8358 8832 1249 7583 7588 6918 9330 8420 8426 9035 1551 7484 | 
4] 8559 8531 0766 7765 7766 6582 8816 8634 8634 8647 0981 7666 | 
42 8758 8220 0273 7947 | 7950 6237 8287 8826 8829 8252 0401 7851 
43 8970 7899 1549773 8126 8129 5885 7756 9023 | 9023 7836 1709818 8018 
44 9169 7564 9250 8314 8313 a eA// 7214 9237 9234 7410 9229 8181 
45 9354 7230 8730 8500 8505 5153 6648 9444 9453 6980 8602 8378 
46 9574 6880 8208 8672 8678 4761 6083 9676 9674 6526 7957 8569 
47 9777 6522 7656 8866 8878 4355 5477 9873 9867 6069 7306 8763 
48 9993 6153 7103 9050 9062 3950 4888 10069 10062 5600 6659 8941 
49 10201 5776 6529 9247 9247 3533 4286 10276 10265 5121 6007 9114 
50 10392 5386 5952 9434 | 9422 3096 3674 10471 10466 4642 5335 9307 
51 10581 4987 5384 9603 | 9592 2654 3062 10675 | 10677 4139 4655 9484 
52 | 10785 4578 4805 9773 9773 2192 2421 10870 10875 3625 3965 9660 
5%) 4157 4202 9952 9957 1741 1784 3092 3264 9828 
experimental error. and (7) ) 
4.Fy (J)s=F =A = 
$5. Molecular Constants Fy (=F (J +)—-F’ (J —-1) 
>= ABS it ae at 4 
If the states are nearly of the case (a) and GBs Free OOO ee 
we can neglect the higher terms than (B/A)?, —8Do' J +3) 
we can obtain the following expression ac- Therefore from these eqs. and the values of 


cording to §3, 
4.F(J)=F’ (J +1)—F’(J—1) 
= (AB 6D, Od) 
—8Do""(J +3)° 


4.F’”’ and 4.F’ in Tables I~V we can evaluate. 
By.ert, By.es7, Do’ and Dy’. But the number | 
of the lines are not sufficient to obtain Do\ 


accurately, we have calculated D, from the. 
theoretical formula, 


1955) 
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Table III. Wave-number of the lines of the (0, 1), (0, 0) and (1, 0) and a3" for 
the >'=0 states. 
df | (0, 1) (0, 0) | (1, 0) a 

| RV IRD TRC) NW! | NEM! IR PT) = Ade | NAD TEED SHG) Nae 
9 1562619 1550845 1774 1773 1651077 1649304 ‘(| 1724333 1722574 1759 
10 2159 2619 0659 1960 1961 1065 9105 2184 2198 4302 2364 1938 
Va! 2369 2616 0460 2156 ALSY 1050 8893 2404 2410 4268 PAN otsy PALS} 
12 2590 2610 0250 2360 2360 1022 8662 2624 | 2627 4211 1892 2319 
1h 2812 2570 0026 2544 2556 0982 8426 2841 | 2841 4140 1641 2499 
14 3011 2525 1559798 2727 2746 0927 8181 3045 | 3045 4068 1370 2698 
15 3214 2484 9559 =2925 2927 0864 7937 3257 3257 3976 1095 2881 
16 3431 2437 9311 ‘3127 3118 0788 7670 3471 3459 3878 0811 3067 
Wi 3651 2347 9053 3294 3305 0698 7393 3683 3674 3783 0517 3266 
18 3838 2269 8786 3483 3486 0591 7105 3886 , 3888 3656 0204 3452 
19 4047 2191 8509 3682 3673 0485 6812 4088 4100 3530 1719895 3635 
20 4268 2096 8222 3874 3865 0368 6503 4302 | 4302 3382 9556 3826 
Al 4476 1983 7923 4060 4057 0240 6193 4515 4516 BYBY? 9228 4004 
22 4683 1869 7620 4249 4243 0096 5853 4727 | 4729 3064 8866 4198 
De 4893 1723 7300 4423 4421 1649938 5517 4931 | 4930 2889 8503 4386 
24 5083 1581 6977 4603 4609 9774 5165 5136 5142 2702 8134 4568 
25 5280 1435 6640 4795 4798 9600 4802 5348 5360 2503 7747 4756 
26 9499 1288 6301 4987 4994 9420 4426 5559 5574 2283 7342 ' 4941 
27 6706 1123 5936 5187 5181 9222 4041 5778 5784 2052 6929 5123 
28 5923 0962 5582 5380 5376 9018 3642 5778 | 5989 1812 6499 5313 
29 6154 0757 5200 5557 5550 8792 3242 6189 6196 1554 6063 5491 
30 6359 0548 4808 5740 5740 8569 2829 6395 | 6398 1287 5616 5671 
31 6550 0338 4398 5940 5941 8338 2397 6609 6619 1008 5156 5852 
SW, 6748 0130 3998 6132 6128 8088 1960 6829 6816 0715 4668 6047 
33 6961 1559894 3590 6304 6311 7820 1509 7033 | 7031 0413 4192 6221 
34 7163 9663 3169 6494 6504 7559 1055 7240 | 7240 0095 3684 6412 
35 7376 9404 Disk | 6073 6688 7268 0580 7447 | 7447 1719771 3173 6598 
36 7572 9152 2287 6865 6868 6980 0112 7646 | 7638 9431 2649 6782 
37 7782 8900 1832 7068 7055 6677 1639622 7855 9846 9079 2133 6946 
38 8002 8611 1370 7241 7243 6368 9125 8062 8056 8713 1585 7128 
39 8197 8325 0898 7427 7427 6042 8615 8282 8264 8340 O23 73uh 
40 8403 8031 0414 7617 7626 MLZ 8086 8482 8475 7959 0449 7510 
4] 8611 7745 1549922 7823 7816 5376 7560 8696 8696 7555 1709865 7690 
42 8837 7428 9420 8008 8000 5018 7018 8904 8898 7145 9263 7882 
43 9052 7099 8908 8191 8184 4656 6472 9108 9105 6723 8657 8066 
44 9236 6755 8376 8379 8373 4283 5910 9314 9314 6287 8040 8247 
45 9436 6427 7863 8564 8556 3891 5342 9528 9528 5851 7409 8442 
46 9656 6073 7319 8754 8746 3501 4755 9733 9733 5374 6759 8615 
47 9860 5707 6771 8936 8936 3094 4158 9944 9931 4906 6118 8788 
48 10060 5325 6213 9112 9110 2667 3557 10148 10144 4421 5443 8978 
49 10254 4941 5647 9294 9284 2230 2946 10345 10350 3924 4762 9162 
50 10472 4546 5071 9475 9471 1793 2322 10542 10553 3422 4071 9351 
ul 4142 4469 9673 9657 1345 1688 10762 2899 3371 9528 
Gye | 2371 2660 9711 

D _ 4B.3 1 J>40 the effect of D, term becomes large, 

rae whose calculated value is not so certain 

reer AE especially for 310, we have obtained By.eyy 


chai ( a! 
+( SV sa 2 ) 
using the values of we and wex. given by C. 
t Ghosk® and 0.528, 0.475 for B.’” and B,.’ re- 
| spectively and 0.005 for a” and a’, and then 
| determined B,.-7; from the relation 
ABy ery (J +4) =4.F(J)+8D(J +3) 


) where we have neglected 6D, against 4By.cry. 
Since in J<20 many lines are blended and in 


from 42.F between J=21 and 40, as shown in 
Table VI. The probable error of Bp.eyy. 
varies from each other but is below 0.0002 
cm~!. In spite of the inverse order of the 
heads of S}\=—2 and >'=—1 their Boer; are 
in right order, as the similar phenomenon 
has been shown in the case of the triplet 
bands of TiO by A. Christy”. 
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Table IV. Wave-number of the lines of the (0, 1), (0, 0) and (1, 0) bands and 
A» for the >}=1 states 

a (0, 1) (0, 0) (1, 0) 

Agk!! R(J) PG) AneY Ao” PRS) P( J A»B”’ Ao”! R(J) P(.J) A,B” 
9 1561710 1559895 1815 | 1808 1650109 1648301 | 1723222 
10 2219 1705 9700 2005 | 2002 0096 8094 2235 2250 B97) W722 a7 
11 2435 1688 9491 2197 | 2197 0071 7874 2451 | 2468 3147 0972 2175 
12 2644 1661 9270 2391 2391 0036 7645 2662 2677 3094 0724 2370 
13 2851 1620 9044 2576 2581 1649990 7409 2882 2891 3023 0470 2553 
14 3062 LAE 8810 2767 2778 9932 7154 3094 3103 2942 0203 2739 
NS 3277 1522 8558 2964 2969 9865 6896 3307 | 3307 2850 1719920 2930 
16 | 3490 1452 8300 3152 3152 9777 6625 35247 |) 13526 2746 9635 3111 
WZ 3696 1376 8032 3344 | 3344 9685 6341 3730 | 3735 2634 9324 3310 
18 3906 1291 7756 3535 | 3548 9595 6047 3936 | 3957 2506 9011 3495 
19} 34122 1196 VAIO. SIZ0m | BateZ 9481 5749 4160 4163 2356 8677 3689 
20 4338 1084 7169 3915 3915 9350 5435 4368 4366 2224 8343 3881 
21 4539 0967 6858 4109 4106 9219 5113 4570 4581 2056 8000 4056 
22 4751 0840 6545 4295 | 4292 9072 4780 4790 4790 1892 7643 4249 
23 4961 0698 6216 4482 | 4488 8917 4429 4995 5004 1708 7266 4442 
24 5167 0547 5879 4668 4675 8752 4077 5208 5215 ES 6888 4627 
25 5372 0387 5531 4856 4863 8572 3709 5426 5430 1310 6493 4817 
26 5579 0224 5175 5049 5058 8384 3326 5638 5642 1092 6085 5007 
Dil 5794 0046 4808 5249 5249 8183 2934 5842 5847 0860 5668 5192 
28 6000 1559857 4430 5427 5427 7969 2542 6056 6062 0615 5245 5370 
29 6209 9666 4046 5620 5625 7752 2127 6263 6276 0360 4798 5562 
30 6424 9460 3648 5812 5812 7518 1706 6482 6479 0097 4339 5758 
8 6633 9238 3242 5996 6009 7279 1270 6690 6690 1719815 3881 5934 
3 6833 9019 2827 6192 6196 7024 0828 6898 6895 9526 3407 6119 
33 7048 8782 2405 6377 6380 6761 0381 7097 7105 9224 2920 6304 
34 7254 8530 1971 6559 6555 6482 1639927 7316 7316 8910 2421 6489 
35 7454 8278 1528 6750 6757 6202 9445 7523 7535 8585 1908 6677 
36 7664 8013 1076 6937 6948 5907 8959 7743 7738 8252 1374 6878 
Of 7871 7745 0614 7131 7136 5595 8459 7951 7955 7906 0847 7059 
38 8083 7459 (ee eosilze 7322 5278 7956 8156 8165 7543 0297 7246 
39 8284 7169 1549662 7507 7509 4948 7439 8367 8371 7168 1709741 7427 
40 8491 6871 9175 7696 7696 4607 6911 8584 8581 6794 9172 7622 
4] 8699 6568 8678 7890 7894 4258 6364 8795 8793 6393 8587 7806 
42 8911 6244 8172 8072 8087 3899 5812 9006 9002 5678 8001 7977 
43 9114 5914 1657 8257 8257 3515 5258 9217 9208 5551 7391 8160 
44 9318 5579 7130 8449 8444 3125 4681 9419 9410 5118 6770 8348 
45 9526 5226 6588 8638 8630 2726 4096 9627 9620 4671 6141 8530 
46 9728 4865 6045 8820 8821 2319 3498 9831 | 9829 4216 5498 8718 
47 9930 4498 5490 9008 9006 1901 2895 10037 | 10035 3751 4842 8909 
A8y | 10133 4118 4927 9191 9188 1470 2282 10245 | 10244 3269 4181 9088 
49 3732 4357 9375 9381 1037 1656 10446 2769 3507 9262 
50 2274 2823 9451 
Oil 


We shall be able to calculate the value of 
AA from the difference of By.e7, for the 
different >} and the eq. (6), but, because each 
head does not stand in regular arrangement 
as shown in the Fig. and actually the calculat- 
ed values were widely disperse, we have only 
estimated it as 


(AA) =110' cme" and 
(AA) =100.cm=* . 


The a. can be obtained from the difference 
between Bo-s; and Bi.y, for >;=0 and so 


a’ =0.0050 cm=! and a’=0.0057 cm7!. 


OT. 


On the other hand we have obtained from the: 
Pekeris’s relation, 


aAe= 


We We 
a’ =0.0049 cm=! and a’=0.0051 cm7! 


and the agreement between the observed and 
calculated values of them is satisfactory. 
Consequently it can be obtained 


B’=0.5286+0.0002 cm7! 
B.’ =0.4750+0.0002 cm=! 


and then 
Ye =1.627-x 10-8 em 
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Table V. Wave-number of the lines of the (0, 1), (0, 0) and (1, 0) bands and 
A»F for the = +2 states. 
yi! i Liam (0, 1) (0, 0) (1, 0) 
As vy f 3 Uy ; = : : ; re ae : i 
ALP RJ) PW) Ask ASA? ei) SBE TV Agke | Ack”! RJ) PU) Ak’ 
9 1560294 1558465 1829 1834 164866 5 l 
8 82° $ 48665 1646831 1722280 1720474 18 
10 2232 0294 8266 2028 2028 8658 6630 2233 2243 2260 0253 ee 
i 2429 0289 8062 2227 eel 8643 6 y 
ro} 3 89 8062 222 2 432 2456 2460 2227 0087 2190 
e a 0275 7865 2410 2419 8621 6202 2674 2681 2183 1719800 2383 
7 Sree et 7637 2613 2598 8567 5969 2916 2903 2126 9546 2580 
ie ae 7409 2807 2812 8517 5705 3129 3127 2058 9280 2778 
3 0168 7167 3001 3020 8458 D438) a5 3345 1978 8999 2979 
16 3528 0111 6903 3208 3215 8381 9) 
Sees 1 166 3570 | 3558 1879 8713 3166 
: ea eae 6640 3406 3412 8300 4888 3773 3769 1791 8420 3371 
- 395 9975 6374 3601 3601 8208 4607 3990 3994 1675 8110 3565 
i 4173 1559880 6092 3788 3786 8096 4310 4211 4209 1548 7797 +3751 
4378 9782 5802 3980 3974 7971 3997 4419 4408 1412 7466 3946 
21 4590 9675 9902 4173 4178 7855 3677 4623 7 
é. 5 : 4630 1259 7140 4119 
2 ae 9559 5192 4367 4374 7722 3348 4846 4845 1100 6782 4318 
- 5 15 9435 4873 4562 4571 7580 3009 5060 5063 0928 6414 4514 
Se 9229 9295 4544 4751 4753 7415 2662 5273 5266 0745 6037 4708 
5437 9151 4206 4945 4933 7236 2303 5482 5477 0549 5662 4887 
26 5650 8990 3858 5132 5132 7065 1933 5691 5699 0339 ih 
<6 2) 2 k 5262. 7007 
27 5856 8822 3501 5321 5324 6869 1545 5913 5918 0117 4950 5267 
23 oc 8649 3134 5515 5519 6671 Iai lA 6122 1719883 442] 5462 
29 6280 8465 2131 ~5(08 5708 6456 0748 6341 6343 9641 3995 5646 
3 6494 8266 2369 5897 5905 6235 0330 6551 6551 9383 3540 5843 
a 6704 8062 1971 6091 6094 5999 1639905 6767 6771 9120 3090 6030 
32 6919 7846 1562 6284 6284 5752 9468 6983 6977 8822 2612 6210 
=! 7134 7621 1143 6478 6479 5492 9016 7194 | 7186 8547 2143 6404 
34 7338 7380 0712 6668 6672 5230 8558 7409 | 7409 8255 1636 6619 
30 7554 7130 1273. 6857 6862 4948 8086 7624 7624 7945 1138 6807 
36 7763 6870 1549826 7044 7053 4659 7606 7833 7832 7623 0631 6992 
37 7972 6602 9367 7235 7241 4356 7115 8048 8045 7301 0113 7188 
38 8178 6223 8898 7425 7433 4044 6611 8257 8262 6956 1709578 7378 
39 8386 6034 8424 7610 7616 Sys) 6099 8469 | 8474 6588 9039 7549 
40) 8598 5739 7937 7802 7799 3374 5575 8678 | 8681 6210 8482 7728 
4] 8811 9429 7436 7993 7994 3031 5037 8885 | 8893 5836 7907 7929 
42 9017 5106 6928 8178 8183 2672 4489 9100 | 9089 5447 7317 8130 
43 9220 4776 6412 8364 8372 2303 3931 9307 9307 5038 6747 8301 
44 9428 4438 5886 8552 8568 1933 3365 9517 9526 4632 6140 8492 
45 9627 4094 5348 8746 8754 1540 2786 9736 | 9748 4210 5512 8698 
46 9836 3737 4811 8926 8933 1130 2197 9943 | 9953 3781 4884 8897 
47 3363 4255 9108 9118 0715 1597 | 10175 3322 4257 9065 
48 | 10378 2865 3606 9259 
49 | 2944 
50 


Gta len Onell) sercante 


It sees that these values are reasonable as 
compared with the ones of TiO, VO and the 
other diatomic oxides. 

Although we have calculated the values ot 
D from the theoretical relation as mentioned 
above, we have been able to evaluate them 
also from the observed 4.F. It seems that D 
of the states of }},=—1,0 and 1 are nearly 
equal to the theoretical value but D of the 
states of Ss=—2 and 2 are larger than the 
theoretical one. However it is uncertain be- 
cause J is not large enough to obtain D 
accurately. 


§6. Classfication of Levels 

As described in the previous sections we 
have been able to obtain 5 R-branches and 5 
P-branches in each band and to show that no 
Q-branch exists except near the band origin, 
where it is impossible to denominate the lines 
certainly since the blending of all lines. Con- 
sequently the type of the transition for the 
CrO bands seems to be the one of 44=0. 
Futhermore the multiplet separations are so 
large that the lower and upper states must 
not be ™ state. Therefore the possible 
transitions are *II—‘II, °4—*°d4, etc. In order 
to distinguish between these possible transi- 
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Table VI. By.eyy. 
State) | 
1"! I 4 F, aA Fy! FF, Hd 
Da = 2 ee 
2, 0.5386 0.5337 ().4852 0.4808 
1 0.5324 OnaZo 0.4777 0.4729 
0 0.5259 0.5209 0.4723 0.4666 
-l ORSZII5 0.5179 0.4760 0.4630 
= 0.5196 | 0.5126 0.4650 0.4600 
tions it is necessary to determine just what 


lines are missing in vicinity of the origin, but 
in the present case, as well as in the case of 
the Swan, Nz and TiO bands already investi- 
gated, it is quite impossible to do this due to 
the blending of lines near the origin. 

However, if we assume that the lower 
level is the normal state of CrO, we can 
determine 4. For the reason, the normal 
state of the Cr and O atoms are ‘S and °P 
respectively and then the quintet states with- 
in the possible normal states of CrO may 
be only °>> and °/7. This assumption seems 
to be true because the intensity of the bands 
is considerably strong and the other band 
system has not been found. 

In previous section, the values of the pro- 
duct of AA have been found and due to the 
description just above we have A as follows; 


Masayoshi NINOMIYA 


(Vol. 10, 


AY = V10icin=s slormioweta sie 
A=100 ems! for upper 2/7. 
Therefore we may be able to consider the 
transition of the CrO bands as the one _bet- 
ween two normal °/7. 

We could not find the A-doubling, but this 
is not strange because only the difference 
between the A-doublings of the lower and 
upper states is observable. 
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In the present paper, studies on the phase diagram and magnetic 
properties of Fe-Te system are reported. It was found by X-ray and 
thermal analysis that a number of intermetallic compounds are formed 
from melt through peritectic reactions, and an eutectoid reaction was 
seen to occur between two compounds « (ca FeTe) and B (ca FeTe.) at 
520°C, the reactions product having the NiAs structure. The « phase 
shows an antiferromagnetic behavior with asymptotic Curie temperature 
6=130°K, Curie-Weiss constant C=0.57, but the crystal lattice type of 
this compound is obscure at present. The # phase has a crystal lattice 
of the markasite type and is antiferromagnetic, with @=67°K and 


5 


5 


C= Sil 


shows an antiferromagnetic behavior, with @=800°K and C=1.15. 


The y phase which has a crystal lattice of the NiAs type 


A 


short discussion on the antiferromagnetism of these compounds is given. 


$1. Introduction 

Many researchers have hitherto investigated 
the magnetic properties of various kinds of 
calcogenides of transition elements which 
crystallize in the structure of the NzAs type. 
It was known that the substance CrTe” shows 
ferromagnetism, whereas MnTe») and CoTe” 
are antiferromagnetic and ferrimagnetic, re- 
spectively. This suggests the idea that the 
sign of exchange interaction between a pair 
of magnetic cations separated by an anion 
with a completely filled shall depends on 
whether the 3d shell of these cations are 
less than or more than half filled. From 
this point of view it is interesting to examine 
the orientation of spins in the compound 
Fe-Te with a NzAs structure, in which the 
cation is located between Mn and Co in the 
periodic table. It is expected that, for the 
same reason as in the case of MnTe and 
CoTe, the nature of exchange interaction in 
the iron telluride with a NzAs structure is 
also antiferromagnetic. Unfortunately, how- 
ever, the crystal structure and phase diagram 
of this system is not well known. It was 
once reported by Oftedal that /e.Te, has the 
crystal structure of NzAs type, but it seems 
to us that Oftedal’s results are incomplete in 
some respects. And recently an interesting 
investigation of FeTe was reported by Uchida 
and Kondoh”. But it was difficult for us to 


8 


o 


elucidate an answer to the above mentioned 
problem therefrom since their result does 
not concern to the single phase region of this 
system. Hence, the investigation of the phase 
diagram of the FeTe system together with 
crystal analysis were undertaken using the 
specimens with a wide range of concentration 
of tellurium including FeTe and FeTe,. The 
specimen FeTe, (2=0.5~2.00) were prepared, 
and thermal and X-ray analyses together 
with the determination of thermomagnetic 
behaviors were undertaken. In the following 
pages, the results of the present investigation 
are shown. 


§2. Specimens and Measuring Apparatus 


The specimens used were prepared by heating 
proper quantities of iron and tellurium in 
evacuated silica tubes. Tellurium used was 
obtained by purifying crude tellurium (99.7%) 
by double vacuum distillation. Electrolytic 
iron of purity 99.98% was crushed by a stamp 
mill and then reduced in hydrogen stream for 
48 hrs. at 800°C. The reaction between 
tellurium and iron took place at 1100°C for 
24 hrs in an electric furnace; the reaction 
product was then cooled down slowly. The 

* The investigation was supported in part by 
the Grant-in-Aid of Fundamental Scientific Re- 
search of Ministry of Education and was carried 
out at Hirone’s Laboratory of the institute above 
cited. 
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oxygen absorbed in iron and tellurium is 
supposed to form a very small quantity of 
magnetite, the ferromagnetic behaviors of 
which may give rise to spurious effects in the 
measurement of magnetic susceptibility. In 
order to eliminate this effect, manganese of 
0.5 atomic percent of Fe was added to the 
mixed powder of iron and tellurium as a 
deoxidizer. Spurious effects in the measure- 
ment of thermomagnetic properties due to the 
formation of ferromagnetic oxides was con- 
sidered to be completely eliminated by this 
process. 

The method of thermal analysis used here 
was due to Nagasaki and Takagi. A detailed 
description» will be omitted here. The 
automatic type magnetic balance used for 
measuring the susceptibility was the same as 
already reported®. 


§3. Experimental Results and Discussions 


a) Thermal analysis 

The specific heat of the compound FeTe,, 
the value of 2 ranging from 1.00 to 2.00, was 
measured from room temperature to ca 1000°C. 
Some results of the measurement are shown 
in Fig. 1. As seen in the figure some anoma- 
lous heat absorptions were found in the range 
between 500° and 900°C. These anomalies 
can be classified into three types A, B and 
C by the order of temperature at which the 
anomaly takes place. 

(A) A lambda shaped heat absorption A 
was found in all specimens at a definite 
temperature 7,=520°C. The temperature 
range of the anomalous heat absorption was 
about ten degrees. In Fig. 2 the total heat 


absorption @ at Ty is plotted against the | 


atomic concentration c of tellurium. The 
amount of heat absorption Qs reaches its 
maximum at c=60 at. % (#=1.50) and de- 
creases linearly on both sides, disappearing 
at C=48.2 (2=0.95) and c=66.3 (c@=1.97). It 
is to be noticed here that only a small differ- 
ence (less than 10%) in the amount of Qy 
was found between both specimens annealed 
at 590°C (just above T4) and 490°C (just below 
T4) for five hours, so that the measured 
value of Ms can be seen to correspond ap- 


proximately to the quasi-static change. This | 


fact can be well understood by assuming an | 


eutectoid reaction occuring at the temperature — 
T'4. The compositions corresponding to the — 
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values «=0.95 and w=1.97 are supposed to be 
the phase boundaries, and hereafter these 
two phases will be denoted by a and £ re- 
spectively. In the composition range between 
a=0.95 and x=1.97, a and B phase coexist 
at temperatures lower than the eutectoid 
temperature T,=520°C. The proposed phase 
diagram based on the above result of thermal 
analysis is shown in Fig. 3. The third phase 
y is interpreted as a result of the proposed 
eutectoid reaction. The existence of this 
phase can be attributed to the anomaly B 
mentioned below. Furthermore, the boundary 
of iron side of the a-phase was confirmed by 
X ray and magnetic analyses, that is, the 
samples in the a-phase region have no X ray 
pattern and ferromagnetic Curie point of 
iron. 

(B) Next, in the specimens of composition 
x<(1.50 (iron side of the eutectoid point) a 
small hump B appeared above the anomalous 
temperature 7, in the specific heat vs tem- 
perature curve. This hump becomes gradually 
larger as x decreases from x=1.50, and in 
the sample with x#=1.25 its width becomes 
suddenly narrow. With further decrease in 
xz, the anomalous heat absorption decreases 
linearly, then disappears at x=0.95. (Fig. 2, 
B) This fact may be attributed to the pecu- 
liar feature of the solubility curve of the 7 
phase on the @ phase side. As shown in Fig. 
3, the solubility curve has a steep slope just 
above 7, and then a gradual bending at 640°C. 
In the composition range 2 >1.50 there appears 
a broad hump with a width extending over 
100°C above Ty. This hump is supposed to 
be caused by the gradual change of the solu- 
bility curve of 7 on the # phase side. There- 
fore the solubility curve in Fig. 3 was plotted 
by the terminal temperature of the right hand 
side of this hump along the specific heat vs 
temperature curve. 

(C) Anomaly C consists of a very narrow 
heat absorption at 805°C accompanied by a 
large heat absorption which extends rather 
broadly over into the high temperature range. 
In the samples, where the concentration z is 
greater than 1.25, the onset temperature of 
the heat absorption, 7;, becomes lower with 
the increase of z. Also the peak of the heat 
absorption curve becomes less sharp, and at 
a= 1.80 its onset temperature approaches the 
final temperature of hump B. The locus of 
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T. is shown in Fig. 3. The temperature 7), 
at which the above mentioned absorption 
occurs, is considered to be the peritectic 
temperature of y and liquid phase. The 
terminal temperature of 7, gives the liquidus 
curve. According to the phase diagram based 
on thermal analysis, the composition «=0.95 
corrsponds to the a monophase alone in tem- 
perature range up to 800°C and the composi- 
tion 2=1.97 to the 8 phase up to 660°C. 
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Fig. 3. The phase diagram of the systems of iron 
tellurium. 


b) X-ray analysis 

Next, we shall describe the results of X-ray 
analysis. Firstly, we took the Debye-Scherrer 
photograph at room temperature for the 
samples having compositions between «=1.00 
and 2.00 and measured the angles of the 
diffraction lines. With the exception of a few 


Table I. The results of X-ray analysis on the a, 
@ and y phases. 

a phase B phase 7 phase 

Fe Téo.95 eT es FreTey .5y (at 600°C) 

? markasite-type NiAs-type 
sin6 | hkl sin26 hkl sin” 

vs 0.089 111 vs 0.120 101 SeO 
w 0.095 012 vs 0.128 102 s 0.196 
s 0.128 121 vs 0.218 110 Anil 
SOSA 200 3 OL AY 103s ww (0.334 
vs 0.221 103 SOA 201 ow 0.361 
w 0.256 113. sw 0.310 202 ~=w 0.448 
SuOn2Z (Sea 2 12 s 0.380 203. ~w 0.584 
s 0.344 032 w 0.390 211 s 0.608 
s 0.379 123 =~w 0.408 114 s 0.696 
SO sa O24 viv nO R52 300 s 0.746 
S) 02583 232 s 0.642 105 = w 0.786 
s 0.634 213 Sow 0.831 
s 0.698 
$ 05719 
s 0.735 


notation of intensity; vs=very strong, s=strong, 
w=weak. 
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special lines, each line can be classified into 
two kinds of group. As x becomes larger 
than 1.00, the intensity of lines belonging to 
the Ist group decreases and finally disappears 
near «=2.00. The intensity of lines belonging 
to the other group decreases as x becomes 
smaller than x=2.00 and disappears near 
#=1.00. The former is regarded as the 
characteristic lines of the @ phase and the 
latter as that of 8. Therefore we can be 
sure that the composition range 0.95<2<1.97 
is the coexistence region of the a and £ phase. 
The intensity and sin?@ of the lines in each 


Shoko CHIBA 


(Vol. 10, 


Xq’ 10° 


FeTei-i6 


b 


FeTeres 


Susceptibility 
Le) Q 


FeTer-33 


ee fea oie) Need Nee Sees ih 
0 200.400. 600. 800 
Temperature in °C 


(d) 


Fig. 4. The curves of suscedtibility vs. temper- 
ature for various concentrations x in FeTe.. 
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phase which we observed are shown in Table 
1. It was once reported by Oftedal that iron 
telluride near the composition «=1.00 crystai- 
lizes in a NzAs structure” and its axial ratio 
c/a was shown to be about 1.51. However 
according to the present result, the charac- 
teristic diffraction lines due to the NzAs type 
lattice was completely unrecognized in all 
specimens at room temperature. However 
the Debye Scherrer photograph taken at about 
650°C shows that the crystal structure of y+ 
phase, which exists at the temperature range 
above 520°C in the sample of «=1.50, is surely 
the NzAs type with almost the same axial 
ratio as reported by Oftedal. All the diffrac- 
tion lines corresponding to the § phase can 
be identified with those due to Tengner®, and 
it is concluded that the lattice type belongs to 
the markasite structure. This results agrees 
satisfactorily with that of Tengner’s report. 
The lines corresponding to @ phase cannot 
be identified with any simple type of crystal 
lattice, but they contain a few lines common 
with markasite. 


c) Thermomagnetic measurements 

The changes of magnetic susceptibility %, 
with temperature were measured for samples 
with various concentrations « of Te. The 
results were sufficient to confirm the phase 
diagrams mentioned in the former section. 
They are shown in Fig. 4. The values of %, 
at room temperature against the tellurium 
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content z is shown in Fig. 5. The measured 
point show a linear change of %, with atomic 
concentration as is expected by the coexistence 
of two phases of @ and @ in the range x=1.00 
~2.00. Susceptibilities of samples of pure a 
(e=0.95) and 8 (#=1.97) phases were meas- 
ured at the temperature range from the 
boiling point of nitrogen to 1000°C. The 
curves of %,—T together with its reciprocals 
are shown in Fig. 4. The 1/%,—T curve of 
a—FeTe.9; is sufficiently linear with respect 
to temperature below 500°C and follows the 


Curie-Weiss law x The shape of the 


Ben 
~T+0 
%a—T curve at temperatures above 500°C 
becomes rather flat. Extrapolating the linear 
part of the %,—T curve, it is found that the 
asymptotic Curie temperature @ is 130°K, the 
Curie constant C=0.57 and the effective mag- 
neton number y.7;=2.05. From the positive 
value of @, it seems that the a phase has an 
antiferromagnetic behavior. The behaviors 
of the curves of %,—T above 500°C may be 
explained by the existence of a small quantity 
of the 8 phase, which changes into 7 phase 
at temperatures above 520°C due to eutectoid 
reaction. This tendency of the curve %,—T 
in the case of 2=0.95 is consistent with the 
behavior of %,—T curves in the case of com- 
positions x=1.16, 2=1.25, which contain the 
small quantity of § phase. 

The curve of susceptibility vs. temperature 
of the 8 phase (2=2.00) bellow 300°C shows 
an antiferromagnetic behavior (as well as the 
@ phase). The Curie temperature @ and 
Curie constant C are 67°K and 1.31 respec- 
tively, and the effective magneton number 
calculated from the value of Curie constant 
is 3.25. The magnetic proporties of the y 
phase with the NWzAs type structure are as 
follows. The sample with «=1.50 shows the 
typical 7 phase characteristics at the tempera- 
ture range between 520°C and 790°C. There- 
fore, by measuring the susceptibility of 
FeTeéi.5)9 in this temperature range, it is pos- 
sible to obtain the magnetic proporties of the 
y phase alone. The values of Curie tempra- 
ture, Curie constant and effective magneton 
number for this case can also be obtained 
from the 1/%,—T curves and the values were 
C=1.15, 6=800°K and /#,,;,=3.00, respectively. 
It should be concluded from the experimental 
results mentioned above that the superex- 
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change interaction between the irons in the 
NiAs type crystal lattice of FeTe system has 
the same sign as the cations in MnTe, and 
hence a different sign with that of CrTe. 
From the fact that a large value of Curie 
temperature 9=800°C was obtained, the mag- 
netic nature of the 7 phase of iron telluride 
may be considered as  antiferromagnetic. 
Furthermore the resultant spin moment S of 
Fe ion in this substance, which is caluculated 
from the Curie-Weiss constant, is nearly one, 
that is, the iron atom is in the triplet state. 
This corresponds to the neutral state of an 
iron atom. Furthermore, for the cases of 
a—FeTe and B—FeTe the spin moments 
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Susceptibility 


50 54 58 62 66 
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Fig. 5. The curve of y, at room temperature as 
a function of tellurium content. 


based on the results in the present experiment 
are nearly 1/2 and 1, respectively. These 
values are somewhat smaller than that for 
cations in other compounds with oxygen or 
sulfur. The reason for small S may attribu- 
table to the fact that the tellurium has a 
smaller electronegativity than sulfur and 
oxygen. 
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The magnitude of magnetic anisotropy induced by the magnetic an- 
nealing was measured as a function of composition for iron-nickel alloys. 
It is concluded that the magnitude of the anisotropy is proportional 


neither to the magnetostriction nor to the saturation magnetization. 


The 


origin of this anisotropy, therefore, can be explained neither by the 


theory of ‘“‘strain of directional order ’ 


’ 


order phase ’’. 


’ 


nor by the theory of ‘‘ elongated 


The result can be consistently explained by the dipole- 
dipole interaction in directionally ordered arrangement of atoms. 


The 


result is compared with Néel’s formulas. 


$1. Introduction 

It has been found that the magnetic pro- 
perties of some alloys, for instance Permalloy, 
Perminver, Alnico etc., are very sensitive to 
the magnetic annealing. When these alloys 
are annealed or cooled in a magnetic field, 
the intrinsic magnetization in them becomes 
stable in the direction of the annealing field. 
When, therefore, the magnetization curve is 
measured by applying the magnetic fieid in 
the same direction as that of annealing-field, 
magnetization takes place easily by the dis- 
placement of 180° walls and accordingly the 
magnetization curve in this case has a high 
maximum permeabilty. On the contrary, 
when the field is applied in the direction 
perpendicular to the annealing-field, magneti- 
zation takes place by the rotation, and accord- 
ingly the magnetization curve in this case is 
an inclined straight line. 

This phenomenon was found first by G.A. 
Kelsall? for iron-nickel alloys and was 
investigated in details by Dillinger and Bo- 
zorth». The latter investigators proposed the 
mechanism of this effect in terms of “plastic 


deformation.” Lately one of the present 
authors® suggested that the mechanism in 
terms of “ plastic deformation ” is incompati- 
ble with experiments and proposed a new 
mechanism in terms of “directional order.” 

On the other hand, the effect of magnetic 
annealing was found in some permanent 
magnet alloys, foy instance Mishima alloy, 
Alnico 2, Alnico 5 etc. Several investigators” 
proposed a mechanism for these alloys in terms 
of the “ elongated precipitate phase.” 

Suggested by this idea, S. Kaya and S. Ii- 
da® proposed another possible interpretation 
of the effect for permalloy in terms of 
“elongated order phase.” This theory, as 
well as the theory of “strain in directional 
order,’’ explain almost all the features of this 
effect: for instance the functional form of 
the anisotropy, its order of magnitude for 
the alloys nearby Ni;Fe, and the disappearance 
of the effect at perfect order®. 

Although both theories are related with the 
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order formation, they are quite different with 
respect to the cause of the anisotropy. The 
anisotropy in the former theory is related to 
the magnetostriction, while that in the latter 
is related to the difference of saturation 
magnetization between order and disorder 
phase. In order to find out a true mechanism, 
therefore, it is necessary to measure an 
anisotropy as a function of composition and 
to compare it with a variation of the magne- 
tostriction or that of the difference of the 
saturation magnetization. Several investiga- 
tors»>” studied the effect of magnetic anneal- 
ing for various compositions of this alloy, but 
they dealed only with the permeability in 
longitudinal direction, from which the magni- 
tude of the anisotropy energy cannot be 
estimated. Here we shall report the measure- 
ment of the anisotropy energy for various 
compositions of iron-nickel alloy and discuss 
the mechanism of this effect, on the basis of 
the experimental results. 


$2. Specimens and Heat Treatment 


Specimens used were the rods of the iron- 
nickel alloys, whose composition ranges from 
60% to 100% Ni. These alloys were prepared 
by melting the electrolytic nickel and iron in 
a vacuum induction furnace. Each contained 
a small amount of manganese (ca. 0.5~0.8%). 
The rods were about 30cm in length and 1.0 
~1.3mm in diameter. 

Heat treatment were carried out in a non- 
inductively wound electric furnace in an 
atomosphere of pure hydrogen. Several 
specimen rods were set in parallel in a fur- 
nace at intervals of about lcm. After 
annealed for about 1 hour at 1000°C, they 
were cooled in a longitudinal or in a circular 
magnetic field. The magnitude of the longi- 
tudinal field was about 30 Oe, which is large 
enough to magnetize the specimens to their 
saturation. The circular field was made by 
passing a d.c. current of 2 amperes through 
each specimen. The magnitude of the cir- 


cular field is given by 
0-22 

=———2@ 
if 


Jab (in Oe) for wZ7r, IE) 
where y is the radius of the rod, x is the 
distance from the central axis and z is the 
current in amperes. For 7=2amp, H amounts 


to about 8 Oe at the surface of the rod, 
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which is large enough to magnetize the speci- 
men in circular direction. The region in 
which the field is less then the coercive force 
(about 0.3 Oe), is confined in the small region 
around the central axis, whose volume is less 
than about 1% of the total volume. 

The process of cooling from 600°C was 
controlled at a constant rate between 150°C 
/hour and 10°C/hour. The lower limit of 
temperature to which the field was applied 


and the cooling rate was controlled was given 
in the Table I. 


$3. Experimental Results 


The magnetization curves measured for 
various compositions are given in Figs 1, 2, 3, 
4,5,6, and 7. The curve having high maxi- 
mum permeability in each figure is that of 
the specimen which was treated with longitu- 
dinal field. Since the magnetization curve for 
such treatment is insensitive to the cooling 
rate, only one for 82°/hour was given in each 
figure. The curves with figures are that of 
the specimen which were treated in a circular 
field. The linear shape of these curves is a 
characteristic of the material having the 
uniaxial anisotropy, which is expressed by 


E=—K,, cos?6 , @2) 


where @ is an angle between intrinsic magne- 
tization and its stable direction. The coeffi- 
cient K, is obtained from the triangular area 
which is surrounded by the magnetization 
curve for longitudinal field and that for the 
circular field, where the latter curve is linearly 
extrapolated to its saturation. 

The anisotropy energy, K,, thus obtained 
are given in Table I and shown graphically 
in Fig. 8 as a function of the alloy composi- 
tion. For comparatively rapid cooling the 
anisotropy seems to have a trace of hump at 
the vicinity of Ni,;Fe, where the superlattice 
formation is most effective. For slow cooling, 
however, this hump disappears and instead of 
this a small mimimum appears at Ni,Fe. 
This may be interpreted as a result of the 
general character that the effect disappears 
at perfect order. 

It is to be noted that a considerable increase 
of the anisotropy takes place when the magne- 
tic cooling continued to below 200°C (Cf. Tab. 
I). The effect is remarkable for the alloy of 
large iron content. This may be partly 
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Figs. 1-7. Magnetization curves for various compositions of iron-nickel alloy. The curve 
without figures is obtained after cooling in a longitudinal magnetic field (82°/h). The 
curves with figures are obtained after cooling from 600°C in a circular magnetic 
field. The figures mean the cooling rate. 


Table I. The coefficient of magnetic anisotropy induced by the magnetic annealing. 
(KG, in Eq: (2) in erg/cc) 


Cooling rate —-150°/h 82° /h 40°7h = 20°/h_~—Ss«é20°/ 10°/h 
temp. range 600-160° 600-190° 600-285° 600-285° 600-80°  600-80° max. value 
10% Fe 136 236 148 124 14sv la SP ised ete 
15% Fe 550 605 600 
18.5%Fe 760 846 883 1010 990 1090 1090 
21.5%Fe 1090 1300 1390 1510 1510 1510 1520 
24.294Fe 1230 1440 1540 1780 1540 1540 1860 
32% Fe 2710 2400 2700 


40% Fe 1680 2230 2570 2950 3460 3830 3830 
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because the Curie point of order-disorder 
transformation is lowered with a departure of 
the composition from Ni,Fe. 

In Fig. 9, the anisotropy energy are plotted 
as a function of the cooling duration. The 
abscissa in this graph means the total duration 
of cooling during which the field was applied. 
It is seen in this figure that the duration of 
the slowest cooling (10°C/hour from 600° to 
80°C) is long enough for every composition to 
attain the limiting value of the anisotropy. 
We can, therefore, regards the envelope of 
the curves in Fig. 9as the maximum values of 
the anisotropy which can be attained by the 
magnetic annealing. 

Specific resistance was also measured for a 
rapid and the slowest cooling. The result is 
shown in Fig. 10 as a function of composition. 
It is seen that the specific resistance decreases 
by a considerable amount when the specimens 
are cooled slowly. This may be due to the 
atomic ordering. It is to be noted that the 
atomic ordering takes place over a wide range 
of the composition. 
$4. Interpretation of the Experimental 
Results 


According to the theory in terms of “strain 
in directional order*®),” the energy of uni- 
axial anisotropy is given by 

Ka ae", (3) 

2 

where 2 is a coefficient of magnetostriction, 
E is the Young’s modulus and € is the strain 
of directional order. If we assume that the 
directionally ordered state is attained by the 
magnetostrictive force, the strain € would be 
proportional to the magnetostriction 2, at 
this temperature. If we assume that 4, is pro- 
portional to 2, i.e. the magnetostriction at room 
temperature, the strain € is proportional to 2 
and accordingly K,, is proportional to 4”. On the 
other hand, it is also possible that the strain &€ 
is initiated by the magnetostrictive force but 
its increase is limited by natural consequence 
(for instance by decrease of entropy). In such 


‘a case the magnitude of the strain € is not 


particularly concerned with the magnitude of 
A, and then K,, is proportional to 2. 

For the purpose of comparison with the 
above theory, the limiting values of Kz, (the 
envelope in Fig. 8) are devided by 4 or 2’, 
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Fig. 8. Coefficient of magnetic anisotropy in- 


duced by magnetic cooling for various cooling 
Ni content is in weight per cent. 
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Fig. 9. Coefficient of magnetic anisotropy as a 
function of duration of cooling for various com- 
position of iron-nickel alloy. 
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and the ratios are plotted as a function of 
the alloy composition (Fig. 11). The values 
of the magnetostriction used here are calculat- 
ed by the equation 


1 oe +347? 
5 


using the numerical values of Aioo and dis 
measured by F. Lichtenberger®’. The Eq. (4) 
can be derived by averaging the anisotropy 
of the individual crystallites which is assumed 
to have an anisotropic magnetostriction. 

It was expected that these ratios should be 
nearly constant or have a maximum value at 
Ni,Fe, where ordering is most effective. The 
maximum in Fig. 11, however, are not at 
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Fig. 10. Specific resistance of iron-nickel alloy 
after quenched or slowly cooled from 600°C. 
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Fig. 11. Comparison of variation of magnetic 
anisotropy due to magnetic cooling and the vari- 
ation of the magnetostriction. 


Ni;Fe but at about 82~83%Ni, which corres- 
ponds to the composition having the least 
magnetostriction. This means that the effect 
is not so small as the magnitude of the 
magnetostriction at this composition. This 
cannot be explained by any reasonable modi- 
fication of the present theory. 

According to the theory of “ elongated order 
phase’”® the coefficient of the uniaxial 
anisotropy energy is expressed by 
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Fig. 12. Comparison of variation of magnetic 
anisotropy due to magnetic cooling and the 
variation of the difference of saturation magneti- 


zation of between order and disorder phase. 


Ku=i31N(4JsPVA—V) , (5) 
where 4/Js is the difference of saturation 
magnetization between order and disorder 
phase, N is the demagnetizing factor and V 
is the fractional volume of the order phase. 
For the purpose of comparison with this 
theory, the limiting values of Ky, (the enve- 
lope of the curves in Fig. 8) are devided by 
(4J;)2 and the ratios are plotted in Fig. 12. 
The values of 4J; used here are of E.M. 
Grabbe™. It is to be expected that the ratio 
K,/(4Js) is nearly constant or takes a maxi- 
mum value at Ni,Fe where the ordering is 
most effective. The curve in Fig. 12, however, 
has a deep minimum at about Ni;Fe, where 
4]; takes the maximum value. This means 
that the effect of magnetic annealing is not: 
so large as the magnitude of (4/;)? at this 
composition. The experimental fact is thus 
also unfavorable for the theory of “ elongated 
order phase.” 

Since the anisotropy energy K, varies in a 
simple way with the composition as shown 
in Fig. 8, it is supposed that the origin of the | 
anisotropy is not directly related to any pro- 
perty which varies in a complicated way with 
composition. It is suggested that the true | 
origin should be described not in terms of the 
macroscopic property, for instance magneto- 
striction, saturation magnetization etc., but 
in terms of the microscopic property, for 
instance the property of constituent atoms, | 
that of atomic pairs etc.. 


Thus the authors arrived at a conclusion — 
that the dipole-dipole interaction between _ 


1955) 


adjacent magnetic moments must be taken 
into consideration. When two dipoles are ar- 
ranged always in parallel, dipole-dipole interac- 
tion gives rise to the anisotropy which have 
the same functional form as Eq. (2). When, 
however, the directions of dipole-dipole pairs 
are distributed with cubic symmetry, as is the 
case for usual cubic ferromagnets, the uniaxial 
anisotropies of individual dipole-dipole pairs 
are compensated with each other. If, we 
assume, however, that the energy of the 
dipole-dipole interaction are different between 
different sorts of atomic pairs, namely between 
A~-A, A-B and B-B pairs and that the atoms 
are arranged in the directionally ordered 
manner (i.e. anisotropic distribution of B-B 
pairs), we can expect that the total dipole- 
dipole pairs should result in a finite anisotropy. 
The resultant anisotropy, then, should be 
related only to the properties of the several 
sorts of atomic pairs and their distribution. 
When the system of solid solution is given, 
the anisotropy should depends merely upon 
the concentration of the unbalancing pairs. 
When the concentration of B atoms, CG, is 
smail, the probability of finding B-B pairs 
are proportional to C,?. This is in good 
agreement with the fact that the curve in 
Fig. 8 is approximately parabolic for low 
concentration of Fe. The comparison with 
parabolic curve are given in Fig. 13. The 


\ agreement is fairly good. 


The same interpretation of this effect was 
proposed by L. Néel'!) and independently by S. 
Taniguchi and M. Yamamoto!” at almost the 
same time as the authors arrived at this 


conclusions. They carried out the detailed 
calculations. According to Néel, Ku is given 
| by 


Ku =nSloli[15ukrT, , (6) 


where 7 is the number of the nearest neigh- 


boring atoms, v is the volume of one atom, 


| Rk is the Boltzmann factor and YT; is the 
{ temperature at which the field is applied. 
} and /; are the values of 7 gived by following 


Ly 


equation at 7) (the temperature at. which the 
measurement was made) and 7; respectively. 
J is given by 


1=Taatlyn—2lar ’ ( if) 


| where Jaa, Zon and J., are the coefficients of 


the dipole-dipole interaction for A~A, B-B and 


_A-B pairs respectively. 
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S in Eq. (6) is a function of the composition 
and in the case of ideal solid solution (i.e. 
having no ordinary superlattice) it is given by 
S=COr (8) 
This function was plotted in Fig. 13. The 
agreement with experiment seems to be rather 
better than C,?. 

Furthermore Néel carried out the calculation 
by considering the influence of the ordinary 
superlattice and showed that in such a case S 
is given by 

S=4C?C,? exp (—v/kT)/V1+2(1+V14+2) , 

(9) 

where 

x=4C,C,lexp(—v/kT)—1] . (10) 
v in this equation is an energy unit concering 
the interchange of the different sorts of atoms 
and is given by 
(11) 
and it is related to the energy of superlattice 
formation, Y, by the equation 


V=VaatVov—2Vad ; 


Q=0.36 x (3/4)Ny , (12) 
where WN is the Avogadro’s number. 
ergAc 
x10" 
ey 
—o— limiting valug 
—o— cooled at I50%h 
4 
FOX) = (ATR) 
x = 32 CaChy KU 
©; 
2 
| 
50 6 70 80 100% 


Ni content in Fe 


Fig. 13. Dependence of magnetic anisotropy due 
to magnetic cooling on composition. Comparison 
between experiment and various functional 


form. 


According to the measurement by S. lida!” 
@Q=650 cal/g-atom and hence we have v=1.67 
«10-3 erg. Assuming that 7)=273°+500° 
=773°, Eq. (10) becomes 2=3.2 Ci Co. Putting 
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it into Eq. (9) we have the function S for non- 
ideal solid solution (i.e. with ordinary ordering). 
The agreement with experiment is, however, 
found to be rather worse than Eq. (8), because 
the expression (9) becomes smaller than (8) 
with an increase of C,, the deflection of which is 
opposite to the experiment. It is to be noted, 
however, that when it is compared with Ky, 
for relatively rapid cooling, the agreement is 


eratcc erg/cc 
mds x!0° 
—O— Ku due to mag. anneal 5 
—*— Ku due to rolling S 
Rathenau & Snoek) (= 
2 i" 4 c 
5 
e | 2 
= | 32 
2 | o 
o 
= E 
w | 2 2 
= ry 
MS Ss 
= ao] 
x 12 
We 
O a O 
50 60 70 80 380 100 % 
Ni content in Fe 
Fig. 14. Comparison of magnetic anisotropy due 


to magnetic annealing and that induced by 
mechanical rolling. Roll was made on the speci- 
men which was previously in unicrystalline state 
[100] (001). Reduction was 2.2 times (after 
Rathenau and Snoek). 


considerably improved as shown in Fig. 13. 
This is probably due to the following reason: 
The development of ordinary order means an 
increase of A-B pairs. In the derivation of 
Eq. (9), the influence of the ordinary order 
was taken into consideration only through 
such variation of the total number of A-B 
pairs. The ordinary order, however, may also 
have such influence as to oppose the formation 
of directional order when it approaches to 
perfect order. This could be taken into con- 
sideration, if the entropy at the state of the 
coexistense of ordinary and directional order 
were calcurated acculately. Such calculation, 
however, is rather difficult. The calculation 
of Eq. (6) was made by treating the problem 
as a dilute solution of B-B pairs. This may 
be the reason why Eq. (9) is compatible with 
experiment only when the degree of ordinary 
order is small. 
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Anyhow, if we consider the accuracy of the 
experiment and the approximations used in 
the calculations, we must be satisfied with 
such degree of the agreement. 

In conclusion, we wish to point out that 
the dependence of K, obtained here is 
closely analogous to that of the magnetic 
anisotropy which is induced by the mechani- 
cal rolling. The comparison is shown in Fig. 
14. The data for rolling is of G.W. Rathenau 
and J.L. Snoek!#. It is induced by the roll- 
ing (reduction 2.2 times) of the pseudouni- 
crystalline state (i.e. [100], (001)), which was 
obtained by recrystalization after severe cold- 
rolling. It is interesting that K. in both cases 
are closely similar in the dependence upon 
the composition, although they are quite 
different in the order of magnitude. It is 
supposed that the anisotropy due to rolling 
may also have the same origin as that of the 
magnetic annealing. 


§5. Summary 


The magnetic anisotropy induced by the 
magnetic annealing was measured as a func- 
tion of composition for various cooling rate. 
The limiting values of the anisotropy for each 
composition were compared with the theory 
of “strain in directional order ” and with that 
of “elongated order phase.” It was concluded 
that neither theory is compatible with ex- 
periment. It was found that the directionally 
ordered arrangement would result in an 
anisotropy if the dipole-dipole interaction 
differs with different sorts of atomic pairs. 
According to this consideration the magnitude 
of the anisotropy should be proportional to 
C,?, or according to the Néel’s formula to 
Ci?C,?. These functional forms are in good 
agreement with experiment. It was also 
found that Néel’s formula for the alloy which) 
has the ordinary order is compatible with 
experiment only when the cooling rate i 
comparatively rapid, but the agreement is: 
rather worse when the cooling rate is suffi- 
ciently slow. The reason may be attributed 
to the approximation used in the calculation 
Comparison was also made with the anisotrop 
which is induced by the mechanical rolling. 

The authors wish to postpone more precis : 
disscussions about this problem to a tout 
coming paper, in which the precise measure. 
ment of the anisotropy taken for the singl 


- 


crystal of Ni;Fe shall be reported. 
This research was supported by the research 
grant of the Ministry of Education. 
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Proton Transfer in Hydrogen Bond and Its Participation 


in z-Electron Systems 


By Isao OSHIDA, Yuzuru OOSHIKA and Reikiti MIYASAKA 
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The infrared spectra of OH or NH groups in hydrogen bonds in 3, 
region are divided into two (or three) types according to their wave- 
lengths and intensities. The first group is of the alcoholic type, and 
the second group is observed when conjugated x-electron systems combine 
the hydrogen bonds and when the effect of the proton transfer across 
the hydrogen bond and the ‘‘Antenna Effect’? are important. Qualita- 
tive discussions on the proton transfer are developed and numerical 
calculations are carried out with simple symmetrical double minimum 


potentials. 


The linear combination method solving such problems is 


shown to be numerically incorrect, though it is convenient for a qualita- 


tive consideration. 


Further evidence and biological importance of the 


hydrogen transfer participating x-electron systems are discussed. 


| $1. Introduction 


In recent years correlations between the 


| infrared absorption spectra of OH or NH 


strecthing vibrations and their hydrogen bond 
forming property have become more and more 
obvious. The infrared absorption spectra of 


| hydrogen-bonded OH or NH in 3» region show 


general trends, z.e., the shift of the absorption 
maximum towards the longer wave-length, 
the broadening of the band and the change 
in the absorption intensity. The problem of 


the origin and the nature of the hydrogen 
bond is, in principle, to be solved on the basis 
of the electronic structure of associated mole- 
cules. Theoretical studies along this line have 
recently been carried out by several investiga- 
tors. Lennard-Jones and Pople reached the 
conclusion that the lone-pair electrons in the 
proton-accepting molecule play important role 
and that the origin of the hydrogen bond is 
primarily ascribed to the electrostatic interac- 
tion between the donor and the acceptor 
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Table I. 


In carbontetrachloride solution 
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Infrared absorption in 3p region. 


Compound Monomer Dimer Polymer Literature 
Methanol 3640cm-!1 3520 cm71 3340 cm71 a 
Ethanol 3640 3350 a 
n-Propanol 3640 3340 a 
t-Butanol 3540 3510 3340 a 
Phenol 3610 3470 3390 a 
N-methylacetamide 3470 3370 3300, 3090 b 
o-Valerolactam 3430 3230, 3090 b 
Acetic acid 3520 3060 2700 Cc 
2920 2570 
Benzoic acid 3550 3060 2700 Cc 
2920 2570 
Pyrrole 3490 3420——3395 d 
Indole 3490 3430——3400 d 
Enolized acetylacetone (intramolecular) 2700 
In crystal 

Maleic acid (O-H-O=2.47A) 2000 £ 
Urea oxalate (O-H-O=2.50A) 2100 f 
Oxalic acid (O-H-O=2.50A) 1900 f 
KH,PO, (O-H-O = 2.54A) 2370 i 
NaHCO; (O-H-O=2.55A) 2680 f 
Adipic acid (O-H-O=2.68A) 2775 f 
Ni-dimethylglyoxime (O-H-O=2.44A) WPA: g 


Fox and Martin: 
Tsuboi: Bull. 
Buswell, Rodebush and Roy: 


a) 
b) 
Cc) 


Tsuboi: Bull. 
Lord and Merrifield: 


Rundle and Parasol: J. Chem. 


molecule, from their study on the electronic 
structure of the water molecule”. Though 
their model has been applied to other molecules 
successfully® and though its essential correct- 
ness is now considered to be of no doubt, the 
dynamical aspects of the hydrogen bond, such 
as the infrared absorption, the proton transfer 
across the bond towards the acceptor molecule, 
and the mutual action with conjugated z- 
electron systems, which are now drawing 
much attention of investigators, especially 
from the view of the acid-base problem* 
and from the biological interests, cannot be 
considered to be treated with by such a simple 
electrostatic model, and their complete under- 
standing would require the more detailed 
information about the electronic structure, if 
we wished to solve the problem straightfor- 
ward in the orthodox manner. In this paper, 
we do not attempt such a straightforward 
treatment, but we shall carry out a qualitative 


Proc. Roy. Soc. 
Chem. Soc. Japan 22 (1949) 215. 
J. Am. 
Fuson, Josien. Powell and Utterback: 


A 162 (1937) 419. 


Chem. Soc. 60 (1938) 2239. 
J. Chem. Phys. 20 (1952) 145. 


Chem. Soc. Japan 25 (1952) 385. 
J. Chem. Phys. 21 (1953) 166. 
Phys. 20 (1952) 1487. 


discussion based on the published works and 
shall bring to light the various interesting 
properties of the proton in the hydrogen bond.. 


$2. Infrared Absorption of the Hydrogen 


Bond 


It is now well known that the infrared 
absorption of the OH or NH groups in 3H 
region is primarily due to the motion of the 
proton along the bond direction. If we could 


obtain the adiabatic potential for the proton 


in the hydrogen bond by calculating the 
electronic states for all positions of the proton, 
we might predict both the position and inten- 
sity of the infrared absorption spectra of th 
hydrogen bond. Unfortunately, a limitec 
number of compounds has been treated on 
this basis theoretically», and the results 
obtained cannot be considered quite satisfac 
tory. Giving up such a_ purely theoretica\ 
calculation, it is very fruitful to understanc 


_ valence vibration 


are observed 
pyrroles. 


various anomalous phenomena which the 
hydrogen bond exhibits qualitatively on the 
basis of a simple and unified model. 

Coggeshall® placed an assumption that the 
proton in the hydrogen bond beween alcohol 
molecules moves in an uniform electrostatic 
field superposed on the proper OH valence 
force field, and showed a shift of the absorp- 
tion maximum in the 3/2 region towards the 
longer wave-length and an increase in the 
absorption intensity. His results seemed to 
agree with experiments quantitatively, but 
Francis pointed out that, even though the 
observed increase in intensity at the absorption 
maximum is not so large, the broadness of 
the aksorption curve is greatly enhanced and 
that the integrated intensity does not agree 
well with Coggeshall’s calculation. 

In Table I, we listed experimental data on 
the infrared absorption caused by OH and NH 
stretching vibration in hydrogen bonds. In 
general, the absorption maxima shift towards 
the longer wave-lengths, but the total integ- 
rated intensity changes have not neccessarily 
such a general tendency, though they are not 
listed in the above table, since they have not 
always been measured accurately. It is noted 
that there exist two types of absorption 
spectra. 

i. The total absorption intensity of the 
is more or less increase 
when the hydrogen bond is formed, but the 
diffuseness of the band does not become so 
large, and only one absorption maximum by 
the bonded group is clearly recognized. These 
in the case of alcohols and 


ii. The total absorption intensity is greatly 


increased and the diffuseness of the band is 
/ much larger than in the case i, and more than 
| two absorption maxima are often recognized. 
These are observed in the case of N-methyl- 
} acetamide, lactams, and carboxyls. 


The above phenomena can be explained as 


| follows on the basis of the relative ease of 
4 the proton transfer across the hydrogen bond 
-and its combination with the conjugated z- 


electron systems. 


Case i. Saturated alcohol molecules are 


} considered to be associated into a chain or 


ring by the hydrogen bond, such as 
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i R R R 
MEG ESE Aecatre 4 tide ‘ sogiae- rac 

Then, if a proton transfer takes place in a 
chain, a structure 

R R R R 

| ko) I® I 

OH. OS Hae@) sos He= Obie 

with a charge separation must be constructed. 
The energy difference between the structures 
1 and II is chiefly originated from the charge 
separation and no other contributions seem to 
be large. In this case, the potential minimum 
at the acceptor molecule affects the infrared 
absorption of the hydrogen-bonded OH, but 
the fraction of the transferred protons in the 
the chain is not large enough to exhibit 
another absorption band. 


Phenol molecules are also considered to be 
associated into a chain, such as 
yal SNS Le Ok 
ge aele YA ie 
SY a 
O—H O—H 
oa AL Be Ill 
O—H 
aes, iS 
~~ Ye 


is to be formed. In this case, the difference bet- 
ween the resonance energy of two phenol mole- 
cules and the sum of those of a phenolate and a 
phenolinium ion, as well as the energy of the 
charge separation, contributes to the difference 
between the energies of the structure III and IV. 
The resonance energy of a phenolate ion is 
larger and that of a phenolinium ion is smaller 
than that of a neutral phenol molecule itself, 
both by about 7~8 kcal/mole. Thus the 
contributions from the resonance energies 
may compensate each other and may be 
relatively small compared with the contribution 
due to the charge separation, and the circum- 
stances are similar with those in alcohol 
molecules, even though a conjugated system 
affects the proton transfer. (But, in this case, 
the absorption intensity is slightly decreased 
by the hydrogen bond formation?» which may 
indicate that the intensity depends on the 
precise form of the adiabatic potential curve 
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and that a small difference in the force field causes a large difference in intensity.) 
Case ii. N-methylacetamide molecule is of trans-configuration, and aggregates into a chain, 


such as 
H3C | (Olek 
~ We 
INS coo n(OliC 
Zo —- 
O=C N—H 
<< ides 
CHs IRIAC, 
33/0'cm=. ~3300icmer* 
3090 cm7 


Tsuboi! observed four infrared bands in 3y 
region in addition to the 3470cm~!. band ascrib- 
ed to the perfect free NH group. He ascrib- 
ed these bands as follows: 3420cm7!. to the 
free NH at the neighbour of the bonded CO, 
3370 cm7!. to the bonded NH at the neighbour 
of the free CO, 3300 and 3090cm-!. to the 
bonded NH at the neighbour of the bonded CO. 
(These are illustrated above in the structure 
V.) Now it is the 3300 and 3090cm-!. bands 
that we are interested in. If a proton trans- 
fer occurs in a chain, the structure 


o=¢ 
YO ei VI 
Niet o= c 
Le 

H.C’ \NGa, 


must be formed. As contrasted to the case 
i, the contribution to the energy required to 
the proton transfer is not simply that due to 
the charge separation, but a factor exists that 
stabilizes the structure of the ionic form VI. 
In the acceptor cations, the resonance 


HC Xs HaC, 
NS + 
N—H Naas 
io) aa —— Ye 
HO=C H-O=C 
AGH; Noe 
Vila VIIb 


is much larger than in the parent molecule, 
because the resonance between VIla and VIIb 


accompanies no charge separation. In the 
donor anions, similarly, the resonance 
H a 
FOS Oe 
N N 
ye <-> Sy 
Q==C he 
\cH \cH; 
Villa VUIb 


Lee CH; 
NY we 
N—H Oe 
Ha ; yi 
O=6 N—H.- 
XS ce 
CH, Hae 
Sy OX reina 


is also much larger than in the parent mole- 
cule. The sum of the energy of the o-bonds 
in the anion and cation is almost the same as 
that of the two neutral parent molecules. 
Then the probability of the proton transfer 
may be much larger than in the case i, if the 
cooperative effect of hydrogen bonds in a 
chain is not taken into account. Further, 
even when the proton in the hydrogen bond 
remains in its original molecule, the change 
of the dipole moment accompaying the motion 
of the proton is greatly enhanced by the in- 
duced polarization of the conjugated systems 
in the neighbouring molecules in the chain. 
This effect does not exist in the phenol system, 
because, in this case, the conjugated systems 
do not form the principal skeleton of the. 
chain and connect with the latter as side 
groups. This amplification of the motion of 
the proton means the increase in the effective 
charge for the light absorption, which was 
pointed out by one of the authors!” for the. 
first time in 1951 and named “ Antenna Ef- | 
fect.” According to his calculation, the change | 
of the dipole moment induced by the NH. 
stretching vibration in the chain, which in-| 
creases with increasing chain length, is several 
times larger than that in an isolated molecule. 
In addition, this effect increases the probabili-| 
ty of the proton transfer with increasing chain) 
length, because the interaction between the! 
proton in the chain is much larger than that 
where no conjugated systems exist in the. 
chain skeleton and thus the cooperative feature 
is much enhanced. Thus the proton tranfer 
and the Antenna Effect, together with their 
mutual action, enhance the perturbation upon 
the potential of the hydrogen-bonded proton 
and the infrared absorption spectrum becomes 
more complex than in the case i. In the fol- 
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lowing section, we shall discuss these points 
in more detail. In the dimer band, the coo- 
perative feature is not expected -to be large, 
and we observe only one absorption band. 

The carboxylic acid molecules associate into 
ring dimers, 


JOH + OK 
Rec PER 
A ee 
Osa 


and the circumstances are similar but more 
convenient to treat quantitatively, though the 
interaction of two bonds in a ring is stronger 
than in a chain, and the two band maxima 
observed in N-methylacetamide split into two 
groups of doublets, of which the lower fre- 
quency group is less intense than the higher 
frequency group as in the case of N-methyl- 
acetamide. These effects are qualitatively 
expected from the theoretical point of view, 
as shown in the next section. 

The proton transfer mechanism described 
above is especially interesting in connection 
with the acid-base problem and with energy 
transfer mechanisms in biological systems?”). 
Recently, very short and possibly symmetrical 
hydrogen bonds have been reported in several 
papers for crystals, e.g., maleic acid, urea 
oxalate'», Ni-dimethylglyoxime'?’, and enolized 
acetylacetone in solution’. These may be 
called the case iii. The very short hydrogen 
bonds (<(2.50 A) show very long wave-length 
band (<(20000 cm.~!), and the central potential 
hill between the two maxima is almost per- 
fectly flattened out and the bonded proton 
moves freely between the donor and the 
acceptor groups. Nordman and Lipscomb'®, 
and Baker!” tried to calculate their infrared 
absorption frequency, assuming that the 
potential for the proton can be represented by 
the superposition of two symmetrical Morse 
potential curves. The result of Nordman and 
Lipscomb is inconvenient for the numerical 
calculation, and Baker’s method for solving 
the Schrédinger equation is the linear combi- 
nation of the solutions for the single Morse 
potential. We solved the Schrodinger equation 
for the symmetrical Morse potential both by 
the linear combination method and the nume- 
rical integration. It will be shown in § 4 that, 
although the former method is usually used 
in the calculation of electronic energy levels 
of molecules, it is numerically inaccurate in 
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the case under consideration. On the contrary, 
the linear combination method is very conve- 
nient to deduce the general feature of various 
effects in the hydrogen bonds, and, hence, we 
shall develop a qualitative discussion by use 
of that method in the next section, before 
showing the results of a calculation for a 
conventional symmetrical model. 


$3. Qualitative Discussions on the Proton 
Transfer 


In order to illustrate the effect of a proton 
transfer upon the infrared absorption spectrum, 
we adopt a typical symmetrical double mini- 
mum potential, for which the effect of the 
proton transfer is expected to be the largest. 


@) 


Fig. 1. 


O 


Let 21%, ¢29; du%, do’ are the wave functions 
of the ground and first excited states for the 
single minimum, 1 and 2 in Fig. 1, respective- 
ly. Then the wave functions of the potential 
under consideration are given by 

2 ~wal(di +¢'27) +b(¢v + ¢2") 

Poe (piI— $22) +b (pr —d2") 

03 b(d19 +42) —al(gy’ 3 ¢'") 

Prd’ (dr — P29) —a' (dr — 2") 

Cth a?+be~1 

neglecting the contribution from the higher 
energy states. The dipole moment matrix 
elements for the transitions causing the infra- 
red absorption in 3/ region, are 

Mi;=M2,=0 

Mi,=(a' b—ab’ \le*—2(ad —bb’)M, 

My3= —(a’ b—ab’ le*—2(aa’ —bb’)M, 
where Mi;=S¢iMevjdc=(¢:|M]|¢;). M is the 
dipole moment operator of the system, includ- 
ing all electrons and nuclei; My)=(¢1%|M| 1’) 
= —(d7|M| 2"); e*, the effective charge; /, 
the distance between the two minima; terms 
such as (¢1*| M| de®’ )\(k, k’ =g, e) are assumed to 
be neglected, which does not affect the essen- 
tial point appreciably. As shown by these 
equations, the transitions between 1 and ¥, 
and between ¢, and ¢; are allowed and we 
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are to observe two infrared absorption bands 
due to the proton vibration in a hydrogen 
bond. (In an unsymmetrical case, mixings of 
¢’s can occur, but only two transitions are 
expected to be strong.) There appears a 
term (a b—ab’)\le* in the transition moment 
expression, and, since it is proportional to /e*, 
it is possible that the term becomes consider- 
ably large, if a6 and ab’ are of appropriate 
values. / is itself large compared with the 
length involved in the ordinary bond transition 
moment and further e* may become much 
larger than the true protonic charge because 
of the Antenna Effect. Under the actual 
circumstances, neither the potential would be 
symmetrical, nor the proton transfer might be 
not so easy as described above, except for 
special cases, but the effect of the proton 
transfer and the Antenna Fffect do still exist, 
and the term containing /e* appears in the 
transition moment matrix, though the coeffi- 
cient is relatively small and though all four 
transitions are allowed, of which only two 
are expected to be strong. 


A-bond 


Thus it is quite understandable that the 
variation of the infrared spectra caused by 
the formation of the hydrogen bonds, when 
the resonance effect favors the pronton trans- 
fer and amplifies the protonic motion, show a 
considerable different feature from that when 
such an effect does not exist or rather prevents 
the proton transfer. 

In a ring dimer of two carboxylic acid 
molecules, the interaction between two hydro- 
gen bonds is larger than that in a chain, and 
we observe two groups of doublets. In this 
case, two protons exist either in the potential 
minimum 1 or 2 in the bonds A and B, in 
Fig. 2. Let the wave functions for a single 
minimum $i? (k=A, B,i=1,2;p=e,g.) Then 
the ground state of the dimer splits into four 
states by the mutual action; we can obtain 
the corresponding wave functions from their 
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symmetry properties easily, 
AY ye =O ee | (covalent) 


A, Vyt =P a9 —Pas9 pp? 
Ay Vy" Tee ae a eS, 
Ay Vy? =har hwo! — bar par! 


Of course, mixing of Yy and VWyy, and Vy 
and “jy can always occur, respectively, and 
the expression above is only of approximative 
one. Similarly, we obtain the following eight 
wave functions for the configurations where 
one proton is excited to the higher level, 


Ar YY =ParParlt ha Part Papa? 
+ 129 par” 

Bi Yul =Parhar?— Parl dart+ par par! 
— DaoIP ny? 

B. Yi’ = Pada? — pal par— par pao! 
+ PoP 22° 

Az Yr! =harha +blilgar’— par’ pas! 
— P29 pa2! 


These are of nonionic structure. 


Ar Vy = har’ Pm9 t+ har pare + papa 
+ pao! Par’ 

By Vy = ard ae? — bar de? + Popa? 
aa P29 p ay” 

B,  Pyt? = Par hae? + bar pao’ — par Pat 
— P49 Pay? 

Az Vy’ = Pada! — par pao — par par! 
+ Paso Par’ 


These are of ionic structure. 


The selection rule shows that, among many 
transitions from ¥% to ¥°, only four transitions 


Poe Ort 
UA iced i 
Yur > Fyre 
Pave oe Live 


are allowed, if we neglect such terms as 
§¢iMyj;dc(ts<7). Thus we can expect to observe 
four transitions in agreement to experiments. 
Further, wave functions with the same sym- 
metry property can be mixed with each other, 
and better wave functions are to be given by 
the linear combinations of the above wave 
functions. For example, we can form linear 
combinations of symmetry Ay, ¥y’, Yu’, Vy’, 
and ¥y’, or of symmetry Bo, yyy’, and yyy’. 
Then the transitions Yy—>¥yy° and Yyy!—> 
¥Yvi° are slightly modified and split into more 
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than two transitions and a term involving /e* 
appears in the expressions of the transition 
moments. Thus, as in the case of N-methyl- 
acetamide, we can expect that the contribution 
from /e* term is important for infrared absorp- 
tion, but, now, four transitions instead of two 
are considered to be strong and the experi- 
mental facts are understandable. 

In the above consideration, it is necessary 
in order that we observe the expected band 
structure, that some fraction of protons in 
hydrogen bonds have transferred across the 
bond towards the acceptor molecule by gain- 
ing the thermal energy. In most of carboxylic 
acids, pA for the dissociation of the acidic 
proton in aqueous solution is 3~4.5, this cor- 
responds to the free energy required for 
removing a proton from an acid molecule and 
attaching it to an water molecule far from 
the parent acid molecule. We can expect that 
the energy for transferring a proton across a 
hydrygen bond is smaller than the energy of 
dissociation in an aqueous solution, because of 
the smaller charge separation, and the de- 
crease can be estimated to be about 2 kcal. 
and the energy for the proton transfer is 
expected to be in the range of 2~3kcal. In 
chain polymers such as N-methylacetamide, 
this figure may become much smaller due to 
the cooperative effect, and thus the fraction 
of transferring protons may be large enough 
to give the observed band maxima, though 
the observed fine structure'® of the infrared 
spectra is too complex to be predicted satis- 
factorily by means of the present model. 


§4. Numerical Calculation for the Sym- 
metrical Potential 


The validity of the linear combination 
method, which we used in a qualitative dis- 
cussion in the last section and also Baker did, 
should be examined carefully, since it has not 
been established that that method would give 
a satisfactorily good result when we would 
apply it to obtain numerical results concerning 
the states involving the excited base wave 
functions as well as the ground ones. Actual- 
ly, a comparison with the results of the 
numerical integrations shows that the linear 
combination method is only a poor approxima- 
tion. 

In tables and figures below are shown the 
numerical results of calculations by both 
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linear combination method and numerical 
integration for the symmetrical potential. 

With the superposition of the two symmet- 
rical Morse potentials, we carried out calcu- 
lations both by the linear combination method 
and the numerical method. We take in the 
Morse potential 


VW D(e-20-#)-e- U2—#e)) 
where x. is the position of the potential 
minium, 

D=84 kcal./mole 


=O eo MIS Can 


z.e', the first excitation wave number=3470 
cm! for the reduced mass=1.56-10-*“gr 

For convenience, we adopted these values 
so as to give the actual N-H dissociation 
energy and N-H streching frequency, but the 
calculation below must not be considered to 
correspond the hydrogen bond including the 
the N-H group accurately. It is only a model 


calculation. 
Table Il. Result by L.C. method for Morse 
potential. 
TCA WEOLS 6:85. 0.9 ean eee 
OM call) ara uo WAG. Bh —_~— 
via (Cm!) 3484 3475 3416 3070 3470 
3470 


v23 (cm7!) 


3279 3393 3387 ~©=— 3070 


Table III. Result by N.I. method at x%)=0.8A. 


13.0 20.4 


AD (kcal) 4.5 (Morse) 8.5 
v4 2380 2230 2700 3150 
93 1230 1710 2400 3120 
Vip 155 18 10 6 
Unit D= 29,300 cm" 
0:80 
=|-12 
-0-82+ __ Jaw 
—— Aeon 
-0:84 => 
or =|16 
-0-86 2a> 
ae -1-18 
-0'88 ieensbanes 
=20 
-0-90 ae 
a -|:22 
0-92 
-124 
-0-94 ——— aoe 5 — 
ar -1-26 
-0-96 oa 
aD - Free 85 120 20:4 45 45 
Method Ne NG: NG IN LS: 
Potential Harmonic Morse 
lenis, By 
N.C.: Numerical calculation. 


L.C.: Linear combinetion method. 

For the given distance 2) between the two 
potential minima formed by the superposition 
of two Morse potentials, the height of the 
central potential hill 4D and the position of 
the energy levels in unit of D are given in 
Table Il. For 2,=0.8A (4D= 4.5 kcal/mole), 
the result of our numerical integration shows 
that the discrepancy between the two method 
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is quite serious and that the linear combination 
method is no longer useful for quantitative 
calculations. We also carried out numerical 
integrations at 2,=0.8A for the potentials 
formed by the connection of parabolic curves. 
In this case, we can take arbitrary 4D by the 
suitable choice of the central part of the 
potential curve keeping 2» constant. 

The resutls are shown in Table III and in 
Fig. 5. For 4D=13kcal, the potential curve 
and the wave functions are also shown. From 
the result with the superposition of the Morse 
curve at x,=0.8A, it is evident that, also for 
the parabolic types of potentials, the shifts of 
the energy levels calculated by the linear 
combination method may be too small, and 
we cannot use the latter even for larger 4D 
at 2=0.8A. In this respect, Baker’s calcula- 
tion cannot be considered to be numerically 
correct. 

Our calculation using parabolic types of 
potentials is expected to be applied to short 
and symmetrical hydrogen bonds as Lord and 
Merrifiled'? have reported. Although our 
numerical calculation was performed for only 
a fixed value of 2)(=0.8A), the calculated 
transition wave numbers are in good agree- 
ments with the observed wave numbers for 0 
---0 distance between 2.50 A and 2.70 A, when 
varying 4D (See Table I). The fixed x, does 
not appear to affect the general trends of the 
obtained results, if we choice 4D suitably. 

Further, we calculated the transition mo- 
ments of the allowed transitions, neglecting 
the change in the effective charge, and in 
Table 1V are shown the square of the ratio 


Table IV. Transition moment data (M/M,). 


D (kcal) 4.5 (Morse) 8.5 13.0 | 
qd 0.5 ie 3.3) 
p23 3.8 1.6 3.9 
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M/M,. But the results were not so satisfac- 
tory, possibly because of the neglect of the 
change in the effective charge by the Antenna 
Effect. The correct theoretical prediction of 
the absorption intensity or the fine structure 
of the spectra is, in general, considered to be 
very difficult. However, it is not unreasonable 
from the above results to mention that the 
diffuseness or fine structure of the spectra is 
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predominantly controlled by the proton transfer 
and that the intensification is due to the An- 
tenna Effect as wellas the proton transfer. 

In addition, we listed in the tables the 
transition ¢;->¢2, which will be referred in 
the next section. 


§5. Further Remarks on the Proton 
Transfer 


According to the foregoing discussions, it 
is of no doubt that the proton transfer plays 
an important role in the infrared absorption 
due to the longitudinal motion of a proton in 
the hydrogen bonds. If so, the hydrogen 
bonds are to show various interesting features 
which are ascribed to the effects of the proton 
transfer. 

In crystals, it is well established that some 
of the ferroelectric phenomena and other se- 
cond order phase transitions, e.g., in Rochelle 
salt and ammonium chloride, are caused by 
the cooperative proton transfer, and it may 
be unecessary to refer these interesting 
topics™. Further, also on the residual entropy 
in ice crystals® and the anomalous proton 
mobility in water*?, we shall give no comment 
here. But there is a fact interesting from our 
point of view in crystals. The replacement 
of hydrogen-bonded H by D causes usually 
the expansion of the crystal lattice, if the 
length of A-H-B is not larger than 2-75 A*!®, 
which means that a kind of forces originated 
in overlapping of the hydrogen wave functions 
at the two potential minima contributes to 
the hydrogen bond formation, for, otherwise, 
the replacement of H by D would be accom- 
panied by the contraction of the wave func- 
tions, hence decreasing of the repulsion bet- 
ween the two molecules and the resulting 
contraction of the lattice. Then it is evident 
that the simple electrostatic model of the 
hydrogen bond does not fit this observed fact. 

Existence of long wave-length transition, 
possibly in the far infrared region—In § 3, we 
gave a qualitative discussion on the energy 
states of the proton in a double minimum 
potential, and explained the change of the 
absorption curves in 3 region. It is worth 
while noting that, in addition to the usual 
absorption in the near infrared region, new 
long wave-length transitions are to be found 
in the far infrared region. The transitions 
1, in the one-bond system, and Vy! ,4 


Proton Transfer in Hydrogen Bond 


897 


in the ring system, both have transition di- 
pole moments proportional to /e*. Since the 
wave functions described in §3 are not exact 
and their mixing always takes place, several 
transitions may be actually observed and 
there may exist also Raman active transitions. 
Because these transitions prove to be solely 
due to the proton transfer, we call them 
“proton transfer transitions.” Though, as far 
as we know, these long wave-length transitions 
have not yet been clearly identified in the 
literature published in the “ Free World,” there 
exist several phenomena which are explained 
successfully by the above mechanism. Among 
these, Saxton and Lane» found an anomalous 
absorption, when measuring the dielectric 
dispersion of water and alcohol, near 1072 
and lcm, respectively. These absorptions 
are successfully explainable by Frohlich’s 
resonance absorption mechanism”, but, con- 
cerning what resonance they are, Saxton did 
not give any réference. We _ propose that 
these dielectric absorptions may be due to 
the proton transfer in hydrogen bonds. The 
wave-lengths of the transitions are in the 
expected region. But possibilities that they 
are due to the molecular rotations or inter- 
molecular vibrations cannot be eliminated. In 
the last few years Russian investigators have 
studied the fine structure of the infrared 
absorption curve in 34 region and the Raman 
spectrum in the low frequency region». 
They found several lines near 200cm™?. in 
the Raman spectra of ice and organic acids, 
and also found in the near infrared spectra 
frequency distances of about the same order 
of magnitude as the Raman lines. They seem 
to attempt to ascribe these low frequency 
transitions to the translational motion of the 
proton in the hydrogen bonds, which corres- 
ponds just to our proton transfer mechanism, 
though we cannot know the details of their 
investigations. 

Proton and electron transfer in amide 
chains— After the War II, the molecular 
mechanism of the biological oxidation and 
reduction, and that of the energy transfer 
have attracted much interest of investigators 
in the related field. In proteins, the polypep- 
tide chain forms cooperative hydrogen bond 
systems intermediated by conjugated z-electron 


| 
systems —N—C=0, just as in NV-methylaceta- 
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mide discussed previously. Wirtz?*) proposed 
a hypothesis that the cooperative hydrogen 
transfer in protein system plays an important 
role in the energy transfer and estimated that 
the energy difference between the peptide and 
peptenol structures was decreased by the 
resonance in the conjugated systems by about 
1 kcal. Schmidt?™, and Geissman*®, who de- 
veloped Schmidt’s view point further, postulate 
that z-electrons transfer across the hydrogen 
bonds in proteins by the cooperation with the 
proton transfers, and that this is just respon- 
sible for the enzymatic oxide-reduction. In 
this respect, it is interesting that Evans and 
Gergely” estimated the energy gap between 
the filled and unoccupied conduction bands in 
proteins may be~2 eV. Eley et. a/*®). measured 
the semiconductivity of a protein film and 
showed that the estimated energy band sepa- 
ration agreed well with the above figure, but, 
since the conductivity values measured by 
them is too high, it is doubtful whether the 
measured conductivity would be wholly due 
to the electrons in polypeptide chains. Thus 
all the hypothesis described above are, at 
present, neither based on any experimental 
foundation, nor derived from any established 
molecular structure. 

Tomita and Nakajima”” studied the photo- 
conductivity of a gelatin film in detail. They 
found anomalies in various properties at about 
75°C; the dark current increases and the 
photocurrent decreases sharply, and _ the 
specific heat shows a A-type anormally charac- 
teristic to the second order phase transition. 
The carrier of the dark current was the 
hydrogen only. They ascribed these pheno- 
mena to the cooperative proton transfer in 
the hydrogen bond system in the amide chain. 
If we accept the phase transition at 75°C, the 
energy required for the cooperative proton 
transfer is expected to be about three times 
Ries kcal: 

Yamamoto” also studied the phosporescence 
of the gelatin-dye systems and found that the 
formation of hydrogen bonds between the 
protein and the dye molecules was necessary 
for phosphorescence and that the experimental 
results could be excellently interpreted on the 
basis of the opinion that electrons moved 
from the dye molecules towards the protein. 

Kratky and Schauenstein®» found that all 
proteins they had studied showed a characte- 
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ristic ultraviolet absorption near 25000 cm", 
which they ascribed to the formation of the 


peptenol structure maen bt by the proton 
transfer. Further, the fact that proteins and 
polypeptides have two NH stretching frequen- 
cies near 3300 and 3060cm-!. has been 
usually interpreted as due to a frequency 
interaction between two NH groups, but it is 
also quite possible that the splitting is caused 
by the proton transfer, just as in N-methyl- 
acetamide. Thus various facts found in 
protein systems can be quite resonably ex- 
plained by the cooperative proton transfer 
and their interaction with conjugated systems, 
though no direct evidence has yet been 
established. 

Hitherto we have discussed the possibility 
of the proton transfer and its role in various 
dynamic phenomena. Although it cannot be 
helped that the discussion stays at largely 
qualitative steps at present, its importance in 
biological transfer phenomena and in other 
chemical aspects is of no doubt. The proton 
transfer is closely connected with the electron 
transfer through the participation in conjugat- 
ed systems and should be treated with as an 
acid-base problem from the broader point of 
view. It is most desirable to proceed the 
theory along this line and to make it as 
quantitative as possible, though it might be 
unable to work out completely the problem 
by the methods established up to the present, 
for example, we might be forced to abandon 
the adiabatic approximation. 
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Equation of State for Vapor-Liquid-Solid System 
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Generalizing the idea of order-disorder in the alloy theory, we can 
calculate the unified equation of state for a lattice gas with many inter- 
stitial sublattices in the degree of approximation similar to that developed 


by Bragg-Williams. 


For 2=9 (mz is the number of sublattices), the con- 


crete equation of state is estimated and the ratio of the number of 
molecules belonging to each sublattice to their total number is given as 


a function of molecular density. 


Then the critical temperature and 


density for vapor-liquid transition are estimated for 2=4, 9, 16. Further- 
more, it is shown that the density region in the stable liquid phase is 
very narrow for x=4, but that it becomes wider for n=9, 16. 


$1. Introduction 


We shall mention some principal methods 
by which the equation of state for the co- 
operative system consisting of many molecules 
can be statistically caluculated. Kirkwood 
and his co-workers? numerically calculated 
the equation of state for the vapor and liquid 
phases by using the molecular distribution 
function. Kirkwood and Monroe” applied 
this method to the phenomenon of fusion. 
However, since this method is complicated in 
its treatment, it may be difficult to calculate 
the concreate equation of state through the 
vapor, liquid and solid phases by the above 
method. Then, Lennard-Jones and Devon- 
shire®’, Cernuschi and Eyring”, Ono, Peek 
and Hill, Rowlinson and Curtiss”, and others 
obtained the equation of state for the vapor 
and liquid phases by using the cell method. 
But, since the (solidlike) structure of crystal 
is used in this method, we may not be able 
to extend the equation of state to the solid 
phase by the above method. Furthermore, 
Frenkel®, Lennard-Jones and 
and others statistically interpreted the phe- 
nomenon of melting by applying the idea of 
order-disorder in the alloy theory. Neverthe- 
less, they did not try to extend it to calcula- 
tion of the unified equation of state through 
the vapor, liquid and solid phases. 

Recently, Kikuchi!” proposed the statistical 
theory in a general form, by which the 
unified equation of state through the vapor, 
liquid and solid phases is given for a lattice 
gas with interstitial sublattices. lt is, however, 
difficult to calculate it numerically by this 


Devonshire”, , 


theory. Particularly, in his preliminary illus- 
tration for a lattice gas (triangular lattice 
type) with 3 sublattices, he has been obliged 
to assume a very unnatural potential between 
molecules in order to obtain the stable liquid 
phase. Then he has inferred that this may 
be due to the small number of sublattices, 
and that such unnaturalness will disappear by 
increasing this number. 

In this paper, by extending the idea of 
order-disorder in the alloy theory to the case 
with many ordered parameters, we calculate 
the concrete equation of state for a lattice 
gas with many sublattices in the degree of 
approximation similar to that developed by 
Bragg-Williams'». Thus we wish to show 
that the stable liquid phase results from the 
natural potential between molecules, and to 
make still clearer the relation between the 
vapor-liquid and liquid-solid trasitions. 


§ 2. 


We shail deal with a lattice gas having 
many interstitial sublattices, and confine 
ourselves to one of the square iattice type 
(two dimensional) for simplicity. However, 
the theory of this paper will be applied also 
to three dimensional systems of any lattice 
type as well as to two dimensional systems 
of other types than the square lattice type. 

In this section, we shall take up a lattice 
gas with 4 sublattices (cf. Fig. 1) in order to 
simplify the description. In the first place, 
we shali consider the system composed of N 
molecules and 4M lattice points, 4 sublattices 
each containing M points. Then we shall 
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assume the potential energy ¢(7) between any 
two molecules as follows, 


Pr)=+o for 0<r<a, 
CH= —E (ES) fore G7 Oia, Cale) 
v(r)=0 FORM 7 Oe 


where 7 is the distance between two molecu- 
les and a is the lattice constant for each sub- 
lattice. Next we distribute N molecules among 
4M lattice points in such a way that distance 
between any two molecules will be equal to 
or greater than @. In the following method 
we estimate the number of the above con- 
figurations, in which the number of molecules 
belonging to the sublattices (1), (2), (3), (4) are 
given by 2M, x.M, «3M, x:M respectively, 


where molecular density p= ¥ 2i(=N/M). If 
¢=1 


tM, xz3M and x«:M molecules are fixed on 
the definite lattice points belonging to (2), (3) 
and (4) sublattices respectively, the number 
of configurations, in which 2#,M molecules 
are distributed among the lattice points of (1) 
sublattice under the above condition of the 
distance between two molecules, is given by 

UES EE ee PT : 

Mx;! -M(1—fra2.—f323—firay—a)! ” 
where 2>f2, fs=1, 4=f,21. Weare, however, 
able to infer from the molecular configura- 
tions that all fi’s (¢=2, 3, 4) may be almost 
equal to unity in the whole density region 
except that satisfying a relation 


4 
7 (= p—2)<1. 
—z 
Thereupon, we shall assume in order to sim- 
plify the estimation that all f;’s are equal to 


unity in the whole density region. Accordingly, 
we have 


MA— p21)! 

Mr,!-M(1—p)! 
for the number of the above cofigurations. 
Similarly, if 2M, 2,M and 2,M molecules 


are fixed, the number of configurations for 
the distribution of 2M molecules is given by 
M(1—o+22)! 
May,!-M1—p)! ’ 


and so on. Consequently, the total number 
of the above configurations is expressed by 
4 eae ml 
fie eet (2) 
i=1 Mz;!-M(1— 9)! 


From Eq. (2) the entropy S of the system is 
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Fig. 1. Square lattice with 4 interstitial sub- 
lattices. The figure affixed to each lattice point 


shows the number of sublattice te which that 
lattice point belongs. 


given as follows, 


4 2 met 

S=k log I ITE ; 

i=1 Mx;!-M(1— 0)! 

where k is Boltzmann constant. Applying the 
Stirling formula, we have 


4 
S=kRM 2 {1 — +2) log (1—p+2;) 


—w; log #:—(1—) log (1—p)}. (3) 
Then we shall estimate the internal energy 
FE of the system. Developing Bragg-Williams’ 
approximation, we suppose that each lattice 
point belonging to (z) sublattice (¢=1, 2, 3, 4) 
is occupied by any molecule at the rate of 
x;. Thereupon, if we take no account of the 
pairs of two molecules existing at the smaller 
distance than a, F is given by 


4 
= —€M)2 >) wa? 4A ara a3 vaecherseo! . 
=1 
MCE) 


As already noticed by Lennard-Jones and 
Devonshire”, Kikuchi’, and others, the solid 
state is ordered and the liquid and vapor 
states are disordered. Accordingly, it is ex- 
pected that molecules exist chiefly on one of 
the four sublattices in the solid state. Without 
loss of generality, we may choose this sub- 
lattice to be (1). Then we introduce the 
ordered parameters s; (¢=1, 2, 3, 4) as follows, 


bai 


(l+s), a= piss) : 


(2 
4 
4 
= D)5S3, Y= 2s Oy aie 
j=2 


Now the Helmhoitz free energy A is given by 
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the equation A=H—TS, where T is the tem- 
perature of the system. The values s;? (or 


ai) of si (or xi, 7=1, 2,3, 4) that make A a 
minimum under the condition o=constant are 


given by 
(i) for p<pi, s1 Sp ==s. 0) 
(or a =2, 46) = p/4) , 
Gi) “for opi, alll of sions >and ss, do 
not equal zero (or all of 2, a, and 2, 


do not equal each other), where s.%=s, (or 
x) = 97,0) ‘ 


50 
A) 


0: is the definite value of » and is obtained 
in the following method. We choose 2:’s 
(¢=1, 2, 3) independent variables and a, a 
dependent one, where 2,= 0—(a-+a2-+23). 
Then we substitute 2:=q+20, #.=2,=q+0, 
24=q into the equations (0A/0z;)7 =0 (¢=1, 2, 3), 


where Oo is infinitesimal (of course, 0<q). 


8 ©) 
@® ®@ 


@ @ © @ @ @ 
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Fig. 2. Square lattice with 9 interstitial sub- 
lattices. The figure affixed to each lattice point 
shows the number of sublattice to which that 
lattice point belongs. 


Further, we expand the terms of the above 
three equations as the power series in 6 and 
neglect the infinitesimal terms of the higher 
order than 6. Thus, when 60 and q~o/4, 
the above three equations are all reduced to a 
relation 


es 3 ) | ad bees (6) 
4 es 
which determines the value of o;. Further- 


more, the thermal equilibrium state of the 
system is characterized by the nimimum 
value of A. Hence, the state of the system 
for o<pi corresponds to the disordered state 
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or the vapor and liquid phases. That for 
0-1 corresponds to the ordered state or the 
solid state. 


§3. Equation of State 


If we express the volume V (the area in 
two dimensional case) of the system by 
V=Mr, its equation of state is given by 


p=—(Fae") "a? ae 1 (Gra 
a OV Jae Ve MOMa ee 


where p is the pressure of the system, and 
Amin is the minimum value of A under the 
condition o=constant. 

Now let us deal with the case for n=9 (cf. 
Fig. 2), where » is the number of sublattices. 
By the same consideration as in the case for 
n=4, we have the following expression for 
the free energy A. 


(7) 


=O 
A= —M| 2¢ Dd) wi? +5E{ a1 (a2 +23 +24 +27) 
t= 
+22 ay +25 + 2g) +203(ag tag) +274(a'5 + V6 +27) 
ars(ag tag) + 25v9+27(Ug tary) +28r9} 
+ 2E{a1(v5 +26 +e3+29)+22(%;+¢¢+27+259) 
+ 23(ey basta tag) +24(rg +29) +25(@7 +29) 


9 
v-bas)}—RT 3 {(—p+ai)log (1—p +21) 


+ 2% 
= elon eda ilog a—o)} | (8) 


where the potential energy ¥(7) between any 
two molecules is given by Eq. (1), and a; (¢=1, 


2,3,°-:,9) are defined in the same way as 
in §2. The ordered parameters s; (¢=1, 2, 
3, --+,9) are introduced: as follows, 
w= : (lts:),  aj= 3 (1—s,) 
9 
= 28)» Jm2z3, +, 92 49) 


Then the values s; (or 2;) of si (or 2, 
z=1, 2,3, ---,9), which make the Helmholtz 
free energy A a minimum, are given as 
follows, 

(i) for p<ox, all s5’s (¢=1,2,3,---,9) equal 
zero (or all 2 ’s equal p/9), 

(ii) for p>, all of s,™, s,.©, and s,5© do 
not equal zero (or all of 2, a.©, and x, 
do not equal each other), where 


$2 = 5, = 5,00) — (0) | 


$5 =s pM = s,Q =, , 
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that is 
ay) = 9730) — 97) — a0) I 
5) = 2760) = 77.) — 7-90) ; (10) 


61 is determined from the relation 


—=5—, (11) 


which is obtained by the same consideration 
as the case for n=4. 

From Eggs. (7), (8), and (10), the equation 
of state is given by 


=log(1—p+a,) 


ss a 


+ (a1 — a(a1)’) log- 
xO) 


i=2, 


+4 >) flog (lpi?) 


EEO) 
+ (xi —o(ai™)’) log oe a 
x4) 
—9 log (1—p) 
2é 


be | eax? +13(es)+16(e40) 


kT 
+1022, + 4212, +2824) 
20 a1 (aryY 4.1327. 

+1625 (25) 4-5 (a (a2)’ 4 (ay) 279) 
HA 2( x (475) + (271) ) 

$Me es Y + (0) 25) |, (12) 


where @:©)=(0z,©/0p)7, t=1, 2,5. From 
Eq. (12) we can estimate the value of &/kT, 
(=1.794), where T; is the critical temperature 
for the vapor-liquid transition. Next, at the 
temperature T (=0.95T,), the values of a, 
(¢=1, 2,5) estimated from Eq. (8) are shown 
in Fig. 3, where po; (=0.732) is obtained from 
Eq. (11). Furthermore, the isotherm at the 
temperature T (=0.957,) in p—1/o diagram 
is shown in Fig. 4 and Fig. 5. In Fig. 4 it 
corresponds to the vapor and liquid phases 
(the case for o<pi) and in Fig. 5 the solid 
phase (the case for p=), where pe (=0.352) 
is the molecular density at the critical point 
for the vapor-liquid transition. 


§4. Walues of 0; and p, 


we can infer the width of the density region 
in the stable liquid phase from the difference 
between the values of o; (at the temperature 
T,) and o,, though not with complete accuracy. 
The values of 0: (at the temperature T.), (ec 
and €/kT, for n=4,9,16 are given in Table I. 


Pigi3. 
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Fig. 4. Isotherm at T=0.95 T, for p<. 
C: critical point for vapor-liquid transition, 
Oe=—O1ad2, 


-2 76, 4 


KO) \/$ 
Fig. 5. Isotherm at 7=0.957, for ¢=o. i= 
0.732. 
Table I. 
n | 01 Cc | é/kT, 
4 | 0.426 | 0.377 | 1.979 
Gt Ovo ely (073820 )) oi 704 
| | | 2.013 
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The methods estimating the above values for 
m=16 are obtained by developing those for 
n=4,9, and the value of po: for »=16 is, 
particularly, determined from a relation 


ee (13) 


MM Fae 

sa Me ie 

mat 16° :) 
We shall see from Table I that the density 
region in the stable liquid phase is very 
narrow for m=4, but that it becomes wider 
for n=9, 16. 


§5. Conclusion 


Though the degree of approximation was 
not completely accurate, we have numerically 
calculated the unified equation of state through 
the vapor, liquid and solid phases for a lattice 
gas with many interstitial sublattices. It is, 
however, possible that even the qualitative 
correctness of the above form of the equation 
of state may not be wholly reliable in the 
regions of two phase transitions, that is the 
vapor-liquid and liquid-solid transitions. Re- 
cently, by applying the idea of molecular 
clusters, the author’ proposed the statistical 
theory of the phase transition for a lattice 
gas with no sublattice, which theory is ex- 
pected to be qualitatively correct, though 
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only approximate from the quantitative point 
of view. It is hoped that the above problem 
may be solved by extending this theory to a 
lattice gas with many sublattices. 
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An Equivalent Circuit of a Bolometer 
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Regarding a bolometer as an active four-terminal network which con- 
nects the heat-flow circuit to the electrical circuit, the equivalent circuit 
of a bolometer is obtained. By means of this equivalent circuit a physical 


meaning of the dynamic impedance of a bolometer is made clear. 


Also, 


the stability considerations of a bolometer circuit is given. 


St. 


Recently R.C. Jones reported an extensive 
theory of bolometer performances. Using the 
dynamic impedance of a bolometer, he dis- 
cussed the responsivity and the stability of a 
bolometer circuit. In his theory, however, 
nothing was mentioned about the relations 
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between this important quantity of the dyna- 
mic impedance and the structure of bolometer 
or the material of the bolometer element. If 
such points are made clear the theory will 
give a more useful guide in the design and 
the application of a bolometer. 

For a radiation thermocouple, on the other 
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hand, P.B. Fellgett® introduced a notion of a 
dynamic impedance. He showed that in terms 
of an equivalent circuit which is derived from 
the concept of dynamic impedance the theory 
of radiation thermocouples can be developed 
In a compact and unified way. 

Since a bolometer is an active element, one 
cannot apply to it Fellgett’s procedure which 
connects the heat-flow circuit to the electrical 
circuit by means of an ideal transformer re- 
presenting the thermoelectric conversion 
mechanism. But an equivalent circuit theory 
for an active four-terminal network which is 
proposed by T. Okabe will give a partinent 
concept of the dynamic impedance of a bolo- 
meter. In the following discussions it is 
assumed that the all parts of the bolometer 
element have the same temperature at any 
given instant, so that the end-effect of the 
element and the difference between Joulean 
heating and the heating by incident radiation 
are both neglected. This assumption may be 
permitted in almost every cases. And we 
confine our considerations in the region in 
which the variations of such quantities as 
temperature, resistance, current etc. of a 
bolometer are very small and in linear rela- 
tions with one anothers. In general, each of 
these variations is severally a function of the 
frequency of the variation. It will be easily 
seen that the formula derived in § 2 and 3 are 
valid for any frequency, though the frequency- 
dependence of the various quantities are not 
explicitly noted. 


§2. Heat-flow Impedance for Radiation 


Since a bolometer as a circuit element is a 
sort of non-linear resistance, its static proper- 
ties are given from its voltage-current charac- 
teristics. For representing this characteristics 
it is convenient to take the logarithms of the 
values of voltage and current as the coordi- 
nates. In this representation the diagonal 
axes correspond to the resistance and the 
power dissipation of the bolometer. 

We denote the biasing current and the 
resistance of a given bolometer in its operating 
point with Jand R respectively. The bolome- 
ter is supposed to be in a radiation field and 
the radiant power incident upon the bolometer 
element is denoted as W. Then the total 
power dissipation P of the bolometer is given 
by 
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P=PR+W. 
If, leaving the radiation field unchanged, we 
increase the biasing current to 7+dJ, the 


power dissipation will be increased by an 
amount 


adP=PdR-+2IRd! . (1) 


On the other hand, we suppose that the bias- 
ing current is supplied from a constant current 
generator and the incident radiant power is 
changed by an amount dW. If the change 
of the total dissipation equal to it in Eq. (1) 
is obtained, then 


dP=PdR’+dw . (2) 


Now, when the temperature of the environment 
is held constant, the temperature @ of a given 
bolometer element is uniquely determined by 
its total power dissipation. And the resistance 
of a bolometer is a one-valued function of its 
temperature. Since equal increase of the 
power dissipation is given to the same bolo- 
meter in its same operating point, the changes 
of the resistance in Eq. (1) and (2) must be 


the same: dR=dR’. Hence 
dW=2/Rdl , 
or 
aw dl 
eT Bass 3 
do ais do ~ ©) 


The left hand side of this equation represents 
the power of the incident radiation which 
produces unit increase of temperature of the 
element which is biased from a constant cur- 
rent source or connected to an infinite load 
impedance. The reciprocal of this quantity 
may reasonably be called the heat-flow im- 
pedance Z, of the bolometer for radiation. 
The right hand side of Eq. (2) is the quantity 
which can be given from the load curve. Eq. 
(2) indicates that the heat-flow impedance for 
radiation is obtained from the load curve. 
Now from Eq. (2) and (3) 

Wl dW “ae 

awe oT 
The first term of the right hand side is 
clearly the coefficient of heat loss AK from the 
element to its surroundings. The second term 
is equal to aP, where a is the temperature 
coefficient of specific resistance of the element 
Hence 


material. 


1 


4 
Zz, (4) 


18 
Oia a 
=—K—al =K(1 al 
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In this equation P/K gives the working 
temperature of the bolometer. Therefore, if 
we use the same element at the same operat- 
ing temperature, the heat-flow impedance for 
incident radiation is inversely proportional to 
the coefficient of heat loss from the element 
to its surroundings. 


iba Zu- VZi2Za1 Ze0-VZi2Ze1 


Vii22a1 


Fig. 1. An equivalent circuit of an active four- 
terminal network after T. Okabe. 


It is to be noted that for a negative type 
bolometer i.e. a bolometer with negative coe- 
ficient of resistance Z, is always positive, for 
kK and P must be positive. But for a positive 
type bolometer Z may become negative when 
K<aP. 

Now Eq. (4) may be modified as 
ae eee 
Ze d§\P dR 

1. dET) } 


Pp Ai & 
dole dEID J 


Il 


(9) 


where & is the voltage drop between the 
terminals of the bolometer and 


is the dynamic impedance of the bolometer at 
its operating point. 


§3. Equivalent Circuits of a Bolometer 


According to T. Okabe», any linear active 
four-terminal network can be represented by 
an equivalent circuit having an ideal amplifier. 
Let the equations of the network be 


Vi=21ht+2ilr , 


V2=2ohi+ Zeke , (6) 


where 211 and 2.2 are the open-circuit driving 
point impedances and 21 and 2s: are the open- 
circuit transfer impedances. Introducing an 
ideal amplifier of which only function is to 
multiply the voltage and current by a factor 
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a=y/ an (7) 
212 

one can obtain the equivalent circuit shown 
iia, Jee, Al. 

Now it is well known that the flow of heat 
in a conductor and the storage of it in a 
thermal capacity are represented by the same 
form of differential equations as that of cor- 
responding electrical phenomena. According 
to M.J.E. Golay® and P.B. Fellgett® the ther- 
mal quantities corresponding to an electrical 
current and a resistance in this analogy are 
respectively a heat flow divided by its absolute 
temperature and the reciprocal of heat con- 
ductivity multiplied by its temperature. 

If we consider only the relations between 
the variations of the various parameters from 
their values at the given biasing point, we 
can regard the bolometer as a four-terminal 
network whose input circuit is the heat-flow 
circuit and the output circuit is the electrical 
circuit. Then V; and J; in Eq. (6) correspond 
respectively to the temperature rise of the 
element dé and the radiant power dW incident 
upon the element divided by the absolute 
temperature @ of the element. V2 and J: cor- 
respond respectively to the increase of the 
voltage dE and that of the current d/J of the 
bolometer. 

As has been mentioned in the last section, 
Za is the heat-flow impedance for radiant 
power of the bolometer with an infinite load 
impedance, hence it is easily seen that 0Z, 
corresponds to 21 in Eq. (6). It is easily 
seen that the temperature rise of the element 
by the incident radiation increases the elect- 
rical potential drop between the bolometer 
terminals by an amount 


dR dw 
B= 1 62) 
dE=T (02) 


Hence [(dR/d0)0Z, corresponds to 221 of Eq. (6). 
Next, we consider the case when we increased 
the biasing current by d/, keeping the incident 
radiation constant. Owing to the increase of 
the electrical power dissipation the tempera- 
ture of the element will be increased by (d9 
/dI)dI, while the voltage increase is given as 
ZdI from the definition of the dynamic impe- 
dance Z. Hence dé/dI and Z correspond 
respectively to zi and 2. of Eq. (6). 
fore we get as the four-terminal equations 
for the bolometer 


There- | 
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= ONY oli} 
d6=0Z, ail . 

0 ary. 

dR aw 
ade=fI — 02Z,— Bglil . 

de ep +Zd. (8) 


According to the definition 

ao) 7 didkR  #2-K 

dI dR dI I(dR/d0)° 
Putting this relation in Eq. (8) and comparing 
with Eq. (6), we obtain the equivalent circuit 
of the bolometer shown in Fig. 2. 

From the diagram the responsivity of the 

bolometer with a load impedance Z, is easily 
given by 


Zr dR 


Paizeezaee 
or using the relation (5) 
Se ofr) 22K 
Zrt+Z 2IR 


which is the formula given by Jones. 

For a positive type bolometer the circuit of 
Fig. 2 can be transformed into its equivalent 
shown in Fig. 3 in terms of an ideal trans- 
former. In the figure the turns ratio N of 
the transformer is 


ae ZR _2IR , aR 
A a do 
ae (9) 
0 


From this diagram the dynamic impedance Z 
of a bolometer in its given operating point is 
seen to be 

Z=R+AN OZ, , 
or 

Z=R(1+2aPZ,) . (10) 
Thus the dynamic impedance of a bolometer 
is composed of the electrical resistance R and 
the equivalent impedance of the heat-flow 
circuit N?0Z,. For a negative type bolometer 
the above transformation gives a transformer 
with an imaginary turns ratio. This situation 
can be avoided if one uses the amplification 
factor of the ideal amplifier 


instead of @ given in Eq. (7). In this case 
the impedance of the parallel branch of the 
T-circuit of Fig. 1 is V —212 221, and the turns 
ratio of the ideal transformer of Fig. 3 is 
eek 


a 0Zp 
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In this case, however, the ideal amplifier does 
not only affect the voltage and current but 
also changes the sign of impedance. And we 
obtain the corresponding expression for the 
dynamic impedance of a negative type bolo- 
meter which is the same form with Eq. (10). 


$4. Stability of a Bolometer Circuit 


In using a bolometer as a radiation detector 
it is common to bias the bolometer through a 
series resistance from a battery or an appro- 
priate source of emf. In this case, however, 
depending on the values of this resistance it 
is possible that the operating point of the 
bolometer be changed irreversibly by a slight 
disturbance, since the bolometer can have a 
negative resistance. R.C. Jones discussed this 
problem in graphical means and gave criterions 


18 
7 
Z-V@Z_(Z-R) . dl 


dW = @Z9-V6Z,(Z-R) 


Fig. 2. An equivalent circuit of a bolometer. 
026 
2 2a 1:193 Fees 
aa 13 az ‘ deVZ-R- gy 
\deal 
dQ 026 ifi ae 
Fig. 3. An alternateform of'the circuit of Fig. 2. 


discussions 


his 
were confined to the steady components or 


for unstability. However, 
values when the frequency was zoro. It is 
well known that connecting an appropriate 
reactance to a negative resistance element the 
system will oscillate with a certain frequency. 
Even if a given operating point of a bolometer 
was stable according to the criterion given by 
Jones, it is possible that the system oscillates 
with a non-zero frequency. In this case, of 
course, the bolometer cannot be regarded as 
a stable detector. A general answer to this 
problem will be given from the network 
theory and especially Nyquist’s criterion”, 
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As has been mentioned in the last section, 
a heat-flow circuit is represented as an equli- 
valent RC circuit. Therefore, letting p be a 
complex frequency, the coefficient of heat loss 
K(p) from the bolometer element to its 
environment is a positive real function. Since 
the dynamic impedance of a bolometer is from 
Eq. (4) and (10) 

20P 


AD=RM Cp) oP 


Z(p)—this is the driving point impedance 
looked at the electrical terminals— may have 
poles but cannot have any zeros on the region 
in which the real part of p is positive, and 
SO a positive type bolometer is a so-called 
short-circuit stable element. Similarly, a nega- 
tive type is concluded to be open-circuit 
stable. 

According to Nyquist’s theorem a series 
combination of such an impedance Z(p) and 
a given load impedance Z7() cannot be stable 
when it is driven from a voltage source with 
zero internal impedance, if at all real frequeny 

|Zz|>|Z| 
for a positive type and 

Zn] <1Z! 
for a negative type. 

Without further knowledge of Z:(p) one 
cannot generally obtain closer conditions. But 
if Zr; is, for example, a resistance independent 
of frequency, we obtain Jones’s conditions. 
For, since K() is an RC admittance it may 
be developed as 


K ~ Se ap 
(p)=a-fp+aot+> = Cy? 


where a’s and c’s are positive real constants. 
Therefore the dynamic impedance takes the 


form 


pikes Bere: jo 
VAG} = een te re ee ne 
Aco JO +(Ao— Pp sj@ 

je @ a Se Re 


on the imginary axis of p i.e. the real fre- 
quency axis. Therefore the imaginary part 
of Zjw) vanishes only at w=0 and infinity, 
and there the values of the impedance are 
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respectively R and Z, the latter is the slope 
of the static load curve at the operating point. 
Hence if 


pes! 1 

R<Z:~ 
then the real part of the impedance of the 
series combination has the opposite sign of 
that of Z at w=0 and infinity, hence the 
system is short circuit unstable. For a nega- 


tive type bolometer we obtain in a similar 
fashion the corresponding conditions. 


§5. Conclusion 


In the above discussions it is shown that a 
bolometer can be regarded as an active four- 
terminal network and is given the equivalent 
circuit representations for it. In terms of the 
equivalent circuit one can give a concrete 
interpretation to the dynamic impedance of a 
bolometer which is an important quantity in 
the consideration of bolometer performance. 
It may easily be shown that other performance 
characteristics such as a minimum detectable 
power can be derived in a compact way by 
means of the equivalent circuit. 

Also it is pointed out that Jones’s conditions 
for unstability of a bolometer circuit are 
adequate only for special cases. 
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Among many investigations hitherto made by making use of the 
Tricomi equation of mixed type, a series of investigations by Guderley 
and his collaborators on the flow at Mach number one have given the 
most reliable informations. 

In the present paper are presented two singular solutions of the Tricomi 
equation relating to transonic flow, both of which have a singularity 
corresponding to a uniform flow at infinity upstream—either subsonic or 
supersonic— and tend to Guderley’s solution when the Mach number at 
infinity approaches unity. 

First, the solutions are given formally in integral forms, and then 
their analytic continuations, which are valid within various portions in 
the hodograph plane, are studied. Special references are also made to 


the behaviour of the solution in the vicinity of their singular point. 


Introduction 


§1. 

As is well known, the Tricomi equation of 
mixed type is suitable for theoretical studies 
of a two-dimensional transonic flow in the 
hodograph plane. 

Among many investigations hitherto made 
on the basis of this equation, Guderley’s pio- 
neering work” and a series of his subsequent 
works in collaboration with Yoshihara and 
Barish on the flow at Mach number one???“ 
have given the most reliable informations, 
because the sonic flow can be _ rigorously 
formulated as a boundary-value problem as 
will be seen in the famous Tricomi’s original 
paper®). 

Besides these writers we have found the 
names such as Cole®, Trilling and Walker? 
and Trilling® with their contributions to 
studies on the drag of a finite wedge placed 
in a high-subsonic flow. But the singular 
solutions adopted by these writers, which 
correspond to a free-stream at infinity up- 
stream, are of a doublet type, either of the 
usual form or of order 1/2. According to the 
analogy to the incompressible flow, the singu- 
larity, at least of the latter type, may be 


considered as a proper one, nevertheless both 


of them do not coincide with Guderley’s one 
when the Mach number at infinity approaches 
unity. Quite recently, Mackie and Pack” 
attacked also the same problem by making 
use of the exact equation for an isentropic 


inviscid flow, but their solution is merely a 
generalization of the corresponding one for 
the incompressible flow by standard method. 

In the present paper are presented two 
singular solutions of the Tricomi equation, 
both of which tend to Guderley’s one in a 
limiting case of Mach number one. They 
are considered to correspond with a high- 
subsonic flow and a low-supersonic flow re- 
spectively. (In what follows, we shall refer 
tomthesen twomaswcenl ype: las aan Cnsanthy tem lle 
respectively. ) 

At first the solutions are given formally in 
integral forms, and then their series repre- 
sentations, which are valid within various 
portions in the hodograph plane, as well as 
the analytic continuation between them, are 
studied. Special references are made to the 
behaviour of the solutions in the neighbour- 
hood of their singular point. 

Applications of these singular solutions to 
some physical problems will be reported in 
separate papers. 


§2. The Tricomi Equation and its Several 
Existing Solutions 

In this section, we shall give a brief sum- 
mary of Guderley’s limiting solution for a 
sonic flow as well as Cole’s and Trilling’s 
singular solutions for a high-subsonic flow. 
Special references will be made to the limiting 
behaviour of the singularity of the latter two 
when a free-stream speed tends to the sonic 
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speed. 

As is well known, the equations of motion 
for a two-dimensional steady isentropic flow of 
an inviscid flow can be reduced to simplified 
forms by making use of the similarity law 
for transonic flow. 

First, we define the non-dimensional com- 
ponents of disturbed velocity z (or w), v in 
place of the velocity components q:, dy by the 
formulae: 


a ee Vee ee (2.1) 


ax 3K: 
where a, is the critical speed at which a 
local speed of flow becomes equal to the sonic 
speed and 7 denotes the adiabatic constant of 


Uu 


Inver, AL 
A: sonic point, 8B: singular point, 
AD: characteristics corresponding to the limit- 
ing Mach wave. 


Reduced hodograph plane. 


the fluid concerned. If we retain only the 
first order terms of disturbance, the funda- 
mental equations of motion in the hodograph 
plane for both the transformed Legendre’s 
potential @ and the stream function ¢% can be 
reduced to the Tricomi equations: 


Dwwt+wOw=0 , ) 
Dario +wY wy =0 . J 
To the same order of approximation, the 
Cartesian coordinates x and y in the physical 


plane are connected with the two functions @ 
and # by the relations: 


(272) 


P=p.(7+1)®,. (2.3) 
and 
zw, v)=— iit Dw , 
a (2.4) 
yw, v)= i Dy , 


kK 
where oe, is the density of the fluid at the 
critical state. 

It is evident from Eqs. (2.2) and (2.4) that 
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the differential equation for y(w,v) is also 
reduced to the Tricomi equation. 

Since Eqs. (2.2) are of mixed type, there 
are two real characteristics through any point 
in the hyperbolic region where w<0 (w>0), 
which are given by 


(2.5) 


Ae 
vu? =const. 
od 


For future work a new variable € defined by 


ae (2.6) 
is conveniently used, so that Eq. (2.5) is 
rewritten in the form: 

Vis CONS Cale) 


(A) Cuderley’s singular solution 

When the Mach number of a free stream is 
exactly equal to unity, the solution of the 
Tricomi equation, having a singularity at the 
sonic point (A in Fig. 1), which corresponds 
to the infinity upstream in the physical plane, 
can be determined uniquely up to a scale 
factor under the following three conditions: 

(i) The limiting Mach wave AD should 
not be completely mapped to the point at 
infinity; 

(ii) @,=0 and /=0 along the w-axis (ABC), 
which are required to show the symmetric 
flow pattern; and 

(ili) @,, ~ must be single-valued functions 
throughout the region ranging from the infinity 
upstream to the limiting Mach wave and 
their values should become infinite at the point 
A as shown in Fig. 1. 

The important fact that the solution of the 
Tricomi equation can be determined uniquely 
subject to the above three conditions has been 
first discovered by Guderley”, who constructed 
an appropriate solution for Legendre’s trans- 
formed potential ® in the form: 


O— Uli Baal) Beer ee (2.8) 


Here, the function (8, —1) should satisfy the 
ordinary differential equation: 


Bef” +(28— St ea 2.9) 


and can be expressed in terms of the hyper- 
geometric series F(a,b; c; z) as follows: 


Seale ae 
firs a ee ee 1 B*). (2.10) 


As is easily confirmed, this solution is subject 
to the above three conditions, but is valid 
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only in the hyperbolic (supersonic) region: 
1< po. 
(B) Cole’s singular solution 

In order to express the high-subsonic flow 
in the region far from the body, Cole has 
given a singular solution of the Tricomi 
equation which is subject to the conditions: 

(1) The solution must be regular in the 
upper-half plane of subsonic region (z>0, 
v>0); 

(ii) ¢=0 and y=0 along the z-axis (v=0) 
except at the point B as shown in Fig. 1; 
and 

(iii) should have a singularity of doublet 
type at the point B. 

By using the Fourier-Bessel expansion for- 
mula, he obtained two singular solutions in 
integral forms: 


A, v3-a2) 
sa ees Ae ae 
eee e-”? J -1/3(@2Z) J -1/3(a@21)da , 
isk as DIRS) 
1/3 [ e s , 
ae z2:) \, e- J 1 )3(a2z)Ji/3(a@2z1)da . 
(2111) 
where z is a new variable standing for w, 2 
is the value of z in the undisturbed flow with 
Mach number M™.., and J.(z) denotes the 
Bessel function of the first kind of order v. 
The relations between z,w and 21, w: are 
given by 
mee 3/2 
a 3 Wl 63 
2 wea : 
Z2= 2 i= 3 d—M..2)?/ : 
Now, tending z, in Eq. (2.11) to zero, we 
have 
pez cae. 0) 
1 4z ole —a lye} 
See ee Cara pes /3(@2)da - 
4r(2/3)\\ 3 : 
iP oh (bie 0)=0 . 
Further, making use of the relations 
Zen A (2.13) 
we obtain an alternative form of the solution, 
which is valid in the supersonic region, in 
the form: 


Pet 7160) = 


w=ue™ , 


SEG Se. 
Ar? (v2—C2)1/6 ’ 
Evidently, this solution has a singularity of 


(u>€). 


Singular Solutions of Tricomi Equation 
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order 1/6 on the characteristics v=f (8=1), 
and consequently does not satisfy the condi- 
tion (i) for Guderley’s solution. 

Later, Cole! investigated the fundamental 
solution of the Tricomi equation by using the 
Fourier transforms and found that the solution 
regular up to the characteristics v=€ is given 
by adding some regular term to the previous 
one in the form: 

O=f --f Lr, ’ 
with 


emo Beale 
ZIG Nan 


x |, KislB2)Kial 82) sin BudB . 
0 


(2.14) 


But, as z, tends to zero, Eq. (2.14) reduces to 


the form: 
SHE Cas ik. 2% a 
St at 2a F a 2 =o —_ 1 
DENT AAT) ( 2G B 


in the supersonic region, so that this solution 
is still of a different type from Eq. (2.8). 

(C) Trilling’s solution 

Trilling’s solution is subject to the condi- 
tions: 


lim 2, ¥ e 
Bai a a 
me ee 


v0 


which are imposed to keep the similarity to 
the analogous incompressible flow at infinity, 
and is written as follows: 


[Jiys(Az) +J -1/3(A2)] 


o =2r\"er| sin 421 


ye he Ve 
+-C0S dail Jryslda)—J ayaa) 4" 


(ZA15) 


Letting z: tend to zero, we have 
= di 
o=2"| eisde)—J-asalS , 
0 


which in the supersonic region degenerates 
to a simple algebraic function as: 
= { j Ph fay YS Aas = 

= ie ig ) ] [vt+(v?—C2)!/2]1/8 , 

Gero). (2.16) 
Eq. (2.16) is identically zero at v=€ and so 
has no singularity even at the sonic point A. 
Obviously, this contradicts to the condition 
(iii) for Guderley’s solutions. 
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Proposal of New Singular Solutions 


of Type I 


Now we proceed to give new singular solu- 
tions which have the same singularity as 
Guderley’s one when the Mach number at 
infinity tends to unity (i.e. 21-0). 

At first we consider a solution of Type I, 
the singular point of which is located on the 
positive z-axis and which may be considered 
to correspond with a high-subsonic flow. 

We notice first that if we have a certain 
solution of the Tricomi equation, Eq. (2.2), 
then we can get another solutions immediately 
by differentiating it any times with respect 
to v. Cole pointed out that the singular 
solutions of doublet type of the higher order 
could be obtained by applying this procedure 
to Eq. (2.11), that is, the singular solutions 


ale 
4\3 


are derived from I’_. 

Generalizing this procedure to the case where 
nv is not necessarily a positive integer, we can 
find the proper value of 2 so as to make a 
solution to have the required property. 

Let us consider for the Legendre potential 
@ a function defined by 


1/32 
221) | (—a)"e-” J _1/3(a@2) J -1/3(@21) da 
0 


(m: positive integer) 


T_(Z, v; a)=(“F 


x [J -1/3(@2) + J1js(az)|da . 
Taking z: to be zero, we have 


eee? O=T~*(2, 2) 


a (2) ON eel -aslecz) + Jnislavz) | 
= Cm ie ( Qe Zz : 
reps) \ Mg pes 
Replacing z by € as defined in Eq. (2.13) and 
evaluating the resulting integral, we have the 
expression valid in the supersonic region as 


1/3 (2 
) | ath /3g-% J _573(@21) 
0 
enD) 


1 Ea yay 


aa 2 
=a J (bf)tdt= 
| ra, Coe 


20{w—p+1)/2} 


v7 
VF 


pet ae ae yo ar( Ate 
b 2 ; 
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Bs J) 
wae! (se) (ote ee ae =~) 
T'(2/3) \ 3v? Dan OW mares 


ne Kile 58 2 


2/3 
=| ) ge 67 3 ole 
By making use of the formula for the analytic 
continuation between hypergeometric function 
of z and of 1—z, it reduces finally, with the 
notations in Eqs. (2.6) and (2.8), to 


é 


v 


IAL 
1s 2\2/3 
= FOR ai u1g1 F( ; : : ieee 


which is coincident, except a numerical factor, 
with Guderley’s solution, that is, Eq. (2.8) 
with the substitution of Eq. (2.10) for the 
function f. 

Next, we shall consider the asymptotic 
behaviour near the singular point at z=21, 
v=0. Since the stream function is more in- 
teresting than the Legendre potential from 
the point of view of the applications to physi- 
cal problems, the new function ¢r_ is intro- 
duced as 


zay\ 1/3 
dr_(Z, Vv; a)=(") \ ets? @- G8 J a a(aer) 


0 
x [J -1/3(a@z)+J1/3,(az)|da , (3.2) 
which can be obtained with a slight change 
of numerical factor by the substitution of Eq. 
(3.1) in Eq. (2.3). 

Expanding the Bessel function J_1/3(@z1) in 
Eq. (3.2) into a power series and integrating 
term by term, we have 
in EERE goin $ Tmt (4/3) (om +(5/3)} 

7 m=0 P'im-+(2/3)}T(m-+1) 


pate m__ 4 5 3 y2 
Fone Seen 
«(7 (m 3 a Se ok oP) 


In this derivation, use has been made of the 
formula for the generalized Lipschitz integral 
due to Hankel* 


(ee wav. 1. 7) 
» ? 2 ? Dee b2 
Vo ge ei 
5 ees 


(Raty)>0, Resid) SO, Jal 15)). 


Eq. (3.3) can be rewritten by means of the 
Kummer transformation of hypergeometric 
function. It follows that 


* See G. N. Watson, Theory of Bessel Functions, 
Cambridge, (1922), p. 385. This formula is derived 
from Eq. (2) in the text by making an analytic 
continuation of a hypergeometric function. 
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te 28/331/6 v = eee ee 2a \in 
mz (U?-+-27)*/3 mao) P{m+(2/3)}(mt1) \v?+22 
4 Ih wy 
XP m+, —m——; —; —— 
( ng gn oe see “2 


With the interpretation of F(a, b;c;z) asa hypergeometric series, this expression may be 
considered as a double infinite series as long as it has non-zero region of convergence. 

We notice first that the asymptotic expansion of a hypergeometric function for large m is 
given in the form:* 


P'(m+1—b)T(c) 


F(m-+a, —m+b; c; sin?¢)~ -, 
é V zI'(m+c—b) 


m/2(sin 6)G/2)-*(cosg b)e-4-2-G/2) 


cos] (am a= 20) |x} 1+0( 7]. (3.6) 
4 m ; 
It follows from this formula that 
4 es) vy? 1 P{m+(7/6)} 1 (w+22)/2] , 3 
F( m+ 5 —m—*; oa )~ SE) SENG (: + 
| 3 Og Pa 2 T{m+(5/3)} Vm — vzile ve tages ¢ 
gel Ula DNA st ae 
T{m+(5/3)}  vgi/6” 
with ey ee el 
sin? d= ae 


Bearing in mind that only the terms of large m are responsible for the convergence of series 
and substituting this value in Eq. (3.5), then we have 


Ce ee ee nyt ee Zia iy 
v5 (v?+27)8/4 m=0 = P'{n+(2/3)} I (m+1) v+z2 
ih chee eter BOE) GU) r( peiae es oo) 
we (wt gs/t (2/3) 3°-6” 3% af+2? 
Hence, it can be confirmed that Eq. (3.5) in absolutely convergent in the region: 
2r<v+zZ , 2m O20) 


For convenience’s sake, we show this region in Fig. 1 by shading with vertical lines. 
In particular, when v~0, Eq. (3.5) becomes 


_ 28830 y FP(4/3)(6/3) C 5. Oe? 040 
ae ai SO ees Ss ee eae 


- Taking into account the well-known relation** 
F(2a, a+1; a; 2)=(1—2)-?*"1(1+2) , 


we have finally ipa ZEB T (Ss) o 2 +2 PGi), San). (3.8) 


311/67 (2 —2,2)1/3 


1 Since this expression may exihibit the same feature as 
b=of[(z—“z1)'" (3.9) 


| as far as the singularity near the point z=z1, v=0 is concerned, a few typical streamlines 


ar Erdélyi, Higher Transcendental Functions, Vol. 1, McGraw-Hill, (1953), p. 77. The above Eq. 
(3.6) has been derived from Eq. (17) in the text after some algebraic reductions. 
** A. Erdélyi, loc. cit. p. 101, Eq. (7). 
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for Eq. (3.9) are drawn in Fig. 2. 

As is evidently seen from Eq. (3.7), Eq. (3.5) is not valid near the sonic point A and 
therefore we shall seek for an alternative expression valid within other region. 

Now, after expanding the Bessel functions J +1/3(@z) instead of J -1/3(@z1), the term by term 
integration of Eq. (3.9) gives 


2s y 5/8 | = PLm+(5/6)} Pint Gy Zz ie r( 5 Avesta a) 
a 2 = - = — 4 ) m+ , Sn mad 9 
o BBV x rome P'{m+(2/3)} P(m+1) v baa Ts eae} v? 
pa A Se Pent CB ne) (_2 y"F( 7 5 : 2 anit Zl ) (3 10) 
+( ) oo FRED int 4)y Xe eee et ee 


where use has been made of the generalized Lipschitz integral in the form:* 


-—at M1 = - ’ ’ i; § 
aie ECs ela ropireereraccornsge | 9 Te a 


(Riut+tyv)y>0, R(a+72b)>0, |b|<\a}). 


i I RY) nee btytl, a =) 


Rewriting Eq. (3.3) by the analytic continua- 
tion between the hypergeometric functions with 
z and with z~!, and interchanging the order of 
summation of the double infinite series which 
results after the hypergeometric series is ex- 
plicitly written down, then we can easily find 
that Eq. (3.3) is transformed into Eq. (3.10). 

It may be interesting to note that this rela- 
tion is the case only for the particular com- 
bination like in Eq. (3.2) and not for each 
integral contained in it. 

To supplement the above proof of the analytic 
continuation, we must further show that the 
two series have at least a portion of their 


exe 


'z/n 


gs! 


Co] 


jie See ee eee 


s‘0 


—— Z=%, ° an es 
z/z, Blv-o’) Rayne Ee 
Fig. 2. The behaviour of the stream function: Converging region in common. For this pur- 
aed a pose, Eq. (3.10) is written by using the 
A: sonic point, B: singular point, K f , : ; 
Typical stream lines starting from B are drawn ummer transformation in an alternative 
for Eq. (3.9), not for Eq. (3.8). form: 


jee Dee el = ea = — 25 y" 
eS ey or T'(2/3) m=0 1'{m-+(2/3)}T'n+1) v+2r 


5 ae) ae ze \i/3 
x F 7 —, —m—- . , et > =_—_ 
(m+ 6. ey Ss) lec 


= Te re I 2 3 ( 7 eae )] 


a ip <1 Stee « 22 tat ane, Ae See 
mo 1'(m+1)'{m+(4/3)} v+2r A ane Mas 3° vt2r 


For sufficiently large m, we have from Eq. (3.6) 


F(m+ 8 fe eige Cee ee \ ge) Lent CB) I Gis cei 
6 833 ree Vn I{m+(4/3)} Vm zi 


xcos| (m+ > )o—F | x ji+0(7)| 


F(m+ 5 ts Sees soa 3) Foire) GUN Aisa? ete 
6 3 v+2? Vn I'{m-+(5/3)} Vm 21/6 


x cos| (2m-'5 15 |x| 1-+0/ =a ; — Se 
6 12 m * G.N. Watson, loc. cit. p. 385, Eq. (2). 
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with sin? ¢=z217/(v? +21") . 


By the same deduction as before, Eq. (3.11) is surely an absolutely convergent series in the 
region: 
psa acy we che FO (3.12) 


In Fig. 1, this region is shown by hatching it with horizontal lines. 
In the region 0<z<z: on the z-axis, we have from Eq. (3.11) 


ey oe 2p ee (ee lo Oe SE 2N f eeoe a 
$r_(z, 0; z j=—- ae P( = ear 4 = \4 ~ 3) F( Fi hi & } 
SUE re ENG Gr 10 gee a1 62 FP 32 ae: 


while Cole’s solution, Eq. (2.11), has a corresponding value to be zero. 
Further, we put z=0 in this formula, then the value of r_ at the sonic point A is given 
by 


D oe eS ee Se 
Yr_(0, 0; 2)=¢7_*= — sae 5/3 


To study the behaviour near z=z1, it is preferable to take the expression 


: *K« aie ANGE 1 1 it Ze } 
dr(z, 0; 21)=¢r_*2V 3 We a lees oY ee (i ) 
i te ial Fe l 6. Oy ay Fae s ; 


which is easily obtained from the above formula by the analytic continuation of hyper- 
geometric function. 
Finally, for the values on the sonic line, we have, from Eq. (3.11) with z=0, 


d7_(0, v; 21)= SS aw , ARES 
E 6 3 GO POU =P ae 


22 (v?+z1%)-9/6 € eel pe ) 
343 7°"(2/3) 


In Fig. 2 are also shown the values of #7_ referred to #7_* on both z- and v-axis. 

To this place, we have considered exclusively the solution corresponding to the first of 
Cole’s solution, i.e. J’. in Eq. (2.11), but the second solution, which corresponds to /’,, can 
be given as well in the form: 


T , ZINN SE oe 
GE WE a)=( 3 ) al!/3e-% J 1/3(az1)| J -1/3(@2) —2J 1/3(@z)|da@ . (Gals) 
0 


Since this expression tends to zero together with 2, it is quite different from Guderley’s 
solution, but it remains still to be the singularity at the point z=a, v=0. 
Defining the stream function #7. instead of the Legendre potential T,, as 


1/3 

drole, vi ar)= (“3 ) | ale J,(azi)LJ 1s a2)—2J 1)9(a2)] da, (3.14) 
0 

then we have the formulae, which correspond with Eqs. (3.5) and (3.11) respectively, in the 

form: 

98/331/6 vz2/3 


a a a IE 
S Bee eS ay Sek i r( be ane mei Os ) 
on LGR 2° 2°? wae)? 
and 
b 95 /332/3 z 22/8 


7 V xT(Q/3) (+22)? 


21 n EO) (gt (9/3)) [BN mth Sat) eae es 
4) > {m+ (2/3)}l'(m-+1) ( A) (m+ om fe) 
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5 | ae eae Fmt ORD (__# i 
- ( w-23" ) m=0 T'(m+1)'{m-+(4/3)} Ue ee 


EF Y —m— a SES ) 
‘ (m+ >, U3 See geteg ay ale 


It is easily shown as before that these series are absolutely convergent in the regions 


(3.15) 


24+ >27 and PV <ar (3.16) 
respectively. 
In the close vicinity of the point z=z1, v=0, we have, after some reductions, the following 
representations from Eq. (3.15) 


QUBT (1/3)  (2+22)  QH/8 — yg-8/8 (e ite Us ze ) 4 
Pe — - 4 =f Z il== 40) Vv ) 
re Bier Giese Tae Cae see ars 2 ( 

(fore 227 
95/8 2 folk i iL 2 ) ? 
Tee eae es z= ce sy aie +O(v? 
ls are eae ot ( ca ie 
(for 2c 2). 


By comparing these formulae with the corresponding ones for ¢7_, it can be found that 
the combined stream function from #7_ and ?7+ in the form: 


dr=$r+t+¢r- (3.17) 


becomes less singular at z=z1, v=0. (It may be, at best, of the type S3[Zlog Z], Z being 
(z2—21)+72v.) Nevertheless, Eq. (3.17) has still the property that the singularity of Guderley’s 
type will appear as 2: tends to zero. 

The values of 74 on the sonic line and especially on the sonic point are easily evaluated 
from Eq. (3.15), namely, 


i | 22/8 | ol a ae 
7+(0, 0; Z)=—— — Fi -—, —; =; —*—), 
PEO A aaa T(Q/3) (v*+-22)/* ( 32 16? 3 oo) 
and __ 22/3z,-9/8 


iy : Ua = — pet 
dr+(0, 0; z=drs 34/3]°(2/3) ’ 


§4. Proposal of New Singular Solutions of Type II 


While the solutions mentioned in the previous section have a singularity at a point in the 
subsonic region, solutions with their singularity in the supersonic region will now be given. 
Considering that the variables €, z, which are real in supersonic and subsonic regions 

respectively, are connected with Eq. (2.13), we define €: as a real parameter by 
Gi=21e V2 (4.1) 


and then the following relations hold identically 
ZV 37 +1/3(@Z1) = FET 4 1/3(ali) « 


Now, we shall consider new solutions corresponding to Eqs. (3.1), (3.18), respectively, as 
follows: 


S.(z, 0; Gx)= (2 Jaren velats)iJ ais(az)+Jus(az)\da 
meh (4.2) 
S.(Z, v; o)=( oe J [jerre-*rtvalat dL2Jie(a2)—J-ra(a2)|da ; 
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In the limiting case when €:->0, these equations tend, respectively, to the forms: 


lee 91/3 9a \1/8fo 
S-@, v; 0)=S_*(z, v) = (= e- "| J -1/3(@2) + J 1js(az)|da , 
I(2/3) oD 0 


Sate, oe OO. 


It is obviously seen that S_*(z, v) is identical with T_*(z, v) as defined before. 
Although Eqs. (4.1) are derived formally, these integrals are certainly convergent under the 
condition: 


Gi ; 20) ‘ 


which is easily found by substituting, in the integrand, the asymptotic forms for both the 
Bessel functions J +1/3(@z) and the modified Bessel functions J+1/3(@€1). 

From the mathematical theory of partial differential equations, it is clear that the singularity 
in the hyperbolic region will extend, in general, along its characteristics passing through the 
point, but in the elliptic region there are no real characteristics and so the above condition 
for v should become unnecessary. 

Then, we shall consider the various expressions of Eq. (4.2), together with their domains 
of convergence. As in the previous section, we begin with the stream functions defined by 


a 1/3 {co 
dis=( s \, ot3e-®T a s(al LJ -apa(az) + Jays(acz)de , 
(4.3) 


is oo 
Ose— Gas, | a'e~®°T 73(a€1)[2J 1/3(az)—J -1/3(az) |da . 
0 


In the first place, we expand the modified Bessel functions in power series and perform the 
integrations term by term. Then, after some calculations, the following formulae are 
obtained: 


ae 28/331/6 v = I'{m+(4/3)}1'{m- (5/3)} e ise. ir 
a 7 (uv? +27)4/8 m=0 I'{m-+(2/3)} 0 (m-+1) y+2 
+ 4 1 3 ye 
x ay ee ee eee 
(m+ 3 m Gog as ) ; 
ds Basa abe vl 2/8 ca l'{m-+(5/3)}'(m-+2) ie eis t (4.4) 
S+ xz = (v®+27)°/3 m=0 P'(m+1){m-+(4/3)} p42 


6) £183 vy 
(m Das her eae, Pa ) ; 


which correspond to Eq. (3.5) and the first of Eq. (3.15) respectively and which also are 
obtained by using the substitution (4.1) in these equations. Both series are absolutely con- 
vergent in the region: 


Brey iin 


The expression valid in the region near the sonic point can be obtained from Eq. (4.4) by 
transforming the hypergeometric functions in it into the alternative expressions with the 
variable —v?/z2 by the Kummer transformation, then interchanging the order of summation 
of the resulting double series and finally making use of the Kummer transformation again. 

Thus, we have 


f 29/331/6 v = I'{m+(4/3)}1 {m+ 5/3)} ( ee os \ 
2407 


wr 4 ae 48 Bee 
xF(m-+ —m—1; 33 Sara 
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2segue oy = Pn +(6/3))T on+2) (4.5) 


Yee a7 x 1'(4/3) (22-+€12)93 mmo Pm +10 {m-+(3/2)} 


yu m 
(- ee) 


ae) es ) 

37 38 Cea eye 

For sufficiently large #2, the hypergeometric functions appeared in this equation have asymp- 
totic expansions in the form: 


Sie 


<F (m+ = = 


| s yon Pama ) r(2js)_P@n+2)_ 1 CP +2ye 
P( m+ a epee 37 €2+2 Vx P{m+(5/3)} Vm €,3/6z1/6 
x cos] (2m nome ‘ 
9 7 7 / a) 21/2 (4.6) 
EF 5 27 A | OPS. NGS nein aes iam 
(m+ 3) m3 3? Fase] ~ VY x Tint+2) Vm E,5// 
x cos| (2m+7) o— 5 | i 


with Sin’? @=C17 Cae) 


Then, it is easily proved as before that Eqs. 
(4.5) are the absolutely convergent series in 


N= the domain: 
\N — Pe +E? . Z; €13=0 a 
A In Fig. 3 are shown the regions for which 
Zs various representations are of use. 
< YN\\ While the singularity at B disappears in 
Zz B A D (c= 6) these solutions as is evident from Eq. (4.5), 

rn a new singularity appears at C. 

2 aaa region in which various formulae To see this more clearly, we take z=0 in 
NWN for Eq. (4.4), for Bq. (455). Eqs. (4.4), (4.5), and then these equations turn 
= for Eq. (4.8), [II] for Ea. (4.9). out, on the sonic line, to the form: 

2ST) eee i LgeehS Or 
1-0, 0; === Soar f Ee. 
dis, CSS" Tpe geet eae ges ey meat nO ae 
21'(1/3) yils 2 ke 4 Ge 
= “—— —— F{ ——, ——; =: f ; 
35/6, (y2—C,2)3/2 ( S26 eo ) Siero PeaS 
$s+(0,0; Gi)= Ps, v; 61) (for O0<v<€i) , 
ZT S)) Meee ( Ie ie en ae 
= ———__— 1M 7: = a 
3x (8 —C282 3” 6? 38? ee ) prance 
Retaining only the singular terms near C, we have 
4 3237"(1/3 ee y2 \-3/2 A y2 \-1/2 
bs-(0, 0; O)=—= es Ae —4(i= aa) | (for 0<v<t,), 
mt. 3811/3) Wes isl GED CoNae 
bs+(0,0; C= $s_(0, v; €1) (for. 0<v< G7) | 
=—¢s_(0, v3 C1) (for v>€i). 


Unlike the previous case, the singularity at C cannot be weakened by any combination of 


these two functions, ¢s_ and dy4. 


Since there are no singularity in the region z>0 even at v=¢C1, we can expect to have 
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the expression valid along the line CE in Fig. 3, which is, in fact, obtained by the following 
procedures. 


At first expanding z'J.1),(az) in a power series of z, performing the integrations term 
by term provided that fi<v, and then continuing analytically the hypergeometric functions, 
we arrive at another hypergeometric function with the variable —4z°v?/(v?—-€1?)? on the 
neglect of higher order terms of 1—(€.2/v?) . 


Furthermore, if the Kummer transformation is applied to change the variable into 


BN ee) 42704), 
it follows that 


ees et lag eg F( O) eternal w) 
2x |{(v®—Cv)3+4e*2}8/4 V4? 12’ 3’ 
7 Diag he is 1, cone 
— ——— F x 
T3218 ((@— C4 dete Ge Tas u)|. 
i a UTR, (2), pou “ ee a) 
es 237 v {(P—€7)?+40?2?}4/4 ay, 1 
7 -22/8 p2z2/8 1 
ae - —— eae =: ¢ < u) |. 
3 {vf +4022 4 


Although these equations are not rigorous as they submit to some approximation, they may 
be useful to see the singular character in the neighbourhood of the point C. 

Finally we shall seek for the expression valid in the supersonic region. 

Two functions corresponding to Eq. (4.3) are defined formally by means of the transforma- 
tion of the variable from z to € by Eq. (2.13), namely 

ye eee te 
Ps—(€, v; c=(* | a Be T_1/(ali)[T_1/3(a@) lisa) da , 
oe, \)°f~ oe 
Ys+(€, v; c.)=( iH) | a Be Ty 301) —L_1/3@0) —2Iija(ad) da 
0 


Taking account of the asymptotic form of the modified Bessel functions, we can easily 
find that Eqs. (4.7) are convergent only for the region: 


vt+t€>C, and wv—C>1 


respectively. (See Fig. 3.) . 
Expansion of €1'/*Jz1/;(@€1) and term by term integration of the resulting series give the 
following formulae: 


25/8 5/3 = ['{m-+(5/6) {m+ (4/3) & 9 A cane 
ps-= jee 3 Hea a Gear aN SE 
2 


318 VY 7 1 (2/3)| mao | {mm +2/3)}'(m-+1) 
€\8 = F{m+(7/6) 0 {m+6/3)} m 7 Rune se So. | 
—( le Zz T(m+Dr{m+(4/3)} & ) F(mn-+ gr rt 3? as ) 
25/8 8/8 ( a ir is Bae ITE Te y 
318 V x (4/3) mao T{m+(2/3)} n+) \ 


7 _5. 4. €r 2/8 = F{m+(3/2)}P +2) 
Gee se 308 ae )+ i) Py l(m+1'{m-+(4/3)} 


aNn be Ae oy 
x(-* ) F(m+5-, m+2; 3; =5)|. 


= — 


3 
(4.8) 


The values on the sonic line, as evaluated from these equations with €=0, are, of course, 
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equal to those obtained from the subsonic side. 

As Eqs. (4.8) are formally derived, we shall investigate the convergency of them. To 
this end, it may be sufficient to consider only for one infinite series in Eq. (4.8). The first 
infinite series in Eqs. (4.8) is taken up as an example and is written down in a full expres- 


sion of double series as follows: 


1 = P{m+(5/6) m+ (4/3)} (C2. \” ( 5 SD a) 

ee + : =_) F a 

PO Timon \ x ) ete 5. ee 
= 2 P{m+n+(4/3)'{m+n+6/6)} 627g 


~ mao neo (m+ DP {m+(2/3) (n+) {n-+(2/3)} v2rr 


Putting 22-+n=k, we have 


ae P{k+(4/3){k+(6/6)} Sea. 
kao n=0 P(e +1)'{n+(2/3) HM (k—-n+1)'{k—n-+(2/3)} ye , 


For sufficiently large k, an inequality: 


V'{n+(2/3) }P'{k—n+(2/3)} Si 
I'{n+(1/2) }P'{k—n-+ (1/2) }- 


is easily proved by use of Stirling’s formula concerning the Gamma function, therefore 
irrespective of #2 there holds the relation: 


ron+dr(n+ s)he ae wr(e ie 5 Pat yr (n+ 7 ent Dr k—nt 5 ) 


=2-*7P'(2n+1)l (2k—2n-+1) . 
Thus, we have 


k es 2 I'{k+(4/3)}1{R+(5/6)} 2* & (2k)! Cnenci=n) 
a Ge mr P'(2k+1) py nay (2n)!(2k—2n)! >" 
Z noe Sa ee 
Vnxk=o F{R+0/2)}T(R+1) v 
_ PAST Sey iA ool on )t 
x (3 Geko” v . 


Consequently, it is said with confidence that this series is absolutely convergent in the 
region: 


Oitf< v. 


The triangular region bounded by the sonic line and the characteristics passing through 
the point, €=1, v=0, is left to study. But the analytic continuation in this region is easily 
performed by Riemann’s method of integration for a partial differential equation of hyperbolic 
type. 

A convenient formula* to our case is given by 


CGS RGD fee P \ tlu+(2t—1)]é-*/6(1 —2)-5/6 dt 


[Pd/3) 8 


31/292 /3 772 


ee 
3111/3) 


1 
re | y[v+€(2t—1)]é-/6(1 —£)-1/6 dt , 


where t(v)=P(0, v; £1) , 


y(p) = OPO, v5 Er) 
dw * See Ref. 5. Formulae (2.05) and (2.06). 
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Evaluation of the integrals needs only the values of # and #, on the segment of the sonic 
line, cut from two characteristics passing through the point in consideration. To know the 
values for v<0, the expression for v>0 is used without any change, which is justifiable by 
the reason that ¢(z, v; €1) has no singularity on the z-axis. As is easily seen, the normal 
derivative of ~ vanishes on the sonic line, and on slight change of the integration variable 


we have 


ds_(€, v; Cr=¢s.(€, v; €1) 
75) the alk 


~ 8P/3)P | ont Cave ay (Cty —aynCr aay 


This integral clarifies the property that the 
singularity extends along the two character- 
istics in the supersonic region. 


§5. Summary 


In this paper, two singular solutions of the 
Tricomi equation are discussed, both of which 
tend to Guderley’s singularity at Mach num- 
ber one when the singular point approaches 
the sonic one. 

At first, these solutions are given in integral 
forms and then by making use of the analytic 
continuation of a hypergeometric function, the 
expressions in terms of double infinite series 
are deduced for various portions in the 
hodograph plane. The convergence of each 
series, aS well as the region in which they 
are safely used, are also studied. 

Further, special attention is given to the 
asymptotic behaviour near the singular point. 
One of the solution has its singularity isolated 
in the elliptic region of the fundamental 
differential equation, while the other has that 
extended along the characteristics in the 
hyperbolic region. From the physical point 
of view, they may be cosidered to correspond 
with the subsonic and the supersonic flow 
respectively, but the applications of these 


aF (1/6, 1/6; 3/2; a?/€2) 


singular solutions to some transonic problems 


(4.9) 


are left to future works. 

In conclusion, the writer wishes to express 
his cordial thanks to Professor S. Tomotika 
for his continual guidance and encouragement 
during this work and especially for his kind 
inspection of the manuscript. The writer is 
also indebted to Dr. K. Tamada and Dr. Z. 
Hasimoto for their valuable suggestions and 
discussions. 
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This paper gives an example of physical applications of our results 
on some singular solutions of the Tricomi equation. 

Making use of the solution subject to appropriate boundary conditions 
in the hodograph plane, we have some informations about the asymptotic 
behaviour of a detached shock wave in a nearly sonic flow, as follows. 


The distance, %, of a detached shock wave from an obstacle and the 


curvature of a shock at its nose, 
powers of (M.—1) as 
1/bcc(M..—1)? , 


1/R, vary, 


respectively, with such 


1/Rec(M..—1)3 , 


M.. being the Mach number at infinity. 

In axisymmetrical cases, we can obtain similar results by assuming 
that the flow behind a detached shock wave may be expressed by the 
asymptotic solution of the sonic flow due to Guderley and Barish. With 
the same notations as before, the results are 


1/boc(Moo — 1)2/3, 


§1. 


Inarecent paper, the writer has obtained 
some singular solutions of the Tricomi equa- 
tion of mixed type, and this paper gives an 
example of their applications to some transo- 
nic problems. 

So far, the flow with a detached shock wave 
has been attacked by many writers, but ow- 
ing to rather artificial or over-simplified 
assumptions we have had few decisive infor- 
mations about this problem. 

The difficulty of this problem is partly due 
to the indeterminancy of boundaries, on which 
the prescribed conditions should be satisfied, 
and is partly due to the comlexity of the 
fundamental equations governing this flow 
field, which is necessarily non-isentropic and 
transonic. 

K. Tamada” and T. Kawamura?) studied, 
independently, this problem in the physical 
plane by some ingenious devices. They have 
been secured from the first difficulty by as- 
suming the shape of a shock wave with some 
parameters, which are determined later so as 
to satisfy the shock conditions in the close 
vicinity of the nose of a shock, and from the 
second by taking the corresponding flow pat- 
tern of an incompressible irrotational flow in 
place of a true (compressible, non-isentropic) 
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1/Roc( Meo — 1)°/8, 


field behind the shock. 

The present writer*’ has also attacked 
along these lines the detached shock wave in 
front of a circular cylinder and a sphere. 
Provided that the flow behind the detached 
shock wave may be expressed by either 
incompressible rotational flow or compressible 
irrotational flow, we have found that the 
agreement between the theoretical predictions 
on the location of a detached shock wave and 
some experimental data is very good for a 
sphere, but is rather poor for a_ circular 
cylinder though a little improvement has been 
always brought in. 

On the other hand, if all affairs are con- 
sidered in the hodograph plane, then the shock 
wave is fixed as a shock polar, while the wall 
of an obstacle becomes open. However, if 
we confine ourselves to a nearly sonic flow, 
in which the Mach number at infinity upstream 
is a little larger than unity, we are favoured 
with some fortunate circumstances. 


In this case, the shock polar is decreasing 
in size with decreasing Mach number and 
consequently the relative position of a stream- 
line corresponding to the wall of an obstacle 
recedes so farther that its influence on the 
flow near the nose of a shock may safely be 
neglected (See Fig. 1.). Furthermore, we can 
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assume without any serious error an isentropic 
flow in the region near the point N as shown 
in Fig. 1, because the shape of a shock wave 
is almost straight there. 

These assumptions make us possible to use 
the similarity law for a transonic flow, which 
reduces not only the fundamental equations 
of motion to the Tricomi equation but also 
the shock polar with spines to the so-called 
“ baby-hedgehog.” 

As is well known, each streamline in the 
hodograph plane should start from the points 
on the shock polar in the direction prescribed 
by the shock-spines and further the flow  be- 
hind the shock is almost uniform near the 
axis of symmetry, which requires the singular 
solution in the hodograph plane. 

Now, if we use the shock conditions only in 
the region near the nose of a shock as in the 
previous papers, it may be sufficient to consider 
only the singular solutions of the Tricomi 
equation, whose singularity is located near 
the point N in Fig. 1 (b). (Of course, many 
other solutions—singular or regular—must be 
added to satisfy all the boundary conditions.) 
The writer’s solutions obtained in the previous 
paper» have their singularities in either sub- 
sonic or supersonic regions and both of them 
tend to Guderley’s solution at the Mach num- 
ber one when the singular point approaches 
the sonic point. 

As we are concerned only with the region 
outside the shock polar, the point of singulari- 
ty may be adjusted inside the shock polar so 
as to satisfy the boundary condition prescribed 
by the shock-spines. The solution with its 
singularity in the supersonic region is able to 
accommodate itself to this requirement, while 
the solution with a subsonic singularity can- 
not do so, except for the limiting case when 
the singularity locates on the shock polar. 

Hitherto, it has been believed that a low- 
supersonic flow with the Mach number greater 
than unity by a small quantity corresponds to 
a high-subsonic flow with the Mach number 
smaller than unity by the same quantity, but 
it may be more probable that the former case 
will occur, namely a low-supersonic flow will 
correspond to another supersonic flow even if 
they pass through a shock wave. 

Combining this solution with the boundary 
conditions in the physical plane, we can deduce 
some interesting results about the detached 
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shock wave appeared in a nearly sonic flow. 
Let 6, R and M.(=1-+-m) be the distance 
of the nose of a detached shock from an 
obstacle, the radius of curvature of the shock 
at its nose and the Mach number at infinity 
upstream respectively. Then, we have 


1 r 1 
Coa 
b R 


Of course, the validity of these results is 
confined to two-dimensional cases, but we can 
obtain similar results in axisymmetrical cases, 
provided that the flow behind a shock wave 
may be expressed by the asymptotic solution 


oom? , 


(a) 


Fig. 1. (a) Physical plane. (b) Hodograph plane. 
HI! =wall on an obstacle, 
———— limiting Mach wave, 


—-—- — sonic line, 
INGE nose of a shock wave, 
SA: sonic point on a detached shock 
wave, 
Ps sonic point on an obstacle. 


of the sonic flow, which is obtained by Guder- 
ley and Barish” and is valid far from the body 
in the physical plane. 

Proceeding in the same way as before, we 
have, in axisymmetrical cases, 


1 . 
~ 60 ypel3 , 
b 
It may be of some interest to note that the 
previous results obtained in the above-cited 


papers”’**-) had the common properties as 


oc 7/8 


1 } 

ees for two-demensional cases, 
1 : ; 

yas for axisymmetrical cases. 


Although the latter coincides with our results, 
the former is quite different from us, and 
this fact may be responsible for rather large 
discrepancies between the theoretical predic- 
tions and some experimental data for the case 
of a circular cylinder. 

In conclusion, the writer wishes to express 
his cordial thanks to Professor S. Tomotika 
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for his continual guidance and encouragement 
throughout this work and especially for his 
kind inspection of the manuscript. Thanks 
are also due to Dr. K. Tamada for his useful 
suggestions and discussions. 


§2. Singular Solutions subject to the 
Boundary Conditions 


As in a previous paper we take the Carte- 
sian coordinates « and y in the directions 
parallel and perpendicular to a uniform flow 
respectively and define the components of the 
disturbed velocity from the sonic free stream, 
w (or w) and v, in place of the rectangular 
velocity components g, and gy, by the formulae 


waua(+0(@ =i) va(r+1)™, 
* ’ K 


(213 
where 7 and a, denote respectively the adia- 


batic index of the gas concerned and the 
critical sonic speed. 


Fig. 2. 


‘* Baby-hedgehog ’’. 


If we confine ourselves to the region in 
which the similarity law for a transonic flow 
is valid, the shock polar reduces to the “ baby- 
shock ” defined by 


v=(w—t.)y/ — Case . (22) 


and the direction of the shock-spines, with 
which the initial direction of streamlines should 
be coincident, is given by 


(Lm / — (WHEW) TWH Weo 


dw 2 5wt+3we ’ ey) 


where we. is the corresponding value of w to 
a free-stream at infinity upstream and is con- 
nected with the Mach number there, M.., by 
the relation: 


Woo = —(M.?—-1)<c0 , (2.4) 
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Fig. 2 shows the so-called “ baby-hedgehog ” 
in the reduced hodograph plane. 

To the same order of our approximation, 
the flow behind a detached shock wave is 
isentropic and the fundamental equations for 
the stream function ~, Legendre’s transform- 
ed potential ® and the y-coordinate in the 
physical plane, are reduced to the Tricomi 
equation. Hence, we need to find the singular 
solution of that equation for which the stream- 
lines may start in the direction prescribed by 
Eq. (2.3) from the points on the shock polar 
given in Eq. (2.2). Provided that the boundary 
conditions are considered only in the region 
close to the nose of a shock, we may neglect 
safely the effect of the wall on the solution, 
and consequently we can expect to have the 
general results of the asymptotic behaviour of 
a detached shock wave independently of the 
individual shape of an obstacle. 

Retaining only the lowest order terms, we 
have from Eq. (2.2) 


W~—We, v~0 (225) 
and Eq. (2.3) is simplified into the form: 
dv Bw 
= —— : 2.6 
dw 20 es See 


Now, the closer the Mach number at infinity 
approaches unity, the farther the shock wave 
recedes away and in the limiting case when the 
Mach number becomes just unity, the flow is 
wholly isentropic and should be transferred to 
Guderley’s solution for the sonic flow. A few 
singular solutions having these properties can 
be written down immediately from the previous 
paper in the form: 


(r_+regular solutions, 
br_+%7,+regular solutions, 
s.+regular solutions, 
ds_+s.-+regular solutions. 


The first two have the isolated singularity in 
the subsonic region while the other two have 
the continuous singularity extended along the 
characteristics in the supersonic region. 

In the first place, we take the stream func- 
tion defined as 


Ps(Z, V0; CY=Ps-tyss , (2.7) 


where ¢: is the parameter corresponding to 
the location of a singularity and is determined 
so as to satisfy the condition (2.6). 

In the close vicinity to the z-axis (¢.e v~0), 
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the two functions ds_, ds, are 
tively in the form: 
28/331/6 


given respec- 


UZ 


2 P'{m+(4/3)} 7 {m-+(5/3)} 
Hy {m+(2/ 3} (m+1) \ z 


8/321/6 2/3 
anes’ v2-8/3 1 
7 Zz 


<= F'{m-+(5/3) (m+ 2) CA Nerle s 
m=0 1'(m+1)I'{m-+(4/3)} (- 2 ) 2 ey 
which have been obtained by using Eq. (4.4) 

in Ref. 1. 
Substituting these expressions in Eq. (2.7), 
we have, after some reductions, 


m=0 


} — 
Ys+ = 


eee MANE) 2—C2 
mas 311/67 (z2 Leny /3- 
2-3%/ See! Cx 
+— Ce a: ag ee Py ee 
(ra) Ee por )) 
x v+O(v?) . (2.8) 


Here, the new variable z stands for the vari- 
able w by the relation: 
2=(2/3)w*/? (2.9) 
and F(a, b;c; Z) denotes the hypergeometric 
function. 
The inclination of a streamline is easily found 
by the simple differentiation of Eq. (2.8) in 
the form: 


dv _v 
dw w 
9 { 25a 15V3 x (2. 8 4 ,-a)| 
(d+a * (r/3)8 yo iss : 
Kiar 6V 3x 6 be vn 
{ (1+ay 7/3 (r'(1/3)P F(2, 3 ’ 3 ? aja 
(2.10) 
with 
C= rie. (211) 
Comparing this foumula with Eq. (2.6), and 


taking into account the well-known identity 
for the hypergeometric function:* 

F(a, b; c; 2)+(ale)zF(a+1, 6+1; ¢+1,; 2) 

=hia,041:7:c;32)% 
then we have finally the transcendental equa- 
tion for determining the parameter A as 
3A?—20A+5 
(A+1) 


ies ee ( 5 4 ) 
ot —| 3F( 2,3; —A 
~ (Pa/3)P 


Detached Shock Wave 


in Nearly Sonic Flow 


8 mn 
3)) 1) ay eer 
Dees A\| 


where A corresponds to the location of a 
singularity referred to zy and is given by 

A= C7 /Zn* (2.13) 
and zy is the coordinate of the point N as 
shown in Fig. 2, which is obtained from Eqs. 
(2.4), (2.5), (2.9) in the form: 

Zw? =(4/9)(M.2—1) . 

For the numerical computation, it is prefer- 
able to take an alternative expression for Eq. 
(2.12) as follows: 


(2.12) 


3A?—20A+5 
A 7/3 
=f a (3F,—13F2+10F3) , 
where 


P= Fe ais eis C7), 
Pe= FO -4/3: 1/3; , 
fg=F(1,— 1/38: 1/320), 
and U is a new parameter connected with A 
by the relation: 
U=A/(A+1). 

As long as the region (0<(A<1) is concerned, 
the above series with U are rapidly conver- 
gent. For example, even in the case U=1/2 
(or A=1), which is the slowest converging 


- 3A-20A+5 


= 
-4 
5 \ 
ois Atl (, | 
3 ic 3 3 
(re as eee) 
Bigs Su hemuOOD.OtmHGenast 2) 


case, it is sufficient to take the first 15 or 25 
terms of series expansion of /; in order to 
have the 4 or 7 significant figures respectively. 
Performing numerical calculations, we get 
U=0.46650 and €1/zv=0.68301 . 
(See Fig. 3.) 


% E. T. Whittaker and G. N. Watson, Modern 
Analysis, Cambridge, (1950), p. 296, 
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In Fig. 2 are also shown the singular point 
M as well as the two characteristics passing 
through it, MM’ and MM”, along which the 
singularities extend. 

Next, we shall consider the stream function 
with its singularity in the subsonic region: 


dr(Z, v3 Z)=Pr_-t+ Pre . (2.14) 
For satisfying the condition due to the spines, 
Eq. (2.6), we should have the relation: 


3B?+20B+5 


2-339? 7 Bis = 2 4 4 ) 
SS —- — e 318) 
[r(1/3)]* : Se eee 
1 2 Pd nyt 
(Zalla) 


with 
B=20/2n7 : 
It is to be noted that Eq. (2.15) is derived 


formally from Eq. (2.12) by changing merely 
the sign of A. But we shall show that this 


Fig. 4. 


equation has no positive root in the region 
(0,1). By making use of the analytic continua- 
tion between the hypergeometric functions 
with the variable B and C(=1—B), we can 
ultimately reduce Eq. (2.15) into an alternative 
form as: 
Bue CUS AE NS oa loose) 
— 3H (2, dios l0/32 O01, 
Since each term of the first hypergeometric 
series is always larger than the corresponding 
term of the second, it follows that the expres- 
sion in the square bracket does not vanish for 
any positive value of C. Further, it is easily 
seen from Eq. (2.15) that B=0 cannot be a 
root. Thus, the above equation is satisfied 
when and only when C=0, that is B=1. 
Obviously this means that the singular point 
is coincident with the point N on the shock 
polar and the condition due to the spines can 
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no longer be satisfied except at the point V 
itself. As is already noted in the introduction, 
this case corresponds with the belief hitherto 
prevailed that a low-supersonic flow with the 
Mach number 1-+-m, when it passes through 
a shock, may be considered as a high-subsonic 
flow with the Mach number 1—ym. 


$3. Asymptotic Behaviour of the Detached 
Shock Wave in Two-Dimensional Cases 


In this section, we shall study the shock 
conditions in more detail. 

At first, we assume that the shock wave is 
expressed by the formula: 


r=bA if LOE), 6=7-0. aoe 


where 7 and @ are the polar coordinates with 
its origin at the centre of an obstacle and 
with its initial line parallel to a free-stream 
direction. As is shown in Fig. 4, 6 denotes 
the distance of the nose of a detached shock 
wave from the centre of a body (if it exists) 
and 2 a parameter related to the curvature of 
the shock at its nose, 1/R, by the formula: 
ee 
Raa oe 
Let q. and 6 be the magnitude and the 
direction of the velocity vector just behind a 
detached shock wave respectively, and if we 
neglect all terms higher than &*, we have the 
following two shock conditions: 


(1—22)(M..2—1)?_ 
1+{(r—1)M.7/2} 


(2) rama OF) fs 
(A=22"A+7Me4) os 
Tot iad Ny ; 


(See Eqs. (7), (8) in Ref. 4.) 

Bearing in mind that we are concerned only 
with a nearly sonic flow, we put M..=l+m 
and retain only the first order terms of m1. 
Then, the above conditions are reduced to the 
forms: 


(3.2) 


tan d= 


tan dé a on 
(r+1) 
Q2 2 2A? 
= | ————_ 7 Sos SY) 
Ge le 
with 
Ae (3.4) 


Further, to the same order of approximation 
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the reduced velocity components as defined in 
Eq. (2.1) are also simplified into the form: 
We =2n—2A7E? , 
S| (3.5) 
V2=4mNEA . ) 

As is well known, the coordinates 2x, y in 
the physical plane are derived conveniently 
from Legendre’s potential ® instead of the 
stream function ”, by the formulae: 


a(w, v)=— Eat | 


feb opal | 
ax 


y(w, v)= 
but the two functions @ and w are related 
each other by the relation: 

P= 0x(7+1)D,y . 
Thus, the z-, y-values corresponding to the 
stream function given in Eq. (2.7) are found, 


except for a common numerical factor, as 
follows: 


e=barf —einr(, 5; 4,2) 

— mld tay |— Eve tA] — a 
Pie 
eo 

«(1-5 a) |+009), 
y=—b0 Be PT | -aer(2,2 : 3 : -a) 

— 2 (1 +a) —a)] +000) , 


3 
with 


<F(2, 


910/3 
0= 34/3 > 


pe EMO 


= 3 
eye (3.6) 


Since we can put, from Eqs. (2.9), (2.11), 
f2ao) and (3:5), 


v=4mAE , 
BF Al 


= 2 
2m ; 


2 2 
a= AZE = A(1 at e) 
ree m , 


LS . (2m)s/? bs 


we have finally the following results: 
a = —2x9(1/9?) +22(A?/m*) 2 +O(E*), 
y=yr( A/m)E + O(E?). 


Here, x, 2, and yi are the constants defined 
by 


Gio) 
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m= ASF (1, 2 : —A) +-9o(1+.A)-4/3, 
: 8 4 
he SVAWA) Bye = 
: 2 | (2, 3 , 3 , A) 
5 4 
F(2, ks sy 
+2n)(1+A)-'°/3(3—10A+ A?), 
5 4 
2 AEE le MALE 
1h (2, as ae A) 


+ 21+ A)-79(1—A) 
(3.8) 
respectively. In the derivation of this second 


equation, use has been made of the following 
identities for the hypergeometric function: * 


(c—a—b)F(a, b; c; z)+a1—z)F(a+l, b; c; 2) 
—(c—b)F(a, b—1; c; z)=0, 
c(1l—z)F(a, b; c; z)—cF(a—1, b; c; 2) 
+(c—b)zF(a, b; e+1; z)=0. 
Remembering that the constant A should 


satisfy Eq. (2.12), we can easily confirm the 
relation: 


2a Ua (3.9) 
On the other hand, we have from Eq. (3.1) 
x= COS 0= —b+(bA/2)E? + O(E*), \(3.10) 
y=rsin 6 =bE+O0(E%), 
which hold on the shock wave in the close 
vicinity of its nose. 


Comparing these expressions with Eq. (3.7), 
we can obtain the following relations: 


b= k= 
yim 
Ok Koya , (3.11) 
b=Ky:. , 
me 


K being a constant depending on the form of 
an obstacle. It should be noted that only the 
two relations of these three are independent but 
they are compatible on account of Eq. (3.9). 

Together with Eqs. (3.2), (3.4), we have 
finally the results 


1/boo mi? , 1/Rem? , (Gal) 
and in particular 
Ait D Sametig 
Mi Ike Uh 


* A. Erdélyi, Higher Transcendental Functions, 
Vol. 1, McGraw-Hill, (1953), p. 103. 
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which is found by numerical calculations to 
be 
x9/Y1=0.80002 . 


As was pointed out in §1, the previous 
papers?>*»455) on the detached shock wave due 
to a circular cylinder show the common _ pro- 
perty that 


1/bocm , 


which contradicts with Eq. (3.12). 

Here, we shall suggest a semi-empirical 
formula for predicting the location of a detached 
shock wave, which is in accordance with the 
requirement of Eq. (3.12). 

Let 0; be the distance of the shock wave as 
obtained by assuming an incompressible flow 
pattern behind the shock, and then the cor- 
rected value, &-, will be found by the formula: 


1 


'(Me—1) , (3.13) 


b. b 


where M, is the Mach number immediately 
behind the shock wave at its nose. 


Fig. 5. Location of the detached shock wave due 
to a circular cylinder. 


Incompressible irrotational case 
(Tamada”)) 
—- Corrected value (Eq. (3.13)) 
@® (Alperin®)) ) 
© (Holder and Chinneck?)) f Experimental 
x (Kim?) values 


Although this formula stands on the insuf- 
ficient and unsound basis, the agreement 
between the corrected values and some experi- 
mental data*-*! are excellently good in a 
wider region of Mach number, as will readily 
be seen in Fig. 5. 
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Asymptotic Behaviour of the Detached 
Shock Wave in Axisymmetrical Cases 


It may be difficult to extend the previous 
method to axisymmetrical cases, because in 
this case the fundamental equation is not 
linear even in the hodograph plane and further- 
more the shock-spines are not independent of 
the individual flow. 

But, due to Guderley and Barish” we know 
the asymptotic solution of the Tricomi equation 
for the sonic flow, which is valid far from 
the body in the physical plane. 

Then, we shall study the asymptotic be- 
haviour of the shock by assuming that the 
flow behind a detached shock may be expressed 
by this solution. 

Guderley and Barish’s solution is given for 
the disturbed potential ¢, which is connected 
with the velocity components w, vw by the re- 
lations: 


§ 4, 


(rtlez=—w, (rt)e=v, (4.1) 
and it is written in the form: 
pay”? f (Xx) 
with (4.2) 


(qt eorym ; 
where #7 is a constant to be taken 4/5 for 
two-dimensional cases and 4/7 for axisymmet- 
rical cases. 
For larger positive value of yx, they had 
given the asymptotic solution of /(%) with 
proper constants B, in the form: 


f(O=x0 >, Byres ; (4.3) 


where 
a= 1/2 for two-dimensional cases, 
a=-—1/2 for axisymmetrical cases, 

(4.4) 
and they further pointed out that if /(%) is 
replaced by c*/(cX) with an arbitrary con- 
stant c, Eq. (4.2) remains still to be the solution. _ 

Since x takes the negative large value in the _ 
region far upstream from the body, we shall 
take, with slight change of notations, the 
function /(%) in the form: 


F(X) =e*3 |X| "LB +bi(c] x|)*-3 +--+}, 


(4.5) | 
are certain constants and c is | 
an arbitrary constant. | 

Substituting Eq. (4.2) together with this _ 


| 


where bp, b1,--- 
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expression for f(%) in Eq. (4.1), we have 
w= (rly) , 
v=(r+1)y?”*{(8n—2) f (x)—nxf’(X)} , 
which, on account of Eq. (3.10), are reduced 
further to the forms: 
w= —byac* (7 +1))- /8h2-1 +. O(E2) , 
V=20100-3)(7 + 1)?-C2/H2@-DE 4. OE) . 
(4.6) 
These equations should be compared with 


Eq. (3.5), and we are able to have the follow- 
ing relations: 


i ne a1 
m=—b,ab sith (4.7) 


A267 DLs 
where for brevity’s sake we have put 
LS peg ly. 

Eq. (4.7) gives immediately the results on 
the asymptotic behaviour of the detached shock 
wave as 

UibcemtC—) VWR= Alboca? S/N -2), (4.8) 
Putting aw=1/2, we can arrive at the same 
results as in Eq. (3.12) and this fact gives 
some confidence to justify the assumption 
made in this section. 

In axisymmetrical cases, we need only to 
take a=—1/2 in Eq. (4.8) and obtain the 
similar results as before 

Llbx<m?/2 , li) Reon) (4.9) 

Finally, we shall note some error caused by 
assuming the sonic flow. In the first equation 
of (4.6) the terms of the order €? are neglected. 
At first sight, this may be considered to 
contradict with the previous assumptions but 
in truth it corresponds with the neglect of 
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O(é*) from the second equation of (3.10). 
If we retain the terms of O(é*) in Eq. (3.10), 
then w is given to the order of €&2, but the 
condition derived from its comparison with 
Eq. (3.5) is not compatible with the two 
conditions of Eq. (4.7). 
Moreover, it follows from Eq. (4.7) that 

A 2h, bs 

m ab? Be 
Since the numerical value of 0:/b,2 has been 
found to be 1/16 for two-dimensional cases, 
the above formula differs from that in the 
previous section, but there remains the pro- 
perty that 4 is proportional to 7 and all the 


results in this paper may still continue to 
hold. 
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Statistical Theory of Turbulence, II 
Foundation of Similarity Theory of Turbulence 


By Yutaka SHIGEMITSU 
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As the first stage of developments of our statistical theory of tur- 
bulence, fundamental aspects of the similarity laws are investigated 
through the three cases of isotropic turbulence (A), turbulent wake (B) 
and turbulent boundary layer (C). In (A), it is first interpreted as the 
essential character of shearless turbulence that the distribution func- 
tion F\(u, v, w) takes the form of Gauss function without correlation. 
Next, the hypothesis of isotropic turbulence due to G. I. Taylor is proved 
to hold in the case of shearless turbulence with a uniform mean velocity 
distribution. Then, the hypothesis of similarity preservation introduced 
first by Karman-Howarth is derived as one of our theoretical result under 
the supposition of ideal state. Under this supposition we get the dif- 
fusion law L2ut. The decay law in the initial period w2t~1 is derived 
by taking the vortex chaos motion of «=1. Further, some interpretations 
are made on the problem of energy transmission from large vortices to 
small ones. In (B), at first the existence of turbulent shearing stress is 
interpreted attributed to the form of P-function. Next, the initial-period 
similarity-law in (A) is extended into this case of shear turbulence. Such 
theoretical results as w?, v2, -uv, Uy20t-! and L?wt are derived and 
compared with experimental measurements. The fundamental hypotheses 
in transfer theory in this case are derived from this exfended similarity 
law. Then, the transition phenomenon of similarity law from the initial 
period to the final period is surveyed experimentally. In (C), the ex- 
istence of laminar sublayer is first interpreted physically attributed to the 
stability theory of laminar viscous flow. By introducing such an inter- 
pretation, it can be proved that Reynolds stress at a point are not 
determined as functions of only this point, and the previously derived 
similarity law in the initial period is developed into the non-decaying 
type. Theth eoretical result under a constant pressure distribution is 
compared with experiments. As for the distribution of Prandtl’s 
mixture length, the relation l(7)(7—%0)/2 is derived where 7 cor- 
responds to the boundary of laminar sub-layer. 


Introduction 


Sale 

At present, we have no theory which has 
a common theoretical basis through all the 
types of turbulence. It can be said, however, 


Viewing all the cases of turbulence, they 
can be divided most essentially into the two 
groups, the one with a decaying character and 
the other without it. As the former case 


that in the previously presented successful 
theories such as that of isotropic turbulence 
or of mixture length, hypotheses introduced 
besides the Reynolds equations are all appro- 
priate. They have been developed chiefly 
from a practical point of view, and sufficient 
considerations have not been given to their 
theoretical foundations. In Part I, general 
bases of our statistical theory of turbulence 
are established, and in this paper we will 
first lay these phenomenological theories on 
our theoretical bases. 


isotropic turbulence, turbulent wake or turbu- 
lent free jet can be taken, and turbulent 
boundary layer or tube turbulence is included 
in the latter. In our theory, (7.1) and (7.3) 
(I) give respectively their different descriptions 
of velocity fluctuations. The decaying turbu- 
lence is divided further into the two cases, 
the one with a finite shearing stress and the 
other without it, being attributed to the — 
statistical characters of (8.2) and (8.3) (I). | 
Then, discussions in this paper will be pro-— 
ceeded through the three cases of shearless 
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turbulence (A), decaying shear turbulence (B) 
and non-decaying turbulence (C), 

It is noteworthy that in many phenomeno- 
logical hypotheses, assumptions due to the 
conception of similarity preservation are often 
found out. Those due to Karman-Howarth 
in isotropic turbulence, to Kolmogoroff in 
locally isotropic turbulence, to Prandtl in 
transfer theory and so forth, are widely sup- 
ported by experimental verifications. The 
common point of this paper is to derive these 
hypotheses from our one similarity character 
expressed in P-function, and to get decay or 
diffussion laws through the above three cases. 

As different aspects of disussions, in (A) 
we derive the fundamental hypotheses in the 
theory of isotropic turbulence initiated by G. 
I. Taylor, as the results in the simplest case 
of our statistical study of shearless turbulence. 
Particularly, definite interpretations are given 


to the vortex chaos motion in the _ initial 
period of decay. In (B), an extension of our 
similarity law in (A) will be made into a 


turbulent wake as a simple shear turbulence. 
Discussions are made chiefly on the initial 
period because shear turbulent state is caused 
by the vortex chaos motion in it, and it is 
also important to prove the hypotheses in 
Prandtl’s transfer theory as the results of our 
initial-period similarity-law. The character in 
(C) is the derivation of a non-decaying feature. 
The existence of laminar sub-layer becomes 
essentially important from this point of view, 
which is interpreted in our study by the 
character of lower limit of stability in laminar 
viscous flow. Founded on this interpretation, 
the decaying similarity law in (B) or (A) is 
extended into the non-decaying one in (C). 


A. Fundamental Character of 
Shearless Turbulence 


§2. Distribution Law 


The shearless turbulence is defined by the 
condition P:=1, and such a completely irreg- 
ular vortex chaos motion can be realized by 
putting a grid in a potential flow. In this 
case the disturbing effects of each vortex are 
independent on the direction in )-domain, 
even if the mean states of vortices may be 
deformed by the main flow. Then, when an 


idealized two-dimensional case is taken, Vx 
and Vx are supposed to be symmetrical about 
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a-axis in D-domain and -av in (6.2) (I) is 
evaluated to be zero. In a_ three-dimensional 
case Reynolds shearing stress in (6.2’) (I) can 
also be proved to vanish for the same reason; 


(Zell) 


The other intensities remain with their not 
necessarily equal values. But they are usually 
so small compared with the mean normal 
pressure, that the mean velocity distribution 
can be regarded as that of the perfect fluid. 


vw=wu=uv=—(0 . 


Fig. 1. A photograph showing the Gauss dis- 
tribution in w-, v-fluctuation. It was taken on 
the surface of a braun-tube oscillograph with an 
exposure time of 20 seconds. The ordinate is 
v-fluctuation and the abscissa «%-fluctuation. 
The observation was made in a shearless tur- 
bulence in the test section of a wind tunnel. 


U=14.3m/s with w-intensity of 0.45 per cent. 


In the shearless turbulence, the causes by 
which z(z¢) etc. are produced, are completely 
at random in a long time, but z(z) etc. have 
their definite mean square values. So the 
condition of central limit theorem can be 
adapted in their distributions (cf. (2.1) (1); 


Fy(u, v, w)={1/(V 23 uvw)} 


(2.2) 


Fig. 1 is an example of our measurements of 
two-dimensional charactor of #>. By quantita- 
tive measurements on z-distributi on the Gauss 
distribution has been well verified)». The 
time in which (2.2) appears clearly is different 
according to the kind of turbulent flow. In 
a wind-tunnel flow, for instance, it appears in 
a few seconds. Fig. 2 shows such an ex- 
ample. 


x {exp vy? + w?/w")} 


§3. Condition of Isotoropic Turbulence 


Hereafter, the shearless turbulence with a 
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Photographs showing formation of Gauss distribution function. 


C= ORDIS) 


They were 
The flow was made to be a _ shearless 


turbulence by putting a two-dimensional grid before the two-dimensional contract- 


U=2.30m/s with u-intensity of 1.26 per cent and v- 
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t=0.008 s, b=0,,02S, E03 iS, 
Fig. 2. 
obtained in another small wind tunnel. 
ing section of tunnel. 
intensity of 4.21. ¢ is the exposure time. 
uniform mean velocity distribution will be 
considered. In this case deformation of vortex 


motion caused by the main flow does not 


exist, and so V; and V, are considered to 


be functions of only 7 in D-domain. Then, 
by (6.2’) (I) we have 
UO te Sal) 


This character of spherical symmetry in D- 
domain means the assumption of isotropy in 
velocity fluctuation. 

In the theory of isotropic turbulence, it is 
assumed by Taylor’s hypothesis that velocity 
fluctuations are not affected by the mean 
velocity distribution. With this hypothesis 
and the assumption of isotropy introduced, 
the Reynolds equations can be simplified into 
so-called equation of motion of isotropic 
turbulence. The interrelation between them 
can be predicted as the above explanation. 
In our study the assumption of isotropy can 
be derived if only P-function has the charac- 
ter of spherical symmetry as V, and V,, 
but our condition of isotropic turbulence re- 
quires P;=1 instead of spherical symmetry. 
Namely, our isotropic turbulence has irregular 
velocity fluctuations, while Taylor’s one has 
not necessarily this important character. At 
any rate, it can be said that the vortex chaos 
motion which has the statistically and hydro- 
dynamically simplest conditions 


P=constant U=constant , (3:2) 


represents the isotropic turbulence as seen 
from the Eulerian point of view. 


§ 4. 


For brevity, two-dimensional uniform shear- 
less turbulence is taken under the supposition 
of ideal state, In this case, it is sufficient to 


Distribution of Intensity and Scale 


survey only the effect of V, which corre- 
sponds to the state of a single vortex motion. 
We take the flow whose vortex chaos motion 
is consisted of one type. 

As D-domain a circle of radius FR is taken 
where the similar velocity distribution is pre- 
served; by (9.2) and (9.3) (I) we have 


RR? =(4y5y)t (4.1) 


where s) is a constant. The form of V» is 
the same as (9.2) (I), and so by (7.5) ([) we 
get 


2n( KR 
w= aary}| | Fa(s)GaXt) sin? 0 rdédr . 
70 Jo 


It leads to 


9 / a) 
= K 2C7y iso 
Ca!) 


a (a1) (4.2) 


where the first term does not depend upon 7. 
(4.2) and (4.1) are the expressions of the dis- 
tributions of intensity and scale for the ideal 
state of turbulence where one type of vortices 
is produced at one position in the field of 
flow. 

For the ideal state, Euler correlation func- 
tions f/ and g can be evaluated in the same 


manner (cf. (6.3) and Fig. 8 (I)). They be- 
come 
i | "F4(s)Fa(s:)sin 6 sin 6, d0ds 
f= 0 J0 ae 


\ \re%s) sin? 0 déds 
0 


0 


("For «($1) COS 8 cos 0; db ds 
AG ae 


Oa (4.3) 


"27 Sp es 
| [rx cos?6 d9ds 


J0 0 


s=7i7/(4v2) , 
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When we write C=R/(2/y#), si and 6: are 
expressed respectively in the functions of 
(s, 8; €), and (4.3) takes the forms f=/(€) and 
g=9(€). When Z;, and Z, are the scales 


defined by | f(@\dz etc., they become 


Ft (€)d& etc. Namely, it is seen 


L,=2v vt | 
that for the ideal state, the correlations for 
two points preserve their similar forms, and 
the linear dimensional scale Z; or Zy corre- 
sponds to that of D-domain. 

As seen from Fig. 11 (1), Fo(s) has a 
character of rapidly tending to zero at a large 
value of s, and so the form of f or g can be 
written approximately in the expression where 
So is made to be infinity. In this case, (4.3) 
can be evaluated definitely. In the case of 
a=2,3,---, they are expressed in elementary 
functions; 

f =exp( : c*) g=(1—€) exp(— 5) 
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(a=3) 
(4.4) 


_ The forms of f and g in the cases of a=1, 
2, 3 are shown in Figs. 3 and 4. In (4.4) it 
/can be found that in each case of a, such a 
relation g=f+7(0f/0r) exists between f and g. 
It is the same form as the two-dimensional 
equation of continuity expressed in correla- 
tion functions, which has been derived by 
'Karman-Howarth in the theory of isotropic 
turbulence. 

In the three-dimensional case, if two-dimen- 
sional character of vortices is preserved, i.e. 
if effects of elongation and curvature of vortex 
‘filaments are neglected, the same functional 
‘relations in this section can also be derived 
/by taking a spherical D-domain with the same 
radius R. 


-§5. Conception of Similarity Preservation 


Considerations will be given to the general 
‘case apart from shearless turbulence. When 
‘the ideal state is taken in a given turbulent 
flow where vortices are produced at one point 
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Fig. 3. Theoretical curves of f. Numbers on 
curves are values of «a. 


0.4\— 


Fig. 4. Theoretical curves of g. 


in the field, the second moments of velocity 
fluctuations are expressed as (7.5) (I). It 
may be seen that if function of ¢ is separated 
in Vilr, 6;2,y) and P(7,9;2z,y) by some 
variable transformations, Euler correlation 
functions become similar independently upon 
t. The similarity law of turbulence consists 
of the two parts - hydrodynamical similarity in 
the mean vortex motion and statistical simi- 
larity in the probability function expressing 
the chaotic state of vortices. 

In the shearless turbulence, the condition 
of statistical similarity is clearly fulfilled by 
P,=1. When a uniform flow is taken, the 
condition of hydrodynamical similarity is also 
fulfilled when elongation of vortex filament is 
neglected. The similarity law in this case 
belongs to the most fundamental case. In the 
theory of isotoropic or locally isotropic turbu- 
lence, the similarity hypothesis has been 
supposed to touch some fundamental point of 
the mechanism of turbulent flow. In our 
study this is proved to be one result of the 
expressions of mean values of velocity fluctu- 
ations under the supposition of the ideal state 
of turbulence. 
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§6. Dissipation of Turbulent Energy 


Similarity laws derived in the previous 
sections, holds for respective initial conditions 
of the outbreak of vortices. It depends upon 
these conditions which similarity law will hold 
for the real turbulent flow. But, having no 
exact knowledge about them, these theoretical 
results must be considered through experimen- 
tal studies. 

By many experimental studies on decay of 
turbulence, the following results can be fully 
confirmed; for a fairly wide range of time 


(6.1) 


Uceta 
and then a tendency 


u2 ct” 


(n>1) (6.2) 
comes to be found®®®»), Experimental data 
on the distribution of scale show clearly the 
character”) 


POPE (6.3) 


As for the distribution of scale, (4.1) in- 
dicates (6.3). For the intensity (4.2) can ex- 
plain the experimental results favourably. 
By comparing with (6.1), it may be deduced 
that each vortex produced by laminar separa- 
tion from rods of a grid corresponds to that 
of the theoretical form of a=1, and in a fairly 
wide range behind the grid its two-dimensio- 
nal character is predominant in every vortex 
motion even if directions of these vortex 
filaments are three-dimensionally at random. 
This is our interpretation on the experimental 
fact of (6.1). In the theory of isotropic turbu- 
lence, the range where (6.1) holds experi- 
mentally has been defined as the initial period 
of decay. In our study, the vortex chaos 
motion where the vortices of a=1 play a 
predominant role can be generally called as 
the turbulent flow in the initial period. 

It is important that the tendency (6.2) has 
been found. This character can be found 
more clearly in the measurements of decay 
by spectrum analysis”. To this experimental 
fact the three-dimensional effects of vortices 
(elongation of vortex filaments etc.) will make 
some contributions, but the essential point is 
considered as follows. When the vortices of 
a; (=1) grow in scale and come to be mixed 
irregularily in the flow, there occur dis- 
continuous flows between adjacent vortices, 
where new small vortices are produced by 
taking their energy. It may be also considered 
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that the initial condition is different from that 
of a: and corresponds to some theoretical form 
of a, (>1). In the same manner, outbreak 
of a new group of a; is supposed in a vortex 
chaos motion of a2, being attributed to a 


different initial condition. If # is taken as 
the mean kinetic energy of vortices contained 
in the extent difined by (4.1), it is evaluated 
as 


peel Bxc's*| “Fat(s)ds| po-a) 6,4) 
| 0 J 

Hence, the mean kinetic energy of vortices 
is conserved for w=1, but in others the rate 
of dissipation becomes larger with increase of 
the value of a, until the total energy is 
changed into heat. From the Eulerian point 
of view, the turbulent field of flow represents 
the combined result of the similarity laws of 
Q@1, @, +--+ one after another with increasing 
distance from the grid. This is our physical 
interpretation of the problem of energy trans- 
mission in turbulent flow. 

The above-mentioned problem can be des- 
cribed exactly by taking area integrals sepa- 
rately according to the number of @ as ex- 
pressed in (7.3) (1). Under the supposition of 
ideal state it becomes 


N 


jes {(Pu/so| | Vial?) sin? ads} 
i i (6.5) 
(Pia/Sa) =1 ’ 


where JN is the total number of types of vortices 
and Pia/Ss means the probability weight to 
express the rate of their mixture. If some. 
theoretical ground is given to determine Pia, 
the problem of energy transmission can be 
investigated more precisely. At any rate, it 
can be concluded that the Reynolds stress is 
chiefly caused by the vortices of a=1 in the’ 
initial period. It becomes important as well. 
in the study of non-isotropic turbulence. 


§7. Existence of Locally Isotropic Turbu-. 
lence 
The condition of isotropic turbulence is given. 
with the expression (3.2), and the discussions. 
from §3 to §6 have been made under these: 
two conditions for all the types of vortices. 
We can easily suppose the case where they. 
hold only for the new small vortices and do. 
not hold for the large vortices of a=1. This. 
i 


| 
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is our physical interpretation of the assump- 
tion of locally isotropic turbulence. 

In a turbulent flow such as wake behind a 
single body or free jet, turbulent energy is 
considered to be dissipated in the same man- 


ner aS mentioned in §6. Such a type of 
turbulence will be called generally as the 
decaying turbulence. In this case, vortex 


chaos motion in the initial period comes 
easily to deviate from isotropic state under a 
different condition from (3.2). As will be 
mentioned in §14, Px tends to be constant 
as the number of @ is increased. Hence, the 
similarity law in the final period®) is supposed 
to hold widely in decaying turbulent flows. 


B. Shear Turbulence with Decaying 
Character 


Fundamental Characters of Shear 


Turbulence 


$8. 


The shear turbulence is defined by the con- 
dition of a simple continuous fuction of Pi as 
shown in Fig. 10 C (1). Such a not com- 
pletely irregular vortex chaos motion can be 
found, for instance, in a turbulent wake 
behind a single body or free jet. Behind the 
transition region near a body, vortices run 
irregularly but in this case the most probable 
path of these runnings can be pointed out 
unlike turbulence behind a grid. 

The disturbing effects of each vortex have 
the character of some regularity, and the 
mean scale of vortices may be deformed. It 
is difficult to give generally the condition of 
axial symmetry to the forms of Vz, V, and 
P, as the shearless turbulence, and it cannot 
be proved that all the Reynolds shearing 
stress are zero. It causes a deformation to 
the mean velocity distribution. Fig. 5 shows 
an example of our measurements of two- 
dimensional character of the distribution func- 
tion Fy. It has a statistically stable form 
like the Gauss function with a correlation, 
and measurements of z-distribution indicate 
this character clearly». 

By the functional form of P: as shown in 
Fig. 10 (C) (1), it is easily considered that 
when a velocity fluctuation is observed near 
the boundary of wake, its record is mixed 
irregularly by the parts which are effected 
remarkably by vortices and the parts effected 
little. This is our qualitative interpretation 
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Fig. 5. A photograph showing the distribution 
of w- and v-fluctuation in shear turbulence. It 
was obtained in a turbulent boundary layer 


along a flat plate. U=9.41m/s. The character 
of this picture is the same as that in Fig. 1. 


of intermittency phenomena of shear turbu- 
lence. If P is a constant or the 6-function, 
it becomes difficult to explain them. 


§9. Extension of Similarity Hypothesis in 
the Initial Period 

We consider two-dimensional shear turbu- 
lence where vortices are produced at one 
point in the field of flow. By the discussions 
on the irreversibility given in Part I, it is 
considered that behind the transition region 
there is a wide range along the flow where 
the chaotic state of vortices is invariable 
statistically, even if each vortex may be 
growing in time. By the character of some 
regularity, mean states of the chaotic motion 
may be changed from those of shearless 
turbulence. But, in a uniform undisturbed 
velocity distribution the interaction of vortices 
is not affected by the mean flow, and its 
effect is also similar along the flow. 

Then, in the initial period where the vortex 


chaos motion of wa=1 is predominant V,, can 
be written as 


Vy=Fy(s, Git) s=77/(4vt) , (9.1) 


where Gi(é)=2cV vt /?. As the boundary of 
D-domain we take 
5)(0)=R2(0) (42) . (9.2) 


In the shearless turbulence, F)(@), s.(@) and 
Fy/(s, @) become respectively FR, s, and Fi(s). 
As for P;-function, by the above considera- 
tion it does not depend on x; we have 
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Py(r, 0; z,y)=Pils, 6; yn) y=y/Ry, 
where R, is a relative length of D-domain 
along yi-axis given by (9.2). When the ideal 
state is taken, (9.3) and (9.1) give respectively 
the statistical and hydrodynamical conditions 
of similarity preservation. Namely, the con- 
ception of initial-period-similarity in the iso- 
tropic turbulence can be extended to the shear 


u?=C,2(n)t 


CuX(y)= = |Aet» tm P\(s, 0; y)F12(s, @) sin? 6 ds d6 


i 
er At" 


Crs aa on 


Cu2(7) etc. are functions of 7 which indicate the distributions of wu? etc. to y-direction. 
become constant with the relations C,2=C,? 


uniform shearless turbulence C,2(7) etc. 


Cy =0, and (10.1) becomes (4.2) in the case of w=1. 
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(9.3) turbulence retaining the same _ physical 
meaning. 
§10. Decay and Diffusion 
The intensity of turbulence in the ideal 
state evaluated by (7.5) (I) leads to the 
following expressions 
—uv =Cx(n)t7} , 
2 
S)(0)d0 
0 
ae (10.1) 


 s9(0)d0 : 

0 

In a 
and 
(10.1) is the generalized decay law of 


a uniform decaying tubulence in the initial period. 
In (9.2) the value of s)(@) is invariable along the flow and so we have 


R(0)=CrX(O)t 


which expresses the state of distribution of scale. 


(Ry? = Cryt) , (10.2) 


When g, is taken as the correlation 


coefficient of w-fluctuations at a point 7 and other point with a distance k across the wake, 


it can be written in the ideal state as 


\\? Py(s, 03 7)Fi(s, 0) sin@Fy/(s1, 6;)sin 0; dS 
D 


i a 


l 


when k/(2V vt) is written as €,s: and 6, are 
expressed respectively in the functions of 
(S050) cand (10:3) takes the tormi 9,-0.0. 
It is easily proved that a form of every cor- 
relation coefficient is also preserved, and the 
scale length Ly, (et 


gu(C)ay ) corresponds 
to R,. (10.2) is the general expression of 


diffusion law in decaying turbulence. 


sae 


To determine the mean velocity distribution 
based upon the values of u? etc., the Reynolds 
equations are required. In this case of turbu- 
lent wake they can be simplified into 

Ouv 


— 0U; 
ea (11.1) 


Decay of Mean Velocity 


where Uy and U, are undisturbed and defected 


{\\, P(s,0; Fis, 8)sin’ ash at Pee Ps th) sin 


mean velocities. Substituting (10.1) and (10.2) 


n (11.1), the form of U; is determined as 
U,=Cr, (yt? 
ies ey or (ED) 
Car(0)9 = (2/Cr,)Ca (9) +1 ; 
where c, is an integration constant. Therefore, 


if the forms of P; and F\’ are given exactly 


in (10.1) the form of U, can also be deter- 
mined as fuction of v. 

It is known by the consideration of mean 
momentum, that the drag affected on a body 
1s written as 


Dy otr\ 


U,dy . (ile) 
Apparently the expression (11.3) holds appro- 
ximately, and strictly speaking its value should 
vary along the flow because effects of turbu- 
lent diss‘pation and so forth are all neglected 
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in it. Taking the relation (11.2), (11.3) can 
be proved to be constant independently upon 
t. It has been proved by (6.4) that the 
mean energy of vortex chaos motion of a=1 
is conserved, and in the ideal state of initial 
period, effects of dissipation caused by other 
vortices a2, a3, --- are neglected. It is clari- 
fied here that the supposition of ideal state 
of a=1 gives to the drag such a result that 
(11.3) becomes constant. If some other vortex 
chaos motion (@>1) were taken in the initial 
period, the value of (11.3) would decrease 
along the flow. 


| 


§12. Experimental 
Similarity Law 


Verifications of the 

By experimental studies on turbulent wake 
behind a circular cylinder it is known that a 
similarity is well preserved in the distribu- 
tion of U; along the flow, except a narrow 
transition region just behind the body (cf. 
Fig. 6 (1)). It is also recognized that the ex- 
pression (11.2) is well supported by them’. 
As for the drag, (11.3) is known to be con- 
| stant by the experience that the pitot-traverse 
method gives an exact value to the measure- 
ment of drag independently on the position 
of traverse. 

By experimental measurements on velocity 
fluctuations, it has been clarified that the 
| distributions of uw etc. have their similar 
| forms along the flow™. Fig. 6 shows our 
| measurement of w-distribution in turbulent 
wake behind an ansymmetric airfoil. It shows 
| that the similarity is well preserved excepting 
| just behing the body. Concerning Euler cor- 
| relation Fig. 7 shows an example of measure- 
{ments of its preservative character. As for 
the spreading of wake, it is well known that 
| (10.2) has been supported by many experi- 
jments. At present, however, an experimental 
| verification has not been presented to the 
| generalized decay law. In the measurements 
lin Fig. 6 the values at 7=0 and 0.4 are 
plotted against z in Fig. 8. By the above 
experimental studies, it may be deduced that 
jour similarity law mentioned in the previous 
}sections can describe the essentiality of the 
i}mechanism of this case of turbulent flow. 


|§13. Transfer Hypotheses in the Initial 
| Period 


The essential point of the transfer theory 
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Fig. 6. Similarity preservation in w-distribution 
behind an airfoil of NACA~2412. c¢ (chord)=17 


cm, Ujp=7.28 m/s with w-intensity of 0.03 per 
cent and the attack angle=5°. ©, @,0©,0,@ 
and ® are observed values at x/c=0.37, 1.38, 
2.32, 3.23, 4.41 and 5.138. 7 is taken using 
the half width in w-distribution, and the center 
line 7=0 is taken parallel to the main flow 
from the trailing edge. 


Fig. 7. Similarity preservation in the Euler 
correlation function gp. The state of flow is 
the same as in Fig. 6. @, (and ® are observ- 
ed values at the positions as in Fig. 6, and the 


broken line represents the w-distribution. 


4005402 = = mai st 


Fig. 8. Experimental measurements of the 
generalized decay and diffusion laws. The 
state of flow is the same as in Fig. 6. © and 


@ are observed values of w-intensities at 7=0 
and 0.4. © is that of half width in w-distribu- 
tion. 


is as follows; when the Reynolds shearing 
stress is written as —puv=el2(dU,/dy), the 
quantity 7 can be taken as a length that is 
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Fig. 9. Distribution of the width of wake behind 


a circular cylinder. d (diameter)=1.5cm and 


U)=3.74 m/s with w-intensity of 0.02 per cent. 
@, © and © are observed values at the sections 


where U;(7)/U;(0)=0.95, 0.50 and 0.10. 
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Fig. 10. 
cylinder. 
and 0.4 (maximum across the wake). 
of flow is the same as in Fig. 9. 


behind 


The decaying process 
® and @ are observed values at 7 =0 


the 


The state 


proportional to the mean free path to y-direc- 
tion of a part of fluid. In our study of vortex 
chaos motion, it is natural to suppose that the 
mixture length at a point in the field of flow 
corresponds to a mean length to y-direction of 
all the vortices passing near this point. 
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To apply momentum-transfer theory to 
turbulent wake, the following three indepen- 
dent hypotheses must be introduced’: (i) 


there is a similarity character in U,-distribu- 
tion along the flow, (ii) the approximate value 
of drag (11.3) is constant, (iii) 7 is propor- 
tional to the width and is constant over any 
section. The first two hypotheses have been 
proved in §11 from the conception of an ideal 
state of the vortex chaos motion of a=1. In 
such a simplified vortex chaos motion, the 
mean scale of vortices can be taken as that 
of only w=1 vortices which are produced at 
at one point in the field; we have 
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and so 7 is constant to y-direction. Moreover, 
the relation (13.1) is favourable to the ex- 
perimental fact that the value of / is com- 
parable with that of half width of the wake’. 
Namely, it can be proved that our similarity 
law in the initial period supports the funda- 
mental hypotheses of transfer theory by L. 
Prandtl. 


§14. Deviation from the Initial-Period- 
Similarity 

As in the isotropic turbulence, it is impor- 
tant to survey the limit of the initial-period 
similarity-law in the case of shear turbulence. 
We surveyed the state of turbulent wake 
behind a circular cylinder far downstream. 
Such a tendency was found that the rate of 
spreading of wake decreased and the forms 


of U;- and u-distribution became flat near the. 
center. Fig. 9 shows the distributions of 
width of wake at three sections, which in- | 
dicates the above character clearly. As for 
turbulent intensity, it was found that the 
decaying became faster than (10.1). Fig. 10 
shows the whole decaying process. It is. 
significant that this deviation occurs at the. 


same position where the similarity in U,-dis- 
tribution begins to break down. 

The above deviation phenomenon is an im- 
portant character of decaying turbulence. 
The same physical intepretation can be given 
as the case of isotropic turbulence. In a 
turbulent wake the disturbing effects of each) 
vortex of @=1 occur easily near the center 
wake, and new vortex chaos motion of as, 
Q@3, -*- are produced as well one after another. 
The scales of new vortices are small so that: 


| existence of a_ wall. 
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P-function tends to be constant in D-domain, 
and these vortex chaos motions come easily 
to be in the isotropic states. The experi- 
mentally found tendency of flatness near the 
center is an appearance of this character. In 
the isotoropic turbulence, the above deviation 
can be found only by surveying decaying 
process or the forms of correlation function 
(distribution of spectrum). While, in the shear 
turbulence, it appears also in the distribu- 


tions of U,; and wu etc. to y-direction. If the 
decaying is proceeded further, the character 
of local isotropy become more predominant 
until the whole flow represents the state in 
the final-period similarity-law®. 

When the effects of vortices of a» etc. 
appear in the initial period the mean scale of 
vortices comes to vary across the wake, and 
by the similarity law of as etc. (11.3) is not 
constant. Hence, it can be proved that 
Prandtl’s three hypotheses in the transfer 
theory does not hold except initial period. It 


is seen by Fig. 9 that U,-distribution across 
the wake comes to differ from that derived 
by this theory far downstream. 


C. Mechanism of Non-Decaying 
Turbulence 


§15. Existence of Laminar Sub-Layer 


As the case of turbulence which has no 
decaying character, turbulent boundary layer 
or tube flow can be taken. The essential 
feature of turbulent boundary layer is the 
Under an _ ordinary 
' Reynolds number iaminar boundary layer 
exists from the forward stagnation point, and 
} usually it separates from the wall unsteadly 
' or steadly at some distance from this point. 
| Turbulent boundary layer is formed in the 
case where the vortices caused by such a 
} laminar separation are carried along the wall 
further. 

In the turbulent boundary layer the direc- 
- tion of mean velocity is parallel with the wall 
) in spite of the existence of vortices, and the 
molecular viscosity is affected near the wall 
remarkably. There is one type of laminar 
boundary layer near the wall, which is 
) generally called as laminar sub-layer. Accord- 
| ing to Prandtl’s theory the thickness of lami- 
}/ nar boundary layer can grow to any extent 
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of laminar sub-layer cannot become large 
because of large veloicty fluctuation above it. 
When the Reynolds number formed by this 
thickness and mean velocity at its boundary 
reaches that of the lower limit of stability of 
laminar flow, transition occurs to turbulence 
and vortices are produced at the boundary. 
Namely, the vortex flow by laminar separa- 
tion at upstream causes production of many 
vortices at the boundary of laminar sub-layer 
one after another along the wall. On the 
other hand, above the sub-layer these vortices 
form a very complicated vortex chaos motion 
which cannot be considered in the previous 


‘decaying turbulence. 


O 4 8 G2 
0-0 or 0-2 (m/s) 0-3 
B 
Fig. 11. Distributions of mean velocity (©) and 


u-intensity (@) near the wall in a turbulent 
boundary layer. (A) has a negative and (B) 
has a positive pressure gradient along the wall. 


The above interpretations are well suggested 
by recent experimental investigations. Con- 
spicuous viscous effect in the vicinity of wall 
and the production of strong Reynold stress 
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outside it, are significant experimental facts!”. 
For example, some of our measurements are 
shown in Fig. 11. The part between the 
wall and the sharp edge of wu-distribution 
curve is considered to correspond to the 
laminar sub-layer. 


§ 16. 
In the turbulent boundary layer, vortices 


have their different positions of production 


Character of Non-Local Expression 


gael 
fae el 


—uo= »: {aiso|| 


D; 


D;, 


) 


(21, y1) is the position of A-point and the suffix 
z means the position of production of vortices 
whose summination is made along the up- 
stream before A-point. 

It is very difficult to give exact functional 


forms of Pia and Vy: etc. in every D;-domain. 
But it is considered that every P,;-function 
has a simple continuous form and many of 
them have the condition of shear turbulence. 


The value of —wv is not vanish through the 
summination of these area integrals. This 
may be seen in the form of z-, v-distribution 
function shown in Fig. 5. Also the existence 
of intermittency phenomena found in recent 
experimental observations!» is a powerful 
support to suppose that at least near the 
main flow Py-function may have the condi- 
tion of shear turbulence. 

The most important character of non-decay- 
ing turbulence is that the value of w etc. 
in (16.1) are depending not noly on the 
coordinates of A-point but also on all the 
values of z which correspond to the states of 
production of every type of vortices upstream. 
It is the same in the expressions of Euler 
correlations. We can say that the intensity 
and scale in the non-decaying turbulence have 
the character of non-local expression. It is 
also the reason why turbulent boundary layer 
is said to forget his history. It is proved by 
the simplified Reynolds equations that mean 
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and many types of vortices are carried near 
a fixed point (A-point). They have respective 
large contributions to the turbulent intensity 
at A-point. Then, even under the ideal state, 
the expressions of w etc. must be given by 
separating their area integrals into every 
group of vortices with the same initial condi- 
tion. When two-dimensional description is 
taken they are 


l 
J 
l 


(16.1) 


Pii(7, 6; x1, 1) Vail Z, 4; 21, Y1) sin 8 cos as} : 
D; 


aso) Pil, GO; V1; yas f= 0 


velocity distribution has also the same charac- 
ter. This is the reason why it is difficult in 
turbulent boundary layer to search for an 
appropriate parameter which describes the 
effects of pressure gradient favourably in the 
mean velocity distribution. 


§17. Non-Decaying Similarity Law 


In this section some idealized treatments 
will be made. First we take the ideal state 
of a=1 vortices and neglect the effects of 
transition point far upstream from A-point. 
Under a constant pressure distribution, the 
effects of main flow to the vortex chaos 
motion are unifom along the wall, and the 
supposition of similarity preservation dis- 
cussed in §9 can be introduced to each vortex 
chaos motion with the same condition of pro- 
duction. We have 


Pre(7, 03 21, 91)=Pids, 8; 9) yi=yi/6, (17.1) 


where &€ (=2/Z) means a_ non-dimensional 
abscissa indicating the position of production 
of vortices, (s, #) are transformed coordinates 
in a similar form of Dg-domain, and 6 is the 
depth of boundary layer. For the vortex 
chaos motion of a=1 


Vya=Fy/(s, 0)Gi(te) . (17.2) 


Substituting these statistical and hydrodynami- 
cal conditions of similarity in (16.1), it leads 
to 
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9 £1 } a “ A 
w=| jase | Pye(s, 0; yi) Fis, 0VGi(¢e) sin? pasldé 
— oe De 


2 £1 cat . 
v=| {aise | Py, <(s, G6; m)FY*(s, 0)G\7(¢e) cos? dsl ag 
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O-l u. . 2" Urs) 93 


Fig. 12. Experimental result on the distributions 
of u-intensity in a turbulent boundary layer 
under a constant pressure distribution. Tur- 
bulence was produced by spreading a wire on 


a flat plate across the flow. U,=10.13 m/s with 
u-intensity of 0.04 per cent. O, @, @, © and 
@ are the observed values at 7149.3, 76.5, 
102.5, 121.2 and 141.5 cm from the wire. 


(In (17.3) G(¢e)~ote+ and approximately 
_ts02(&,;—&), but by the previous considerations 
in §6 or §14, it is supposed that vortices of 
a=1 produced far upstream affect at A-point 
as another vortices of a>1l. Then, the term 
including z; comes to be constant by definite 
integral from the negative infinity. As the 
- expression of wu etc. we get 


w=Cyx7) v?=C,x(y) —uv=Cw(y). (17.4) 


It is important that the previously mentioned 

-assumpsion of the initial-period similarity gives 
the similarity law with a non-decaying charac- 
ter in the case of turbulent boundary layer. 
For an experimental verification, results of 
our measurements are shown in Fig. 12. 
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(17.3) 


6; m)Fi(s, 0)Gi7(¢e) sin 6 cos ads ak , 


fo) 05 fie) 


Fig. 13. Non-dimensional distribution of J in the 
turbulent boundary layer along a flat plate. 
The data were evaluated by I. Tani and R. 
Hama from their experimental measurements 
of mean velocity distributions. The curve 
shows (18.3), where it is drawn from 0.04 which 
is considered to be the boundary of laminar 
sub-layer. 


§18. Distribution of Mixure Length 


Our interpretations on the mixture length 
in transfer theory are given in $13. Under 
the assumption of an ideal state of fully 
developed turbulent boundary layer along a 
flat plate, the distribution of ((y) at a point 
&, is written as 

rimdea\” RePe(9i)d& . 


—oO 


(18.1) 


Pi <(s, 6; nd) means a pro- 
£ 

bability with which a group of vortices pro- 
duced at &-point is carried near A-point (&1, 71), 


D 
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and R; is the mean length to y-direction of 
these vortices. 
It is difficult to determine the functional 


form of P exactly, and as an approximative 
estimation it is written as 


Pgn=0Ey S1—E=cait 70), 


IN 


where 0 is the delta-function, c is a constant 
and 7) corresponds to the boundary of laminar 
sub-layer. Namely, we suppose that in the 
types of vortices passing at A-point vortices 
produced at € (=&i—c(yi—7)) is predominant. 
On the other hand Recot and te~(Ei—€). 
Then, in the whole section of boundary layer 
we have 


(18.2) 


Uni)r(m1—7)'? . 


The above relation will hold approximately 
in general case of non-decaying turbulence. 
Prandtl’s hypothesis ly is a simplified ex- 
pression of (18.3) near the wall with the 
effect of laminar sub-layer neglected. For 
comparin with experimental data, measure- 
ments by I. Tani and R. Hama’ are shown 
in Fig. 13. It shows the existence of laminar 
sub-layer clearly. Many other observations 
in turbulent boundary layer or tube flow in- 
dicate also the parabolic distribution of 7 in 
the whole section. 


(Ae) * 
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On the Specific Heat of Normal Solid 
Alcohol of Probable Carbon Number 32 


By Ren SHISHIKURA 
Institute of Science and Technology, 
University of Tokyo 
(Received July 15, 1955) 


A preliminary specific heat measurement of a 
normal solid alcohol was accomplished in the 
temperature range from 35°C to 105°C. 

The sample was offered from Mr. T. Takamatsu 
in Scientific Research Institute. It was extracted 
from commercially pure carnauba wax, refined, 
and then recrystallized repeatedly from benzol and 
ligroin solutions until it showed no further varia- 
tion of its melting point. Carbon number of the 
sample was estimated by Takamatsu) to be about 
32, from elementary analysis and x-ray measure- 
ment of the longest spacing of the crystal. 

The method and apparatus of specific heat 
measurement are similar to the ones described 
previously .2) 
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| As shown in the figure, our sample melts at 
| 86.4°C, and a sharp peak of specific heat appears 
| at 73°C. It is supposed that this peak is of the 
same nature with that which has been found in 
pure hexadecyl alcohol, and proved to be the 
rotational transformation which accompanies the 
change of lattice symmetry and the rise of dielec- 
tric constant at the very temperature”). 
The author believes the present data to be the 
- first one which indicates the existence of rotational 


Notes 


transition in long chain alcohol with carbon number 
higher than 30. 

The heats of transition and fusion are 11.5 cal./g. 
and 40.3 cal./g. respectively. 

Recently, Takamatsu) found a new dielectric 
dispersion of Debye type between O°C and 60°C 
in the same substance. The specific heat curve 
does not seem to indicate any remarkable feature 
at the corresponding temperature range. The 
gradual rise of the specific heat, however, is 
suspected in this region, which might have some 
relation to dielectric dispersion above mentioned. 

The author wishes to thank Mr. Takamatsu for 
offering sample and valuable discussions. 
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On the Spectral Distribntion of Infrared- 
Stimulated Phosphorescence of Pb- 
activated ZnS-Type Phosphors* ** 


By Sumitada ASANO 


Department of Physics, Faculty of Science, 
Okayama University 


(Received July 19, 1955) 


The influences of the addition of ZnSe, CdS or 
CdSe upon the IR-responsive behaviors of various 
ZnS phosphors are already reported in previous 
papers.!-) In these investigations it was found 
that the color of IR-stimulated phosphorescence of 
a Pb-activated ZnS phosphor and its spectral IR- 
responsivity (stimulation spectra) are scarcely 
affected by the addition of any one of these foreign 
ingredients, whereas the peak wave-length of UV- 
excited luminescence and that of IR-quenchable 
natural phosphorescence gradually shift towards 
longer wave-lengths with increasing proportion of 
the added foreign ingredient. In the present ex- 
periment the spectral-distribution curves of IR- 


* The results published in this paper were 
partialy reported at the regular meeting, held at 
Tottori in July, 1955, of the Chugoku-Sikoku- 
Branch of the Physical Society of Japan. 

** “The term ‘‘ZnS-type phosphors’’ is used here 
in the broad sense that it covers not only ZnS 
phosphors but also Zn(S:Se), (Zn:Cd)S and (Zn:Cd) 
(S:Se) phosphors. 
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quenchable natural phosphorescences and [IR- 
stimulated phosphorescences of some selected near- 
ZnS members*** in these three phosphor families 
have been measured at room temperature. 

To all the phosphors investigated were added 2 
mole % of KCl as flux and 1 weight % of Pb as 
an activator in the form of chloride and then these 
phosphors were crystallized at 850°C for 20 min. 
in N,-atomosphere.!-") 

The apparatus used for the measurements is 
schematically snown in Fig. 1. The time-dependence 


M en 
to galvano- 
meter 
to oscillograph directly 


or via de amplifier 


Fig. 1. Schematic diagram of measuring 
apparatus. 

C: Glass lens F,: Mazda IRD-1 Filter F,: Mazda 
UVD-2 Filter G: Opal glass-plate M: Mazda 
Multiplier MS-9S L,: Mazda Hg-lamp HL-300 
L,: Mazda Heating Lamp (100 V. 250 W. S-type) 
P: Sample S: Shutter T: Glass monochiomator 
(Shimadzu GW-30). 


of the photo-current from the receptor was 
measured directly with a galvanometer (YEW. 
D3-A. 2.43 10-19 amp/mm) in the case of a slowly 
decaying phosphorescence, and in the case of a 
quickly decaying one, it was recorded by an 
electro-magnetic type oscillograph (YEW. N-3) 
with a sensitive vibrator (YEW. D-type. 1.5 »A/mm),. 
In the latter case the photo-current could be linear- 
ly amplified by a DC amplifier.) The details of 
the measuring apparatus have been stated in the 
cited reference.3) All the measurements were made 
under the same exciting conditions at various 
phosphorescent wave-lengths. In every particular 
measurement the response to a standard lamp was 
read at a constant wavelength so that the decay- 
curves obtained in different measurements might be 
correlated with each other by these readings. The 
spectral-distribution curve of phosphorescence was 
derived both from the relative values on a set of 
these correlated decay-curves which correspond to 
various phosphorescent wave-lengths, and from the 
spectral sensitivity of the receptor fixed to the 
monochromator. 

The results obtained are shown in Fig. 2 a-c. 
Besides, in Fig. 3 are shown the spectral-distribu- 
tion curves of IR-stimulated phosphorescences of 
the doubly activated ZnS:Pb:Cu and ZnS:Pb:Mn 
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phosphors which were crystallized at 1100°C.% 
The heights of distribution curves, in Figs. 2 and 
3, of IR-stimulated phosphorescences belonging to 
different members or different irradiating conditions 
are plotted relatively to their own radiances. The 


Radiance Radiance 


Radiance 


650 
Wave -length(m) 


450 500 550 600 


Fig. 2. Spectral-distribution curves of phospo- 

rescences. 

UV excitation: Mazda HL-300+Mazda UVD-2, 
distance at 25cm for 3 min. 

IR irradiation: Mazda Heating Lamp+Mazda 
IRD-1. IR irradiance: 0.6 mW/cm?. 

t: time after the cessation of UV excitation. 

t;: time after the beginning of IR irradiation. 

tn: natural-decay duration between the cessa- 
tion of UV excitation and the beginning of IR 
irradiafion. 

Dotted curves: IR-quenchable natural phospho- 
rescence (£=2 sec.) 

Real curves: IR-stimulated phosphorescence (ty, 
3 MIN. bg == SISEGs) 

Chain curves: IR-stimulated phosphoresce (fn, 
=3 min. t;=7 sec.) 

Curve no. 1 2, 3} 4 5 

Foreign Ingredient 
Proportion (mole %) 0 2 5 
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IR-stimulated phosphorescences were measured 
after the natural phosphorescence had dropped to 
a neglegible value. With regard to members which 
contain larger proportions of foreign ingredient 
than those are shown in Fig. 2, accurate curves 
could not be obtained, because the radiances of 
their stimulated phosphorescences were too small 
eke 


Near-ZnS member means a member which 
contains a comparatively ‘small proportion of 
foreign ingredient. 
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to be measured spectro-photometrically. 

From the results obtained the following facts 
may be pointed out: 

(1) The peak wave-length of IR-stimulated 
phosphorescence of a Pb-activated ZnS phosphor 
shows no definite displacement by the addition of 
the forein ingredient ZnSe, CdS or CdSe, whereas 
that of IJIR-quenchable natural phosphorescence 
gradually shifts towards longer wave-lengths with 
the increase of the foreign ingredient added. 

(2) The radiance and duration of IR-stimulated 
phosphorescence rise markedly in members which 
contain foreign ingredient up to several mole %; 
beyond which, they fall more rapidly than those of 
IR-quenchable natural phosphorescence. 
of IR-stimulated 
phosphorescences obtained at various wave-lengths 
under the same irradiating conditions are quite 
similar to each other in one particular phosphor, 
the shape of its spectral-distribution curve is 
independent of the time-duration ¢; after the be- 
ginning of IR irradiation, as exemplified in Fig. 2 
b and c. 

(4) In the Pb:Mn-activated ZnS phosphor the 
characteristic stimulation band (5900 A) ascribable 
to Mn-centers is observed simultaneously with that 
of Pb-centers (4950 A). The latter is not affected 
by the existence of the former. 


(3) Since the decay-curves 


-. 


Radiance 


Be. 
aa 
Beard 


450 500 550 600 650 
Wave -length(mp) 
Fig. 3. Spectral-distribution curves of IR- 


stimulated phosphorescences. 
A. ZnS:Pb[SO,](5) Cu[SO,J(0.005) 1100°C. 
B. ZnS:Pb[SO.](5) Mn[SO,](1) 1100°C. 
Curve No. 1. ty=3min. t;=5 sec.) IR irradiance: 
25 by =O) Mn be — 2 sec.J 0.8 mW /cm? 
3. tin=pmin., t=—5sec. IR irradiance: 
0.2 mW/cm? 
Measured under the same exciting conditions as 
in Fig. 2. The numerals in round brackets show 
the weight 7% of the added activator-atoms. 


(5) Although the form of the decay-curve of IR- 
stimulated phosphorescence of one _ particular 
phosphor considerably varies with irradiating con- 
ditions®) (IR irradiance and duration ¢t, of natural 
decay), the spectral-distribution curves obtained 
under various conditions are nearly similar to each 
other even in the case of the Pb:Mn-activated 
phosphor, as shown in Fig. 3. On the other hand, 
in a hex-ZnS:Mn:Cu phosphor the stored quanta 
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decrease more rapidly with the increase of t,, value 
than in the corresponding Pb:Cu-activated ZnS 
phosphor.®) 

These results suggest that among Pb emission- 
centers in a near-ZnS member only those which 
are hardly affected by foreign ingredient atoms 
which are located substitutionally can be operative 
as stimulation centers. Some of the remainder are 
concerned in IR-quenchable natural phospho- 
rescence as phosphorescence centers and the others 
which are not associated with electron traps 
quickly recombine with electrons after the cessa- 
tion of UV excitation. Hence, they can operate 
only as fluorescence centers. The numbers of 
these stimulation centers and phosphorescence 
centers decrease with the increase of foreign 
ingredient and finally the phosphor becomes non- 
phosphorescent. 

According to the item (5), the electrons released 
from deep traps by IR irradiation may be consider- 
ed capable of recombining freely, to some extent, 
with ionized emission-centers in a phosphor crystal. 
The electron transfer processes mainly contributing 
to IR-stimulated phosphorescence will be, therefore, 
a second-order process, at least in the tail-part 
after several seconds from the beginning of IR 
irradiation. 
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Effect of Directional Precipitation on 
Hardness in an Age-hardened Alloy 


By Tadayasu MITUI 
Department of Physics, Faculty of Science, 
University of Hokkaido, Sapporo, Japan 
(Received July 14, 1955) 


A detailed study of Alnico V was carried out by 
R. D. Heidenreich and E. A. Nesbitt) by means 
of the electron microscope. The purpose of this 
study was to examine the mechanism of precipia- 
tion which is supposed to be responsible for the 
unusual permanent magnet properties of the alloy. 
They showed that the alloy is divided into plates 
of precipitates and rod-like units of matrix, and 
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their nuclei grow preferentially parallel to the 
direction of magnetic field applied during heat 
treatments. They found out the fact that the 
magnetic field suppressed completely the nuclea- 
tion of precipitate of right angles to the field. 

The similar effect3}05) was found by the present 
author in Cu—Co alloy. The author showed there 
that the precipitates tend to grow in the direction 
of the applied magnetic field during heat treat- 
ments. : 

The specimen we used are the alloy of copper 
including ca. 2 weight per cent of cobalt. We 
select the most appropriate precipitate- 
hardened alloy because it is metallographically 
simple and its precipitate has a high curie point. 

If the clusters of ferromagnetic precipitate in 
the alloy which is annealed in a magnetic field 
have a directional distribution, it is to be expected 


it as 


H 


Fig. 1. A pair of diagonal lengths r(H,/) and 
7y(H,) of a mark on the specimen. 


that the uniaxial anisotropy is also found in the 
Vickers’ hardness. 

Micro-Vickers’ hardness with weight of 500 er. 
have been measured on the surface of the disk- 
shaped polycrystal specimen after various heat 
treatments in a magnetic field. Great care was 
taken in the polishing of the specimen so as to 
avoid the deformation. The method of the meas- 
urement is as follows: a pair of diagonal lengths 
r(H//) and r(H,) of a mark was measured, where 
one of the diagonals is parallel and the other is 
perpendicular to the direction of the magnetic field. 
(see Fig. 1) 

The mean of X, that is pes X;|/N, and the 

1 =F 


N —s 
dispersion o?=[>)| (X;—X)?]/N of the ¥; was cal- 
v=1 


culated, where A;=[ri(Hy/)-r(H,))/ri(Hy)), N, 
total number of the measurement is ca. 100 and 
ri(Hy)) and r;(H,) are 7-th measured values. 

Since we knew that the magnetic heat treatment 
was most effective in the vicinity of 750°C, the 
isothermal magnetic heat treatments were made 
exclusively at this temperature. 
shown in Table 1. 

The results show that the specimen exhibits the 
anisotropy on micro-Vickers, which depends upon 
the direction of applied field. However, in our 


The results are 
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Table I. 


Tempering time 
in jsothermal 


Strength of 
magnetic field 


heat treatment at heat x, ae 
treatment 
AO) Jotien 1000 Oe. 0.0072 0.0002 
0) lane without field 0.0008 0.0001 
15.0 hr. 1000 Oe. 0.0006 0.0002 
U5, (0) sive without field 0.0005 0.0002 
0.0306 0.0019 


5 Onhre 7000 Oe. 
case, the effect is likely to be detectable only at 
an initial stage of the precipitation process. This 
coincides with the disappearence of the uniaxial 
anisotropy at the tempering time of ca. 15.0 hr. 
as shown in the previous work.*) 

Moreover, heat treatments under a_ strong 
magnetic field control the orientation and the shape 
of precipitates effectively, and this will be useful for 
the examination of the models®7-8) proposed for the 
explanation of precipitation hardening. The author 
will study the stress-strain relation and other 
mechanical properties for the specimens which 
were treated in a magnetic field. 

In conclusion the author wishes to express his 
cordial thanks to Prof. S. Miyahara and Prof. S. 
Koda for many valuable suggestions and discus- 
sions. The author is also indebted to Mr. M. 
Maki, who helped him through this work. 
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Origin of the Uniaxial Anisotropy in 
Iron-Cobalt Ferrites 


By Shuichi ipa, Hisashi SEKIZAWA 
and Yoshimichi ATYAMA 
Faculty of Science, Tokyo University, 
Tokyo, Japan 


(Received August 1, 1955) 


It is well known that the solid solution of 
magnetite and cobalt ferrite acquires a large uni- 
axial anisotropy when it is cooled in a magnetic 
field from the temperature above 300°C.D%) So 
far, no plausible explanation of the origin of this 
uniaxial anisotropy has been given. Two years 
since, we reached to a conclusion that the aniso- 
tropy is induced by the directional order between 
Co*+ ions and cation vacancies. It was found ex- 
perimentally that the magnitude of the uniaxial 
anisotropy depends essentially on the degree of 
oxidation of the specimens. 

Fig. 1 indicates the dependence of the anisotropy 
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Fig. 1. 


constants of the same specimens on the degree of 
oxidation. In the figure the composition of each 
specimen is expressed in atomic ratio of iron to 
cobalt. Six disc-shaped specimens, with various 
atomic ratios of iron to cobalt, were heated to 
1400°C in an alumina tube, and then cooled slowly 
to room temperature, with careful controlling of 


the pressure of oxygen atmosphere so as to keep 
it just below the upper boundary of a domain in 
the pressure-temperature phase diagram in which 
the spinel phase is stable for all specimens. Then 
they were put in a silica tube which was inserted 
in a furnace mounted between pole pieces of an 
electromagnet. In high vacuum they were thus 
heated up to 1000°C, kept five hours and cooled 
naturally in a magnetic field of about 4000 Oe. 
The anisotropy constants measured after this 
treatment are shown by the curve (1) in the figure. 
The magnitude of the constants is very small in 
this case, though the structure of spinel has not 
been destroyed by this treatment. The specimens 
were again put in the silica tube, the pressure of 
oxygen atmosphere was maintained at 0.7 mm Hg, 
and were heated up to 400°C, and then cooled in 
a magnetic field of the same magnitude. The results 
were shown by the curve (2) in the figure. The 
procedure of the same kind was repeated, increas- 
ing the pressure of oxygen atmosphere. They 
were shown by the curves (3), (4), (5), (6) and (7). 
Here the attached numbers indicate the pressures 
of oxygen atmosphere during the treatments. These 
experiments have shown that the magnitude of the 
uniaxial anisotropy of iron-cobalt ferrites depends 
essentially on the degree of oxidation of the 
specimens. 

Together with the magnetic study mentioned, 
above thermal, electrical and X-ray studies have been 
carried out. From these results, we conclude that 
the diffusion rate of cations in these ferrites 
decreases rapidly under about 300°C in the course 
of cooling, and the uniaxial anisotropy of these 
ferrites is induced by the directional short range 
order between Co*+ ions and cation vacancies. 
The spin-orbit coupling of Co** ions and the 
anisotropic crystalline field originating from the 
presence of cation vacancies would interact mutually 
to produce the directional order below the Curie 
temperature, and this order would be fixed by the 
decrease of diffusion rate on the course of cooling 
under 300°C. The details will be published later. 
Finally, the authors wish to express their hearty 
thanks to Professor S. Kaya for his constant 
encouragement. 
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Energy Analysis of Kikuchi Lines 
By Hiroshi WATANABE 
Hitachi Centrai Research Lab. Kokuiunji, Tokyo 
(Received July 29, 1955) 
Kikuchi lines in electron diffraction pattern are 
produced when divergent secondary waves whica 


background of the pattern are re- 
Several authors 


produce the 
flected by net-planes in a crystal. 
assumed that the divergent waves were produced 
by the inelastic scattering. Boersch?? proved this 
assumption by using his electron filter and stated 
that the energy loss at the inelastic scattering was 
more than several electron volts. There is a 
possibility»),, however, that the divergent waves 
are produced partly by the temperature scattering 
and partly by the elastic scattering at imperfec- 


tions in the crystal. 


(a) (b) 
Fig. 1. Electron diffraction pattern from molyb- 
denite (a), and the corresponding energy 


spectrum (b). 
Arrows indicate the part to be limited by a fine 
slit. 


To make clear the nature of the divergent waves, 
the present author studied Kikuchi lines by an 
electron velocity analyzer of Mdéllenstedt type®*)-6), 
Fig. 1a shows an electron diffraction pattern from 
molybdenite of thickness ca. 250 A, the accelerat- 
ing voltage being 25kv. The pattern limited by 
a fine slit as indicated in the figure was analyzed 
into an energy spectrum (Fig. 1b). The extreme 
left vertical line in Fig. 1b corresponds to the 
electrons with no energy loss. Microphotometer 
traces along the line of no energy loss and the 
lines of energy losses of 23 ev and 46 ev are 
reproduced in Figs. 3a, b and c. 

In Fig. 3 Kikuchi lines and an ordinary diffrac- 
tion spot are indicated. As the energy loss in- 
creases the peak due to the diffraction spot be- 
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comes gradually weak while the peaks due to 
Kikuchi lines do not become so weak. It is worth 
noticing that to Kikuchi lines are 
clearly appearing on the line of no energy loss. 
Since the loss detectable by the 


peaks due 


least energy 


: ev. 
(a) (b) 
Electron diffraction pattern from thicker 
crystal of molybdenite (a), and the correspond- 
ing energy spectrum (b). 
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x” shows the position of central spot. 
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Fig. 3. Microphotometer traces in Fig. 1 b along 
the line of no energy loss (a), along the line of 
23 ev loss (b) and along the line of 46 ev loss 
(Cc). 

The horizontal line above each trace is the dark 
line. 


analyzer is ca. lev, this proves that the divergent 
waves are partly due to the thermal or elastic 
scattering. It is not correct to assume that the 
divergent waves are solely produced by inelastic 
scattering. 

When thicker crystals-are used, the line corres- 
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ponding to no energy loss does not appear (Fig. 2) 
and Kikuchi lines are solely due to the inelastic 
scattering. In this case, since the multiple scatter- 
ing prevails, it is reasonable that most of the 
electrons suffer inelastic scatterings in their course 
through the crystal. 

The author is indepted to Prof. R. Uyeda of 
Nagoya University and Dr. N. Kato of Kobayashi 
Institute of Physical Research for their critisisms 
and helpful discussions. He is also grateful to Dr. 
B. Tadano and Mr. N. Morito of Hitachi Central 
Research Lab. for their encouragements throughout 
this experiment. 
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Specific-Heat Measurements on Quench- 
Annealed Al, Cu and a-phase Alloys 
of Cu 


By Ken-ichi HIRANO, Hideyo MANIWA 
and Yutaka TAKAGI 


Department of Physics, Tokyo Institute of 
Technology, Oh-okayama, Meguroku, Tokyo 


(Received July 16, 1955) 


Recently we have proposed a theory of the 
formation of G—P zone in quench-annealed alloys. 
If the alloys are quenched from a high temperature, 
they have excess frozen-in vacancies, which on 
subsequent annealing may form disc-shaped vacancy 
planes or planes of stacking fault. The solute 
atoms may aggregate on these vacancy planes, thus 
yielding G-—P zones. 

The former half of the above reaction, i.e. the 
formation of vacancy planeor stacking fault, if it 
is true at all, must be present in alloys without 
any solvus line or even in pure metals. 

Now measurements of the instantaneous specific- 
heat on heating have been carried out on quench- 
annealed Al and Cu of high purity and Cu-Ni alloy 


as well as others, to examine whether existence 
of vacancy plane and stacking fault could be 
detected by thermal measurements. The rate of 
heating for the measurement was 2.5°~3°C per 
minute. 
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Fig. 1. Specific-Heat versus Temperature Curves 
of superpure Al and Cu. 
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Fig. 2. Specific-Heat versus Temperature Curves 
of Cu-25 wt.% Ni, Cu-10 wt.% Mn, and Cu-30 
wt.% Zn Alloys. 


Curves given by open circles in Fig. 1 show the 
specific-heat versus temperature curves (S-T 
curves) obtained on super-pure Al (99.996%) and 
Cu (99.998%), which were quenched from 600°C in 
water of room temperature and annealed at 130°C 
for about 100 hours. Curves given by solid circles 
show the S~T curves of the metals measured after 
slowly-cooling them from 600°C to room temperature 
at a rate of 5°C per minute. The S-T curves of 
quench-annealed metals lie definitely above those 
of slowly cooled metals at a region between 150° 
and 350°C. Since this anomalous heat absorption 
does not appear in slow-cooled state, it can neither 
be attributed to re-solution of precipitate of un- 
known impurities whatsoever, nor to any reaction 
in equilibrium state of the metals. The most 
probable origin of this heat absorption may be 


dispersion of the disc-shaped vacancy plane or the 


stacking fault. 

Curves given by open circles in Fig. 2 show the 
S-T curves obtained on three copper rich «-phase 
alloys, namely, Cu-25 wt.% Ni, Cu-10 wt.% Mn, 
and Cu-30 wt.% Zn (a-brass) alloys, which were 
quenched from 800°C (Cu-Ni and Cu-Mn) and 
600°C (Cu-Zn) respectively, and annealed at 130°C 
for 2000 hours (Cu-Ni and Cu~Mn) and at 70°C for 
860 hours (Cu-Zn). Curves given by solid circles 
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were obtained after slowly cooling the alloys from 


600°C at a rate of 3°C per minute. The S-T 
curves of quench-annealed alloys show two heat 
absorption peaks denoted by A and B. The heat 


absorption A’s at higher temperature range seem 
to correspond with those observed in quench- 
annealed pure metals and may be attributed to the 
same origin. 

Annealing-temperature and -time dependence of 
position of the peak B and amount of absorbed 
energy at B have been examined and it has been 
revealed that the nature of this heat absorption is 
very similar to that observed in the S-T curves 
of low temperature aged Al-alloys, such as Al-Cu,?) 
Al-~Ag®) and Al-Zn*), So, the heat absorption B 
may be attributed to dispersion of solute atoms 
which are going away from vacancy planes or stack- 
ing fault. 

The fact that the peak B is not so conspicuous 
in Cu-Ni alloys as in the other two alloys may 
imply poor aggregation of solute atoms on vacancy 
planes or stacking fault. 

The S-T curve of slow-cooled Cu-Zn alloy show 
a heat absorption at the region between 170° and 
330°C, which is absent in Cu-Ni and Cu-Mn alloys. 
It seems that some quantities of stacking fault and 
G-P zone may form even during the process of 
slow-cooling in Cu~Zn alloys, full account on this 
will be published elsewhere.) 

Hasiguti®) attributed the anneal-hardening of «a- 
brass to the formation of G-—P zone at stacking 
fault in the cold-worked matrix lattice, but it is 
to be emphasized that our results show possibility 
of G-P zone in quench-annealed specimen, mot 
cold-worked. 

We are carrying out same experiments on pure 
Ag as well as a number of a-phase alloys of it, 
such as Ag-Cd and Ag-Zn, the results will be 
reported soon. 
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Noise in Germanium 


By Susumu OKAZAKI and Hiroshi OKI 


Department of Physics, Faculty of Science, 
Okayama University 


(Received July 6, 1955) 


The current noise of germanium have been first 
carried out by Montgomery” using the germanium 
single crystal filaments for the frequency range of 
from 20 to 1,000 kilocycles. Van der Ziel?3)) has 
reported on the deviations from the 1/f spectrum. 
We have studied the noise in bulk semiconductors 
such as germanium single crystals for the frequency 
range of from 100 kilocycles to 10 megacycles. 
The measuring apparatus was a superheterodyne 
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Fig. 1. Diagram of the input circuit. D: The 
diode for the shot noise. The variation of the 
diode current is made by changing the heater 
current of the filament. 


Table I. 
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amplifier, whose output was connected to the 


square-law detector and cathode-ray oscilloscope. 
The input circuit of the preamplifier is shown in 
Fig. 1. 

Samples have been cut from the thin slabs of 
the materials whose resistivity is from 10 to 20 
Q-cm. Typical dimensions are 1x0.1x0.02cm. 
After these are etched in the solution consisting of 
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Fig. 2. Variation of noise in germanium with dc 
current at 1 megacycles. 


hydrogen fluoride and nitric acid, copper is 
evaporated as terminals. The current versus 
voltage characteristic is strictly linear. At 1 
megacycles the current dependence of the noise is 
shown in Fig. 2 for a number of samples which 
are n-type. The outstanding feature is that the 
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current noise power always increases with the 
passing current. In many cases at some current 
the noise power abruptly comes out, increasing 
according to J” law in which « is 2 or above 2. 
The frequency spectrum of the excess current noise 
power, when the passing current is fixed at 
5mA, are shown in Fig. 3. The frequency 
dependence is described by the 1/f* law, where 6 
is always larger than 1, mostly approximately 2. 
If the current noise is represented by the follow- 
ing formula,» 
AI?=yI*f- Caf 

then « and 8 are computed, as is shown in Table 
I and IJ, using these figures. The samples in Table 
I are different from those in Table II according to 
manufacturing company. The noise figure at 100 
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Fig. 3. The spectra of noise in germanium 
filaments carrying 5mA dc current. 
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kilocycles is about from 10 to 20 db when the 
passing current is 5mA. 

In conclusion the authors wish to express their 
sincere acknowledgements to Prof. K. Yamashita 
of Okayama University for his kind encourage- 
ment. This work has been made possible partly 
thanks to the Ministry of Education Grant in Aid 
of Scientific Researches. 
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Effect of Electron Bombardment on 
Secondary and Photoelectric Emission 
of Cesium-antimonide 


By Kiyoshi MIYAKE 


Electrical Communication Laboratory, Nippon 
Telegraph and Telephon Cooperation, 
Tokyo, Japan 
(Received March 8, 1955) 


The changes in secondary and _ photoelectric 
emission properties of Cs-Sb layer caused by 
electron bombardment have been studied, and a 
few results were reported). In the previous ex- 
periment, an initial increase of secondary yield 
during continued electron bombardment was observ- 
ed, though it was not mentioned in the paper. 
The experiment to be reported here was mainly 
tried concerning such a phenomenon. Cs-Sb 
samples used were prepared on a movable basket- 
shaped target made from thin nickel plate after 
usual processes. Secondary and _ photoelectric 
emission were measured at separate positions in 
an experimental tube. Secondary yield curve was 
obtained in the range of primary voltage (Vp) from 
50 V to 1000 V, and relative spectral photo-response 
was measured between 400 mp and 750 mp. 

The maximum yield dmax of samples having high 
photoelectric response, amounts to 4~6 at (Vp)max 
=500 V~800 V. The photo-electric threshould of 
these samples was about 680my. On the other 
hand, Qmax of a few samples having low photo- 
electric response was less than 4 and their photo- 


electric threshold was less than 620my. In Fig. 
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1, the curve (a) shows a typical change of second- 
ary yield of high photo-emissive samples caused 
by electron bombardment. At the beginning their 
yield increased gradually with the duration of 
bombardment, then reached a maximum value 
higher than initial one by 0.3~0.6. Later these 
values decreased slowly to an almost steady value. 
Fig. 2 shows the relation between the maximum 


Up = /000 V 
Ip = 401A 


Secondary Keld 


0 40 80 120 /60 
Time (mtn.) 
Fig. 1. Changes of secondary yield by electron 
bombardment. Bombarding voltage (Vp) and 


current (Ip) are shown for each curve. 
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Fig. 2. Relation between maximum secondary 


yield and photo-response for blue-green and red 
light. Numbers on solid curve show (V»)max at 
each bombarded state. 


secondary yield (solid line) and photo-response on 
the same sample shown in Fig. 1 (a). Chain and 
broken lines show the relative photo-response for 
blue-green and red light filtered by Corning No. 
4784 (transmission approximately below 600 my) and 
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No. 2412 (transmission approximately above 600 mye) 
respectively. As shown in the figure, the photo- 
response for blue-green light decreased gradually 
with the duration of electron bombardment. While, 
the photo-response for red light rised to a maximum 
value after the maximum for secondary emission 
had been passed, then fell rapidly to a steady 
value. Fig. 3 shows the change of spectral photo- 
response caused by electron bombardment. Com- 
paring to the photo-response at the initial state, 
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Fig. 3. Change in spectral photo-response. 


the response obtained after two hour bombardment 
decreased in the range below 600 my and increased 
in the range above this wavelength. The long 
wave limit of photo-emission shifted towards longer 
wavelength by about 30my. The spectral response 
obtained after more than 9 hour bombardment, 
decreased all over the measured range and there- 
after the response did not change substantially. 
The yield of a few samples of low secondary 
emission, which were obtained accidentally owing 
to insufficient amount of cesium to fully react 
with antimony, decreased within very short time 
as shown in Fig. 1 curve (b). Their maximum 
yield decreased nearly to that of antimony itself”) 
and their photoelectric threshold varied from 
about 620 my at initial state to about 550myp at 
severely bombarded state, as well as decreasing in 
photo-response. Moreover, the activation of both 
emissions was not entirely observed. It is likely, 
therefore, that the changes in emission properties 
of above mentioned samples are merely due to 
the dissociation of cesium from Cs-Sb film. On 
the other hand, the yield of samples having high 
emissive properties was maintained at fairly high 
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value even after 25 hour bombardment. The 
photoelectric threshold of such samples was not 
remarkably affected, though the gradual decresae 
of photo-response was observed. It is then supposed 
that in this case the dissociation of cesium also 
occurs to some extent and results in producing the 
defects in the lattice. A transient activation of 
photoelectric and secondary emission induced by 
the bombardment may be related to the formation 
of such defects. The author would like to continue 
some experiments with respect to these activation 
phenomena. 

The author wishes to express his hearty thanks 
to Dr. S. Yoshida and Dr. T. Sakata for their 
advices and interests to this experiment, and Mr. 
S. Munesue for his help in the measurement of 
spectral photo-response. 
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Fatigue of Photoelectric Emission 
of Cesium antimonide 


By Kiyoshi MIYAKE 
Hlectricrl Communication Laboratory, Nippon 
Telegraph and Telephon Cooperation, 
Tokyo, Japan 
(Received June 18, 1955) 


It is a well known fact that the photoelectric 
response of the cesium-antimonide or silver-oxygen- 
cesium photocathode decreases when it is used 
under intense light. The fatigue of these photo- 
cathodes has been studied by many investigators 
and supposed to be caused by ion-bombardment, 
thermal effect, or the diffusion of cesium 
atoms.?)3)+) The author has studied the fatigue 
occuring while the cesium-antimonide  photo- 
cathode is exposed to intense illumination with 
blue-green and red light. The former light was 
used for the purpose of studying the effect by 
light itself, and the latter light mainly for the 
thermal effect. For these experiments an incan- 
descent lamp was used in connection with a blue- 
green filter (Corning No. 4784; trasmission approxi- 
mately below 6000 A) or a red filter (Corning No. 
2412; transmission approximately above 6000 A). 

Six experimental tubes having the same structure 
of electrodes as that used in the previous experi- 
ment®) were used. The film of cesium-antimonide 
was prepared on the nickel plate. The photo- 
electric response of samples was 17~38 »A/lumen 
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for a color temperature of c.a. 2900°K, and their 
maximum seconary yields dmax were 3.7~5.3 at 
primary voltage (Vp)max=500~600 V. An incan- 
descent lamp was used as the source of intense 
illumination, and arranged with concave and plain 
mirror so as to focus the light flux about 1.3 
lumen (16000 lux) on the photocathode. 

Fig. 1 shows a typical change of photoelectric 
response and maximum yield produced by the 
intense illumination with blue-green or red light. 
The initial photoelectric response and dmax of the 
sample were c.a. 26 »A/lumen and 4.34 respective- 
ly. The illumination with blue-green light was 
carried for 10 hours, and with red light followed 
15 hours. The photoelectric response for blue- 
green and red light was measured after the every 
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Fig. 1. Change in maximum secondary yield and 
photoelectric response caused by _ intense 
illumination. 


illumination of a definite time. As shown in the 
figure, the radiation of blue-green light caused an 
increase of Qmax and response for red light. The 
radiation of red light produced an abrupt decrease 
of secondary and photoelectric emission. Fig. 2 
and Fig. 3 show the secondary yield curve and 
spectral photoelectric response at each illuminated 
state about the same sample shown in Fig. 1 
respectively. Fig. 2 curve (1) shows the secondary 
yield curve at the initial state. By intense illumin- 
ation with blue-green light for 10 hours the yield 
curve shifted to the curve (2), and Omax increased 
by 0.3. Corresponding to this change, the photo- 
electric threshold shifted the longer wavelength 


side as shown in Fig. 3 curve (2). The intense 
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illumination with red light for 15 hours produced 
the change in the shape of yield curve as well as 
the decrease of dmax. Curve (3) in Fig. 3 shows 
the response after 15 hour illumination and fairly 
differs in the characteristics comparing to other 
curves. 


1) Jriteal 

(2) Blue-green. 
10 hys. 

(3) Read. 1S hrs. 

(4) Red./5 hrs. 


Secondary Yield 


0 200 400 600 800 1000 


Primary Voltage (Volt) 


Fig. 2. Secondary yield curves at initial and 
illuminated states. 
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Fig. 3. Change in spectral photoelectric 
response. 


From these results it is clear that the radiation 
of red light has a very remarkable effect and 
gives rise to large decrease in both emission. 
These decreases may be due to the change in the 
composition of cesium-antimonide resulted from 
the vaporization of a small number of cesium 


1S )5%9)) Short Notes 915 


atoms. For, the film in this experiment was pre- 
pared on the nickel plate instead of glass wall, in 
which case the thermal effect of light will become 
large. On the other hand, the radiation of blue- 
green light has a comparatively small effect. The 
photoelectric current during the illumination is the 
order of 20 A, beside the specific resistance of 
cesium-antimonide is extremely lower than that of 
cesium oxide. Therefore, the electric field across 
the film used is estimated less than 10-2 V/cm, so 
that the diffusion of cesium atoms will not occur®). 
Now it is reasonable to assume that during the 
intense illumination with blue-green light an ex- 
tremely small deviation from the stoichiometric 
composition, presumably the lattice defects, in 
cesium-antimonide is produced either by ion- 
bombardment or by light-illumination. Taking 
these results into consideration, the author would 
like to continue some experiments on the fatigue 
of photoelectric emission of the sample prepared 
on glass plate. 

The author wishes to express his hearty thanks 
to Dr. T. Sakata and Dr. S. Yoshida for their 
suggestions and interests to this experiment, and 
Mr. S. Munesue for his help in the measurement 
of spectral photoelectric response. 
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Intensities of Low Energy -Mesons and 
N-Component near Sea Level at 24°N 


By Shin-ichi KANEKO, Tadayoshi KUBOZOE,* 
and Masaomi TAKAHATA 
Institute of Polytechnics, Osaka City 
University, Osaka 
* Now at National Defence Academy, Yokosuka 


(Received July 27, 1955) 
Many workers have measured the momentum or 


range distribution of »-mesons near sea level at 
the geomagnetic latitude around 50°. At the lower 


latitude, so far as we know, only a measurement 
of the range spectrum (29°) by del Rosario and 
Davila-Aponte) has been reported. Recently, a 
measurement of the momentum spectrum at 24°N 
has been carried out by Fukui e¢ al.2) in this 
laboratory making use of a magnet cloud chamber. 

The absolute intensity of p-mesons at residual 
ranges of a few tens g-cm~? can also be determined 
measuring the frequency of slow p-mesons coming 
to rest in emulsions which have been exposed 
under a thin absorber. The frequency N(cm~day-1) 
can be written 

0 [2 . 

N= (60 x60 x 24)-2n i, cos"@sineds, (1) 
where 7, is the differential vertical intensity of p- 
mesons in g~4sec~1sterad-1, cos”@ represents the 
zenith anlge dependence of slow yu-mesons, ¢ is the 
density of the emulsion in g-cm~%, and the 
numerical coefficient 1.5 represents the stopping 
power of the air relative to the emulsion. Assum- 
ing the exponent 2 to be 3.2 according to Creamer?), 
we obtain 


U7 = SOSA 23) 
We have observed slow particles and stars in 
thick (600 and 1000 microns) nuclear plates which 
were made trom G5 emulsions in gel form at the 
Isohama Railway Tunnel*) and at a tunnel of the 
Osaka Municipal Subway®) and were exposed under 
15-45 g-cm~-2 of air equivalent at sea level during 
two or three months. The geometrical correction 
factor of the frequency of p-mesons can be repre- 
sented by the following equation assuming n=3: 


Non ait pu ie Td 
Fett ene gro g\ 
where Ny is the total number of the stopped 
particles, N7 is the observed number of the stopped 
particles having the projected ranges greater than 
T microns, and d is the thickness of the emulsion 
in microns. The corrected frequency of »-mesons 
was found to be 1.29+0.08cm~%day-1!, assuming 
that the shrinkage factor was 2.7. It should be 
noted that this frequency includes the p-mesons 
arising from the decay of x-mesons produced in the 
ground. The contribution of these backward u- 
mesons amounts to about thirty per cent. Thus, 
the differential vertical intensity of p-mesons at 
the range 15+5g-cm~? becomes 
Cpe (2nOce On 2) eal mom ecm stcradmn: 

The value of 7, thus estimated depends sensitively 
upon the assumed value of ~, as can be seen from 
Eq. (1). Since the observed number of y-mesons 
was not sufficient to determine experimentally the 
value of 7 at 24°, we have assumed that the value 
of m at 24° is the same as the one®) at 54°. 

As shown in Fig. 1, the vertical intensity we 
have obtained at 24° is somewhat smaller than 
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Fig. 1. The differential range spectrum of p- 


mesons near sea level at low geomagnetic 
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prongs, 0.23+0.04cm~%day~1, is quite small as 
compared with those observed at high latitudes. 
According to George and Evans, the frequency of 
stars at London is 1.46+0.07cm-3day~!. The 
ratio between the frequencies at 54° and 24°, 6.3 
+1.3, is consistent with the value~6 observed by 
Yagoda and Kaplan’) between 50° and 1°, and 
should be ascribed to the latitude effect of the 
N-component at energies of several hundred Mev. 

We wish to express our gratitude to Prof. Y. 
Watase for suggesting this study as well as for 
continual encouragement. Thanks are also due to 
Messrs. S. Fukui, T. Kitamura and Y. Murata for 
helpful discussions. 
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Ultraviolet Absorption Spectra of Uranium Glasses 


By Kikusaburo OSADA 
J. Phys. Soc. Japan 10 (1955) 825~826 


P. 825, right column, line 8 from the bottom should be 1ead as follows: 


2aG8CoC So their spectra were measured with a small glass spectrograph. 
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Hyperfine Structure of the Spectrum of Ruthenium 
Part III 


By Kiyoshi MURAKAWA 
Institute of Science and Technology, Komata-machi, Meguro-ku, Tokyo 
(Received July 29, 1955) 


The hyperfine structure of the spectrum of Ru I was studied, and it 
was found that the ratio of the distances of the components due to the 
even isotopes is given by A(104—102): A(102—100): A(100—96)/2=1: 
1.05+0.10:0.75+0.15. There is reason to suppose that the shift A(98 —96) 
is anomalously small compared with the shift A(104—102) or a(102—100). 
The magnetic moments of the odd isotopes were calculated to be 


$1. Introduction 


In two preliminary papers»), which will be 
referred to as Part I and Part II respectively, 
the general aspect of the hyperfine structure 
(hfs) of the spectrum of Ru I was described. 
In Part I the sample of Ru that was used 
contained some impurities, only 24554 being 
free from neighboring impurity line. In Part 
II the sample was greatly improved, the only 
impurity that was practically detected being 
osmium. Shift of even isotopes was detected 
in many lines, and the magnetic moments of 
the odd isotopes (Ru! and Ru®*) were deter- 
mined to be —0.6+0.2nm. The present paper 
describes somewhat more fully the experi- 
mental material obtained in Part II. 

The liquid-air-cooled hollow cathode that 
was used as a light source was described in 
detail previously». The hfs was resolved by 
a Fabry-Pérot étalon; the thickness of the 
spacer ranged from 6 to 70mm. Some of the 
interference patterns of the spectrum of Ru 
I were reproduced in Part I and Part II, so 
they will not be repeated here. In order to 


u( Rutt) = —0.69+0.15nm. and p(Ru99)= —0.63+0.15 nm. 


make the discussion clear, some of the hfs 
schemes published in Part IJ are included in 
the present paper. Measurement of the hfs 
of the line 43799.3 was made extremely 
difficult by the neighboring line 43798.9, so a 
very rough estimate was given in Part II, 
denoting it by the symbol ~. In the present 
work we will consider only the fact 0.009 cm7! 
>A(104—102)>0 as definite and leave the 
detailed structure of this line undetermined. 

The isotopic composition” of natural ruthe- 
nium which is given in Table I will be 
frequently needed. 

The spectrum of Ru I was classified by 
Sommer», Meggers and Laporte®, and Har- 
rison and McNally®. The work of the last 
named authors is the most complete, and 
their notation for the level will be employed 
here. 


§2. Shift of the Even Isotopes 

The hfs of the spectrum of Ru I can be 
classified into the following four groups. 

(i) No hfs. This means that practically 


Table I. Isotopic constitution of natural ruthenium. 


A 104 | 102 101 10s + | hs 99 ney hues 96 
i aay 60 | 58 57 56 55 54 52 
18.27 | 31.34 | 16.98 |- 12.70_|, 12.81 2.22 5.68 


Abundance (%) 


Table II. List of lines having unresolvable isotope shift. 
j Line (A) Classification | Line (A) Classification || Line (A) Classification 
4397.8 d& 3f,—z3G‘,0 4293.3 d&s25D,—z27P29 3964.9 d7s5K,—27D;0 
4361.2 | d?s3h,—y5F;°)| 4217.3 | dvs 3F,—z7P| 3925.9 di s5f,—-27D,o 
dB 4023.8 |d?s 5F,—-z27D; 
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| 3h, —2 3720 
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no shift of the even isotopes is detected and Table III. Shift of the even isotopes in the 
* 

the splittings of the odd isotopes are small. spectrum of Ru I*. 

Some of the lines belonging to this category 


were? Sa ee ee | 
|} Ad04 A102 = a(100 


and to (iv) are listed in Table I. Line (A)| Classification | —102)| —100), —96)} 
(ii) Lines in which the shift of the even | | emo | em" |) cénaf 
isotopes is detected and the odd isotopes have 4554.5 |d’s 3F,—28G@o| 0016 | 0.018 | 0/027 

finite splittings. In this case it is difficult to 4449.3 | d°8°5Ds—y5F,? 0.029 0.029 0.049 | 
measure accurately the hfs of the odd iso- 4297.7 d's 8F,-23Go 0.015 0.016 | 0.020 
topes; the apparent positions of the even 4294.8 d°s?5D,—-23G,0| 0.029 0.029 0.048 

4284.3 | d®s25D,—z23D30| 0.024 0.026 | 0.037 } 

Re. 4206.0 d7s 3F3—z3G9 0.021 0.024 0.037 | 

pitt re 4199.9 d's 2F,-160 0.015 0.016 0.025 | 

Ru 4167.5 | dis si, -z3D,9 | 0.023%} 0.025) 0203355) 

| ngs Ri” 4145.7 d®s?5D,~22D;9 0.020 0.020 0.029 

| | t FE 4080.6 d?s 3f,-y5F32 0.018 0.017 0.029 — 

1d(904-102), 4102-100), A(100-96) 3984.9 d's 3F;—-23D, 0.018 0.018 | 0.031 | 


wave number—> - a Hes neeseleee s | 
* The initial levels. of the lines listed here belong 
Fig. 1. Explanation of Table III]. (The com- to the configuration 4d‘5p. 

ponents of the odd isotopes 101 and 99 are dis- 

tributed, in such a way that the measurement ,b1e IV. Relative shift A(104—102) in various 

of their positions is difficult, so they are not 

: ; levels of Ru I. 
shown in this figure). 


Isotope shift 


at” Ten gas Naege (104102) 

Riot Ru”! 3 4d7 5s oF 1190.67 0.016 

Ny pute Re is Ad? 58 3F 6545.05 0.018 

| . 8 [ 4d? 58 3F, 8084.13 0.021 

43722: | 0.02% 0.02%; | 0025, 0.020: cm eee eae Ne 

(d's? 5D,- 162) | th Sos 4d6 58?5D, 7483.14 0.031 

Geka, 69 0017, 0.01% 0.016 ~Q013 4d§ 5s? 5D | 8575.45 0.029 

mete Sena ee Ad® 5s?5Dy 9057.64 0.026 

levees, 2, VahiS) Oye Ine ML ZUR eoaval 7M 4d’ 5p 23G@;0 | 28495. 26 0.001 

isotope components are more or less affected Av PAY | See ae UUs 

by the odd isotope components. Fig. 1 re- eed yokes ee | vas 

presents qualitatively the scheme of the hfs ED y*Ge ee | Males 

of this category, and Table HI represents the rca eee | ee 

result of measurement for the even isotopes 4d’ Sp y °F) | oa eu 

only. 4d? 5p 23D0 | 32392 .00 0.002 

(iii) Lines in which the shift of the even 4@ Sp2*D°) = 33172.07 0.004 

isotopes is detected and each of the splittings ; | 

of the odd isotopes is negligibly small. In The general regularity concerning the iso- 


this case the complex 101+100 is approxi- tope shift teaches us that the center of gravity 
mately of the same intensity as 102, (Fig. 2). of the 99-hfs must be between 98 and 100. 
The intensity ratio 99+98 : 104 should be 15.0: On the other hand 98 and 99 are approximately 
18.3, and this is in agreement with the coincident. It is therefore probable that the 
observation, so that 98 is approximately distance 4(98—96) is anomalously small com- 


coincident with 99 and not with 96. pared with the shift 4(104—102) or 4(102—100). 
From the measurement given in Table III Assuming that the shift of even isotopes in 
and Fig. 2 we get the ratio the level 4d’75pz°G;° vanishes, we can calcu- 
4(104— 102) : 4(102—100) : 4(100—96)/2 late on the basis of the observed hfs the 


=1;1.05+-0,10; 0,750.15. shift of even isotopes in various levels. This 
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is shown in Table IV*. 

(iv) Lines in which the shift of the even 
isotopes is negligibly small and the odd _ iso- 
topes have large splittings. This case is met 
in 24361 and 24284 as was shown in Part I 
and Part II. 


§3. The Magnetic Moments of the Odd 
Isotopes 


The nuclear spins and magnetic moments 
of the odd isotopes (99 and 101) can be found 
from the hfs of the lines belonging to the 
category (iv) of §2. In Part II it was found 
that each of the odd isotopes possesses nuclear 
spin 5/2. This had been found in a somewhat 
earlier work by Griffiths and Owen” by the 
method of paramagnetic resonance absorption. 
These authors found the ratio of the magnetic 
moments to be #1%/#9°=1.09-+0.03. 

The values of the magnetic moments can 
be calculated from the same lines as those 
mentioned above (Fig. 3). In each case the 
final level is d’s*F,. In order to see the 
nature of this level, nearly all the even levels 
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Ru 
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Fig. 3. Hfs of Ru I 44361.2 and 44217.3. 


given by Harrison and McNally”? are shown 
schematically in Fig. 4. These authors showed 
that d’s*f, and d*s*°D,-are close together 
and share their properties, so it is difficult to 
distinguish to which electron configurations 
they belong. With respect to the level d’s*F, 
the matter is not so confusing. In order to 
show this, the energy matrix must be solved. 
The elements of electrostatic interaction are 
given in several literatures, so they will not 
be repeated here. The matrix of spin-orbit 
interaction is given in the Appendix of the 
present paper. It was soon felt thal solving 
the energy matrix exactly is a hard task for 
the author, and it was decided to do this 
after a computor would be available in this 
Institute, and to be satisfied with a very 
rough solution at present. The positions of 


Hfs of the Spectrum of Ru Qi 


the levels** shown in Fig. 4 can be qualita- 
tively (roughly) explained by choosing the 
parameters 

Ca O00 te == 950) =o Ge = 15200 

A, = R*(dd, ds)/35~400. 
It is assumed that the values of the para- 
meters are common to all the configurations 
considered. These values were put into the 


(H)sH,— 17096.8 | 
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4Gj— 12816.7 | BS te 
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a ee ea, eee 
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nee 96203: p._ 94923' 
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be Di 8s) 
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~.— 6545.0 
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~— 11907 
5-0. 


Fig. 4. Schematic representation of the low even 
configurations of the spectrum of Ru I. 


* Recently Kopfermann et al8) have worked on 
the same subject. Kopfermann could not resolve 
the shift of the even isotopes in any line, and 
estimated the shift by a photometric method, 
under the assumption that each of the odd isotopes 
does not split in each line that he studied. Since 
this assumption is incorrect, the results obtained 
by Kopfermann are invalid. 

** Tn the determination of these parameters, no 
consideration was given to the configuration 4d8, 
owing to the small number of levels that are 
detected in this configuration. 
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energy matrix, and the secular equations 
solved. Then by the usual procedure the 
composition of the level d’s*F, can be com- 
puted. In addition to this, the condition that 
the wave functions must satisfy the g-value 
published by Harrison and McNally was taken 
into consideration. Since we have to be 
satisfied with an accuracy of about 10%, all 
the terms that contribute an amount smaller 
than this (namely K?<0.09) were neglected, 
and finally the composition of d’s*F, as a 
linear combination of ZS-coupling wave func- 
tions was obtained: 

a SF yf = Ki3 Fi s)+Ke°Dy(d*s*) . 

EG—(05909 Fis — OT 

The hfs of 24361 was better resolved than 
that of 44217, so the former will be considered 
first. It was impossible to separate the hfs 
of Ru®® and Ru’, so the present calculation 
is concerned with a weighted mean of °° 
ByOKe! 

The initial level d°spy°F;° of 44361 was 
found to be located approximately at the 
position where the level d°sp*F;° is expected. 
The other pair, namely d°sp*F,° would be pro- 
bably the level at 28571.8 that was detected 
by Meggers and Laporte. The level d’ p°G; 
is near the level y°F;°, so it is possible that 
the latter contains some percent of d'p*G;. 

For the moment we will assume that the 
wave function of y°F;° is pure (namely 
d’sp'"F;°). In order to calculate the magnetic 
moment from the hfs of 24361, we need 
the following ZS-coupling formulas, in addi- 
tion to those given in Part II. 


A(d® 5D)4) = (lea baa” —- S20 aie) 5 


ws 


il 
A(d°s p?F;) =a 
(dB sp'Fs) 12%) +550 


(107aa’ —71 aa’ ; 


Kee il / Ai La 


aa’ =a(ds/z), Giada aa” =alds/2, d3/2) 


ap =A P3/2), Ay’ =a(P1/2), ay’ =a(Ds/2, P1/2). 
Putting €(4d)=890, Z7*=44-19=25, (5p) 
=560, Z,)*=44—4=40, and Z=44, 1—é=0.975 
(finite nuclear volume correction factor), 
F=1.23, (dn*dn)/n**=0.478 (to be described 
in the Appendix) into these formulas and 
comparing them with the observed hfs of 
24361, we get v= —0.64 nm. 

If we assume that y°F,°=K,‘F;(d° sp) 
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+ K,°G;(d'p), K=0.9;, Ko? =015 then we rtget 
“= —0.68 nm. 

The true value would lie between —0.64 nm 
and —0.68nm. Remembering that this is a 
weighted mean of yw’ and yw, we might 
consider 


#(Ru?)= —0.69-0.15 nm , 
“w(Ru®®) =—0.63--0.15 nm 


the best values available at present. 

With respect to the hfs of 44284, it may 
be remarked that the initial level z‘P,° is 
partly 4d°5s5p7P, and partly 4d’5p°G,. The 
magnetic moments deduced from the hfs of 
this line are in agreement with the above- 
mentioned values, but in this case the accuracy 
is somewhat smaller. 


Appendix 


§4. The Matrix of Spin-orbit Interaction 


The matrices of spin-orbit interaction of 
the configurations d’s and d°s? are identical 
with those of d*s and d‘ respectively, if the 
spin-orbit interaction parameter €a is con- 
sidered as negative. They can be calculated 
readily by the use of Racah coefficients!™. 
Tables of the Racah coefficients have been 
prepared by Biedenharn and his co-workers!» 
and by Obi, Ishidzu, Horie and their co- 
workers. The result of calculation is given 
in Tables V and VI. 


§5. Table of for 


s-Electrons 


(dn*/dn)/n** Optical 


The interval factor a(s) of an s-electron is 
given by Goudsmit-Fermi-Segre formula: 


MS) = 


117-8 1 ae 


where the finite nuclear volume correction 6 
is given by the usual formula 


p27 — 0) (20+ lyre 
(29/—1P*2p+1) -’ 


in which j’=—1 for s-electrons, and 


W=Yo=2ZN/ax , 
and 

p= tae 

The above-mentioned Goudsmit-Fermi-Segre 

formula was derived so as to represent the 
hfs of alkali-atoms exactly, but it is generally 
assumed that the formula holds for other 
atoms also. The calculation of (dn*/dn)/2*8 
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Table V. Matrix of spin-orbit interaction of the configuration dés 
(the unit of the element is ¢q). 


ce ED SEF (F)°F @H)3H (?@H)1H (?G)3G 
Hy | 1 aia Ve tee 
CH) = : 0 0 V5 
Ve 
pela af: V30 eo 
ar 10 10 5 
(4#") 5F : 0 Ve 
4 V5 
CE) 3R ues ° 3 
4 4 5 
(CH )3H 0) 0 ck 
5 
CG)3G ale 5 ai Og: 
4 4V3 5 V6 20 
2G) 1g. 0 4 5 _ 2 V55 Oe 0) 
V3 5V6 10 
: V5 1 5 V5 1 
(2) 3 = = ee ee 
Mee 4 4 X LV SOV 4 
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Cryeh Cher C£)eP (GG GORD Dep Cryer eryir 
ae Vs: i en IS Lae. Cg ee) Ae 
4 4 AV7 5 v7 wi 
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° 12 AV7 VES S27, 12 V3 
; 3 1 2V3 
4 5 == O = 
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1 i 3 SV5 “sve 
497)3 pa —- 0 0 ee Z a2 
ee te V6 3 4 AMES A VIBE 
1 1 V2) 2 
4 5 ra =—_ on =, 
(¢P)5P 0 0 i 5 6 V3 1 
1 5 1 2 1 
4P)3 2 ae 1 oe 
os : : 4 12 6 ay 7 Vt 
Vi4.sVi14 1 1 V3 
2 3 = —_ — — = 
P) 3P | 0 0 5 6 3 12 6 
: | V35 Viav @VG V3 V42 1 
2 3 pee ee eat seas a = 0 
ae 5 6 V5 C45 V5 4V5 4 
V7 4 V7 V3 
2—D)1 => 0 
YD) 1D 0 VE : LO Ve 2 yo 
! V1i5 + V10 OV V2} V7 1 
oe) 3 se ais _-— a e 
Pep 3 6 ? Y a Vig 412 
| V5 3V3 v7. V3 
27D) 1 mee peat == 0) ne 0) 
Caled : V3 ? x 2V5 ova 6V2 
1 1 V42 Ven Ue al 1 
REEDS Ne Peeprega sll =oap 8 g : oven Vs. .iVeeers 3 


from the spectroscopic data (gross structure the magnetic moment (#) is known by the 
only) is easy in the case of alkali-atoms, but not nuclear induction method, it is possible to 
in other atoms. However, when the value of calculate (dn*/dn)/n**, using the spectroscopic 
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Table V. continued. 
all . 
)CE eH @P)eP VAP) eP ep) er. CEG) 2 GDP 
| | V210 V10 
—2 0) 0 0 0) 10 9 
3 5 V70 1 
= = 0 0) 
4 12 6 V15 
5 V14 ZW 1 0 
12 6 eS Ves 
1 YD V42 a. 3 YD 
3 5 12 4 
Vi 3 
J=() 0 - a; 
ee Wee 3 V21 
ee eer a 4 
5 V4 Zz 1 
ee v3 3 4 
Atom 
if 
A 
—— 
se 
6s ] 
dL de 
| ai 
alle 
= ——-— 
“i = 
ail =i 
Sole oes — 
i 
aa | 
65 70 75 80 
Fig. 5. Plot of (dn*/dn)/r3 versus Z in neutral atoms. 
value of a(s). The values of (dn*/dn)/n*™ for (5s) for Nb I is worthy of note. In a recent 


optical s-electrons in neutral atoms calculated 
in this way are plotted versus Z in Fig. 5*, 
From this graph the value of (dn*/dn)|n*8 
for the 5s-electron in Ru I can be determined 
by interpolation and was found to be 0.478. 
In Fig. 5 the small value of (dn*/dn)|n*8 


work the author™ has shown that a(5s)=0,169 


oeainesthne construction of Fig. 5, 
induction values of m(Rh3) and (W183) were of 
valuable help13), The kindness of Dr. Jeffries in 
showing me the manuscript prior to publication is 
greatly appreciated. 


the nuclear 
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Table VI.- Matrix of spin-orbit interaction of the configuration d4 
(the unit of the element is Ca). 


yee J=5 
3H 17 3G 3A 
a ar Ve z 5 
3H 3 . 
2 2 g 5 5 
V6 6 1 
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bes 4 : ae 4 Vi5 V15 
Z 2 
3 3 
i 
3 


cm! for Nb I, which leads to (dn*/dn)/n**(5s) Fig. 5 is different at Mo I and W I. 


0.305. For the neighboring element Zr I, 
we might predict (dn*/dn)/n*%(5s)=0.26, $6. Table of ¢(5p) 
(285 Since the spectra of neutral atoms in the 


It is also worthy of note that the trend of neighborhood of Ru I are well known, it is 
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Table VI. continued. 
Sh (0) 
oy) 23P 43P tS aS 
3 4 V42 
TG V3 6 a : 
1 2V14 a Va 
yt 3 — V3 
2B ava 
3 V3 
0) 0 
0) 
651. 
aed ] | | 3) K. Murakawa: J. Phys. Soc. Japan 9 (1954) 
391. 
we 4) H. Ewald, quoted by G. T. Seaborg and I. 
28 [ Perlman: Rev. Mod. Phys. 20 (1948) 585. 
fae he 5) L. A. Sommer: Zeits. f. Phys. 37 (1926) 1. 
| te 6) W.F. Meggers and O. Laporte: J. Washington 
Asp WI SNC _ Acad. Sci. 16 (1926) 143. | 
7) G. R. Harrison and J. R. McNally: Phys. Rev. 
Zoe Sere! 58 (1940) 703. 
0 | Wess 8) H. Kopfermann et al: Zeits. f. Phys. 138 
37 38 39 40 41 42 43 44 45 46 47 48 49 50 (1954) 309. 
Rb Sr Y Zr Nb Mo Te Ru Rh Pd AgCd In Sn 9) Griffiths and J. Owen: Proc. Phys. Soc. 
Fig. 6. Plot of ¢(5p) versus Z in neutral atoms. London 65 (1952) 951. 
: : es : 10) G. Racah: Phys. Rev. 62 (1942) 438; 63 
possible to calculate the spin-orbit interaction (1943) 367. 
parameters €(5p) for neutral atoms™. They 11) L. C. Biedenharn, J. M. Platt and M. E. Rose: 
are plotted in Fig. 6. Of particular interest SiRew Mod Phys. 24 (1952) 249. 
is €(5p) for Tcl. It attains a maximum, A. Simon, J. H. van der Sluis and L. C. 
the same trend was found in the graphs Biedenharn: ‘Tables of the Racah Coefficients. 
for €(4p) and €(6p) at Mn I and Re I respec- ORNL-1679 (1954). 
tively. Dr. Trees kindly checked some of the 12) S. Obi, T. Ishidzu, H. Horie, S. Yanagawa, 
€(5p) around Tc I, so the fact is now well Y. Tanabe and M. Sato: Ann. Tokyo Astron. 
established. The interpretation is still diffi | cee 3 1953) 89, 4 1954) 3. 
cult at present. ~~) ee Sogo and C. D. Jeffries: Phys. Rev. 
In the calculation of €(p) it is important to 14) K. ie ee Puy REGIE Gee 
choose a term free from perturbation. For 15) Cp) of (Zeit And Weal were tahoe mee 
example, in the spectrum of Y I, the term calculations of S. Suwa [J. Phys. Soc. Japan 
5s*5p°P (possibly perturbed) has a separation 8 (1953) 734] and K. G. Kessler and R. E. 
830.5 cm! and therefore leads to €(5p)=554, Trees [Phys. Rev. 92 (1953) 303] respectively. 
whereas the term 4d*5p/'G has separations The other values were newly calculated in the 
456.2, 375.3 and 294.9, so that €(*G)=83.4 and present work. 
therefore €(5p)=365. The latter value must 16) W. F. Meggers and H. N. Russell: J. Res. 


be given a larger weight. 
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The Quadrupole Moment of La139 


By Kiyoshi MuRAKAWA 
Institute of Science and Technology, Komaba-machi, Meguro-ku, Tokyo 
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The hyperfine structure of the spectra of La I and La II was studied, 
and data that are more accurate than the previous investigation were 
obtained. These data, together with an improved value of the screening . 
correction of the d-electron, yielded the result that the quadrupole moment 
of Lal? is (0.6+0.2)x10-2* cm?, in which the polarization correction due 


to Sternheimer is taken into account. 


oie 


In a previous work”-™ the hyperfine struc- 
ture (hfs) of the spectra of La I and La II 
was studied, and the quadrupole moment of 
La’®® was deduced to be 0.9 10-*4cm?. Some- 
what later the screening correction of the d- 
electron was studied, and this gave the author 
an opportunity of studying the hfs of the La 
spectrum more fully than before, and to 
revise the value of Q(La'°). The abstract 
has just appeared”. 


Introduction 


The light source that was used was 
described previously» and need not be 
mentioned in detail here. The hfs was re- 


solved by a Fabry-Pérot etaon. The classi- 
fication of the spectra of La I and La II was 
published by Russell and Meggers®; their 
level notations will be employed here. 


§2. Hfs of the Spectrum of La I 


In the present work in addition to the line 
25106 (56s 4F'3/. —5@6p*Dij.) that was 
studied previously some other arc lines were 
studied. With respect to the level 5d’6s *F'3/s 
the splitting &5-F4 given previously was 
again well confirmed, but the splitting /3-F2 
showed a slight scatter among the data. The 
hfs of 45106 was therefore studied more care- 
fully, and it was found that a very faint 
neighboring line was slightly disturbing the 
measurement. The lanthanum sample was 
replaced by a new purer one, and the foreign 
line disappeared. The result of the new 
measurement is shown schematically in Fig. 
1. The splitting F3-F2 is now 0.0492 cm™* 
instead of the previous 0.0501cm7!. We now 
get 


A= —0,01615.cmr:, . 2 =0.0062 x10 %cm-* 


for the level 5d°4s‘F3/.. The formula that is 


necessary for the evaluation of the quadrupole 
moment @ was given in a previous paper”). 
We will, however, take the polarization cor- 
rection 4 due to Sternheimer® into account: 
*K [te 

gp, 2 HO+a) 
€<>33 cos?0—1) ay 
x 1.988 x 10-74 


(2I—l)f(2J-1) 


(Brand € invem-); 
The notations for the relativity corrections 
are the same as those of Casimir. As was 
shown in the author’s article», the effective 
Z for the d-electron in La I is 39.7 instead of 
the previous 57-10=47. As usual we may 
put H,=1.01, and 42=0.164. The term 5d*6s 


la I 25106 [Sd°6s “F,- 5d2(4)6p 40, ] 
2 2 


i) 


a 5 e 


Hebei 


10.0492: 0,065, 0,066, | 0.0800 | em’ 
wave number — 


| 0066, 


—4——— =e 


sd°6p,1, | | | | 
a a b ¢ de 


454 477 344 159 477 10.0 


A a of asilicals 150.0492 
5d°6s Fy}, — mua ooh 00049) 
2 0.0800 
5 
Bios la bis of wal eAaldGs 
4 is of intermediate coupling. Crawford” 


obtained €(5d)=400, G,=1377, F,=370, Fy = 56 
for the same configuration. Kamei and the 
author put these values in the energy matrices 
and solved the secular equations and, without 
taking the coufiguration interaction into ac- 
count, obtained the coupling coefficients () 
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that are somewhat different from those of 
Crawford. Since, however, it seems that 
Crawford took the configuration interaction 
into account and since he successfully account- 
ed for the hfs interval factors® of the *F 
levels, we will adopt his coupling coefficients 


la II 24809 (5d6s ‘D,~- 5d4f *B) 


b c 


| | 
10.133 | 0168 | cm' 
wave number —> 


F 
c/ 
5d 4f p le aaa 
Jas ans 
5 
5d 6s °D,} 7/2 —— | wee 
9/2 : 


Fig. 2. Hfs of La II 24809. 


La IT 2.4804 (546s “D,~ 5d4f “P,) 


g 

b ce ‘| 
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cm! 


>. | 92 ~0.009 
5d 4f * V2 ~0,009 
5/2 


SSP ip 
A tf mit G HY i 


52 
wei? ; 

9/2 

igeeor 


Hfs of La if 24804. 


at present. Then the value of <Sw>ay (we 
will put w=3cos?@—1 for brevity) for the 
level 5d’6s‘4F3/. is —0.1352, as shown in the 
previous work”. Of particular importance 
(for the evaluation of Q) is the value of €(5d). 
It seems to us that Crawford’s €(5d)=400 is 
too low, and we tentatively put €(5d)=450 in 
the previous works), In the present work, 
however, we will assume that €(5d)=4.2; x 10?, 
which seems to be more reasonable. Putting 
these values in the aforementioned formula, 
we get 
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Q(La***)=0:6x 107 em 


§3. Hfs of the Spectrum of La II 


In the previous work it was mentioned that 
the measurement of the hfs of La II 44809 
(5d6s *Di—5d4f*Py) is disturbed by a very 
close lying line. In the present work various 
methods of excitation of the spectrum was 
tried, and it was found that the data for the 
splitting F(5/2)—F(7/2) of 5d6s?D: showed a 
considerable scatter. This situation was not 
improved at all when the lanthanum sample 
was replaced by a new purer one. It seems 
that the disturbing line belongs to lanthanum. 
It was therefore decided to measure the hfs 
on plates that were taken under the condition 
in which the disturbance was the least; the 
result of measurement is shown schematically 
in Fig. 2. From this we get 


A=—0.0376cm7!, B=0.0209 x 10-? cm7} 
for the level 5d6s*Di. Putting 
(ds ?>D"1| w| ds ?D1;)= —(1/5)R2/’ 


and nG@(5@)=542" eo — "lg ORO 4aeimeune 
fundamental formula, we get 


@Q(La™)=0.4 x 10-4 cm?. 


Since the hfs of 24809 was not so accurately 
measured, the hfs of 24804(5d6s *Di—5d4f *P1) 
was analyzed independent of the hfs of 24809. 
The hfs of 244804 is shown in Fig. 3. This, 
being not disturbed by a neighboring line, is 
essentially the same as reported in the previous 
work”. The group of components c,d and e 
was found to show a_ broadening, when 
examined by a thick spacer. However in the 
present work they were measured, assuming 
that they are not resolved. Denoting the 
interval factor and the quadrupole coupling 
constant of the final and the initial level of 2 
4804 by A,B and A’, B’ respectively, we get 
from the observed hfs: 


A—(A’/2)=—0.03869 cm- , 
B-+(B’/2)=0.0153x10-? cm=? . 


Since B and B’ cannot be found separately, 
we have to find a relation between B and B’. 
The configuration 5d4f was discussed by 
Condon and Shortley®, and the term 5d4f *P 
does not seem to be appreciably perturbed. As 
a first approximation we will assume that the 
configuration 5d4f is of ZS-coupling, and that 
C(4f)=443, €(5d)=542. Under this assumption 
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the matrix elements of are given in Table 
ie 

Treatment of the quadrupole coupling con- 
stant for a configuration in which at least 
two non-s electrons are involved was published 


Table I. Diagonal matrix elements of 
w=3cos?@—-1 of df’P (LS-coupling). 


(3P,|w/73|3P2”) 
=(1/875)(88 Ry’ — 42 Ry!’ —96 S.)<1/7@3>av 
-+-(1/1225)(—300 R3’+8 R3'’ +96 S3)<1/7"73> Ay 

GPi\o/r35P2) 
=(1/875)(68 R.’ —7 Re!’ —36 Sy)<1/7@3>ay 
+(1/1225)(—50 R3’ +76 R3’! +72 S3)<1/7 73> ay 


by the author». Assuming that 4;=0.164, 
re 20g 0 a a es tO alia we 
get! 
B’=—0.654B , 

which leads to 

B(5d6s*D,) = 0.0227 x 10-* cm=!, B’(5d4f *P;) 
=—0.0148«10-?cm-!. From this B we get 

O—0:4>10m* cm: 

Thus the value of B(5d6s *D1) obtained from 2 
4809 has been confirmed to be in reasonable 
agreement with that obtained from 24804. 

The difference between the Y values obtained 
from Biéd*6s 4F3/.) and Bidd6s *D;) is difficult 
to explain at present. However, since we 
have not yet examined the configuration 
interaction among 5d6s,6p4f and 4/7, we 
will assume that the value of @ obtained 
from 5d*6s‘F3/. is somewhat more reliable 
than that from 5d6s*D;, and we might there- 


fore consider 
QTar?) = (0/6220.2) x 10-34 cm? 


the best value available at present. 

It is interesting to note that the value of Q 
(La*) that has been calculated by Horie and 
Arima! theoretically is 0.44 10-24cm?, and 
is reasonably close to the value empirically 
deduced here. 


Finally it may be noted that in ref. 2 the 
hfs of the level 5d6s 'D, of La II was given 
a consideration, but in the present work this 
was abandoned owing to the configuration 
interaction with 5d?!D,. 
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(Received August 13, 1955) 


A super-regenerative spectrometer with two cavity grid-separation 
oscillator of a lighthouse tube was constructed and operated in the 


frequency region between 700 Mc and 1000 Mc. 


With this spectrometer, 


nuclear quadrupole resonances of P)27 in solid NH,I; and ICl were observed. 
The coupling constants for NHylIz; and ICl were 2440 Mc and 3008 Mc at 
room temperature and the asymmetry parameters were 1.8 percent and 


2.0 percent respectively. 


$1. Introduction 


Nuclear quadrupole resonances in solid have 
been studied by many authors in the frequency 
range between radio frequencies and several 
hundreds megacycles. Among them the highest 
frequency was observed in solid iodine. The 
iodine nuclei, which have a spin of 5/2, show 
two resonances, corresponding to the transi- 
pee se : 

2 

The frequency of the first resonace, 1, is 
approximately a half of the frequency of the 
second resonance v,. The observed highest 
frequency of iodine, 645 Mc, was the second 
resonance of I'*7, whereas the first resonance 
was 332 Mc. The frequencies of the doublet 
of the first resonance of I'”’ in solid ICl were 
measured by Dehmelt as 455.6 Mc and 458.2 
Mc at 83°KY. This suggested the frequency 
of the second resonance to be about 900 Mc. 
But any study in this frequency region has 
not yet been carried out. 

Since Dehmelt’s experiment the  super- 
regenerative oscillator with parallel wire 
tuning circuit has been employed by many 
authors. The parallel wire resonator, however, 
is not adequate for the frequency region 
beyond 700 Mc, since the spacing between the 
sample and the oscillator tubes becoms small 
because of the shortness of the wave length. 
For this reason a coaxial cavity spectrometer 
was designed, and operated in the frequency 
region between 700 Mc and 1000Mc. By this 
spectrometer the frequencies of the second 
resonances of iodine monochloride and am- 
monium tri-iodide were measured in the tem- 
perature range between —40°C and room 


tions: m= : ek = and + 


temperature”. 


§2. Spectrometer 


The spectrometer is the super-regenerative 
type as usual, but uses a two-cavity grid- 
separation oscillator with a light-house tube. 
The drawing of this spectrometer and the 
circut diagram are shown in Figs. 1 and 2. 
The two coaxial cavities are tuned with 
plungers. The feed back coupling between 
both cavities is achieved by a slot in the grid- 
disk. The frequency of the oscillator is 
mainly determined by the positions of the 
plate plunger, whereas the position of the 
cathode plunger affects the feed back. The 
relation between the frequency and_ the 
lengths of the cavities are listed in Table I. 


Table I. Frequency v.s. cavity lengths. 
Length of Length of Frequency of 
cathode cavity plate cavity oscillation 
(mm) (mm) (Mc) 
116 98 700.8 
y 84 752.4 
100 86 798.0 
Y We 874.8 
88 5 911.4 
" 66 95258 
” 63 O35 


The maximum of the magnetic flux of the 
oscillating field occurs before the plate plunger. 
Therefore a sample shaped like a doughnut 
is set in front of the plunger. The amounts 
of the samples were about 35 gr and 20e¢r for 
iodine monochloride and ammonium tri-iodide 


* Some of the results were cited in reference 
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Fig. 1. Coaxial-cavity Spectrometer. 
Cathode cavity Cooling pipe P: Plate cylinder 
Plate cavity Mica insulator : Cathode cylinder 


Cathode plunger 
Plate plunger 


2 Ome 
see 


respectively. 

The frequency modulation is establised by 
a stub which is inserted into the plate cavity 
as indicated in Fig. 1. One end of the stub 
was attached to the membrane of a dynamic 
speaker and the vertical vibration of the stub 
yielded the frequency modulation of about 
2 Mc. 

In order to prevent the temperature rise of 
the sample, the outer cylinder is cooled by a 
water jacket and the inner cylinder is filled 
with flowing water. Also this equipment is 
useful for experiments at decreased tempera- 
ture. By means of alcohol, which was cooled 
by dry ice, we could easily maintain the 
sample at —40°C. 

The cavity spectrometer is almost com- 
pletely shielded. Therefore it has no ghost 
which is usually experienced with the parallel- 
wire spectrometer. Small leakage of the 
oscillation through lead wires was utilized for 
the measurement of the frequencies. 

The frequency was measured by compairing 
it with the third harmonics of a UHF signal 
generator of the frequency range between 
200 Mc and 350 Mc, which was simultaneously 
measured by a precision frequency meter of 
the range from 30 Mc to 500 Mc. 


§3. Results of Measurement 


Measured iodine monochloride was in @ 
state which was achieved by slow crystalliza- 
tion at about 20°C. The measurement for 
the second resonance was carried out in the 
temperature region between —30°C and 
+25°C. The observed frequencies ranged 
from 902 Mc to 906 Mc. The first resonance, 
which was reported by Dehmelt to be a 


Grid disk 
Modulation stub 


Q: 
S: Sample 
T: Lighthouse tube 2C43 


Quenching 
Osc. 


1OMF 
+ = -400V 
Fig. 2. Circuit diagram of oscillator unit. 
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Fig’ 3. Resonance frequencies of E}?" in ICI. 


doublet, was also measured with a_ usual 
parallel-wire spectrometer by our colabora- 
tors». One component of the doublet was 
several times stronger than the other. The 
stronger line, whose frequency was 2.8kc 
lower than the weaker line at the liquid 
nitrogen temperature, has smaller negative 
temperature coefficient than the weaker line 
and the frequency of the former became 
10.6ke higher than the latter at room tem- 
perature. For the second resonance, however, 
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Table II. Observed results for ['?’. 
: dy; ay i dv, , 
Compounds sh (S)) yy (Mc) v. (Mc) ap? *) = ape >) 
IC] 20 451.46+-0.01* 902.46 +0.02 —1.11 —1.08 
— 26 453.56+0.01 905.84-+0.02 —(0.96 —(0).62 
NHiIs 25 366.23+0.01 132. 130.02 —().46 —().46 
— 40 367 .06+0.02 733.81 +0.02 —().28 —().29 
* The weaker line of the doublet is omitted. For this line, see reference 2). 
Table III]. Nuclear quadrupole couplings of [)”’. 
1 d(eQq) ,._. iy 
Compounds EO) eQq (Mc) n(%) ave wei (10-4) ar 29 t) 
Lei 20 3008.3 20) —1.08 —0.023 
—26 3020.1 Be —0.67 0.262 
NH4lI 25 2440.6 if —0.46 0.000 
— 40 2446.2 1.8 —0.29 0.008 
in Fig. 4. 


Fig. 4. Resonance frequencies of [}?’ in NHils. 


only a single line was observed, which pro- 
bably corresponded to the stronger line of 
the doublet of the first resonance. The 
frequencies of the second resonance and of 
the stronger line of the doublet are plotted 
in Fig. 3. The error of the measurement of 
the frequency was less than 10kc. The 
irregular deviations from the curve, which 
amounted to 50kc, presumably arised from 
the error in the determination of temperature 
of the sample and from the shape of the 
absorption curve. 

Ammonium tri-iodide was prepared from 
iodine and ammonium iodide by the following 
procedure». lodine was dissolved in a strong 
aqueous solution of ammonium iodide. The 
solution was then evaporated to dryness in a 
desiccator. After several days ammonium 
tri-iodide crystal grew in the mother liquid. 

The first and second resonances were 
observed in the temperature range between 
—40°C and +30°C with the parallel-wire 
spectrometer and the coaxial cavity spectro- 
meter respectively. The results are shown 


The summary of the observed frequencies 
and the temperature coefficients are listed in 
Table II. 


§4. Discussion of Results 


The observation of the frequencies of the 
first and second resonances allows to deter- 
mine the coupling constant, eQg, and the 
asymmetry parameter of the field gradient 
tensor, 7, simultaneously. hen 7 is small 
enouugh, the following equations are applied”, 


a0 We ae 


Vy 


; Vig 


eQq= Ny 21+ 0.20472) / (2) 
The temperature coefficients of these quanti- 
ties are derived from the Eqs. (1) and (2). 
They yield. 


dy? 1 dv. 1 dyy 

= 077 pa ee ( 
dT G Te aS ay 
1 deQq)_ 1a, din’ 
Sei payee ieee 04a 
Oe ee Fi ree 


The coupling constant, the asymmetry para- 
meter and their temperature coefficients deter- 
mined from the data given in Table II are 
listed in Table III. 

The obtained coupling constant of iodine 
monochloride in solid state, 3008.3 Mc at 20°C, 
was only two percent larger than the value 
in gaseous state, which was explained with 
the twenty-three percent ionic character of 
the bond». At decreased temperatures the 
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coupling constant and the asymmetry para- 
meter differed from the values at gaseous 
state more. 

The atomic configuration of ammonium 
tri-iodide crystal was studied by Mooney®). 
According to his analysis the tri-iodine group 
was a nearly linear configuration, the calcu- 
lated angle between the bonds differing from 
180° by three degrees, and the iodine atoms 
at both ends are unequally spaced with the 
distances of 3.10A and 2.82A respectively. 
This small unequality, however, might be 
due to small inaccuracies in the position. 

The observed resonance line seemed to 
have no multiplet. The coupling constant of 
this line, 2441 Mc, was only six percent larger 
than the pure covalent bond. The spacing of 
2.82 A indicates covalent bonding, whereas 
the spacing of 3.10A is slightly larger than 
the sum of the covalent radii. Therefore 
the observed resonance seems to arise from 
the iodine atoms with the smaller spacing. 
If it is so and if broadning of the line does 


ation of Nuclear Quadrupole Resonances with a Coaxial-cavity Spectrometer OSs 


not occur, the iodine atoms with the larger 
spacing will also give rise resonance of almost 
same intensity. But the observed resonance 
was a single line. This may suggest that the 
configuration is symmetric and the resonances 
are due to the iodine atoms at both ends. 

This study was supported by the Scientific 
Research Expenditure of the Ministry of 
Education. 
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Absorption of Ultrasonic Waves in Organic Liquids (III) 


Liquids with Negative Temperature Coefficient of Sound 
Absorption (b) o-Chlorophenol and Aniline 


By Tadashi KiSHImMoTO and Otohiko Nomoto 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received June 21, 1955) 


Ultrasonic absorption coefficient (at 15-20 Mc/sec) in o-chlorophenol and 
aniline decreases with temperature rise. The excess absorption obtained 
by subtracting the classical absorption from the observed one is nearly 
independent of temperature for both liquids and is ascribed to the mole- 
cular absorption. The absorption due to bulk viscosity, if present, is 
small, and estimated to be less than 1/2 the classical absorption due to 


shear viscosity. 


§1. Introduction 


There are various mechanisms of ultrasonic 
absorption in liquids, such as the shear 
viscosity, bulk viscosity and the molecular 
absorption, and these take place in various 
combinations in practical cases. The know- 
ledge of the temperature dependence of ultra- 
sonic absorption coefficient gives an important 


clue for elucidating the mechanism of absorp- 
tion in a given liquid. We have seen that in 
some organic liquids, benzene, carbon tetra- 
chloride, ef. al., the ultrasonic absorption 
increases with temperature rise and that the 
chief absorption mechanism in these liquids 
is the molecular absorption». On the other 
hand, the sound absorption decreases with 


ee 
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temperature rise in glycols, cyclohexanol and 
m-crosol?, the rate of decrease being nearly 
the same as for the classical viscosity absorp- 
tion. In these latter liquids the mechanisms 
of sound absorption are the shear viscosity 
and the bulk viscosity, as in the cases of 
alcohols and water. 


V Sch: Schaaffs 
S : Seiten 


1300 
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Fig. 1. Temperrture dependence of ultrasonic 
velocity in o-chlorophenol and aniline (1.43 
Mc/sec). 
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Fig. 2. Temperature dependence of ultrasonic 


absorption in o-chlorophenol (15 Mc/sec) 


The ultrasonic absorption in o-chlorophenol 
and aniline, to be described in this paper, is 
somewhat different from the above two groups 
of liquids. Although the absorption coefficient 
decreases with temperature rise also in this 
case, the rate of decrease is smaller than in 
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the case of shear viscosity absorption and the 
excess absorption is nearly independent of the 
temperature. The thermal relaxation of the 
molecular vibrations, therefore, makes a con- 
tribution of the same order of magnitude as 
the shear viscosity to the ultrasonic absorption 
in these liquids. 

The method of experiment is the same as 
in the previous two papers», the absorption 
coefficient being obtained by the pulse tech- 
nigue at frequencies of 15-20 Mc/sec, and the 
velocity by the ultrasonic interferometry (at 
1.43 Mc/sec). The viscosity-density ratio (7/p) 
was obtained by employing Ostwald’s visco- 
simeters. 


§2. Experimental result and discussions 

The temperature dependence of the sound 
velocity is reproduced in Fig. 1. The accuracy 
of the curves is of the order of +2 m/sec. 
Existing results on aniline (Schaaffs® and 
Seifen®) are in good agreement with the 
present measurement. 


(1) o-chlorophenol (C,H,Cl-OH) 


Fig. 2 shows the temperature dependence 
of ultrasonic absorption (at 15 Mc/sec) in this 
liquid and Table 1 shows the values of the 
viscosity-density ratio (y/o), sound velocity (V) 
and absorption coefficients (a@/y?; where v= 
frequency). The dotted line in the figure 
indicates the classical absorption (ayis/y?) com- 
puted by the Stokes’ formula. The activation 
energy was obtained from the temperature 
dependence of viscosity as in the previous 
paper» and was found to be yi; =6.58 kcal 
/mole. 

The excess absorption (dexp —avis)/y? is 
nearly independent of the temperature, slightly 
increasing with temperature rise. Therefore, 
it is natural to ascribe this to the molecular 
absorption due to the thermal relaxation of 
molecular vibrational energy and write 


Qexp= Avis tQAmol . 


(i) 
The values of Q@in01 tabulated in Table 1 are 
computed under this assumption. If we as- 
sume this, the temperature coefficient of ayo 
becomes as 


A (dao 
Amol Gui 


If we assume, on the other hand, also a small 
bulk -viscosity and write 


)=0.31 %ldeg . (2) 
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Table I. Temperature dependence of ultrasonic velocity and absorption in o-chlorophenol 


(15 Mc/sec). 


= = 
(1.43 Mc) 
m/sec 


710 
centipoise 
gr-1ems 
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.85 
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o1 
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1435 
1417 
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bo 
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exp 
2 


Amol 


x 1017 ~ x 1017 
oe 
157 
156 
154 
151 
149 
148 


WLS 
119.6 
123.4 
124.2 
125.3 
WAN G8) 


(3) 
and assume a common temperature coefficient 
—i.e., common activation energy—, for both 
the shear and the bulk viscosity, we obtain 
as the temperature coefficient of the molecular 
absorption a slightly higher value. For 
example, the assumption @jux=0.4 @yis gives 
(1/amo1) (damoi/dT)=0.61 %/deg in place of (2). 

We have seen ina previous paper” that the 
temperature coefficient of sound absorption is 
included in the range 0.25-1.1%/deg for 12 
organic liquids in which the molecular absorp- 
tion is far greater than the viscosity absorption. 
And this coefficient was between 0.5-0.6%/deg 
for most of the liquids investigated. It is 
natural to suppose that the temperature coeffi- 
cient of the molecular absorption is also of 
the same order of magnitude for those liquids 
in which the molecular absorption is small. 
So we may conclude that the temperature 
coefficients here obtained, 0.31-0.61%/deg, are 
reasonable values, and therefore, also that 
the estimation of bulk viscosity absorption 
Qpuk=(0~0.4) X avis is reasonable. 

It is interesting that o-chlorophenol does not 
show bulk viscosity in spite of the fact that 
there is an OH-group in the molecule of this 
substance. This corresponds, presumably, to 
the fact that this substance is known to ex- 
hibit intramolecular association, but not the 
intermolecular association (cf. Kellner»). The 
lack of intermolecular association results in a 
weak interaction between the molecules and 
therefore gives rise to the molecular absorption, 
i.e., the slowing down of the establishment of 
equilibrium between the vibrational energy 
and the translational energy of the molecules. 


Fig. 3. shows the temperature dependence 


QAexp= QAyis pate Qpulk + Amol ’ 


aniline 


+ 


20 2 30% 


Fig. 3. Temperature dependence of ultrasonic 
absorption in aniline (20 Mc/sec). 


of ultrasonic absorption (at 20 Mc/sec) in this 
liquid and Table 2 shows the values of the 
viscosity-density ratio (7/0), sound velocity (V) 
and absorption coefficients. The observed 
absorption is higher than the classical viscosity 
absorption shown in dotted line, but the dif- 
ference is nearly independent of the tempera- 
ture. Although the excess absorption (adexp— 
a@yis) is mostly attributed to the molecular 
absorption also in this case, there may exist 
also a small absorption due to bulk viscosity, 
for the excess absorption slightly decreases 
with temperature rise. 

If we assume (3) and apux=0.5X avis, and 
a common temperature coefficient for both 
viscosities, then we obtain the values of apux 
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Table Il. Temperature dependence of ultrasonic velocity and absorption in aniline 
(20 Me/sec). 
VA dexp avis = bulk = Amol 
iG (1.43 Mc) See Oe = ele ees = LOM 
m/sec us Y u 
0 110 
5 1717 93)25 42.1 All 30.3 
10 1698 8250 BY Wife ll OleZ 
15 1678 (oe) 291. 14.6 Bl oe 
20 1658 70.0 D572 12.6 O2me 
25 1637 0 2288 11.4 


67. 


and @moi indicated in Table 2, and the tempe- 
rature coefficient of @mo1 becomes 0.4%/deg, 
while we have temperature coefficients of 0 
and 0.75%/deg respectively from assumptions 
(powix/@vis )=0.4 and 0.6. The estimation of 
the magnitude of bulk viscosity absorption, 
therefore, is not so greatly influenced by the 
uncertainty in the knowledge of the tempera- 
ture coefficient of the molecular absorption. 
Considering of the experimental errors, 
however, it cannot be excluded to think that 
there is not bulk viscosity at all and to at- 
tributed all the excess absorption to the 
molecular absorption. 
At any rate, the bulk viscosity, if present, is 
small and of the order of half the shear 
viscosity at most. 


Conclusion 


The chief mechanisms of ultrasonic absorp- 
tion in o-chlorophenol and aniline are the 


32.8 


molecular absorption and the shear viscosity. 
These two mechanism make contributions of 
the same order of magnitude in these liquids. 
The effect of the decrease of viscosity with 
temperature rise covers the effect of increase 
of molecular absorption and makes the total 
temperature coefficient of absorption negative. 
The bulk viscosity, if present, is small and of 
the order of half the shear viscosity at most. 
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Residual Magnetization and Magnetostriction of 


Nickel Single Crystals 


By Yoji NAKAMURA 
Faculty of Science, University of Kyoto 
(Received July 7, 1955) 


By use of long cylindrical single crystals of pure nickel with various 
crystallographic orientations, magnetization and magnetostriction were 
measured at room temperature. It was found that the remanent magnetiza- 
tion J, is given approximately by the following relation: Ths WV eoVen. 
where JZ, is the saturation magnetization and ; is the direction cosine 


of the rod axis with respect to the nearest [100] direction. 


On the basis 


of this relation the magnetostriction constants and also the crystal 
anisotropy constants were determined. Magnetostriction curves constructed 
theoretically from the obtained values of magnetostriction constants agree 


with the experimental curves. 


$1. Introduction 


Magnetic properties of single crystals of 
pure nickel were studied by many workers. 
Kaya’? measured the magnetization of pure 
nickel on single crystals for each principal 
direction at room temperature and Mashiya- 
ma” studied the magnetostriction on the same 
samples used by Kaya. Williams®) measured 
the permeabilities of nickel at low field and 
showed that there is no anisotropy of so for 
nickel. Magneto-thermoelectric powers of 
nickel single crystals were measured by Miya- 
ta and Funatogawa*. On the other hand, the 
domain patterns of pure nickel have been 
observed by many workers) and our 
knowledge about the domain structures and 
the mechanism of magnetization in pure 
nickel has become concrete and _ clear. 
Recently Bozorth and Hamming® published 
data of magnetostriction on single crystals of 
nickel by means of the strain gauges and 
determined the magnetostriction constants by 
the five-constant expression. However, so far 
as we know, many experiments have been 
done on the samples in the form of a disk or 
of a block so that the precise behaviour of 
magnetic properties dependent on the field 
strength would not have been sufficiently 


long single crystals with various crystallogra- 
phic orientations, therefore magnetic pro- 
perties were measured on these samples to 
study the precise mechanism of magnetization, 
especially the remanence and the behaviour 
of magnetostriction of single crystals of 
nickel. 


§2. Preparation of Specimens and Imper- 
fections of Single Crystal 


By means of a modified form of the Bridg- 
man method we have succeeded in obtaining 
long cylindrical single crystals with various 
crystallographic orientations. Material to 
produce single crystals is vacuum-melted pure 
nickel whose chemical analyses are tabulated 
in Table I. The details of the experimental 
procedures to produce single crystals have 
been reported in this Journal. However, it 
must be emphasized that the crucible, in 
which the polycrystalline specimens are in- 
serted, must be lowered through the Tam- 
mann furnace smoothly and at a slow velocity 
which is smaller than the maximum velocity 
for growing a crystal. We can produce single 
crystals with any desired orientation by 
certain very slow velocities, but when the 
velocity is rather fast we can not obtain 


studied, up to present. We could produce single crystals with certain orientations. Thus 
Table I. 
0 NI@) | Ot) | Ou (es) | Me (x) | Fe(m | Sic | Mn (%) in 
99.36 0.02 0.01 0.18 (},,7All | trace 0.22 


All elements were analyzed before annealing. 
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Table II. 
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Fig. 2. Magnetization curves for three principal 
directions. 


city cuts 


Fig. 1. Stereographic projection of the orienta- 
tions of the specimens and the easy directions 
of magnetization. Dotted line divides the 
stereographic triangle into two regions, namely 


Bi>B2+B3 and B)<f24 Bs. 


the single crystal has the maximum velocity 
for growing large in each crystallographic 
orientation. The anisotropy of the maximum 
velocity is very large and the maximum 
velocity is largest in [100] and is smallest in 
[111], namely in near [100] 8.8mm/min, in 
near [110] 1.8mm/min and in near [111] 1.4 
mm/min. The growth velocities for each 
single crystal, which are of course smaller 
than the maximum velocities, are shown in 
Table II. 

The single crystals thus obtained are not 
perfect crystals but have some imperfections. 
It was found from the back reflection Laue 
patterns that the single crystals thus obtained 
are made of small and long rod crystals with 
the deviation of the orientation of the order 
of one degree each other. Corresponding to 


these Laue patterns, on the side surface of 
the crystal the so-called lineage structures are 
observed and on the sectional plane perpen- 
dicular to the rod axis cellular structures can 
be detected. These macromosaic imperfec- 
tions in the single crystal differ with the 
velocity for growing crystal. The precise 
description about these problems will be given 
soon in this Journal. 

The orientations of the single crystals, 
shown in Table I], which are long cylindri- 
cal, about 3mm in diameter, were determined 
by the back reflection Laue patterns and the 
stereographic projection of the orientations of 
the specimens are shown in Fig. 1. 


§3. Experimental Results and Discussion 


Before measuring the magnetic properties 
the specimens were annealed in a vacuum 
electric furnace at 1000°C for 2 hrs in order 
to remove internal stress. After being an- 
nealed, they were slowly cooled in the furnace 
down to about 200°C, and then rapidly cooled 
to room temperature by taking them out of 
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the furnace. Some magnetic properties are 
tabulated in Table II. 

Magnetization curves were measured by the 
conventional ballistic method and those for 
three principal directions are shown in Bigs 2 
The crystal anisotropy energy can be ex- 
pressed by the following relation: 

Ex = Kot Ki( 82783? + 8378? + 8282”) 

+ Abr Ba pas 1%) 
where Ay, Ai and K, are the crystal an- 
isotropy constants and f;, 8 and $3 are the 
direction cosines of the rod axis with respect 
to the three cubic axes. Fortunately we have 
single crystals with various crystallographic 
orientations, so by measuring the areas en- 
closed between the ordinate and magnetiza- 
tion curves of each direction these constants 
can be determined as follows: 


Ki= —(42.6+0.1) x 10° ergs/cm? , 
1G — ee Olea eres) Ciaon 
at room temperature. 


The value of Ko can be estimated from No. 
14 as 14x10% ergs/cm’, but it is not reliable. 

As shown in Fig. 3, the descending hyste- 
resis curves of magnetization show fairly sharp 
corners near the point where the effective 
magnetic field equals to zero. Now it may 
be considered that the measured magnetiza- 
tion is the average value of magnetization 
of some range near the middle point of 
the specimen and owing to the difference of 
the domain structures and the demagnetiza- 
tion foctors according to the positions of the 
specimen, the magnetization at just the middle 
point of the specimen is higher than that at 
the neighbours of the middle point. Therefore 
if we use a sufficiently long specimen, the 
magnetization at the middle point will be 
large as compared with our experiment, so 
we can assume the intersection point of the 
extention of two straight lines on the magneti- 
zation curves, one of which is due to pure 
rotation of the direction of magnetization and 
the other is pure wall displacement, . shown 
by the dotted lines in the Fig. 3, as the 
remanent magnetization ZJ,. Furthermore, if 
we assume that the normal component of 
magnetization at remanence is zero and 
magnetic domains distribute in the easy 
directions near the direction of the magnetic 
field and the remanence has the maximum value 
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Hysteresis curves of magnetization for 
three principal directions. 
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among those determined by above two assump- 
tions, the stereographic triangle is divided 
into two regions, as shown in Fig. 1. One 
is the regions where ($:>$2.+ 83; and the 
domains distribute in four easy directions, 
[111], [111], [111] and [111] at remanence, and 
the other is the region where #i<(6.+ 83 and 
domains distribute in three easy directions, 
(aL) [111] and [111] at remanence and even 
in this region the domains do not distribute to 


[111]. In both regions one can easily derive 
the following relation: 

L[Is=1/V 3 bi . (2) 
where J, is the saturation magnetization and 
81 is the direction cosine of the rod axis with 
respect to the nearest |100] direction. One 
can easily determine the domain distribution 
at remanence in the region $:<(f2+f3. That. 
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is to say, if a,b and c are the fractional 


amounts of domains distributed in [111], [111] 
and [111], respectively, they are given as 
follows: 

_ Bo+Bs Bi—Bs ae Bi—Be Lee 

281 281 281 

However, we can not determine the distribu- 
tion of magnetic domains uniquely at re- 
manence in the region $i: >$82+ 63. As seen 
in Fig. 4, the relation (2) holds fairly well. 
Therefore at remanence the normal component 
of magnetization nearly equals to zero and 
domains distribute in the easy directions near 
the direction of the magnetic field, as in 


a I = 
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Fig. 5. The descending hysteresis curves of 


magnetostriction for three principal directions. 

Dotted lines show the calculated curves for 

[100] and [110]. 
theoretical values are higher than those of ex- 
perimental about 5% on an average. This 
difference would be mainly ascribed to the 
residual internal stress in the crystal, because 
the magnetic properties of nickel are more 
sensitive to stress than those of iron and 
silicon steel because of its larger magnetostric- 
tion and the lower anisotropy. This conclu- 
sion is consistent with the domain pattern 
observation by Williams and Walker® in 
which some of the domain boundaries are not 
straight but have some curves. 

Initial permeabilities for each crystallogra- 
phic orientation, represented in Table II, 
show the anisotropy of seo and among three 
principal directions /) for [111], the direction 
of easy magnetization, is smallest and for 
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[110] is largest. This result is contrary to 
Williams’ result® which showed an absence 
of anisotropy of /. Furthermore, coercive 
force are largest for [111] and smallest for 
[110] among three principal directions, as seen 
also in Table II. The dependencies of initial 
permeabilities and coercive forces on the 
crystal orientations are consistent with each 
other. The origin of anisotropy of these two 
properties can not be explained at present. 
However, as previously mentioned, these 
single crystals are not perfect but are made 
of small and long rod crystals with axes 
almost parallel to the specimen axis, so it 
may be considered that the boundaries of 
these lineage structures hinder the motion of 
domain wall and this effect is strong for [111] 
specimen. This may be an origin of the 
anisotropy of these two magnetic properties. 

Magnetostriction was measured at room 
temperature by the usual mechano-optical 
method. To avoid the end effect the measure- 
ments were made on the middle part of 4cm. 
Fig. 5 shows the change of length along 
the descending hysteresis for three principal 
directions. As previously mentioned, in the 
region 6:<6.+ 3 we can determine the domain 
distribution at remanence uniquely as given 
by relation (3), so we can adopt this point as 
one of the standard point. On the other hand, 
at saturation the domain distribution is of 
course uniquely determined. If the two-con- 
stant expression is adopted, using the relation 
(3) at remanence, the change of length be- 
tween at saturation and at remanence is ex- 
pressed as follows: 


ol — 3 4 4 1 ~=) 
( U ae mn) A100 (4: + B.'+ B : 
+ Ain} 308.8: + BB? + BAB) 


B.? 83” 8283 rece , (4) 
for Bi<B2+83. 


where Aino and Ain are the magnetostriction 
constants. On the other hand, in the region 
81>8.+8; the domain distribution at remanence 
can not be determined uniquely, so that we 
fail to obtain the general expression of the 
change of magnetostriction between at satura- 
tion and at remanence for each direction. 
Then, as seen in Fig. 1, for the specimen 
which is on the straght line between [100] 
and [110] in the stereographic triangle, namely 
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8;=0, domains may distribute equally in 
amount for [111] and [111], and equally for 


[111] and [111] at remanence. So we can obtain 


*) 3 ( 1 
= 2 tt ag == 
( 1 Sat.-Rem. 2 ra ~ B: 3 ) 


+ A111(3B81?B2?— Bs”), (5) 
for Bs=0.. 
No. 14 is available for equation (5). Using 


the relation (4) and (5) and the observed 


values, io tabulated in Table II, 
Sat.-Rem. Obs., 


one can determine the magnetostriction con- 
stants as follows: 


Atoos —(46.1+1.0)x On? ; 
Ai (PO Pale 
at room temperature. 


These values and those obtained by Bozorth 
and Hamming* agree fairly well. Further- 
more, by use of the five-constant expression, 
we can obtain five constants of magnetostric- 
tion. But owing to the slight difference be- 
tween the theoretical remanence and the 
observed one, we failed to obtain the reaso- 
nable values. By use of these constants, one 
can easily obtain the domain distribution at 
remanence for any crystallographic orienta- 
tion. However, to verify the results obtained 
with regard to the residual magnetization, it 
is necessary to observe the domain pattern 
of our samples at remanence. Now we will 
try to construct the magnetostriction curves 
during rotation process theoretically by means 
of these two constants. For [100] direction, 
the domain distribute equally in amount for 
{111], [111], [111] and [111] at remanence and 
Bi=1 and ~,.=8;=0, so that if the direction 
cosines of the spontaneous magnetization are 
Qi, a and a3, the magnetostriction at the 
region between saturation and remanence is 
given as follws: 


él 3 ae 
== =——A avr : 
( l Wy to =o 2 ve ( cues ) 


On the other hand, in this case a1=J//I; where 
I is the magnetization. So the.change of 
length between at saturation and at magneti- 
zation J is given by 


rdf}. 
ny QV F<LL<D) 


In case of [110] direction, the domains dis- 
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tribute equally in amount for [111] and [111] 
at remanence, and 6:1=8,:=1// 2 and £3=0. 
If we assume that when the magnetic field is 
increased, the directions of magnetization turn 
to [110] direction in the plane which contains 
[111] and [110] directions, one can obtain 


Cee 
U ation 8 a2 a 2 me 


ua) a 
2 11@1@: , 


and ai=a,=(1/V 2 )(U/Is). 
striction between at saturation and at mag- 
netization J is given as follows: 


CF acer uma a toerannft=(FY}. 7 
; (V 2/3</Is<1) 


The theoretical magnetostriction curves for 
{100] and [110] which are given (6) and (7), 
are represented in Fig. 5 as dotted lines. As 
seen, they agree fairly well with the ex- 
perimental curves. 

In conclusion the author wishes to express 
his hearty thanks to professor H. Takaki of 
the University of Kyoto for his kind guidance 
and encouragement throughout the work and 
also thanks to Messrs. F. J. Hayashi, S. Na- 
kamura and Y. Deguchi for their helpful 
assistances in preparation of specimens and 
for their discussion. The expense of this 
research has been partly defrayed by the 
Scientific Research Expenditure of the Ministry 
of Education. 


So the magneto- 
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Theory of Spontaneous Deformation of Barium Titanate 
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The spontaneous ferroelectric deformation of the BaTiO; crystal to 
tetragonal form is calculated, taking account of the electrostatic energy 
and the short-range interaction of the type A47-9—ypr-°, but neglecting 
the effect of thermal motion. It can be deduced that ionic shift causes 
the lattice spacing to extend a few percent to the same direction (i.e. 
the direction of spontaneous polarization). The result is sensitive to the 
choice of the ‘‘effective charge’’ of the Ti ion. However, for a certain 
range of this parameter, the dependence of the lattice constant on it 
shows a striking resemblance to the observed dependence of the lattice 
constant on temperature. Contraction perpendicular to the direction of 
polarization is also calculated here considering the interaction among ions. 
We can show that the extension and contraction suddenly occur when 
the dipole interaction becomes stronger than some critical value. By 
taking a proper value for the dipole interaction energy the result can be 
made to agree with the experimental data. 


§1. Introduction ture region of its ferroelectric phases, that is, 
The lattice of ferroelectric crystal such as its atomic arrangement is the same as in a 


BaTiO; is said to be pseudocubic inthe tempera- Cubic crystal (the form of the same crystal 
above Curie temperature), but the lattice 


constants are a little different in the three 
directions of coordinates and/or the coordinate 
angle is a little different from 90°. This is 
usually*interpreted as electrostriction caused 
be spontaneous polarization. Although various 
works have appeared that deal with the 
spotaneous polarization of BaTiO;, there seems 
to be no attempt to deal with the spontaneous 
deformation by a molecular theory. In this 
paper, the spontaneous deformation of BaTiO; 
in tetragonal form will be treated theoretically 
using known interaction energies between 
the ions. 

It is known that every forroelectric crystal 
of perovskite type has a positive electrostric- 
tion, that is, elongates in the direction of its 
polarization, while it contracts in the direction 
perpendicular to it P™2, This seems at first 
sight paradoxical, because if we assume that 
the spontaneously polarized crystal is composed 
of rigid electric dipoles aligned parallel to 
each other, the attraction of dipoles would 
cause contraction in the direction of polariza- 
tion, and elongation perpendicular to it. 
Fig. 1. Lattice energy Uj, dipole interaction This paradox may be cleared just by noting 


oe eee ae sum on Us perce the fact that the actual polarization in BaTiO; 
i S cing in ar trary unit. e 7 <I . . 
minimum point of 0+-U, corresponds to larger 1s caused by shift of ions from their symmet- 


lattice spacing than that of Uj. rical positions, and that these shifts depend 


Up 


U,+U, 
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on the lattice spacing. 

The dipole interaction energy is defined by 
the strength of the internal field and the 
magnitude of the shift of the ions. If the 
lattice had somewhat extended spacing in the 
direction of spontaneous polarization, repulsion 
between the ions would become weaker and 
the shift would become greater than in the 
case of shorter spacing. This mechanism 
explains qualitatively the electrostriction of 
BaTiO; crystal. Fig. 1 shows schematically 
the relation between the lattice spacing and 
the energy. Here U; is the energy when we 
assume that the crystal is non-polar, and U, 
is the additional energy caused by the dipole 
interaction. The dipole interaction energy is 
equal to zero as long as the lattice spacing is 
less than a critical value 7... When the lattice 
spacing exceeds /,, there occurs a spontaneous 
shift of ions due to the dipole interaction, 
which gives the additional negative energy 
U,. Comparing the curves for U; and U;+U,, 
it will be readily found that the minimum 
point is shifted rightwards by the addition of 
the term U, in accordance with the fact that 
BaTiO; crystal extends its lattice spacing in 
the direction of spontaneous polarization. 

The aim of this article is to obtain a 
quantitative theory of the spontaneous electro- 
striction of BaTiO; crystal in the tetragonal 
phase. As a first step we shall neglect the 
effect of temperature altogether in this paper 
for the sake of simplicity. This would seem 
rather inadequate, because the real lattice is 
deformed in rhombohedral form at the lowest 
temperature region®). However, it will be 
seen later that even such a simplified theory 
is adequate to explain certain aspects of the 
ferroelectric transition. 


The Energy Expression for the 
Spontaneously polarized Crystal 


The energy of BaTiO; crystal will be writ- 
ten simply as 


§ 2. 


U=U,;+0U, , (el?) 


Where JU is total energy, and U; is that of 
a virtual unpolarized crystal (which, however, 
has the same lattice spacing as the real, 
polarized crystal), and U, is the additional 
energy term caused by the dipole interaction. 

Now, Ui may be supposed to consist of 
three types of interatomic interaction, that is, 


Theory of Spontaneous Deformation of Barium Titanate 


943 
overlap energy, van der Waals’ 
Coulomb energy, namely, 


= = Os verlap + Uw. aals+ Oeouiomp . ( Z ) 


The term U, is caused by the shift of the 
ions. For the sake of simplicity, we shall 
consider hereafter the shift of only one sort 
of the ions, namely, the titanium ions. If we 
denote the magnitude of the shift of a Ti ion 
from the centre of the tetragonal unit lattice 
by x, the additional term caused by the shift 
(in other words, the potential for the Ti ion 
in the lattice composed of other ions) will be 
written as 


energy and 


U.=(az?+ bx')+a'2x? , CoM 
where the terms in the bracket mean the 
potential for a Ti ion owing to overlap and 
van der Waals’ interaction, and a’2? is the 
term produced by the (electrostatic) Coulomb 
interaction. We have neglected here the 
higher power terms than z‘. It will be shown 
later by numerical calculation that both @ and 
b take positive values, while a@’ is generally 
negative. 

From the three equations (1), (2) and (3) we 
can write the energy as 


C= Wirerian aE UwWaais aF UTeowtorsd AP U, . ( 4 ) 


In the expression (4) the first three terms do 
not contain z, so we can readily get the value 
of x by minimizing U with respect to 2. 
Namely 

OU 


0=—— =(2ar+4bz*)+2a’x . CS) 
Ox 
Solving (5), we get 
z=0 tal) sey ate a =a , (6) 


If the absolute value of a’ is greater than a, 
that is a’ +a<0,*=0 and ent 3 a—a 


respond respectively to a maximum tt double 
minimum of U. The minimum value of U 
with respect to x is thus obtained if we put 


C= +,/—3 4 


= Uovertap ap Uwaals ais Ucoutomb a 


COs 


into equ. (4), namely 


(a’+a)? 
4b 
(7) 


We shall be concerned from now on with the 
energy expression (7) that does not contain x 
explicitly. 


If the absolute value of a is not greater 
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than a, that is, a+a’>=0, equ. (5) has only 
one real solution «=0 corresponding to a 
single minimum of U. Apparently this cor- 
responds to the paraelectric state. In this case 
the energy expression is simply 


Ole: Oovertep-- UOVaaist Wesnor . ( ff y 


§3. Overlap and Van der Walls’ energies 
of the Tetragonal Lattice 


The overlap and Van der Waals’ energies” 
of BaTiO; crystal has been worked out in 
detail by A.F. Devonshire, and explicit for- 
mulas for them have heen given for the case 
of cubic crystal. We shall follow his method 
and apply it to the case of tetragonal lattice. 

The dimension of a unit call of BaTiO; 
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crystal lattice is nearly equal to a cube of 
which edges are 4A. So it is convenient to) 
express the three edges of a unit cell in the. 
tetragonal phase as 2/(1+4,), 2/(1+401) and) 
2h1 + Avs), where 1= 2A. da, 4o1 and doz) 


show the ratios of the magnitude of extension. 


of the cube edges to those of the standard 


cube 4A in the direction parallel to the polariza- 
tion and to the two directions perpendicular | 


to it respectively. These three directions cor- 
respond to the lines connecting a titanium and 
three neighbouring oxygens. If we consider 
only the interaction among the 
neighbour ions, 


Uoveriap= 2orl*{(1 + 4n)-8 +(1+ dor) + (1+ 409) } 
+(4200+4A20)l-T{(1 + dor)? + (1 +42)? }- 9/7 + (1 +400)? +(1 + 4a)? 8? 
{Agr dg) | 
+ 8Azrl-*{(1+ 4a)? +(1 +401)? +(1+402)?}- 8? 


+(3d00+ Aset Arr) (20)-{(1 4+ 4a)-§ +(1 +4 91)78§ +(1 + doe) 5} , 


(8) 


UVvroais = —2torl {1 +4a)* +(1 +4y1)* +(1 +4p.)7*} 


— (4400+ 4440 )0-"1{(1 +41)? 


(1+ dos)?}-*/2 + {(1 +.4oa)*+(1 +a)?” 


+{(1+ 4a)? + (1+ 401)? }-*/?] 
—8perl-*{(1+4a)?+(1+401)?-+(1 + Aon)??? 


—(3Ho00+ beet Mrr\(2l)-*{(1+4a)-* +(1 +401)? +(1 +42) *} . 


Here Zor and sor mean the overlap and van 
der Waals’ energy coefficients between oxy- 
gen and titanium ions respectively. Similarly 
4oo and #00 mean those between two oxygen 
ions, Azo and /tzo those between barium and 
oxygen ions etc. Eqs. (8) and (9) have been 
obtained by using the current expression 
Aany *—any—’ for the interaction between A 
and B atoms distant by 7 to each other. 

The numerical values of 2’s and w’s for 
s=9 and ¢=6 respectively have been taken 
from Fowler’s book®) as were done by A.F. 
Devonshire?’ and E. Sawaguchi”). 


0 
Oda (Uoveriap + Uwaais) 


(9) 


They are given as follows (in c.g.s. unit) 
Aone=* 15.6. 107" ares ie Lenn 
Aco AS On Hoo=135.0 107% 
Azo= 99:0<10-* , p50=162.0K10-"5, 
ABB OL KAS [LBB 250 Uae ae 
Apr 12 0 tap ASP 10reee 

alerts, bpp 10 7X 1058s 

(10) 
Now, by differentiating and expanding Eqs. 


(8) and (9) with regard to 4a, 4o1 and 4). we 
obtain 


Arr= 


= —2shorl-*{1—(s+1)4a} + 2tvorl-*{1—(¢+1)4a} 
—S(42oo+ 4Azo)l-§-2-8/{1 —$/2-da—(S+2)/4-(4o1+452)} 
+t(4H00+ 4x0 )l-* + 2-*/2{1 —#/2- da—(¢+.2)/4- (4o1+4o2)} 
—8sd arl-$-3-G42)/2{] —(s—1)/3-da—(S+2)/3-(491-+die)} 


| 
{ 


nearest. 
the overlap and Van der. 
Waals’ energies will be expressed as follows: — 


1955) 
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+ 82a! -3-@*2)/2{] —(¢—1)/3- da—(#+.2)/3- (41+ 4o2)} 
—S(3do00+ Anat Arr)(2l)-{1—(s+1)4a} 
+2(3p00+ wee+brr(2l)-Y{1—(€+1)da} , (11A) 
a (Uovertap + Uwaais) 

= —2shorl-*{1—(s+1)4oi}+ 2tyorl-*{1—(t4+1)40:} 

—S(4200+ 42 n0)l-*+ 2-8/4 —s/2- doi —(8 + 2)/4+(40j+4a)} 

+t 4 Hoo +40 b's 2-'/{1 —t/2- Avi — (t+ 2)/4-(4oj +4 )} 

—8sAzrl-*-3-C*9/2{] —(s—1)/3- doi—(S+2)/3 «(405+ 4a)} 

+82 azl-*- 3-C*2)/24] —(¢—1)/3- doi —(€ +.2)/3 + (45 +4a)} 

—s(3A00+ Azz t+ Arr)(2l)-{1—(s+1)4oi} 

+4(3400+ Lest prr)(2l)-*{1—(¢+1)4oi} , (dlaui33, (6) 
z=1 t=2 
ie < 1m 


| where we have neglected the higher power 
terms Ma ejre A751, Azo. 4,4 51, AAve, A142; ASS Cle 


§4. Coulomb energy for the Tetragonal 
Lattice 


Here we shall again use the expression for 
the Coulomb energy for BaTiO; calculated by 
A.F. Devonshire», namely —49.1le?/R c.g.s. 
unit, where e is the electron charge and R is 
the lattice constant. To obtain the Coulomb 
energy for the tetragonal lattice we adopt the 
_ following approximation. Namely, we take 
| the arithmetic mean of Coulomb energies for 

three cubic lattices whose edge lengths are 

respectively equal to those of the three edges 
of the tetragonal unit cell. Thus, the Coulomb 
energy will be expressed approximately as 


WW cediom =—49.1ée 


ut Ladle bel vii ioe 
BIA Qa Aon) Qed) 
(12) 


If we differentiate Uvcoulomy, we readily ob- 
| tain 


ee Oita = —— eh ea Daa 
0 49.1e° 
_—_U, oulom 7 L— 24 5) 
dorm = I = »1) 
0 © ye 
—U cou Gi} = Se i 24 2) » 
Odos Couloml ( b2) 


(igAee, C) 


where we have neglected the higher power 
terms 4”, 4° etc. in the expansion. 


Using (11) and (13) we can determine the 
lattice constants of the unpolarized crystal by 
solving the equations 


= =" = (Dossiers ap Uw yaals ar Ucoutorap ) ry 


(== < (Uovertap + Uwaais + Ucouiomb ) 5 
= Uover ap U. aals eon omb 
5 lap + Owaals + Cconlomp) 5 
(14A, B, C) 
with the result 
Ag Ari Ayo —0.008Tali (15) 


Thus the lattice shape of the unpolarized 
crystal is cubic with lattice constant 

4(1+0.00811)A==4.0324A . (16) 
Here we have neglected the long range con- 
tribution of the overlap and van der Waals’ 
energy. The result is in good agreement 
with Devonshire’s calculation’) and also with 
the experimental data”. 


§5. Dipole Interaction Energy in the 
Tetragonal System 


Since it seemed to be too laborious to evalu- 
ate precisely the dipole energies for the 
tetragonal lattice of perovskite type, an approx- 
imate method has been adopted to obtain 
them by using the known values for the cubic 
lattices as starting values and modifying them 
for the tatragonal distortion, taking into 
account the nearest lattice points only. If we 
admit this approximation, the field of an ar- 
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ray of unit dipoles directed to z-axis will be 
given by S.(l, m,n) in the following equations 
(17), (,m,n) being the coordinates of the 
points in question with respect to the unit 
lattice. 
SHO; 08 ARS Ags « 
S,(1/2,°1/2; W2s Ac)=612/9V- 3 aes 
SAdi2: Wis 0; 4a)=—p , 
S:(1/2,.0, 1/2} 4a=p/212v 2 do, 
SAO, 1/2, 1/2; 4a)=p/2+12V 2 da, 
SA0, 0, lize 4a)=@q—964a 5) 
SAO, 1/2,0; da)=—a/2 , 
S.72; 0, 0; Aa)= —q/2 , 
where 4, corresponds to the relative elonga- 
tion z-axis of the lattice, where p=8.668%, 
q=30.081. We assume here that S.(1/2, 1/2, 
0), S(O, 1/2,0) and S,(1/2,0,0) are unaltered 
because the nearest lattice points are not 
shifted by the extension of the z-axis of the 
lattice. 

In the same manner we can modify S,’s for 
the relative extension 4,1 and 4, but the 
crystalline field at Ti ion may be little affected 
by 4y1 and 4», because the dipole interaction 
between Ti and Oa ions would be consider- 
ably greater than that between Ti and Ob; or 
Ob, ions!®!), For this reason we calculate 
here the dipole interaction only for the ex- 


(21)3 9V 3 


(17) 


3 
Az 4n 
3 oe 3 ae 


An 
3 


4 ds 4x 
(22)? {( ie 


W. KINASE and H. TAKAHASHI 


—48) dat 10 +( 3 
Ar 


9 +12V 24 


i) (uy +2) less eae 


(Vol. 10, 


tension ratio 4a, neglecting 4o1 and Jz. al- 


together. 

By using the modified S,’s in (17), we can 
evaluate the change of the dipole interaction 
caused by the extension of the lattice in 2- 
direction. To do this, however, we have to 
know the local field acting on Ti ions caused 


by the shift of the Ti ions themselves!!)™), | 


Thus, we have to solve a system of simul- 


taneous equations as was done by J.C. Slater!™: | 


(Dipole moment of one ion)=(Polarizability of 
the ion) multiplied by (Local field at its lo- 
cation). 

By expressing the local field as a function 
of dipole moments of all ions, we can write 
down the simultaneous equations. Here we 
must pay attention to the fact that coefficient 
for the local field also needs to be modified 
in tetragonal lattice. By taking account of 
only the nearest neighbours, the local field 
acting on Ti ion directly produced by the 
shift of Ti itself will be shown to be expressed 


approximately as 
4x ( —256 
instead of simply 47/3-a%. as in the cubic 
lattice, where mw) means the product of the 
shift of Ti ion and its charge. 
Thus we obtain the simultaneous equations: 


(18) 


SEES o4 du 


An (tou) +( 3 =1240) 9 


? ate) ; 


+q—964. (tart) +(e p)e 


© tu)w( 4 3 Tte +12V 24 a)ertak, 


em 


9 +12V 24 :) (v+w) 
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} where w,v,w,z: and x. are induced dipole 
“moments caused by electron clouds of Ti, Ba, 
} Oa, Ob: and Ob, respectively; Q@ri, Ap, and 

@ are polarizabilities of Ti, Ba and O ions re- 
| spectively; 7 represents 2A; p, g and 4, are 
| the symbols already mentioned in Eq. (17). 
Using the values by P.W. Anderson and W. 
i! Shockley! : 
| 4rrapi=0.0365(22)3,  4zaz,=0.382(21)8 

and 4za)~=0.470(2/):, 


+we can solve the simultaneous equations 
numerically, the result being 
u=0.1974 (1— 7.304a)uy , 
v=—0.0630 (1—40.8 da)ato , 
w=1.9090 (1— 3.714a)u , 
wi=0.1014 (1+ 2.654a)uy , 
w=0.1014 (14+ 2.6542)u . 


(20A, B, C, D, E) 

When we consider only the shift of Ti ion 

and deal with the potential acting on Ti, the 

first equation in (20) proves to be useful. 

Denoting the charge and the shift of Ti ion 

-as me and x respectively the energy of the 
| dipole interaction will be expressed as 
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(awe 4 
nema 1615. i( > ) (eto) +( a + - 121% 2 An) (o-F20) 
4r ; 
—p)o+( 3 —124,) ax} (19A, B, C, D, E) 
eae (21) 


where 
,  0.1974(ne) 
Oi! = E 
2ari 


Here we notice the fact that the numerical 
factor 7.30 in (21) is somewhat greater than 
the factor 3 which we would obtain when we 
assume that the ions have a rigid dipole in 
z-direction regarding Ti-Oa chain interaction. 
(The factor 3 is given by expanding (1+4,)-* 
which is proportional to the dipole-dipole 
interaction). In a later section we shall discuss 
the spontaneous deformation for the various 
values of ay, the factor 7.30 remaining con- 
stant. 
§6. The potential acting on Ti Ion 

The potential of Ti ion due to overlap 
repulsion and van der Waals’ attraction will 
be represented as a2z?+bzx't, where the coeffi- 
cients a@ and 6 may be explicitly given by 
expanding the expressions (8) and (9) for the 
interatomic forces between Ti and other ions 
in power series in 2*. Taking account of the 
nearest ions we can write them as 


a= ors(s+1){U(1+4a)}-*?—port(t+1){l1 +4)? 
—ors{I(1+ 491) }- 8? + port {I +401) }- 
—Aors{U1 + Aye) } 9? + Hort + doa) 


4s(s—1) 
3 
+f e7(da, Ani, Ans) 


+ her 


and 


4¢(t{—1 
(V3 Dat? Sar and 


3 (V 3l-*? 


(22) 


B= hop SSAINS TONES) 1 +4) 


aoe 12 


+ tor SF) 40 +d) 


aah aet2) {U(1 +4ys) 8-4 — 


pKEFIEF2VE3) 34 4 4 Hs 


tor EF) 1 + dn) 


por 2). + do) 


* corresponds to the shift in the ¢ (or a@)-direction, that is, the shift of Ti in the direction of 


Oa location. 
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4 ar| 0-0) OPED), SEENON D | yg pa 
% Zadl 
ae : , 6 
— pened t-+.9)— PEEP DEED) HEEL DELO gp ene 
3 27 J | 
+ 92r(4a, Anni, Ane) 5 (23) | 


where 2’s, :’s and 4’s are the symbols already mentioned, and s=9 and ¢=6; fur and gar | 
are terms in these coefficients that originate from the interaction between Ti and Ba ions. | 
We shall neglect fz, and gsr in later treatment because of their smallness. The | 
numerical calculation shows that the potential acting on Ti ion is mainly determined by the | 
interaction with the nearest neighbour oxygen ions | 

Numerical values for a and 6 is obtained, if we put 7=2A, as 


a=5.123 x 10°—7.130 x 10®4+6,954 x 10°411+ 6.954 x 10°4p» | 


+ 4.340 x 1074, —4.2605 x 10°4?,1—4.2605 x 10°47» (24) | 
and 
b=1.895 x 1022—2.374 x 10?°4,,—5.760 x 107!4,1:—5.760 x 107*4ie 
+1.673 x 107447, +. 4.087 x 10??47,1+4.087 x 1077472 , (25) 
where we adopt the c.g.s. unit. The two 0U _0 OU 6 OU 0 
equations show that a and 6 are both diminish- OA *  @An1 oe OAns 
ed by the extension in the a-direction; on (26A, B, C) 


the other hand, a will be increased and 6 will . i 
be diminished by the extension in the d;- or With the usual method, paying attention to 


b.- direction. the fact that the last two equations are quite 
equivalent because the energy expression de- 
$7. Calculation of the Spontaneous scribed before contains 4,1: and 4). in an 
Deformation equivalent manner. So we put 4)1=4».=4, for 
To determine the equilibrium state of the simplification. 
spontaneous deformation we have to solve the Now we can write down Eq. (26) explicitly, 
equations by differentiating Eq. (7), as 
Table I. 
dipole lattice lattice 
interaction deformation deformation tetragonality volume excess Ti shift (A) 
(CZs.) ratio //P ratio £P | 
| | ae : 
Qo! x 10-5 Aye, | Ap | Ba = Ae | Aat2Ap | = a 
— 4,941 | 0.00811 0.00811 0 | 0.02433 | 0 
— 5 0.01224 0.00674 0.00550 0.02573 0.07085 
=a Deel! | 0.01802 | 0.00474 0.01328 0.02749 0.1172 
— 6 | 0.04196 — 0.00530 0.04725 | 0.03137 0.2600 
— 7 0.04677 — (0.00998 0.05675 | 0.02681 0.3269 
— 8 | 0.04564 —0.01270 0.05834 0.02024 | OR Sao 
—10 | 0.03951 — 0.01642 0.05593 0.00667 | 0.4421 
—14 | 0.02761 | —0.02212 0.04973 —0.00166 0.5457 
— 19.557 | 0.01648 | — (0.02783 0.04432 — 0.03918 0.6574 


A, and A, represent the relative deviation from the standard value 4 A. //(P and 1 P mean 
“parallel and perpendicular to the polarization’’ respectively. 
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Table I. 

_ dipole lattice | lattice | | | 1 _ ti 

interaction deformation deformatien tetragonality volume excess | P?° eens nbs 
(c.g.8.) ratio //P jeune) ie? | | | cecoulomb) 
ao’ x 10-5 ‘Nae Ay’ | Aa! —A,! | Ag’ +2A,/ | P 

| 

— 4.941 0 0 0 | 0 0 
= 5 0.00410 —0.001359 | 0.00546 0.001379 7.611 
= Sil 0.00983 — 0.00334 0.01317 0.00314 | 12.50 
- 6 0.03358 — 0.01330 0.04687 | 0 00698 28.18 
=, 0.03835 —0.01794 0.05629 0.00246 37.94 
= 8 0.03723 —0.02064 0.05787 —().00406 46.69 
—10 0.03115 — 0.02433 0.05548 | —0.01752 63.79 
—14 0.01934 — 0.02999 0.04933 —().04063 98.39 
=i 0.00830 — 0.03565 0.04395 | —0.06300 147.52 


' 


A.’ and A,’ represent the relative deviation from the standard value 4.03244A. The 
values of A ’ and A,’ in Table II are easily calculated from those of A and A, in Table 
I, whereas those of polarization are deduced from the dipole moments of the ions in Eqs. 
(20) corresponding to those of Ti shift in Table I. 


A a (a) (Db) 

4.20 » 

5 ne fo 
4.16 at 4.032 O8 
412 zit 4024 06 
Bae ey 4016 04 
4.04 | 4.008 0.2 

4.000 5 
———$$—$35§$ $4 4 $+ 4 —_§_ 
a 1s 10, 12 14 16 18 p2OxI0® C 
3.96 -| C.9.5. 3.992 -O2 
n=! n=2 a s3 n=4 ea 

SO2a b : ={0} 
3.88 _3 3.976 -0.6 
384 -q 


Fig. 2 (a). Calculated values of A, and A, vs. dipole interaction. 
(b). Observed values of A, and A, vs. temperature by S. Miyake, R. Ueda) and 
H. D. Megaw”. 
The standard cubic lattice is 4.03244 A. n’s denote the various effective charges of 
Ti ion for the dipole interaction. 


OU, 0 f tions for 4a and 4,. The numerical results 
US pe eayp a aa: ER) are given in Table 1 and Table 2. The 
a +a/(da’ , 0a\  (a’ +a)? ab result is also shown in Figs. 2, 3,4,5,6 and 
ae ( ad," ad.) 4b? 04a’ 7. 
0= on = 2 -(Uovais+ Uvaais + Ucoutomp) §8. Discussion 
on ‘ , i A glance at Fig. 2(a), however, suggests its 
rere ae) ee a striking resemblance with the observed de- 
2b \ 04, b b 


pendence of lattice constants on temperature 

(27A,B) (Fig. 2(b)) by S. Miyake, R. Ueda” and by 
By putting (11), (13), (21), (24) and (25) in the H.D. Megaw”. Further data” are shown 
above equations, we obtain the explicit equa- with corresponding ‘‘theoretical’’ values in 
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5 1.0 
4 ost 
3. 0.6} 
2 04} 
; o2+ 
{2 , + —— Se 
One 4o Seo m2mi4aNiemisi2oxiorcg's O 200 160 120 80 40 O a6 
ee ae in=3 n=4 
Fig. 3 (a). Calculated value of tetragonality A —A, vs. dipole interaction. 
(b). Observed ve'nes of tetragonality A —A, vs. temperature by S. Miyake, R. 
Ueda) and HK. D. Megaw?). 
AS % 
408? 6 (a) (b) 
4.06775 
4.053" 4 A % 
. 4.008? O, 
4.040° 3 standard-line for Ad’& Ab : 
4.02792 FOSS 1O8 
2.013 | 4,0027? 0.2 
4,00007_O } 
——t °, 
4,000°0 18 2oxlo® : | c 
orks C.9.S. 3.9973-0.24+ 
3.973°-2 Rea) 23,9040 ak 
3.9607 5 3.9920% os} 
3.94774 
Fig. 4 (a). Calculated value of volume excess A,+2A, vs. dipole interaction. 
(b). Observed values of volume excess A,+2A, vs. temperature by S. Miyake, R. 
Ueda’ and H. D. Megaw”. 
The standard cubic lattice is 4.03244 A. 
: Figs. 3 and 4, where the abscissas are tem- 
b perature for observed values and ay’ (dipole 
0.7 interaction coefficient) for calculated values. 
06 From this one may conclude that the effect 
Os of temperature is something that is equivalent 
Ae to the variation of the dipole interaction co- 
: efficient a’. This conclusion must not be made 
0. too hastily, because it may be argued that the 
Cee te form of the curve in Figs. 2 (a and b) is 
0. characteristic to any phase change of the 
CMeOr hae? <e ea me TEY te 7S Pe yes second order, whatever the underlying process 
beat t ad Pee C.iS. may be. Nevertheless, we consider it of some 
n=4 . ; cate 
value to use our result in a semi-empirical 
Fig. 5. Calculated value of the shift of Ti ion 


vs. dipole interaction. The dotted line corre- ERP ae attributing tO) Gogy alles Senate 
sponds to the shift 0.156 A of Ti relative to Qa Suitable function of temperature. 
observed by H. T, Evans.1©) The last value of —19,557x10° for ay in 


1955) 


Theory of Spontaneous Deformation of Barium Titanate 


951 


Acoulomb , 
= ! 
36r 
32r 
28 
[ zcoulomb | newt?) 
247 24} rk 
is 7 
a9) 20 ws 
16 I6 ola !?) 
12h | 
. 12 ! 
8 8 | 
[ 46.69 6379 9839 14752 
4 | | “| | 
iF 1 
n 1 SS! i at ! L 6 ee =i aot 1 
O 2 4 6 8 10 12 14 16 6 20XI0 O 20016012080 40 oO © 
C.g.S 
Polarization vs. dipole interaction Polarization vs. temperature 
(a) (b) | 
Fig. 6. 
Table 1 corresponds to the value calculated |4’| 
from the simple dipole model with a charge 0.04 
+4e of the Ti ion. The ionic shift for this colctencaniee 
value 0.6574A is, however, much too large 0.03; 
compared with H.T. Evans’ 0.156A for the neck Bees 
. . . . . rc q 
shift of Ti ion relative to Oa ion at room Ay ee 
temperature™*. In order to reproduce the ol! Sean Te 
observed value 0.156A one must assume the ae 


effective charge of Ti ion to be 2.06**, which 
corresponds toa)’ = —5.2* 10°. The correspond- 
ing tetragonality 4.—d4, will be found to be 
about 2% from Fig. 3 (a), which may be 
compared with the observed value of about 
1% D2»3)*** 

From the fifth column of the Table 1 we 
obtain the volume change 0.37% for a)’ = —5.2 
x10° as the difference between the tabulated 
volume and that for a =—4.941x10°. This 
can be compared with the experimental values 
0.225%, which is obtained as the difference 
between the real volume at room temperature 
and that extrapolated from the values for the 
cubic phase (above 120°C)”. If, on the 
other hand, we take the effective charge so as 
to give the observed tetragonality 1%'*, the 
volume difference is obtained as 0.268%, in 
better agreement with the experimental data. 

Looking at Fig. 2(a), 3(a) and 4(a) you 
will notice the existence of the maxima in 
the lattice deformation 4a, tetragonality du 
—d, and volume 4,+24, so that these quanti- 
ties begin to decrease for very strong dipole 


an rene sla aT Meals Sef ef Sh 
20 40 60 80 100 120 140 
Lattice deformation ratio vs. polarization 


fe} 


Fig. 7. The nnit of palarization is » coulomb. 
See also Table II. | 


interaction. This is perfectly understandable 
since the direct effect of dipole interaction is 
to make the lattice contract and less deform- 
able. However, it is doubtful whether these 
parts of the curves have any real significance. 

We can also evaluate the spontaneous polar- 
ization as tabulated in Table 2 using the ionic 


* Recent measurement of Ti shift relative to Oa 
with neutron diffraction by Frazer, Danner and 
Pepinsky!» is in agreement with 14). The data 
have been communicated by G. Shirane to the 
authors. 

**k This effective charge has been used, in some- 
what inconsistent way, for the dipole interaction, 
whereas we have regarded the charge always as 4 
(constant) for calculating the Madelung lattice 
energy. 

*** The data using the electron diffraction by M. 
Anliker, H. R. Brugger, and W. Kanzig show the 
anomalous behavior at the surface of extremely 
small particle, the tetragonality being 1.5% these!®, 
The authors are indebted to W. Kanzig for his 
suggestion, 
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shift of Ti in Table 1. Fig 6(a) shows the 
polarization vs. the dipole interaction, which 
gives the result that the polarization is about 
17 coulomb/cm? corresponding to the dipole 
interaction —5.2x10°. This may be compared 
with the observed data Fig. 6(b), that is, 15 
coulomb/cm? (old) or 264 coulomb/cm? (new) 
at room temperature by W.J. Merz. Fig. 7 
shows the magnitude of the deformation ratio 
vs. polarization, in which the theoretical 
values may be compared with the observed 
data®’ near the origin of the coordinates*. 

Logically our calculation is valid only at 
the absolute zero, since we have entirely 
neglected the thermal motion. Since, however, 
the real crystal is polarized in (111) direction 
at 0°K, we should have to consider the spon- 
taneous polarization in that direction with the 
accompanying deformation into rhombohedral 
lattice. The calculation in this direction is 
now in progress. 

The work was supported by the Grant for 
Scientific Researches from Education Ministry. 
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Statistical Properties of Lattice Chains* 
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The statistical problems of chains are divided into three classes i.e. 
ideal type, real type and production type, and these three types of the 
chain problems are investigated by the use of relatively short lattice 
chains. We performed the complete enumeration of the dimensions of 
two-dimensional square lattice chains up to the bond number N=20 and 
three dimensional simple cubic lattice chains up to N=8. As for the 
mean square end-to-end distance <Ry?>, we obtained the results that the 
chains of real type have always larger values of <Ry*>/N than that of 
the chain of production type and its value seems to diverge as N>o. 
The distribution of the end-to-end distances has a form which appreciably 


deviates from that of Gaussian distribution. A study also is made on 
the total number of configurations of lattice chains. 


§1. Introduction 


Previously one of the present authors and 
M. Yamamoto” developed the statistical mecha- 
nical theory of a long chain molecule in two 
ways, using the pearl necklace model and 
obtained the same expression of the mean 
square end-to-end distance 


(Rey=Ne| 1+ ai ( Z \vn os | 


(d.) 
where WN is the number of bonds, 6 is the 
diameter of bead and a@ is the bond length. 
Similar results which show that the value of 
the ratio <R?y>/N does not converge as N00, 
were also obtained by many authors”. While 
J.J. Hermans, M.S. Klamkin and R. Ullman* 
obtained the expression of the mean square 
end-to-end distance which is proportional to N 
even when the volume effects are taken into 
consideration. In order to clarify the discre- 
pancy of these results on one hand and on the 
other hand to examine the statistical proper- 
ties of the chains in which the volume effects 
are taken into account, we classify the statis- 
tical problems of chains into three classes and 
perform the complete enumeration of the 
dimensions of the lattice chains. The lattice 
chain used in this calculation are as follows; 

(a) Two-dimensional square lattice chains 
in which the bond angles are restricted only 
to 90°, 

(b) Two-aimensional square lattice chains 
in which the bond angles 0°, 90° and 180° 
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are taken with equal probability, 

(c) Three-dimensional simple cubic lattice 
chains in which the bond angles are 90°. 
Chains (a) and (b) are examined by writing 
down all configurations on cards up to the 
bond number N=20 in (a) and N=8 in (b). 
For chains (c), the coordinates of each bond 
in all configurations are noted down in tables 
up to the bond number N=8. Using these 
cards and tables we can evaluate the statistical 
quantities of these lattice chains. In our 
calculations, we adopted three classes of the 
chain problems which will be presented in the 
next section and it will be shown that the 
results obtained here are also mutually dis- 
tinguished. 

Recently the similar investigations have 
been done by several authors” using the high 
speed digital computers and similar results 
have been obtained. Though they could treat 
relatively longer chains than ours, inevitably 
they could not give the exact informations 
because of the statistical method of computa- 
tion adopted in their investigations. So that 
it seems worth while to present here our 
results in spite of its restriction to the rela- 


* A part of the contents of this paper was 
previously read by one of the present authors at 
the International Conference of Theoretical Physics 
held at Kyoto in 1953; Proceedings of the Inter- 
national Conference of Theoretikal Physics, (1953), 
410. 

** Department of Industrial Chemistry, Kyoto 
University. 

* Department of Chemistry, Kyoto University. 
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tively short lattice chains. 


§2. Classification of the Chain Problems 


In the first place we shall make a remark 
about the classification of the chain problems. 
It seems that various chain-like problems can 
be classified into three types and these three 
types of the problems must be distinguished 
one another from the physical and mathema- 
tical points of view. The three types are 
defined as follows; 

(1) Ideal Type (Markoff Chain) This class 
involves such problems as random walk pro- 
blem, diffusion problem and statistical mecha- 
nical problems of a chain molecule with zero 
volume or with the interactions of finite order. 
A common characteristic of this type of 
problems is that mathematically they can be 
exactly reduced to the simple Markoff chain 
problem. 

(Il) Production Type We shall consider a 
chain molecule and assume that this chain is 
produced by attaching one bond after another 
consecutively in such a way that these bonds 
do not overlap one another, then we are con- 
cerned only with the probability distribution 


sie, Il, 


eal 


of their configurations which appear just after 
all attachinents of bonds have finished and a 
complete chain has been formed. The chain 
which was used in Hermans’ paper seems to 
belong to this class, and he treated this type 
of chain approximately as a Markoff chain 
and obtained the mean square end-to-end 
distance which is again proportional to N just 
as in the case of ideal type. Mathematically 
this type of chain is not exactly Markoffian 
but it may be reduced approximately to it. 
(II) Real Type In this case the complete 
chains really exist in advance and they have 
complete interactions or complete volume 
interferences. So that this is just the case of 
real chain molecules. This kind of chains 


E. TeRAMoToO, M. Kurata, R. CHuso, C. SuzuKI, K. TANI and T. KAJIKAWA 


(Vol. 10, 


have no longer the properties of Markoff 
chain. 

We shall present an example which will 
visualize this classification a little more clearly. 
In Fig. 1 a configuration of the two-dimensio- 
nal square lattice chain with ten bonds and 
bond angle 90°, is shown. If the configuration 
given by Fig. 1 is one of the configurations 
of ideal random flight chain with ten bonds 
(or steps) in which the overlaps of bonds are 
being allowed, then the probability of the 
occurrence of this configuration is 1/2-2!°=1 
/2048, because each bond can be located in 
two ways that is right or left side of fore- 
going one except the first bond which has 
four possible directions. Clearly the total 
number of possible configurations is also 2048 
in this case. On the other hand, our complete 
enumeration shows that if the overlaps between 
the bonds are completely excluded, only 440 
configurations are allowable. If we take the 
configuration in Fig. 1 as one of the configu- 
rations of the chains of production type, then 
its probability is given by (1/4)-(1/2)'-1-(1/2)- 
1-(1/2)?=(1/2)8=1/512, since the first step goes 
to the right with probability one-fourth and 
next step goes upwards with the probability 
one-half and after three steps with same 
probability sixth step goes certainly upwards, 
that is, with probability unity, and so on. 
On the contrary, in real chain problem this 
probability is 1/440, because all allowable 
configurations are apriori equal probable. 

Consequently the mean square end-to-end 
distance and other statistical properties cal- 
culated using these probabilities are led 
inevitably to different results. 


§3. Total Number of Configurations 


The total number of configurations of ideal 
lattice chains with N bonds 0°w is obviously 
given by (a) 2¥+! for the two-dimentional 
square lattice chain with a bond angle 90°, 
(b) 4% for the two-dimensional square lattice 
chain with bond angles 0°, 90, 180° and (c) 
6-4"! for the three-dimensional simple cubic 
lattice chain with a bond angle 90°. If the 
overlaps are completely excluded, the number 
of possible configurations is reduced by large 
amount. Table I gives the values of Qy in 
these three cases (a), (b) and (c), and in Fig. 
3 log Qw versus N are plotted. From these 
data it is seen that Qyw can be expressed ap- 
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Table I. Total Number of Configurations. 
Ay: ideal case, Qy: exact number, Qy’: em- 
pirical formula i.e. =3.93(1.60)% in the case (a) 
=1.69(2.78)* in the case (b) and =1.98(3.69)¥ 
in the case (c), Qy@): first order overlaps are 
excluded, 0y): first and second order overlaps 
are excluded. 


(a) two-dimensional square lattice chain (bond 


angle 90°). 

IN O70 Qy ay! a Av) : 
1 4 4 (6) Ss 
2 8 8 (10) — 
3 16 16 16 — 
4 3e 24 26 24 
5 64 40 42 40 
6 128 64 66 64 
7 256 104 108 104 
8 512 168 d72 168 
9 1024 272 274 272 

10 2048 440 438 440 

il 4096 bLZ. 702 WAZ 

12 8192 1128 122 1152 

13 16384 1808 1796 1864 

14 32768 2896 2872 3016 

15 65536 4600 4592 4886 

lon S13l072 WZ, 7346 7896 

17 = 262144 LZ 11750 12776 

18 524288 18656 18800 20672 

19 1048576 29192 30072 33448 

20 2097152 48096 


47128 54120 


(b) two-dimensional square lattice chain (bond 
angles 0°, 90° and 180°). 


1 4 4 (5) — — 
2 16 12 (13) 12 — 
3 64 36 36 36 — 
4 256 100 101 108 100 
5 1024 284 281 324 284 
6 4096 780 780 972 804 
i 16384 2188 2170 2916 2228 
8 65536 5964 8201 8748 6220 
(c) three-dimensional cubic lattice chain (bond 
angle 90°). 
1 6 6 (7) — 
7, 24 24 (27) _ 
3 96 96 97 — 
4 384 360 363 360 
+) 1536 1368 1336 1368 
6 6144 4992 4915 5184 
i 24576 18504 18087 19656 
8 98304 64770 66561 74520 


proximately in the form OQw=3.93(1.60)" in 
the case (a), Qw=1.69(2.78)* in case (b) and 
Ow =1.98(3.69)” in case (c). However this 
linearity of log Qw versus N for large value 
of N perhaps is not ensured. 
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Furthermore in Table I (a) we can find the 
relation 
Ow=On-1+0Ow-2 (2) 
which holds for 4 N<1l. For these numbers 
of bonds, the possible overlaps in their con- 
figurations are only that of first order in 
which four bonds form an enclosure and second 
order overlaps in which twelve bonds form an 
enclosure appear only beyond N=12. Actually 
it is not difficult to show that the relation 
(2) holds for the two-dimentional square 
lattice chains with bond angle 90°, in which 
only first order overlaps are excluded. We 
shall consider the configurations of this chain 
with N-1 bonds, then its end has always 
either of two forms (i) or (ii) in Fig. 2. Let 


Borer 


lyse (i) (ii) 

QO’y-1 and O”’w-1 be the number of configu- 
rations in which the ends have respectively 
the form (i) and (ii). By adding another 
bond to each end of these chains one obtains 
the configurations of the chain with N bonds, 
and it is apparent that from Q’y-1 configura- 
tions of V-1 bonds either type of configurations 
can be formed but from Q/’y_1 configurations 
only that of type (i) are derived, namely the 
relations O/y=QO'y-14+0”"w1=QOw-1 and O/’y 
=QQ/yv-1 hold. Then we can write these re- 
lations in a form Oy = O’y + Of» = Owe: 
+0/y-1=Ow-1+QOvy-s. 

In just the same manner we can derive a 
similar recurrence formula in the case of three 
dimensional simple cubic lattice chain with a 
bond angle 90° in the form 

Ow=30y-1+ 30"-2 , (3) 
which is valid only when the first order over- 
laps (4-bonds enclosures) are excluded. As 
for the two dimensional square lattice chains 
with bond angles 0°, 90° and 180°, the first 
order overlap is to be taken as the turning 
back of bond and the 4-bonds enclosure cor- 
responds to the second order overlap in this 
case. The reccurrence formula of this type 
of chains which holds when the overlaps are 
excluded up to the second order, is given by 


Ov=20yn-1+20n-2+Ow-s . (4) 
These difference equations (2), (3) and (4) 
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Fig. 
can be solved and we obtain the results 
Ov=3.578 x 1.618” (5a) 
Ow =1.748 x 2.836% (5b) 
Ow =1.748 x 3.791% (5c) 


where (5a), (5b) and (5c) correspond to the 
cases (a), (b) and (c) mentioned in the earlier 
part of this section. The agreement of these 
results with our data means that in our re- 
latively short lattice chains volume effects of 
higher order are negligible. 


§4. Distribution of End-to-end Distances 


As is well known, in the case of the ideal 
chain, the probability distribution of the end- 
to-end distances of two-dimensional square 
lattice chains with a bond angle 90° is given 
by the Bernoulli distribution; 


3. 


N;! 
oe SORE eG 
oul rea 

{Nu +y)!} {2 y—y)! } 


where N;, and WN, represent the number of 
bonds in 2 and y directions respectively, and 
then N;+N,=WN, and the bond length is as- 
sumed to be unity. When the bond numbers 
N, and N, are sufficiently large the distribution 
function (6) can be approximated by 47R? 
times the Gaussian distribution. In Fig. 4 the 
distribution function (6) is shown. For other 
two types of lattice chains (b) and (c), the 
similar expressions can be obtained in the 
ideal case. 

In each of our cards the coordinates of the 
end point and the probability of that configu- 


IPO fa) = 


(6) 
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Fig. 5. 


ration calculated by means of production type 
are indicated. By counting these cards we 
can find directly the probability distribution 
for both types of chains, real and production 
type, which are schematically shown in Fig. 
5 (a), 5 (b) and 5 (c) respectively for the 
chains of types (a), (b) and (c). In these 
figures the solid line represents the case of 


real type and the broken line corresponds to 
the case of production type. Comparing the 
figures 4 and 5 (a), it is seen that these two 
curves have nearly the same form which dif- 
fers essentially from that of Gaussian distri- 
bution of ideal chain. However, in detail, 
these two curves differ from each other and 
in the case of production type smaller values 
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of end-to-end distances are preferable compared 
with the case of real type. This feature is 
easily recognized if we remember the manner 
of evaluation of the probability in the case of 
production type, which was stated in §2, 
namely the smaller the end-to-end distance is, 
the more bonds are restricted to go to one 
direction and so the more factors 1 enter into 
the probability of such configurations. 
Consequently it may be doubtful to represent 
the volume effects of the chain molecules 
only through the change of effective length of 
the chain elements, and the essential improve- 
ment of distribution function may be necessary. 


§5. Mean Square End-to-end Distances 


We have already obtained the probability 
distribution function of the end-to-end distance 
in the last section, then with the use of these 
data we can evaluate the mean square end-to- 
end distances in each case. The results are 
shown in Fig. 6 (a), (b) and (c). From Fig. 
6 it becomes clear that the mean square end- 
to-end distance in the case of real type is 
always larger than that of production type, so 
that even if the value of <R?y>/N converges 
as N-co in the case of production type as 
stated by Hermans, the convergence of that 
of real type can not be asserted. 

By our theoretical investigations of pearl 
necklace model, the mean square end-to-end 
distance is given by 

1 bY 
«Ry» =Ne' 1 =i n( ) qe ee i Coir) 
Z a 
in two-dimensional case, contrary to the equa- 
tion (1) in three-dimensional case. However, 


these theoretical results give only the upper 
bound of N dependence, so that if the exact 
results are obtained in future, exact N depen- 
dence of <R?wv>/N for large value of N would 
appear in the region between constant and 
VN in three-dimensional case and in the re- 
gion between VN and WN in two-dimensional 
case. 


§6. Distribution of the Chain Elements 


Lastly we shall present two data about the 
distribution of the bonds (or segments) which 
are examined using two-dimensional square 
lattice chain with bond angle 90° and bond 
number N=17. 


(1) distribution of bonds from one end of chain 


Let h; be the distance of the end point of 
j-th bond from one end of the chain which 
consists of N=17 bonds. We examined the 
distribution of the distance f in such a way 
as follows. Concentric circles of the radii 2, 
4, 6, 8, 10 and 12 whose center is at an end 
of the chain are written on our cards and the 
total number of the end points of bonds in- 
volved in each domain which is divided by 
these circles are computed for all possible 
configurations. The results are tabulated in 
Table II. 


(11) mean square distance of bonds from the 
center of mass 

It is somewhat cumbersome to evaluate 

completely the mean square distance of bonds 

from the center of mass using all possible 

configurations. We adopted the method of 

random sampling in which about one-tenth of 
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Table II. 

h Pilea te tn 4~6 6-8 we 10 | 10~12. | 1 oem 
number of bonds 3780 8054 7405 4286 1436 52 | 1 25014 
probability 0.151 ORo22 0205. i OL7r |) 10105801) “65002 — 1 

Table III. 
; 8 O~1 are OSH. 34 Gis yy sot Cuan 

probability 0.118". |" 6.313 0.302 | 0.186 | 0.077 0.004 


configurations are randomly picked up from 
each class of possible configurations which are 
divided into seven classes by the end-to-end 
distance i.e. R=O~2, 2~4,---, 12~14. We 
computed the mean square end-to-end distance 
of this sample, and we obtained <R?>=48.81 
which agrees with the exact value sufficiently 
well and also this sample gives almost the 
same distribution of distance 2 with exact one. 

The probability distribution of the distance 
of bonds from the center of mass s is shown 
in Table III, and the mean square distance 
<s?>=6.58 contrary to that of ideal chain <s*> 
= <R?)/6=2.33, and for the ratio <R*>/<s* we 
obtain the value 7.41 from our data. 
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The mechanism of internal friction due to the motion of dislocation 
was studied from the measurement on the variation of internal friction 


with cold-work. 


cold-work and decreases after showing a maximum. 


For copper, internal friction increases with the initial 


Since the features 


do not depend on the frequency used in the experiment at room tem- 
peratures, the internal friction due to dislocations is concluded to be 
originated from the static hysteresis which is proposed by Nowick. 


§1. Introduction 


It has hitherto been known that the origins 
which give rise to internal friction may be 
classified into the following two categories». 
The one is the viscous mechanism and the other 
is the non-viscous one. In the former case, 
internal friction originates from the relaxation 
between stress and strain as a consequence 
of the appearance of dissipation terms such 
as the first time derivatives of stress and 
strain in the equation of motion of the sub- 
stances. Generally, this type of internal 
friction is characterized by amplitude in- 
dependence and frequency dependence. For 
instance, the mechanism which is called 
anelasticity is a typical example of this case. 
On the other hand, internal friction is not 
accompanied by the stress-strain relaxation in 
the non-viscous case. It is attributed to the 
formation of hysteresis loop in the static 
stress-strain diagram. Since this mechanism 
is not a relaxation, it is independent of vibra- 
tional frequency but dependent on strain am- 
plitude. For instance, internal friction due 
to magnetomechanical hysteresis in ferromag- 
netic substances belongs to this category. 

It has been known from a number of 
theoretical and experimental studies that in- 
ternal friction in single crystals is associated 
with the motion of dislocations. At present, 
however, two different interpretations on the 
mechanism of internal friction due to the 
motion of dislocations have been considered, 


corresponding to the two mechanisms des- 
cribed above. 

The first is that proposed by Koehler? 
assuming the viscous motion of pinned disloca- 
tion, and the second is that proposed by 
Read® and Nowick”, assuming the appearance 
of a static hysteresis loop in the stress-strain 
curve which arises from the motion of dis- 
location. Since these two theories have been 
able to explain respective experimental results 
without any contradiction, it is difficult to 
conclude clearly at present which of them is 
valid. Therefore, the authors have intended 
to solve this problem by measuring the inter- 
nal friction on metal single crystals. 


§2. Theoretical Conclusions Predicted 
from Viscous and Non-viscous Motion 
of Dislocation 

Since it has been shown experimentally that 
internal friction is strikingly structure sensi- 
tive, it is difficult to give a physical meaning 
to its absolute value. Therefore, in order 
to interpret experimental results theoretically, 
it is necessary to measure the internal friction 
as a function of some physical parameter and 
compare the results with the relation predicted 
theoretically. Generally, amplitude, frequency 
and temperature are used as such parameters, 
and for special substances, magnetization, 
degree of precipitation, degree of order, etc. 
are used according to the purposes. Since 
we are now concerned with the investigation 
of the motion of dislocation, the degree of 
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cold-work was used as the parameter as it 
can be related directly to the number of dis- 
locations. 

Variation of internal friction with the degree 
of cold-work has been obtained theoretically 
by Koehler and Weertman® for the case of 
viscous mechanism. According to them, the 
equation of motion for a unit length of dis- 
location can be written as 


as 3 
ay 2 oe +(GN+G))z=F cos wt 


dt” 


where M is the effective mass of dislocation 


M (G13) 


per unit length, Be is the dissipative force 


per unit length, Fcosw¢ is the applied force 
on the dislocation, Gor is the restoring force 
of pinned dislocation, GNz is the restoring 
force due to the interaction of other disloca- 
tion, N is the number of dislocation per unit 
volume, and zx is the average displacement 
of the dislocation loop from the equilibrium 
position. Solving Eq. (1) and taking into 
account the condition GSMw?, which has 
been obtained by using the effective mass M 
introduced by Frank®, one finds that internal 
friction 4 is 

__(x/16)EaNBo 

~ (Got GN/)+ Bw? 
where E is the Young’s modulus and a@ the 
interatomic distance. It has been found from 
this equation that the internal friction va- 
nishes, when WN is equal to zero, and that it 
rises with increasing N until it reaches a 
maximum and then decreases again. The 
maximum value of internal friction is 


ne Tl y?NimBo 

"~ 32(GG.Nn+ G?Nn?) 
where Nm is the dislocation density at maxi- 
mum internal friction, and is given by the 
equation 


(A) 


(3) 


GNn? =Gy + B’ow? (4) 


It should be noticed from Eq. (3) and (4) that 
both dm and Nm increase monotonously with 
frequency at which they are measured but 
are independent of amplitude. 

In the following, we shall investigate the 
behavior of internal | friction for the static 
hysteresis mechanism. Since internal friction 
is not accompanied by relaxation in this 
mechanism, the equation of motion of dis- 
location for equilibrium state may be used. 
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Suppose that the force acting on a dislocation 
under applied stress be denoted by F, and 
the restoring force be the same as in the 
viscous case, then we get the equation 

F=(G)+GN)c’ (5) 
where 2’ is the displacement corresponding 
to x in the preceeding case. According to 
experimental result of Read, Nowick and 
others, internal friction of metal single crys- 
tals may be represented by the equation 

4=A+B2’ (6) 
where A and B are constants varying from 
specimen to specimen. Since the internal 
friction of the substance is presumed to be 
caused by dislocations, an equation similar to 
(6), 

A =A’+ Bx? ia) 
is applicable for internal friction of a dis- 
location, where A’ and B’ are constants cor- 
responding to A and B in Eq. (6), respectively. 
Substituting Eq. (5) into (7), internal friction 
arising from motion of a dislocation is given 
by the egation 

: ‘ Be 

fa CSI: 
Thus the total internal friction is given by 
oe (9) 
(Go+GN)? 
The first term in this equation increases 
monotonously with NV, and the second term 
is a function which reaches a maximum value 
when WN is equal to G,/G. It should be noted 
from Eq. (9) that internal friction is indepen- 
dent of frequency but depends on amplitude. 
Since the internal friction for both viscous 
and non-viscous mechanisms are shown to 
vary similarly with respect to cold-work, the 
mechanism of internal friction cannot be 
determind from the measurement on _ the 
variation of internal friction by cold-work. 
For this purpose, it is desirable to measure 
the dependence of internal friction on other 
physical variables, for example, amplitude or 
frequency. Many experimental investigators» 
have shown that internal friction of metal 
single crystals increases linearly with the 
square of amplitude so long as the amplitude 
used is small. This fact can be explained 
quantitatively for the non-viscous mechanism 
by making proper assumptions as to the shape 
of the static hysteresis curve. For the viscous 


(8) 


4=A’N+ 
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case, a qualitative explanation can be given 
by assuming that the pinned dislocation was 
released from the pinned position with in- 
creasing strain amplitude, in other words, by 
assuming that Gp in Eq. (1) decreases with 
strain. On the other hand, it follows from 
the preceeding considerations that internal 
friction is independent of frequency for the 
non-viscous mechanism, while, it varies with 
frequency for the viscous mechanism. It is 
obvious from Eq. (3) in the last section that 
4m increases linearly with the frequency in 
the viscous case, since the condition G>Bw 
seems to be valid in the frequency range at 
which measurements are carried out. In addi- 
tion to the above viscous mechanism proposed 


=F] amp | amp | detector 


Fig. 1. Schematic diagram of the apparatus for 
transversal vibration method of measurement of 
internal friction. 


by Koehler and Weertman, another mechanism 
in which the thermoelastic effect is assumed 
has been proposed by Eshelby™. In this case, 
internal friction will have a maximum at a 
frequency predicted by Zener’s theory®. 
Therefore, from the fact described above, 
one can distinguish between viscous and non- 
viscous mechanisms by investigating the 
frequency dependence of internal friction. In 
order to determine the preferential mechanism 
from the frequency dependence of internal 
friction, it is desirable to cover a wide 
frequency range as possible. Generally, three 
modes of vibration, namely, longitudinal, 
transversal and torsional vibrations are used 
for the measurement of internal friction. 
Each of them covers a frequency range of 
about 10* to 10° cps., 10? to 10* cps., and 107} 
to 10° cps., respectively. Hence, in order to 
cover a wide frequency range from 107! to 
10° cps., it will be necessary to compare the 
experimental results obtained from the three 
different modes of vibration with each other. 
Many investigations»»®) have been made by 
using longitudinal vibration, and the experi- 
mental result of internal friction for torsional 
vibration will be published in the other 
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paper™. Hence the authors performed mea- 
surements by using transversal vibration which 
remains uninvestigated. 


§3. Specimens and Experimental Pro- 


cedure 


Specimens of single crystals of aluminum 
and copper used in this investigation were 
made by Bridgman’s method from 99.99% Al 
and 99.9% Cu. These single crystals are 
narrow thin plates whose lengths, widths and 
thicknesses extend over 15 to 20 centimetres, 
8 to 11 milimetres, and 1 to 2 milimetres 
respectively. 

The measurement of internal friction were 
performed by an apparatus similar to Zener’s') 
and is illustrated schematically in Fig. 1. 
The specimen was supported at two nodes of 
resonant vibration on knife edges, and small 
iron pieces attached at both ends of the 
specimen. Two coils, one of which was used 
to drive vibration and another to receive it, 
were set under the iron pieces. The former 
was connected with an oscillator in order to 
exite the specimen electromagnetically, and 
the latter was connected with an electronic 
voltmeter proceded by an amplifier by which 
the amplitude of mechanical vibration was 
received and observed. We measured the 
resonance curve by using fundamental vibra- 
tion, the frequency of which extends over 200 
to 400 cps., and calculated Q@ + from the 
following equation 

Q7i= Oe 

Oy 
where w, is the resonant angular frequency of 
the specimen, and w:—1 is the width of the 
resonance curve at half maximum. We 
adopted @-! as a measure of internal friction. 

To obtain sufficient sensitivity, the distance 
between the iron pieces and coils were kept 
as sinall as possible. We, then, performed 
the preliminary measurement in vacuum in 
order to estimate the order of magnitude of 
background internal friction resulting from 
the viscosity of air. Internal friction of the 
aluminum specimen No. 1, which was non 
cold-worked, decreased to 6.1 10-3 in vacuum 
of about 10-'mm Hg, while it was 6.3x10-3 
in atomospheric pressure. This implies that 
the contribution from the air damping effect 
is of the order of 10-*. Since this amount 
was small compared with expected variation 
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with cold-work, the measurements were made 
always in air for simplicity. 


$4. Experimental Results 


The variation of internal friction with cold- 
work were measured for the single crystals 
aluminium and copper. The degree of cold- 
work is expressed in terms of the rate of 
elongat‘on, namely the percentage ratio of the 
amount of elongation divided by the original 
length of the specimen. 


(1) Aluminum 

Specimen No. 2 was annealed at about 350°C 
for 16 hours before the measurement of in- 
ternal friction, while specimen No. 1 was not 
annealed. Each specimen was kept at room 
temperature for about 24 hours after every 
cold-work and recovery of internal friction at 
room temperature was measured every hour. 
Under the assumption that the recovery takes 
place exponentially, the experimental curves 
of recovery were calculated by the least 
square method. A typical curve, which is 
for the case of 4.0 percent cold-work of speci- 
men No. 1, is shown in Fig. 2. In some 
cases, experimental values lie in the calcu- 
lated exponential curve as in this case, while 
others exhibit considerable deviation. Although 
the exponential law is not always valid for 
all cases, it can be concluded that remarkable 
recovery is observed after cold-work. 

The variation of internal friction with 
respect to the degree of cold-work is shown 
in Fig. 3. The values of internal friction 
plotted here correspond to those at 300 minutes 
after clod-work for specimen No. 1, and those 
at 200 minutes for specimen No. 2. The 
stress* versus elongation curves are shown in 
Fig. 4. Although the absolute magitudes are 
not identical, nearly the same feature are 
found for different specimens. Namely, inter- 
nal friction of aluminum single crystals in- 
creases rapidly with the initial cold-work, and 
decreases after a sharp maximum, then in- 
creases again slowly with further cold-work. 
The maximum values of internal friction are 
74x10 and 1:15107* for the specimen 
No. 1 and No. 2 and the degree of cold-work 
corresponding to them are 2.0% and 1.9%, 
respectively. One cause of the discrepancy of 
the two specimens with regard to the maximum 
value of internal friction is attributed to the 
difference of the strain amplitude used for 
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Fig. 2. A typical exponential curve calculated by 
the least square method showing the recovery 
of internal friction at room temperature for 
aluminum single crystals. 
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Fig. 3. Internal friction versus degree of cold- 
work curves for two aluminum single crystals. 
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Fig. 4. Stress versus elongation curves for two 
aluminum single crystals. 


* In the calculation of the stress, the decrease 
of cross section of the specimen with elongation 
was not taken into account in all cases. 
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(b) 
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Fig. 5. Typical resonance curves strongly un- 
symmetrical and nearly symmetrical respec- 
tively. 

atx 10° 
7, 
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Fig. 6. Internal friction versus degree of cold- 


work curve for a copper single crystal. 


both measurements. Their maximum values 
measured by microscopic method were about 
8x10-° for the specimen No. 1 and about 
4x10-® for No. 2, respectively. The strain 
amplitude was maintained at nearly the same 
value in all measurements for the same speci- 
men. Although the amplitude dependence of 
internal friction was not investigated quanti- 
tively, it seems probable that the values of 
internal friction obtained here lie in the range 
where the internal friction depends on ampli- 
tude as is expected from the fact that the 
magnitude of strain amplitude used for the 
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Fig. 7. Stress versus elongation curve for a 
copper single crystal. 


measurement is relatively large and the ob- 
served resonance curves are more or less 
asymmetrical. As a typical example of 
strongly asymmetrical resonance curves, the 
resonance curve for the non-cold-worked 
aluminum specimen No. 1 is shown in Fig. 5 
(a). 

(2) Copper 

The specimen was annealed at 640°C for 
about 15 minutes, and etched by dilute aqua 
regia before measurements. The recovery 
effect at room temperature was measured 
continually over a duration of about 5 hours. 
However, no appreciable effect was found 
within this duration in contrast to the case of 
aluminum. The maximum strain amplitude 
used for the measurement was about 2x10-°. 
Since the observed resonace curves are more 
symmetrical than the case of aluminum, it 
can be concluded that the amplitude depen- 
dence of this system is less than the latter, 
but it cannot be determined whether it is 
caused by the essential difference between 
copper and aluminum or by the difference of 
the amplitude employed. 

The internal friction versus degree of cold- 
work curve is shown in Fig. 6. Because the 
recovery at room temperature was very small, 
the mean value of the measured values for 5 
hours were plotted. The stress* versus elonga- 
tion curve is shown in Fig 7. It was found 
that the internal friction of copper single 
crystal increases rapidly with increasing 
degree of cold-work, making maximum at 
1.8 percent elongation. This maximum value 


* See the foot note in p. 
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The degree of cold-work at which internal fric- 
tion makes a maximum 


The maximum value of internal friction 


of internal friction is 6.31073. After the 
maximum, it decreases rapidly as the cold- 
work increases, until it reaches a fairly con- 
stant value which is above the initial value. 


§5. Discussion 


Hasiguti and Hirai®) have measured the 
dependence of internal friction with cold-work 
for single crystals of copper and aluminum 
by longitudinal vibration of about 20kcps., 
and one of the present author’ has made a 
similar experiment using torsional vibration at 
about 1 cps. Therefore, it is possible to de- 
termine the frequency dependece of the 
initial friction in the range 107! to 10° cps. 
from the results of the above two experiments 
and the present one. Firstly, comparison was 
made for the case of copper. It was found 
that the internal friction shows a similar 
qualitative behavior with respect to the degree 
of cold-work in this frequency range, that is, 
in every case it makes a maximuim by the 
initial cold-work, then decreases again with 
increasing degree of cold-work and tends to 
approach a final value. Qualitatively this 
behavior is expected from the _ theoretical 
equations (2) or (9). In Eq. (9) which is 
applicable to the static hysterisis mechanism, 
internal friction contains a term which in- 
creass linearly with the dislocation density JN, 
whereas such a behavior is not observed in 
the measurements. One might interpret this 
result as due to the fact that the lst term 
of Eq. (9) is small compared with the 2nd 
term. The experimental features are also 
well explained Eq. (2) as was shown by 
Koehler and Weertman. We then compare the 
frequency dependence of two quantities, 
namely the degree of cold-work at which 
internal friction makes a maximum and the 
corresponding maximum value of internal 
friction 4m, in order to determine a more 
adequate mechanism to explain the measured 
results. The values are shown in Table I. 
The absolute value of cold-work corresponding 


Table I. 


Longitudinal Transversal Torsional 
vibration vibration vibration 
1~10% | 1.8% | 
elongation elongation 
3~10 x10-3 6X10z%). ires25K1058) 


to the maximum internal friction cannot be 
determined directly from the values in Table I, 
because it depends on the orientation of the 
crystallographic axis and on the type of applied 
cold-work. It should be noted, however, that 
maximum internal friction occurs for all cases 
by a slight cold-work. On the other hand, 
maximum internal friction 4, are well in 
accord with each other quantitatively in all 
cases. Consequently, it may be concluded 
that as far as we are concerned with copper 
single crystal, the variation of internal fric- 
tion with cold-work will be independent on 
the frequency employed in the frequency 
range 107! to 10° cps. which covers torsional, 
transversal and longitudinal vibrations. Ac- 
cording to the preceeding theoretical considera- 
tion, it is expected that the maximum value 
of internal. friction 4, must increase linearly 
with increasing degree of cold-work in the 
viscous mechanism; contrariwise, both the 
degree of cold-work at which the internal 
friction makes a maximum and the correspond- 
ing maximum value must be essentially 
independent on frequency in the static hysterisis 
mechanism. Hence, it may be concluded, that 
the mechanism of static hysterisis will be 
preferable as the energy dissipation mechanism 
due to dislocation. 

Next, similar comparisons will be made 
for aluminum single crystals. In three measure- 
ments, the internal friction versus degree 
of cold-work curves have a common feature 
that internal friction increases rapidly and 
makes a maximum at the earlier degree of 
cold-work. This fact can be explained quite 
well by both equations (2) and (9). However, 
the further increase at high degree of cold- 
work would be explained more favorably by 
means of Eq. (8), since it contains the first 
term which increases linearly with dislocation 
density. On the other hand, the internal 
friction versus degree of cold-work curves 
obtained by torsional vibration bears little re- 
semblance to the one mentioned above. 


966 


Although the curves make respective maxima 
at the earlier degree of cold-work, the height 
is so small that it can be neglected compared 
with the further increse at heavier cold-work. 
The qualitative behavior of this case is that 
internal friction increases parabolically with 
the degree of cold-work. Such a behavior, as 
mentioned above, can be explained qualita- 
tively to some extent by Eq. (8) in the case 
of static hysterisis mechanism. However, it 
is difficult to explain this behavior with Eq. 
(2) in the case of viscous mechanism. Further- 
more, it should be noted that, in contrast 
with the case of copper single crystal, the 
internal friction is dependent on the frequency 
employed in the case of aluminum single 
crystal. This conclusion is inconsistent with 
which one would expect from the essential 
features of the mechanism of static hysterisis. 
Therefore, in the case of aluminum, it seems 
to be difficult to interpret the behavior of 
internal friction as due to only the motion 
of free or pinned dislocation. Rather it 
would be more reasonable to attribute it to 
the motion of any imperfection other than 
free or pinned dislocation such as vacancy, or 
strongly coupled dislocations, or viscous 
motion of any kind like grain boundary 
migration. 

It should be noted, in conclusion, that the 
mechanism of internal friction depends on the 
frequency or temperature used in the measure- 
ment. The static hysteresis mechanism dis- 
cussed in this paper to interpret the origin 
of internal friction due to the motion of dis- 
location is only. applicable to the measure- 
ment near room temperature and to the 
frequency range from 1cps. to 10° cps. 
Anelastic internal friction attributed to the 
heat flow between upper and lower sides of 
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slip plane is considered to occur. Actually, 
Bordoni! has observed appreciable internal 
friction peak at the temperature below the 
boiling point of liquid air by using the 
frequency of about 10~50 kcps., which is 
considered to be due to an anelastic effect. 
And, internal friction due to the motion of 
dislocation will vanish at higher frequency 
range where the movement of dislocation 
cannot follow the variation of applied stress. 
However, static hysteresis loss is the most 
probable mechanism, because it occurs in the 
frequency and temperature range where the 
usual experiments are carried out. 
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} magnetic resonance»). 


{ measured by the other methods, 
) Kirkendall 


; atoms 
‘ and silver-cadmium system containing 30% 
{zinc or cadmium have been measured by 
H using radio-active isotope Ag’. It is interest- 
-ing to compare these values with 
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Diffusion of Silver in Silver-Zinc and Silver-Cadmium Alloys 
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Diffusivity of Agl0 in AgZn and AgCd alloys containing about 30% 
Zn or Cd was measured by means of surface counting. The results show 
that the silver atoms diffuse most rapidly in the lattice of AgZn and 
that the diffusivity of silver in AgCd is still higher than that in silver 
itself. These facts are interpreted by considering that the cohesive energy 
of the metallic lattice is affected by the addition of the impurity atoms 
not only due to the screening effect of the valence electrons but also 
due to the change of the repulsive interaction of closed shells. 


§1. 


Remarkable progress has been made in the 
investigations of atomic diffusion mechanism 
in metals and alloys. This fact is mainly 
attributed to the development of the experi- 
mental techniques in which radioactive iso- 
topes are utilized as tracers. By this method, 
most reliable diffusion constant can be obtained 
than any other method. Especially, it enables 
us to measure the self-diffusion coefficient 
which has not yet been obtained without iso- 
topes excepting few cases using nuclear 
On the other hand, 
diffusion constant has been 
namely, 
effect method*®, and  anelastic 
method®. However, the values obtained by 
these method differ slightly with each other 


Introduction 


the chemical 


in spite of that each given a kind of diffusion 


coefficient which relates to the transposition 


} probability of constituent atoms in alloy. And, 
| the relations between these have not yet been 


known, hitherto. Since the study of chemical 
diffusion is an interesting problem, it is worth 


' while to make the relations experimentally 


clear in order to increase the experimental 


4 results which are available for the theoretical 
‘ considerations. 


the diffusivities of silver 
solid solution of silver-zinc 


In this paper, 
inlets Gsce 


those 
obtained for the same materials by Kirkendall 


| effect measurement” and anelastic measure- 
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ment®”?, However, we do not concern it in 
this paper and remains it for the following 
papers which will be published in near future. 


§2. Method of Measurement and Self- 
Diffusion of Silver 


It have been reported by Smith, Jaumot 
and Arné that the lathe-sectioning method®* 
is most accurate to determine diffusion coeffi- 
cient by using radio-active isotope. In this 
experiment, however, surface-counting meth- 
od was used conveniently, because this 
method gives fairly accurate values without 
using any special apparatus. Since the pur- 
pose of this work is not to determine the 
accurate values of activation enthalpy and 
frequency factor, but to obtain the approxi- 
mate value for the comparison of the other 
measurements, this method was considered to 
be sufficiently useful. In order to ascertain 
the accuracy of the measurement, the self- 
diffusion of silver was observed preliminary. 
The specimens was cut from high purity 
(99.99%) silver in the shape of square disk of 
10mm in edge length and 5mm in thickness. 
Radio-active Ag! was electrolytically plated 
on one side of the specimen surface in the 
thickness of 10A. In order to reduce the 
loss of radio-active silver during the diffusion 
anneal, the two specimens were combined in 
“plated face-to-face” position, packed with 
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thin silver foil and placed in the sealed off 
quartz tube in which argon gas is filled. 
After the annealing, the radio-activity from 
the plated surface decreases because the 
radiation of diffused active silver is absorbed 


log(c/c,) 
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Fig. 1. Absorption of the radioactivity of Ag! 
by silver. 
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Fig. 2. Self-diffusion coefficient of silver. 


by the specimen material itself, and the de- 
creasing rate of radio-activity is expressed by 
the equation 


F=e[1—p(z)| ly) 
where 
IONE 
Ha= 7 |" er ay (2) 
2=4Di (Cah) 


In these equations 4 is the absorption coeffi- 
cient of the radiation from Ag™® by the 
specimen, ¢ is the time of diffusion anneal 
and D is the diffusion coefficients. Hence, 
we can estimate the value of D from the 
observed values of, F, w and ¢ from Eqs. 
(1), (2) and (3). In the actual cases, the 
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natural decay of the radio-activity of ‘silver 
may give error to the value of F. Then, the 
activity of the standard specimens, which 
have the same size, same material and on 
which the radioactive silver is plated in the 
same condition as the actual specimen, are 
observed in the course of the measurement. 
The corrected values of F' is thus obtained by 
comparing the observed change of radioactivity 
during the diffusion anneal with the natural 
decrease of the standard specimen. The value 
of the absorption coefficient # is determined 
from the observed decrease of the radioactivity 
through the thin foil of the specimen material 
having known thickness. The absorption 
curve for silver is shown in Fig. 1. In this 
figure, the abscissa show the thickness of the 
silver foils through which the radioactivity of 
Ag'!° was counted and the ordinate shows the 
logarithm of variation rate of the counting. 
As is shown, this curve is approximately 
straight, so the absorption coefficient is evalu- 
ated by least mean square method as “=211 
/cm from the equation 


P= 1—e-* (4) 


The diffusion coefficient of self-diffusion silver 
was measured at three different temperatures 
by using thus obtained F and mw. The results 
are shown in Fig. 2, in which those obtained 
by other investigators!?!)!™ are also plotted. 
It is obvious from the figure that the observed 
values of D are not so much different from 


those observed by others who used the lathe- _ 
sectioning method, then it might be concluded © 


that the accuracy is satisfactory for the pur- 
pose of the present work. 


§3. Experimental Results and Discussions 


The diffusivity of silver in AgZn and AgCd 
alloys are measured by the same method as 
described in the last section. As both speci- 
mens contain about 30 atomic percent zinc 
and cadmium, (29.4 atomic % zinc in AgZn, 31.9 


atomic % cadmium in AgCd) these have face- | 


centered cubic structure. Since the vapor pres- 
sure of zinc and cadmium is considerably high 
in the temperature range of diffusion anneal, 
the specimens were annealed in the sealed tubes 
as in the case of silver. By this method, eva- 
poration of zinc and cadmium becomes less than 
any other method of annealing. The observed 
absorption curve and the diffusivity of silver 


( 


! 


cannot be explained by Lazarus’ 
' According to him, the variation of the diffu- 
_ sion constant due to impure atoms is influenced 
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into these materials are shown in Fig. 3 and 
4, respectively. In both cases, the diffusivity 
is higher and the activation energy is lower 
than the corresponding values of — silver 
self-diffusion. These features do not contradict 
with the previous observations that the atoms 
in the impure lattice have higher diffusivity than 
in the pure lattice, and with the conclu- 
sions predicted from Lazarus’ theory™, that the 
solute zinc or cadmium in silver lattice would 
diminish the cohesive energy and would make 
the diffusion of atoms easier than in the pure 
lattice. Unfortunately, the present results 
cannot be interpreted quantitatively by his 
theory directly, because it is based on the 
Thomas-Fermi’s free electron models and 
should not be applied to the case of high 
impurity concentration like the present. 

It is evident from Fig. 4, that the observed 
results approximately satisfy the classical 
law of rate process that the probability of atomic 
jump is in proportion to the expontial of the 
minus reciprocal of the absolute temperature. 
Therefore experimental formula could be ex- 
pressed as 


D=0.09 exp (—36.000/RT)cm?/sec for AgZn 
D=10.0 exp (—46.000/RT)cm?/sec for AgCd 


Since the accuracy of the measurement is not 


so high, the numerical values of the frequency 


factor and the activation enthalpy do not have 
high reliability. However, the each measured 


' point is considered to be satisfactorily re- 


liable that the comparison with the results 
obtained by Kirkendall and anelastic experi- 
ments. The work concerning these problem 
will be published nearly. 

As is shown in Fig. 4, the diffusivity of 


' Ag into AgZn lattice is appreciably higher 


but this fact 
theory. 


than that into AgCd lattice, 


only by the difference of the number of 


' valence electrons between solute and solvent 


atoms. In the present case, the number of 


_ valence electrons in silver is one and those in 
zinc and in cadmium are both two per an 


atom. Hence, no difference is expected bet- 


ween AgZn and AgCd systems from his 


| 


} 


theory, if the concentration of the solute 
atoms is the same for both cases. The 
second factor which is considered to influence 
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the diffusion constant in the alloy is the 
difference of the radius of closed shell between 
solute and solvent atoms. In actual, ionic 
radius of zinc atom is much smaller than 
that of cadmium and silver, while the inter- 
atomic distance varies not so much by the 
addition of zinc or cadmium into silver. Then, 
it is concluded that the activation energy for 
the jump of atoms is smaller in AgZn because 


log(c/c,) 
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Fig. 3. Absorption of the radioactivity of Agt0 
by AgZn and AgCd. ; 
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Fig. 4. Diffusion coefficient of Ag™° in AgZn and 
AgCd alloys. 


closed shell repulsion energy is smaller. 
Although the quantitative description of the 
effect of the difference of the atomic rudius 
remains a subject for the future investiga- 
tion, the observed results can be explained 
qualitatively. 

It should be noted, in conclusion, that the 


y from the suggestion of C. T, Tomizuka, 
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present investigation is greatly contributed by 
the assistance of Messers T. Nakamura, K. 
Masuhara, M. Sakamoto and Miss K. Eda- 
moto who investigated this problem with the 
present authors as the graduation experiment 
during their undergraduate course of physics 
in Tohoku University. The present authors 
express their sincere thanks to them for their 
eager and kind assistances for the present 
investigation. 
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Some Characters of the Soap Bubble Raft in a Vibrating State 


Introduction 


By Einosuke FUKUSHIMA* 
Department of Physics, Tokyo Metropolitan University, Tokyo 
and Akiya OOKAWA* 


Department of Physics and Chemistry, Gakushuin University, 
Mejiro, Tokyo 


(Read October 30, 1954; Received July 9, 1955) 


The bubble raft is set in a vibrating state in order to approximate 
the real crystal in thermal vibration more precisely by the model. The 
exciting vibration of 90c/see is transmitted to the bubble raft through 
the sustaining liquid. In the vibrating state, it is observed that the 
bubble raft expands uniformly until a critical state is reached, where 
the regular alignment is destroyed abruptly. By means of the lattice 
expansion, a formula is proposed defining a reduced temperature of the 
bubble raft corresponding to each input power of vibration. The 
diffuseness of the irregularity characteristic of the lattice imperfections, 
such as the vacancy, the vacancy group, the interstitial and the disloca- 
tion, is observed to increase in general under vibration. In the case of 
the vacancy group, it can be detected the stacking faults characteristic 
to the bubble raft. 

Some preliminary discussions are attached as to the cause of the raft 
expansion and of the diffused lattice imperfections, the characteristics of 
the disordered state at the critical point, and the geometrical mechanism 
of formation of the stacking faults by means of the imperfect disloca- 
tions. 


The bubble raft model of a crystalline solid 
introduced by W. L. Bragg and the others” 
has contributed much to the study of the 
dislocation, the grain boundary”? and the 
recrystallization. However, the bubble raft 


model as it stands has substantial drawbacks 
in two respects, the two-dimensionality and 
the missing thermal agitation against the real 
crystal. In the latter respect, the model is 
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estimated to correspond to the real crystal at 
very low temperature. One must accordingly 
be careful in relating the observed behaviours 
of the bubble raft to the experimental facts 
of the real crystal. 

It is desirable under the circumstances to 
make observations on the behaviour of the 
bubble raft in a state somehow proximate to 
the real state accompanied with the thermal 
agitation*. For the purpose, the bubble raft 
was set under mechanical vibration and we 
could then detect behaviours different from 
those in the static state. Here is reported 
on the raft expansion, the diffused vacancy 
group and the dislocations in the vibrating 
state. On the behaviours of the grain bounda- 
ries in the vibrating state, it will be reported 
later. 


§ 2. 

A supersonic wave transmitted through 
the sustaining liquid was unsuccessful in the 
issue to set the floating bubble raft in vibra- 
tion. Rather a vibration of much lower 
frequency was transmitted through the liquid 
successfully. 

The experimental apparatus used is shown 
schematically in Fig. 1. The basin C con- 
taining the soap solution is brassmade except 
the iron-made baseplate of 1.5 9272 thickness. 
The iron plate is set in vibration by the fixed 
electromagnet M driven by alternating cur- 
rent. The audio frequency oscillator is of 
range 35-18,000c/sec, but the vibration of 
higher frequency (higher than 250c/sec) is 
unavailable in the basin, due to the high 
mechanical impedance of the thick baseplate. 
Between 30-250 c/sec, the set has resonances 
at 60 and 120c/sec. To avoid the complicating 
effects of fluctuating frequency, the constant 
frequency of 90c/sec is used _ provisionaly 
throughout the present experiment. It can be 
detected by the Askania portable oscillograph 
analysis, that the vibrating mode of the 
baseplate driven at a fixed frequency of the 
oscillator contains unnegligible components of 
higher harmonics. 

It is evident that, as to the frequency of 
_ vibration as well as to the frequency spectrum, 
- the bubble raft excited by the present method 
is yet far from the real crystal under thermal 
But the raft, looking rather spa- 
cious between the constituent bubbles when 
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Fig. 1. Experimental apparatus to set the bubble 
raft floating on the soap solution in a vibrating 
state, 
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Fig. 2. The bubble raft in the static st 
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d is the diameter of the bu 


Fig. 3. The bubble raft in the critical vibrating 
state (d=1.0 mm). 


at rest, looks the more closely packed with 
increasing the input power of the exciting 
current and we can really detect an expansion 
of the bubble raft under vibration. The 
observed raft expansion induced by _ the 
mechanical vibration may be marked as a 
characteristic corresponding to the thermal 


* Tt was a problem of much interest to many 
attendants at the Nikko Symposium on Crystal 
Plasticity and Dislocations, 1953. 
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a 
Fig. 4. An example showing the raft expansion 


in three lattice directions. 


Input power W in wott 


Fig. 5. The mean lattice expansion in each of 
the three lattice directions against the input 
power. 


expansion of the real crystal. Thus we may 
presume the increased proximity between the 
real crystal under thermal vibration and the 
bubble raft model excited by the present 
method. 
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$3. Raft Expansion 


Single crystalline bubble raft of free bounda- 
ry, nearly rectangular or elliptic in shape, 
is made by the usual method and then we 
increase the input power W of exciting cur- 
rent driving the electromagnet. The bubble 
raft is photographed at each input power, ex- 
posure time being 1/25-1/50 sec. The expand- 
ing deformation of the raft properly set is in 
general not accompanied by the complexing 
factors, such as the shearing mode, the in- 
homogeneity and the anisotropy. But when 
a critical input power W,, is reached, the 
long range order of the bubble arrangement 
is destroyed abruptly. Figs. 2 and 3 represent 
the bubble raft in the static and in the criti- 
cal state, respectively, where in the latter the 
characteristic wavy distortion of the bubble line 
is remarkable. The critical input power, 
where the disintegration of the long range 
regular pattern takes place can be determined 
fairly precisely. We propose to correlate this 
critical point of the bubble raft to the melting 
point of the real crystal. 

After the photographs were enlarged under 
a standard condition, the raft dimensions were 


measured along three lattice directions, (011), 


(101) and (110). An example of the raft ex- 
pansion is shown in Fig. 4 along each lattice 
direction, where the innermost photographs 
are in the static state and the outgoing ones 
are in order of increasing input power. The 
length Z4,+4/; ¢@=a, y and z) of 30 to 10 bub- 
bles, 7; being the length in the static state, 
is measured with respect to the enlarged 
photographs at several locations of the raft. 
The linear lattice expansion 4/,/J; is nearly 
constant, notwithstanding the varied number 
of bubbles, 30 to 10, nor the varied location 
in the raft, thus verifying the homogeneity 
of the raft expansion. 

The mean expansion <4/;/1;> in each direc- | 
tion is plotted against the input power in 
Fig. 5. It can be seen that the raft expansion 
is nearly isotropic. For further use, we define 
the average of <4/;/1;) over the three direc-_ 
tions, denoting it by <4J/). 

The measured input power Wm» where the 
raft disintegrates was not constant under a_ 
seemingly constant condition. One of the | 
most serious causes hereto was detected to be | 
the varied temperature of the sustaining soap 
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solution due to loss heating of the iron 
baseplate. To take refuge from this incon- 
venient circumstances, the average expansion 
<Aljl> is plotted against the input power ratio 
W/W», and we have as its issue a unique 
relation between the two variables (see Fig. 
6.) The experimental conditions for the three 
series are given in Table 1. 
and Table 1, we may rely on a unique rela- 
tion between <4J/J) and W/Ww, 
standing the fluctuating W,,, in different series. 
Plotting logiy <4Z/J) against W/Wn, we have 
the curve A in Fig. 7. Here’ we propose a 
linear relation between the variables 
logi9<41/D = —3.192+1.731 W/Wm , 
thus obtaining an experimental formula 
<Al/I> =34.6 x 10-2 exp[—3.96(1— W/Wn)] . (3-2) 
Now, it may be not whithout merit to have 
a reduced temperature scale associated with 
the vibrating raft at each input power. 
With the present experimental set, however, 
it remains yet unknown the functional 
relation between the energy of the raft itself 
and the input power exciting the electro- 
i magnet. On the other hand, the vibration 
applied to the bubble raft by the present 
procedure is apparently far from simulating 
the thermal vibration in the real crystal. 
Under the circumstances, as a mere tentative 
measure of correspondence, the reduced tem- 
| perature T is defined by means of the raft 
expansion <4//2>, taking account of the experi- 
mental formula (2) and an assumed linear ex- 
pansion formula 
Mb=a=al-. 
| From Egs. (3-2) and (3-3), we have 
aT=34.6 x 10-* exp[—3.961—W/W,,,)] . 


The constant a is determined by setting the 
| reduced temperature 7 for Wr equal to the 
actual melting temperature 7%, of the real 
1 crystal, to which the bubble raft under investi- 
} gation is to correspond. If the bubble raft 
-is to correspond to copper, we set T=1350°K 
| for W/W»n=1, the melting temperature of Cu, 
| obtaining the linear expansion coefficient 


(3-1) 


(3:3) 


a= 0255 «10 (3-4) 
| The correspondence formula 
T=1356 exp [—3.9611 —W/W.)| (3-5) 


| is plotted in Fig. 7, curve B. Thus we can 
lestimate the temperature, where the cor- 
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Table I. 
Diame- Raft i) Rees i 
a: ter of dimen- oe 
Series bubble sion este Number Number 
of of loca- 
(mm) (mm) | Wy» |bubbles tions 
Ly ae 1 68 Goe deo Seles 
i | (rectangular) 
As to Fig. 6 : i | 
LEE | hey? | 72x53 | 50 30 5 
| (elliptic) | | 10 9 
notwith- [Ne 2te0 63 x 52 | 32.8) 10 15 
(elliptic) | | 
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Input power ratio W/Wm 
Fig. 6. The lattice expansion averaged over the 


three lattice directions against the input power 


ratio. W,, is the input power at the critical 
point. 
a mee 
log Kal/1) = — 3,192 +1731 W/ Wm 
T = 1356 exp[-3.96(1-W/Wm} < (ee 
1000 
[oo 
1800 
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S E1500 
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See 0200300405 069 O77106" 09 1 
Input power ratio W/Wn 
Fig. 7. Curve A; The logarithmic lattice expan- 
sion against the input power ratio. Curve B; 
The reduced temperature corresponding to each 
input power ratio. 


responding real crystal, Cw in our case, is to 
be associated to each vibrating bubble raft 
under investigation. It may be noteworthy 
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Fig. 8. Single vacancy (d=0.9mm). (a) the 
initial and the final state; (b) the state at about 
1000°C; (c) the state just below the melting 
point. The arrows show the glide lines of the 
dislocations. 


Fig. 9. Two vacancies (d=0.9mm). (a) the 
initial state; (b) the final state at rest; (c) the 
state at about 200°C. The arrows show the 
glide lines of the dislocations. 
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that the value of the linear expansion coeffh- 
cient @ of the bubble raft is in order of 
magnitude proximate to that of the real 
crystal copper (0.200 10-4 at 1000°C.) 

In the followings, by means of the formula 
(5), we have the convenience of estimating the 
temperature 7, where the behaviours in the 
real crystal should have resemblances to the 
observed behaviours in the bubbie raft at each 
specified input power ratio W/W. 


aoc 
deviation from the normal site is marked at 
the crossing points of the arrows. 


An interstitial bubble (d=1.0mm). The 


$4. Lattice Imperfections of Bubble Raft 
in Vibrating State 

The lattice imperfections of the bubble raft 

in vibrating state are observed to display 

characteristics different from those observed in 
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the static state. In the following, some 

characteristic properties are described as to 

the vacancies, the interstitial and the disloca- 
tions. As to the grain boundaries, it will be 
reported later. 

(i) 
(a) 
A single vacancy transforms itself by in- 

creasing input power in order as shown in 
Fig. 8=a, 6, and ¢, resuming the | stater@ 
reversibly when at rest. Sharing of vacancy 
by the more bubbles with increasing the 
power is characteristic, but the direction of 
diffuseness is seemingly set by chance. The 
state a is stable until nearly the melting 
point. 


Vacancy. 


Single vacancy. 


(b) Vacancy patr. 


As to two vacancies in close neighbourhood, 
the vacancy pair at the initial state, Fig. 9a, 
is transformed through the state 6b to the 
state c at the reduced temperature of about 
450°C, resuming the state 6 when at rest. 
The state 6 is transformed to the state c at 
lower reduced temperature of about 200°C. 
The artificial initial state @ is, so to speak, 
unattainable by the thermal process. As is the 
case with the single vacancy, the sharing of 
vacancy by the more bubbles in the vibrating 
state is remarkable but the isotropy of the 
diffuseness is hard to realize. 


(c) Three and four vacancies. 


In each case of Figs. 10 and 11, starting from 
the initial state a, the imperfections are 
transformed through 6 to ¢ in process of in- 
creasing the input power, resuming finally 
the state b at rest. Again the sharing of 
vacancy by the more bubbles is remarkable at 
elevated temperatures but the anisotropy of 
diffuseness is hard to avoid. 

It is noteworthy that, whereas the state b 
at lower temperature has a stacking fault of 
triangular shape of variable bubble length, 
the state c at higher temperature represents 
rather a dislocation pair on glide lines sepa- 
rated by variable bubble length with their 
dilatation sides in common. 


Gi) Interstitial. 
A single interstitial bubble is shown in Fig. 
12a and. Foraremark, while in the state a 


at the reduced temperature of about 770°C the 
deviation form the regular lattice site is con- 


Fig. 13. Single dislocation (d=0.9 mm). 
The dislocation width is indicated by 
the two arrows. (a) the state at rest; 

b) the state at about 880°C. 


centrated on a single bubble, in the 
state 6 near the melting point the 
most remarkable deviation is shared 
by neighbouring two bubbles. 

Gii) Dzslocation. 

(a) Single dislocation. 

The general trend, that the lattice 
irregularity is shared by increasing 
number of bubbles with increasing 
the vibration intensity, is displayed in the case 
of the dislocation in its increasing width. The 
dislocation width of about 5 bubble length at 
rest, Fig. 13a, increases to about 10 bubble 
length at the reduced temperature of about 
880°C, Fig. 130. 

(b) Paztr dislocations. 


Pair dislocations on parallel glide lines under 
vibration is shown in Figs. 14 and 15. The 
dislocations in Fig. 14 have their compression 
sides in common along single bubble line, thus 
amounting in net issue to a single interstitial 
bubble, and the dislocations in Fig. 15 
have their dilatation sides in common along 
four bubble lines, thus amounting in net to 
four vacancies. In any case, however, the 
characteristic as the dislocation imperfection 


Big, 14. 
sides in common at about 350°C (d=1.0 mm). 


Fig. 15. 


Pair dislocations with their compression 


Ot 


Pair dislocations with their dilatation 
sides in common at about 350°C (d=1.0mm). 


are undisputably clear, being in sharp contrast 
to those shown in Figs. 12@ and 118, respec- 
tively. 


$5. Discussions 
(i) On the raft expansion in vibrating state. 
As the sharpness of the periphery of each 
bubble in the vibrating state is almost the 
same as that in the static state, the bubbles 
oscillate substantially in normal direction to 
their extension, the surface of the sustaining 
liquid. To explain the raft expansion due to 
this transversal vibration, we shall for the 
present put aside the complicating factors 
such as the normal modes of the bubble raft 
and the matching between its characteristic 
modes and the exciting vibration. We shall 
accordingly approximate each bubble by an 
independent linear oscillator with the charac- 
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teristic frequency v and the minimum potential 
€, both depending on the two-dimensional ex- 
tension S of the total raft composed of NV 
bubbles. 

The number of the available states of an 
oscillator, not exceeding a given energy e—é, 


is proportional to the phase integral \\ say 


extended over {p?+(2zmv)*q?}/2m<e—€. With 
the proportionality constant 1/h, it is given by 
(e—€)/hy and the energy of the 7z-th bubble 
can be written as e:=€+mihv, where the n; 
may be assumed to take a large positive 
integral value. The total energy “ of the 
raft is therefore 


e 
H= Si (E+nihy). (Gal 


i= 


The number of configuration of the total raft 
for given total energy is given by 


C=(M+N—1)!/MI(N—})! (5.2) 
where, refering to Eq. (5.1), 
. 
M= > m=(£—-NE)/hy . (Se3)) 


i=1 
The raft in vibrating state is observed in the 
most probable state corresponding to the 
maximum number of configuration. As the 
number of configuration C is a monotonous 
increasing function of M, we have, maximizing 
the M of Eq. (5.3) with respect to the exten- 
sion S of the raft, the condition 
dé d 


= y 
i4— INE ——=() , 
NS hyu+( NE\)h dS 0 


Expanding d&/dS about Sy, that minimizes the 
potential energy &, it follows 


dé _( dé Wea oe ede 
dS =( dS )+($5 : aie KoSo ae) 


(5.9) 
«y being the compressibility at Sy. Differentia- 
tion of Eq. (5.4) with respect to #, with Eq. 
(5.5) for d&/dS, gives 


(5.4) 


(5.6) 


As the characteristic frequency v of each 
bubble is presumably a decreasing function 
of the raft extension S, we can expect, 
according to Eq. (5.6), the raft to expand with 
increasing its total energy 2. 
(ii) On the diffused imperfections in 

vibrating state. 

We have noted many examples in § 4 show- 
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ing that the irregularity characteristic to each 
type of the lattice imperfections, such as the 
vacancy, the vacancy group, the interstitial 
and the dislocation, is shared in the vibrating 
state by the more bubbles than those in the 
static state. It can easily be foreseen that 
the bubble at an irregular lattice site has its 
potential energy greater and the characteristic 
frequency less than that of the bubble at 
a regular lattice site. The general trend of 
increasing diffuseness of the characteristic 
irregularity in the vibrating state can then 
be interpreted qualitatively, on the same line 
as the preceding discussion on the raft ex- 
pansion, to the effect that the local number 
of configuration is more favoured by _ the 
locally decreasing characteristic frequency, in 
spite of the unfavourable increasing potential 
energy there. In thermodynamical language, 
one might speak of the bubble raft in vibrat- 
ing state realized in the state of minimum 
free energy, not in the state of minimum 
potential energy. 

(iii) On the disordered state at the critical 
point. 

As to the disordered state at the critical 
point, shown in Fig. 3, it is of little value to 
speculate on the transformation process from 
the same elementary stand-point as those in 
the above discussions, because of the expected 
predominance of the cooperative interactions 
between the constituent bubbles. We want 
instead to depicture some characteristics dis- 
criminating the disordered state from the 
static state. 

The short range order is preserved in the 
sense that the bubbles are packed in hexago- 
nal alignment over separate extension. But the 
long range order is destroyed, the respective 
lattice directions being tilted at respective 
boundary lines. The lines B,B:, B.B. and 
B;B; in Fig. 16, the reprint of Fig. 3, shows 
the tilt boundary lines. These tilt boundaries, 
especially the line B.B,, are not accompani- 


ed with dislocations nor with the holes, 
which are indispensable as the constituent 
elements of the tilt boundary separating 


undistorted crystal grains. This discrepancy 
is compensated here by the elastic distortion 
of the neighbouring raft grains, which is 
evident from the distorted triangles of lattice 
points in Fig. 16. From the general viewpoint 
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in section (i) and (ii) that the range of lattice 
imperfections is increased at the higher tem- 
perature, one might say that at the critical 
temperature the far reaching elastic distor- 
tion within each grain is rather favoured to 
the localized lattice imperfections on the 
boundary such as the dislocations and the 
holes. 

(iv) On the stacking fauit 

The bubbles constituting the central triangle 
in Figs. 106 and 110 are in regular hexagonal 
alignment in themselves but are in disalignment 
with the surrounding mother raft. Refering 
to Fig. 17, they are in b-sites relative to the 
mother raft in a-sites, thus resulting in the 
boundary line of two-dimensional stacking 
fault. Several examples of this type of faults 
was detected by W. L. Bragg and J. F. Nye», 
leaving the mechanism of formation unreveal- 
ed. In the present stage of the dislocation 
theory, we can easily understand, at least, the 
geometrical mechanism of formation. 

In order to visualize the geometrical mecha- 
nism of transformation between the state b of 
stacking fault and the state c of paired disloca- 
tions in these figures, it is convenient to 
introduce the dislocation reaction involving the 
imperfect dislocations symbolized by 


“=z + 

Pee 0) 
uk + a 

i) ac llen OW 


The glide line, the extra-half plane and the 
Burgers’ vector characterizing each disloca- 
tion are represented in the symbol by the 
fine full line, the bold half line and _ the 
underlying arrow, respectively. The imperfect 
dislocations, standing on the right hand side, 
can glide on any one of the two glide lines 
but they issue in the wake of their travel to 
the stacking fault between the grain in a-sites 
and the grain in b-sites. Some examples are 
shown in Fig. 18, where the perfect disloca- 
tion D dissociates into two imperfect dislo- 
cations, A and B, with the stacking fault 
between. This is the analogue to the so-called 
extended dislocation”. 

Starting from the state in Fig. 18), the 
paired dislocations D and D’ can dissociate 
into two imperfect dislocations, A and B, and 
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Fig. 16. bubbles 


Characteristic disalignment of 
at the critical state (see Fig. 3). 


°o--- b= site 
x*--~ ¢-= site 


Fig. 17. Three types of the lattice sites in plane 
hexagonal bubble array. 
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Fig. 18. Some of the possible dislocation reac- 
tions involving imperfect dislocations and the 
accompanied stacking faults. 
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Fig. 19. Some examples of the stacking faults in 
the bubble raft at rest. 


A’ and B’, respectively (see Fig. 18q), while 
the new pair of dislocations, A and A’, and 
B and B’, respectively, can switch onto the 
new glide lines to annihilate each other under 
favourable condition, to result in the stacking 
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fault in the state of Fig. 187. This type of 
the stacking fault is detected in the bubble 
raft shown in Fig. 197. If only the disloca- 
tion D dissociates, we can expect the stacking 
fault in the state of Fig. 18s, which cor- 
responds to Figs. 106 and 118. 

We can also expect the stacking faults with 
surviving imperfect dislocations. Starting 
from the state of Fig. 18g, we have the 
stacking fault in the state ¢ as the result of 
pairwise annihilation of the imperfect dislo- 
cations A and A’, and the stacking fault in 
the state w as the result of further shifting 
of the remaining imperfect dislocations B 
and B’. Both types of the stacking faults 
are detected in the bubble raft shown in 
Figs. 19¢ and wz, respectively. As to the 
latter type, it is noteworthy that this type of 
the stacking fault can be expected as the 
issue of coalescence of precipitated vacancies”, 
but that the constituent imperfect dislocations 
can not glide without the stacking fault 
accompanying in its wake”. 

The interactions as well as the transforma- 
tions between the lattice imperfections are 
expected to be of much interest in processes 
such as the diffusion, the order-disorder trans- 
formation and the allotropic transformation. In 
the respect, the bubble raft in the vibrating 
state displays remarkable characteristics, such 
as the increased diffuseness of the lattice 
imperfections in general and the predominant 
role of the imperfect dislocations. 

After the geometrical mechanism of trans- 
formation is clarified, however, we must 
proceed onto the problem on the _ relative 
stability between the relevant states and then 
onto the problem on the rate process of 
transformation between the states. In the 
present stage of our investigation, we can 
not decide conclusively on these points. Yet, 
at any rate, we can not neglect the unde- 
niable effect of the mechanical vibration of 
the bubble raft simulating the thermal vibra- 
tion of the real crystal. 
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Well-developed octahedral {111} and cubic {100} faces have been 
obtained in recrystallized copper by annealing the material at a tem- 
perature close to the melting point. Monatomic steps on both octahedral 
and cube surfaces, which were caused by the presence of dislocations 
and their motion, are visible through the decoration by oxide particles 
formed in the course of cooling. Arrays of dislocations in sub-bounda- 
ries, random migration of each dislocation, the migration of dislocation 
groups in sub-boundaries, evaporation spirals are observed. Analysis of 
the structure of sub-boundaries in terms of constituent dislocations seems 
to support the main idea of the theory of dislocation network put forward 


by T. Suzuki and the present author. 


Introduction 


§ 1. 

Forty and Frank” have succeeded in reveal- 
ing the monatomic growth and slip steps on 
well-developed cube and octahedrai faces of 
silver crystals, which were grown from the 
vapour. The heights of these monatomic 
steps are about 2A, and are of course out of 
resolving power of an optical microscope as 
well as an electron microscope. The detection 
of monatomic steps was greatly assisted by 
the remarkable phenomenon of ‘decoration’ 
of the edges of monolayers. 

The observation by Forty and Frank af- 
forded very important contributions to the 
theory of dislocation, i.e. informations concern- 
ing the distribution of dislocation, behaviours 
of each dislocation, etc.. The crystals in 
their observation, however, were grown from 


vapour, which might be very perfect in com- 
parison with those employed usually in the 
studies of plastic deformation. Of particular 
interest are the dislocations left behind the 
recrystallization and their behaviours. 

The positions of dislocations in metal crystals 
are also revealed in the other methods, such 
as, chemical etch”, thermal etch or oxidation”. 
Informations obtained from these observations, 
together with those obtained from the mona- 
tomic steps in habit surfaces will improve the 
basis of the dislocation theory of real crystals. 

This article describes the observation on the 
monatomic steps in the well-developed octahed- 
ral {111} and cube {100} faces of recrystallized 
copper. The distribution of dislocations in 
these crystals, motion of each dislocation, 
migration of sub-boundaries are also discussed. 
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Fig. 1. The arrangement of annealed copper 
blocks. 


Fig. 2. Surface nearly parallel to a 
after high temperature annealing. 


HL ace, 
x 350 


Fig. 3. Surface nearly parallel to a 
after high temperature annealing. 


{100} face, 
x 350 


Eig. 4. Surface structure 
coherent twin boundary. 


in the 
x 1,500 


vicinity of 


$2. Development of octahedral and cube 
faces by high temperature annealing 


In order to detect the edges of monolayers 
of atoms on a close-packed atomic planes, the 
surfaces for the observation must be true to 
the appropriate plane to within only a few 
seconds of arc and it is difficult in practice to 
produce such suface on bulk metals, which 
were subjected to known deformation or heat 
treatment, by usual polishing techniques. 
Meanwhile, it was fourtunately found that the 
octahedral and cube faces develope on copper 
crystals which were annealed at a_ tempera- 
ture very close to the melting point as follows. 

When several cold worked copper blocks 
(99.98% copper) of a ring shape of 20mm in 
inner diameter, 30mm in outer diameter and 
3mm in thickness were heated to a tempera- 
ture close to the melting point for about 3 
hours in low vacuum (about 10°*mm Hg), 
on account of accident in automatic controller, 
the furnace was heated beyond the melting 
point, so some outer parts of copper blocks 
melted and the molton material dripped in 
the bottom of the boat. (Fig. 1) The true 
temperature of the copper crystal was not 
measured, but it was estimated that any part 
of blocks was heated to a temperature within 
0.001°C to the melting point if the melting 
took place at an ideally definite temperature 
and if the heat transfer through the evapora- 
tion or condensation of copper was neglected. 
It is, therefore, reasonable to suppose that any 
copper crystals was heated to a temperature 
within 0.1°C to the melting point. After this 
heat treatment it was found that {111} or {100} 
faces developed on the free surface associated 
with steps of about 0.5% high. One can 
Observe the exact {111} or {100} faces extend- 
ing over several tens microns, even if the 
angle between a habit face and the average 
crystal surface is so large as a few degrees 
as shown in Figs. 2 and 3. The triangular 
or square pits on octahedral or cube faces 
may be related to dislocations respectively, 
but any convincible evidence has not been 
obtained. 

Fig. 4 shows the neighbourhood of a coherent 
twin boundary, where the octahedral face 
developed in one crystal and the cube face in 
the twin related crystal. The step-line pattern 
in one face continues through the twin inter- 
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Fig. 5. Distortion of step-line pattern due 


(b) Initial step-line pattern before the atom migration takes place. 


Fig. 6. 


face as already mentioned by Forty and Frank” 
in their observation on the growth surface of 
silver. 


§3. Decoration of Monatomic steps 


By examination of the surface of the above 
mentioned crystals at high magnification, it 
was observed that the monatomic steps on 
octahedral face was decorated by arrays of 
oxide particles as shown in Fig. 5a and 6a. 
The evidence for the formation of these oxide 
particles along the monatomic steps in the 
octahedral faces is as follows. As already 
pointed out in the interpretation of growth 
patterns?) when two step-lines cross each 
other (Fig. 7a), the pattern becomes distorted 
by migration of atoms to remove sharp corners 
(Fig. 7b), if the heights of the both steps are 
equal to each other. The pattern shown in 
Fig. 5a might be produced from the step-line 
pattern shown by the solid curves in Fig. 5b, 
after the atom migration mentioned above. 
The hatching in the figure represents large 


to atom migration. 


As Fig. 5. 


(a) Observed step-line pattern, 
x 5,700 
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Fig. 7. Schematic representation of distortion of 
step-line patterns due to atom migration. 


steps or oxide particles irrespective to the 
elementary step-lines. The pattern in Fig. 6a 
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x 2,000 


Step-line patterns in a {100} face. 


Fig. 8. 


is more complicated than in Fig. 5a but if 
the distortions of step-line patterns shown in 
Figs. 7b, b’ and c,c’ took place, the initial 
step-line pattern might be shown in Fig. 5b, 
where the dashed line represents the step-line 
produced after the atom migration was ceased. 
One could hardly find another interpretation 
for the patterns in Figs. 5a and 6a, so it may 
be reasonable to conclude that the heights of 
the majority of steps represented by thin 
curves are equal to each other. Since the 
step heights could not be detected by optical 
microscope using phase-contrast illumination, 
the height of each step should necessarily be 
less than 20A. It is, therefore, convincingly 
concluded that most of the thin curves indicate 
the monatomic steps. The decoration of steps 
in cube faces is not very perfect compared 
with that in octahedral faces as shown in 
Fig. 8. The distortion of step-line pattern 
took place in Fig. 8, so the thin curves in 
this figure may also represent monatomic 
steps. 

Forty”, Forty and Frank” have succeeded 
in revealing the monatomic steps in some 
metals through the tarnish by ‘ Plasticine’ at 
room temperature. The surface of copper are 
also decorated by oxide particles after exposing 
the crystal to atmosphere for a few months, 
but the decoration was very imperfect com- 
pared with those during high temperature 
oxidation. 


§ 4. Dislocations in Sub-boundaries 


Figs. 9 to 11 show step-line patterns on 
octahedral faces caused by dislocations in sub- 
boundaries, Fig. 9 is a typical example of 
straight sub-boundary composed ‘of an array 
of dislocations. Fig. 10 shows an example of 


Hideji SUZUKI 


(Vol. 10, 


Sd | 


Fig. 9. Straight sub-boundary, «1,500. Note the 
arrows, the pattern in these regions indicate 
that each dislocation has the same normal com- 
ponent of Burgers vector to the surface. 


triple junction of sub-boundaries. 

The most simple sub-boundary is a tilt 
boundary consisted of parallel edge dislocations 
with the same Burgers vector. Sub-bounda- 
ries of this type are parallel to {110} planes. 
Since a dislocation is associated with a mon- 
atomic step on the observed surface only 
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when the Burgers vector of dislocation is not 
parallel to the surface, about a half number 
of dislocations cannot be visible in an octa- 
hedral face. The intersections of the observed 
surface with {110} tilt boundaries of visible 
dislocation arrays are parallel to <110>. Fig. 
11 shows perhaphs a sub-boundary of this type. 
But it must be noted that step-lines in Fig. 
11 continue through the large steps. This 
indicates that the step-lines were caused by 
the migration of constituent dislocations of 
the sub-boundary. 

According to the systematic observation 
over whole area of a few crystal grains with 
the surface nearly parallel to {111} faces, the 
sub-boundaries belonging to <110> directions 
in the surface were rather rare compared 
with those in the other directions. Further, 
the sub-boundaries in the former directions 
always reveal the trace of migration as in 
Fig. 11. The stable sub-boundaries, which do 
not show appreciable trace of migration, are 
not parallel to <110>. Since the intersections 
of the sub-boundaries parallel to {100} or {111} 
with the octahedral face are parallel to <110>, 
it is concluded that the sub-boundaries parallel 
to the above-mentioned planes are rather rare 
in recrystallized copper and that these sub- 
boundaries are less stable than the other type 
of sub-boundaries. 

On the other hand according to the theory 
of dislocation networks put forward by T. 
Suzuki and the present author®, the stable 
configuration of dislocation networks, which 
can remain after recrystallization, is a honey- 
comb structure composed of {112} plane net- 
works as shown in Fig. 12. The components 
of Burgers vector of individual dislocation 


Fig. 11. Sub-boundary thought to be parallel to a {110} plane. 2,400 | 


Eig. 10. Triple junction of¢sub-boundaries. 
«1,500 
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Fig. 12. Honeycomb structure composed of {112} 
plane networks. 


Fig. 13. Schematic representation of step-line 
formation in octahedral planes by the (211) dis- 
location network. 


elements normal to octahedral faces are seen 
in Fig. 13. A plane network, for example, 
parallel to (211) causes step-lines on six octa- 


hedral faces parallel to (111), (111) and (111), 


but not any step-line on (111) face. When 
the (211) dislocation network is observed in 


(111) or (111) face, the directions in the surface 
make an angle of 19°06’ with one of <110> 
directions in the surface, and when the (111) 
face was abserved the network is parallel to 
one of <110> directions. This network in the 
vicinity of (111) free surface, however, is very 


surface at an angle of 19°28’, while the angle 


between (211) and (111) or (111) is 61°52’. 

In Fig. 14 the frequency finding the direction 
of sub-boundaries in a region of orientation 
from @ to 6+00@ is plotted against #, where 
60 is 10°. The height of hatched region of 
the figure respresents the number of sub- 
boundaries counted for the angle from one of 
<110> directions, and the total height of the 
figure represents the number disregarding the 
sign of the angle. The upper of Fig. 14 shows 
the calculated direction of sub-boundaries 
parallel to some simple crystallographic planes. 
It seems, therefore, to be reasonable to sup- 
pose that the sub-boundaries are nearly paral- 
lel to {112} planes. Further considerations on 
the structure of sub-boundaries shall be found 
in §7. 


$5. Migrations of Dislocations 


It must be noted that the monatomic 
steps in Fig. 5a and 6a are not parallel to 


the intersections of definite crystal planes 
with those observation surfaces, and that 
these monatomic steps are produced as 


a result of migration of individual dislocations. 
Some of irregular motion of dislocations are 
also shown in Figs. 15 to 18. The traces of 
dislocations drawn in Figs. 15b, 16b,17b and 
18b could not be obtained uniquely from cor- 
responding step-line patterns, but may be 
accepted as plausible figures. These figures 
are also useful for the check of height of 
steps, and it may be seen that the majority 
of the step-lines are of monatomic height and 
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Migration of dislocations. 
* 1,500 


Fig. 15~18. 
of dislocations derived from a. 


the rest are of the twice or thrice. The step- 
line pattern in Fig. 19 is so complex as to be 
impossible to reproduce the trace of disloca- 
tions uniquely. In spite of these distinct 
evidences of random motion of dislocation, it 
must be emphasized that the dislocations in 
copper crystal can hardly climb out from its 
slip plane under ordinary conditions, because 
the crystals examined here were annealed at 
an unusually high temperature perhaphs 
within 0.1°C of the melting point. 
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a; Observed step-line pattern, b; Trace of migration 


The mode of migration of dislocations may 
be classified into some classes, such as the 
shaking of the head (Fig. 20), the migration 
over long distance (Figs. 21 and Zoe ate 
migration of a group of dislocations in we 
small region (Fig. 23), and the migration of 
group of dislocations over a long distance 
(Figs. 24 and 25). 

It was very rarely found that a dislocation 
shakes its head around a fixed position as in 
Fig. 20, while the shaking motion frequently 
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Fig. 20. Shaking motion of a dislocation head. 
x 2,400. 


took place during the migration over long 
distance and resulted in many closed step-lines 
as already shown in Figs. 15 to 19. These 
patterns suggest that a part of a dislocation 
in the vicinity of free surface is more mobile 
than that in the interior of the crystal. It 
seems, therefore, to be reasonable to suppose 
that a part of the driving force making an 
isolated dislocation to migrate may be supplied 
from oxidation process at the monatomic step 
as Frank” employed in his theory on whisker 
formation. 

The migration distance of each dislocation 
was usually of the order of 0.1mm. A dis- 
location could not usually pass through a 
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x 1,200 


sub-boundary as shown in Figs. 9 and 10. 
These observations imply that the spacing 
between neighbouring sub-boundaries are 
usually of the order of 0.1mm, which is 
considerably wider than that between large 
steps in the surface. 

The migration patterns of dislocation groups 
as shown in Figs. 23, 24, 25 and 26 indicate that 
the interactions between individual dislocations 
could not be explained in terms of their elastic 
stress field, on account of the following reason. 
In Fig. 25, for example, the dislocations change 
their migrating direction by about 120 degrees 
abruptly. If these dislocations were nearly edge 
type, their motions are climb rather than glide, 
then these dislocations would spread out over 
far wider region than these figures because 
the repulsive force between them is stronger 
than the force acting on each dislocation due 
to an applied stress of the order of 500 
gmm-’. In the case of parallel screw dis- 
locations, the rate of spreading out is fairly 
greater than in the case of edge dislocations. 
In this way the migration of dislocation groups 
shown in Figs. 23, 24,25, and 26 may be re- 
garded as an evidence indicating that there 
are stronger coupling between dislocations 
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Fig. 21. 
of migration of individual dislocations, an open circle represents the end point of each 


step. 1,500 


than elastic interaction. [It is, therefore, 


reasonable to conclude that these groups of 
dislocations construct dislocation networks. 

The step-line pattern in Fig. 23 indicates 
that dislocations in a network move rather 
randomly around a stationary position of its 
centre of gravity. Fig. 24 shows the straight 
migration of dislocation network, while Fig. 
25 shows an abrupt change in the migration 
direction. These patterns in Figs. 24 and 25 
seem to show the process of release of dis- 
locations in the crystal through the migration 
of plane dislocation networks. 

Fig. 26 shows the instability of a  sub- 
boundary which is parallel to <110> direction 
in the observing octahedral face. The sub- 
boundary might have been on the line between 
two arrows in the figure before the migration. 
The pattern in the lower half seems to 
represent the step-lines associated with the 
initial position of dislocations in the  sub- 
boundary, while the pattern in the upper half 
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(a) Observed step-line pattern. (b) Trace 


may be the trace of release of these disloca- 
tions. The instability of this type of sub- 
boundary is also seen from Fig. 11. 


§6. Evaporation patterns 


Figs. 2 to 26 show the crystal surface 1 in 
Fig. 1, which was faced to another block of 
copper, so that the evaporation rate of atoms 
is rather small compared with their surface 
migration rate. Hence there are not found 
any spiral patterns caused by evaporation, 
which might be the same with the growth 
except the direction of step. 

The surface exposed to rather a wide space 
of vacuum, however, reveals a kind of spiral 
pattern. Fig. 27a to 30a show the micrographs 
on the surface 2 using normal illumination, 
while Figs. 27b to 30b are those using phase- 
contrast illumination of the same area with 
the corresponding micrographs, respectively. 
The patterns in these figures are not entirely 
the same with those obtained for the growth, 


Jeon, 


De 


Fig. 23. Random migration of dislocation network 
around the stationary position of its centre of 
of gravity. ~x1,200 


but the difference between them may attributed 
to the tendency of the uniting of monatomic 
steps in this case. 

The micrographs using phase-contrast illu- 
mination can detect the step heights, if 
several elementary steps are united into one. 
This observation seems also to support the 
conclusion that the elementary step is of 
monatomic height. 


It is striking that the rotating direction of each 
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spiral is the same with each other in a region of 
about 0.1mm in diameter. The rotation is left 
handed in the whole region of Fig. 27, while 
Fig. 28 shows the boundary between two 
regions of right and left handed rotation. 
This fact indicates that the component of Bur- 
gers vector of a dislocation normal to the 
surface is the same with each other in a 
region over about 0.1mm, i.e. a regular dis- 
location network has an extension of the order 
of this magnitude. 

Fig. 29 indicates the evaporation pattern 
caused by a pair of dislocation groups with 
the components of Burgers vectors normal to 
the surface opposite to each other. Fig. 30 is 
the evaporation pattern initiated from dis- 
locations in sub-boundaries. 


Sith 


As already mentioned in §4 the long and 
straight sub-boundaries are formed preferen- 
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Fig. 24. Long distance migration of dislocation 
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28 (a) 28 (b) 


Figs. 27 and 28. Evaporation pattern on octahedral face. (a) Normal illumination. (b) Phase- 
contrast illumination. x 1,500 


tially parallel to {112} faces. This may also. dislocation networks, predicted by T. Suzuki 
be an evidence that the dislocations in sub- and the present author, having the longest 
boundaries form networks, because it js life time. 

difficult to find any reason for preferential The next problem arising from the obser- 
direction of a sub-boundary, which consists vation is the Spacing of dislocations in a sub- 
of a grid of parallel dislocations, except {110}. boundary, which is about 0.5 to ly in Figs. 9 
The faces {112} are just the direction of the and 10. These values of spacing are too smal] 


30 (a) 


Evaporation pattern on octahedral face. 
(Fig. 29 x 2,600. 


Figs. 29 and 30. 
contrast illumination. 
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Fig. 31. Honeycomb structue of plane networks 


observed on an octahedral face. 


to be accounted for by the theory of dislocation 
networks. Meanwhile the spacing between 
these sub-boundaries is too large to be expected 
from the theory. 

T. Suzuki and the author have proposed a 
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(a) Normal illumination. (b) Phase- 


Fig. 30 x1,500) 


space structure of plane dislocation networks, 
which are parallel to {112} faces forming 
triple junctions along <111> direction, resulting 
in a honeycomb structure as already shown 
in Fig. 12. If dislocation networks are formed 
as just the theory predicted, the dislocation 
should arrange as the pattern in Fig. 31 in an 
octahedral plane. This type of triple junction, 
however, has not been found as yet among 
about fifteen triple junctions. 

On the other hand it was frequently observed 
that these sub-boundaries migrate as a whole 
(Figs. 24 and 25). This observation suggests 
that the patterns in Figs. 9 and 10 are not 
those just after the recrystallization, but 
those resulted after the release or unification 
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of dislocation networks. Then the above 
mentioned discrepancy between the theory and 
the observation might be explained as follows. 

The {112} plane networks intersecting the 
surface at an angle about 19° tend to be 
swept out from the surface on account of the 
failure of mechanical balance in tension of 
the dislocation networks. The remaining net- 
works are then united into a plane network 
to release the self energy. There may be 
thus only one plane network having a small 
mesh size and extending over long distance 
in the place of a regular honeycomb structure 
of plane networks at least in the vicinity of 
the free surface. 

Though this explanation may interprete the 
whole observations, but one cannot be confident, 
because we have not been observed that the 
honeycomb structure of plane networks de- 
veloped in a recrystallized pure metals. 

The density of dislocations is also an 
important quantity characterizing the imper- 
fections in crystals. If the Burgers vectors 
are not prefered to a special direction with 
respect to the orientation of the free surface, 
half number of dislocations can be observed 
in an octahedral face. The density of dis- 
locations is then about 4x 10° lines cm~ in the 
surfaces without evaporation spirals, and it is 
about 210° lines cm~? in the surface of rapid 
evaporation. The difference between these 
two values is too large to be neglected. It is 
easily supposed that a dislocation in the sur- 
face of rapid evaporation cannot migrate 
freely, because the dislocation is locked in the 
evaporation centre, while a dislocation in the 
surface of slow evaporation moves rather 
freely as shown in Figs. 15 to 26 and may 
annihilate meeting with an opposite dislocation, 
or combining with another. It must also be 
remembered that the dislocations at the large 
step of the surface could not be detected. The 
number of localized dislocations at the large 
steps may be neglected when each dislocation 
could not migrate freely. The density of 
dislocations in the surface of rapid evaporation, 
therefore, seems to be more faithful to that of 
the interior than in the surfaces of no evapo- 
ration spirals. The dislocation density 2x10’ 
linescm~* is considerably greater than that 
observed by Forty and Frank” and estimated 
by T. Suzuki and the author®, and is of the 
order of the other investigators. This sub- 
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ject requires further examinations. 


$8, Sammary of Observations 


Octahedral and cube faces develope on the 
surfaces of copper during high temperature 
annealing. Monatomic steps on these faces, 
caused by migration of dislocations and eva- 
poration can be detected by ordinary micro- 
scope when they are decorated by oxide 
particles formed during cooling. Dislocations 
move randomly leaving complex traces. Dis- 
locations in networks can also migrate. 
Dislocations construct usually a very straight 
sub-boundary. Most of the sub-boundaries 
are regarded to be parallel to {112} faces 
which were predicted as the plane of disloca- 
tion networks. Sub-boundaries which may be 
regarded as the tilt type sub-boundaries 
parallel to {110} faces are scarcely observed, 
and even those observed were unstable 
revealing distinct traces of migration. 

The traces of migration of dislocations are 
observed. The non-crystallographic migrations 
were predominant at high temperatures. The 
migration of dislocation group indicates the 
existence of strong coupling between migrating 
dislocations, which cannot be explained in 
terms of elastic interaction between parallel 
dislocations, but in terms of line tension of 
dislocations in networks. 

In the surface of rapid evaporation, spiral 
patterns are observed. The rotating directions 
of spirals are the same with each other in a 
region extending over about 0.1 mm. 

The density of dislocations is of the order 
of 410° lines cm? in the surface where the 
evaporation spirals are not observed and is 
about 2x10’ lines cm~? in the surface of rapid 
evaporation. The latter number of disloca- 
tions may be more appropriate than the 
former to the real density of dislocations in 
the crystal. 

The author wishes to express his hearty 
thanks to Professor Sakae Takeuchi for his 
interest and support. 
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Aging process in quenched Al~Zn solid solutions has been studied in 
the same manner as in the Al-Ag system. Specific-heat versus tem- 
perature curves have been obtained on the alloys after various aging 
Isothermal aging curves of electrical resistance have been 
also examined. In accordance with previous results on Al~Ag (J. Phys. 
Soc. Japan, 8, 1953, 603; ibid. 10, 1955, 23; ibid. 10, 1955, 454.), Al- 
Mg-Zn (J. Phys. Soc. Japan 10, 1955, 187.) and Al-Cu (in preparation), 
the present results reveal that the two independent reactions take place 
during the aging; they may be attributed respectively to the formation 


treatments. 


of Guinier-Preston zone and the precipitation of the new phase. 


Introduction 


§ 1. 
Studies of aging mechanism in Al-Ag, Al- 
Mg-Zn and Al-Cu alloys have distinguished 
between the low-temperature aging and the 
high-temperature aging”. During low-tem- 
perature aging, segregation of solute atoms 
to preferred planes of the matrix lattice, 
Guinier-Preston zones (G-—P zones), are built up 
which are shown to be neither the nucleus of 
the precipitate nor the transition precipitate. 
Although still in the speculative stage, the 
new concept” of the origin of G-P zones is 
based on the possibility of an interaction bet- 
ween the solute atoms and lattice defects in 
the crystal. For example, both disc-shaped 
agrregates of vacancies and stacking faults 
surrounded by sessile dislocations may be 
formed by agglomeration of quenched-in 
excess vacancies to which the solute atoms 
diffuse. On the other hand, the major reac- 
tions during the high-temperature aging are 
the nucleation and growth of the transition or 
equilibrium precipitate. 
In our previous papers»~© it has been shown 


that the property changes during the aging 
can be interpreted fairly well in terms of in- 
dependent contributions from G-P zone and 
precipitate. } 

As for the Al-Zn system, Dehlinger first 
suggested in his discussion” on the resutls of 
the electrical resistance measurements of 
Meyer® on 80wt.% Zn alloy that two in- 
dependent reactions, characterized by the low- 
and the high-temperature aging, occur. 
Guinier” has carried out the X-ray examina- 
tion by his small angle scatter method and 
shown that spherical zinc rich regions form 
in the matrix lattice during the low-tempera- 
ture aging. However, Geisler, Barrett and 
Mehl’ showed that coherent platelets form 
in the early stages of precipitation and these 
grow with time but break away from the 
matrix before they are thick enough to diffract 
X-ray as three-dimensional gratings: they did 
not distinguish between the low- and_ the 
high-temperature aging. 

Therefore a further investigation has been 
made to find the relation between the low- 
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Fig. 1. Phase Diagram of Al-Zn System. 
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Cooled. 


and the high-temperature aging. This has 
been carried out in the same manner as our 
earlier work on Al-Ag alloys and the results 
on both alloys have been used for discussion. 


§2. Experimental Procedure 


Alloys containing 20, 30, 40, 50, and 60 
weight per cent of zinc were made from 99.99 
per cent Al with distilled Zn, 99.99 per cent 
pure supplied from Mitsui Mining and Smelt- 
ing Co. Weighed metals were melted in 
graphite crucible. After casting in an iron 
mold, the ingots were homogenized at 400°C 
for more than 200 hours. 

The specimens for the specific-heat measure- 
ment were closed hollow cylinders having the 
external dimension; 2cm in diameter and 3 
cm in length. The electrical resistance speci- 
mens were square bars produced by cold 
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Fig. 3. Specific-heat/Temperature Curves of Al- 
60 wt. % Zn Alloy, As-Quenched and Slowly 
Cooled. 


rolling, 0.2cm in both width and thickness 
and 8cm in length. 

The methods for both the measurement of 
the specific-heat and that of the electrical 
resistance were the same as described in our 
previous papers®»)-®, 

All specimens were solution heat treated at 
450°C which is in the single phase region in 
the equilibrium phase diagram as shown in 
Fig. 1, for 20 hours, after which they were 
rapidly quenched in a mixture of water and 
Ice. 

The aging treatments were conducted in 
air in an electrical furnace. 


§3. Specific-heat/Temperature Curves 


1. As-Quenched and Slowly Cooled 
Alloys 


Figs. 2 and 3 represent the specific-heat 
/temperature curves (S-T curves) which were 
obtained with 30 and 60wt. per cent zinc 
alloys respectively on reheating immediately 
after quenching. Two curves corresponding 
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to different heating rates for the measurement, 
1.5°C and 3°C per minute, are shown for 
both alloys. S-T curves on slowly cooled 
alloys, obtained by cooling from 450°C at the 
rate of 4°C per hour, are also shown in Figs. 
2 and 3. Using the Cp values of pure Al and 
Zn, the specific-heat of the alloys have been 
calculated by Kopp-Neumann’s rule and are 
given in Figs. 2 and 3 by dashed lines. 
These should be identical with the S-T curves 
of the alloys in which no change in atomic 
configuration occurs during heating. 

Qualitatively similar curves to those in Fig. 
2 were obtained with 20wt. per cent zinc 
alloy and to those in Fig. 3 were obtained 
with 40 and 50 wt. per cent zinc alloys. 

It will be noted that the S-T curves of as- 
quenched alloys show that energy is evolved at 
two temperature ranges, 0°~100°C and 130° 
~250°C, denoted by P and R respectively. 
This behaviour may be comparable with that 
observed in the S-T curves of as-quenched 
Al-Ag alloys, typical curve of which is shown 
in Fig. 4, obtained by the author with an 
alloy containing 50 wt. per cent silver, after 
quenching from 540°C, heating rate for the 
measurement was 2°C per minute. 

Further, although not large as in the Al-Ag 
alloy, an absorption of heat denoted by Q, 
was detected at the temperature range _ bet- 
ween P and R. 

As has been shown in the case of the Al- 
Ag alloys, the initial heat evolution P may 
be attributed to the formation of G-—P zones 
during heating, and the dispersion of which by 
further heating may cause the heat absorption 
Q. The apparent smallness of Qin the present 
alloys seems to be due to the superposition 
of- a heat evolution, R, on it. The second 
heat evolution, R, attaining a maximum at 
about 200°C, should be due to the precipita- 
tion of the new phase. Both P and R increase 
with decreasing heating rate; a similar fact 
has been observed also in the Al-Ag alloys. 

In Fig. 2, at the temperature range of S, 
the apparent specific-heat rises rapidly and 
then diminishes approaching the dashed line 
at 310°C, indicating that complete solution of 
the precipitate has taken place. 

With slowly cooled alloys, neither P, Q, 
nor R could be detected, but cosiderable heat 
absorption corresponding to S was observed. 
With the alloys of higher zinc concentration, 
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Fig. 4. Specific-heat/Temperature Curve of Al- 
50 wt. % Ag Alloy, As—Quenched. 
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additional heat absorptions, denoted by T and 
U were observed as shown in Fig. 3. As 
may be seen from the equilibrium phase 
diagram (Fig. 1), T is the heat absorption 
required for the eutectoid reaction, 


Ati —> ara , 
which occurs when temperature rises across 


the eutectoid horizontal, ABC in Fig. 1, and 
U is required for the solid solution reaction, 


atad-a, 
which occurs when temperature rises across 
the two phase boundary, ADC. The tem- 
perature of the eutectoid horizontal reported 
by the previous workers is somewhat variable; 
275°C after Fink and Willey”, 280°C after 
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Fig. 6. Specific-heat/Temperature Curves of Al- 
30 wt. % Zn Alloy, 130°C—Aged. 
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Fig. 7. Specific-heat/Temperature Curves of Al- 
60 wt. % Zn Alloy, 130°C~Aged. 


Schmid and Wassermann!”, 283°C after Mori- 
naga’), 277°C after Borelius and Larsson). 
However in the present experiment, the heat 
absorption T occurs at the range, 282°~285°C. 


2. Room Temperature Aging 
Fig. 5 shows the S-T curves for the alloys 
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aged at room temperature for different periods. 
The heat absorption denoted by Q was ob- 
served at the range 50°~150°C, attaining its 
maximum at 70°C; this should be attributed 
to the re-solution of G-P zone formed by the 
room temperature aging. It may be noted 
that in all alloys Q occurs at the same tem- 
perature range independently of zinc con- 
centration. 

With 30 and 40 wt. per cent zinc alloys, it 
was observed that the room temperature aging 
did not affect the shape of the S-T curve at 
the range of R, so no difference between the 
S-T curve of as-quenched alloys and that of 
the room temperature aged alloys were 
detected, except the range of Q. This may 
indicate that precipitation of 8 phase does not 
set in appreciably during the room tempera- 
ture aging in these alloys. On the other 
hand, in 50 and 60 wt. per cent zinc al- 
loys, the room temperature aging affected the 
shape of the S-T curves at higher tempera- 
ture range (R and S) which seems to be due 
to existence of small quantity of precipitate. 

Comparison of the shape of R and § of the 
aged alloys with that of as-quenched alloys 
may give some information on appearance of 
transition precipitate, 6’ phase coherent with 
the matrix lattice, preceding the final 8 phase 
precipitate which is noncoherent with the 
matrix lattice. From this point of view, 
comparison of the results on 60 wt. per cent 
zinc alloy in Fig. 5 with those of the micro- 
graphic and X-ray study should be interesting. 


3. 130°C-Aging 

Figs. 6 and 7 show a number of S-T curves 
obtained on 30 and 60 wt. per cent zinc alloys 
respectively after aging at 130°C. The géne- 
ral behaviour of Fig. 6 is very similar to that 
obtained by Al-Zn-Mg system recorded in 
our previous paper®), 

As in the case of the room temperature 
aging, the S-T curves are again characte- 
rized by the fact that there are two heat 
absorption peaks, Q and S, which may be 
attributed to the re-solution of G-P zone and 
8 phase respectively. The temperature range 
of Q is 120°~220°C, which is higher than 
that in Fig. 3; from this it will be predicted 
that G-P zone formed by 130°C-aging is 
more stable than that resulting from room 
temperature aging. 
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illustrated in Fig. 9 for the 120°C aging of 30 
per cent zinc alloy. Both Tz and Ts show 
tendency to saturation after the aging for 40 
hours and 200 hours respectively. 

To examine the change of the internal energy 
of the alloy during aging, the heat absorbed 
during the measurement of S-T carve, which 
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corresponds to the area enclosed between the 
S-T curve and the dashed line in Fig. 6, is 
plotted against the aging time, thus leading 
to Fig. 10. The curve shows an intermediate 
maximum at about 4 hours. The value for 
slowly cooled alloy, 348cal./mol., is also 
shown by dashed line for comparison. The 
curve seems to be constructed from two parts 
as shown by dashed and chain curves, denoted 
by Q and S respectively. Q comes from the 
heat absorption due to the re-solution of the 
G-P zone, and S comes from the heat abrop- 
tion due to re-solution of B phase; the same 
heats as Q and S respectively must have been 
evolved during the aging. 


$4. Electrical Resistance Measurements 
1. Heating Curve (p-T curve) 


In Fig. 11 electrical resistance versus tem- 
perature curves (o-T curves) are presented 
for 30 per cent zinc alloy. The heating rate 
for the measurements was about 2°C per 
minute. 
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Fig. 11. Electrical Resistance /Temperature Curves 
of Al-30 wt. % Zn Alloy. 


The curve denoted by A, given by open 
circles was obtained on freshly quenched alloy. 
The curve B_ given by solid circles was 
obtained on slowly cooled alloy, which may 
represent the values of equilibrium state at 
each temperature. The value given by dashed 
line which is the extrapolated line of the high 
temperature part of the curves A and B, 
should be taken as the value of supersaturated 
state. 

As may be readily seen from Fig. 1, the 
curves A and B coincide each other at the 
temperature range above the solvus curve, 
where only a phase is stable to exist, while 
at the temperature range below the solvus 
curve, B phase can coexist with a matrix 
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lattice of lower zinc concentration, so the value 
of equilibrium state is lower than that of 
supersaturated state. 

The curves obtained with 60 per cent zinc 
alloy have more complex form than that in 
Fig. 11 as at the temperature range heigher 
than the two phase boundary, additional 
changes occur corresponding to the additional 
heat absorption T and U respectively as shown 
boy Ieee, SY 

The curve denoted by C drawn by crosses in 
Fig. 11 was obtained by the alloy aged at 
room temperature after quenching. It may 
be seen that the room temperature aging cause 
increase of the electrical resistivity and re- 
solution of G-P zone formed during room tem- 
perature aging on heating causes decreasing 
of it at the temperature range corresponding 
to the heat absorption Q in the S-T curves. 
To see more clearly the behaviour of the p-T 
curves in comparison with the S-T curves, we 
have derived do/dT versus temperature curves 
from the p-T curves obtained on the alloys 
of different zinc concentration and subjected 
various aging treatments. The result revealed 
that general shape of do/dT versus tempera- 
ture curves is comparable with the cor- 
responding S-T curves. It was seen com- 
monly in all curves that the maximum in 
do!dT—T curve corresponds to the minimum P 
in the S-T curve (heat evolution P); this 
suggests that the formation of the G~P zone 
causes increasing of the electrical resistivity. 
The same phenomena were also observed 
with Al~Al.Mg;3Zn,® and Al-MgZn,.!© systems. 


2. Isothermal Aging Curve 


The changes in the electrical resistivity on 
the aging of the 30 per cent zinc alloy at 70° 
and 100°C are shown in Fig. 12 as a function 
of aging time. Both curves have a slight 
intermediate maximum at an early part after 
some gradual decrease. The curves may be 
explained by two superimposed reactions 
attributted respectively to formation of G-P 
zone and precipitation of the new phase. As 
may be seen from the p-T curve, formation 
of G-P zone results in increasing in the 
electrical resistance, while the new phase 
precipitation results in decreasing of it, no 
doubt, due to depletion of the matrix in zinc. 
Thus schematic feature of intergration of 
above two reactions contributing to the change 
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in resistivity is supposed as shown in Fig. 13. 
The curve of Al-Ag systems obtained pre- 
viously®) is also presented in Fig. 13 for com- 
parison. The apparent shape of observed 
curves for Al-Zn alloy is somewhat similar 
to those for Al-Ag alloy, but important 
difference lies in the contribution arising from 
the G-P zone. In contrast with a decrease 
due to G-P zone in Al-Ag alloy, increase 
occurs in Al-Zn alloy. 


§5. Discussion 


Although the X-ray technique of Guinier 
gave an evidence of the formation of G-P 
zone on the alloys aged at low temperature, 
it did not answer to the question of whether 
G-P zone was allotropic nucleus of the pre- 
cipitate or whether it was independent of the 
precipitate. The present results seem to in- 
dicate that the formation of G-P zone is 
foreign to the new phase precipitation. As 
shown in Fig. 6, variation of the energy Q 
due to G-P zone appears to be independent 
of that of the energy S due to the precipitate, 
and further in Fig. 9, the stability of G-P 
zone represented by 7, and the stability of 
the precipitate, 7s, appear to vary with aging 
time independently of each other. These as 
well as that the electrical resistance increases 
due to G-P zone contrary to decrease due to 
the new phase precipitate, may be taken as 
evidences of independent formation of G-P 
zone and the new phase. 

Since our proposed mechnism of the low 
temperature aging in this system is attributed 
to the chemical interaction of the solute zinc 
atoms with stacking faults in the matrix 
lattice, further experimental confirmation by 
the X-ray technique of the existence of 
stacking faults is desirable. Relation between 
our G-P zone and Guinier’s spherical clusters 
is not obvious. 

Further the work on quench-annealed pure 
aluminium may given some information on 
the possibility of stacking fault formation 
quenched-in excess vacancies. At this point 
it may be noted that measurements of the 
specific-heat on quench-annealed superpure Al 
and Cu metals have been carried out by the 
present author’, and the results on the 
metals annealed at 130°C after quenching 
from 600°C show occurrence of a heat absorp- 
tion between 200° and 350°C in both metals, 
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Fig. 12. Isothermal Aging Curves of Electrical 
Resistance. Al-30 wt. % Zn Alloy, Aged at 
70° and 100°C. 
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Fig. 13. Integration of Two Reacticns Contribut- 
ing to Changes in Electrical Resistance during 
Aging. 


which seems to be the energy required to 
decompose stacking faults in the lattice, 
detailed account on this experiment will be 
published elsewhere. 

Grain-boundary precipitation in this alloy 
has been examined by Geisler, Barrett and 
Mehl’, and preferred precipitation at grain- 
boundaries has been reported. But we could 
not detect the effect of the grain size on the 
temperature I, and the heat absorption Q, so 
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grain-boundary can not cause a singnificant 
difference in the process of the G~-P zone 
formation. 


Acknowledgements 


The author desires to express his thanks to 
Professor Y. Takagi and Mr. H. Maniwa for 
their helpful discussions during the course of 
this work, and thanks to Dr. H. K. Hardy 
(U.K. Atomic Energy Authority, England) for 
his kindness to peruse the manuscript of this 
paper and give useful suggestions. The 
author’s thanks are also due to Dr. U. Nishi- 
oka and Mr. H. Sakai of the Mitsui Mining 
and Smelting Co. for supplying the high purity 
metals. 


References 


1) K. Hirano: J. Japan Inst. Metals 19 (1955) 
136. 

2) K. Hirano, Y- Takagi and H. Maniwa: J. 
Phys. Soc. Japan 10 (1955) 587. 

3) K. Hirano: ibid. 8 (1953) 603. 

4) K. Hirano and H. Sakai: ibid. 10 (1955) 23. 


Ken-ichi HIRANO 


(Vol. 10, 


5) K. Tanaka, H. Abe and K. Hirano: ibid. 10 
(1955) 454. 

6) K. Hirano and Y. Takagi: ibid. 10 (1955) 
187. 

7) U. Dehlinger: Z. Metallkde. 29 (1937) 401. 

8) H. Meyer: Z. Phys. 76 (1932) 268. 

9) A. Guinier: Metaux et Corrosion 18 (1943) 
209. 


10) A. H. Geisler, C. S. Barrett and R. F. Mehl: 
Trans. AIME. 152 (1943) 201. 

11) G. V. Raynor: Annoted Equilibrium Diagram 
Series, No. 1, Inst. Metals, London, 1943. 


12) W.L. Fink and L. A. Willey: Trans. AIME. 
122 (1936) 244. 
13) E.Schmid and G. Wassermann: Z. Metallkde. 


28 (1936) 159. 


14) T. Morinaga: J. Japan Inst. Metals 3 (1939) 
216. 

15) G. Borelius and L. E. Larsson: Arkiv. f. mat. 
astr. o. fysik 35A (1948) No. 13. 

16)" KY Hirano andy *Y.. Takagicn) Jaebhysa soc. 
Japan, will be published. 

17) K. Hirano, H. Maniwa and Y. Takagi: ibid. 


will be published. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 10, No. 11, NOVEMBER, 1955 


Density Analysis of Glass in Transformation Range 


By Eizo KANAI 
Research Laboratory, Asahi Glass Company Ltd., Yokohama, Japan 
and Takesi SATOH 
Physics Depariment, Defense Academy, Yokosuka, Japan 
(Received July 12, 1955) 


Analysing the transformation phenomena of glass, we emphasize that 
the fundamental irreversible change is caused by the network deformation. 
Further, we note that the rate equation of the network deformation plays 
the essential role in the stabilization process of glass and that this 
equation can be assumed in a simple form with the use of the network 


temperature which represents the state of network configuration. 


Next, 


we apply above equation to the analysis of the density data by Daragan 
and show that the activation energy of the rate mechanism is dependent 
upon the network temperature in accordance with the theory and its 
numerical value is nearly equal to the activation energy of viscosity. 


$1. Introduction 


The transformation phenomena of glass are 
now understood as follows. The normal glass 
has the unique equilibrium state at each 
temperature in the glassy range. When held 


at a certain temperature in this region, glass 
finally reaches the equilibrium state irrespec- 
tive of its past history. However, the time 
needed in this stabilization process is strongly 
dependent upon temperature. Hence, in the 
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temperature range where above time is com- 
parable to our usual time scale of observation, 
glass shows various abnormal changes. The 
phenomena associated with these changes are 
generally called transformation phenomena. 

Abnormal changes appear in density, heat 
capacity and most physical quantities of glass. 
They are, of course, not independent from 
each other, but related through the inner 
mechanism. So, it is important to search the 
place where the fundamental mechanism 
proceeds. For example, Tool” considered the 
change of internal structure and Douglas and 
Jones» discussed the behaviour of configuration 
change. On the other hand, we recognized 
the essential mechanism to lie in the dis- 
appearance and reappearance of one degree of 
freedom of internal motion of glass, as pre- 
viously reported*. 

Roughly speaking, glass has two modes of 
motion. One of them is network deformation 
and the other is vibration around the instan- 
taneous network configuration. The network 
deformation is essentially a rate process and 
takes place very easily in liquid state, but is 
practically forbidden in solid state. Freezing 
or releasing of the network deformation gives 
characteristic influences to each of the physi- 
cal quantities and results in abnormal changes. 

From the above standpoint, our next step 
is to find how to represent the network de- 
formation. For this purpose it iscon venient 
to take up the physical quantities which can 
be divided into two components corresponding 
to the above two modes of motion. We 
selected the inner energy of the system as 
one of those quantities. Namely, 


E=E net + Evin ’ 


where Ene and yi, represent the network 
energy and the vibrational energy of the 
system, respectively. This circumstance is 
similar to the quantum theory of molecule 
which treats the energy of a molecule as the 
sum of electronic energy, vibrational energy 
and rotational energy. 

Here we are mainly interested in the net- 
work energy Ent. Exactly speaking, Enet is 
a complex function of the network configura- 
tion. But we introduced one parameter t with 
the dimension of temperature (network 
temperature), by the use of the equilibrium 
relation between Ey, and the temperature T, 
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and considered t as the measure of the net- 
work deformation, as T is considered as the 
measure of the thermal vibration. At the 
present stage of physics of glassy state, 
reduction of complex glass structure to one 
parameter is inevitable to some extent as 
seen in the works of Tool! (fictive tempera- 
ture) and Davies and Jones (order parameter). 
But it is to be noted that reasonableness of 
these simplifications must be checked by ex- 
periments. 

By the use of +t with the usual state 
variables, it becomes possible to discuss the 
behavior of the system thermodynamically. 
If we confine our interests to the conditions 
near equilibrium, the discussion is rigorous as 
shown by Davies and Jones. However we 
often treat the states far from equilibrium. 
In these conditions also, we can constitute a 
thermodynamical theory with aid of some 
experimental facts as given in the previous 
paper I*. 

Above all, the irreversible entropy increment 
dSiy is given as follows, 

FSirr = (Cy—Cy*)((1/t—-1/T) dr=0 . 
In other words, t must tend to TJ spontane- 
ously and this rT reaction exactly represents 
the process of the transformation phenomena 
of glass. 

The rate equation of the s—T reaction can- 
not be derived from the thermodynamical 
discussion, so long as we are interested in 
the irreversible processes far from equilibrium. 
So, we deduced the rate equation from the 
kinetic standpoint in the paper I, and obtained 
the following equation: 


© =e T—t) (1) 


d 
where T—rc is the measure of the deviation 
from equilibrium and driving force of the t> 
T reaction. Then, « is the rate constant of 
this reaction which is represented, in most 
cases, as follows, 

c=Aexp(—B/T) , C2) 

where B is the activation energy of the 

process in question and is generally a function 
of c and T. 

The functional form of B has not been 

determined by above theory. But experiments 


* Independency of C,* of past history was con- 
firmed by our later experiment in the case of usual 
soda-lime-silica glass. 
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including Lillie’s show 
dB <0. 


dt 


In other words, the hotter the system is 
internally, the larger the mobility for net- 
work deformation is. Hence we assumed the 
simplest relation, 


B=B,—B:r , (3?) 


where By and B: are approximately constant. 
Thus, the rate equation becomes as follows, 


dr = A(T—rt) exp [(Bir—B,)/T] . 


4 
is (4) 


Here we note that By is the activation energy 
for network deformation in equilibrium condi- 
tion, because in that case 


A exp [(B:1T—B,))/T |= Ae* exp (—B,/T). 


So, By) should be compared with activation 
energy of viscosity data for stabilized glass. 

In the paper I, we checked the theory with 
experiments of thermal expansion” and re- 
fractive index®. But the latter has been 
proved to be inadequate, since the specific 
refraction receives stabilizing change”. Hence 
in order to check the theory with more direct 
data, we adopted the density measurement by 
Daragan®’. Results will be given in subse- 
quent sections. 


§2. Data of Variation of Density with 
Time 
The experimental data which we cite here 
were given by Boris Daragan®. The glass 
used as samples was designated to be Extra- 
white Boussoi’s glass. This glass has the 
following chemical composition: 


Weight 2% 

SiQ, 72.00 
Na,O 14 

CaO 12 

MgO 0.10 
Al,03 1.00 
Fe,03 0.05 
SOs 0.55 
Total 99.70 


According to this table, it is seen that the 
glass is very close to ordinary soda-lime-silica 
glass used for production of sheet or plate 
glass. The characteristic thermal properties 
of the glass are also tabulated as follows: 
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linear coefficient of thermal 


expansion (0°—200°C) 87 x 10-* °Co1 
y y (0°-300°C) 92 x10-7°C-1 
Y y) (0°-400°C) 96a mia Cae 

transformation point Spe 

softening point 580°C 


To give an outline of Daragan’s experimental 
procedure, he puts a certain number of sample 
into a furnace with a constant temperature, 
and then takes off them one by one, to quench 
immediately to room temperature. Densities 
of quenched samples at room temperature are 
observed by means of Preston’s sink-float ap- 
paratus with an accuracy of +0.0001 g/cm*. 
The procedure is performed at various holding 
temperatures of the furnace, which are held 
constant within +-0.5°C during experiment. 

Varying the holding temperatures from 
650°C to 490°C, the variations of density 
with progress of time are obtained. A typical 
curve at 500°C is illustrated in Fig. 1. As 


2.525 


3 (9/cm*) 


1000 1500 


t (min) 


500 


Fig. 1. Typical curve of saturation of density to 
equilibrium. 


seen from these curves, the samples ‘used are 
undoubtedly chilled ones. By theoretical con- 
sideration it is also shown that the network 
temperature +t is higher than the actual 
temperature Zin the present case. Among 
these we will use only a set of three data at 
510°C, 500°C and 490°C, because others at 
higher temperatures are not sufficient to be 
analyzed in detail, especially in the early 
stage of the experiment. The values of 
equilibrium density at various temperatures 
obtained from extrapolation are also given. 
For application of our theory to these 
changes, it is necessary to know numerical 
values of cubic coefficients of thermal expan- 
sion, 8 and ~*. More strictly speaking, it is 
rather the value of difference 48=8—* that 
we need for analysis. The thermal expansion 
coefficient in the frozen condition, £*, is 
obtained directly from the value of a* referred 
to above. On the other hand the thermal 
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expansion coefficient in the equilibrium con- 
dition, 8, at higher temperatures is able to 
be evaluated from the gradient of the graph 
of equilibrium density versus the holding 
temperature (Fig. 2.) The obtained value of 
the difference 48 is 5.6x10-° °C-}. 


Re (g/cm?) 


-~ 


2.525 


Fig. 2. Equilibrium density versus temperature. 


§3. Theoretical Analysis 


We can express the equation of statehof 
glass in terms of density po as follows: 


o( T, t)= o(T))[1—B*(T—T,)—4AB(r—T))] . (5) 
Or, if we designate the quenched density by 
p, 

p= o(To)[1—B*(T,—T)—AB(r—T>)] , (6) 
where 7. represents the room temperature. 


Further, when the equilibrium quenched 
density is written as pe , 
pe=(To)[1—B*(T-—T »)—48(T—T,)]. (7) 
Hence 
pe—p=4R(t—T )olT o) . 
Or 
1 pe—8 
4g De 
With this relation and the measured density 
values, we can derive the time variation of 
the network temperature c+ at each experimen- 
tal temperature T. 
Then, taking the logarithmus of eq. (8) and 
differentiating it with time 7, we have 
ay Diovnde. 


t—T= (8) 


where it is evident that R can also be evaluat- 
ed at each ¢ or at each vt. 

If we take here the rate equation (4) as the 
simplest assumption, the above equation can 
be transformed as follows, 


R= Aexp[(Bir—By)/T| . 


Fig. 3. 


Fig. 4. 


Fig, 5 
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C51 f 
inR versus (t—T) at 510°C. 


500°C 


10 20 30 40 50 60_ 70 
Tt=T 


InR versus (t—T) at 500°C. 


490 °C 


10 20 30 40 50 60 70 80 
Ga 


Inf versus (t—T) at 490°C. 
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Bo Bs; 
InR=iInA T 4- T te 
If the above simple rate equation is reasonable, 
we can expect the linear relation between /nR 
and t. 
This point is satisfied, at least approximate- 
ly, as seen in Fig. 3 to Fig. 5*. 


Hence 


eo) 


0.10 


° 
o 
= 
& 
E 
a 
0.05 
0.00 
0. 50 100 
ros (re 
Fig. 6. B,|T—t|/Bo versus |T—r]. 


From the tangent of each curve we can get 
value B,/T as follows, 


temperature B,/T B, 
BIOXC 0.092 W220 
500 0.093 (Ale) 
490 0.094 lea 
That is, B: may be taken as 72. Further, 


(InA+B,)—B,/T is obtained from intercept 
of each curve to t=T axis, as shown in the 
next table. 


B 
temperature In A+B; elite 
510°C — 8.60 
500. —10.00 
490, —11 45 


By is easily calculated from these values and 
becomes as follows, 


Bo=85 x 108 °K 


=170 Kcal/Mol . (10) 


§4. Discussion and Conclusion 


The density analysis described in the last 
section shows that Daragan’s data can be ex- 
plained by our theory. Moreover, the obtained 
activation energy (B)) is nearly equal to that 
in the viscous flow of stabilized glass. This 
fact supports our basic idea that the funda- 
mental process in transformation phenomena 
consists in network deformation, because the 
viscous flow and the stabilizing process have 
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the network deformation in common, although — 


the former is caused by external stress and 
the latter proceeds spontaneously. The fact 


4 


also clarifies the meaning of the transformation | 


range which is usually defined by the use of 
viscosity values. 


The rt dependence of the activation energy | 


B is the essential feature of the glass discus- 
sed here. In consequence of 

A exp (—B/T)=A’ exp[—{B)+ B(T—1)}/T] , 
B,|T—t|/By) represents the measure of the 
non-Maxwellian behavior in the present sys- 
tem. So far as it is negligibly small, we can 
expect the success of the theory of one rela- 
xation time. As shown in Fig. 6, the non- 
Maxwellian character seems to be of a 
considerable extent. Of course, the simul- 
taneous actions of many Maxwellian mecha- 
nisms can explain the present process as 
reported in the comments of Condon”. 
Without more detailed data, it is not clear 
which we should adopt, one non-Maxwellian 
mechanism or many Maxwellian mechanisms. 
But we would emphasize that non-Maxwellian 
character is a general feature in the system 
far from equilibrium. 

Strictly speaking, there may be some points 
which cannot be explained by our theory. 
Ritland'? has shown the inadequacy of simple 
theories in the case of borosilicate glasses and 
introduced the term proportional to |T—t|? 
in the equation of r—T reaction. 

If similar inadequacy should be found in 
soda-lime-silica glasses, it would be necessary 
to revise the theory. And how to revise it 
presents the next problem of study. 
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The current pulses produced by the silent electric discharge of an 
ozonizer tube were measured by a cathoderay oscillograph as well as by 
a milliammeter with filter and rectifier, and from comparison of these 
two series of results, the following conclusions were attained. 

(1) The wave form of each pulse consists of two parts, the peak rush 
of current at the head and the smooth tail following the former. There 
is a reason to infer that the rushing part is due to electrons and the 
smooth part to positive ions produced by electrons in the space. 

(2) The measured average value of the rushing current is just one 
half of the total current, hence the electron current must be equal to the 


ion current. 


(3) If we assume that the discharge dies away at the stage of elec- 
tron avalanche, the calculation does not agree with the observation. On 
the other hand, if we assume the discharge develops at least up to the 
stage of streamer, the observed results can be well explained. 


$1. Introduction 


Many studies about silent electric discharge, 
for example, studies of electric characteris- 
tics?-, of chemical reaction!:®-®, of the effect 
of irradiation®'™, and studies concerned with 
the breakdown of ozonizers'!!™, have already 
been published. The mechanism of this dis- 
charge, however, has not yet been clearly 
explained. 

The authors obtained from the measurements 
of pulse currents and some calculations there- 
of the result that the discharge develops into 
the streamer or more, and never stops at the 
stage of electron avalanche. 

Further experiments with other gases, other 
pressure ranges, and other discharge tubes, 


are now in progress. 


§2. Experimental 


1). Discharge tube 

The discharge tube used is a Siemens’ glass 
ozonizer shown in Fig. 1. Dried atmospheric 
air was passed through the discharge space 
with a constant flow rate, and A.C. potential 
of 2-10kV and 50c/s was applied between the 
CuSO, solution contained in the inner tube and 
tin foil E pasted on the outer tube. 


2). Observation of current wave form 
The observed wave forms of the current 


which flows through the discharge tube are 
shown in Fig. 2 with corresponding measuring 
circuits. Fig. 2-a shows the case in which 
the sweep time of the Braun-tube-oscillograph 


to the high 
voltage source 


dried air 


air gap t 


CuS O04 
solution 


Fig. 1. Discharge tube. 


is 1/50sec. Fig. 2-b shows the individual 
pulse observed with relatively short sweep 
time of about 5x10-‘sec, and with stray 
capacity Cy) as small as possible. At the time 
A, discharge starts so abruptly that the build 
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Vso sec 
sweep 


5x10 “sec 
sweep 


R=20K 


(d) 


Fig. 2. Oscillograms and concerning circuits. 
up of the pulse can not be observed. The 
decay path BC appeares faint and narrow, 
and the crest of the pulse lies far beyond the 
screen which is 120mm in diameter. (The 
peak of current is larger than 120mA.) The 
frequency analysis of discharge current enables 
us to estimate the width of this pulse to be 
about 10-° sec. CD part that follows hereafter 
has far longer decay time of about 2x 10-4 sec 
and suggests its different nature from the 
former peak current. 

Fig. 2-c shows the case in which some 
capacitance was inserted so as to suppress 
the peak of pulse. Under this condition, the 
top of the pulse becomes so clear that the 
hight of which can be easily measured. 
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ey4 Te 


Rs 
/50 sec 
single sweep 


XK camera 
/ 


Fig. 3. Measuring circuit. 


3). Current measurement in two different 
methods 


The current was measured with the circuit 
showed in Fig. 3. The resistances Ri-Rz 
and condencers C,—-C,; together act as a filter, 
and stop the charging current of 50c/s from 
flowing into the milliammeter circuit. Hence 
it gives the mean of the gas discharge current 
only, irrespective of the polarity of A.C. 
potential by the aid of rectifiers. (The cur- 
rent is divided uniformly to R:—R,, hence the 
current measured must be multiplied by 
factor four.) 

The Braun-tube-oscillograph circuit is con- 
nected in series with this circuit. The pulse 
current charges up the capacity C, in a 
moment to certain voltage V, which there- 
after decays gradually with the time-constant 
of 2.6x10-°sec of the RsC, parallel circuit. 
This R;C, circuit acts, however, as simple 
resistance for a pulse current longer than 10-4 
sec. Hence the potential V is rather chiefly 
due to the first peak rush than the tail part. 

The voltage V, therefore, relates to the 
total charge q of a peak rush by the equation 


1955) On the Nature of Silent Electric Discharge 1009 


V= gic, ’ 
and each pulse in Fig. 2-c has the height of 
h=kV=kd/C, , Gis) 


where Rk is the voltage sensitivity of the 
Braun-tube. Accordingly we can calculate 
| the mean current z, of only the rush current 
part from the summation of pulse heights of 
| Fig. 2-c in one second by the following equa- 
} tion 

Le 
ke> 
To obtain Sh, we photographed the oscillo- 
) gram of Fig. 2-c three times for each 
condition, and summarized the h’s over one 
i; cycle (1/50 sec) in each photogram, and after 
} averaging them, multiplied the value by the 
factor 50. The voltage sensitivity of the 
| Braun-tube was 0.5 mm/V. 

| Fig. 4 represents the experimental results 
| showing that at every applied potential the 
| mean current obtained by Eq. (2) is just the 
| half of the reading of the milliammeter. 


ae C2) 


}§3. Discussion 


Several authors have already shown the 
wave form of the pulses in silent electric 
discharge*+. Most of them have simple 
wave form of the order of 107-4sec with no 
current peak. Since the current peak AB of 
Fig. 2-b does not appear unless RC) in Fig. 
2-b is small enough, the authors wonder if 
the wave forms refered might have not been 
| distorted by circult conditions. 

Now we will consider the origin of the two 
‘parts of a pulse. One of the authors!» has 
shown that in the begining of the needle 
corona discharge in air, there appear pulses 
having a particular sharp peak at the head 
‘accompanying flat tail part as shown in Fig. 
| 2d, and explained the wave form as follows: 
“‘In course of increasing the applied potential, 
‘streamer starts when the self-maintaining 
condition is attained electrostatically its cur- 
rent rush thus producing the head peak of 
pulse. But the space charge created by the 
streamer suppresses and stops the discharge 
immediately. Then the space charge of ions 
remaining in the air gap is swept to the 
cathode causing the flat part of the current 
to appear.”’ 

In the case of silent discharge, the discharge 
gap is bounded by glass surfaces. The electric 


charge produced by breakdown accumulates on 
the glass surfaces and reduces the field inten- 
sity of the gap, so that discharge is quenched 
out. We may then assume the mechanism of 
silent discharge analogous to that of corona 
initiation. Thus, the authors adopt for the 
silent electric discharge in dried atmospheric 


calculated trom oscillogram (pA) 


pilse current 


50 


150 
Pulse current measured by milliammeter (pA) 


Fig. 4. Relation between two kinds of current. 


air the following mechanism: ‘‘ When the 
discharge starts at any point of the gap, 
electron avalanches grow up to a streamer. 
The electrons reach the anode side glass and 
accumulate there. This accumulation of 
charge reduces the field intensity of the air 
gap, and stops the discharge. This behaviour 
of electrons corresponds to the first rush time 
10°° sec of the pulse. Afterwards, the slow 
positive ions are swept to the cathode side 
and this corresponds to the tail width of 
pulse of 10-*sec.”’ 

According to this mechanism, ABC part of 
the pulse in Fig. 2—b represents the electron 
current of streamer, and hence it is possible 
to calculate the mean electron current by the 
method described in § 2-3. 

On the other hand, since the mean total 
current containing both electron and ion cur- 
rent, i.e., ABCD in Fig. 2—b, can be measured 
by the combination of filter, rectifier and 
milliammeter, it is possible to obtain the 
ratio of ion to electron current. The experi- 
mental result of Fig. 4 shows that the electron 
current is just one half of the total current, 
and hence electron current and ion current 
are equal. 

Next, we will show that the discharge can 
never stop in avalanche-stage, but must be 
growing up to streamer-stage. 

The starting applied potential of the used 
discharge tube was 5kV (r.m.s. value). Sub- 
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tructing the potential drop across the glass 
dielectrics, and converting from r.m.s. to peak 
value, the net starting potential of the air 
gap is found to be 5.6kV. (The thickness of 
the air gap is 1.5mm, that of the glass 
dielectrics 1.5mmxX2, and dielectric constant 
of the glass c.a. 7) In this case, the a/p, al 
and e*’ at the starting instant are respectively 


a/p=0.054') 
(ys —(5) 72 
COO 


where a is the ionozation coefficient of elect- 
ron collision in cm~!, 7 the air gap thickness 
incm, and p the gas pressure in mmHg. 
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Now we calculate the ratio of ion current 
to electron current in case only electron 
avalanche would occur. One electron which 
starts from cathode and travels to anode with 
velocity wv. as is shown in Fig. 5 induces in 
external circuit a current 
EUs 
i 
The total charge induced in the external cir- 
cuit by the electrons in the avalanche is 

a= | ner” de eng (e%!—1) , 
a Uh Ve al 
where 2 is the initial electron from cathode. 


The positive ions produced by the electron 
avalanche induce current in the external cir- 


Le = 


(3) 


cuit, when swept to the cathode. The total 
charge of this current is 

eae - 

qi =| Cpe ade ™ 
0 I Vi 
eng 
-. ale®! —e%l 
( Coe (4) 
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The ratio of ion to electron charge of avalan- 
che is therefore 


ie alee’ 
qlde= aij 
and, using our value of a/=6.2, 

This shows that, if the discharge were only 
the electron avalanche, the ratio of ion to 
electron current should be 5.2. This value is 
not essentially altered even when the avalan- 
che started midway between electrodes. 

The observed ratio of these two currents is 
just 1 as shown, and this proves that the 
silent electric discharge can not be the state 
of avalanche. And if we assume that the 
discharge developes to the state of streamer 
or further, and almost uniform ionization 
occures through its path, then a simple calcu- 
lation shows immediately the equalness of the 
ion and electron currents. 

One of the authors has found that the 
thin filamentary discharge of silent electric 
discharge in the air gap of separation 0.9mm 
has a diameter about 2mm, and the charge 
about 0.5x10-® coulomb. Accordingly the 
volume of discharge column is about 2.8x 107° 
cm’, and the charge density, assumed to be 
distributed uniformely in the discharge column, 
is about 10” electrons and ions per 1cm?. 
This value is large enough for plasma, and 
supports the above discussion. 


=ah5 (5) 


$4. Conclusion 


In careful observation of the current pulses 
of silent electric discharge, it was found that 
the pulse consists of two parts, i.e., the head 
sharp peak of 10°%sec and the following 
smooth tail of 10-4 sec. 

An interpretation was offered that the 
former peak is the electron current, and the 
tail part the ion current. 

Adequate measurments showed that the ion 
current is equal to the electron current. 

Some calculation led to the conclusion that 
the discharge does not stop at the state of 
electron avalanche, but developes into the 
streamer or further. 
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on the Basis of the Thin-wing Expansion Method 


By Kinzo HIDA 
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It is shown that Guderley and Barish’s asymptotic solution for the 
sonic flow, which is valid far from the body, can also be derived on the 
basis of the thin-wing expansion method as extended by Imai. 

Although Imai’s formula cannot be applied to axisymmetrical cases, 
yet the first term of the asymptotic solution in these cases can be obtained 
as well by means of usual formula based on the linear theory. 


§1. Introduction and Summary 


Recently, Imai? extended the similarity 
rule for a transonic flow due to von Karman 
/so as to hold in a wider range than the 
original one. 

Assuming that the velocity perturbation 

due to the presence of an obstacle is every- 

where small and, unlike the usual method of 
-thin-wing expansion, retaining the terms up 
to the second order of disturbances, he ob- 
tained a new fundamental equation for two- 
dimensional flows, upon which his extended 
similarity law is based. 

This equation, which bridges a gap between 
“Prandtl-Glauert’s theory” and “von Kar- 
m4n’s transonic theory ”, enables us to obtain 
successive solutions with respect to some para- 
meter and it may be expected that the similar 
procedure remains to be valid even for the 


sonic flow. 


In this paper it will be shown that this is 
surely the case. To make the discussions irre- 
spective of the individual form of an obstacle, 
we consider the sonic flow only at a great 
distance from a body. For this case, Guderley 
and Barish”)? gave the asymptotic solution in 
the physical plane, and to a derivation of 
their solution by applying Imai’s formula the 
present paper is directed. 

Usually, we require that the complex veloci- 
ty potential is one-valued and continuous 
throughout the field of flow, but this condi- 
tion does not hold in the case under conside- 
ration because one or a few shock waves will 
necessarily appear in the field of flow. Hence, 
an alternative condition is to be required such 
that the disturbed velocity remains finite 
throughout the field of flow. 

All analyses are developed in the physical 
plane and the complex quantities are con- 
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veniently used. It follows from straight- 
forward calculations that the successsive 
terms of Guderley-Barish’s solution can be 
obtained one by one in each step of approxi- 
mation. 

Although Imai’s formula cannot be used in 
axisymmetrical cases, yet, as long as the 
first term is concerned, the usual method of 
thin-wing expansion is still of use. 

Necessary changes in boundary conditions 
are the same as before. However, some 
redundant terms appear already in the second 
approximation and in what follows we shall 
give only the solution to the first approxi- 
mation. 

§2. Guderley and Barish’s Asymptotic 
Solution 


Guderley and his collaborators have found 
a fruitful hunting-ground in researches for 
the sonic flow and have elucidated many im- 
portant natures of this special flow field. 
Especially, the asymptotic behaviour of the 
field far from a body was discussed in col- 
laboration with Barish. 

Assuming that the deviation of the flow 
from a uniform sonic flow is small, they put 
the velocity potential @ in the form: 

D=a,la+P) , (Cal) 
where a, is the critical sonic speed and «x is 
the coordinate parallel to the direction of the 
uniform free-stream. Thus, ¢ is the velocity 
potential for perturbation. 

According to the similarity law for transo- 
nic flow, this potential ? is governed by the 
Tricomi equation and Guderley and Barish 
obtained a solution of the form: 


Pay PIY) s (22) 


with 
RE Tek legate, (2.3) 
where y in conjunction with 2 forms the 
rectangular coordinates and + denotes the 
adiabatic index of a gas concerned. The con- 
stant 2 was determined by the conditions 
that the flow field is symmetrical with respect 
to the «w-axis and is regular from infinity 
upstream to the limiting Mach wave, and it 
was found that »=4/5 for two-dimensional 
cases and m=4/7 for axisymmetrical cases. 
Furthermore, they constructed the asympto- 


tic solution for larger positive values of 4% as 
follows: 
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fa eo (2.4) 
Here, a is a constant to be taken as 1/2 for. 
two-dimensional cases and as —1/2 for axisym- 
metrical cases, and the numerical coefficients 
B)’s are as shown in Table I. Unfortunately, 

Guderley and Barish’s original paper contains | 
some errors in B, as well as in subsequent 
B)’s for axisymmetrical cases. | 


§3. Two-dimensional Flows 


For convenience, we shall first summarize | 
the extended formula due to Imai for the 
complex velocity potential. | 

Let ® and ¥ be the velocity potential and 
the stream function respectively and define 6 
and ~ as follows: | 

O=-Uat+d), V=Uy+t"%), (3.1) 
where U is the velocity of a free-stream at 
infinity and therefore both ¢ and # refer to- 
the perturbation. It is to be noted that if 
U tends to ay, the first equation of (3.1) is 
reduced to Eq. (2.1) and ¢ becomes identical 
with ¢. | 

Defining a parameter in terms of the 
Mach number at infinity M. as: 

u=V1—M., (3.2) 

and putting 
G=$+id/z, ) 
C=E+iq=r+iny ,) 
we have the fundamental equation for deter- 
mining the complex velocity potential G in 
terms of the complex coordinate € and its 


conjugate complex € in the form: 


ac oC WEG! OCR OG 
Bl pee eae ae af 


(3.39 
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where 


4 Ap ie So 


This equation is due to Imai and is used in 
the subsequent works. 
We notice first that when the free-stream 


Mach number M.. approaches unity, (3.5) is 
reduced to the form: 


peated es 


yess 
: 16,7 


Now, we assume that G is expanded in an 
infinite series as: 


G=G.1G,G, Gs 


POU): (3.6) 


(3.7) 
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Here Gi, G2, G3, G,,--- are quantities of the order 
O(ré), O(7vé”), O(7&?), O(7vé4),--- respectively, 
where 7=V a?+4? and & is a certain small 
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quantity. 
Substituting (3.7) into Eq. (3.4) and equating 
the same order terms on both sides, we have 


aus 
0G. _ o( 2: 0G. 0G: | OG.\! 
0g 0€ Ore anc. ee 
0G; >{0Gi . 6G: OG 0G 6G 0G, 6G 0G 
eat aa eS Roe EY oe 
ag OC GE 00 “sor NOC mer ee. eee)” ce) 
9G: _ 6 06s , 00: , 00s , 00s°y 
0€ Gtr? Moc ac tat ) 
0G! 0G» 0G 0G: \/ 6G 0G 0G 0G 
EGE BY oe) 
OC” BO” Oh) Bla aot oc). 
The first equation is easily integrated, giving Remembering that we have assumed 
Gi=qi(C) , (3.9) Gi=O(7E), we have 
where gi is an arbitrary regular function of € O(é)=O-"”) , 
ie 2 hence 
n usual applications of the method of thin- G.=0(, G00) (G.20G- ean 


wing expansion, we impose, besides the 
boundary condition on the surface of a body, 
two more conditions as follows: 

(i) OG/0f-0 (as >), 

(li) OG/O€ should be one-valued and con- 
tinuous throughout the field of flow. 

But, in a nearly sonic flow the second condi- 
tion does no longer hold owing to the appear- 
ance of one or a few shock waves, and 
consequently we shall take an alternative 
condition: 

(ii) OG/O€ should be finite throughout the 
field of flow even when the Mach number 
M.. approaches unity. 

Conditions (i) and (ii’) are not yet sufficient, 
because they cannot determine the arbitrary 
function gi(€) in Eq. (3.9). 

Considerations to find this function reaso- 
nably lead back eventually to a series of 
Guderley’s investigations, and are not a 
principal concern in this paper. Hence, with 
Eqs. (2.2), (2.3), (2.4) in mind, we shall take 
the supplementary condition as follows: 


(iii) Gi=9i(O=kvV C, (3.10) 


where k is an arbitrary constant. Though k 
may assume a complex number in general, it 
should be real in order to assure the sym- 
metrical flow pattern, as is the case in this 


paper. 


Substituting (3.10) in the right-hand side of 
the second equation in (3.8) and then integrat- 
ing, we find 


6 / & 
Ox Cray +log & )+x6), (3.12) 


4 
gx(€) being a certain analytic function of € to 
be determined later. 

In order to obtain the velocity potential, we 
shall put the complex coordinate € in the 
form: 

t=te . (3.13) 
As is easily seen from the comparison between 
(3.13) and (3.3), ¢ and # are connected with 
the Cartesian coordinates (a, y) by the rela- 
tions: 


t=24+O(p2) , d= ne +O(u?), (3.14) 


which are useful especially in a transonic 
region. 

Separating the real parts on both sides of 
Eq. (3.12) and making the substitution (3.13) 


for € and €, we have 
b=nG)= xe (cos 20-+4 cos ¥ +log ¢4)+ R(g2) 
bs HP {5—40°+ 04) +log E}+N(G2) . 


The condition (ii’), together with (3.6) and 
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(3.14), imposes the following condition on the 
function 9:2: 


Rye) + ae (5-+log 2)=0, 


which, with consideration for the conditions 
(3.11), determines immediately the complemen- 
tary function gz in the form: 


q2= (Sy) 


¥: ue (6+log C). 


Thus, the second order solution is given by 
the formula: 


Gate S ays +1og§—5 ) , 43.6) 


and the velocity potential for the sonic flow, 
(2, is easily obtained as well, namely: 
a a es 
Pa G yoo 
WG a 
If the variable ~ as defined in (2.3) is in- 
troduced, then this expression is rewritten 
in the form: 


il 2 2 — 4 
= EE yr Ky), 


while Eq. (3.10) is reduced to 
Br=kV © =M r+ DMYPZP) 
With the abbreviation 
By=A(y +1)” 
both equations take the forms: 


M=Biyx'”) and Oy 8 (yl 
and, as will be easily confirmed from (2.4) 
and Table I, these expressions are surely 
identical with the corresponding terms in the 
expression (2.2). 

The third term can be obtained in a similar 
way. 

Raplacing G, on the right-hand side of the 
third equation in (3.8) by the expression 


(3.16), and then integrating the resulting 
equation with respect to €, we have 
: kB? ( C? C3/2 ie et 
Cra 2 Ne £ ete = eo 
Beer alla allah cecal ea 
log Gee ees ee 
FOG Eee 18 ete ate ll) 
Galva) 


The real part of this expression gives the 
third order term in the velocity potential and 
we have 


Kkinzo HIDA 
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eB? eA (ls eee las 
on= NEW ae COS mes 2 cos 9 
— ! COs 2 3+13 cos 5 9-+2.c08 : 0 
3 2 2 
+5 (cos ; log ¢—# sin 3) f Hao) 
Fae 1 (73 AT. oe 43175 4 4 Ov) 
“Shale 4/7 Gag, er mene \ 


+5 cos log i} +349) : 

Proceeding in the same way as before, we 
can find that the complementary function 9; 
should be taken in the form: 


ee eects 


Thus, we have the final result for 3 as 
follows: 


R= 


7 ke yt 
— iS 4 at pas — 
%3=[¢s]u-o 384 (7th) Viet 


which can be written, after some reductions, 
in an alternative form as: 
Pa Bo (yal ye yee ‘ 
As should have beed expected, the numerical 
coefficient B, has the same value as given in 
Table 1. 
Table I. 


T wo- oldimensionalat cases Axisymmetrical cases 


B,= —(1/16)By? Bi= —(3/32)Be? 
By = —(7/384)By? B.= (39/512)B,3 
Bz = —(5/512)Bo! B;= —(405/4096) By! 
= ~(221/32768)By> By = (83835/524288)By" 


It is to be noted that the suitable selection 
of complementary function g; enables us to 
eliminate both terms of the order ¥® and # 


simultaneously. 
Fourth and higher terms may also be 
obtained in like manner. Here, with the 


omission of analyses, we show the result only 
for the fourth approximation: 


G==* | {10 +20 a —1207 +20 engin 
+105 bog 42 5 ro +8 - 
_59 me _72 £ +146 So = MG aei 
+72 5 any = —8 Bo 10 -25,| ; 


(3.18) 


1955) 


at) 
012 


In this case, the complementary function 94 
was chosen so as to make all terms up to the 
order #* vanish. 


if ks yo 9/5 /2 n 


$4. Axisymmetrical Flows 


For want of an analogous formula to Eq. 
(3.4) in axisymmetrical cases, we must resort 
to another method of analysis. 

We assume first that the perturbation velo- 
city potential as defined in (3.1) can be further 
expanded in a series as: 

@=¢itdb2t:--, (4.1) 
where ¢1, ¢2,--- are the small quantities of 
the order O(7€), O(7v€"),--- respectively, and & 
denotes a small number as before, while 7 is 
the distance in three-dimensional space from 
the origin to any point. 

Let us take the Cartesian coordinates 2, y, z 
such that the z-axis coincides with the line of 


symmetry. Further, we define the reduced 
coordinates in the forms: 
E=2, y=uy, C=p2Z, (4.2) 
with 
usv 1—M.Q?. (4.3) 


Then, the fundamental equations for ¢1 and 
#2 reduce respectively to the following forms: 


4u¢i1=0 3 } 


(4.4) 
Aubs=M(Agie+ or? +¢22)¢ » J 
where 
0” On 0? 
4= 
I AE! Of | OL? ’ 
- (4.5) 
jg ee 
Dye 


These reductions are the same as used by 
Hasimoto® in his paper; “On the Asympto- 
tic Behaviour of Three-dimensional Compres- 
sible Flow Field at a Great Distance from a 
IBYoyehy, Iz 

As in two-dimensional cases, we assume 
that the velocity potential ¢ is subject to the 
following three boundary conditions: 

(i) $20, ¢,-0, 6-0, as x0, 

(ii) , bn, @¢ should remain to be finite 

even at M.=1, 

(iii) ¢i1=O(/V 2) as a>. 
The third condition, which is necessary to 
settle the solution, is derived from (2.2), (2.3) 
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and (2.4). 
Bearing in mind that we have assumed 
i=O(vé) and ¢.=O(7é?), we find that 
S= OGY) . 
and hence 
g2=O(r”) . (4.6) 
Now, we shall show how the correct ex- 
pression for ¢2 can be derived from Eq. (4.4) 
subject to the above boundary conditions. 
Since the axisymmetrical cases are ex- 
culsively considered, the polar coordinates 
(R, @) in the reduced meridian plane are pre- 
ferable to the Cartesian coordinates (&, 9), 
where o denotes the radial distance of any 
point from the axis. These two systems of 
coordinates are connected by the relations: 


Se =F cos @, ) 
0=V77+C=R sing. , 
With the boundary condition (iii) in mind, 
we shall take the solution of the first equation 
of (4.4) in the form: 
¢1=kR?P_1/2(cos @) , (4.8) 
where P, is Legendre’s spherical function of 
y-th order. 


Substitution of this expression 
second equation of (4.4) gives 


(4.7) 


into the 


Aubo= —leM2R-4 : AP1/2(cos 9) P3/2(cos @) 


+-sin? OP’ j2(cos @)P”/2(cos o)| (4.9) 


As the right-hand members of Eq. (4.9) can 
be expressed as a power series in sin’?@, Eq. 
(4.9) is written in the reduced form: 


: M.2ak?R-{1-+0(sin?9)} . 


Ango.=— 
But, as will be proved in the next section, 
the differential equation: 


Augo=R-* sin?"O, (n: positive integer) 


(4.10) 
has its particular solution in the form: 
b= CR*|1— 5 +009} jot 


C being a certain numerical constant. 

As is well known, the homogeneous equa- 
tion arisen from Eq. (4.10) is satisfied by the 
harmonic function: R~?Pi(cos@), which has 
also the same expression as Eq. (4.11). 

Thus, taking into account the requirement 
(4.6), we have finally the solution of Eq. (4.10) 
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in the form: 


Ae Py 4 og a bs ee 5) ora")! 
gas M..22R?R lee 9 FOG ie 


4 
(4.12) 
where A is a constant to be determined so as 
to satisfy the boundary condition (ii). 

To this end, it is sufficient to notice, by 
(4.2), (4.5) and (4.7), that when M.. tends to 
unity, we have 

jE Oe 
2 


R?=2?+O0(z) , (4.13) 


Or= w= +0(u4) 


with 

V=P+2=07/y? . 
Substitution of these expressions into (4.12) 
shows immediately that A is to be taken as 
—1/2. Hence, the velocity potential for the 
sonic flow is ultimately given by 


#1=[Paleo=— a, (71) a a (4.14) 


In axisymmetrical cases, x as defined in (2.3) 
takes the form: 


N= agi: (4.15) 
Therefore, the expression for ¢, can be written 
in an alternative form as: 


P= J+) NTE ON EME 


and also we have from (4.8) the similar result 
for ¥1 as: 
G1=(d1lemo= hot =RhG 4G xP) 
Comparing these expressions with (2.4), we 
have 


Bo=(r a 1/6 


i! 1/32 — 5 8t BG 
By= ao (ttl k? 39 V0 


the latter of which is surely coincident with 
the value as given in Table I. 


$5. Proof of (4.11) 
Putting 
cos? @=2); 
we can rewrite Eq. (4.10) in the form: 
Aud2=R-*(1—2?)", (m: positive integer). (5.1) 
By virtue of the well-known Poisson’s formula, 


a particular solution of this equation is given 
by 
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2m 


ih 88 Beis 
AC ae ARR Fan 
il 


~~ \ dz: (1—217)” Pom Gi) |Pante) ? (5.2) 
-1 


where Re and Rs denote the smaller and the 

larger quantities of R and RK: respectively. 
Performing the integration with respect to 

R, and taking into account the well-known 


formula: 
sata 
2 


1 mart) 62406" 


PoumZ)= F( 2m 1, —2m; 1; 


we have 
eee ieee 4m+1 
; 2R? m=o (21 — 1)(2m-+2) 
G2 S (4m+1)m(2m+)) 

I O(a! 
GR oh Qin DOD Os 


-I(m, n) 


(5.3) 
with 
il 
iia n=| G-22P aida, 6s 
-1 
Now, we shall notice the following relation: 


Ck 
S-S=>| (1—ast)® & (m+ 1)Pam(zi)dar , 
= m=0 


Z 
(5.5) 
with 
, (4 +1) m(2m-+ 1) 
= 
Cin Dena Clee ee 
_wv___(4m+i) Kote 


m=0 (Qm— 1)(272-++- 2) 


Owing to the recurrence formula for Legen- 


dre’s polynomials, the finite series standing 
in the integrand of (5.5) reduces to a single 
term, namely: 


x (41+ 1).Pom(21) = es et 2m+ 1(21)—P’ 2m— 1(21)} 


m=0 
=P’ 2n+1(21) A 


Substituting this in (5.5) and integrating by 
parts, we have finally the relation: 


I 
S.—S=al (1 —21?)" "ai Ponaene2i i (5.7) 
= 


Since (l—z)""1z, is the polynomial of 
(2n—1)-th order, it follows from the orthogo- 
nality of Legendre’s polynomials that the 
definite integral on the right-hand side 
vanishes identically. 

Therefore, if we define a numerical constant 


1955) 


An as 
Ar SiS. ) 
which depends on 7 only, then the expression 
(9.3) for ¢2 is reduced to the form: 
An { GO 
j= == Wee Ss 
: 2R? | 2 
It will readily be seen that this is certainly 
identical with the expression (4.11). 
In conclusion, the writer wishes to express 
his cordial thanks to Professor S. Tomotika 


for his help and encouragement throughout 
this work. 
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Decrement of Blast Wave 


By Akira SAKURAI 
Tokyo Electrical Engineering College 
(Received September 9, 1955) 


In a recent extensive numerical study on the 
spherical blast wave generated by a point source, 
H. H. Goldstine and J. von Neumann has describ- 
ed the decrement of the shock-front strength in 
terms of 2 which is defined as 

p-1=AR~", 
where p is the ratio of the pressure at the shock- 
front to the undisturbed pressure, F is the distance 
between the centre and the shock-front and A is 
a constant. 2 is expected to be slowly varying 
and is tabulated in their paper as a function of p. 


IS Marley’s experiment 


eS 


Data at Road Research Lab: 
A =311-1.92 ) 


Goldstine & von Neumann 


Approximate theory 


Wolff’s experimental formula 


Grime & Sheard’s exp. 


4-(G) 
0 0.5 1.0 

It is interesting for us to compare their value 
of m with the author’s former results”)? about the 
same problem. Our previous definition of decre- 
ment expressed by 4 in the papers” is, however, 
somewhat different from theirs, 1.e., 


2k dU 
(OF elie” 


Bele ay 
erie 


where U is the shock-front velocity, y=(C/U)? and 
C is the sound velocity of the undisturbed gas. 
The relation between 4 and 7 is easily obtained, if 
we utilize the Rankine-Hugoniot condition: 

y¥+1 


or ya(iep) (1) 


De UN 1 
ey * 


eC) el 


Qy \-1 
i=p(p+ 5) nN. (e253) 
Values of 4 obtained from (1) and (2) using the 
values of ” on the table in Goldstine and Neumann’s 
paper, where y was taken as 1.4, are plotted in 
the following figure and compared with the author’s 
previous result”): 


A=301 -1.92y+O(y)) . 
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For the sake of comparison, we also give a result 
obtained from an approximate method®) as well as 
results2) deduced from the available experimental 
data. 

It will be worth while to note that the descrip- 
tion of the decrement in terms of or & is con- 
sidered to be useful for both experimental and 
theoretical studies, because any kinds of explosions 
can be expressed in a single diagram as in the 
present figure. 
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Observations of Dislocations along Grain 
Boundaries in Germanium Crystals 


By Jun’ichi OKADA 


Matsuda Research Laboratory, Tokyo-Shibaura 
Electric Co., Kawasaki-city, Japan 


(Received September 3, 1955) 


In the course of a study of the dislocations in 
germanium crystals by means of the etching 
process, some results were obtained which verify 
the properties of dislocations along the small-angle- 
of-misfit grain boundaries. The crystals were 
grown by pulling in the <100> direction, and {100} 
surfaces perpendicular to the growth direction 
were etched about 5 min. by CP-4 solution. 

Most of the boundaries could be resolved into 
separated etch-pits extended in <110> directions. 
The number of dislocations or their spacing D 
along a simple tilt boundary can be determined 
from a measurement of the orientation difference 
¢=6/D, where 6 is the length of the Burgers 
vector of each dislocation. This relation has been 
verified by Vogel et al! by comparing D with 6 
obtained from the X-ray experiment. 
some cases, 


However, in 
the verification of this formula is 
possible, even though the angle @ is not measured 
directly.2» This could be done in the following 
way by use of more general relations which hold 
for a simple cubic lattice. 

(1) When 9 is the density of dislocations in a 
symmetrical boundary, the density o’ of the 
asymmetrical boundary making an angle ¢@ with 
the direction of the symmetrical one should be 


1955) 


o’=o(sin d-+cos ¢) . 


Fig. 1 shows an example of this case, and measure- 
ments give: 


Boundary w) O ones Ocale- 
AB a 34 2=~C*«<“‘«‘ 
BE 65° 48 36 


Number of etch-pits per 100 a 


Values of Meare. for AB and BC boundaries show 
a good agreement. 

(2) When three (in general asymmetrical) pure 
tilt boundaries meet, the following relation should 
hold: 

Oi 


: = =) 
1 Sin @j+cos ¢; 


it Aw 


where 9;' are the dislocation densities and ¢; the 
angles of the boundary with the direction of the 
symmetrical one. Especially, when three bound- 


aries are all symmetrical, the relation 
Pit ~2=03 (01, 02<(3) 


should hold. An example of this case is shown in 
Fig. 2 and measurements give: 


Boundary Dons. D(p) Ocate- (SEC) 
AP 28.0 265 229 > 
BP 1325 Tees Hala 
GP IBIAS he ila dl 
The relation 
OAP= 0BP + (Pcp (@ap= Opp + 8cp) 


is satisfied within the accuracy of the measure- 
ments. 

(3) When the symmetrical or nearly symmetrical 
boundaries make “veining” structure and only 
three boundaries meet at its nodes, the density 
relation equivalent to Kirchhoff’s law for electrical 
currents should hold. An example of this case is 
shown in Fig. 3 (a) and measurements give Fig. 3 
(b). The results are satisfactory except for the 
inaccuracy at the part AB (the density of this part 
is expected to be 15). 

These observations 
correspondency between etch-pits and edge disloca- 
tions exists so far as the grain boundaries are 
concerned. And this fact may permit us to con- 
clude that the etch-pits distributed at random, 
also, are in edge orientation. 

Similar observations on other surfaces are now 


suggest that a one-to-one 


in progress. 

The author thanks Mr. Y. Uemura for his help- 
ful discussions and Messrs. M. Takabayashi and 
T. Kobayashi for their kindness of preparing the 
samples. 
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Curved boundary. 
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(b) 
Fig. 3. The “veining” structure. Numbers in 

(b) indicate the dislocation densities. 

References 
F. L. Vogel, W. G. Pfann, H. E. Correy and 


Phys. Rev. 90 (1953) 489 (L). 
Act. Met. 2 (1954) 848. 


1020 


J. Puys. Soc. JAPAN 10 (1955) 1020~1022 


On the Coupled Dislocations along 
a Grain Boundary 


By Yasutada UEMURA 


Matsuda Research Laboratory, Tokyo-Shibawra 
Electric Co., Kawasaki-city, Japan 
(Received September 3, 1955) 


Recently J. J. Oberly and J. Okada”) obtained 
interesting patterns of coupled dislocatisns along a 
grain boundary in Ge-crystals. These patterns are 
observed in the {100} surface etched by means of 
the CP—4 solution, and the array of dislocations 
have the <110> direction. (Figs. 1, 2) 

In order to investigate the origin of forces which 
determine the arrangement of these patterns, we 
try to estimate the separation of the doublets, triplets 
and quartets of the etched pits along the boundary 
using the simple models of pure edge dislocations 
in an isotropic elastic medium. The simple ex- 
amples are shown in Table 1. The equations 
represent the condition to balance the forces of 
interaction between the dislocations along the slip 
plane.*) In these equations, & means the distance 
of a dislocation from the boundary measured in 
the unit of length which shows the interval of 
dislocations on the array, and the functions S(é), 
C(é), and A(s) are defined as follows: 

S(€) = 77sinh- 2né 
C(é) =n2é2cosh- 2né 
R(s)=s?(s?—1)(s?-+1)-2 

By solving these equations graphically, we obtain 
the separations tabulated in Table 1. 

To compare the results of the calculations with 
the actual patterns in Fig. 1 and Fig. 2, we further 
try to calculate in the same way the separations 
of the models shown in Fig. 3 and Fig. 4, which 
have a better fit of arrangement along the boundary 
than the models in Table 1. The calculated value 
for the Okada’s doublet gives the separation of 
0.95. On the other hand, the experiment shows 
the value of 1.0 or 1.1. In the cese of Oberly’s 
pattern, the condition of balancing gives a set of 
three equations involving the three variables, and 
their roots , & and &; are obtained by using the 
self-consistent method graphically. The results are 
shown in Fig. 4. 

The results of these estimations suggest that the 
main origin of forces which determine the separa- 
tion of these coupled dislocations is the simple 
elastic interaction between edge dislocations. The 
fundamental assumptions used rough 
evaluations are as follows: 

(A) The all edge dislocations observed in the 
pattern have the same Burgers vectors which are 
perpendicular to the surface of the grain boundary. 
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Fig. 1. Etched pattern reproduced from Oberly’s 
paper. 


doublet 


Fig. 2. Doublet structure of etched pits along a 


boundary observed by Okada in this laboratory. 
of 
0.95 
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1 1 2 1 1 1 2 1 1 
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Fig. 3. A model of the Okada’s doublet. The 
underlying numbers indicate the ratio of inter- 
vals in the array. The separation is given in 
the figure. Those in parenthesis are the ex- 
perimental values corresponding to Fig. 2. 
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Fig. 4. A model of the Oberly’s pattern. The 
numbers indicate the ratio of intervals in the 
array. The calculated separations are given in 
the figure. Those in parenthesis are the ex- 
perimental values corresponding to Fig. 1. 


(B) The arrangement along the boundary is 
mainly determined by the condition that the small 
angle of misfit near the coupled dislocations is not 
so different from that in the regular array. 

(C) The crystal anisotropy of the interaction 
force is neglected. 

(D) There is no other appreciable stress field 
than the interaction forces considered here. 
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The experimental results obtained by J. Okada 
suggest that the assumptions (A) and (B) seem to 
be satisfied in the case of the dislocations having 
the <100> direction observed in the Ge-crystals 
grown in this direction. 

Detailed discussions including those on the effects 


of the crystal anisotropy and the impurity atoms 
will be reported in this Journal. The author thanks 
M. Takabayashi 
Kobayashi for their valuable information on the 


Messrs. 


Jo Okada, 


experimental works. 
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Note added in proof 

The recent calculations including the effect of 
anisotropy show the separation 1.07 of the doublet 
in Fig. 3, 1.80 of the triplet in Fig. 4, 1.72 and 
1.54 of the quartet in Fig. 4. The agreement with 
observed values is fairly good. 
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The Angular Distribution of a-Particles 
from the Reaction F(pa)"O*(z)"O 


By Akira Isoya, Kazuo GoTo 
and Teruo MOMOTA 


Department of Physics, Faculty of Science, 
University of Tokyo 
(Received May 26, 1955) 


The angular distributions of a«-particles from the 
reaction 19F(pa)!6O*(r)16O Wf have been measured 
by using a Van de Graaff generator. Detection of 
these «-particles (a,) is not so simple, because the 
cross section of this reaction are small compared 
with those of other groups of a-particles (a1, a, 
a3), Which are emitted by the reaction 

19F(pa)'6O*(1)6O, 

and, moreover, the energy of a, is very close to 
that of a. Although «, a, and a3 have resonance 
characteristics quite different from those of az, 
their intensities are not negligible even at the 
resonances of a,. In order to discriminate a, from 
the other groups of «-particles, we made use of 
nuclear pair electrons which were emitted succes- 
sively, that is, only those «-particles in coincidence 
with the electrons were counted. The direction of 
emission of pair electrons will not be correlated 
with that of a, and uniformly distributed, because 
the de-excitation of the pair emitting state of “O 
(the 1st excited state) is believed to be a O-O 
transition. 

Four Geiger-Miiller counters, which were con- 
nected parallel, and a proportional counter were 
used to detect electrons and a-particles respectively. 
(Fig. 1.) The proportional counter was mounted 
on a rotatable disc and could be set at any angles 
against the direction of the incident proton beam, 
while the Geiger-Miiller counters were set at a 
fixed position. The proportional counter was filled 
with pure hydrogen gas to a low pressure, which 
seemed to make the counter failry immune to 
paralysis under a strong flux of protons scattered 
from the target. In order to obtain good dis- 
crimination between «a-particles and scattered 
protons, we placed a mica absorber in front of the 
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window of the proportional counter to reduce the 
energy of a-particles so that they might be almost 
stopped in the counter gas, while scattered protons 
might go through with less energy loss. Thus we 
could make the pulse of «-particles eight times as 
high as that of protons. The Geiger-Muller 
counters were of cylindrical type. The wall was 
made of Al of 0.4mm thickness. It was thin 
enough to make the counting efficiency for y-rays 
which followed 0, a2, and a3, as low as 0.001 per 
reaction so that coincidence counts between them 
might be negligible, and on the other hand it was 
thick enough to absorb soft X-rays emitted from 


the target. 
PI 


igrges, ile 


Besides the precautions mentioned above, the 
target was made as light as possible to reduce the 
amount of scattered protons and X-rays. The 
target used was AIF; evaporated onto a thin film 
of SiO of about 10ngcm~-? in thickness.) This 
target was stable under the proton bombardment 
of a few wA per cm’. 

The energy of proton beam was kept constant 
within an accuracy of 0.5%. The thickness of the 
target was about 1 kev at the proton energy of 
843 kev. The resolving time of the coincidence 
circuit was 0.42 » sec. 

We report here the result of the measurement 
on the angular distribution of a, at the 843 kev 
resonance. 

oo co W(8)=1+0.47 cos 60.30 cos?e 


—0.014 cos#@+0.59 cos‘*@ 


where WN,-(@) denotes the coincidence count 
corrected for accidental coincidences, and Neg the 
count of Geiger-Muller counters. 

The results of the experiment being carried on 
now, and the analysis of the data will soon be 
published in this journal. 

The authors wish to thank the members of Van 
de Graaff group at the University of Tokyo for 
their cooperation. 
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Influence of Magnetic Field on the 
Precipitation Process of Ferromagnetic 
Phase in Cu-Co Alloy 


By Tadayasu MITUI and Sy6hei MIYAHARA 
Department of Physics, Faculty of Science, 
University of Hokkaido, Sapporo, Japan 
(Received August 5, 1955) 


The evidence of the shape effect proposed by 
L. Néel! has been fully examined experimentally 
by R. D. Heidenreich and E. A. Nesbitt®3) for the 
Alnico V, the permanent magnet of precipitate 
alloy. However, the evidence of the directional 
order proposed by Néel*5) et al.©78) has not yet 
been examined experimentally. We have in- 
vestigated an influence of a magnetic field on a 
process of precipitation of a ferromagnetic phase 
for the purpose of establishing the limit of applica- 
tion of the both mechanisms. We have taken the 
alloy of copper including ca. 2 weight % of cobalt 
as the most appropriate specimen. Measurements 
were made on the specimens that were prepared 
by quenching in a water after solid solution heat 
treatment and by the isothermal tempering in 
magnetic field at 750°C which is the temperature 
most effective to the magnetic heat treatment as 
we previously reported.%10) The torsion method 
was used for measuring the magnetic anisotropy 
with disk-shaped polycrystalline specimen in a 
uniform magnetic field of 10000 Oe. 

The experimental results are as follows: 

(1) For a specimen tempered 20.0 hr. isother- 
mally at 750°C without a field and successively 
tempered 4.0hr. at 750°C with the field of 1000 Oe, 
the obtained value of the uniaxial magnetic 
anisotropy is ca. 10?ergs/cm*, and this is smaller 
than the value 4x10%ergs/cm* of the specimen 
which is tempered 4.0 hr. isothermally under the 
field of 1000 Oe. at 750°C, as shown in Fig. 1. 

(2) For the cold-worked specimen of solid solu- 
tion, after being tempered 4.0 hr. isothermally 
under the field of 1000 Oe. 750°C, the torque value 
obtained is ca. 10*ergs/cm* and that of no cold- 
worked specimen is 410% ergs/cm?. 

(3) The specimen, which is tempered for 4.0 hr. 
isothermally with the field of 2000 Oe. at 750°C, 
shows the twofold rotational symmetry. On the 
other hand the specimen, which is tempered for 
4.0 hr. isothermally with the field in a direction 
and then tempered as same manner in other direc- 
tion orthogonal to the former, shows a fourfold 
symmetry, as shown in Fig. 2. 

The results (1) and (2) mean that the magnetic 
field is effective to the initial stage of precipita- 
tion, and the result (3) cannot be fully explained 
by the anisotropy of directional order. Thus, it 
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has been clarified that the origin of the uniaxial 
anisotropy would be decided by the directional dis- 
tribution of precipitates which were obtained by 
magnetic field treatment and so the shape effect 
proposed by Néel would be more resposible than 
the directional order for the magnetic treatment 
of the precipitate alloys. Full report will be 
published soon elsewhere. 
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Fibrous Growth of NaClO; on Single 
Crystal 


By Norio KATO 


Kobayasi Institute of Physical Research, 
Kokubunji, Tokyo 


(Received September 19, 1955) 


Works on fibrous growth of alkali-halides)?) and 
of metals?) have been published by several authors. 
The present author reports herein on his study of 
the fibrous growth of NaClO3 on single crystals. 

Single crystals of NaClO3; were prepared by the 
evaporation method, keeping the saturated solution 
at 30+1°C. Each crystal was grown from a seed 
crystal which was placed between two parallel glass 
plates. All the crystals thus prepared were bounded 
by {100}-planes. They were picked out from the 
solution and kept in a desiccator of volume ca. 
10'cc with CaCl, as the desiccating agent. After 
an induction period of from 30 minutes to 2 hours, 
with the naked eye numerous fibers were recogniz- 
ed on the crystals. The growth of the fibers ended 
within 3 to 12 hours. When the crystals were 
grown very slowly, their surfaces were flat as 
cleavage and on such surfaces the fibers rarely 
grew. When the crystals were grown rapidly with 
an increase of crystal volume of about 1 cc per 
day, white striations and steps appeared on the 
surface along <100>-direction. Fibers usually 
started from these striations and steps. No fibrous 
growth took place when crystals were dried rapidly 
in a vacuum. If the vacuum dried crystals were 
immersed again in water and then kept in the 
desiccator, fibrous growth resulted. It is sure that 
moisture around the crystal is an important condi- 
tion for the fibrous growth. 

Since in the present experiment the fibrous 
growth occured on single crystals, the direction of 
the fibrous axis relative to the base crystals could 
be easily studied. The direction changed accord- 
ing to the temperature, as given in TableI. Two 
examples of the fibers are shown in photograph 1. 
The thickness of the fibers was 10-20» for <100>- 
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fibers and 1-5, for <111>-fibers. While lengths 
were usually 1-10 mm, several were found longer 
than 15mm. The fibrous crystals were never 
perfectly straight but deflections of small angles 
were observed by the naked eye. Frequently 
there was observed large angle deflection, as shown 
in photograph 2. Each stem forming the large 
angle was usually crystallographically equivalent. 
Successive observations on such deflected fibers 
confirmed that the growth took place at the fiber 


tip. 


(b) <111>-fibre grown at 35°C. 
Photo. 1. (x3) 


Photo. 2. Deflection of large angle in <100>-fibre. 


(x10) 


An X-ray examination of a <100>-fiber (Table I) 
revealed that the fiber has the same crystal 
structure as the bulk crystal of NaClO3; and has 
the same orientation as the base crystal. It was 
revealed, that the fiber used in the 
X-ray examination consisted of crystallites each 
of which was about 0.5mm, every neighboring two 
crystallites forming an angle of about 1 degree. 

In the present NaClO, fibre, it is sure that the 
growth takes place at the tip not at the bottom 
and that there must be moisture around crystal 


moreover, 


} 
} 
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for the fibrous growth. Then it is most probable 
that, as suggested for NaCl by Gyulai, NaClO, 
molecules arrive at the tip of the fibre by diffusion 
through an adhesive layer of the solution on the 
crystal. It is not yet clear, however, why the 
rapid growth takes place at the tip and not on the 
stem of the fibre. 

The author wishes to thank Mr. H. Nagasaki at 
Hitachi Central Research Laboratory who kindly 
allowed the author to use X-ray tube with a rotat- 


_ ing anode. 


Table I. Relations between the growth direction 
and temperature. 
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Temperature 


Growth direction 
10°~20°C | <100> 
25°C <100>,<111> and <110> (rare) 
30°~60°C | <111> and more complex directions 
above 60°C | (rare) 


No growth 


The growth directions are referred to the base 
crystal. 
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On the Magnetic Ageing of Pure Iron (iI) 


By Mitsuru ASANUMA and Sinji OGAwa* 
Institute of Physics, Hokkaido University 
(Received September 7, 1955) 


In our previous paper) it was clarified that the 
origin from which the magnetic initial susceptibility 
of commercial pure iron was decreased by temper- 
ing at about 130°C was not FeS in iron as Y. 
Shimizu2) pointed out, but very small amounts of 
nitrogen and carbon, and that the influence of 
nitrogen was dominant. But whether free nitrogen 
and carbon affect strongly the decrease of the 
initial susceptibility, or nitride and carbide are the 
essential origin of it was not clarified, and then 
has been investigated about these points. 

After the specimen, a wire of commercial pure 
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iron, is purified of carbon and nitrogen by anneal- 
ing in a wet hydrogen atmosphere, 0.0065 wt % 
nitrogen was dissolved into the specimen, and then 
the ageing was investigated by the measurement 
of internal friction at 140°C. This result is shown 
in Fig. 1. And by the slope of the curve in this 
this figure, the parameter 2 is determined in the 
equation») 
g=1—exp[— Kt]; 

which shows the behavior of the growth of preci- 
pitates. Where q is the fraction transformed (in 
terms of Q71, g=(Qo-!—Qs—)/(Q7!-Q@s~4), Qo7?: 
initial Q-1 value, Q@y-1: final Q-! value. Q71 
corresponds to the concentration of the solute.), ¢ 
is a growth time, and K is a constant which de- 
pends on the activation energy. According to our 
result, the first stage, from 0 to about 10 minutes, 
is not certain to be or not, because of the low 


in hours ) 


o7 i 10 


Or t=O 
logio logio ware Sat 
eal) ee 
nitrogen contents of this specimen is 0.0065 wt 
%. From the slope of this curve is deter- 


mined. The ageing temperature is 140°C. 
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Fig. 2. The decrease of initial susceptibility vs 


ageing time. The ageing temperature is 140°C. 
The nitrogen contents of this specimen is (),0060 
wt %. 
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relative accuracy of measurcd value in this range, 
but if it is, its 2 would be about 2/3. In the 
second stage, 27=2.4 (~-5/2) and in the third stage, 
7 

As Zenner») pointed out, »=2.4 (--5/2) means 
that the precipitates will have disk-like shape. That 
is, the intermediate phase #e,;N. will precipitate 
in this stage and then Fe,N follows it. These 
results are in agreement with those of C. Wert.) 

The ageing of the magnetic initial susceptibility 
of the specimen which contains the same amount 
of nitrogen as that used to measure the againg of 
internal friction is shown in Fig. 2. From Figs. 1 
and 2, the followings are understood: even if there 
exists a stage of »=2/3 which means a formation 
of Cottrell atmosphere, the change of magnetic 
initial susceptibility corresponding to this stage is 
not observable. The precipitation which was pro- 
portional to #5/*, that is, intermediate phase Me;..N2 
have completely precipitated during an hour after 
the ageing treatment has begun, while in the same 
period, the decrease of the magnetic initial 
susceptibility is about three-fifth of total amount of 
it. 

From these facts, it is concluded that the inter- 
mediate phase Fej,N2 which precipitated out in a 
disk-like shape is rather dominantly responsible 
for the decrease of the magnetic initial suscepti- 
bility and Fe,N have also more or less influence 
on it, but the segregation of the nitrogen and the 
carbon to the dislocations would not affect it. 

The details of this work will be published in 
another paper. 
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Electron Diffraction on Supercooled Gold 


By Tadasu SUZUKI 
Institute of Physics, College of General 
Education, University of Tokyo 
(Received August 29, 1955) 


During a study of the liquid state of gold, a 
structure which seemed to correspond to a super- 
cooled state of gold was detected by means of the 
transmission method of electron diffraction. 

A thin gold foil beaten out to a thickness of 
about 800 A was bridged over between two gold 
wires, and was directly heated with a direct current 
passed through itself, the wires serving as elect- 
rodes. The distance between the wires was about 
2m.m. and the breadth of the gold foil was 
several m.m. Heating current of about 0.5 Amp. 
was enough to melt the foil. When the foil melt- 
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Fig. 1. The microphotometer records of the dif- 


fraction pattern from thin gold foil. (a) at a 
room temperature, (b) at a high temperature, 
(c) when the foil have melted. 


ed, it was severed at its middle, and subsequently 
the flow of current stops, resulting in a sudden 
cooling of the foil. 

Diffraction photographs were taken corresponding 
to various stages of heating, namely (a) at a room 
temperature, (b) at a high temperature shortly 
before melting and (c) at about the moment when 
the foil had melted. Microphotometer records of 


these photographs are shown in Fig. 1. Every 
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photograph was taken with approximately the same 
exposure time. 

In the stage (b) when compared with that of (a), 
the intensity of the diffraction lines is lower while 
the background is increased being due to the 
thermal vibration of the gold atoms. State (Gas 
remarkable as three halos are seen superposed on 
the ring patterns from the f.c.c. lattice of gold. 
The ring patterns have nearly the same sharpness 
as those patterns of the state (a) at a room tem- 
perature and the two rings (420) and (331) are 
clearly resolved.* The first halo inside of the (111) 
ring nearly agrees with the halo described by 
Nonaka and Kohra on a polished gold layer.) By 
examining the original photograph, it is recognized 
that the intensity maxima of the second and the 
third diffuse halos nearly coinside with the (200) 
and (311) rings respectively. Although on the 
microphotometer records each pair of the corres- 
ponding rings and halos coalesce into a monoto- 
neous peak, their distinction is clear on the original 
photograph. The positions of these three halos 
agree with those observed in an experiment on 
polished layer of gold by Kuriyama, Kohra and 
Takagi.» It is also interesting that in the im- 
mediate neighbourhood of the central spot there 
appear an intensity minimum (shown in Fig. 1 (c) 
by the large arrows), which is not due to the 
solarization of the photographic plate by strong 
insident beems. The similar minimum has been 
also observed by Kuriyama, Kohra and Takagi?) 
in some of the transmission photographs from 
polished gold layers. 

It is not clear that the state (c) correspond either 
to the liquid state or to the supercooled state. 
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However, considering that the melting of the foil 
occurs almost instanteneously, it is reasonably 
presumed that the state (c) is the supercooled 
state. The similarity of the present halos to those 
from a polished gold layer shows that the atomic 
arrangement in the supercooled state is similar to 
that in the polished layer. 

The sample used in the present work contains 
Ag and Cu as impurities, but their weight propor- 
tions, 2% and 0.8% respectively, are not sufficient 
to separate a new phase of alloys. The three diffuse 
halos and the small angle scattering seem to be 
not due to the impurities but rather to a particular 
arrangement of the gold atoms.3) Although the 
experimental procedure is very simple, it was 
difficult to reproduce the state (c). Further studies 
are now in progress. 

In conclusion the writer expresses his hearty 
thanks to Assistant Professor S. Takagi for his 
kind discussions and valuable criticisms throughout 
this experiment and also to Assistant Professor J. 
Matsuura for the analysis of the sample. 
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* These ring patterns show a preferred orienta- 
tion with (100) plane parallel to the surface of the 
sample, but this seems to be not directly related 
to the phenomenon dealt with in this paper. 
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By Sumitada ASANO 
J. Phys. Soc. Japan 10 (1955) 903~905 


ie Line | (should © read) 
oe i 4 if — | 
903 right foot-note * partialy partially 
904 left 6 mole % weight % 
4 Y Fig, 1. , monochiomator monochromator 
Y " 26 | wavelength wave-length 
Y right 9 | forein foreign 
905 right References 1) | 64 (1954) | 23 (1954) 
| 


1028 


PROGRESS OF THEORETICAL PHYSICS 


(Founded by H. Yukawa in 1946) 
Published for the 


Research Institute for Fundamental Physics 
The Physical Society of Japan 


_ Progress of Theoretical Physics ' Vol a No. 5 May ig955ue 


Elementary Theory of Quantum-Mechanical Collective Motion of Paes I 
OE eT OO Boe So cRIENS oo aioe Se Guy Sloe. Sin-itiro TOMONAGA. .467 

Elementary Theory of Quantum-Mechanical Collective Motion of Particles, 11 
Se Orc te no ore Hoe Ooh tas otis Sin-itiro TOMONAGA. .482 


Adiabatic Process and) thes Stationary otate s.r eee Hajime TANAKA. .497 
On the Theories of Higher Derivative and Non-Local Couplings, I ...Tosiya TANIUTI. .505 
@n- Bound) -A°- Particles vy crs scse< nertter ono ote, oe eee Oe ae eee Ken-ichi ONO. .522 
On Interactions among Ions of a BaTiOz Crystal and on its 180° and 90° Type 
Domain, Boundaries’ ..0. asc ects sn eels eee ete Wataru Kinase. .529 
Clebsch-Gordan Coefficients for j.=5/2 ............ Reiko SAITO and Masato MORITA. .540 
Remarks on Quantum Hydrodynamics ........-.-------+-+-+-+e eee sete eee Hirosi ITO. .543 
Letters to the Editor: 
Self-Energy of Slow Polaron and Variational Method................ Eo AGA S555 


On the Foundation of the Unified Nuclear Model, II.................. 
Ane me eerie om ene Cohn Mant T. MARuMORI and E. YAMADA. .557 


(Vol. 10 


‘The sjOrbit-Orbitdnteractionmeascsico- eee ee eee eee S. YANAGAWA. .559 
Progress. of ‘Theoretical Physics _ Ba’ . . yn Volts. No. 6, June 1955 
On the Theory of Thermal Conductivity of MenevaIERe Metals Seems Tadao Kasuya. .561 


Phase Transition of Husimi-Temperley Model of Imperfect Gas..Shigetoshi KATSURA. .571 
On the Solution of I’’s for a Type of Non-Symmetric Tensor Field gyy...... 

Oe eS eee ra ee CHR ibs. 5 he 5 Aiken cou cso Gmahourowie N. N. GHOSH. .587 
On the Intermediate Coupling Theory of Pseudoscalar Field and a Nucleon .. 

Neon cyiatectte eee neeks Daisuke ITO, Yoneji MIYAMOTO and Yukihiko WATANABE. .594 


On the Analysis for the Proper fiield of a Nucleon ............ Yukihika WATANABE. .603 
Products of Improper Operators and the Renormalization Problem of Quantum 
Field! TRG ory aa 3s 3c see b On eee Werner GUTTINGER. .612 


Letters to the Editor: 
Quantum Hydrodynamics for a Charged Non-Viscous Fluid....N. MIKOSHIBA. .627 
Quantum-Statistical Mechanics of Electron-Phonon System....T. MATSUBARA. .628 
A General Theory of Meissner Effect ......-5.0-5-2...00 cee T. MATSUBARA. .631 

Contents and Index to Volume 13 


Price $ 1.25 per copy 
$ 15.00 per year (postage inclusive) 
Annual dues for foreign members (individual subscribers) 
$ 12.00 (postage inclusive) 
” for foreign members of the Physical Society of Japan 


$ 10.00 (postage inclusive) 
Application for members, subscriptions and orders for back mumbers should 
be sent, directly or through book-dealers, to 


The Publication Office 
in 


Yukawa Hall, Kyoto University, Kyoto, japan 


| 
| 
| 


| 


| 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 10, No. 12, DECEMBER, 1955 


Orbit-orbit Interactions in Atomic I" Configurations 


By Sadaaki YANAGAWA 


Department of Applied Physics, Faculty of Engineering, 
University of Tokyo, Tokyo 
(Received August 22, 1955) 


An simplified expression for the orbit-orbit interactions in terms of 
scalar products of tensor operators is derived for 1” configurations by 


use of the method of Racah. 


Main contribution of the interactions is 


given in the form —fSZ(Z+1), 8 being a positive constant. 

Analyses are made for 4p? and 5p4 configurations of Gel, AsII and 
Tel by taking the effects of the orbit-orbit interactions into account. 
The agreement between theoretical and experimental values of terms 


are satisfactory for Gel and AsII. 


§1. Introduction 


It is well known that in the isoelectronic 
sequences of 2/7 and 2* configurations the 
theoretical values of terms calculated by tak- 
ing into account the self spin-orbit interactions 
as well as the electro-static interactions are 
not sufficient to explain the experimental data. 
The theoretical ratio of 1S—!D/}D—#P is 3/2, 
while the experimental value is nearly equal to 
1 in these spectra. The disagreement between 
theoretical and experimental values can be 
explained if we take the configuration inter- 
actions into consideration, by virtue of which 
the theoretical position of 1S level is depressed. 

On the contrary in the spectra of 4p? and 
5p! configurations of Gel, AsII and Tel etc. 
the intervals between 'S and 'D are consider- 
ably large, so that the calculated levels 
for 1S are lower, and for 'D are higher 
than each corresponding experimental levels.* 
The deviation of the calculated values from 
the observed ones (cal.—obs.), the mean devia- 
tion A and the values of € are given on the 
row (a) of Table I-IV. Such a situation 
can not be explained by the same idea because 


-the effect of the configuration interactions 


pushes down the theoretical values for *S 
level and causes still larger discrepances. For 
our case, however, the effects of configuration 
interactions may be negligible because the 
levels of higher configurations with which 
original configuration can mix, do not localize 
in the neighbourhood of ~? or p* levels. 
Therefore one is lead to assume a certain 
correction term giving rise to an opposite ef- 
fect which depends on the orbital quantum 
number Z. In the following we shall assume 


that the negative correction term has the 
form —PZ(L+1),8>0. Such an expression 
can be derived from the orbit-orbit interac- 
tions involved in Breit’s Hamiltonian. 

It has been pointed out by Trees that the 
addition of a positive correction of the form 
al(L+1) improves the agreement between 
theoretical and experimental values for 3 d° 
and 3d° configurations of Fe II] and Mall. 
The proportional factor a is found to be the 
order of from 70 to 90cm7! in these spectra. 
Racah”) has shown that this correction in d” 
configurations arises from interactions of d” 
with d”-*]/? and dll’ configurations, in 
which two electrons are excited from the 
original one. Our assumption, however, is 
different from theirs not only in the sign of 
the correction term but also on its theoretical 
basis. 


§2. Calculation and Comparison with 
Experiments 

As will be shown in § 3 the orbit-orbit inter- 
actions between the two electrons z and j can 
be reduces to the following simple torm for 
equivalent /-electrons; 

2 
Ae wines 1--3 
x AC 7412 MFYDa -uj™). (1) 

u® is a unit tensor operator of rank k, C® 
a spherical harmonic operator of order k, both 
defined by Racah, and M™ a radial integral 
defined by 


(27+-1)(22—k+1)(21+k+2) 


2 k 
iW \\ Rivr(ryRnilte) 7 anid ) 
4 T2 
r2>71 ( 2 ) 
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where a@ denotes the fine structure constant. 
In the summation over k all the even terms 
disappear and there remains first 7 terms of odd 
character and only 7 independent integrals 
M®, M®,---, M?'-», will appear as parame- 
ters of the orbit-orbit interactions. 

It is easily verified that the term for k=1 
summed over all pairs of m electrons gives 
the result —2MZ(Z+1) plus term indepen- 
dent of Z. Though in the following we 
restrict ourselves to the case of p-electrons 
so that there appears no term with k>1, it 
is generally shown that they are small quanti- 
ties of higher order and practically negligible 
even for /=2. 

Thus it follows that the main contribution 
from the orbit-orbit interactions is given by 
—2MZ(L+1), the absolute value of which 
increases with the orbital quantum number Z. 
In ~? or p! configuration, for instance, it gives 
—12 M® for 1D and —4M© for *P respectively. 

In these circumstances, analyses have been 
made in this paper for the term values of 4p? 
and 5 pt of Gel, AsII and Tel, taking account 
of the orbit-orbit correction term as well as 
the electro-static and self spin-orbit inter- 
actions. We have four parameters to be deter- 
mined to fit the experimental data, that is, 
F), F, for the electro-static energies, € for 
the self spin-orbit and M® for the orbit-orbit 
energies, while five observed values, i.e. one 
for each level of 1D and 'S, and three for 
the levels of *P are available. Thus we have 
determined the most reasonable values of 
these parameters from five equations. The 
values of parameters and the deviation of the 
calculated values from experimental data are 
gathered on the row (b) of Table I>V. Mean 
deviation is reduced from 28.7 to 6.7 cm7! for 
Gel and from 68.5 to 5.3cm7™! for AsII. The 
agreement of the calculated and experimental 
values has become excellent in these isoelectro- 
nic sequences. For Tel the mean deviation is 
145cm7' and the quantitative agreement is 
not so satisfactory, but it is interesting to 
observe that the inversion of *P; and *P, level 
can be explained by adding this correction. 

The spin-spin as well as the mutual spin- 
orbit interactions») for J” configurations are 
expressed in terms of the same parameters 
M“> as the orbit-orbit interactions. As is 
well known these interactions have appreci- 
able effects on the multiplet splittings of the 
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Table I. Gel (in cm~! wnits) 


| So 
obs. 16367.14 7125.26 1409.90 557.10 0.0 


1D, 3P, Py 3 Po 


(a) | —15.6 +51.0 -—21.4 — 2.8 0.0 

| (A= 2824) 
(OS) i228" 4d EG See eLOnG O20 

| (A=6.7) 
(c) 0.0 +29.3 — 8.7 +43.3 0.0 


(Az=26in0)) 


Table II. AsII (in cm~! units) 


1g; MaDe" Seas paeee 

obs. 22593 10093 2540 1061 0.0 

(a) | -45.2 +111.6 =61.5 —22.4 0.0 
| (A=68.5) 

()|41.5 + 15 Ole omen 
| (A=one) 

(c) | 0.0 + 79.3 -34.3 +93.6 0 
(4 =63.6) 

Table Il. Tel (in cm7! units) 

1Sq 1D, 3P; 3Py 3P, 

obs. 23199 10558.6 4751.0 4706.7 0.0 

(a) | - 14 +359.4 - 69 + 76.3 0.0 
(a =187) 

© |-215 410° 4129 +161 0,0 
(a=145) 


Table IV. ¢ (in cm~! wnits) 


| Gel Asil Tel 
(a) | 906 1612 3923 
(Byte “Osa y 1653 4042 
(ec) | 987.5 1751 

Table V. M® (in cm-! wumnits) 
Gel AsII Tel 

(ties aie 17.6 38.4 
c) | 5.6 12.9 

| 


levels. So far we have neglected these two 
interactions, but it is to be desired to recalcu- 
late including all these interactions. The 
results thus obtained are on the row (c) of 
the Tables. For Gel and AsII, M® is 5.6 
and 12.9cm7!, € is 968 and 1751 cm7! respec- 
tively. The values of parameters do not vary 
so much, but mean deviation increases as much 
as 26.5 and 63.6cm7!. Though the results 
are not so satisfactory, the increace of mean 
deviation is principally caused by the some- 
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what large shift of *P, level alone and other 
calculated levels have not large deviations. 
So far the author believes, this discrepancy 
may be taken off if we take into account 
configuration interactions. From this fact we 
can regard that —8Z(Z+1) correction term 
plays a significant role in our cases and main 
contribution to this term is due to the orbit- 
orbit interactions considered here. 


$3. Derivation of the Formula 


The Hamiltonian for the orbit-orbit interac- 
tions between two electrons 1 and 2 has the 
form 


a? 


1 li “il ; 
ie ee (V1i°P2) + 9 pg? Fria Pa) 


+ (121° P2)(%e1° 1) } + : (ra i—P2)| : 
2nig° 
ay) 


where r=ri—M,(712=|Pi2|) is a radius vector 


_drawn from electron 2 to electron 1, 7: a 


| three values of &; k,k=+1. 


U 


{ 


gradient vector operator which operates on 
the coordinates of the z-th electron only, a 
the fine structure constant. 

By use of the well known expansion theorem 


a 3 (—)Far(2kR+- DO x GO] (2) 
Tig k=0 
with a,=7r—/r5**}, 
the first term in (1) can be written as 
2 pp) = 5 (a SEF DO 
Tiz k=0) £ 


where the summation should be taken over 
U® is an irre- 
ducible tensor operator of rank €& derived 
from two tensors C™ and p, of which com- 
ponent is given by 


U,2=[C® x 7] ,O= 1 Ce pe(kqlo|k1Ep) , 
q,o 


>) 


where (j1701J2772|j1j2jm) is the Wigner coef- 


| ficient. 


Now we shall compute terms in the braces 
in (1), which can be transformed into 


oo f(r PT Pa) (ra Pare Pa)} 
(5) 


The following miscellaneous formulae are 
useful for the reduction of (5). They can 


+ terms interchanged in 1 and 2. 


easily be proved and are given without proof. 
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1 one (2K 41)" 
pee | 


SAGO; 
(R010| RLK0) Dis 14,)[ Ci x C,©],Op1,_63 
K=k+1, (6, a) 
(ru Pa) = (JC saV aya , (6, b) 
and 
Virol Pa)= Ds (— {Lgl —o | 112M) 


x (1010]11Z0)Ci,4 
X (D417) 72, -a + 3 —) 97101 "eV 1,-cPay—a3 
qd 
(L= PAV) . (6, C) 


D'**11 and D*t*-11 in these expressions ope- 
rate on radial functions only and are defined 
by 


0 


De ics (k+1) : 


Rk ee a MOA 
nea and D pas i: 


With the aids of equation (6, a), (6, b) and (6, 
c) the first term of (5) can be expressed as 
(rare 7a)= 3 (— EOE DY 
Nia K€ 
x [TO x UyO]O 


+S (=)(2n t+ DV Vi x TJ, (7) 
kn 


and for the second term we have 


ut S(rs *V1) (12° V2) = BV 3 [Mm XV oO? 
12 y 


(8) 
Here the operators T®, V™, X¥ and Y“ 


are defined by 
TO= >(—)*[(2K+1)(2L4+1)]!/(4010| k1K0) 
FEST. 


x (1010|11Z0)WKRL1:1€) 
x (DF 41 a,)DLUlny) | CO x C1]©, (9, a) 
ViO= J [(2K+1)(2E-+1)}/2(H010 | AL KO) 
KE 
x W(KkEy:11) 
x (Di 'X1a,)n[[Ox™ x Ci] © x r1\™ ; 


(9, b) 
X= OY(—) *(2K+1)7(R010 | k1K0) 
x (Dita iC x pil, (9, c) 
and 
KAM x MX]Ox pil . (9, d) 


Wabcd:ef) is a Racah coefficient. 
The first and second sum in (6, c) corresponds 
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to the first and second term on the right- 
handed side of the equation (7) respectively. 
The derivation of (8) is simple because /1 
does not operate on the factor (r.-f2) 

The third term in (1) can also be shown 
to be expressed in terms of the scalar product 
of © and C,™ as follows, 


Le ; ? 
AAS V1—P2a= D[M1© x C,M]O 
N12; k 


+ term interchanged 1 and 2. (10) 


Further reductions of (3), (7), (8) and (10) for 
/” configurations are carried out by making 
use of Racah method of tensor operators. 
After somewhat tedious calculations we ob- 
tained the final result (1) in § 2) for the orbit- 
orbit interactions. 

In conclusion, the author wishes to express 
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Studies of High Polymers by Radioactive Method I 


Self-Diffusion of Ions in Ion Exchangers 
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In order to study kinetic exchange reaction and self-diffusion of ions 
in ion exchangers, the rate of ion exchange was measured by radioactive 
tracer method similar to that employed by A. Langer and Pitts’ general 
theory of radioactive ion exchange was applied, with the focus of atten- 
tion on the rate determining factor of reaction in each case, to analyse 
the results. When concentrated external solution is utilized, diffusion 
of cation in cation exchangers and diffusion of anion in 
exchangers was suggested to be the controlling factor, whereas 
in the case of the use of dilute external solution, the rate of exchange 
is probably controlled by surface diffusion. In the former case, diffusion 
coefficients, activation energy of diffusion, and activation entropy of 
diffusion were calculated, and from the results obtained, the mechanism 
of diffusion in the exchange resins was discussed. 


anion 


$I. Introduction 


Ion exchangers have, as well known, a 
wide scope in technical application. And 
Since certain exchangers appear to be proto- 
types of naturally occurring ion exchange 
bodies such as protein, cell membrance, etc., 
careful studies of their permutation by various 
ions will be of general significance. On the 


other hand, theoretically speaking, ion ex: 
changer is a kind of polyelectrolyte, then the 
studies of exchange reaction between exchange 
resin and external aqueous solution seems tc 
shed light on the structure of polyelectrolyte 
solution. | 

Recently, numerous authors have published 
literatures on exchange rate in exchanget 
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resins with attempts on obtaining complete 
information on such phenomenon. However, 
since their results do not always coincide, it 
would be difficult to say that the mechanism 
concerning the exchange reaction in ion ex- 
change resins is of simple nature. 

In order to obtain additional and conclusive 
information on the above descrived circum- 
stances, the self exchange of ions in jon 


/ exchangers was measured by the radioactive 


tracer method, since observation of self ex- 
change of ions in ion exchangers is considered 
to be the most simple and effective method 
in studying the exchange mechanism. In the 
present studies, the authors have attempted 


_to determine the rate controlling factor of 


reaction under various conditions. 
Published literature on ion exchange in 
exchangers has consisted of: (a) those con- 


_ tributions>” in which the exchange velocity 


was thought to be governed by a chemical 
rate mechanism based on the law of mass 
action, and (b) those®®# wherein diffusional 
processes were considered to be rate controll- 
ing. However, an increasing weight of 
evidence» favors the view that diffusion is 
the more usual mechanism. Ionic diffusion 
may be either of three types, or a mixture 
thereof: (a) slow diffusion in the solid par- 
ticles, (b) diffusion in interface layers between 
external aqueous solution and solid exchangers, 
and (c) fast diffusion in external liquid phase. 

L.W.Holm® has recently analysed the ex- 
change phenomenon using the _ theoretical 
results concerning the heat transfer problem 
by S. Paterson”. The reason being that if 
the resin consists of spherical particles of 
equal diameters and diffusion inside the resins 
is considered as the sole rate determining 
process, the problem is analogous to the heat 
transfer case. And then Holm has pointed 
out that diffusion in film layer is rate deter- 
mining in the case of the exchange of Na 
ions between Na saturated Dowex-50 and 0.01 
M sodium chloride aqueous solution, while 
diffusion in the resin is rate determining in 
the case of Sm ions between Sm saturated 
Dowex-50 and 0.045 M samalium nitrate aque- 
ous solution. 

Similarly, G. E. Boyd and B. A. Soldano®*? 
have, using the Paterson’s theory, studied the 
exchange rate under various conditions, with 
results from which similar conclusions to that 
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of Holm may be drawn. However, they have 
considered that solid diffusion is more essen- 
tial than the film diffusion. 

C.N. Merriam, Jr. ef al measured the 
exchange rate, by so called dynamic method, 
using flowing external solution containing the 
proper tracer. Their results seem to indicate 
that the rate determining process is a mixture 
of film diffusion and solid diffusion in the case 
of exchange of Na ions between Na saturated 
Amberlite XE79 and 0.197 M sodium chloride 
aqueous solution. 

In the present studies, by an application of 
a static method similar to Langer’s', the ex- 
change phenomena were observed, and the 
results were analysed by Pitts’ general theory 
of radioactive ion exchange!”, which was 
originally formulated to explain Langer’s 
results. 


§2. Theoreticals 


When a certain cation exchanger is shaken 
for a sufficient length of time with AB type 
ionic aqueous solution under exchange active 
condition and is slightly washed with water 
during the process, it may be considered that 
it is a concentrated polyelectrolyte solution in 
which A ions are also considerably in mobile 
state. 

Firstly, supposing that the above descrived 
resins are shaken with the same concentration 
of AB type ionic aqueous solution, in which 
a part of A ions is radioactive, a simple 
example in discussing the exchange phenomena 
in exchangers can be obtained, if morever it 
is assumed that all of exchange resins are 
spherical and have the same diameter 7. 
When the resins are shaken with different 
concentration of AB type solution, the cir- 
cumstances are slightly complex, but the 
principal mechanism of exchange is the same. 

Put C(t) as the concentration of radioactive 
ions in the external solution at time ¢ after 
beginning of experiment. Naturally C(O) will 
be proportional to the total amount of radio- 
active material present. And it will be sup- 
posed that at the termination of experiment 
({=co) the radioactive ions are distributed 
between the solution and the resins in sucha 
way that homogenous distribution is attained. 
Put, also, the concentration of radioactive 
ions at x from the center in the resin c(y, 2), 
the volume of the resins V,; hence 
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Wes = (47c/3)nr° 
where 2 denotes the number of the resins. 
The volume of the external solution is ex- 
preesed as V. 


(1) The Case in Which Solid Diffusion 


Is Rate Determining 


At any moment during the reaction, the 
surface layer is assumed to be in equiblium 
with the solution in this case, so that 

C(t) = c(%, t) (concentration of 
inactive ions in solution/ 
concentration of inactive ions 
in surface layers) 

Now, the actual number of radioactive ions 
in the whole system is only a very small 
fraction of all the ions present, and thus the 
ratio in the above bracket is probably con- 
stant throughout the reaction. 


Q (Xt) 
1.0 


0.8 
0.6 
04 


0.2 


log 10°C 
O 


-! e) ! 2 


Fig. 1. Theoretical calculation of Q(7c) as a func- 
tion of t. 


We may therefore write 
Cit) = fc(7o, é) Gy) 
where f is a constant. The fact that the 
total amount of radioactive substance in the 
system is constant throughout the course of 
reaction gives the equation; 
ro 
VOW+4en\ rc(r, t)dr=VC(o) 
(2) 
Equation (1) and (2) is, in fact, the bounda- 
ry condition of diffusion equation; 
Oc(r, t)/Ot= D(O*c/07 + 2/r(0c/07)) 


where D is the diffusion coefficient 
resin. 


(3) 


in the 
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According to E. Pitts, the solution of the 
above equation can be obtained under special 
condition as following; 

t= Dt/77<0.1 (4) 

In §3, it will be pointed out that the con- 
dition (4) is satisfied in the present studies. 
Instead of showing the solution C(Z) directly, 
a measure of exchange reaction Q(¢) as shown | 


below is indicated as a function of rt in Fig. 
Ly 
Q(t) =(C(O)—Cre)) (CO) -—Qr)) (5) 
The value of t corresponding to a certain 
value of @ observed in the experiment at 
time ¢ is then determined using Fig. 1). 
Supposing that the exchange is proceeding 
by this type of mechanism, it follows that if 
logz¢ is plotted against log t, a straight line 
of slope unity should be found, since from (4) 


log t=log t+ log D/1” (6) 
And from equation (6), in this case, the 
diffusion coefficient in the resins D can be 


calculated. 


(2) The Case in Which Surface Diffusion 


Is Rate Determining 


In this case, it can be imagined that the 
mobility of the ions within the resins is suf- 
ficiently high to maintain a uniform concent- 
ration throughout the interior, and that the 
rate of exchange depends only on the number 
crossing the solid-liquid interface, then c(7, 2) 
introduced in case (1) is a function of ¢ alone. 
It is reasonable to suppose that the number of 
ions leaving the sphere may be ac(é), where 
@ is a constant concerning the surface area 
of the sphere. Likewise, the number entering 
the sphere may be written ac(t)/y, where 7 
is another constant. 

Hence we may write 


Vode/dt= aC(t)/7—ac(t) 
in which Vo is the volume of a sphere. 
Introducing o as below, the above equation 
becomes; 
o=alVo 
dc/dt=o(C(t)/n —c(2)) 
The equation expressing 
radioactive material is; 
VCE) + (42/3)nrFc(t)= VC(O) (8) 
The solution of equation (7) and (8) and the 
usual initial conditions are therefore required. 


(7) 


conservation of 


; as shown in Fig. 2). 
_ carefully, and any defectives were removed 


tion 


ed by authors. 


- solution was returned to the flask. 
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Neglecting the detailed process of solving the 
above equation, the solution in accordance with 
E. Pitts is; 
P@)=1—Q(=exp[—(o+ Az] (9) 
where 
A a i ‘oa /V é 
Therefore, in this case, log P should be a 
linear function of 7. 


$3. Experimentals 


Measurements were conducted using the 
commercial exchangers Dowex-50 (cation ex- 
changer) and Amberlite IRA-410 (anion ex- 
changer), which are both considerably spherical 
These are fractionated 


under a microscope. Dowex-50 (Na type) was, 
at first, converted to the hydrogen form with 
a large excess of 5N hydrochloric acid, and 
then washed continuously for a_ sufficiently 
long time with 1.0M calcium chloride aqueous 
solution after rinsing with distilled water. 
The diameter of these resins saturated with 
calcium chloride solution was measured under 
a microscope, and was obrerved to be larger 
than that of dry form due to the swelling 
effect. Approximately 15ml. of the above 
described exchanger was transferred to a flask 
(volume 100 ml.), and the self exchange reac- 
was initiated by adding 40ml. of 
radioactive calcium chloride aqueous solution 
with the same temperature to the flask. 
0.1ml. of the radioactive external solution 
was then withdrawn from the flask at deter- 
mined times, and radioactivity was measured 


- by G-M counter after drying the active solu- 
tion in standard vessels. 


The error following such experimental 
processes is negligible, and hardly exceedes the 


_ square root of radioactive count as shown in 


However, another important defect 
processing exists in the 


Table I. 
in experimental 


» present case; namely the amount of external 
' solution gradually decreasing in the process 
of measurement. 


A. Langer measured the ion exchange 
phenomena by similar method to that employ- 
He withdrew a certain amount 
of solution at definite time, and observed its 
radioactivity using liquid counter and requir- 
ing approximately 5min., upon which the 
It may be 
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Fig. 2. Microphotograph of spherical exchange 
aesins Dowex-50. 


Table I. An example of radioactivity measure- 
ment of solution containing tracer in the present 
method. 


pas /20 sec/0.1 ml BAL: 
1 147 8 

2 134 5 

3 135 4 

4 139 0 
Nav 139 


Ig80 240 


O 60 120 


Fig. 3. Stirring effect of external solution in a 
certain case of self exchange. External solution 
is stirred between 60 min and 120 min after 
beginning of experiment. 


said that as the amount of withdrawn solution 
is small, the order of experimental error in 
the present studies is similar to that in 
Langer’s process. 

Therefore an external solution with strong 
radioactivity had to be used in authors’ case. 
In fact, activity in solution used is ca 5000 


count/min./ml. 
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500 


O 60 120 180 240 300 t 


Fig. 4. Radioactivity variation of external cal- 
cium chloride aqueous solution in the case of 
sels exchange of Ca ions in Dowex-50. 


loglO t 


2 3 4 5 6 


Fig. 5. The relation between log< and logt in 
the case shown in Fig. 4. 


As for the anion exchanger Amberlite 
IRA-410, the self exchange rate of Cl ions 
was measured in the same way using 1.0M 
sodium chloride aqueous solution. 

The temperature was held within +0.2°C by 
water bath. Stirring of the external radio- 
active solution was not important in this 
process as shown in Fig. 3). From a prac- 
tically point of view, this would mean that 
diffusion of ions in liquid phase is not to be 
considered as important in determining the 
exchange rate. 
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o 2 Mol 
3) @ O5Mol 


3 4 5 6 


Fig. 6. The cases when external solutions, con- 
centration of which are not 1.0 M, are used. 


Table Il. The relation between exchange dura- 
tion t and Q(t) or logt in the case of the use 
of 1.0 M calcium chloride aqueous solution at 
various temperature (Size of Dowex-50 used 30 
~A4(Q mesh.). 


on aoe Q(t) log (1037) 
BOs 7 20 0.46 O22 
60 OR 1.00 

120 0.88 1.45 

200 0.96 2.00 

PAV a 20 0.49 0825 
40 0.69 0.80 

60 0.86 W535 

120 0.98 2.00 

9.8 20 0.26 —0.42 
40 0.40 —0.05 

70 0.59 0.45 

120 0.78 0.95 

240 0.97 190 

120 40, 0.21 —0.65 
60. 0.28 —0.30 

120 0) 5 0.35 

180 0.74 0.90 

305 0.96 1285 

$4. Experimental Results and Discussions 
(1) The Rate Determining Factor of the 


Self Exchange of Ca Ions in Dowex- 
50 in the Case of the Use of the 
Concentrated External Solution 


Firstly, the relation between the exchange 
duration and radioactivity of external solution 
(Ca*®, B-ray, 0.25 Mev., half-life 180 days) is 
shown in Fig. 4) in the case of the use of 
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Dowex-50 saturated with Ca ions and 1.0M 
calcium chloride aqueous solution. 

From these results, Q(¢) and logr are cal- 
culated, which are indicated in Table II. 
Checking the solid diffusion condition (6) in 
these cases, logr are plotted as a function of 
log ¢ in Fig. 5). 

It is clear that in all cases, the rate deter- 
mining factor seems to be the diffusion in 
the resin. 


Table III. The relation between ¢ and Q(t) or 
logrt in the case of the use of concentrated 
calcium chloride aqueous solution, concentration 
of which is not 1.0 M (Size of Dowex-50 used 
is 20~30 mesh.). 


pe cas oe econ 
2 10.8 30 0.30 —0.20 
60 0.56 0.40 
80 0.70 0.80 
120 0.81 1.20 
180 0.94 1.90 
O85 1225 1S 0.36 ~0.10 
30 0.54 0.38 
60 OTe 1.04 
80 0.89 1.60 
0 i 


94 .90 


Table IV. The relation when the dilute calcium 
chloride aqueous solution is utilized (Size of 
Dowex-50 is 40~50 mesh.). 


wae oe cic Q(t) log (10%) P(t) 
00s. 10.0..15 0.20... =0.68-. 0.80 
30 0.29 —0.24 0.71 
ig 0.38 0.04 9.62 
85 0.59 0.48 0.41 
iss Orel 1.20 0.19 
(00s 110 “15” 0.20 0872 © 0.80 
30 0.45 —0.20 0.55 
60 0.62 0.50 0.38 
1.06 0.20 


90 0.78 


However, at 30.2°C, the value of slope & is 
a little smailer than unity, since the accuracy 
of temperature was probably less accurate 
than that in other cases. 

Next, self exchange of Ca ions between 
Dowex-50 shaken for a sufficient length of 
time with 1.0M@M, calcium chloride aqueous 
solution, and extenal radioactive calcium chlo- 
ride aqueous solution, concentration not being 
1.0M are observed. The results in these cases 
are indicated in Fig. 6) and Table III. Although 
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E © 0.05 Mol 
© FO00R Moline? 


| aa 0.65 


2 =} 4 5 logt 


Fig. 7. The results when the dilute externel 
solution is used. 


logP 


Fig. 8. Checking of surface diffusion condition 
in the case shown in Fig. 7. 


the mechanism of diffusion is, of course, more 
complex than in the case of the use of 1.0M 
solution due to permutation of counter ions}, 
the rate determining factor seems also to be 
the diffusion in the resins. 


The Rate Determining Factor When 
Dilute External Solution is Used 


0.05M and 0.008M solution of calcium 
chloride aqueous solution were used as the 
external radioactive solution in this case. The 
results are indicated in Table IV. Checking 
the solid diffusion condition (6), the value of 
k are both smaller than unity as shown in 
Fig. 7). Plotting log P as a function of 7, 
surface diffusion condition (7) seems to be 
satisfied in these cases as shown in Fig. 8). 
Therefore, the rate of exchange is probably 
controlled by the surface phenomena. 

L.W. Holm has observed that the rate cont- 
rolling factor is the diffusion in the resins in 
the case of self exchange of Sm ions between 


(2) 
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samalium saturated Dowex-50 and 0.045M@ 
samalium nitrate aqueous solution. 

However, since the valence of Ca ions is 
different from that of Sm ions, the results in 
this case cannot be compared with the results 
obtained by Holm. 

Critical value of concentration of calcium 
chloride aqueous solution transiting from case 
(1) to case (2) are not ascertained, however 
the value is approximately at 0.1M@ in the 
present case. 

(3) Diffusion Coefficient, Activation Ener- 
gy and Activation Entropy of Diffusion 
When 1.0 M External Solution is Used 


Self diffusion coefficient of Ca ions in Ca 
saturated Dowex-50 are calculated from the 
results in Fig. 5), and are indicated in Table 
V. In it activation energy Ea and term con- 


Table V. Diffusion coefficient, activation energy 
of diffusion and activation entropy of diffusion 
in Dowex-50. 


T  D* 


a Eo,  d(eaS/RY” 
°C 10-8cm?2/sec kcal/Mol 10-8cm/sec 
Ca 1.0 WZ 
9.8 Wee 
20.2 5.3 Bae pil 
30.7 5.8 
ie 0) 3.38 8.2 Boll 
Zi 25.0 PASS) We8 eel 


* These values are a little larger than those re- 
ported previously by authors!), since variation 
of resins diameters due to the swelling are 
considered in the present studies. 


cerning activation entropy 4s are computed 
using the well known Eyring’s formulae’; 


D= Dy exp (— Eaet/RT) 
Do=ed(kT/h) exp (4S/R) 


where symbols have the usual meaning. 

According to Boyd et al, self diffusion co- 
efficient of Sr and Zn ions in Dowex-50 are 
respectively 3.38 x 10-§cm?/sec, and 2.89 10-8 
cm?/sec at 25°C. As for Holm’s results, self 
diffusion coefficient of Ca ions in Dowex-50 is 
approximately to 10-*7%? at 25°C, where 7 is 
the radius of the resins. Assuming that 7% 
is 0.025cm, the self diffusion coefficient of Ca 
ions is 6.3 x 10-8§cm?/sec. 

These values agree considerably with diffu- 
sion coefficient of Ca ions in Dowex-50 at 
20.2°C in the present studies. 


On the other hand, activation energy of 
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diffusion is only slightly larger than that in 
the case of Sr ions or Zn ions in Dowex-50 
by Boyd e¢ al, whereas activation entropy 


obtained by authors is comparatively larger | 


than their results as shown in Table V. 

The large value of 4S is likely to be taken 
as an indication of a complex mechanism of 
diffusion in exchanger in this case. 

However, since activation energy is not so 
large, it seems that diffusion of Ca ions in 
Dowex-50 is also, as pointed out by Boyd e¢ 
al, similar to that in ordinary concentrated 
aqueous electrolyte solution, and large 4S is 
probably due to the large size of Ca ions. 
Now, since diffusion coefficients can be obtain- 
ed in some cases, condition (4) must be 
checked. Assuming 7 is 0.03 cm, fis 100 sec, 
and .D is 5-10; *cm?/sec, 


c= Dt/r)2=5 x 10-8 x 10?/9 x 10-4 =5 x 10°°<0.1 


Therefore Pitts’ assumption is satisfied ful- 
ly in this case. 


Diffusion of Cl Ions in Amberlite 
IRA 410 


As in the cases of (1) and (3), the self dif- 
fusion of Cl ions in Cl saturated Amberlite 
IRA-410 was measured using 1.0M@M sodium 
chloride aqueous solution as the radioactive 
external solution. 

The results are shown in Fig. 9) and Fig. 
10). In this case, it is apparent that the rate 
determining factor of reaction is the diffusion 
in the resins. Diffusion coefficients efc. are 
indicated in Table VI. Activation energy and 
activation entropy are not so large as com- 
pared with results obtained by Boyd ef al as 
shown in Table VI. 


(4) 


Table VI. The self diffusion measurement of Cl 
ions in anion exchangers. 


tT ..P Ener dleaS/R? 
exchanger 6 ser kcal /Mol 10-8 cm/sec 


Amberlite 


IRA-410 3.8 1.0 
125) 3 8.0 4.5 
23m Zao) 

Dowex-2 6.8 4.3 


Therefore, strong interaction between ion 
and ion or ion and solvent are not considered 
in the present case. 
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C(t) 


JOOO 
O 60 120 I80 240 t 
Fig. 9. Self exchange of Cl ions in Amberlite 
IRH-410. 
log 10? T 


2 3 4 5 6 


Fig. 10. Solid diffusion condition in the case 
shown in Fig. 9. 


The Exchange Reaction between OH 
Ions in Amberlite IRA 400 and Cl 
Ions in Hydrochloric Acid 

Lastly, the most complex case was dealt 
with. The spherical resins Amberlite IRA-400 
(anion exchanger) was shaken for a sufficient 
length of time with 0.5 M sodium hydroxide 
aqueous solution and was been in an active 
state of anion exchange. The above was 
placed in hydrochloric acid (0.5 M) containing 
radioactive Cl ions (f8-ray, 0.66 Mev., half life 
10° years) and the permutation of Cl ions in 
the resins was measured. The method of 
analysis is identical to that in the case of self 
diffusion measurement. The result is indicated 
in Fig. 11) and Fig. 12). And in this case 
the reaction is assumed to be controlled by 


(5) 
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C(t) 
1000 
(@) 
500 
C6 60 120. ¢ 


Fig. 11. Exchange between OH ions in Amberlite 
IRA400 and Cl ions in external hydrochloric 
acid. 


log 10° T 


2 o 4. 5” 


Fig. 12. The relation between log z and logé in 
the case shown in Fig. 11. 


diffusion in the resins. 

However, it should be noted that diffusion 
in the resins, in this case, is not simple dif- 
fusion of Cl ions, but is rather in a complex 
state and actually may be noted as an average 
state of diffusion of Cl ions and OH ions, and 
if the proper assumption is used, the values 
of these diffusion coefficients are the same”). 

Calculating from the results in Fig. 12), 
diffusion coefficient is approximately 2x 10-8 
cm?/sec. 

As described above, the rate of exchange 
is determined by the surface phenomena when 
dilute external solution is utilized. 

However, if external solution is of a high 
concentration, diffusion of ions in the resins 
is of great importance in estimating the ex- 
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change rate. In the latter cases, ion-ion 
interaction or ion-solvent interaction is proba- 
bly, considering the values of activation energy 
and activation entropy of diffusion, so small 
that the movement of ions is similar, in the 
process of diffusion, to that in ordinary con- 
centrated aqueous electrolyte solution. 
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The Cross-Chain Configuration and a New Type of Phase 
Transformation in Solid Long Chain Acid Amides 


By Tosio SAKURAI 
Institute of Science and Technology, University of Tokyo 
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From the X-ray investigation on the single crystal of long chain acid 
amides of even carbon number from C=10 to 18, three phases are found to 
exist. Phase A in palmitic, myristic, and capric acid amides has the 
unusual crossed chain configuration similar to that found in potassium 
soaps. In phase B, found in palmitic and stearic acid amides, and phase 
C, in stearamide under a special condition, chains are parallel as in the 
ordinary long chain compounds. All phases seem to be stable at room 
temperature, but phase A of palmitic amide transforms irreversibly into 
phase B by heating. But the basal plane is almost unchanged during 


the transformation. 


§1. Introduction 


In ordinary normal long chain compounds, 
in spite of their wide variaties, some of their 
properties are determined mainly by their 
long hydrocarbon chains. For example, their 
melting point increases at first rapidly with 
their chain length and then tends to saturate 
gradualy». Their long chains, which are 


straight in form, are packed in layers, and as 
the result, two main strong Debye rings 
appear nearly at constant spacings in the 
powder pattern, irrespective of the chemical 
nature of the compounds. But in acid amides, 
it is well known that their melting point is 
almost constant with varying carbon numbers, 
and their powder patterns seem to be rather 
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Table I. Melting points and phases of amides. 
Melting ints = 7. : 
ra Bas ing points es ; 
observed lates | Wurz et al. from liq. sol. 

Stearamide 18 107.1°C | 109.7°C ie = “ne oue 
Palmitamide 16 104.2 107.0 | ee) A 
Myristamide 14 103.4 105.1 | (94-95) °C | A A 
Lauramide 12 102.5 102.4 | (97-99) 
Capramide 10 97.5 98.5 99 | A | A 


* 


These values differ considerably from literature to literature, the value in the Table 


refers to “Fatty Acids.” by K. S. Markley, Interscience publishers, inc., New York 


(1947). 


abnormal compared with other compounds»), 
These properties suggest that the campara- 
tively strong hydrogen bonds between end 
groups may affect the whole molecular con- 
figurations to a considerable amount. 

In this paper, the results of the X-ray in- 
vestigation on the acid amides of carbon 
number from 10 to 18 are reported. A\l- 
though the complete structure analysis is 
not yet performed, carbon chain configuration 
is determined, and a new type of phase 
transformotion is found, in which the crossed 
melocules change into parallel configuration. 


§2. Experimental Procedure 


2. a. Apparatus 

A modified form the Ehrenberg, Spear type 
fine focus X-ray tube” is used. This tube 
was especially suitable for the preliminary 
stage of investigation when only small single 
crystals can be obtained. 

Photographs are taken by the conventional 
single crystal rotation camera, and also by a 
Bouman type moving film camera”. The 
latter is designed to rotate the goniometer 
and the film separately with two synchronous 
motors in order to avoid the complex gear 
system. As the result, film holder can be 
moved comparatively freely and D (the 
distance between the film and the sample) 
and » (cone angle) can be reduced to lcm. 
and 22.5° respectively. (For notation, see re- 
ference (6)). Both D and » are smaller com- 
pared with the ordinary design, the result of 
which the larger Bragg angle and the smaller 
central blind area are allowed. A drawback 
from this small » value is the elongation of 
the diffracted spot due to larger inclination of 
the beam with the film surface. An elongated 


spot of the long spacing compound sometimes 
intersects with neighbouring spots. But this 
does not cause any fear of mis-indexing, 
provided that the crystal setting is correctly 
adjusted. In spite of this elengation, the 
estimation of the relative intensity does not 
need any special correction, because every 
spot has the same obliquity. When necessary, 
the intensity is estimated visually with 4 
series of films with different times of ex- 
posure. Lorentz and polarization factors are 
estimated easily from the chart, like that of 
the Amoros”. 

2. b. The sample and the phase 

Even number amides from C=10 to 18 are 
investigated. Palmitic and stearic acid 
amides are of Kahlbaum’s pure. Capric, 
lauric and myristic acid amides are synthe- 
sized from the corresponding commercial pure 
acid by the method essentially the same with 
that described by Wurz and _ Sharpless». 
Whole amides are first recrystallized from 
benzol in order to separate the trace of free 
acid, then several times from methanol. 
Their melting points are shown in Table I. 

After various attempts to get single 
crystals, at least three phases are found at 
room temperature depending on the carbon 
number and the condition of the formation. 
These relations are also tabulated in Table 1. 

A well developed single crystal of capramide 
is easily obtained from methonol solution. 
Although very small crystals of myristamide 
and the phase A of palmitamides are easily 
obtained from the methonol or acetic acid 
solutions, several trials were necessary before 
well developed crystals are obtained. Rapid 
crystallization gives very small single crystals, 
but too slow crystallization gives voluminous 
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Table II. Crystallographic data. 


No. of Space | | c sin ® or doo 
carbon atoms | Phase | group : | b | for phase B B 
16 | A | Pa/a | 9.93140.016A) 5.541 +0.012A) 31.5174+0.028A| 105° 
14 fr AN ” | 9.896 +0.035 5.616 +0.004 27.858 +0 .020 106° 
12 | 24.546-+0.017 
10 A | P2/a | 9.845+0.027 | 5.580 +0.004 | 20.57640.013 | 104° 
18 | B P, | 5.772 +0.025 | 30.160+0.040 
16 B P, 5.518 +0.044 | 32.470+0.044 
18 Cc P2,/a 8.765+0.020 | 4.2807+0.0043 | 50.133+0.035 90° 
but imperfect crystals. A method which Table IIH. Long spacings. 
seems to be successful is to evaporate the — ya or — e Soe = PP 
: é oshida, , 
solutions with moderate speed in the thermo- Bee | See vag ne 
stat, the temperature of which is kept con- atoms | Kurokawa| Sharpless 
stant at a little above the room temperature. Pte eer 
Phase B single crystals are more difficult to i 4 erie me 
be obtained. In palmitamide, this phase is | ; : | 
: : hes : HGH || TEN Bil OY 30.6 | 
obtained only from its own liquid by cooling, rae ee oe peers 
while in stearamide from both solutions and i | : hes aes 
liquids. A small single crystal must be 12 | ee F ; 
10) ee | 20.58 20.6 PAL 
carefully separated from the cluster. C phase a leas ns | 


of stearamide was obtained in a special case 
from very slowly evaporating acetic acid 
solution. This condition, however, has not 
been able to reproduced. In lauramide, the 
crystal suitable for the X-ray investigations 
is very difficult to be obtained. Crystals 
thus obtained have, in general, a needle like 
shape, or sometimes the form of a thin strip, 
the longest direction of which being the 
monoclinic axis in case of A and C phases. 


§3. Crystallographic Data 


Phase A is monoclinic. No systematic ex- 
tinction of the general (hk/) reflections occurred, 
but the presence of (h0/) reflections only 
with hk even and (0k0) reflections only with k 
even uniquely determines the space group 
P2,/a. The unit cell contains 4 molecules. 

Phase B is triclinic. From the nature of 
the molecule, the space group is supposed to 
be Pr. 

Phase C is monoclinic and the space group 
is P2;/a too. 

Crystallographic data are summarized jin 
Table II. 


§4. Molecular Configuration 


4. a. Phase A 
Long spacing of phase A of different carbon 
number obeys a linear relation doji=PN+Q, 


where WN is the carbon number and PQ are 
constants. It is noted that these values are 
fairly different from the previously reported 
values of Wurz and Sharpless*®, but agree 
better with those given by Yoshida and Ku- 
rokawa®, which is quite independent from 
ours. These are shown in Table III. These 
discrepancies from Wurz’s results may occur 
from the effect of impurity in their sample, 
because the melting point of their sample in- 
cluded in Table I is considerably lower than 
ours. 


From Table II we obtain 
P=1.823+0.002 
Q= 2.343+0.030 , 
As doi is the spacing of a layer made up 
from double molecules, P corresponds to the 


increment of this spacing per two carbon 
atoms. Assuming a C-C bond length of 1.54A., 


and for phase A. 


Cc 

and the Ca Ne angle to be tetrahedral, dis- 
tance of carbon atoms along the length of 
the molecule is 2.52A. Therefore angle of 
tilt c between the chain axis and the (001) 
plane can be obtained approximately from the 
relation 

2. S2Siieaee hee, t=46 degree. 


Now a very powerful method for the study 


whence 
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of long chain compound is developed by V. 
Vand®'!). As is pointed out by him, peri- 
odic configuration of CH, groups in a mole- 
cule can be described as a subcell much 
smaller than the main cell. In this case, 
structure factor F;, can be expressed as 


F,=F',°+ LF, exp (2n1xmh) 


where F,° is the contribution from non-subcell 
atoms, 4 being the Laue type function 
depending on the period of CH, groups in a 
molecule and 2, the vector from the main 
cell origin to the centre of the block of 
subcells. As is easily seen, outstanding 
strong spots will appear near the maximum of 
E- 

Fig l(a) and (b) show the Bouman _ photo- 
graphs of the phase A, projected along the b 
axis. As the ratio of subcell constants and 
the main cell constants is not an integer, a 
maximum of Z does not necessarilly correspond 
to a main cell spot, but to several main 
cell spots near the maximum of L. Spots in- 
dicated by the mark 7 in Fig. 1 (a) represent 
these main cell spots. The distridution of 
these spots around the Z maximum is affected 
by both the phase factor x, and the contribu- 
tion from non-subcell atoms. As these con- 
tributions are difficult to estimate at a first 
step, the subcell constants are estimated by 
least square methods from these main cell 
spots. The configuration of the hydrocarbon 
chain is thus easily known before the com- 
plete structure analysis. 

In this way, angle of reciprocal sublattice 6;* 
is determined to be 72°. £;* is the projec- 
tion of the angle of titl r on the (010) plane 
and as §s;* is severely different from t (which 
is about 46°) the molecule must tilt with 
this plane. 

On the other hand, general positions for the 
space group P2,/a are 


a x, Y, zB; 
b —2, —y, aap 
Cc Ste, ae Bs 
d 2, ot 5 =f: 


Therefore if a molecule is represented by a 
set of coordinates (a), second molecule (b) is 
centrosymmetrical with (a). The third molecule 
(c) is obtained by reflecting (a) with respect 
to the glide mirror plane parallel to (010). (d) 
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Fig. 1. (a) Palmitamide. Phase A. (01) reflexion. 
Spots indicated by the mark 7 represent strong 
main cell spots near the maximum of L. 

(b) Capramide. Phase A. (h0l) reflevion. 
(c) Palmitamide. Phase B. (h0l) reflexion. 


is centrosymmetrical with (c). 

Now suppose the molecule (a) tilt with the 
plane (010), another molecule (c) must tilt 
with the same plane with the same angle, 
but in the opposite direiction. Therefore, 
they cannot to parallel with each other but 
form a criss-cross configuration as is found 
im JAC SOROS PE. 


(c) 


Fig. 2. (a) Relation between the main cell and 

the subcell, in the reciprocal space. 
Suffix s; and s, indicate the axes reffered to the 
two kinds of subcells respectively. 
(b\(c) Schematic configuration of the hydro- 
carbon chain. 

(b); projection along the a axis. 

(oR , ly i % 
black and white circles represent atoms belong 
to different block of subcells. 
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As the centrosymmetrical subcell cannot be 
distinguished in the reciprocal space, the 
reciprocal subcell spots are separated into two 
groups, each of them corresponding to the 
(a), (b) molecules and (c), (d) molecules. 
These relations are clearly visualized from 
three dimensional distribution of subcell spots. 
Figure 2 show the relation between the main 
cell and the subcell in reciprocal space, to- 
gether with the schematic configuration of the 
carbon chain. End group is ommitted in Fig. 
2 (b) and (c), because its position is not 
determined yet. 

It is worth to notice that main Debye 
rings of the powder pattern are not (200) and 
(110) as in ordinary parallel chain configura- 
tion, but group of lines near (200) and (012) on 
which planes the chain axes being situated in 
this case. J is 6,5 and 4 for palmitamide, 
myristamide and capramide respectively. 

Subcell constants are summarized in Table 
IV. Those in phase A and B are triclinic. 


Table IV. Subcell constants. 


No. of 

carbon Phase| as | ds Cs we: |- Bo: le 

atoms | | 
16 | a | 9.93] 5.54| 2.69 | 135] 103] 90 
14 A 19:90 | 5.62 | 2.71 1134 | 102) 899 
10 AY +9285) 5258 1/2270) |) 183 | 102 | ~90 
16 B | $:96 | 5.52 | 2.58 | 112 | 128 | 190 
18 C |. 8.77 | 4.28:).2)57 |) 90%) 590 |e iea 


There are close similarities between subcell 
structures of palmitic, myristic and capric 
acid amides. Not only the subcell constants 
and subcell structure factors, but also the 
intensity distribution of the main cell around 
the subcell point are very much the same. 
(c.f. Fig. 1 (a) and (b)) Therefore packing 
scheme of the molecule are nearly alike in 
phase A of amides having different carbon 
numbers. 

The projection of the subcell structure along 
the bs axis is calculated by Fourier synthesis, 
the result of which is shown in Figure 3 and 
Table V. Fig. 3 represents the projection 
on the (010) plane of the main cell. In the 
calculation, only carbon atoms are considerd. 
Atomic structure factor is taken from Bragg’ 
“Crystalline State”, the temperature factor 
B is taken to be 3.4x10-%cm?. The relia- 
bility index R is 24%. No attempt is made 
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to refine te parameter, because the intensity 
of the sub-cell can only be obtained by ex- 
trapolation and exact results cannot be ex- 
pected. It can still be said that the plane 
of the carbon chain is likely to be parallel 
to the (010), suffix s indicating 
index of the plane refered to subcell. 

ADs hase B 

Rhase eB is) striehimic: 
as in the ordinary case. For the purpose of 
comparison with phase A, _ non-primitive 
subcell constants instead of primitive one is 
shown in Table IV. As the good single crystal 
is difficult to obtain, lattice constants are less 
trustworthy than in phase A. A Boumen 
photograph is show is Fig. 1 (c). 

LC Ee nase1G 

Phase C is monoclinic, but 8=§;=90° which 
means the molecule is perpendicular to the 
basal plane. It is found by S. Yoshida® that 
when acetic acid solution of palmitamide and 
stearamide is slowly evaporated on the glass 
plate, the molecule stands perpendicularly to 
the basal plane. Therefore, it may be con- 
cluded that under very particular condition, 
paraffin like structure appear, which is 
supposed to be mainly determined by the 
interaction between carbon chains. 


the 


Chain is parallel 


4. d. Discussion of the structure 

In subcell structure, most striking fact is 
the extraordinary large value of cs, in phase 
A, which corresponds to the distance between 
alternating carbon atoms. If ordinary tetra- 
hedral angle and C-C bond length 1.54A is 
assumed, this distance must be about 2.52 A. 
In ordinary hydrocarbon chains, although it 
differs from compound to compound, even 
the longest value found in soaps does not 
exceed 2.61 A1. Even if the comparatively 
large errors in the estimation of the subcell 
constant is considered, the mean value 2.70 
is remarkably too large, while in phases B and 
C, cs is within the range of ordinary values. 
It might be suggested that, in the crossed 
configuration, unfavourable packing of the 
CH, groups causes the strong van der Waals 
repulsion to deform the bond angle. If all 
bond lengths and angles are assumed to be 
these values are roughly calculated 
The C-C bond length is about 


equal, 
from Fig. 3. 


C 
155A and the C” C angle is about 121°. 


The Cross-Chain Configuration and a New Type of Phase Transformation 
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In ordinary hydrocarbons, the vertical cross 
section of a molecule decreases slightly with 
increasing corbon numbers’, while in A~soaps 
it remains practically constant™. In phase A 
of amides, it seems to decrease with in- 
creasing carbon number as in the case in Na 
or Ag soaps!), The detailed structure analysis 
seems to be essential in order to clarify these 


Table V. Subcell structure factor. (H O L) 


H De) Se) ee 
0 if Ne esas; | 2.8 
2 i. |) a9 | one 
D 0 oe a 6.2 
2 i 0.4 0.8 
4 1 apes 22, 
4 0 Ley 2 
4 1 2.4 298 
6 1 =i, | 0 
6 0 = ila f 0.8 
8 1 0.1 Ww 
8 0 | -1.9 ee 
8 ] | re 2.4 

10 Oe iets 0.4 


4s 


Fig. 3. Fourier projection on the (010), plane. 


points further. This is now in proceeding. 

Mean value of the angle of tilt tr in phase 
A is about 41° and that in phase B is 44°. 
Briefly speaking, phase A and B are very 
much the same in character with each other. 
Phase A may be considered to be composed 
of two B like lattices, each of them situated 
in glide mirror position of the other. 


§6. Phase Transformation 


5. a. The nature of the transformation 

In previous report'?, a transformation de- 
duced from the specific heat measurement 
was described in both stearamide and palmit- 
amides. This transformation occurs reversibly. 
When phase B is heated, Debye rings are 
found to change rapidly but continuously 
above these transformation points. This high 
temperature phase is named B’. The detailed 
investigation of the temperature dependency 
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(b) 


Fig. 4. Palmitamide. Observation under the 
polarizing microscope. 
(a) Before transformation. 
(b) After transformation. 
A single crystal (white band) shown in (a) is 
no longer single in (b), 


Fig. 5, Palmitamide. After the transformation. 


of powder pattern is performed by Yoshida 
and Kurokawa independently!®. 

But when phase A of palmitamide is heated, 
the phase transformation occurs at about 80°C. 
This transformation is irreversible, and 
original A phase is not regained after cooling. 
The resulting phase is B. When this trans- 
formation is observed under the polarizing 
microscope with crossed nichols during 
heating, no appreciable change is observed 
till the transformation occurs. At the trans- 
formation point, a small spot of different 
colour appears and then immediately spreads 
over the whole crystal. After the transfor- 
mation, the crystal is no longer single. (Fig. 
4). In stearamide, only B-B’ transformation 
is found, no transformation being found in 
myristamide and other lower members. In 
the present stage of experiment, the tempera- 
ture of Bouman camera cannot be controlled, 
therefore single crystal investigation of B-B’ 
transformation has not been attemted. (This 
is now under planning.) But as A-B transfor- 
mation is irreversible, it is investigated from 
the displacement of the reciprocal cell before 
and after the transformation. 

The Bouman photograph of a single crystal 
of phase A is taken first, then the crystal is 
heated above the A-B transformation point. 
After cooled to the room temperature again, 
another photograph is taken, with the same 
relative orientation of the film and the crystal. 

Here, the original single crystal of phase A 
is destroyed and Debye rings appear. There 
appears, however, the single crystal spots of 
phase B. Important fact is that the direction 
of the c* axis is conserved througout the 
transformation. Other single crystal spots cor- 
responding to the superposition of two kinds 
of phase B spots, symmetrically situated about 
c* axis. (c.f. Fig. 1 (c)). This. means that 
although the resulting B phase is not a single 
crystal as a whole, the ab basal plane is 
nearly conserved and the c axis belongs to 
any one of the four equivalent directions cor- 
responding to this basal plane with almost 
equal probabilities. 

Concerning to the terminal amide groups, 
it is reported that C-N bond posseses con- 
siderable double bond character and each O 
atom accepts two hydrogen bonds’). There- 
fore, it may naturally be expected that in 
this case end groups are connected with each 


1955) 


other through strong hydrogen bonds forming 
a network, and the transformation from 
cross to parallel form does not affect this 
strong network greatly. 


5. b. Comparison with the transformation 

zm soaps 

It seems to be interesting to compare the 
above mentioned transformation with that of 
the potassium soap. The potassium soap is 
the only other known example of crossed 
chain configuration, and the phase transfor- 
mation of which was _ investigated by 
Lomer!®, 

From powder photographs, he recognized 
following three distinct phases. Phase A 
has the crossed chain configuration and the 
space group is P2:/a. Phase B is triclinic. 
Phase C is monoclinic and the space group 
is suggested to be P2;/a. Although nothing 
is mentioned by the original author about the 
chain configuration in phase C, the monoclinic 
angle and the angle of tilt of the chain is 
determined to be 92° and 55°30’ respectively. 
Therefore from the analogy of amides, it is 
suggested that the chain is parallel in phase 
B and is crossed in phase C. 


Table VI. Comparison of the transformation. 
K-soap Amide. 
No. of Phases No. of Phases 
Se Wome mien | | Low, High: 
temp. temp.| — _jtemp. temp. 
4 Ax | 
6 | Ax | 10 Ax 
8 Ae | Ae 
10 eA Cx 14 Ax 
12 | By) =mCxX 16 | Ax =>B’// 
eres uel By /2B'/} 
ie |, BY ex 18 | B//2B'// 
16 eB) ex | 
18 | By) 2 Cx | 


K-soaps of carbon number 4 to 10, crystal- 
lize from alcohol into phase A, while those 
from 12 to 18 crystallize into phase B. With 
the only exception of butyrate and caprate, all 
of them transform to phase C on heating. 
These relations are shown in Table VI. 
Symbols x and / repreesnt the crossed chain 
and the parallel chain configuration respec- 
tively. 


The Cross-Chain Configuration and a 
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Phase B of potassium laurate which crystal- 
lizes from alcohol, transforms into phase C. 
But this phase C transforms on coolling into 
phase A, which reverts slowly during a 
period of months to the original phase B. At 
first glance, this resembles to that in palmit- 
amide. But in soaps every high temperature 
phase may have crossed chain and types of 
transformation on heating is 
x to xX in lower member 
yy tO x 
while in amides high temperature phase has 
parallel chain and types of transformation on 
heating is 


and in higher member 


x to # in palmitamide 


4 to H 


and in palmitamide and 


stearamide. 


From these results, it may be concluded that 
when the crystal has strongly interacting end 
groups, the energy difference between the 
crossed and parallel chain per CH, group is 
small compared with the energy of the end 
groups. Therefore, especially when the chain 
is short, the structure favourable for the 
stable end group configuration occurs. In some 
cases this corresponds to the cross chain 
configuration. In such cases, as the chain 
becomes longer the parallel chain structure 
which is favourable for the carbon chain and 
unfavourable for the end group, upsets the 
crossed chain configuration. Carbon num- 
ber 12 for the potassium soap and 16 for 
the amide just correspond to the transient 
position, where both structures have almost 
the same free energy and x to transformation 
is realized. It may be of further interest to 
clarify the problem how such large displace- 
ments of long hydrocarbon chain can really 
occur in the solid state. The specific heat 
measurement seems to be highly desirable in 
this connection. 


§6. Summary 


From X-ray observation, the following re- 
sults are obtained. 
(1) Phase A of amides has unusual crossed 
chain configuration. 


(2) Nc bond angle in the chain is de- 
formed remarkably ih phase A. 

(3) A subcell structure of phase A resembles 
to that of the parallel chain phase B. 
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(4) During the A-B’ transformation in palmi- 
tic amide, basal plane is left almost 
unchanged. 

(5) The possibility of similar type of trans- 

formation is suggested in potassium soap. 
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A New Dielectric Dispersion in Long-chain Normal Primary 
Alcohol of Probable Carbon Number 32 at Lower 


Temperature Phase 


By Toshiaki TAKAMATSU 
Scientific Research Institute 
(Received August 12, 1955) 


Certain normal long-chain alcohols are well known for their anomalous 


dielectric properties 


in higher temperature phase, which are often 


attributed to molecular rotation in the crystal lattice. 

In the present article are described the experiments on the anomalous 
dielectric dispersion of long-chain normal primary alcohol of probable 
carbon number 32, extracted from Carnauba wax. 

The higher temperature phase (68°-86°C) has quite the same dielectric 
behaviour which is already known in hexadecyl and octadecyl alcohol. 
But on the other hand, in lower temperature phase a new dispersion of 


Debye type was observed. 


The relaxation time seems to have a certain 


distribution, and the activation energy estimated from relaxation time 


versus inverse absolute temperature curve is 26.4 Kcal/mol. 


The dis- 


persion is considered to be due to the reorientation of O-H group as a 
result of the restricted rotation or twisting of the molecule. 


$1. Introduction 


Certain normal higher long-chain alcohols 
are well known for their anomalous dielectric 
properties which are attributed to molecular 
rotation around their long axis?»*. In this 
case it was assumed that a proton of one 
alcohol molecules transfers to another mole- 
cule. The proton thus transferred was 
thought to be carried to the next molecule, 
through the rotation of the molecule, thus 
resulting in the proton conduction, which in 
turn contributes to the anomalous dielectric 
behaviours”. In the following, the dielectric 
behaviours of normal primary long-chain 
alcohols extracted from Carnauba wax is dis- 
cussed. The similar anomaly as has been 
found in hexadecyl or octadecyl alcohol was 
observed at the temperature a little below its 
melting point. However, another anomaly 
was found at lower temperature phase, in 
which the molecular rotation is believed to be 
prohibited. The apparent dispersion was 
noticed in this region, and it was concluded 
that the dispersion was of Debye type with 
distributed relaxation time. 


§2. Preparation of the Sample 

A good quantity of Carnauba wax (yello- 
wish, first grade) was smashed and pulverized, 
and then washed with hot methanol using 


Table I. 

(1) Physical constants Chemical constants 
melting | 87.0°C acid obs. cal. 
point | : value 0.0 0.0 
solidifying | 86.0° sap: 
point | -85.5°C | value 0.0 0.0 

acetyl 

value _ i124 110.4 


(2) Ultimate analysis (experimental error +0.3%) 


weight Calculation 


percentage of |——— 


the element — CayHgx0 | CooHes0 | CoH CieHr.O 
C% 82.52 ui 82.11 82.31 | 82.50 | 82.60 
Fopetiae20 tl 14, sous | 14.25 | 14.25 
04% 3.08 | 3:65) 3.44 eo eo 


Soxlets extractor. This process eliminates the 
free alcohols, acids and resinous substances. 
After washing by hot methanol, insoluble 
part of the wax was fully saponified with 
excess amount of potassium hydrate-methanol 
solution. Then the saponified components 
were extracted with chloroform by Soxlets 
extractor. After evaporating chloroform off, 
the residue was washed out repeatedly with 
hot water and soap and free alkali ions were 
thus removed. After repeated recrystallization 
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Table II. 
long spacing | Norelco Photograph Estimated value assuming Wilson and Ott’s data 
: | | CHO | CaHwO | CHO 
he ih alt = 
(001) | 20 d(A) | 29 d(A) | 955" sae ee omen A) 29 dA) a 
i == tea Ome wal —~ Ee ici 7 a |. a Oman ° i ° vi 
OO1 | 16, 80.1 12 85.3 | 58 90.4 
002 24 ADS 20 44.4 212 40.05 24 WH | all Wales «ye 
003 3 6 28.4 ono 28.6 SLSomee ZO 3 6 28.4 256 Onley 
004 46 Ze NE DS, 424 20.02 4 8 Doz, 3 D4 2256 
005 5a 6.95 58 WL aU LOO, ay SOUS Ais, lke} (0S) 
006 (ey WP Nal ss Gentine | Sas Gri 14.21 5 50 15.07 
007 (10: 12.0 fe 80) A 25) dA 2S 6.50) 1291 
008 8 6 10.8 8 48 10.02 Sul6M ORG? if key all ak) 
100 affected by further recrystalliza- 
° tion. 
(A) ; 
| My §3. Physical and Chemical 
90 4 | M Constants of the Sample 
J , In Table, I, is shown the 
if A various physical as well as 
| Y, | Bes chemical constants together with 
80 9 z the result of the chemical 
. ¥y ay analysis. 
8 g 4 Solubility for organic solvent; 
a 70 y a Soluble in several hot organic 
y Crystallized trom// oa solvent such as benzol, ligroin, 
9% solvent // oy ethyl ether and so on. 
Sy ee a “from 
© 60 FRE $4. Estimation of the Carbon 
ae 
Number 
From the result of the ultimate 
50 analysis, the carbon number of. 
this alcohol is deter- mined to 
be 32-34. the experimental | 
error being taken into considera- 
40 =| tion. The X-ray analysis was 
also attempted for the determina- 
tion of carbon chain length. As 
it was difficult to obtain a good 
al aha i aes a single crystal, powder photo- 
iO 4 r=) 22 26. 3014 34 38 a2 graph was taken, using Cu-Ka 
5 Garbon. Number radiation (A4=1.537 A. U). | 
Fig. 1. Longest spacing for the carbon number. Long ‘and’ short spacings” of} 


e: Wilson and Ott.» 


©: Francis, Collins and Piper.®) 


L]: Piper, Chibnall and Williams.” 
experimental data @: norelco, A: Yoshida, x: the auther. 


from benzol solution, we obtained pure alcohol. 
It was further recrystallized from ligroin un- 
til its melting point of the sample was not 


the sample were determined, the 
result of which is. shown in. 
Table Il, together with the 
Norelco spectrometer data. 


The relation between long spacings and carb 
on number of normal higher alcohol was 
closely discussed by Wilson and Ott”. 


Their 
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results are plotted in the curve in 1a, il. 
ordinate and abscissa being the long spacing 
and carbon number respectively. Our results 


10 20 30 40 50 60) 70 


———>» Temperature °C 


(a) 


are also plotted in the same figure. As is 
easily recognized from the figure, the most 
probable carbon number of our sample seems 


8G 


90 


aa 
ae 


0.05 


10 70) EG, 40 SORNOC Omen cO 


—— > Temperature °C 


(b) 


80 


90 


Fig. 2. (a) Dielectric constant versus temperature curve for the 


sample. 


(b) 


Dielectric loss (€’’) versus temperature cnrve. 


to be 3289, Recently Prof. 
Yoshida in Gakushuin University 
have measured the long spacing 
of the same sample, which 
results are also shown in the 
above figure. His result seems 
to justify our conclusion. 


§5. Dielectric Properties 


(a) Experimental procedure 

In order to avoid the effect of 
volatile solvent or of water, the 
sample were previously melted 
and fully outgassed in vacua. 
Then the melted sample was put 
into a parallel plate condenser, 
the detail of which was de- 
scribed in the previous liter- 
ature». Temperature of the 
sample was measured by means 
of a previously calibrated Cz- 
Constantan thermojunction with 
covering glass tubes which was 
immersed directly into the 
sample. The dielectric constants 
€’ and loss €’ were measured 
at various frequencies from 0.3 
to 100 kilocycles within the 
temperature range from 3°C to 
110°C by conventional substitu- 
tion bridge method. The average 
rate of warming and cooling 
was about 0.2°C per minute. 
Several runs were tried for the 
same sample, and we found 
a satisfactory reproducibility. 
(b) Experimental results 

The variation of &’ and &” of 
the sample with temperature 
and frequency is shown graphi- 
cally in Fig. 2(a), (b). and Fig. 
3(a), (b). Abscissa indicates 
temperature and frequency, and 
ordinate shows &’, €’’ respective- 
ly. From these results we may 
clarify two distinct region of 
dielectric dispersion, namely 
higher temperature region from 
68°C to 86°C and lower one from 
OPC. +01 1G0RCe which will, be 
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described separately in the 
following. 

(c) Discusstons 


(1) Higher temperature re- 
gion (68°-86°C) 

The behaviour of our sample 
in this temperature region was 
much the same with hexadecyl 
and octadecyl alcohols. It was 
already proposed that the proton- 
transfer -and-molecular-rotation 
mechanism is responsible for 
the dielectric anomaly®. Al- 
though there may exist much 
ambiguities concerning the 
detailed mechanism of high 
dielectric constant, it is agreed 
between authors that the 
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anomaly is closely connected 
with molecular rotation around 
the long chain axis?”. It is at 
any rate of much interest that 
a longer chain of alcohol of 
carbon number higher than 30 


75° 


has also a_ rotational trans- 
formation. Recently, Mr. Shishi- 
kura® in the Institute of Science 
and Technology, University of 
Tokyo has measured the specific 
heat of the same sample, and 


found a sharp peak at 73°C. C2 


The rise of the dielectric con- 
stant is seen exactly at the 
temperature corresponding to 
the specific heat anomaly starts. 


(2) Lower temperature phase 
(0° —60°C) 

In this temperature region, we 
have found another type of 
anomalous dispersion with the 
former case. We have never 
observed such a dispersion in 
alcohol of shorter chain length, that is in 
hexadecyl and octadecyl alcohols. It might 
be suspected that some impurities, for instance 
homologous alcohols or some other polar 
substances, may cause such an anomaly. 
However, the repeated recrystallization from 
ligroin did not result in any considerable 
change in dielectric property. Therefore, 
we believe it is not due to impurities, but to 
a characteristic properties of the sample itself. 


x 4 
Sere | / , ae 
4a°c ,¥54°C 
Dl 8 . 10 =ee0.. 750. noo 
=> ogat K Ys 


(b) 


Fig. 3. Dielectric constant (€’) and its loss (€’’) versus logarithmic 
scale of frequency at lower temperature phase (0°-60°C). 


The effect of long chain impurities often 
resultsin hysteresis. If the alcohols of different 
carbon number are contained in the crystal, 
the lattice may be somewhat distorted and 
molecules having random orientation return 
to their original position with some difficulties 
even at lower temperatures, and this may in 
turn prevent the lattice distortion to be removed 
easily. In our dielectric measurements, no 
remarkable hysteresis was observed, showing 


/ 
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gq 


— > D.C. Conductivity 


70 80 90 100 
—> Temperature °C 


D. C. Conductivity of the sample. 


507 60 


Fig. 4. 


Bign oe: 


that the purity of our sample was sufficiently 


high. In &’ versus temperature curve, the peak 
for higher frequency shifted to the higher 
temperature side, and even at 100 kc/s, we could 


still recognize a clear peak. On the contrary, 


| 


in higher temperature phase, we could not 
observe a peak at 100kc/s, which shows that 
the relaxation time in lower temperature 
phase is smailer than that in higher tempera- 
ture phase. For the purpose of studying the 
nature of the dispersion, we have plotted a 
Cole-Cole™ diagram. A plot of €’ vs é” for 
different frequencies at a given temperature 
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0.5 


Re 53 SAIS 


=, V7 x 10° 
Fig. 6. Plots of logarithmic scale of frequency 
maximan versus inverse absolute temperature. 


fo oe Bi 


Complex dielectric constants of higher long chain normal alcohol. 


showed a circular arc with its center a little 
below &’ axis, showing a considerable distri- 
bution in relaxation time (Fig. 5.) 

The relaxation time ct for each temperature 
was estimated as the inverse of the frequency 
corresponding to the maximum value of €&’. 
t is plotted against the inverse of the absolute 
temperature T in Fig. 6. The activation 
energy was found to be 26.4kcal/mol, from 
the slope of this t—1/T curve. 

It is almost certain that the present disper- 
sion is not due to molecular rotation, because 
the rotation is believed to be prohibited in 
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low temperature phase. The dispersion still 
must be due to a certain kind of motion of 
O-H redicals which are the only polar groups 
in the crystal. It was already suggested that 
the twisting mode of vibration is already ex- 
cited in the lower temperature phase, and _ it 
is responsible for the cooperative nature of 
the rotational transition’. Therefore, there 
is a good reason to ascribe the temperature 
dependent dielectric polarizability to the mo- 
tion of O-H radicals, as the result of the 
twisting of alcohol molecule. Another possi- 
bility of rotation of O-H radical with fixed 
aliphatic chain is highly inconceivable, and 
must be ruled out since the recent nuclear 
magnetic resonance data obtained by Mr. 
Komatsu’ in the Institute of Science and 
Technology, University of Tokyo showed the 
motional narrowing of the proton resonance 
line, which suggest the motion of not only 
O-H radicals, but also the aliphatic chain it- 
self, supporting our views on twisting motion 
of the molecules. 
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Selective Oxidation of Silver-Magnesium Alloys in Water Vapor 


By Masaki HIRASHIMA 
Research Laboratory, Tokyo-Shibaura Electric Co., Kawasaki City 
(Received August 25, 1955) 


A simple method is described for measuring low rates of selective oxida- 
tion of Ag-Mg alloys at elevated temperatures when water vapor is used 
as oxidizing agent. It is found that the MgO layer builds up on the 
surface of the alloy according to a parabolic law over a range of the 
water vapor pressure from 7x10-% to 6x10-2mmHg, and the oxide 
growth begins to follow a linear law rather than a parabolic law at 
a pressure of 1mmHg. In the region where the parabolic law holds, the 
growth of the oxide layer seems to be controlled by the diffusion of Mg 
through the layer. 20.7 kcal/mol is obtained as the activation energy of 
diffusion. Applying the transition state theory of gas-metal reaction, 
as developed by Gulbransen, the diffusion constant of Mg through the 


| Ag-Mg secondary emitters. 


oxide layer is given by D (cm2/sec)=2.17 x 10-9 exp (—20,700/RT). 


§1. Introduction 


In 1954 P. Rappaport of RCA Laboratories 
published a paper” on methods of processing 
The results ob- 
tained by him are of very practical impor- 
tance, but the oxidation mechanism was not 
pursued extensively. During the study of acti- 
vation of Ag-Mg alloys as a secondary-elect- 
ron emitting material, the mechanism of 
| selective oxidation of the alloys was investi- 
+ gated, with the object of gaining a further 
| understanding of the properties of the oxide 
layers applied to the secondary electron emit- 
ter. As Rappaport’s experiments showed that 
far smoother and more compact oxide layers 
were obtained with water vapor than with 
oxygen as an oxidizing agent, water vapor at 
various pressures was employed as the oxi- 
| dizing atmosphere throughout the present 
| investigation. 

The dissociation pressures of Ag,O and 
MgO are greatly different from each other, as 
shown in Fig. 1». Therefore, when the alloy is 
subjected to heat treatment in an oxidizing 
atmosphere at a favorable pressure, only the 
MgO layer is specifically formed on the surface 
1 of the alloy®*#. The secondary electron 
| emission from this alloy depends on the for- 
} mation of a MgO film on its surface0®, 
and it is desirable to obtain a surface as 
- compact and smooth as possible. 

According to Leontis and Rhines’ experi- 
} ments on high-temperature oxidation rates of 
} magnesium in oxygen atmosphere®, the rate 
| of oxidation follows a linear law, in confor- 


mity with the generality first put forward by 
Pilling and Bedworth”. The so-called Pilling- 
Bedworth’s rule states that the non-protective 
oxidation characteristic 1s predicted from the 
fact that MgO occupies less space than does 
the metal destroyed in producing it (volume 
ratio=0.81), wherefore the oxide layer can 
not cover the underlying metal so completely 
as to exclude direct access to the atmosphere. 
Scheil!? argued that linear oxidation is com- 
mon to all cases where the reaction occurs 
at the oxide-metal interface. 
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Fig. 1. Dissociation pressures of Ag»O and MgO 
(Kawakami). 


On the other hand, it was reported by 
Gulbransen’™ that all the metals and alloys 
form protective films under certain conditions. 
Magnesium forms a protective film for the 
oxidizing conditions of 450°C and 0.20cm 
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0.; above this temperature the film is not 
protective to further oxidation. 

In many studies on high-temperature oxi- 
dation of metals a method of measuring the 
weight increase of samples by means of a 
kind of calibrated microbalance has frequently 
been applied. However, the construction and 
manipulation of the microbalance seems to 
need refined techniques. 

The experimental method described in this 
paper enables measurements of very low 
rates of oxidation to be made with a some- 
what higher accuracy than has been attained 
by the microbalance method, and seems to 
give more deeper insight in the nature of 
very thin film oxidation. In earlier short 
notes some results of measurements are 
described'». These measurements have now 
been refined and extended and will be des- 
cribed more fully in this paper. 
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Fig. 2. Schematic view of apparatus for measur- 
ing the oxidation rates of Ag-Mg alloys. 


§2. Experimental Procedure 


2.1. Principle of Measurement 

When a Ag-Mg alloy sample is heated in 
an atmosphere of water vapor, only the Mg 
component is oxidized according to the tollow- 
ing chemical reaction, accompanied by the 
evolution of hydrogen: 

H,O+Mg—Mg0-+H, 

As the dissociation pressure of MgO is ex- 
tremely low (Fig. 1), the reaction in the 
reverse direction can hardly occur under 
ordinary conditions. After oxidation for some 
time interval, water vapor and hydrogen 
coexist in the reaction chamber, and we may 
be able to measure the pressure of hydrogen 
by a calibrated Pirani gauge allowing the 
water vapor to freeze. With the knowledge 
_of the chamber volume, we can determine the 
number of the hydrogen molecules evolved 
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from a unit area of the alloy surface; hence, 
the number of the oxygen atoms captured pet 
unit area of the surface and the weight in. 
crease can be calculated. If the MgO film 
thus formed is protective and compact, the 
thickness of the film can be calculated to the 
first approximation, by use of the known 
lattice constant or density of MgO. From 
these results laws of oxidation may be deter- 
mined. 

2.2. Apparatus and Procedure 

A schematic diagram of the apparatus used 
in the present investigation is shown in Fig. 
2. The source of water vapor is well-degassed 
distilled water. It is immersed in liquid air, 
and then is again degassed on the vacuum 
pump. The pressure of water vapor in the 
reaction chamber is maintained nearly con- 
stant during the experiments by fitting a 
large reservoir. The pressure of water vapor 
is read on a manometer containing oil of very 
low vapor pressure for the higher pressure 
range; lower pressures are measured by a 
Pirani gauge, calibrated for hydrogen, oxygen, 
air and water vapor. 

The experimental tube contains a_ ribbon- 
shaped Ag-Mg sample about 0.1 mm in thick- 
ness and 2mm in width, and its temperature 
is controlled by an electric current passed 
through it. The temperatures at the center 
and at one end are measured respectively by 
the thermojunctions J: and Jo, made of very 
thin nickel and tungsten wires. To obtain a 
uniform temperature distribution, and _ tc 
avoid end effect, the diameter of the nickel 
leads in contact with the Ag-Mg ribbon is 
kept very thin. The Ag-Mg ribbons were 
cut from rolled sheets of the same lot con- 
taining magnesium about 2.5 per cent in 
weight. The alloy was prepared by melting 
silver analyzing 99.96 per cent of Ag with 
no more than 0.003 Fe, 0.011 Cu and a trace 
of Au in a graphite crucible in the hydrogen 
atmosphere of dew point about —30°C, and 
then quickly thrusting a piece of Mg contain- 
ing 0.008 Zn, traces of Al and Mn, and a 
minute quantity of Si as impurities beneath 
the surface of the melt; the mixture was 
stirred a little, and then allowed to cool. 

The alloy specimen was cleaned by abrasion 
with levigated chromic oxide on wet cloth, 
washed in water, rinsed in benzene, followed 
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Fig. 3. An example of oxidation runs of Ag-Mg ribbon in water vapor atmosphere. 
by a rinse in methanol. gauge reading decreased almost to zero. The 


After evacuating and degassing the appara- 
tus, the Ag-Mg ribbon sample is also degassed 
at about 600°C, with utmost precaution so as 
to avoid the oxidation of the sample. Since, 
as a result of heating of the sample, a 
quantity of magnesium is noticed to evaporate 
onto the glass wall of the tube, the glass 
wall was cooled from outside by an air blast in 
order to minimize the reaction of magnesium 
with water vapor during the experiments. 

When the degassing was complete, the tap 
ky is closed, and a small quantity of water 
vapor is admitted by opening the tap K; into 
the reaction chamber at a desired pressure. 
After a blank run was made to check the 
Pirani gauge reading, the temperature of the 
sample is raised quickly to a desired value and 
kept constant for a prescribed period until the 
passage of the heating current is stopped. 
The appendage (freezer) is then cooled by 
liquid air; water vapor is freezed, and the 
gas which remained uncondensed is read from 
the Pirani gauge. The fact that the remain- 
ing gas is actually hydrogen evolved from 
the decomposition of water vapor was proved 
as follows: when the palladium tube shown 
by dotted lines in the figure was subjected 
to high-frequency heating, while the appendage 
was kept immersed in liquid air, the Pirani 


palladium tube was cut off from the apparatus 
in subsequent measurements. A typical ex- 
ample of such oxidation runs is shown by 
the curves in Fig. 3. 


§3. Sources of Error and Preliminary 
Experiments 


It was proved by Langmuir ™ that there 
is no measurable adsorption of hydrogen by 
glass even at liquid air temperature. It was 
confirmed by the following experiment that 
the same holds true also for glass covered 
with water molecules. 

After the reaction chamber was filled with 
water vapor at a pressure of about 5x 10-*mm 
Hg on evacuating the chamber to vacuum of 
the order of 10-°°mm Hg, the appendage was 
cooled by liquid air, allowing water vapor to 
condense into it; then a small quantity of 
hydrogen was introduced from outside of the 
chamber through a palladium tube which was 
specially attached to it and was subjected to 
high-frequency heating. Then, the Pirani 
gauge reading increased with the admission 
of hydrogen, but it showed no noticeable 
decay characteristic of adsorption phenomena, 
indicating that there is no measurable adsorp- 
tion of hydrogen by the glass wall covered 
with water molecules. 
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We can conceive that experimental errors 
might come from the following effects: (i) an 
evolution of hydrogen due to the reaction of 
nickel leads with water vapor; (ii) leakage of 
air through the taps into the reaction chamber 
from outside; and (iii) an evolution of hydro- 
gen due to the reaction of water vapor with 
the magnesium film deposited on the glass 
wall of the experimental tube during the 
degassing process of the Ag-Mg ribbon. 


<0] 700A 
o| 

le le 

tae sre 


[ ay 2 


be. Zl 
Lx | 805 7 400 


an Dd 
[oy i=) 
is) oO 


— Thickness of My O Layer 


10 = i = 
+ S| 
° A +— 46% J a05 
x ee rae 0 
a 
Q= Z00 
Z 
! a ee en 
(0) 0 
(0) 10 20 30 40 50 


Oxidation Time in mins, 


Fig. 4. Oxidation curves of Ag-Mg alloys in 
6x10-°"mm water vapor. 
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alloys in 6x10-2mm water vapor. 


In order to estimate the errors due to the 
above-mentioned causes (i) and (ii), an oxi- 
dation experiment was carried out with a tube 
whose construction was similar to the ex- 
perimental tube but with the difference that 
the Ag-Mg ribbon was replaced by a pure 
silver ribbon. In a measurement performed 
at 460°C in water vapor at 5 x 10-*mm pressure, 
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the pressure rise due to evolved hydrogen and 
leaked air was not higher than about 1.5 
x10-‘mm Hg after an oxidation time of 45 
minutes. Since the surface area of the silver 
ribbon is 3cm?, this corresponds to a pressure 
of about 5x10-*mm Hg. per unit area of the 
ribbon. The process (iii) seems to be not 
important in our experiments, for a prelimi- 
nary experiment conducted at room tempera- 
ture (17.5°C) for 60 minutes showed the 
pressure rise, which might be due to evolved 
hydrogen and leaked air, of the order of 
only 1.5x10-'mm Hg. at the highest. The 
influence of absorption of hydrogen by the 
magnesium film can be neglected still more. 

Thus, the errors in our experiments arising 
from these sources may be estimated roughly 
to be of the order of 10 per cent. 

The surface area of the Ag-Mg ribbons 
was calculated from their dimensions, to the 
first approximation, neglecting roughness of 
the surface. 

The error due to non-uniform temperature 
distribution along the Ag-Mg ribbon is mini- 
mized by taking a weighted mean instead of 
the simple arithmetical mean between the 
center and the end temperatures. 

Effect of pressure of evolved hydrogen upon 
the oxidation rates of the alloys is negligible, 
for, as mentioned above, the chemical reaction 
in the reverse direction can hardly occur 
under ordinary circumstances. This was 
checked by an experiment. 


§ 4, Experimental Results 


From oxidation experiments carried out 
under conditions of various water vapor pres- 
sures, 7<107*, 6x10-? and 1mm Hg. respec- 
tively and Ag-Mg ribbon temperatures ranging 
from about 350° to 550°C, a great number of 
curves such as shown in Fig. 3 were obtained. 
The results are summerized as follows: 


1) Oxidation in 6X10 mm water vapor 


In Fig. 4 the values of pressure of hydrogen 
evolved from a unit area of the Ag-Mg 
samples and reduced to the values at 0°C are 
plotted against the oxidation time, with the 
temperature of the ribbons being taken as a 
parameter. 

If the square of the pressure is plotted 
against the time, a family of straight lines is 
obtained as shown in Fig. 5. It is seen that 
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Fig. 6. Parabolic plot of oxidation of Ag-Mg 
alloys in 7x10-3mm water vapor. 


the observations lie sufficiently closely on 
straight lines to leave little doubt that the 
build-up of the oxide layers satisfactorily 
follows the parabolic law, within the limits 
of experimental error. Deviations from the 
parabolic law occur only in the intial stages. 
il) Oxidation in 7*10-*mm water vapor 

For the oxidation in water vapor atmos- 
phere at a pressure of about 7x10-*mm Hg 
a similar linear relation holds between the 
square of the pressure of hydrogen evolved 
and the oxidation time, as shown in Fig. 6. 
In this case also the parabolic law holds for 
the build-up of the MgO layers except in the 
initial stages. 

iii) Oxidation in 1 mm water vapor. 

When the Ag-Mg samples are oxidized in 
water vapor at a pressure of 1mm Hg, the 
build-up of the oxide layers does not follow 
the parabolic law, but is likely to follow more 
closely the linear law, as shown in Figs. 7 and 
8: only in the initial stages the curves run 
nearly parabolic within the limits of experi- 
mental error. 

iv) Dependency of the oxidation rates on 
water vapor pressure 

It is important to know the effect of water 
vapor pressure upon the oxidation rate, in 
order to obtain the information as to which 
process, surface reaction or diffusion, plays 
the dominant role in the oxidation. As shown 
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Fig. 7. Oxidation curves of Ag-Mg alloys in 1 
mm water vapor. 
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Fig. 8. Deviations from parabolic law of oxida- 
tion of Ag-Mg alloys in 1mm water vapor. 
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Photo. I. Electron micrograph of Ag-Mg alloy 
surface oxidized at 450°C for 60 minutes in 7 x 
10-3mm water vapor. 


Photo. II. Electron micrograph of Ag-Mg alloy 
surface oxidized at 455°C for 45 minutes in 6 x 
10-2 mm water vapor. 


Photo. If]. Electron micrograph of Ag-Mg alloy 
surface oxidized at 450°C for 45 minutes in 1 
mm water vapor. 


in Fig. 9, the oxidation rates seem to be 
almost independent of water vapor pressure 
within the pressure range of 1x10-! to 710-3 
mm Hg. This fact seems to imply that the 
rate-determining process is diffusion rather than 
surface reaction. This figure reveals also that 
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Fig. 9. Dependency of oxidation rates on. water 
vapor pressure. 


the oxidation at 1 mm Hg pressure is governed 
by a quite different law. 

Electron microscopic study of the films 
indicated that the films built up under con- 
ditions for which the parabolic law holds 
(Photos. I and II) have far smoother appearances 
than those oxidized in the region where the 
linear law holds (Photo. III). In Photo. II it 
is noticed that MgO crystals begin to grow 
up, and fairly large crystals of MgO are 
clearly seen in Photo. III. 


§5. Parabolic Oxidation and Diffusion 
Problem 


In the region where the parabolic law holds 
the pressure of hydrogen, pz,, evolved per 
unit area of the Ag-Mg sample and reduced 
to the value at 0°C may be given as a func- 


tion of the time of oxidation, 7, in the next 
form: 


pay =Rpt+er (1 ) 
where c: is a constant and k, is the parabolic 
rate constant. If the logarithm of ky», the 
slope of the curves of Figs. 5 and 6, is plot- 
ted against the reciprocal of the absolute 
temperature 1/7, a straight line is obtained 
as shown in Fig. 10. The activation 
energy Q of the rate-determining process, 
which is considered to be the diffusion of 
magnesium ions through the MgO layers, is 
calculated from the slope of the line to be 
20.7 kcal/mol. 
On the other hand, the number of hydrogen 
molecules, ”, in Vcm? at 0°C and pa, mm 
Hg. is given by 
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n=3.56 x 1016 Puy V=1.96x 10" Dz, G23) 


since the volume of the whole reaction 
chamber, V, in the present case is equal to 
9.5 10%cm’. The oxygen atoms which have 
been decomposed from water vapor and cap- 
tured by magnesium atoms per unit area to 
form MgO must be equal to 7. The parabolic 
relation given by Eq. (1) may be represented 
in terms of the weight gain, W(y/cm?), as fol- 
lows: 


W2=hy't+e, (3) 


where kp’ =2.71 x 10-°k, and c, is a constant. 

It has been generally agreed that parabolic 
thickening often occurs when the film subs- 
tance is a semiconductor, as a result of lattice 
defects associated with a departure from the 
stoichiometric composition. Such defects make 
possible the outward diffusion of metallic 
cations and electrons, which meeting oxygen 
at the outer surface, build up additional layers 
of oxide. The facts that films grow outwards 
have been made clear by a number of ex- 
periments carried out by the use of radioactive 
isotopes in recent years!?. The outward dif- 
fusion of magnesium atoms (or more likely 
ions) through the oxide layer may also be 
considered more probable on account of 
smaller radius of magnesium ion than 
oxygen ion, and electron micrographs of MgO 
layers seem likely to indicate the outward 
growth of the oxide layers. The activation 
energy of diffusion of oxygen through silver 
was given by Johnson and Larose’ as 45.2 
kcal/mol. The smaller value, 20.7 kcal/mol, 
obtained from the curve of Fig. 10 in our 
experiments also indicates that the outward 
diffusion of magnesium is more probable than 
the inward diffusion of oxygen. However, 
this may not be the case when the partial 
pressure of oxygen becomes extremely high, 
as shown by the experiments of Rappaport”. 
Although further evidences are required before 
we may come to a conclusion, radioactive iso- 
topes of magnesium having half-value periods 
suitable for this purpose are unfortunately 
not found at the present time’. 

The parabolic law given by Eq. (1) or (3) 


4 assumes that every magnesium cation diffus- 
ing outwards from the metallic phase through 
| the oxide film, finds an adsorbed oxygen atom 
? waiting its arrival to convert it to oxide. 
} However, if the water vapor pressure is low, 
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plot. 
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the rate of oxidation may be insufficient to 
compete with the rate of the diffusion of 
magnesium, and some of the magnesium 
atoms diffused to the surface may evaporate 
without forming oxide. Therefore, deviations 
from the parabolic law are expected in the 
initial stages when the surface of the alloy is 
covered by the oxide layer insufficiently. 


§6. Thickness of MgO Layer 

The fact that the MgO film builds up ac- 
cording to the parabolic law suggests that the 
formed oxide layer may be fairly compact 
without appreciable cracks. This point is open 
to some questions from an inspection of 
Photo. II, but this photograph shows that the 
surface is far more compact than that shown 
in Photo. II, obtained in the region where 
the linear law begins to hold. The crystal 
structure of MgO is NaCl type with ao=4.2A, 
and the number of oxygen atoms contained 
in a unit volume is about 5.410”. The thick- 
ness of MgO layer & is given with a rough 
approximation by 

E(cm)~1.96 x 10” py, /5.4 10” 


=3.64x 10-3pu, (4) 


(Vol. 10, 


1062 Masaki HIRASHIMA 
Mablemats 

T. ky Ky! * Do AS A 
iG (mm Hg)?/sec (g/cm?)?/sec cal/mol cm?/sec | cal/mol/°C 
350 ; pel Ot 4.75 x 10-16 | 20,700 2.121059 — 32.12 
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* Jey’ should be multiplied by 0.486 in order to convert the unit from (g/cm?)*/sec to (cm? 
/cm?)2/sec since the weight gain of 1 gram corresponds to the volume increase of MgO of 
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Fig. 11. Diffusion constant vs. 1/7. 


The thickness calculated from Eq. (4) is de- 
noted on the right-hand side of Fig. 4. It 
should be noted, however, that it was almost 
inevitable for the Ag-Mg alloy samples to be 
oxidized during glass-working or degassing 
stage, although visual observation was not 
able to detect the existence of the oxide films. 
The true thickness of the oxide film will be 
somewhat larger than that given by Eq. (4) 
by at least 50A or more. 


§7. Diffusion Constant of Mg through MgO 
Layer 

The fact that the MgO film builds up ac- 
cording to the parabolic law in spite of the 
volume contraction on oxidation, suggests that 
the thin film of MgO is subject to a strong 
stress, giving rise to a distortion or defects 
of the MgO lattice facilitating the passage of 
the magnesium atoms or ions. If we assume 
that the rate of diffussion of magnesium through 
the underlying alloy is sufficiently faster than 
that in the oxide, and the concentration of 
magnesium immediately below the interface is 
maintained substantially constant, the oxida- 
tion rate will be determined almost entirely: 
by the diffusion of magnesium through th 
oxide layer. The rate of diffusion is then 
simply determined by the difference in th 
magnesium concentration at the metal-oxid 
interface and at the outer surface of the oxide. 
where it is substantially zero since the 
magnesium atoms or ions combine with the 
oxygen atoms or ions to form MgO as _ soo 
as the former arrive at the gas-oxide interface 

Gulbransen'®®) has applied the theory o 
chemical reactions and diffusion processeg 
developed by Eyring to the problem of gas) 
metal reactions, in particular the oxidation 
process. The parabolic rate constant k,’ anc 
the frequency factor Dy are given by the 
following equations: ] 


/ 2 ia 2 | 
Ry re exp[4S/R]-exp[—Q/RT] (5 
Do ey } G 


~ 2exp[—Q/RT] 
where k is the Boltzmann’s constant, h th 


Planck’s constant, R the gas constant, 2 th 
interatomic distance (~a@p»), 4S the entropy o 
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activation, and Q the energy of activation. 
The values of 4S and D, calculated from Eqs. 
(5) and (6) together with the observed values 
of ky’ and Q are tabulated in Table I. In 
Fig. 11 the diffusion constant, calculated from 
D=D, exp (—®/RT), is plotted against 1/T. 
According to the oxidation theory put for- 
ward by Cabrera and Mott” the activation 
energy of diffusion through oxide layers should 
be equal to 3(Wi+¢)+U, where W; is the 
energy required to remove an ion from its 
position in the surface layer of the under- 
lying metal into an interstitial position of the 
oxide, @ the energy required to remove an 
electron from the metal into the conduction 
band of the oxide, and U the activation energy 
for movement between two equilibrium posi- 
tions of the defects. Comparing this with our 
experimental result (0.9eV), a very small 
value of the formation energy (W;+ ¢) results, 
in contradiction to the value 4~6 eV calculated 
by Yamashita and Kurosawa”. The proper- 
ties of thin films of MgO may be considered 
to be quite different from those of bulk MgO. 


§8. Linear Oxidation 


At water vapor pressure of 1mm Hg the 
oxidation rate of Ag-Mg alloy appears to 
follow the linear law as follows: 

pua,=ht+c; Gi) 
where k; is the linear rate constant and c; 
is a constant. If the logarithm of the slope 
of the linear portion of the curves shown in 
Fig. 7 is plotted against 1/7, a straight line 
should be obtained, and the slope of the line 
would give the activation energy of the rate- 
determining process. However, the linear rate 
constants obtained from Fig. 7 do not fit to 
a straight line. This is perhaps due to (1) 
the oxidation time in our case is too short to 
warrant the extrapolation of the linear portions 
of the curves to be the actual oxidation 
rates for prolonged oxidation; (2) the constan- 
cy of the concentration of magnesium just 
beneath the oxide layer will be more violated 
than in the case of parabolic oxidation due to 
the rapid growth of the oxide layer. Anyhow, 
the factor limiting the reaction rate in the 
linear oxidation may be the reaction of oxygen 
and magnesium at the oxide-metal interface 
rather than the diffusion of magnesium through 
the oxide layer as suggested by Leontis and 
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Rhines® in the case of oxidation of magne- 
sium. As mentioned before, the thin film of 
MgO will undergo a distortion of the lattice; 
as the oxide film becomes thicker, a certain 
critical thickness will be reached where cracks 
begin to yield?». Water molecules may be 
able to penetrate through these cracks without 
appreciable resistance, and reach the oxide- 


metal interface, resulting in a formation of 
MgO. 
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The process of explosive fracture of the non-luminous subject has been 
distinctly photographed by the grid-type ultra-high-speed camera with 
the use of synchronized flash lighting. A description is given briefly of 
the equipment used and of some experimental results derived from the 


resulting photographs. 


§1. 

For the investigation of self-luminous de- 
tonation and shock waves, M. Sultanoff 
introduced a 108 frames per second camera in 
1950»), and we undertook the making a 
camera of such a type with the idea that the 
device might similarly find application to 
studies on the explosive fracture of non-lumi- 
nous materials by means of synchronized 
electric discharge flash tubes. The equipment, 
therefore, consists of such units as the came- 
ra, the electric flash source and synchronizing 
circuit (Fig. 1). 

The optical system of the camera is quite 
simple as shown in Fig. 1. The first lens is 
used to image the event on the grid. The 
combined event-grid is then focused by the 
second lens, whose image, after being reflected 
on the rotating mirror, falls on the film plane. 
The photograph obtained in this way is a 
fixed space varying time record, which is 
suited for studying the phenomena. 

Since lenses with large apertures and long 


Equipment Used 


focal lengths are suitable, a £/3.5; 250mm 
first lens and a f/3.5; 300 mm second lens are 
used. If the magnification from the grid to 
the film plane is set for 1:1, the negatives or 
contact printed positives can be viewed by 
placing the grid directly over them. 


FILS PLAME 


ROTATING 
pee MIRROR 


CIRCUIT 


zs GRID 
on 
AT. TRISGER. DELAY [CL FIRING } .| 
crRewit CrRCWT crReuit | 


Fig. 1. Simplified diagram of synchronizing 
circuit. 


Several grids with slits 0.01 mm and 0.0025 
mm wide, cut at 0.4mm, 1mm, 2mm, 5mm 
and 10mm intervals, have been tested depend- 
ing on the size and the nature of the subjects. 
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(a) (b) 

Fig. 2. Resulting photographs of the blasting 
caps (filled will 0.4gr. DDNP) in the process of 
exploding. Framing rate 3x10’ frames per 
second. 

The rotational speed of the reflecting mirror 
being used can be varied up to 20,000 RPM. 
With the combination of a rotational speed of 
12,000 RPM and optical arm 380 mm, an image 
speed of about 1,000 meters per second on 
the film plane is easily obtainable. 

The photographs shown in this paper were 
obtained by using of the Kodak Linograph 
Shellburst 35mm Film (ASA 200). 

On shorting the grid of the thyratron Type 
TX920 in the firing circuit to ground, a_ sud- 
den flow of the current occurs through the 
tube, and fires the electric blasting cap. The 
initiation of the operation is determined by 
the proper pre-setting of a contacter attached 
to the rotating mirror. In order to avoid 
undesired scatter of the initiation of explod- 
ing, it is necessary to prepare electric blasting 
caps for the proper delay time (0.5-0.8 msec) 
within 0.1 msec scattering. 

Triggering of the flash tube, a G.E. Type 
FT-220, is effected by the application of a 
fast-rising voltage obtained from the secondary 
of an ignition coil to a third electrode of the 
tube. The duration of the flash varies from 
1/5,000 to 1/30,000 second corresponding to 
the capacitance of the energy storage capa- 
citors of 10 to 60 microfarads. 

The synchronizing operation of the flash 
with the phenomenon to be studied is made 
using a delay circuit with a range of 0.1 to 
12.5 msec in steps of 0.01 msec. 


§2. Experimental Results 

Specially prepared electric blasting caps 
with the proper delay time and scattering, as 
stated above, were fired. Those were metal 
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(b) 
A plot of the process of exploding 
every 1.0 sec. (derived from Fig. 2 (a)). 
(b) A plot of the process of exploding every 
1.0 sec. (derived from Fig. 2 (b)). 


Rik, oy MA) 


cylinders (alloy of copper and zinc in small 
amounts) of 17-35 mm length, 6.5-6.8 in dia- 
meter and 0.3mm thick, filled with 0.2 to 1.0 
gr. of explosives (DDNP). The pictures were 
taken at framing rates of 2x 10’—3 x 10" frames 
per second, using a grid with slits 0.01 mm 
wide, cut at 5mm intervals. 

It has been possible, by examining the pic- 
tures obtained, to make clear the exploding 
process in which the blasting cap is deformed 
inelastically and the explosion products are 
propagated rapidly through the cracks. 

Figures 2a and 2b show the resulting photo- 
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graphs of the blasting caps (filled with 0.4 per second. 


gr. explosives DDNP) in the process of ex- 
ploding, taken at the rate of 3x10 frames 


3000 


2000 


10 —-eksec 


io) 5 10 psec 
(b) 
Fig. 4. (a) Velocity-time curves for explosion 


products expanding radially at the points @-@ 
indicated in Fig. 3 (a), and straight downwards 
from the bottom. 

(b) Velocity-time curves for explosion products 
expanding radially at the points @/-@’ indicated 
in Fig. 3 (b), and straight downwards from the 
bottom, 
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In such cases as Figure 2a or 
2b, where the framing rates (i.e. the sweeping 
velocities of the images across the film plane) 
are high enough, it will be noted that the 
flow of explosion products has been recorded 
as streaks that run slantwise to the sweeping 
direction of the image. The velocities of 
expansion of the explosion products, therefore, 
can be readily determined from these trails. 

Figures 3a and 3b, obtained from both 
Figures 2a and 2b, show the cylinders in the 
process of exploding every 1.0 microsecond. 
In either case, the curves indicate the facts 
that in the process of the radial expansion of 
the cylinder, the deformation did not always 
take place symmetrically, and that the bottom 
were broken along the circumference and blew 
off the gas downwards at high speeds (in 
excess of 3,000 m/sec). 

Figures 4a and 4b, derived from Figures 2a 
and 2b respectively, show velocity-time curves 
for explosion products expanding straight 
downwards from the bottom of the caps, and 
radially at points (1)-(4) along the cylinder as 
indicated in the figures. It will be noticed 
in Figure 2a or 2b, above shown, that the 
trails of explosion products differ slightly 
with one another, i.e., some are nearly 
straight from the starting points, some are 
curved initially and turn into straight lines 
half-way. This is due to the fact that these 
trails are the resulting pictures which present 
all the explosion products together in the 
process of exploding. The break points which 
can be seen in the pictures, therefore, cor- 
respond to the transition points of these 
products. Hence, it should be possible to as- 
sume that, in Figures 4a and 4b, the range 
up to 100-200 m/sec indicates the velocities of 
the (relatively) slowly expanding cylinder, the 
range from approximately 200 to 1,000 m/sec 
indicates the half-burnt particles during the 
flight, while the range exceeding 1,000 m/sec 
indicates the gas propagation. 

It is also clear, by examining the starting 
positions of the velocity-time curves, that the 
blasting cap goes through the process of ex- 
plosion in which it expands radially first with 
the shock pressure but, in a moment, it is 
broken at the bottom and begins to blow off 
the explosion gas. 
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$3. Conclusions 


It has been demonstrated that the non- 
luminous subject (i.e., the copper cylinder) 
can be photographed in the process of explosive 
fracture which takes place within a few 
microseconds, and that the explosion gas pro- 
pagated at velocities exceeding 4,000 m/sec can 
also be recorded on the film with the 1:1 
magnification. 

In this experiment, being given above, the 
phenomena accompanying the explosion of 
electric blasting caps were studied. It is 
proper, however, to regard the experiment as 
the one that could make clear, to some ex- 
tent, the fracture mechnism of the metal 
cylinder under explosive attack. And _ this 
indicates that, with synchronized flash light- 
ing, the grid-type camera as an effective 
research tool may find additional applications 
to studies on phenomena accompanying the 
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explosive fracture of non-luminous materials. 
And it is now intended to make further 
studies of the explosive fracture of the tubing 
generally (i.e., metal, glass, plastics and etc.). 
It is hoped that a more detailed report on 
these topics can be given at a later date. 
The authors wish to express their thanks 
to Professor Sukenori Yamamoto, Faculty of 
Engineering, University of Tokyo; and Profes- 
sor Moriso Hirata, Faculty of Science, Univer- 
sity of Tokyo; for valuable suggestions and 
encouragements through the progress of this 
experiment, and to Mr. Eiichi Kobayashi of 
Chuo University, Mr. Tamotsu) Ono ot 
University of Tokyo for their assistance. 
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Low frequency (50cycles/sec) electric discharge in iodine vapour with 
glass electrodes was investigated by a cathode ray oscillograph. The 
rms value of the conductivity was contributed chiefly by two types of 
pulses, the electron avalanches of which were produced by secondary 
electrons originating from the cathode and the gas phase. The secondary 
process concerned with the liberation of electrons from the cathode due 
to positive ionic bombardment thereon appeared significant for the onset 
of the discharge under investigation. The maintenance of the discharge 
seemed primarily due to photo-ionization of the gas particles in the 
homogeneous phase. External radiation inhibited the secondary emission 
from the cathode to give negative Joshi effect, and enhanced that from 
the gas phase to produce positive Joshi effect; it, however, did not alter 
the field gradient in the system. 


§1. Introduction 

It has been reported in the previous com- 
munication” that the rms value of the current 
Z passing through a discharge tube containing 
an electronegative gas or vapour and excited 
by alternating fields, is affected markedly by 


er : a f 
external radiation even in the visible range”. 


The change in 7, usually referred to as Joshi 
effect (42), is positive (+42) or negative (—4z) 
depending upon the experimental conditions 
especially the applied field X. Thus, while 
the positive effect +47 is observed in a narrow 
potential region below the breakdown value 
(X;), —47 is detected invariably at X>X;s. This 
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Fig. 1. Experimental set up for the studies 
of Joshi Effect in low frequency electric dis- 
charge. 
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Fig. 2. Oscillograms representing the current 

structure in a low frequency electric discharge 
at varied fields: X=600(a), X=650(b), X= 
700 (c) and X=750 (d) volts/cm. 
The electrode separation=2cm was kept con- 
stant for a-d; X therefore, refers directly to 
the applied potential measured in volts (rms); 
PI, =0.45 mm Hg. 


Current—e 


a b 
Tine —, 
Fig. 3. Nature of a pulse in a low frequency 
electric discharge. 
a: At electrode separation=2 cm. 
b: At electrode separation=8 cm. 


photo-variation, chiefly the decrease (—4z), of 
z, cannot be anticipated from general theore- 
tical considerations of photo- and thermo- 
electric effects», and appears to be of interest 
in view of the findings of Loeb”, Townsend” 
and others indicating that external radiation 
is an indispensable factor for the inception of 
a discharge. 

It is an established fact that the discharge 
current 7 in a system is primarily controlled 
by the well known secondary processes and the 
electron avalanches created thereby®. In 
order to understand the mechanism for the 
production of +47, it is of marked significance 
to study the influence of external radiation on 
these secondary processes which govern the 
magnitude of 7. When this last is investigated 
by a cathode ray oscillograph, it is mani- 
fested in the form of certain current pulses®. 
The mechanism of the production of pulses 
in low frequency electric discharge chiefly 
with dielectric glass electrodes has _ been 
developed recently by Harries and von Engel® 
and others’. Detailed studies, now reported 
in this communication, on the nature and oc- 
currence of these pulses in iodine vapour 
elucidated the varied secondary processes 
responsible for them and the influence thereon 
of irradiation giving +47. 


§2. Experimental Arrangement 


The experimental arrangement employed 
was essentially the same as described in 
earlier communications?'!™, It consisted of 
cylindrical glass vessels containing pure iodine 
vapour at a desired pressure. They were fit- 
ted with external sleeve electrodes (S; and 
S,, Fig. 1) and excited by 50 cycle potentials. 
The current was investigated by an oscillo- 
graph. 


$3. Results and Discussion 


Fig. 2 gives a typical series of oscillograms 
representing the current pulses in a low fre- 
quency electric discharge at varied applied 
fields (X) and the effect thereon of external 
radiation from a 200 watt bulb. It was noticed 
that on every half cycle of the current trace 
were produced some transient pulses. 


§3.1 Nature of a Pulse 


By suitable adjustment of the controls, by 
increasing the sweep frequency of the time base, 
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of the oscillograph, the composition of a single 
pulse could be studied. It appeared general- 
ly in the form of a critically damped wave 
(Fig. 3a), consisting of a steep rise, followed 
by a slow decay, in the current trace. It may 
be pointed out that in the interpretation of 
any result obtained in these studies with 
alternating fields, the authors consider the 
features occurring in one half cycle of the 
alternating potential especially under simple 
enough conditions such as in the absence of 
space charge due to accumulation of positive 
ions, known to complicate the circumstances; 
and assume that the features which are 
established to be true in the case of dc dis- 
charges, are operative, save circumstances 
where the results are quite apparent to indi- 
cate the difference between the dc and ac 
discharges. 

A pulse is generally defined by Korff!® as 
the potential drop of the anode. The electrons 
constituting an electron avalanche deposit 
themselves on the anode or the positively 
charged surface in an appreciably short inter- 
val of time; the fall in the corresponding 
potential is manifested in the form of a steep 
rise in the current trace (Fig. 3). This rise 
in the current trace is herein referred to as 
the current pulse and is a measure of the 
potential drop of the anode. The later phase 
of the pulse is attributed to the recovery of 
the anode potential to its normal value due to 
the increase of the applied field and also the 
deposition on the cathode of the positive ions 
produced in the avalanches. The total pulse 
time as computed by the oscillographic 
measurements was of the order of 200 sec, 
indicating thereby that the repetition frequency 
of these pulses was roughly of the order of a 
few kilocycles per sec. As pointed out ear- 
lier™, this is similar to that of Trichel 
pulses!) noticed in negative corona produced 
with unidirectional fields. 

At large electrode separations (>6 cm), how- 
ever, the later phase of the current trace of 
a pulse acquired usually the form of a damped 
wave (see Fig. 3b); in this, the declining part 
of the pulse was irregular in nature. The 
mechanism for this needs further investigation. 


$3.2. Different Types of Pulses and Their 
Origin 
The oscillograms in Fig. 2 show that under 
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ordinary conditions, there occurred two types 
of pulses: (a) longer and (8) shorter pulses. 
Their absolute amplitude in microamperes, 
which is of no significance for the matter under 
consideration, could be measured with the oscil- 
lograph; and was variant with electrode separa- 
tion and gas pressure. Besides the diference in 
their amplitudes, the pulses, a@ and 3, as will 
be shown below, are of different origin. It 
may be added that in the studies of the pro- 
duction of current pulses in low frequency 
electric discharge in chlorine, Harries and von 
Engel could not, however, find any distinction 
in the pulses observed on an oscillogragh. 
This might be due to the large pressures 
employed in their experiments. Number of 
other workers in this field using discharge 
tubes containing H.O, Hy, etc. at low pres- 
sures observed essentially the same distinctive 
behaviour of these pulses @ and 5b; their 
nomenclature was, however, different!2!©1!7, 
The authors’ reference to a and b as longer 
and shorter pulses is obvious from the dif- 
ference in their amplitudes; apart from this, 
there is no specific reason for this terminology. 

The amplitude of the pulse is determined 
by the number of charged particles (electrons) 
arriving at the anode and the distributed 
capacity and other electrical factors attached 
to the system!». That is, the larger the 
number of electrons produced in an avalanche 
created by any secondary process and deposit- 
ed on the anode, the larger is the height or 
the amplitude of a pulse. The following are 
known to be the different secondary mecha- 
nism for the liberation of electrons which 
under fields yield avalanches: 


(A) 
(i) 


In the gas phase: 

Ionization and excitation by electron 

impact, 

ionization by positive ions, 

photo-ionization in the gas phase, 

and 

action of metastables in the gas 

phase. 

(b) At the cathode: 
(i) 
(ii) 
(iii) 
(iv) 
(v) 


The relative significance of these processes 


(ii) 
(1i1) 


(iv) 


Impact of electrons, 

positive ionic bombardment, 
photo-electric effects, 

effect of metastable atoms, and 
field currents. 


1070 


responsible for the maintenance of any dis- 
charge, has been well discussed by Loeb®?® 
and others. Of these, the process (A i) is 
generally referred to as Townsend’s a mecha- 
nism, which is primary for the development 
of electron avalanches. Further, for a 
discharge with metallic electrodes and normal, 
other than inert, gases, the processes (A ii), 
(A iii), (B ii) and (B iii) are of marked impor- 
tance; these are hereafter referred to as £, €, 
ry and 6 processes respectively, in accord with 
the general notation employed’. It may be 
added that for long time the process # viz. 
ionization in the gas phase by positive ionic 
impact, is assumed to be of no considerable 
value for the onset of the spark discharge; 
recent information!»*, however, shows that 
the 8 process is also a signicant one. 

Let us consider first the secondary electrons 
produced in the gas phase especially in the 
neighbourhood of the cathode by any process 
say $8 or €; these acquire energy under fields 
and start ionization of the gas particles by 


Cathode fall Anode fall 
eee region 
| oe Plasma region 
| 
' 
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peak down ——, 


After > 


Fig. 4. Approximate representation of plasma 
region in a Low frequency electric discharge. 


inelastic collisions roughly from a point (say 
ri, Fig. 4) away from the cathode. The pro- 
duction of electrons takes place exponentially; 
the number of electrons generated by every 
secondary electron is given roughly by exp(a@ 
d), where @ is the coefficient representing the 
number of ionizing collisions in 1cm_ path, 
and d, the electrode separation”. The ion 
multiplication occurs upto a point 7, (Fig. 4) 
at one free path distance before the anode®. 
The region between m and 7 may be con- 
sidered as the plasma region of the low 
frequency electric discharge; in this, the con- 
centration of positive ions is approximately 
equal to that of the electrons, since the 
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creation’ of one electron is accompanied by 
the production of one positive ion; double 
ionization, viz. ionization of positive ions, is 
not possible under the low fields employed. It 
may be noted that the potential gradient in 
the system is represented in Fig. 4 as uniform 
and linearly variant with distance before 
breakdown, and as non-uniform and variant 
differently after breakdown. That is, after 
the development of electron avalanches, the 
system is filled momentarily with electrons 
and positive ions; of these, electrons go fast 
to the anode, while positive ions move slowly 
in the form of a heavy space charge* towards 
the cathode. ‘‘ These permeate the Crookes 
dark space and produce a powerful potential 
drop’, usually known as the cathode fall. 
The potential gradient in the system after 
the Faraday dark space i.e. in the positive 
column or what may be termed as the plasma 
region, rises to take on a constant practically 
linear slope (not shown in Fig. 4) in an un- 
striated discharge or differently as shown in 
Fig. 4 in a striated discharge®. These features 
exist as long as the ions remain in the dis- 
charge space. When once these are swept 


* Jt may be pointed out that the space charge 
due to the slow moving positive ions referred to 
here, is distinct from the one possible to exist in 
discharges with alternating fields (cf. § 3.1). These 
momentary space charges causing a change in the. 
potential distribution in the system (Fig. 4) are. 
inevitable consequences of the development of 
avalanches and the movement of ions. In $3.1, an | 
altogether different circumstance has been cited: | 
With alternating potentials, electrons and positive | 
ions will be produced at the peak value of the | 
breakdown voltage;%) as the field declines, these | 
will be swept out gradually: electrons will be | 
removed first and then the slow moving positive | 
ions. If the electrode separation and the frequency | 
of the alternating field are small, the positive ions | 
will be swept out completely from the system. | 
For longer gaps and for larger frequencies like 20 | 
kilocycles/sec used by Rukema%3) with metallial 
spheres, 2-10 megacycles/sec employed by Subrah- 
manyam and Ramaiah*) with glass electrodes, etc., 
the positiye ions cannot cross the gap during the 
quarter cycle; a few positive ions remain in the. 
space; these will build up gradually a space charge 
which is known to complicate the circumstances 
leading to usually low breakdown potentials, etc.3®) 
In §3.1, the authors referred to that these positive 
space charges possible to exist on account of the 
alternating nature of the applied field, were not 
taken into consideration in the whole of the present 
article, since in the present investigation low 
frequency (50) potentials and short gaps were 
employed. 
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off and when no avalanche formation takes 
place, the potential variation becomes simple 
and linear (‘before breakdown,’ Fig. 4). The 
plasma region arises only when avalanches 
are produced; shortly afterwards, when the 
ions are swept off, the region vanishes in the 
sense that in the space between 7 and 72, the 
characteristics of the plasma region cannot 
be observed. Further, the width of the plasma 
region, controlled by experimental conditions 
such as electrode separation, gas pressure, 
etc. governs the number of electrons generated 
in an avalanche developed by one secondary 
electron produced by £8 or &. Ionization by 
electron impact between the cathode and the 
point 7, is not excluded, and occurs by the 
electrons released from the cathode by any 
possible mechanism such as 7 or 6, that is, 
due to the bombardment on the cathode by 
positive ions or photons. If the energy E of 
an electron in the metallic cathode acquired 
by 7 or 6 process is greater than the work 
function of the surface then the electron is 
liberated from the cathode (vide infra, for 
difference in & with dielectric glass electrodes). 
The released cathodic electron is having a 
more favorable circumstance than the electron 
produced in the gas phase by 8 or € process; 
the former travels before 1 a longer distance 
+ and therefore, produces one or more further 
' electrons (depending upon the width of the 
{ plasma region) before it reaches the point 71. 
| From the above, it can be seen that the 
i average number of electrons reaching the 
i} anode, which controls the amplitude or height 
} of a pulse, depends upon the following: 

(A) The Jength of the avalanche: the num- 
i ber of ionizing events in an avalanche created 
by a cathodic electron can be two or more 
times the electrons produced in an avalanche 
4 resulting from a secondary electron generated 
| in the gas phase by 8 or € process; and 

})} (B) The number of avalanches: If a large 
r | number of avalanches of event smaller length 
| are created at one and the same instant, the 
% total number of electrons reaching the anode 
4} may be set equal to or greater than the elect- 
4 rons contributed by a fewer number of ava- 
‘i launches of longer amplitude. 

q At the outset it may be admitted that there 
\ is no positive proof available to the authors 
'to show that the pulse height is controlled by 
‘t (A) or (B) or to fix that the number of 
\ 
1 
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avalanches in a pulse (long or short) is con- 
stant or otherwise. The following are, how- 
ever, the experimental findings which offer 
only indirect evidence for the conclusion 
arrived at by the authors regarding the pulse 
heights or the origin of the two types of 


pulses: 

(i) At the breakdown potential Vin where 
it is well-known that the secondary processes 
from the cathode become operative, only the 
longer pulses are produced ; below V» where 
the secondary emission from the cathode does 
not take place, always shorter pulses are 
initiated by external radiation. 

(11) The breakdown potential and the sup- 
pression under light of the longer pulses are 
highly susceptible to changes in the electrode 
surface, while the initiation of the shorter 
pulses below Vm are unaffected by these 
changes. 

(ili) Removal of adsorbed gases held on the 
electrode surface by van der Waals forces at 
elevated temperatures reduced appreciably the 
photo-sensitive nature of the longer pulses 
while the production under light of the shorter 
pulses was unaffected. 

(iv) Suggestively enough, over a narrow 
potential region below Vm, irradiation of 
specially designed discharge tubes with thin 
walls by sources (ultraviolet, z-rays, @-rays, 
etc.) of different intensities could never pro- 
duce a longer pulse but initiated only shorter 
ones. 

It is assumed therefore, that the longer 
pulses (a) are due to the larger number of 
electrons in an avalanche created by the 
secondary electrons liberated from the cathode 
by 7+ or 6 mechanism, while the shorter ones 
(b) are due to avalanches generated by @ or 


Ci 


$3.21. The Secondary Mechanism for 


Longer Pulses (a) 


As pointed out earlier, of the various pro- 
cesses responsible for the liberation of electrons 
from the cathode, those referring to the 
bombardment on the cathode by positive ions 
(vy) and photons (@) are significant in discharge 
tubes with metallic electrodes; in what fol- 
lows, an attempt is made to understand, 
whether 7 or/and 6 are also significant for 
electron liberation from dielectric glass elect- 
rodes such as those employed in the present 
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investigation. 

It is well known that in discharge tubes, 
with metallic electrodes the free electrons 
forming the Fermi gas constitute the secondary 
electrons from the cathode. The same is 
incomprehensible in the case of glass electrodes. 
On account of this and especially from the 
data on breakdown potentials in discharge 
tubes with glass electrodes containing adsorbed 
layers and with their absence, it is suggested?” 
that gas particles in the adsorbed medium on 
the glass surface, constitute the source of 
secondary electrons in the systems under 
investigation. It is beyond doubt that there 
exist adsorbed layers of H.O, etc. on glass 
surface**)**), In ideal cases (1), these adsorbed 
layers are removed by processes of degass- 
ing’*) prior to the introduction of the medium 
like iodine vapour, in which the studies are 
sought to be made. It may be added that in 
most of the experiments described on this 
phenomenon, no such process is reported to 
have been undertaken; these cases (2) there- 
fore, involve a circumstance such as that 
there exist water vapour layers adsorbed on 
the surface and iodine vapour in the gas 
phase.* A gas atom adsorbed on the surface 
acquires energy in the process 7 or 4, ionises 
and contributes to the secondary emission. 
Let Vs: be the ionization potential of the 
adsorbed medium** and V;, that of the gas 
phase. In case (1), i.e. where the pre-adsorbed 
water vapour layers are removed from the 
surface before the iitroduction into the system 
of iodine vapour, Vs:~Vi; in other cases (2), 
VsireVi. Further, the energy FE that an 
adsorbed gas particle should acquire during 
bombardment by positive ions or photons is 
therefore, given by 


ESVi+¢ 

ESVsit¢ 
where ¢ is the vesultamt work function of the 
surface. If we consider the case (2) represen- 
tative of the systems used by the majority of 
the workers, there exist on the electrode sur- 
face, layers of H,O, the ionization potential 
of which is 12.56 eV and in the gas phase, 
iodine vapour (V;=9.7 eV). Liberation of a 
secondary electron from the surface is pos- 
sible when bombardment thereon by photons 
or positive ions with an energy greater than 
12.56+¢eV takes place, The existence of 


---case l 


---case 2 


B. D. KHOSLA and N. A. RAMAIAH 


(Vol. 10, 


photons produced by excited iodine atoms 
especially with energy greater than 9.7eV is 
not feasible; on the other hand, a positive ion 
can acquire any amount of energy depending 
upon the field gradiant; it follows therefore, 
that the positive ionic bombardment (7) alone 
is responsible for the secondary emission from 
the cathode and the longer pulses observed in 
low frequency electric discharge with glass 
electrodes. The same conclusion can be ar- 
rived at for the case (1) also. 

The process (6) acquires significance in dis- 
charges with metallic electrodes, since the 
Fermi electrons, as pointed out above, form 
the secondary electrons; to liberate these last 
from the surface, it is enough if a photon 
possesses an energy greater than the work 
function of the surface, which is of the order 
of 4-6eV;*** and is sufficiently lower than the 
ionization potential of the normal gases. It 
may be added that when inert gases like 
helium (Vi:=24.46), neon (Vi=21.74eV), etc. 
are employed, the process (0) may also take 
a prominent role in the liberation of secondary 
electrons even in discharges with glass elect- 
rodes (case 2). 

§ 3.22. The Secondary Mechanism for 
Shorter Pulses (6) 


Of the possible mechanisms responsible for 


the generation of secondary electrons from 
the gas phase viz. 8 and €, photo-ionization 

of the gas particles in the neighbourhood of| 
the cathode (€) as shown later is significant) 
for the production of shorter pulses. It may| 
be added that photo-ionization occurs not only | 
in the neighbourhood of the cathode but also! 
at various places in the discharge space. A’ 
photo-electron created in the middle of, say, 


the positive column or plasma region (Fig. 4)) 


—— ——— - _ ~ q 
* The production of pulses a and 6} and the in-| 
fluence thereon, of parameters like applied field, | 
etc. are not materially affected by this process of 
degassing; there are, however, a few changes 
observed: for example, the breakdown potential of 
the medium and the potential width of the photo- 
sensitive non-selfmaintained region were altered 
markedly by this process; for details, see ref. 21. 
** The arguments put forward in this secion are 
not materially affected by a possible difterence not 
known to the authors in the ionization potential of 
an atom adsorbed on the surface and of the same 
existing in the free state. 

“ek ef. Vick: Brit. Jour. Appl. Phys. Supplement 
2 (1953). 


| 
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travels shorter distance when compared with 
the distance travelled by an electron generated 
in the neighbourhood of the cathode, say, 
between cathode and (Fig. 4). It follows 
therefore that the avalanche created by the 
former possesses electrons many times less 
than the electrons in the avalanche developed 
by a photo-electron produced in the space 
between cathode and 7. It is for this rsason 
that the average number of electrons reaching 
the anode to constitute a short pulse is as- 
sumed to be contributed largely by the 
avalanches created by secondary electrons 
generated by photo-ionization of the gas par- 
ticles in the neighbourhood of the cathode. 


§ 3.3. Influence of Applied Field on the 


Production of Pulses 


The data in Fig. 2 show the marked influ- 
ence on the production of pulses a and b or 
the secondary processes responsible therefor, 
of the applied field X. When this last was 
not large enough to cause the system to 
breakdown as a dielectric, the current trace 
under simple enough conditions such as in the 
absence of external radiation (Fig. 2a, in dark) 
was but sinusoidal without superimposition of 
any pulses. When X was increased to Xg, 
remarkably enough, only the longer pulses a@ 
could be noticed on every half cycle of the 
current trace (Fig. 2b). These were roughly 
of the same height indicating that the amount 
of the charge deposited on the anode or the 
number of avalanches necessary to constitute 
a pulse was sensibly the same”. This obser- 
vation suggests that liberation of secondary 
electrons from the cathode by 7 mechanism 
plays a prominent role in the onset of self- 
maintained ac discharge. Increase of X de- 
creased the number of the longer pulses (a) 
and initiated the shorter pulses (b) which al- 
ways occurred after one or a group of pulses 
a. It seems therefore, that when the alter- 
nating potential exceeds the breakdown value 
the + mechanism initiates the discharge and 
leads to the production of favourable circums- 
tances for the development of other secondary 
processes. For example, the photons produced 
in the course of the formation of the avalan- 
ches leading to pulses a, appeared to he 
absorbed by the gas particles to generate 


i electrons which give rise to the shorter pulses 
‘\ p. It is of interest to consider the following 
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in this connection: When the electrons 
created in one pulse (say a longer one) are 
deposited on the anode, the potential of this 
last drops down; this causes the field in the 
gas phase also to decrease. Then the applied 
field and therefore the field in the gas rise 
again until the later reaches the breakdown 
value (see Fig. 5) when another pulse cccurs, 
and so on. In the time interval (t’, Fig. 5) 


Pulse occurrence 


Peet disie 
(e} 


Pulse occurrence 


Fig. 5. Schematic representation of the variation 
of the field in the gas during the production of 
a pulse in a low frequency electric discharge. 


between the instant at which the field drops 
down and the moment at which it rises to the 
breakdown value, the field in the gas is not 
sufficient to cause ionization by collision; the 
electrons produced by ionization of excited 
particles by the photons gererated in the 
avalanches of the longer pulse are of no avail 
for the generation of further electron avalan- 
ches. Shorter pulses cannot therefore, be 
produced in this time interval t’. However, 
at the end of the time t’ 1.e. when the field 
in the gas approaches the breakdown value, 
the photons available as “‘reasonance quan- 
ta’’*®) due to emission by one atom, reabsorp- 
tion by another and so on, are effective in 
the production of shorter pulses. Further, 
the pulses were all of the same height. At 
much larger fields, the production of the longer 
pulses was inhibited appreciably; only one 
pulse of this type could be detected at the 
beginning of that phase of the alternating 
cycle at which and above, the voltage was 
enough to cause ionization by electron impact. 
This pulse persisted over a wide range of 
applied potentials. Under these conditions, 
the current trace was superimposed, over an 
appreciable part of it, by the pulses 6; the 
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In dark 


Under light 


Discharge Current in pamp Cid 


195 325 


455 585 715 845 
Applied Field X in volts per cm 


Fig. 6. Variation of the discharge current in 
dark and under light. 


= 


effect 


Joshi 


ee ee on 


Applied Field X¥—> 
XO" 
$ 


Relative 


Ip LS 


: 


Fig. 7. Characteristic variation of Joshi eftect 
with applied field. 
(Relative effect % Ai=100 Ai/ip where ip refers 
to the current in dark; the relative values viz. 
% At are usually plotted for facilities of com- 
parison), 


discharge at large fields appeared to be main- 
tained completely by the secondary processes 
responsible for the shorter pulses. This obser- 
vation suggested that photo-ionization in the 
gas phase was a significant mechanism for 
the (production of the shorter pulses (vide 
infra) and) maintenance of low frequency 
electric discharge in iodine vapour;2» this 
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feature brought out a distinction between low 
frequency discharge and that with dc poten- 
tials; it has been emphasised that the process 
¢ is insignificant for dc discharges especially 
in non-heterogenous gases?®). 

The inhibitive influence on the longer pulses 
of the enhanced fields is apparently a charac- 
teristic feature of the low frequency electric 
discharge with glass electrodes; essentially 
similar data were recorded in chlorine by 
Harries and von Engel. These authors sug- 
gested that dissociation, by metastable atoms, 
of surface adsorbed molecules leads to the 
production of atoms or/and radicals with large 
electron affinity which inhibit the secondary 
electrons to be released from the cathode and 
therefore, the longer pulses. 

At fields X>X,, altogether a different type 
of pulses (c) has been noticed at the end of 
the half cycle representing the current trace 
(Fig. 2d). These had roughly the same ampli- 
tude as the pulses @. While the pulses a and 
b were produced regularly one after another, 
these pulses c found their place intermingled 
with the pulses 6. Further, while the pulses 
a and 5b were affected by external radiation 
(vide infra), this last had little effect on c. 
The mechanism responsible for the production 
of pulses c needs further investigation. 


§3.4. Influence of External Radiation: 


Joshi effect 


The influence of external light on the two 
types of pulses (a) and (0) giving negative and 
positive effects respectively, is evident from 
the oscillograms in Fig. 2. A_ significant 
feature of these data is that at X=X,, exter- 
nal light inhibited markedly the longer pulses, 
to give negative effect —4z viz. a decrease in 
the current z (cf. Fig. 6). This inhibition of 
pulses @ was accompanied by the production 
of pulses 6; this indicates the co-occurrence 
of positive and negative effects? . At one 
and the same instance, the inhibition of the 
longer pulses and the production of shorter 
pulses by external radiation, clearly points 
out that the pulses @ and Db are of different 
origin. When the rms value of z is measured, 
the resultant of positive and negative effects 
is observed; this invariably appeared as 
negative effect (—4z) at XX, (Fig. 7). Fur- 
ther, the negative effect attained characteris- 
tically its maximum value at the breakdown 
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potential X; (see Fig. 7). It was interesting 
to note that at fields X>>X, (Fig. 2c) oscillo- 
grams under light contained only the shorter 
pulses 6. Further, at XX, (Fig. 2d), the 
one longer pulse @ which occurred just at the 
beginning of that phase of the alternating 
potential sufficient to cause ionization by col- 
lision (vide supra), was suppressed by external 
light; this observation would indicate clearly 
the inhibitive influence of light on longer 
pulses a or the secondary mechanims res- 
ponsible therefor viz.y. That is, the action 
of light to give negative effect is to inhibit 
the secondary emission from the cathode”). 
Irradiation initiated or/and increased the 


number of shorter pulses; these were of the 


same properties as of those produced in dark 
at X >X; (Fig. 2c). This favourable influence 
of radiation on the production of 6b suggests 
that of the various secondary processes oc- 
curring in the gase phase, 8 or €, the photo- 
ionization of the (pre-excited) gas particles 
(€) is fundamental for the occurrence of the 
pulses 5°) Essentially similar argument sup- 
ports the deduction that of the two processes, 
y and 0d, responsible for liberation of electrons 
from the cathode and therefore, the production 
of longer pulses, the mechanism 6 is not 
favourable; and 7 is significant for the creation 
of the pulses @ (vide supra). 

The observation of photo-increase of the 
rms value of z (Fig. 6) and initiation under 
light of pulses (Fig. 2a) at fields X<_X;, was 
reported to be in agreement with Joshi’s 
hypothesis*?» that+47 is due to uncaptured 
photo-electrons released from an adsorption- 
like layer formed under discharged on the 
electrode surface. Capture of an electron by 
an atom or a radical* is possible when the 
velocity of the electron is low. When this 
velocity increases, the probability of electron 
capture decreases; that is the population of 
uncaptured electrons increases. From the 
considerations put forward in this communica- 
tion, electrons released from the cathode and 
unhindered, especially on account of their high 
velocity, by subsidiary processes, should lead 
to the production of the longer pulses @ and 
not the shorter pulses 8 as observed under 
light (Fig. 2a). Further, with a constant 
light frequency, increase of applied field X 
from values below the breakdown potentials 
to those above it, will caused the velocity of 
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the photo-electron to become larger and larger; 
this should reduce the probability of electron 
capture and lead to the production of more 
appreciable positive effect +4z at X>X; than 
that observed at X<_X,; however, at XSX,, 
invariably negative effect —4z is detected 
(vide supra). 

Harries and von Engel*) and one of us (N. 
A.R.) suggested simultaneously that the sur- 
face molecules held by van der Waal’s forces 
dissociate under light to give rise to electro- 
negative atoms or/and radicals; these last 
reduce the secondary emission from the 
cathode and therefore, the discharge current 
z to give —4z; the positive effect +4z is due 
to photo-ionization of the pre-excited particles 
on or in the vicinity of the cathode?**, A 
significant observation of Harries and von 
Engel was that ‘the pulse height did not 
change on irradiating only the centre of the 
discharge; on irradiating one wall only, the 
pulses were reduced every other half cycle 
viz. those pulses whose electron avalanches 
started from that wall. This finding 
indicated that light inhibited the processes 
occurring at the cathode and responsible for 
the production of electron avalanches, i.e. the 
secondary emission. The observation*” from 
which Ramaiah could arrive at the above 
conclusion was that in degassed vessels, —4z 
characteristic of the system could be observed 
in less than 3 min and was independent of 
the predischarge interval which determined 
the Langmuir adsorption?*. In the light of 
experimental findings which indicate beyond 
doubt that the phenomenon —4? is primarily 
associated with the electrode surface*, this 
observation leads to the conclusion that the 
other type of sorption viz. the instantaneous 
or van der Waal’s adsorption is the chief seat 
of —4z*, The preferential suppression of 
the longer pulses @ and the creation of the 
shorter ones } by external light follow simply 
from this hypothesis. 


§3.5. Effect of Irradiation and Field 
Gradient 
Below the breakdown potentials i.e. at ap- 


* Electron capture by molecules is negligible 
excepting in the case of oxygen (see ref. 6). 

** Attempts to irradiate the gas phase near the 
cathode and the cathode separately were, however, 
unsuccessful on account of the diffusion of light 
in the body of the glass vessel. 


1076 


plied fields X<<X;, the field gradient F in the 
discharge space is linearly variant with the 
distance separating the two electrodes, cathode 
and anode in the type of discharge tubes 
employed by the present authors, and differ- 
ently with a marked gradient near the wire 
in wire-in-cylinder type vessels used by other 
workers*». This potential distribution in the 
discharge space is of great importance in 
determining the magnitude of the current 7: 
F controls the actual number of electrons 
produced in an avalanche due to an initiating 
electron generated by any secondary process, 
from the cathode or in the gas phase; that 
is, # determines the amplitude of the pulses 
aand b. It was instructive to consider from 
the data in Fig..2 “that; at) 2X44, pexternal 
light inhibited the longer pulses and produced 
larger number of shorter ones, remarkably 
enough, of the same height as of the shorter 
pulses appearing in dark (cf. Fig. 2c). That 
is, in the absence of external radiation, an 
electron formed in the gas phase by the 
process € acquires energy due to the field 
gradient and starts ionization by inelastic col- 
lisions after travelling a fixed distance away 
from the cathode (say from m, Fig. 4) in the 
field gradient. The number of electrons pro- 
duced in the avalanche (s) which determines 
the height of the pulses 0, is governed funda- 
mentally by F. The observation that under 
light are initiated shorter pulses of the same 
height as of those produced in dark, suggests 
that the enhanced formation under light of 
initiating electrons causes ionization by impact 
roughly from the same point (m, Fig. 4) to 
give approximately the same number of elect- 
rons to constitute the increased number of 
shorter pulses. It could occur only when the 
field distribution between the cathode and 
anode, whatever manner it may be, was un- 
altered by the additional constraint viz. exter- 
nal radiation. 


§4. Conclusion 


The following are the conclusions arrived 
at from the oscillographic data presented in 
this communication: 

(1) For the onset of a low frequency elect- 
ric discharge in glass vessels, liberation of 
electrons from the cathode by bombardment 
thereon of positive ions, is primarily signifi- 
cant; further, the secondary electrons originate 
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from the gas layers adsorbed on the glass 
surface. 

(2) ‘The discharge is maintained chiefly by 
the secondary process involving the photo- 
ionization of the gas particles (€ mechanism). 

(3) External light inhibits the secondary 
emission from the cathode presumably due to 
the dissociation of the adsorbed molecules 
giving rise to electronegative atoms or/and 
radicals which capture the secondary electrons; 
this results in the production of negative 
Joshi effect. Further, external radiation en- 
hances the secondary process involving the 
photo-ionization of the gas particles, to give 
the positive Joshi effect. 

(4) The field distribution in the discharge 
space is varied little by external light. 
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Statistical Theory of Turbulence, III 


Extension of Similarity Theory of Turbulence 
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As the second stage of developments of our statistical theory of tur- 
bulence, extension of the initial-period similarity-law is attempted in 
order to give general explanations to distributions of turbulent quantity 
across the mean direction of flow, particularly in decaying and non- 
decaying shear turbulence. In (A), as the statistical hypothesis in our 
theory, we first give the Gaussian form to P-function. Then, as a simple 
theoretical result of the above extended similarity law, it can be proved 
that the distribution of an intermittency factor 7, introduced by A. A. 
Townsend in his study of turbulent wake, takes the form of Gaussian- 
integral function, which is surveyed further by experimental observations. 
In (B), by introducing the above result to our fundamental expressions 
of turbulent intensity, it is interpreted that in all the cases of shear 


turbulence u/Vu?+v?, uv/uv and w/u have respective nearly constant 
values in the y-direction. These characters are investigated by experi- 


mental measurements. In (C), as the first step to study V,-function in 
shear turbulent state, the problem of distortion of isotropic turbulence 
in a contracting stream is taken up. By rather qualitative hydrodynamical 


discussion on V,,-function in the shearless turbulence with a non-uniform 
mean velocity, our fundamental formula in this case gives a result that 


v/u=U(«)/Op, which is also checked in our measurements. In (D), by 
using all the results in (A) and (C) we derive theoretically the Reynolds- 
stress distribution across a symmetrical shear turbulence, which is the 
simplest shear turbulence and corresponds nearly to a free mixing flow. 
Mean velocity distribution is also determined by the Reynolds equations. 
They are compared with our experimental measurements. 


Introduction 


In the previous paper, the condition of 
similarity preservation has been clarified based 


upon our statistical theory through all the 


types of turbulent flow. It is mentioned that 
the initial—period similarity-law in decaying 
turbulence or its extended non-decaying form 
gives an important idealized descriptions of 
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the general turbulent phenomena. Previous 
discussions due to this similarity law have 
been related chiefly to decay or diffusion, 
namely to one-dimensional transient phe- 
nomena in the e-direction. But, we are 
usually interested also in the distribution of 
turbulent quantity in the y-direction, par- 
ticularly in shear turbulence. In this paper, 
we shall attempt to develop the above- 
mentioned similarity law further so that we 
may interpret general turbulent states across 
the mean direction of flow. 

As the character in the z-direction of P- 
function, whose functional form means the 
statistical foundation in our theory, the pre- 
servative condition expressed as (9.3) (I) is 
necessary and sufficient. We shall first give 
a more strict expression to Pi(s, 6; 7) in shear 
turbulent state. As an experimental fact 
which is able to be interrelated to P-function 
in the simplest mathematical formula, we can 
take that of distribution of an intermitency 
factor y which has been introduced by A. A. 
Townsend in the study of turbulent wake. It 
is the contents of (A) that detailed theoreti- 
cal discussions on the functional form of P 
are made in comparison with experimental 
observations on the free-boundary phenomena 
of shear turblence. 

Attending to many ovservations it may be 
recognized in every case of turbulence that 
the three components of velocity fluctuation 
have always the same order of intensity, 
independently of the position in the field of 
flow. It cannot be proved by the hydro- 
dynamical equation of continuity. In (B), we 
interpret this fact through decaying and non- 
decaying shear turbulence, by introducing the 
result in (A) to the extended expression of 
turbulent intensity (10.1) or (17.3) (II). 


As for V,.-function in shear turbulence, we 
cannot now determine, because of mathema- 
tical difficulties, the exact functional form of 
Fy(s, 6) by solving the hydrodynamical equa- 
tions of motion. In the case of shearless 
turbulence with a non-uniform mean flow, 
however, the character of F,’(s, 0) is easily 
related to the variation in every component 
of turbulent intensity, because we have a 
simple condition Pi=1. From this point of 
view, we treat in (C) the problem of distortion 
of isotropic turbulence in a contracting stream 


iniated by G.I. Taylor, by formulating Vo 
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function based upon rather qualitative hydro- 
dynamical considerations. 


When the two functions V, and P are 
determined, the Reynolds-stress distribution 
can be completely derived across the shear 
turbulence under the supposition of ideal state 
in the initial period. As the simplest case of 
shear turbulence, symmetrical decaying shear 
turbulence can be taken which correspnnds ap- 
proximately to half jet or free mixing flow. In 
(D), we first give mathematical expressions to 
these functions depending upon the results in 
(A) and (C), and then we derive the Reylolds- 
stress distribution along the y-direction in- 
cluding that of the mean velocity. 


A. Free-Boundary Phenomena of 
Shear Turbulence 


§2. Determination of P-function 


As a simple case of shear turbulence, the 
turbulent wake behind a single body will 
be considered. In the initial-period in which 
the vortex chaos motion of a=1 is predomi- 
nant, the centres of these vortices run in the 
field of flow irregularly broken from the re- 
gular arrangements of Karman vortex street. 
In this case, however, these runnings have one 
mean path unlike the wake behind a grid, and 
the most probable locus of running can be point- 
ed out. In these circumstrances, we assume 
that the probability density in the y-direction 
of loci of these centres obeys the Gauss dis- 
tribution. This supposition can be formulated 
by using P-function which expresses their 
relative arrangement. To the previously in- 
troduced similarity assumption P(s, 0; x, y) 
=Pi(s, 0; y)/S, we will add such a more re- 
stricted condition that 


Pi(s, 6; y)=a, exp{—(91—b)?/07}) 
(=Pi(y1; 7)) , (2.1) 


where £:=V scos@ and yi=V s sin@, a isa 
constant determined by \\ PdS=1, and the 
D 


position of centre by, is varied depending 
upon the ordinate 7 in the field of flown. The 
non-dimesional breadth o is expressed in H/Ry 
and is taken to be constant, where H is the 
standard deviation of Gauss form. 

We consider that (2.1) still holds in other 
decaying shear turbulence. In a non-decaying 
turbulence, (2.1) can also be adapted in every 


1955) 


P-function in a vortex chaos motion having the 
Same production point. o is considered to be 
not necessarily equal for all types of flow, but 
the functional form (2.1) can describe all 
sorts of vortex chaos motion. The sheatrless 
turbulence is a limiting case of g=«, while 
the hydrodynamical non-stationary state is 
that of c=0 (cf. Fig. 10 (1)). 


$3. Distribution of Intermittency Factor 


The existence of intermittency phenomena 
at free boundaries of turbulent wake was 
first found out by A. A. Townsend». To in- 
vestigate mean breadth of wake, he in- 
troduced the following intermittency factor 

y=lim (1—T,/T) . (3.1) 


To320 

T, is the summination of time intervals of 
so-called laminar state in total time T, which 
is determined as the parts having compara- 
tively small velocity fluctuation with low 
frequency in oscillograph records. Because of 
the character of intermittency the above 
laminar parts can easily be pointed out in 
experiments, even if their intensities of velo- 
city fluctuation are not zero. Many experi- 
mental measurements have indicated that the 
limiting value in (3.1) tends easily to a con- 
stant value and is distributed in the y-direc- 
tion continuously in a fairly wide range. 

As mentioned in §8 (II), the existence of 
intermittency phenomena in shear turbulence 
has been interpreted as being attributed to 
the not completely irregular state in the loci 
of vortex centres in the field of flow. Namely, 
one time a vortex runs far from the centre 
of wake and then another vortex runs near 
it, and the locus of running change irregularly 
in time. In the initial period of decaying 
shear turbulence, deviation from the mean 
state can be neglected in the chaotic motion 
of w=1 vortices and a definite mean velocity 


distribution V,, can be determined in D-domain. 
It is seen from the exact solution in §9 (1) 
that in V.=Fy'(s, 0)Gi(t), F\(s, 8) tends to 1/r 
asymptotically far from the centre of D- 
domain, whose distribution in the y:-direction 
may be as shown in Fig. 1. Then, far from 
the centre the velocity fluctuation caused by 
F,/ has small intensity and low frequency, 
and so the state may be called as laminar 
flow. Let y1,- be chosen on the y-axis not 
near the centre, so that it may correspond to 
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a critical point to this laminar part. Near 
the boundary of wake, relative arrangement 
of the two functions P; and Fi’ may be in- 
dicated in D-domain as shown in Fig. 1. Then, 
owing to the definition of P-function given in 
§4 (1), the limiting value in (3.1) which ex- 
presses the ratio of laminar part, is equal to 
ratio of hatched area to the total one. The 
functional form of P; is given in (2.1). - The 


t 


5, 


Risse tls 


relative position of 7:,- to the centre of Gaus- 
Sian curve 06, changes depending upon the 
position 7 in the field of flow. Then, the 
distribution of intermittency factor 7 in the 
y-direction can be derived by integrating the 
Gauss function; 


rin=as) exp (—(o— Ila" , 6.2) 


” 
where 7 is the non-dimensional ordinate of 
centre of Gaussian-integral form and a, is a 
constant to be determined by lim 7(y7)=1. 
n> 02 


The above expression is derived under the 
supposition of the initial-period similarity. 
Even in turbulent boundary layer, this charac- 
ter can be adapted at least in a group of 
vortices running not near the wall. Thus, 
the expression of Gaussian-integral form in 
y-function will be found in all sorts of shear 
turbulence at their free boundaries to laminar 
flow. 
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Fig. 2. Distribution of y-function behind a circular cylinder. 
O, @, @, © and © are observed values at one section under 
variable undisturbed velocities of 3.07, 7.26, 10.85, 14.92 and 
19.96m/s. The position was 50.5 cm behind the cylinder whose 
diameter was 1.5cm. The curve indicates Gaussian-integral 
form in (3.2). 


200 490 6pO 0 topo 4, 

0 20 40 60 §0 100 xf, 
Fig. 3. Experimental results on the change of o along the «- 
direction. ©, @ and @ are evaluated values respectively from 


the case of Townsend’s two-dimensional wake, Corrsin’s round 
jet and Corrsin’s turbulent boundary layer along a flat plate. 
d, and d, are diameters of cylinder and tube, and in the 
boundary layer x is measured in inches. Those abscissae are 
measured from the apparent origin of wake, jet and boundary 
layer respectively. 


AG 


ie 
0 4 8 Uy, 12 1¢ 20 (™) 


Fig. 4. Experimental result on the relation between o and un- 


disturbed velocity in a two-dimensional wake behind a circular 


cylinder. The states of measurements are the same as in Fig. 
De 


(Vol. 10, 


Experimental Investiga- 
tions on Intermittency 
Phenomena 


§ 4. 


By Townsend’s observation? 
on y-function at several sections 
behind a circular cylinder under 
a constant velocity, it is seen 
that (3.2) agrees with these data 
favourably. Further, we made 
some measurements at one 
section behind a circular cylinder 
by changing the mean velocity. 
The distributions of 7 to 


(y—7)/o are shown in Fig. 2. In 
a round jet and a turbulent 
boundary layer, S. Corrsin and 
others? presented plenty ex- 
perimental results. It is im- 
portant that all the experiment- 
al data can be expressed in the 
single theoretical curve of (3.2). 

In the case of turbulence ina 
tube, an intermittency pheno- 
menon cannot be detected by 
the hot-wire technique, because 
it has no free boundary to 
laminar flow. We _ consider, 
however, that the not completely 
irregular arrangements of vortex 
centres expressed as (2.1) still 
exist. It is suggested by several — 
photographs of the flow pat- 
terns”). If detailed observations — 
are made by taking photographs ~ 
near the centre of tube, an 
irregular mixing between the | 
vortex chaos motion produced 
at one wall and that produced 
at the opposite wall will be 
found. The relation of Gaussian- - 
integral form in the generalized 
intermittency factor, which is 
defined not only between tur- 
bulent and laminar flows but 
also between two types of vortex 
chaos motions, may be found 
out. This generalized inter- 
mittency phonomena may be 
found also near the centre of 
turbulent wake behind a single 
body. 

In (2.1) o is taken to be con- 
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stant. Under the state of initial-period similarity 
with a constant undisturbed velocity, Ry, is 


proportional to the ordinate Y of the centre of 
Gaussian-integral form, and so the states of 
o can be surveyed experimentally by taking 


oH/Y. In two-dimensional wake the change 
of o along the z-direction is shown in Fig. 3, 
taken from Townsend’s data. For reference, 
the distributions evaluated from Corrsin’s 
measurements” in a round jet and a_ turbu- 
lent boundary layer along a flat plate are also 
shown. It is seen from these results that 
our assumption of constancy of o can be 
verified at least in the initial period of a 
given shear turbulent state. Further, we 
surveyed the relation between o and _ un- 


disturbed velocity U, at one section behind a 
circular cylinder. The result is shown in 
Fig. 4, which indicates that except a narrow 
part of low speed o does not change with 


foy=\" Pe TACs, wel) 
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U). The exact determination of Y cannot 
be made in experiments like that of 7,¢ in 
the theory, and the above numerical value 
cannot be compared directly with Townsend’s 
one. But, by the above experimental inves- 
tigations, the following can be convinced; that 
the Gauss distribution in P-function indicates 
an essential point in the statistical mechanism 
of shear turbulent flow. 


B. Proportionality in Turbulent 
Intensities 
$5. Interrelation Between u- and 
v-intensity 
The distribution of turbulent intensities 
will be considered across two-dimensional 
decaying shear turbulence. They are de- 
termined by the functions C,2(y) etc. given in 
(10.1) (il). By introducing (2.1) they become 


€y 1071) 
Cust =a) "Pan: m4 | FE, m) OE nabs dn 
11:0 ( £15971) 
: Tiel = Pil SCA hao ) 51 
Clq) =a "Pn, 7) | PAE, m\1—EEs, mide ban (5.1) 
11:0 { £1,0074) 
141 €; 1074) es 
Ca(7)= kas ence oi cate FYE, ai&(E1, m)V1—&(E1, 41) d&1 jan ; 
7120 { £1,9071) 
22 
€(E1, m1)=sin 0, a,=(4e%») /| So()d0 . 
0 
E,0(7), €1,1(y) and 71,0, 71,1 mean the boundary of D-domain. 
Ina(S. 1); 
Le Cer, yO) 
and so when we write 
’ £1 1071) Rt 
ah Es Wei, mdé=\as ye ‘ MNEs, mde Aa) 
€1,90071) €1,9(71) 
it is easily proved that 
Lome) 2zh>o, 
where w, and Z; are the upper and lower limit of €(y). In the same manner, when we 
write 
Cut =|""P (41; MAMIE *(gidm=f(N)EP(7) 
1150 
_ where such a relation 
Gio). Lamm Llévyeh>h>o (eo) 
flm=asho” FE, mdb re ZI 
J £10071) is derived. Namely, retaining the character 


(5.3) expressions of u and v can be transformed 
into 
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2=f(N)Er(y)t* , 

v=f(y)l—Ex(y))t> . (5.4) 
The functional form Pi(y1; 7) does not change 
with the value of 7 as expressed in (2.1), and 
so the function f(7) is seen by (5.2) to depend 
largely on that of F\’7(&, 7). But, it can be 
supposed by (5.3) that the value of &?(7) does 
not change largely with 7. 


(A 


igamos 


In the case of fully developed non-decaying 
turbulence the decaying term f~! is integrated 
to be constant; (5.4) becomes (cf. (17.3) (II)) 


t 
w=| FelM&e(nyte dé etc. 


where (&, 7) is the position of a fixed point 
in the field and the suffix & indicates the 


position of production of vortices. They can 
be further transformed into 
w=f'(n)Ex*(7) 
Ul Kl — e379), (5.4”) 
where 
é 
ra=| fedaytgid®’ . 5.2’) 


In this case, however, (5.3) comes to be more 
restricted as 
Lun! Dur! Sus 26,*(y)l >) >h’>0 . 
(238) 
By (5.4) or (5.4’) we get 
u/V u?+v?= Ey) . (5.5) 
Thus, by the above discussions it can be 
considered that in all sorts of shear turbu- 
lence (5.5) approaches a constant value across 
their flows. It is significant that in non- 
decaying turbulence it may take a value more 
close to a constant than in decaying shear 
turbulence. 
As for «, v-correlation, it is also transformed 
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form (5.1) into such an expression 

uo =f(nén)V1—Er(n)t , (5.6) 
where f(z) is the same as given by (5.2), but 
different from €&(7) the value of &:(y) is 
restricted as 

loam laneh>h>—-1. (6.7) 
In non-decaying turbulence, (5.6) and (5.7) 
become 


wo = f '(n)é1'()V 1—E1*() (5.6’) 
and 
1a >a! us Sei gels oh ol’ > 1. 
6.79 


Then the form of correlation coefficient becomes 


we _ En) VIE) © 


uv &x(y)V 1—&7(7) 
The functional relation between &:(7) and &2(7) 
cannot be clarified unless exact evaluations of 
(5.2) and so forth are carried out. Neverthe- 
less, it is seen by (5.8) that uwv/uv may ap- 
proach a constant value across shear turbulent 
flow, and it is also considered that such a 
tendency may be more conspicuous in non- 
decaying turbulence. 


(5.8) 


$6. Existence of w-fluctuation 

By this time, our statistical studies on shear 
turbulence have been proceeded by taking two- 
dimensional vortex chaos motion for brevity. 
Many observations show, however, that a 
decaying or non-decaying shear turbulence 
has always w-component of velocity fluctua: 
tion even if its mean velocity distribution is. 
two-dimentional. | 

We consider that when mean velocity field 
is two-dimensional in the 2, y-plane, the vortex 
filaments of their chaotic motion are all 
parallel to the z, z-plane, but their directions | 
are usually fluctuating about the z-direction 
with a symmetrical distribution function (cf. 
Fig. 5): 


PA) . (6.1) 


In the initial period of similarity, it is assumed, | 
as mentioned in §4 (II) referrring to the. 
isotropic turbulence, that eee aa 
characters of vortex filaments—their elongation 
and culvature—can be neglected. Then, it is 
deduced that w-intensity is related quantita- 
tively by (6.1) with w-intensity, but owing to 
its symmetrical character there occurs no 

Our 


correlation between them. previous 
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studies of two-dimentional shear 
turbulence in Parts II and III 
have been made by taking (6.1) 


as the d-function at 6=0. When 
the functional form of P.(@) is 


taken to be similar in the whole 
field of flow, the functional re- 
lations in our previous studies 


still hold with somewhat dif- 
ferent constant coefficients. In 


such a circumstance it is also 
derived that 


(6.2) 


Depending upon the above 
discussion, the existence of w- 
intensity can be clarified. But 
it has no correlation with other 
velocity fluctuations and has 
little contribution to the mean 
velocity distribution. In the 
two-dimensional shear  tur- 
bulence it is as yet essentially 


w/u=constant. 


120. 


turbulent wake behind a circular cylinder. 
evaluated values from Townsend’s data at xw/d=91, 180 and 
7 is defined by taking the half-width in mean velocity 
distributions and is measured from the centre of wake. 


Fig. 6. Distributions of w/Vy2+y2, w/u and yy/(uv) across the 


©, ® and @ are 


important to survey the inter- es % 
relation between w- and v- eal 
fluctuation. By (6.2) it is also 
seen that (5.5) indicates the 


proportional character in 


ulViuto'+w ete. 


§7. Comparison with Ex- 


perimental Observation 


As a typical decaying shear 
turbulence two-dimensional tur- 0 
bulent wake is taken up, where 
the distributions of (5.5), (6.2) 
and (5.8) are surveyed experi- 
mentally. According to Town- 
send’s data behind a circular 
cylinder, the former two are 
seen to be roughly constant 
across the wake, which are shown in Fig. 
6 evaluated from them. As for zw, v-cor- 
relation coefficient, it is likely that it varies 
considerably as shown in the same figure. In 
the case of non-decaying turbulence, their 
distributions in turbulent boundary layer 
along a flat plate observed by Klevanoff® and 
in two-dimensional channel flow by Laufer® 
are shown in Fig. 7. For reference, Sand- 
born’s data in pipe flow are compared. 
Theoretical results in previous sections are 
derived independently of the existence of 


Bisa 7 


radii 7. 


decaying turbulent flows. 
lines represent experimental curves respectively in turbulent 
boundary layer along a flat plate, two-dimensional channel flow 
and pipe flow. 7 


0.8 ime) 


0.6 


0.2 0.4 


Distributions of u/Vy2-+-y2, w/u and yy/(uv) across non- 
ri 


The full lines, chain lines and broken 


is defined using the thickness § and the 


pressure gradient along the z-direction. For 
instance, experimental results in turbulent 
boundary layer under a retarded main flow 
measured by Sandborn-Slogar® and Schubauer- 
Klevanoff® seem to support them favourably. 

By the above comparisons our theoretical 
discussions may be verified. It is important 
that in non-decaying turbulence they are 
more supported than in decaying turbulence, 
as deduced in the theory. 
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C. Distortion of Isotropic Turbulence 


§8. Velocity Distribution in a Deformed 
Vortex 


It is known that the condition of isotropic 
turbulence cannot be adapted to an accelerated 
flow even if the value of shearing stress is 
zero, As a physical foundation of the study 
in such a case of turbulence, deformation of 
vortex motion due to contracting or expanding 
stream has been taken. G.I. Taylor! studied 
the case of contracting stream by investigat- 
ing characters of a flow pattern of regularly 
placed vortices. In order to retain the same 
regular flow pattern through contraction, the 
effect of contraction should be assumed to be 
very rapid. It is doubtful whether such an 
assumption may be adequate in a real turbu- 
lent state like a wind-tunnel contracting 
stream, and moreover by the study of this 
kind the value of wo cannot be proved to 
vanish. Recently G.K. Batchelor and I. Proud- 
man! have refined this investigation by in- 
tegrating over all the Fourier components. 
But the assumption of rapid distortion must 
be still retained and so the theoretical results 
are not supported by experimental verifica- 
tions’), These studies correspond to treating 
of the state of B in Fig. 10 (1) which is con- 
sidered in our study to be inappropriate as 
turbulent state. 

In the case of our shearless turbulence, P is 
taken as constant in order to express the 
completely irregular arrangements of vortices 
in their chaotic states. Thus, if the mean 
vortex motion is given hydrodynamically in 
a non-uniform mean flow the states of turbu- 
lence can be determined. For brevity two- 
dimensional treatment will be given here. In 
the shearless turbulence, it is obvious that 
the condition of orthogonal trajectory holds 
between the mean stream and potential lines, 
and so from the Lagrangian point of view, 
some square part of fluid between two stream 
lines at x=0 takes a rectangular form at a if 


the effects of dU(zx)/dx are neglected near 
these points. For the same reason, it may 
be said that every circular stream line of a 
vortex at 2=0 changes uniformly into an 
ellipse at a. The effects of deformation on the 
velocity distribution will be estimated by 
neglecting viscosity as follows. 


In the theory of potential flow in the 
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Eulerian manner, it is well-known by the 
transformation €:=€+a?/€ that the complex 


: At | 
potential of a circular vortex w(€)= = log € | 


dé" PSs 
a Yr 


ith velocity components ~— and 
with velocity p Wp oR 


aS ee €-plane, becomes an 
dt 20 
allipse £12/(7-+ a2/r)?+ y:2/(r—a?/7P=1 with 
de, = Tsay a ee 
dt 2x rr r*+at—2ra? cos 20 
and 
dy =F Cos d 77: — 0) 
dt 2x or #+at—2r*a? cos 20 
in the €i-plane. When 2? is taken as the 


ratio of two axes of deformation in the field 
of shearless turbulence, we have, by the con-: 
dition of continuity, 


U(x)/Uy=2 ’ (8.1) 
and the above elliptic form is determined by 
the condition 

(rlaP+l 


: ee 
(r/ay—1 


(8.2) 
Then the velocity components expressed in 
the ¢€-plane become those in the €,-plane. 
But, observation of this field of flow will 
show that only one coordinate-system is 
required. When the unit of length in the 
€,-plane is adjusted to that in the €-plane, 
the velocity components of circular and 
deformed vortices are expressed as follows; 


ee fT sin@ pier eal) cos 6 8.3 
Qn y 27 7 
and 
wD Pesingay ats Sie 
“Ox ry  rt+at—2ra? cos 26 ” (8,4) 
Pps Sn ON Ee co Se 
oon ry v7*+at—27a* cos 26 


It has been found that the vortex motion 
of a=1 in the initial period has a character 
to tend to that of the potential flow as in- 
creasing distance from the centre. In this 
evaluation, let the velocity distribution of a 
deformed vortex of wa=1 expressed as 


Vu2=Fi(s\Gidbh(s, A) 6 
hO, 2)=7*/(7*+a'—277a@? cos 26), 


where the functional forms of F\(s) and Gi(#) 
are the same as those in § 9 (I). 


(8.5) 
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§9. Deviation from the 5 
Isotropic Turbulence A 
It is shown that in the lee 
shearless turbulence mue=0 but | 
: ie 4 . 
the w- and v-intensities are not 
necessarily equal to each other. - B 
In the initial period turbulent 7 
intensities are written as 3 a 7 | 
C 
w=(1/5)\| F>s)G2(0) 
D 
x h?(0, 4) sin? 6dS , (9.1) 2 
p=(1/S \( F(s)G2() 
Jp | 
x h?(@, 2) cos? 6dS . / : 
In this coordinate-system (7, 0), 0 10 20 3) ix: me pe ag 
@ is elected to be equal to the M 
Fig. 8. Experimental curves of mean velocity distributions, M 


angle between V,, and the yu- 
axis in D-domain. As D-domain 


is the mesh length. 


we take the following ellipse 006 


2/ 2) 
) 


-0=%0(1-+-a?/%2) cos @ , 


Mm 
No=7(1—a?/7,2) sin 6 , (-$) 
where 004 
jong = Rex ’ R?/(4vt)=Sp ; (9.2) 
(cf. (4.1) ID). (9.1) has the two 
conditions of hydrodynamical 
and statistical similarity, and O02 


then the similarity law for the 
isotropic turbulence can be ex- 
tended into this general case of 
shearless turbulence. 0 
In §8 the factor h(0, 4) has 
been derived with neglect of 
the variation of a(/, 7) and so 
in the above evaluation it will be as well 
neglected. Then 


dS={(7+a'—2ra? cos 20)/r*}drrdd , 
and so by taking (8.2) and (9.2) we have 
u?={(c?v)/(2s9) }{(A? +1)/(227)} 


((A2 41)2/4A2) 9 
Fy(s)dst" , 
\ aS) ASH rin ass} 


v?={(c?v)/(2s)) KV? +1)/2} 
fr ip 
x 


F\?(s)dst“* . 


0 


Namely, we get the following relation between 
mean velocity distribution and intensity of 
turbulence as 


v/u=U(a)/T . (9.4) 


(9.4) is one result of the generalized similarity 


/0 20 30 x 40 30 60 


Fig. 9. Distribution of w-, v- and w-intensity of B-series. 


law in the initial period in the case of non- 
uniform shearless turbulence. 

To check (9.4) experimentally, we made a 
two-dimensional contracting stream behind a 
comb-like grid and measured z- and v-intensity 
along the centre line. Three series of 
measurements were made, and these velocity 
distributions are shown in Fig. 8 with marks 
A, Band C. To survey two-dimensionality 
in velocity fluctuations, an example of measure- 
ments of the three components of B-series 
is given in Fig. 9. Then the relation of v/u 


and U(x2)/U, was investigated. The whole 
results are shown in Fig. 10. 

If three-dimensional discussions are made 
by introducing (6.1), the above theoretical 


result will be more improved to interpret the 


1086 


Yutaka SHIGEMITSU 


(Vol. 10, 
| 


considered to be symmetrical 
across the z-axis. Even in this 
simplified vortex chaos motion) 
an essential character of shear 


turbulence may be described. | 
Approximately it corresponds to | 


the half jet or free mixing flow. | 
To determine the Reynolds- | 
stress distribution across the | 


mean flow, the functional form | 
of Fy’2(E1, 71) in D-domain be- 
comes very important as men- | 


5 


ih 2 rz 


Fig. 10. Distribution of v/u against U(x)/U. 
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Fig. 11. Theoretical curves of relative distribu- 


tions of C,2(7) (full line), C,y2(7) (chain line) 
and Cys(7) (broken line) across symmetrical 
shear turbulence. 


experimental results. But, these observations 
will make it clear that the isotropic turbulence 
changes its state in a non-uniform flow, and 
the above theoretical discussions show, though 
approximately, the true aspects of a general 
shearless turbulent flow. 


D. Symmetrical Shear Turbulence 
$10. Distribution of Turbulent Intensities 


As a simple decaying shear turbulence the 
following vortex chaos motion will be con- 
sidered in which the vortices of a=1 are pro- 
duced at one point in the field of flow and car- 
ried in a not completely irregular arrange- 
ment. By the functional form of P expressed 
as (2.1), the state of flow in this case can be 


O, @ and @ are 
the observed values respectively in A-, B- and C-series. 


tioned in §5. Because of the’ 
difficulty of its theoretical | 
derivation, however, the follow- | 
v2 ing rough evaluation will be 
made using the result in §8. 

In sucha shear turbulence, a 
circular vortex motion is dis-— 
torted by the difference of mean 
velocities in two main flows of upper and 
lower part. But, being different from the 
case of non-uniform shearless turbulence, this 
distortion is considered to be _ occurred 
obliquely in D-domain. In the initial period 
of our similarity law, their mean velocity 


function V,.=Fi/(&1, 7)Gi(¢) is taken to be 
similar. As one example we take the case 
where mean circular vortex is change into 
elliptic form along the &;=v7; line in D-domain 
with a distortion ratio 22 of 2. Then, the 
function Fy(&1, 71) can be determined by (8.5). 
As the D-domain we take the range along 
&:=% line from —co to oo with the breadth 
2 in &, m-coordinate-system. In the Gaussian 
form of P-fuction introduced by (2.1), the 
non-dimensional parameter o is taken here as 
3 referring to experimental observations in 
§4. Under the above circumstances the 
function C,2(y) etc. in (5.1) can be evaluated 
completely excepting one parameter which 
concerns the initial condition of @=1 vortex 
motion. 

Through numerical calculations their rela- 
tive curves were obtained. They are shown 
in Fig. 11. These results belong to only one 
example of calculation and have little theoreti- 
cal meaning. But, it is deduced by inspecting 
also other measurements™ that the above 
treatment based upon the initial-period simi- 
larity-law can interpret fundamental mecha- 
nism of shear turbulent flow. 
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§11. Mean Velocity 


Distribution 


To determine mean velocity 


distribution across the shear 

turbulence the Reynolds equa- 

tions become important. In this 

case of symmetrical shear 

turbulence, the mean stream 

function is written as TTT) 
b=2F(y), g=y/z, (11.1) 


and the Reynolds equations are 


Fig. 12. 
transformed into : 


Statistical Theory of Turbulence, III 


@F(7) dCi (7) 
leery =A, ae Cle) boundary layer. 
where a; is a constant. When 


Ph ILAA LAI SIDA SIAL 


oe eee 
// VIE // 
1iocm 


Schematic diagram of experimental equipment to pro- 
duce a free mixing turbulence. 
test-section in a wind tunnel. 


It was made in a rectangular 
S is a slit to suck the upward 


the curve of Cy(y) given in 
§10 is used, we can easily 


determine the function U(x) 
(=F’(y)) by integrating it. 


To examine these results ex- 
perimentally, we made a free 


mixing stream by such an 
equipment as shown in Fig. 12. 
Distributions of mean velocity 
and z-intensity were measured 
at three sections along the z-axis. 
They are shown in Fig. 13, 
where 7 is defined in their mean 
velocity curves and it corres- 
ponds to (11.1) when the ap- 
parent origin coordinates is 
taken. In this figure, theoreti- 
cal distribution of z-intensity given in Fig. 11 is 
drawn by adjusting the value of 7, and the 
corresponding curve of Uy) is also inserted. 
It is well known that such as exerimental 
curve of mean velocity distribution as above 
can be well predicted by transfer theory. It 
is proper by seeing the discussions in § 13 (II), 
that it does not differ largely from our result 
based upon the initial-period similarity-law. 
For the purpose of determining only mean 
velocity distribution, transfer theory is very 
useful even if it is powerless for the Reynolds- 
stress distribution. While, our statistical 
theory of turbulence has an important mean- 
ing in the point that it can include their 
theoretical foundations in our special case. 


Fig, 13. 


intensity across the free mixing turbulent flow. Uy and U; are 


axis. 
with 
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For the axisymmetric subsonic flow of a compressible fluid we shall 
develop an analogous procedure to Meksyn-Imai’s method, which was of- 
fered for the two-dimensional irratational flow of a compressible fluid. And 
then it will be proved that the final results obtained in the two-dimensional 
case can also be immediately used in the present three-dimensional case. 

Namely, the ratio of the velocity of a compressible fluid past an 
obstacle to that of an incompressible fluid past the same obstacle, denoted 
by (q/qo), can be given by solving the following algebraic equation of 
fifth degree: 


—1 : A 
(q/q)=1 +M(q/q0){1 "FM Ke, B)+Mi(q/G0 La, B) , 


where M, and y are respectively the Mach number of the main flow and 
the ratio of the specific heats, and K and Z are functions determined 
merely by the form of the obstacle. 


Also K and £Z can be related with the coefficients of the series of the 


M?-expansion method as follows: 
K=Q:/9Q ; 


L=(Q:/ 00) S"(Q1/40)~ 3(Q1/ 009 


where = +M2Q1+MyQ.+-- 


As an example the flow past a sphere is discussed. 


$1. Introduction 


The subsonic flow of a compressible fluid 
past an axisymmetric body, if it is very 
slender, can be easily dealt with by the 
linear theory, due originally to Prandtl? and 
Glauert™. However, this method does not 
give a good approximation for the flow past 
a moderately thick body. On the other hand, 
by using the successive approximations of 
the M?’-expansion method, due originally to 
Janzen® and Rayleigh*, we can, in principle, 
approach the exact solution as closely as we 
want. In fact, this method is successfully 
used in the case of such low Mach numbers 
that even the first approximation can give a 
good result, but it is very laborious to obtain 
a good approximation in the case of high 
Mach numbers where we need to take many 
terms Of M?’-expansion because of the con- 
vergence of the series becoming very slow. 

Recently Meksyn® offered a new interesting 
method for dealing with the two-dimensional 
irrotational flow of a compressible fluid, which 
seems to be applicable to the flow past a 


thick obstacle for higher Mach numbers. 

In Meksyn’s paper, the fundamental equa- | 
tion for determining the velocity potential @- 
of a compressible fluid flow is reduced to the 
from: 

Cee 

0a* Of? 

Jos { 26 09 06 Og) aay | 

~ 22 |da da ' OB OBS’ ee | 
where a@ and 8 are the velocity potential and | 
the stream function of the corresponding in- | 
compressible flow respectively, Ui is the | 
velocity of the main flow, c is the local ve- 
locity of sound, and Uig is the magnitude of 
local velocity of flow. 

Remembering the term containing 0¢/0B to | 
be negligible in comparison with the term 
containing 0¢/0a, and 0¢/0a to be a very 
slowly varying function, integration of (1.1) 
yields 


MN alte tan sh . 
do do 2 


Rev B+Mi(-4 \ Ze 8), (1.2) 
0 
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where Ug) is the magnitude of local velocity 
of the corresponding incompressible fluid flow, 
M, is the Much number of the main flow, 
7 is the ratio of the specific heats, and K(a, #) 
and Z(a@, 8) are functions determined merely 
by the form of an obstacle. It is remarked 
here that the functions P(a, 8) and Qa ,B) 
in Meksyn’s original paper are equivalent to 
our 8K(a, 8) and 32Z(a, 8) respectively. 

Imai proved that K and Z can be ex- 
pressed by coefficients of the solution correct 
to the second approximation as obtained by 
the M?-expansion method. Thus, 


Qe 


Wel al. 8 = 
do 
Ua, i=? 4-2) _3(2), a3) 
do 2 do do 
where d=Qt MYr@i14+ Mi'@.4+ --- 


By the use of (1.2) and (1.3), we can im- 
mediately obtain Meksyn’s solution, provided 
the second approximation of the M?-expansion 
_ method is known. 

The order of approximation used in Meksyn- 
Imai’s method is, in principle, quite the same 
as that of the second approximation of the 
_ M?-expansion method. But, because of re- 
taining the character of singularity at the 
point where the velocity is equal to the local 
velocity of sound, the result obtained by this 
' method seems to be applicable even to the 
' case of moderately high Mach numbers. 

In this paper, we shall develop an analo- 
§| gous procedure for the axisymmetric subsonic 
| flow, and it will be proved that the relations 
4 expressed by (1.2) and (1.3) can also be im- 
| mediately used in the present three-dimensio- 


# nal case. 


| §2. Fundamental Equations 


| We shall take the cylindricel coordinates 
4 O-xzy, where the z-axis is taken along the 
} axis of revolution of the body, and y denotes 
) the distanace from the axis. If we denote 
ii the velocity components along the 2 and 
} y-directions by w, v, and the density of the 
i fluid by p, the axisymmetric irrotational flow 
Nof a compressible inviscid fluid is governed 
\ by the equations: 


Zoya) +5 (o40) =0 | (2.1) 
Ox 


Ov pe 


RULE 22) 
Ox _oue \ 
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We now introduce the velocity potential ¢ 
satisfying (2.2) such that 
OG _ u_ Ob v 
Oa U, ‘ Oy ad (BEI NS 
where U; is the velocity of the main flow. 
On the other hand, in the case of incompres- 
sible fluid flow, the velocity potential a and 
Stokes’s stream function 8 can be introduced 
respectively such that 


(2.3) 


Oa UW Oa Up 

See ey 4 
Ox U; Oy Cae ea) 
Op uo op Fy U0 

ap an” “be eo eee 


It is of great importance to remark here 
that an obstacle being given, a and # can be 
determined as functions of variables x and y, 
and they are independent of the magnitude 
of the velocity of the main flow Ui. 

For the purpose of obtaining the flow 
pattern of a compressible fluid flow past an 
obstacle, we shall start with obtaining the 
velocity potential a@ and Stokes’s stream 
function $8 of an incompressible fluid flow 
past the same obstacle. Next, taking a and 
8 instead of 2 and ¥ as independent variables, 
we can obtain, from (2.1), (2.3), (2.4) and 
(2.5), the differential equation for determining 
the velocity potential: 

ae eee 


+5 (088)( 086). 28 (Mao, 0 


with boundary conditions such that 


1 09 09% 
if, 0a Qa 


Op _ 
a8 =0 on the surface 
of the obstacle (say 8=0),} (2.7) 
oo 1, . =0, at infinity. 


In Eq. (2.6), y is a definite function of in- 
dependent variables a and 8, which is obtained 
by solving the equations a=a(x,y) and 
B= Bla, ¥). 

Remembering that for the undisturbed flow 
a and # are equal to x and y?/2 respectively, 
Op/da is of the same order of y0p/08. And 
it is proved that y0¢/08 may be disregarded 
in comparison with 04/0a because of the 
following considerations: 

(i) Both at infinity and on the surface of 


the obstacle, y0¢/08 vanishes. 
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(ii) Even at a distance from the obstacle, 
the difference between the slopes of stream 
lines in compressible and incompressible fluid 
flows is very small. 

On the other hand, at the aaeratan points 
@ becomes equal to a, and then 0¢/08 
vanishes. Therefore, in Eq. (2.6) the terms 


(8) om ORM 


ee in comparison with the term 
1 00 d¢ 


0 0a 0a ~ 


can be neg- 


Thus, finally Eq. (2.6) can be approximated 
very closely to 


Oo tO 0d 0. 


8 
For th a B) e+ ete (2.8) 
Then, using Bernoulli’s theorem: 
2, 
a+ Ata" =0 (2.9) 


where c=(dp/dp)'/? is the local speed of sound, 
and Ug is the magnitude of local flow velocity, 
we obtain, from (2.8), the following equation: 
0d U-? dq 0¢ 


@, 8) 0B? 2c? ba Oa ’ 


=o?) g@-)Ue 


(2.10) 


where ci is the velocity of sound in the main 
flow. 


On the other hand, from (2.3), (2.4), and 
(2.5), we obtain 
_ Oa Ob , OB O¢ 0p 0 
Ps Oa Ox-0p. fan 9a? 
_ 0a 06 , 08 O6 Oo Og 
“joan oplon «leq oeP 


and therefore 
uig=Utad| (50) +e Ss i } 
\\ da Tee Ne 


where Uiq) is the magnitude of local flow 
velocity in the corresponding incompressible 
fluid flow. 

Remembering y04/08 to be negligible in 
comparison with 0¢/0a, Eq. (2.11) can be 
closely approximated to 


(2.11) 


a=a( 5°) ; (2.12) 
a 

By the use of (2.12), Eq (2.10) becomes 
Og . Ohan) My? ( 0¢ \3 0q,? 
ira nie Sul) pete —— | #0 

0a? yea, B) 0B” Z (ae) 0a 
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of 96 7G 
+Mr( Pe 
hep Tt tye set, 
(2.13) 


where M; is the Mach number for the main 
flow. 

It is of great interest to note that if the 
function y(a@, 8) is taken to be identically equal 
to unity, Eq. (2.13) degenerates formally to 
the equation for two-dimensional subsonic 
flow as introduced by Meksyn. 

Site 


Integration of Eq. (2.13) 


Following the procedure for two-dimensional 
flow as developed by Meksyn, we shall solve 
Eq. (2.13) by succesive approximations starting 
from the incompressible solution. Since for 
incompressible flow 0¢/0a@ is constant, all 
terms on the right-hand side of (2.13) except 
the first vanish to the first approximation, 
whence denoting the function ¢ by ¢: in this 
approximation, we obtain 


br 0? os _ My ( 991 \° qo” 
Bae 1% Bee mate 
(3.1) 


The function ¢1 must satisfy the condition 
on the solid boundary and at infinity suc 
that 


0dr _ E 

a8 =( on the surface of the 
obstacle (say B=0) (3 

Obi pie: 0¢1 Ee 7 : 

Ow ——— 1, a8 =(0 at infinity. 


We now make the assumption that fo 
compressible flow 0¢/0@ is a slowly varyin 
function in comparison with 0q)?/0a, and tha 
it can be treated as constant in the integra 
tion as well as in the differentiation. Thus 
setting 

a) 3 
A peopiceellt: aMe(- ae (3.3 
0a 
where «(a,8) is a new dependent variabl 


Eq.(3.1) and the boundary conditions (3. 
become respectively 


Bee a 


07K 
Oa 


and 


On 

aa” at B=0, 

vau a Te (2:5) 
ie : 98 7° at infinity. 


The function « may be obtained by adding 
a certain particular solution of (3.4) to an 


appropriate solution of the corresponding 
homogeneous differential equation such that 
07d 07¢ 
——+y(a, 2) ——=0. ; 
EAC ete (3.6) 


Because of 7?=0, Eq. (3.6) is a differential 
equation of elliptic type. Thus, the above- 
mentioned problem is one of the well-known 
Neumann’s problems, and the existence and 
the uniqueness of solution have already been 


07d 


0a? da / | 2 j 


ae 

0B st 

Og _ Oo _ 
0a Boat OB : 


0 
0a 


by the following differential equation: 


Eliane 

02) on 
subject to the boundary conditions: 

OA 

se () 

0g 

02 02 

—-=0, —=~=0 

0a OB 


well as «. 


0a 0 2 


0 02 
vhere 5 and L=a° 


' Combining (3.13) and (2.12), we obtain 


! do 
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+p P6 aae( 28) (1 TL age] (1 O00) + ga( 96 gp OK TL 


paaroe( 26) 11 a4 


Lia, B)+ Mi( oo) Lan 8), 


4 _j4Me a. rl ue LK(a, 8)+ My'( a) La, ). 
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assured by E. E. Levi, G. Giraud etc.. 
Remembering y? and (1/2)(@q?/Oaw) to be 
determined merely by the form of the 
obstacle, the function « is also determined 
by the form of the obstacle, the function « is 
also determined by the form of the obstacle, 
independently of the Mach number M,. 
We now proceed to the second approxima- 
tion. Differentiating (3.3) by a, we obtain 
CU ace amar) , eee 
0a 0a 
where eee ; 
0a 


Substituting (3.7) into the terms on the right- 
hand side of (2.13), we obtain 


i ae (3.8) 


0a | 0a 4 0a 


where ¢ donotes now the second approximation. 
The boundary conditions which ¢ has to satisfy, are 


Consequently the function ¢ may be expressed in the form: 


at B=0 
(3.9) 
at infinity. 
hae p+ Maro" ) aa. ), (3.10) 


where the function « is determined by (3.4) and (3.5), and 2 is a function to be determined 


(3.11) 


atep—O0), | 


(3.12) 
at infinity. | 


' Since the quantities on the right-hand side of (3.11) are determined merely by the form of 
‘he obstacle, the function 4 can also be determined merely by the form of the obstacle as 


‘Differentiating (3.10) with respect to a, we obtain 


Ob =e Bee oe fo M2 


3313 
as (3.13) 


(3.14) 
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This final result has the same form as the 
equation expressed by (1.2), for the two- 
dimensional flow. 

Following the procedure for two-dimensional 
flow as developed by Imai, AK and Z in Eq. 
(3.14) may be expressed by the coefficients of 
the solution obtained by the M?-expansion 
method. By the use of the M?-expansion 
method, the velocity g can be expanded into 
the M?-power-series as: 

Q=QtM7OQi4+ MiQ@.+:-- , (3.15) 
where qd, @1, Q@» etc. are functions dependent 
merely on the form of the obstacle. 

Comparing the coefficients of M:’, Mi‘ etc. 
in both series given by (3.14) and (3.15), we 
can obtain 


Ke 
do 
pO? aie a) aal 
Ie, -- 3 =i) 3.16 
do Z & e 


which are the same as the relations for two- 
dimensional case. 


§ 4, Numerical Example 


For the purpose of obtaining the functions 
K and Z from (3.16), we need to know the 
second approximation of the M’-expansion 
method. For an axisymmetric flow, the flow 
past a sphere”? seems to be only one case, 
for which the second approximation of the 
M?-expansion method has hitherto been 
obtained. Thus for the flow past a sphere, 
we can immediately obtain K and Z from Q: 


Ken-ichi KUSUKAWA 
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and Q,, and therefore the velocity q from 
Eq. (3.14). 

We have calculated the values of the ratio 
of the maximum velocity occurring at the 
end of a radius perpendicular to the main 
flow, by taking 7 to be 1.4. The values thus 
calculated for M=0.4 and 0.5 are given in 
Table I, where are also shown for comparison 
the corresponding values obtained by the first 
and the second approximations of the M?-ex- 
pansion method. The values obtained by the 
present method seems to be very reasonable. 


dlablesi: 


Present 


Mach | Incompressible 7 | 7 
Oat) Ce method 


number | flow hie | 
| | 


| 1.5501 | 1.5592 | 1.5617 
| 1.5782 | 1.6005 | 1.6122 


6.4 --] 


0.5 | 


1.5000 
1.5000 


The writer wishes to express his heartiest 
gratitude to Professor I. Imai for his many 
useful suggestions and kind advice. 
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We shall take the cylindrical coordinates o-xy, where x-axis is taken 
along the axis of revolution and y denotes the distance from the axis. 
Introducing new variables the fundamental equations for compressible 
fluid flow in the hodograph space are reduced to a form similar to that 
for incompressible fiuid flow. Thus the flow of an incompressible fluid 
past a profile Py corresponds to the flow of a compressible fluid past a 
profile P, where the coordinates (x, ¥) and (a, y%) of the profiles P and 

Po are related by the equations: 


dx=(Q/q)dx, dy=(Q/q)dyo , 
and g and @ denote the magnitudes of velocity at corresponding points 


on the surface of the profiles in compressible and incompressible flows, 
Also Q is a function of g defined as follows. 


2 /1+ap \1/a 

pa aieste hj (Ree Da 1 — a2g2)1- 4/24 

y a) g(1 — aq?) ; 

1 — GE WeGe: = 
ag >) eee. 

1 aq? x 

where ¢ and y denote respectively the local speed ot sound and the ratio 

of the specific heats. 

As examples the velocity distributions on the surface of a sphere and 
prolate spheroids with thickness ratio t=0.9 and 0.1 are calculated for 
various Mach numbers, and they are compared with the results obtained 
by the M?-expansion method, Meksyn-Imai’s method and the linear theory. 


j=l — g2/2)2=( 


§1. Introduction 


As is well known, the subsonic flow of a 
compressible fluid past an axisymmetric body 
can be dealt with by the M’-expansion 
method, due originally to Janzen” and Ray- 
leigh®. This method is successfully used in 
the case of such low Mach numbers that even 
| the first approximation can give a good result, 
but it is very laborious to obtain a good ap- 
7 proximation in the case of high Mach numbers 

where we need to take many terms of M?-ex- 
pansion because of the convergence of the 
series becoming very slow. 

On the other hand, the linear theory, due 
originally to Prandtl and Glauert*), can be 
applied to the flow past a very slender obs- 

tacle. However, this method does not give a 
i good approximation near the stagnation points 
{ where the perturbation velocity is not so 
i small as to be negligible in comparison with 
4 the free stream velocity. In a previous paper®?, 
4 the present writer offered a new method 


which give a good approximation even near 
the stagnation points for the slender obstacle. 
In this method, the fundamental equation of 
compressible fluid flow in the hodograph space 
was expressed in a simple form by the use 
of new variables, based on the assumption 
that the angle of inclination of the velocity 
is very small. This simple equation was 
formally equal to the hodograph equation for 
incompressible fluid flow. The form of an 
obstacle in the compressible flow obtained 
from this correspondence was proved to be 
quite the same as that for the corresponding 
incompressible flow. Thus we could obtain 
very easily the velocity distribution over the 
surface of an axisymmetric slender body, 
provided that numerical tables of new vari- 
ables are prepared. 

In this paper, the above-mentioned simple 
method will be modified so as to be applicable 
even to the flow past a moderately thick obs- 


tacle. 
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The fundamental equations of compressible 
flow in the hodograph space will be expressed 
by the use of new variables similar to those 
introduced in the previous paper just cited. 
These equations will not take a simple form 
without any approximation, because of re- 
maining of the terms involving the distance 
from the axis denoted by y, besides the velo- 
city potential and Stokes’s stream function as 
the dependent variables. As the first appro- 
ximation we shall begin with taking the solu- 
tion given by the method offered in the 
previous paper”. Substituting this first 
approximation for y in the fundamental equa- 
tions, these equations for compressible fluid 
flow can be formally reduced to the hodograph 
equations for incompressible fluid flow. For 
any given profile in the physical space of 
incompressible fluid flow, the velocity on the 
surface of the profile may be assumed to be 
known theoretically or experimentally. Then, 
by the use of the above-mentioned correspon- 
dence of the fundamental equations in the 
hodograph space, we can obtain the velocity 
on the surface of the profile in the physical 
space of compressible fluid flow, which is 
given by a definite transformation from the 
profile in the physical space of incompressible 
fluid flow. For a very slender body, this dif- 
ference between both shapes of profiles in 
compressible and incompressible flows being 
vanishingly small, the present method will 
be reduced to the simple method offered in 
the previous paper”. 

It will be of interest to mention here that 
an analogous procedure has been developed 
by Imai® for two-dimensional compressible 
flow, and it was reduced to the simple 
method”, if the obstacle is assumed to be very 
slender. 


§2. Fundamental Equations 


We shall take the cylindrical coordinates 0- 
xy, where the z-axis is taken along the axis 
of revolution of the body and y denotes the 
distance from the axis. If we denote the 
velocity components along z- and y-directions 
by uw, v and the density of the fluid by op, the 
axisymmetric irrotational flow of a compres- 
sible inviscid fluid is governed by the equa- 
tions: 


2 yn) = - (oyv)=0 , 


ax (2.1) 
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Ov Ou 
Of ae DY 
eo 0. (2.2) 


We shall introduce Stokes’s stream function 
~, and the velocity potential ¢ satisfying (2.1) 
and (2.2) respectively such that 

pyu=OP/0y, pyv=—Op/Ox, (2.3) 
u=0¢/0x , v=0¢/0y . (2.4) 
Taking ¢ and # as independent variables 


instead of 2 and y, (2.1) and (2.2) become 
respectively 


0 Ou Ov 
2 Nae ) 
( ae debi wa, + v5) 
Bie pete pot 
= (C5 
Ov Ou Ou Ov 
uae 5g ~ PY 5g +055 )= 0. (2.6) 


If, instead of the velocity components z, v, 
we make use of the magnitude g and the angle 
of inclination @ of the velocity vector such that 


U=GCOs07 v=qsing, 2.0 

the Naa two equations become respectively 
0q 00 | 

pace nate a exi(), ; 

“y-(o1) +ova a! + 0°y?Q" ag (2.8) 
0g | 
oar wee!) M 

ay ~ Ty (2.9) 


From (2.3) and (2.4), the total differentials | 
of / and ¢ are respectively 


| 


dp=—pyvdx-+ pyudy , (Ze 10) 
d? =udxe—vdy . (2.11) 
Solving dx and dy from Eqs. (2.10) and (2.11), | 
we obtain 
dx =(cos 6/q)de—(sin 6/pyqg)db , (2.12) 
dy=(sin 6/q)d?+(cos 6/oyq)db . (2.13) 


Considering y to be a function of indepen- 
dent variables ¢ and ¢, we obtain from (2.13) 


0y/O¢g=sin 6/q (2.14) 
Then, using (2.14) and Bernoulli's theorem: 
(c?/0)do+qdq=0 , (2.15) 


where c=(dp/dp)'/? is the local speed of sound, 
we obtain, from (2.8), the following equation: 


il g\0qa 06 sin#é 
‘oe 
rit tap t PY ag * 

If we introduce a new sales @ such that 


dQ/Q=K'dq/q , (2.19) 


=0. (2.16) 


where 
K=1-q/c’, 
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then (2.9) and (2.16) become respectively l aN\Ogue 00 “G6 
Ae nS aus ==), (2.18) ; j 
¢ Introducing the new variable Q@ determined 
100, oy 06. sing by (2.17), Eqs. (3.2) and (3.3) become respec- 
Q 00° KP a6 Ki%yg 219 tively 


Changing the dependent variables for the 


independent variables and vice versa, the 
above two equations become respectively 
Ka\ 0b Kay \0e 
aC; ) di -(° ) =0, (2.20) 
0@ J 0@ Q /06 ae 


Gana LOMA 9 OF 
0Q cma Q ) 50 
sin 6 Wenn 0d Op eto 0 
(K*qy/Q)\ 0Q )|0Q 00 0Q 08 


(2.21) 


Since Eqs. (2.20) and (2.21) involve the un- 
known function y besides ¢ and #, we need 
to consider one more equation for the purpose 
of solving the problem. However, in this 
paper we shall develop the following approxi- 
mate treatment. 

Assuming the obstacle to be very slender, 
it will be proved in §3 that the functions 
2(Q@, 0) and y(Q@.@) may be determined from 
the simple differential equations, based on the 
same assumption as that of the previous 
paper». Taking this solution as the first ap- 
proximation, and substituting it for y in Eqs. 
(2.20) and (2.21), we may obtain the second 
approximations of ¢ and ¢ by solving these 
equations. Then this second approximation 
will be applicable even to a moderately thick 
obstacle. 


§3. The Approximation for the Slender 
Obstacle 


For the very slender body, @ itself and 
spatial derivatives of g, 9 and op being all 
very small except in the vicinity of the stag- 
nation points, we can obtain, from (2.1), (2.2), 
and (2.7), following simple equations: 


0 6} i] 
Ogg wee , (3.1) 
Ox 0 y 
00 O0q 
i) Se 
Ory, (3.2) 


These two equations were proved in the 
previous paper? to be applicable even at the 
stagnation points, where @ is not always 
small. 

By the use of Bernoulli’s theorem (2.15), 
Eq. (3.1) becomes 


06 1 OQ _ 

ae K1P29 Oy ’ (3.4) 
1 0Q Oe 7 
Oley “Rene & Sa 


Then changing the dependent variables for 
the independent variables and vice versa, the 
above two equations become respectively 


Avonlea 


reper a) noe Nee a 


Bihno cs 
(SS)SE-U(si 87 


Now, integrating (2.17), we obtain 
Q=Cql—a'@*)0- OP" 1 tap)" +4) 
P= —gie = —9? 4 lage mae 
Gat Ligeia 

(3.8) 
where C is an arbitrary constant, which can 
be conveniently determined by the requirement 
that @-—q as q-0. We then have 

C— 26a) aie (3.9) 

From this functional form of @ and the as- 
sumption that the obstacle is very slender, we 
discuss the orders of magnitudes of terms on 
the right-hand side of the following formulae: 


gala) -*s0\e) ayaa 


iD (ea) 3 fe (22a: (2) es » 


(3.10) 


To do this, we note that 

(i) In the vicinity of the stagnation points, 
the terms 2(0/0Q)(q/Q) and y(0/0Q)(K'/"q/Q) 
can be neglected in comparison with other 
terms, since g/Q and gK"/?/Q can be expanded 
at the stagnation points into the form: 
14+0(@)+O0(@')+::: 

(ii) Except near the stagnation points, the 
flow of gas is nearly parallel to the z-axis, so 
that the terms involving 0x/0Q or 0y/0Q are 
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very larger than other terms. Thus, as in 
the vicinity of stagnation points, x(0/0Q)(q/Q) 
and y(0/0Q)(K'/q/Q) can be neglected in com- 
parison with other terms. 

(iii) At a great distance from the obstacle, 
x and y may become very large. But making 
use of the relations: 


lim 20q/Ox)=lim 2(0Q/0x)=0 etc., 


lim s (q/Q)=finite , 
lim e (K'/°q/Q)=finite etc., 
x0 O| 


it can be shown that the terms (q/Q)(0z/0Q) 
and (K'/q/Q)(0y/0Q) become infinity of the 
order higher than other terms. 

Thus, finally in Eq (3.10), (0/0Q)(qz/Q) and 
(0/0Q)(K'qy/Q) can be approximated very 
closely to (q/Q)(0z/0Q) and (K'/?q/Q)(0y/0Q) 
respectively. 

Then the fundamental equations (3.6) and 
(3.7) can be also approximated respectively to 


One ROS! (ONOL07™ Onede 
@Q66 7? 60" ¥ Weer tar 6Q ats Ye 
em aD) 
Ces 
a0 PT ae. (3.12) 
where 
E=qz/Q, and y=Kqy/Q. 


On the other hand, in the case of incom- 
pressible fluid flow, we have the equations 
which correspond respectively to Eqs. (3.1) 
and (3.2) for compressible fluid flow, namely: 


040 | 04, QA 


Dato Cie "Oy, ae! a =) , (3.13) 
000 9qo_ 
19>, Gas (3.14) 


Changing the dependent variables for the 
independent variables and vice versa, (3.13) 
and (3.14) become respectively 


pli) _ O20, 9 | Ox Oyo Oyo pt = 
do\, 08 Odo Yo Odo 00) Odo 90 
(Seals) 
OYo il O29 
SS SS 3.16 
Odo do 08 ( ) 


It is of great importance to note that these 
two equations are formally equal to the 
fundamental equations (3.11) and (3.12) for 
compressible fluid flow respectively. Thus, 
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if we know an incompressible flow pattern — 
expressed by 20(@o, 90), Yo(Go, Go), We Can 1m- | 


mediately obtain a corresponding compressible | 


flow pattern 2(q, 0), y(q, 8); by making use of 
the following relations between the variables: 
g=Q ) A=0 ’ 


a=E=qz/Q, Yyrun=K'?qy/Q, 


(3.17). | 


where Q is given by the equation (3.8) to- | 


gether with (3.9). 
It is of importance to mention here that in 
the case of tne flow past a slender obstacle 


the form of an obstacle in the compressible | 


flow was proved in the previous paper® to be 
quite the same as that of the corresponding 
incompressible flow. 


$4. The Approximate Solution of Eqs. 
(2.20) and (2.21) 

Substituting the first approximation for the 
very slender obstacle expressed by (3.17) for 
y in Eqs. (2.20) and (2.21), we can obtain the 
following equations: 


a)oa™ (Q, 072 =0, (4.1) 
(8) nano 
+50, ea) . i500 Gn ae 


(4.2) 
where y is the known function of the in- 
dependent variables Q and @. 

We now discuss the orders of magnitudes 
of the terms on the right-hand side of the 


following formula: 
201(p0) *=* a0 oe)*( 50 Joo 


To do this we note that 


(i) On the surface of the obstacle we may 
take ¢=0, and therefore near the obstacle the 
first term can be neglected in comparison 
with the second term. 


(4.3) 


(11) For the flow at moderate distance from 
the obstacle, the velocity of gas does not vary 
so rapidly, and therefore 0¢/0Q may become 
moderately large. Hence, the first term can 
be neglected in comparison with the second 
term. 

(ili) At great distance from the seen 
(’ may become very large because it is of the 
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same order of magnitude as y’. 
But making use of the relations: 


: 0Q 

en O° 

Bee ay oe meg CH] : 
lim = = finit lim —*=fi 
one val a) nite, ees 0Q nite, 


(4.4) 
it can be shown that the second term becomes 
infinity of the order higher than the first 
ee iaine 

Thus, finally in Eq. (4.3), (0/0Q) (Kq¢/0Q) 
can be approximated very closely to (Kq/9Q) 
(0~/0Q). 

Then the fundamental equations (4.1) and 
(4.2) can be also approximated respectively to 


OO 
ae ao —Yyo(Q, A) 00 =(); (4.5) 
Ow ag 
OO 47 ag 
ae 09 Oo Ow 9) _ 


where o=(Ka| 0Q)¢. 

On the other hand, in the case of incom- 
pressible fluid flow, we have the equations 
which correspond respectively to Eqs. (2.9) 
and (2.16) for compressible fluid flow, namely: 


OO, _ oa 
=() 5 4.7 
pay sin 60 
— ==(0) 4.8 
EE 9, F POM 5 +- (4.8) 


where the density of incompressible fluid 
is taken to be equal to the density of com- 
pressible fluid at rest. 

Taking conveniently this oo as the unit of 
density, and changing the dependent variables 
for the independent variables and vice versa, 
Eqs. (4.7) and (4.8) become respectively 


Oho OY ‘ 
a == 4, 
LO Yo(Qo, Io) 90, O¢ (4.9) 
Od Oo , sin Ay | OG OY 
005 pas qo * yo(ao, 9) | Oqo 08 

__ Odo Oo 

4.10 
~ 0qo a ( ) 


Remembering that the function yo in the 
above two equations is quite the same as that 
in Eqs. (4.1) and (4.2), these equations (4.1) 
and (4.2) are formally equal to Eqs. (4.9) and 
(4.10) for incompressible fluid flow respectively. 

Thus, if we know an incompressible flow 
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pattern %o(qo, A), Yo(qo, Ao), we can immediately 
obtain a corresponding compressible flow pat- 
tern ¢(q, 0), ¢(q,0) by making use of the 
following relations between the variables: 
H=Q ’ A=8 ’ ) 
GH’, fo=o=(Ka/0Q)y, i} 


where @ is given by (3.8) together with (3.9). 


(4,11) 


$5. Boundary Conditions 


We now consider the relation between the 
boundaries of compressible and incompressible 
flows. According to (4.11) the meridian curve 
of the obstacle in an incompressible fluid ex- 
pressed by %=0, corresponds to that in a 
compressible fluid expressed by #=0. 

On the profile for compressible fluid flow 
as expressed by ¢=0, Eqs. (2.12) and (2.13) 
are respectively reduced to 

dzx=(cos 6/q)d@ , (aly) 
dy=(sin @/q)d¢ . (5.2) 

In the case of incompressible fluid flow, we 
have the relation which correspond respectively 
to (5.1) and (5.2) for compressible fluid flow, 
namely: 


(5.3) 
(5.4) 


dxy=(COS Oo/qo)de , 
dyyo= (Sin Oo/Go)dGo . 


Thus, by the use of (4.11), we can obtain 
the relations 
dxe=(Q/q)de,  dy=(Q/qdyo, (5.5) 


which give the correspondence between the 
boundaries of compressible and incompressible 
flows. 

For any given profile in the incompressible 
physical space the magnitude of the velocity 
qgo(=@) at a point of the surface may be as- 
sumed to be known theoretically or experi- 
mentally. Then the magnitude of velocity q¢ 
at the corresponding point on the surface of 
an obstacle in the compressible physical space 
will be found with the aid of the relation 
(3.8). Next, by means of (5.5), the form of 
the profile for compressible fluid flow will be 
obtained by numerical or graphical integration. 

For this purpose we can conveniently use 
the numerical tables for the relation (3.8) 
which has been given in Imai’s papers®®), 

It may be of interest to remark here that 
the relation between g and gq as expressed 
by (3.8) is quite the same as the corresponding 
relation for the two-dimensional flow intro- 
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duced by Imai®?, but that the relation bet- 
ween the boundaries of compressible and 
incompressible flows expressed by (5.5) is 
slightly different from the corresponding re- 
lation in the papers®”. 


$6. Numerical Examples 

As an example of the flow past a slender 
obstacle—where the present method must give 
a good result—we shall investigate the flow 
past a prolate spheroid of thickness ratio 7 
=0.1, and as examples of the flow past a 
moderately thick obstacle—even where the 
present method may be useful—the flow past 
a sphere and that past a prolate spheroid of 
thickness ratio ¢=0.9. 

As is well known, the magnitude of velocity 


of incompressible flow on the surface of a 
prolate spheroid is expressed by 


gq = Bq _ sind _ 
eV 1=ec0s?0 ’ 
Ee ene 
B= e@e/l(1 l gia! 
ei aks a (6.1) 
t=c/a=V1—é ; 
B= a COSUs, Yo=c sin 8, 


where @,c and qo are respectively the semi- 
major and semi-minor axes of the prolate 
spheroid and the free-stream velocity. Taking 
especially ¢=1 in Eq. (6.1), we can obtain the 
case of sphere. 

Integrating (5.5), we obtain 


m /2 ‘ t) 
ia al (Q sin 6/q)do , y=el (Qcos 6/q)dé , 
0 0 


(6.2) 
where Q=q, and gq will be found with the 
aid of Eq. (3.8). 

The integration can be carried out by Simp- 
son’s rule, and it is sufficient to consider only 
11 values of 0: @y=Nz/20(N=0, 1,---10). 

On the other hand, between the free-stream 
velocity g. and the free-stream Mach number 
M in compressible flow, there exists the rela- 
tion; 


2 3 tel M2 
qe 


1+4(r—1)Me 

Thus, for a given Mach number, starting 
from the incompressible flow velocity distri- 
bution on the surface of a certain prolate 
spheroid as given by (6.1), we can calculate, 
with the aid of (3.8) and (6.3), the velocity 


(6.3) 
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distribution of compressible flow on the sur- 
face of a nearly prolate spheroid slightly 
thicker than the former. In Table I, we shall 


Table of correspondence of the thickness ratio of 
a prolate spheroid in an incompressible fluid 
flow with that in a compressible fluid flow, 
where the former is denoted by 7, the latter by 
t and M denotes the Mach number. 


Table I. Table II. 
M T t | M | sea lob: 
0.4 1.0 |1.0373 | 0.4 | 0.965 | 1:0 
0.5 1.0 | 1.0454] 0.5 | 0.938 | 1.0 
0.4 0.9 10.9300 |! 0:4 “\ OL S72 sehen 
0.5 0.9 |0.9572 1 0.5 | 0.849 | 0.9 
0.7 0.1 0/1019") O27 6.09818 0rE 
0.9 0.1 0.1046 0.9 | 0.0956) 0.1 
Table III. 


Thickness ratio =0.900 } Thickness ratio =0.900 


Mach number =0.4 Mach number =0.5 


09 (%-7)/7 | oy | (m%-7)/7 
| | 

OP Ox 0.00000 eee 0) 0) ae 0.00000 
oh Tif | 0.00000 | 9 30 | =~0.00008 
18 33 | -—0.00005 1357 | 0100027 
27 45 | —0.00006 | Psy =) —(0.00053 
36) 7-53 —0.00007 | 37 34 | —0.00076 
45 55 | —0.00008 | 46 41 | —0.00095 
54 53 —0.00009 | 55 39 | ~—0.00086 
63 45 —0.00006 \ 6428 — 0.00071 
ee BY —0.00005 |= "{30= 5) Wh 0200045) 
cal aly | 0.00000 | 81 35 | -—0.00013 
0. © | 0.00000 || 90 oO | 0.00000 


Thickness ratio =0.100 Thickness ratio 
pceae ae _ 


Mach number =0.7 


89 (ro-7)/7 89 | (ro-7)/7 
02 07 0.00000 0° 0’ 0.00000 
ORES 0.00001 av OG 50) 0.00002 

ss 28! 0.00002 Lees 54 0.00004 
oe AWS) 0.00003 2B Nae 0.00007 
SOD 0.00004 | Srey 783 0.00009 
UNE AW 0.00005 45 36 0.00011 
54 9 0.00006 54 29 0.00012 
ass 0.00006 63922 0.00013 
(2a 0.00006 Ue le! 0.00013 
Sie? 0.00005 lh Cit if 0.00010 
90 O 0.00000 | 90 O 0.00000 


give the several values of thickness ratio of 
nearly prolate spheroids, which are obtained 
by starting from the prolate spheroids of 
thickness ratio t=0.1, 0.9 and 1.0 in an in- 
compressible fluid for several Mach numbers. 
Next, after a few trials, we can arrive at 
nearly prolate spheroids of thickness ratio ¢ 


\ 
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1.10 
% ay 
"N00 / 
| 
© Present method 
Simple method 
Spt Linear theory 
Incompressible 
flow 
0.75 0.05 
050 SS 0.00 
0.25 -0.05 
-0.10 
Boe 30° 60° 90° 
8 
Fig. 1. Velocity distribution over a_ prolate 


spheroid of thickness ratio t=0.1 at M=0.7. 


=0.1, 0.9 and 1.0 in a compressible fluid flow 
by starting from the corresponding prolate 
spheroids in the incompressible fluid flow of 
the certain values of thickness ratio, which 
are given in Table II. 

We shall introduce the polar coordinates (7%, 
6) of the nearly prolate spheroid given by 
(6.2) such that 

N=Ve+y, O.>=Tan"(y/x). (6.4) 

The semi-major and semi-minor axes of this 
nearly prolate spheroid being denoted by A 
and C, the true prolate spheroid with the same 
axes can be represented by 


E=Acosh,  9y=Csin§, 


oy (6.5) 


For several cases, the values of (%—7)/7 as 
a function of @ are given in Table III. Since 
these values are very small, the difference 
between the nearly and the corresponding true 
prolate spheroids can be safely disregarded. 
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1.10 
q 
4, Fe 
00 Ya so 
® Present method 
Simple method 
Linear theory 
—— Incompressible 
tlow 
0.75 
0.50 
0.25 -0.05 
0.00 -O10 
O° 30° 60° 90° 
(2) 
Fig. 2. Velocity distribution over a_ prolate 


spheroid of thickness ratio t=0.1 at M=0.9. 
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® Present method 
1.06 ———— Simple method 
Sess Linear theory 


1.05 —=——— Q(M*) 


104 
qn 
7. 1.03 
1.02 
O 02 0.4 06 0.8 1.0 
M 
Fig. 3. Variation with the Mach number of the 


ratio of the maximum velocity occurring at the 
end of the minor axis of a prolate spheroid with 
thickness ratio t=0.1 to the free-stream velocity. 


1100 
A 
"| as 
Misersae an | 
15 —— Present method ———— = 
------- Simple method L 
oe ae os O(M’) 
Incompressib- 
le flow 
1.0 020 
0.5 0.10 
0.0 0.00 
OP OR 60° 90° 
8 . . 
Fig. 4. Velocity distribution over a_ prolate 


spheroid of thickness ratio t=0.9 at M=0.4. 
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Present method 

Meksyn-!mai 

Incompress-/ 

ible tlow /# 
0.20 
0.10 
0.00 
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Fig. 6. Velocity distribution over a sphere at 


M=0.4. 
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Fig. 5. Velocity distribution over a 
spheroid of thickness ratio t=0.9 at M=0.5. 
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Fig. 7. Velocity distribution over a sphere 
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The velocity distributions over a prolate 
spheroid of thickness ratio ¢=0.1 for M=0.7 
and 0.9 are shown in Figs. 1 and 2, compared 
with the results obtained by the linear theory 
and the simple method. The effect of com- 
pressibility on the velocity is represented by 


4q/q-=@/Q~—Qo|qo= ; 

which is also shown in Fig. 1. and Fig. 2. 
For the same obstacle, the ratio of the maxi- 
mum velocity occurring at the end of the 
minor axis to the free-stream velocity as a 
function of the Mach number, compared with 
the results obtained by the first approximation 
of the M?-expansion method®) the linear 
theory, and the simple method, are also shown 
in Fig. 3. In the case of such a small thick- 
ness ratio, the agreement between the results 
obtained by the present method and those ob- 
tained by the simplified theory”, where the 
deformation of the profile was neglected, is 
fairly good, and this seems to show that 
the result obtained by the present method is 
very reliable. 

The velocity distributions as well as 4q/q. 
over a prolate spheroid of thickness ratio ¢ 
=(0.9 and a sphere for M=0.4 and 0.5 are 
shown in Figs. 4,5,6 and 7. These results 
may be compared with those obtained by the 
M?-expansion method”! and Meksyn-Imai’s 
method'. In the case of such a thick obstacle, 
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the simple method gives only an absurd result. 
Even by the present method, the effect of 
compressibility seems to be somewhat over- 
estimated. But the above-mentioned examples 
show us that the present method can be ap- 
plied to the compressible flow past a moderately 
thick obstacle for moderately high Mach 
numbers. 

The writer wishes to express his heartiest 
gratitude to Professor I. Imai for his many 
useful suggestions and kind advice. 
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On the Space Charge affected by the Magnetic Field 


By Yoshio YASUOKA 
Research Section, Nihon Musen K. K., Mitaka Tokyo 
(Received July 18, 1955) 


The characteristic phenomena of the dense space charge of electrons 
bound by the strong magnetic field are described. The electrons in the 
outermost sheath of electron cloud are considered to be scattered by 
mutual interaction and to have excess energies. 

Calculation based on this view is in good agreement with experiment. 

It is especially noteworthy that when the anode voltage is raised to 
the proper value, this sheath is captured by the anode and certain unique 


oscillations are observed to occur. 


The frequencies of these oscillations 


very nearly coincide with those obtained from Langmuir’s formula of 


plasma oscillation. 


Introduction 


§1. 


Many studies performed by other researchers 
so far on the motion of electrons in high 
vacuum under the influence of the magnetic 
field have made clear several phenomena re- 
lated. 

But almost all of them considered only the 
case when the density of the moving electrons 
was comparatively low, and hence the inter- 
action between electrons was neglected. None 
of them treated the behaviour of electrons of 
high space charge density in the strong 
magnetic field. 
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The characteristic phenomenon in the latter 
case is the generation of excess energy 
electrons which cause the back heating of 
the cathode and the anode dark current. 

To make clear these phenomena, the author 
made special electron tubes to perform re- 
searches. 

From the relations obtained between the 
back heating of the cathode and the anode 
dark current, it was concluded that the both 


EX 


Fig. 1. 


should be caused by the same source, that is, — 


the interacting electrons which appear in the 
outermost sheath of the space carge and have 
the excess energy. 

The author made calculation about the back 
heating from this point of view and the results 
were in good agreement with experiment. 


When the anode voltage is raised, this sheath | 


is expected to be caught by the anode and 


in fact the back heating of the cathode dis- | 


appeared and moreover certain unique oscil- 
lations were observed. 


These oscillations are considered to be 


plasma oscillation, 


since the measured fre- | 


quencies of these coincide with the values 


calculated from Langmuir’s formula of plasma 
oscillation. 


$2. Measurement Method of the Back 
Heating Power 


One of the special tubes the author has 
made and used for experiments has the struc- 


ture as shown in Fig. 1. 

The anode is cut from copper block, and 
clad with Zr powder to be free from undersir- 
able overheating and to prevent irregular 
oscillation. 

The cathode consistes of  direct-heating 
thoriated tungsten wire and is equipped with 
end plates at both ends. 

The circuit used for the measurement is 
shown Fig. 2, and the back heating power is 
determined by measuring the corresponding 
variation of the cathode wire resistance. 

The procedure is as follows: 


First, we plot the relation between the 
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resistance value R of the cathode wire and 
the dissipated power Wy, when there is no 
back heating, i.e. in the absence of the magne- 
tic field. When there is back heating, we set 
the balance of the bridge in which the resis- 
tance value of the cathode wire is R’ and 
the current passing through R’ is I’. 

Corresponding to R=R’, we take the point 
Wu=Wzy' onthecurve. This point shows the 
balance of the bridge at the same value of the 
cathode wire resistance when there is no back 
heating. 

When the resistances of the wire are the 
Same, so are the temperatures of the wire, 
i.e. the total dissipated powers are the same. 

Hence we can obtain the back heating power 
Wi by 
Rik, 


R= 
R, 


In practice, we must take into account the 
effect of the anode current passing through 
the cathode wire, namely the following 
changes must be done: 
I? I? +1 ta+(1/3)e0? 
in the case of D.C. anode voltage, 


Wi=Wa’—R'I? with 


or 
‘FF? (ee) + ied Pe 
in the case of pulsed anode voltage 
and 
RoR s ) 
16 


where o = , D is the duty cycle and z 


' the peak value of the anode current. 


§3. Experimental Results 


(i) Measurement using pulsed anode voltage 
(qualitative observation). 


The use of the pulsed anode voltage is 
advantageous, because the mean input power 
-and the back heating power are comparatively 
low, making easier the observation in the 
strong magnetic field and at the higher anode 
voltage. Fig. 3 shows the relation between 
‘the peak anode voltage and the back heating 
power. 

When there is no magnetic field, the tube 
operates simply as a diode, and the electron 
emission produces a cooling effect on the 
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cathode and thus W, is obtained negative to 
give a correct value ¢=3.4V of the work 
function of thoriated tungsten. This is one 
of the evidences showing the reliability of the 
author’s method. 

In the presence of the magnetic field, the 
phenomena as follows: 

It is observed that while the applied anode 
voltage is far below the cut-off, the anode 
current begins to flow, and increases rapidly 
with the anode voltage. 

At the cut-off voltage, the anode current 
takes the value on Allis curve, and beyond 
that voltage the current asymptotically ap- 
roaches Langmuir curve». 

The back heating starts with the anode cur- 
rent and becomes considerable in power even 
far below the cut-off, and attains its maximum 
and then decreases, while the current still 
continues to increase. It is interpreted by 
supposing that the number of electrons 
directly flowing into the anode increase, and 
as a results the number of scattered electrons 
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decreases, hence so does the back heating 
power. At the higher voltage, the cathode is 


rather cooled, just as in the absence of the 
magnetic field. 

As is shown in Fig. 3, the back heating 
power increases with the increasing magnetic 
field. 

In the very strong magnetic field, there ap- 
pears the tendency of the back heating power 
having two maximum points. 


ia: Anode current 


id: Detected current of | . 


1.0 20 100 scillation 7 


0.5 10 50 


1000>~-- 
Va (volt) 


Bice. 


In the region of the decreasing back heating 
power, the different types of oscillation occur, 
which are detected by a crystal detector 
loosely coupled to the antenna which is con- 
nected with the probe inserted in the space 
between the anode and the cathode. 

Fig. 4 shows the frequencies of these oscil- 
lations versus the anode voltage with the 
magnetic field as parameter. 

As is shown in the figure, three types of 
oscillation are classfied as follows: 

a-type. The frequency is independent of 
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both the electric and the magnetic fields, and 
hence considered to be determined by a cer- 
tain stray circuit. This oscillation is so weak 
and unstable, and only with some tubes this 
could be detected. 

S-type. The frequency varies largely with 
the anode voltage. It is only sometimes that 
the oscillation of this type could be detected. 

y-type. The oscillation of this type is the 
most important of the three, being fairly 
intense, very stable and reproducible. The 
frequency depends almost only upon _ the 
magnetic field, varying little with the anode 
valtage. 

(ii) Measurement using D.C. anode voltage 
(quantitative observation) 

The measurement using pulsed anode vol- 
tage is not adequate for the quantitative 
observation, owing to the inaccurate values of 
duty cycle, the instantaneous anode current 
and the instantaneous anode voltage. The 
measurement using D.C. anode voltage was 
adopted, though the observation in the very 
strong magnetic field was impossible because 
of the large anode loss. 

The typical result obtained is shown in Fig. | 
5, where the relationship between the anode 
current, the back heating power and the de- 
tected current of the oscillation is represented. 

As is shown in Fig. 5, three regions A,B, 
and C of the back heating are classified for 
the description. 

Region A. Both the back heating power 
and the anode current increase with the anode 
voltage, and their starting point is about 300 
volt, in the magnetic field whose theoretical 
cut-off voltage is 1000 volt. 

Region B. The back heating power attains 
its maximum and the anode current increases 
rather slowly. 

Region C. The back heating power dimini- 
shes steeply after passing through its maximum, 
and the anode current again increases rapidly. 
The remarkable phenomena in this region is 
the gereration of a unique oscillation which 
has a considerably strong power. 


$4. Calculation of the Back Heating 
Power 


When there is no space charge, the electron} 
orbit in the cylindrical magnetron is cycloidal 
as shown in Fig. 6 a, but the situation is 
quite different, when there is space charge. 
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On the assumption that each of electrons 
forming the space charge moves circulary as 
in Fig. 6b, Briliouin derived the expressions; 


- i es RE. GaeNe 
Vo)=— >— BP i) ei 
”) 8 m ( - se 
as the potential distribution, and hence 
7s €) eB? 4, 
p(r) = —<2 © (a ee :) (2) 
2a 972 ee 


as the space charge density, where e,m, B 
and * are electron charge, electron mass, 
magnetic field and the cathode radius respec- 
tively. 

Linder, in 1938, proposed that the very 
dense space charge is formed by electrons 
near the cathode and the electron scattering 
occurs there by their mutual interaction, 
because the electron in the cylindrical magnet- 
ron performs cycloidal motion and can pass 
by the cathode many times with slow speed. 

Reverdin®, in 1951, measured the distribu- 
tion of the space charge in the cylindrical 
magnetron by the method of electron optical 
mapping. 

In Fig. 7, he gives his result shown by the 
curve-1, and also for comparison the curve-2 
and-3 obtained respectively from Brillouin’s 
expression (2) and from the calculation con- 
sidering electron motion as cycloidal. 

As easily seen, the practical space charge 
distribution is situated between curve-2 and 
-3. However, the space charge does not comp- 
letely vanish at the cut-off radius but spreads 
beyond it and there occurs a marked maxi- 
mum of space charge thereabout. 

Thus, the electron scattering occurs both 
/ near the cathode and in the outermost sheath 
of the electron cloud. By comparing the 
energy of an electron scattered near the 
cathode with that of an electron scattered in 
the outermost sheath, it is reasonably con- 
' cluded that the latter contributes much more 
to the back heating than the former. Hence, 
the author calculated the back heating power 
assuming that the anode dark current and the 
back heating are caused only by the electrons 
' scattered in the outermost sheath. 

As shown in Fig. 8, the space charge cloud 
is restricted between the cathode and the sur- 
face of the radius 7; which value depends on 
‘the electric and the magnetic fields. 

At 7, the above mentioned outermost sheath 
is produced, and the orbital energy of electron 
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Fig. 7. (From Reverdin) 
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is transformed into the energy of electron 
random motion, of which z and v denote radial 
(positive when directed to the cathode) and 
tangential velocity components respectively. 
In the following the calculation is carried 
out on the assumption of the velocity distri- 
bution function of electron being Maxwellian: 
mM ay w2 2 Qh: 
u, v)=—— iS (m( U4 +04))/2kT 3 
F(t, => (3) 
where the axial velocity component is neg- 
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lected, assuming a cylindrical magnetron of 
infinite length. And to the first approximation 
the influence of the magnetic field upon the 
motion of scattered electron is also neglected*). 
In fact its contribution to the back heating 
power is little. 

The radial current density at 7; directed to 
the cathode is given by 


1=Ne\"\" uf (u,v) dvdu 
0 — co 


—Ne er 


2rm 


, (4) 
where JW is the electron density at 7s. 
If an electron starting at 7; with the velocity 
componets wz and v arrieves at the cathode 
with aw, and vw, the energy relation is 
: MU7¢+V7_)= ; m(u?+v?)—eVs (5) 
and the momentum relation is 
TeVe=Tsv 5 C62) 
where Vs; is the potential at 7; against the 
cathode. 
In order that the electron may arrive at 
the cathode, the condition #>0 and w*,>0 
must be satisfied. 


Putting 
n= (—2(e/m)Vi? (7) 
VP s—P'e 
and 
m=(2v,)" (8) 
the above conditions become; 
101 
and 
uU>vi 


Then the total current flowing into the 
cahtode is expressed by 


fa=2ertNe| ‘é ut (u, v)dvdu 


UJ —VL 


Sool TE“(eF ake ¢ 9) 
where 7 is the anode thickness and cathode 
length. 

The electrons which are not captured by 
the cathode come back to the outermost 
sheath as well as those newly emitted by the 
cathode get there and their energies are 
changed to those of electron random motion 
because the dense space charge existing there 
prevents the electrons’ penetration, 


Then the anode current is given by 
eS spe 2nir.Ney/ Ae (10) 
2nm 


and the back heating power by 


°o 


+0 
\=2eniN| | : u(smu?+ 4mv?—eVs) 
on 


wy 

xf (u, v)dvdu . (11) 

Carrying out the integration in (11), the fol- 
lowing expression is obtained; 


ans 1/2 
W=3rsINkRTV x seer (EE) 7 (13) 
m s 
(10) is rewritten: 
1 
als — Tait SS =. 
rsLN=1 er) (13) 
2m 
Substituting (13) into (12), we obtain: 
M=-. =. Zep e-crorn, (dy 


The electron temperature in the outermost 
sheath is determined by the relation; | 


NeV.= + NRT , (15) 


which is derived by assuming that all the | 
electron energies are changed to those of. 
random motion. 

Combination of (1) and (15) results in 


2 2 
Wom ren a 6-°7By%,. (16) 
8 m hs 


Putting 


c= — © €-2/7=4.89-10° 
m 


00 | 


and 


2 
Ws 


F (7s) =rer 1 Bean Ne 


(16) becomes 
Wr=c-f 4s)*ta BB. (17) 


In deriving this formula, the influence 
of the magnetic field upon the scattered 
electrons, the axial velocity component and 
the end effect have been left out of cosider-} 
ation. 

Corresponding to this neglect, it seems tol 
to be reasonable to add the correction factor 
a1. Then, finally the back heating power is} 
given by: 


* In the next paper, the author will report the} 
case when this effect is taken into consideration. 
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Wo=ar-c-f (7s)-taB? : (18) 
In order to determine the dependency of 7; 


upon the anode voltage and the magnetic 
field, we proceed as follows. 


The potential Vx(7) for Ya.>1>rs is given in 
the form of 


Vi(r)= Vs+ Aln(7/7s) 
with an undetermined constant A. 


Vi(r) can be completely determined by joining 
this and the potential for 7>7>7, 


smoothly at 7;, that is, putting 


a. = 7_\ via 
VR aViG) vend 23) aN 
GP ware | ar 


By setting v=7. in Vi, the anode potential 
Va is given by 


T=7§ + 


+2 (2 =e )in( 2") Jar) B oe he) 


Utilizing this expression, we can determine 
the value 7; . 


§5. Discussion 


In the proceding sections, the author des- 
cribed the back heating by the scattered 
electrons and the unique oscillation which is 
considered to be plasma oscillation. 

These phenomena can be explained by tak- 
ing the space charge distribution as that of 
Reverdin shown by curve-1 in Fig. 7. 

Because of the very high electron density 
in the part (b) of curve-l, the scattered 
electrons from this part form the space charge 
in the part (a). When the anode voltage is 
raised, the curve-l1 moves toward the anode 
and is lifted upward as a whole. 

In the following, the three regions A,B, and 
C given in Fig. 5 are separately decribed. 

Region A. 

In this region, the author observed the 
anode dark current which is considered to 
consist mainly of the flow of the electrons in 
the part (a). The formula of the back heating 
power is applicable in this region of its way 
of derivation. The correction factor ai is 
given as the ratio of the experimental value 
of the back heating power to the calculated, 
as in the following table. 
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in the magnetic field of 850 Gauss. 

It will be shown in the next paper that 
when the influence of the magnetic field on 
the scattered electrons is taken into account, 
the value of a; approches to 1 and takes the 
values not scattered over this region. 

Region B. 

In this region, the part (b) comes to be 
situated very near the anode, with the anode 
voltage raised and accordingly both the den- 
sity and the energy of the scattered electrons 
become largest, so the back heating power 
attains its maximum. 

In Fig. 9, the magnetic field is plotted 
against the anode voltage giving the maximum 
back heating power. The relation between 
them is expressed experimentally by 


VAS hee 
with & as a constant. 


Va(volt) 
eon in i= = 
“Experimental value = 
| Calculated value / 
[500m =f 
ae 
| 
O 500 i000 1500 
B(Gauss) 


BRigt 29) 


Comparing this with (19) in §4, it follows 
that at the maximum back heating power, the 
radius of the outermost sheath must be a 
constant independent of the magnetic field, and 
can be determined graphically by using the 
measured values of Vz and B. This radius 
is denoted by 7». With different anode radius 
va, the difference 7a-7m WaS approximately 
constant as shown in the following: 


Ta Tm Ya-Tm 
2.9mm 2.1mm 0.4mm 
3350) 2.6 0.4 
325 Bie 0.3 


In Fig. 9, the calculated values with 7m=2.6 
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mm are added for comparison. 

The second maximum of the back heating 
power, which appears in a very strong imag- 
netic field (and accordingly with very high 
anode voltage) was observed when 7, was 
such that 7u-7%m=0.1 mm. 

Fig. 10 shows the maximum back heating 
power versus the magnetic field. When 
multiplied by ai=1.3, the calculated values 
coincide precisely with the experimental values. 
Region C. 

In the measurement using the pulsed anode 
voltage, three types of oscillation a, 8 and 7 
were observed, as shown in Fig. 4. 

In the measurement applying D.C. voltage 
to the anode, on the contrary, only r-type 
oscillation appeared, as shown in Fig. 11. In 
this figure are shown both the frequency of 7- 


type oscillation and its detected current by a 
crystal detector against the anode voltage. The 
oscillation occurs within a certain range of the 
anode voltage when the magnetic field is 
given, and the frequency depends linearly 
upon the magnetic field and remains almost 
uninfluenced by the anode voltage so far as 
the oscillation is kept. 

The result is given in Fig. 12. In the figure, 
Fexp denotes the experimental value and four 
kinds of calculated values f», fu, fz and fe 
are plotted for comparison. 

Here fy» is the value calculated by the 
formula; 


it e yx 1/2 
et ap e_ply 17% 
tr 2n cl oe) , 


which is obtained by substituting p from Bril- 


louin’s formula (2) in §4 into Langmuir’s ex- 
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pression of plasma oscillation, 


Sie DOonee 
Ua eae es 
(27)? m & 


fa is calculated according to the formula 
A44=(13000/fB) with p=1 of A-type oscillation 
of magnetron. 

fx and f- are respectively Larmor’s and 
cyclotron frequencies. 

As clearly seen, f, represents fexp exceed- 
ingly better than the other three /’s. 

In the region C, the part (b) of the curve-1 
in Fig. 7 is captured completely by the anode 
and the number of scattered electrons becomes 
far less, and hence the back heating power 
decreses rapidly. 

Thus it seems that the electron distribution 
becomes very like that of Brillouin, and the 
possibility of plasma oscillation grows. 

The influence of the magnetic field upon 
the scattered electrons and the properties of 
the oscillation will be reported successively. 
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A Simple Method for the Visualization 
of Ultrasonic Fields 


By Yasuo TORIKAI and Katsuo NEGISHI 
Institute of Industrial Science, University of 
Tokyo, Chiba-City 
(Read Oct. 19, 1953; Received Sept. 16, 1955) 


Many methods have been developed for the 
visualization of ultrasonic fields, utilizing optical, 
thermal, mechanical or chemical effects of ultra- 
sonic waves. Most of these methods, however, are 
limited in application because of requirements of 
optical accessibility, or of some special materials 
such as thermo-sensitive materials), phosphors)*)#) 
and starch plates”. 

In this note, a simple method is described using 
no special material except ordinary photographic 
paper and developer. 


5cm (aein 10cm 


20cm 


Fig. 1. Fresnel diffraction patterns of 3.3cm 
diameter quartz transducer, frequency 7 MC. 
Distances from transducer are shown under 
each pattern. 


15cm 


25 cm 


A transducer was set in the tank filled with the 
dilute developer consisting of 1 part of Kodak D- 
19 and 10 parts of water. A sheet of photographic 
paper previously exposed to light uniformly was 
supported in the desired position by a suitable 
holder, and then irradiated ultrasonically. After 1 
minute or so, the darkened pattern appeared 
gradually on the paper as the result of the ac- 
celerated development depending on the intensity 
distribution of the field. Then, the paper was 
removed and fixed in the usual manner. 

In this method, the dark room is not necessary 
but all the procedures are allowed in any light 
room, and moreover, the permanent records can 
be taken directly. Any kind of photographic paper 
can be used and Kodak D-72 is also available 


instead of D-19. 

Fig. 1 shows the Fresnel diffraction patterns of 
a circular quartz transducer at several distances 
from it. The diameter of the transducer is 3.3cm 
and the frequency 7 MC. The tradsducer was 
driven by a self-exciting oscillator using a beam 
power tube, type 807, and the average intensity of 
the ultrasonic beam was estimated at 1 w/cm? or 
more. 

The intensity alternation on the central axis and 
the number of the rings are in reasonable agree- 
ment with the diffraction theory. 
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Effects of the Dislocations on Minority 
Carrier Lifetime in Germanium 


By Jun’ichi OKADA 


Matsuda Research Laboratory, Tokyo-Shibaura 
Electric Co., Kawasaki-city, Japan 


(Received September 3, 1955) 


The eftects of the dislocations on minority carrier 
lifetime in germanium were studied. They have 
been reported already by several investigators,-») 
but we tried more quantitative investigations on 
this problem. 

Dislocations in or near the edge orientation act 
as a row of recombination centers. When the 
density of active recombination centers on a dis- 
location line is 9 and their cross section of recom- 
bination is o, the rate of recombination per dis- 
location line is given by wvzroo, where vr is the 
thermal velocity of minority carriers. 

The lifetime cg, due to the dislocations distribut- 
ed at random, and the recombination velocity S, 
due to the dislocations along a lineage grain boun- 
dary, are defined simply by 


ta=l1/vra0Na 
and S=vrc0Nsg 


respectively, where Ng is the density of disloca- 
tions per cm? and Ng is the density of lineage 
boundary dislocations per cm. Then the measure- 
ments of tg and S with knowledge of Ng and Ng 
will give the same value of op, if there is no 
appreciable mutual interaction between the recom- 
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bination centers along different dislocations. 

We have tried to confirm the above relations in 
the following way. 

Samples were the single crystals of n-type 
germanium of the resistivity about 2.59cm. (It is 
neceesary to use samples with the same resistivity, 
because ¢ is considered to be a function of majority 
Carrier density.) Dislocation density was measured 
by counting the number of etch-pits made by 
CP-4 etching. 

Recombination velocity S of lineage boundary 
was determined by Vogel-Read-Lovell method,3) 
and was 1.04x108cm/sec for the boundary whose 
dislocation density Ns was 2.4x103/cm. This leads 
Oro O=2.3 <x 10-8 cm. 


x104 
6 y 
% 
o 
uy 
ee 
Na (cm?) 
Fig. 1. Total lifetime versus dislocation density 
curve. 


On the other hand, total lifetime s was measured 
by Morton-Haynes method. The dislocation de- 
pendency of total lifetime is shown in Fig. 1. As 
Na curve is linear. This 


readily seen, 1/zc vs. 
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shows that t is given by 
Ll er 
Tt Cp Ta 
where rt, is the body lifetime due to the recombina- 
tion centers independent of dislocations. Then, ty 
can be determined by extrapolating the curve to 
Nqa=0 and op can be obtained from the slope of 
the curve. In this figure, r,=115s and op=2.9 
x10-8cm were obtained. The latter must be com- 
pared with the value of og determined from S. 
Their agreement is fairly good, but probably 
fortuitous. If we assume that recombination 
centers are the dangling bonds along the disloca- 
tion, the value of o is about 6x105cm~!, and the 
cross section o~4x10-1*cm? is obtained. This 
seems to be a little larger than that of other 
recombination centers such as Cu or Ni,» but if 
each dislocation is surrounded by space charge, 
this value is not too unlikely. 

Above results show also that the property of 
dislocations corresponding to etch-pits distributed 
at random are the same as that of the grain 
boundary dislocations, i.e. edge type. 

The author thanks Mr. Y. Uemura for his valu- 
able discussions. 
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